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Abstract

In a previous paper, we have introduced an extension of the lightweight
Description Logic ££ that allows us to define concepts in an approximate
way. For this purpose, we have defined a graded membership function
deg, which for each individual and concept yields a number in the interval
[0, 1] expressing the degree to which the individual belongs to the concept.
Threshold concepts C.; for ~ € {<, <, >, >} then collect all the individuals
that belong to C' with degree ~ t. We have then investigated the complexity
of reasoning in the Description Logic 7€L(deg), which is obtained from £L
by adding such threshold concepts. In the present paper, we extend these
results, which were obtained for reasoning without TBoxes, to the case of
reasoning w.r.t. acyclic TBoxes. Surprisingly, this is not as easy as might
have been expected. On the one hand, one must be quite careful to define
acyclic TBoxes such that they still just introduce abbreviations for complex
concepts, and thus can be unfolded. On the other hand, it turns out that,
in contrast to the case of ££, adding acyclic TBoxes to 7€L(deg) increases
the complexity of reasoning by at least on level of the polynomial hierarchy.

*Supported by DFG Graduiertenkolleg 1763 (QuantLA).
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1 Introduction

Description logics (DLs) [BCM™03| allow their users to define the important
notions of an application domain as concepts by stating necessary and sufficient
conditions for an individual to belong to the concept. These conditions can be
atomic properties required for the individual (expressed by concept names) or
properties that refer to relationships with other individuals and their properties
(expressed as role restrictions). The expressivity of a particular DL is determined
on the one hand by what sort of properties can be required and how they can
be combined. On the other hand, DLs provide their users with ways of stating
terminological axioms in a so-called TBox. The simplest kind of TBoxes are called
acyclic TBoxes, which consist of concept definitions without cyclic dependencies
among the defined concept. Basically, such a TBox introduces abbreviations for
complex concept descriptions. But even this simple form of TBoxes may increase
the complexity of reasoning, as is, for example the case for the DL F L, for which
the complexity of the subsumption problem increases from polynomial-time to
coNP-complete if acyclic TBoxes are added [Neb90].

The DL £L, in which concepts can be built using concept names as well as the
concept constructors conjunction (M), existential restriction (3r.C'), and the top
concept (T),E] has drawn considerable attention in the last decade since, on the
one hand, important inference problems such as the subsumption problem are
polynomial in ££, not only w.r.t. acyclic TBoxes, but also w.r.t. more expressive
terminological axioms called GCIs [Bra04]. On the other hand, though quite
inexpressive, £L£ can be used to define biomedical ontologies, such as the large
medical ontology SNOMED CT P|which basically is an acyclic ££ TBox. In £L we
can, for example, define the concept of a good movie as a movie that is uplifting,
has a simple, but original plot, a likable and an evil character, action and love
scenes, and a happy ending.

Movie M Uplifting M Jplot.(Simple M Original) I
dcharacter.Likeable M 3character.Evil M (1)

dscene.Action M dscene.Love M dending.Happy.
For an individual to belong to this concept, all the stated properties need to

be satisfied. However, maybe we would still want to call a movie good if most,
though not all, of the properties hold.

In [BBG15|, we have introduced a DL extending £L that allows us to define con-
cepts in such an approximate way. The main idea is to use a graded membership
function, which instead of a Boolean membership value 0 or 1 yields a member-
ship degree from the interval [0, 1]. We can then require a good movie to belong

n FLy, we have value restrictions (Vr.C) instead of existential restrictions.
Zsee http://www.ihtsdo.org/snomed-ct /



to the £L concept with degree at least .8. More generally, if C' is an ££
concept, then the threshold concept Csy for t € [0, 1] collects all the individuals
that belong to C' with degree at least ¢. In addition to such upper threshold
concepts, also lower threshold concepts C<; are considered, and strict inequalities
may be used. For example, a bad movie could be required to belong to the ££
concept with a degree less than .2. In contrast to fuzzy logics, which also yield
membership degrees, we use classical crisp interpretations to define the semantics
of the new logic. The membership degree of an individual d in a concept C' is
obtained by comparing the properties that the individual has with the properties
that the concept requires. There are, of course, different possibilities for how
to define a graded membership function m based on this idea, and the seman-
tics of the obtained new logic T€L(m) depends on m. In [BBG15|, we have not
only introduced this general framework, but have also defined a specific graded
membership function deg, and have investigated the complexity of reasoning in
TEL(deg) in detail. More precisely, we have shown that the satisfiability and the
ABox consistency problem in 7€L(deg) are NP-complete, and the subsumption
and the instance problem are coNP-complete (the latter w.r.t. data complexity).
All these results are shown for the setting without TBoxes.

The main contribution of the present paper is to investigate the complexity of
reasoning in 7EL(deg) w.r.t. acyclic TBoxes. Surprisingly, this is not as easy
as might have been expected. The problem already starts with how to define
acyclic TBoxes in 7E€L(deg). It turns out that simply replacing EL£ concepts by
TEL(deg) concepts in the definition of an acyclic TBox does not yield the desired
result. In fact, acyclic TBoxes are supposed to introduce concept names (defined
concepts) as abbreviations for complex concepts, and these complex concepts can
be obtained by unfolding defined concepts, i.e., by replacing defined concepts by
their definitions until no more defined concepts occur. For the straightforward
definition of acyclic 7€L(deg) TBoxes mentioned above, this unfolding would
actually yield concepts that are not syntactically correct 7€ L(deg) concepts since
they may contain nested threshold operators, which is not allowed in 7EL(deg)F]
Thus, we propose a more sophisticated notion of acyclic TBox for 7EL(deg),
which consists of an £L£ part and a 7EL(deg) part satisfying certain properties.
These properties ensures that unfolding yields a correct 7EL(deg) concept. Of
course, from a semantic point of view, we want defined concepts to have the same
meaning as their unfolded counterparts. For this to hold, we need to require
the graded membership function to “respect” the £L£ part of the TBox in an
appropriate way. We show how deg can be modified such that it satisfies this
requirement. This finally fixes syntax and semantics of acyclic 7€L(deg) TBoxes.
We then investigate reasoning w.r.t. such TBoxes. We show that, again quite
surprisingly, the complexity increases by at least one level in the polynomial
hierarchy when acyclic TBoxes are added: satisfiability and consistency are ITZ -

3In fact, the semantics of such nested concepts would not be well-defined since the graded
membership function can only deal with ££ concepts as input.



hard and subsumption and the instance problem are ¥¥-hard. The best upper
bound we can currently show for these problems is PSpace.

In the next section, we will sketch how the DL 7€L(deg) was defined in [BBG15|
(more details and motivating discussions can be found in that paper). In Sec-
tion , we introduce acyclic 7EL(deg) TBoxes, and in Section 4| we provide proofs
of the mentioned complexity results.



2 The Description Logic 7€L(deg)

We start by introducing the DL £L£ and some related notions that are needed
in the rest of the paper. Afterwards, we present the abstract family of DLs
TEL(m) that is obtained by extending £L with threshold concepts defined using
a graded membership function m [BBGI15|. Finally, we recall the specific graded
membership function deg, and briefly discuss the results obtained in [BBGI5]
concerning the computational complexity of reasoning in 7EL(deg).

2.1 The Description Logic £L

Starting with finite sets of concept names N¢ and role names Ng, the set Cgp
of £L concept descriptions is obtained by combining the concept constructors
conjunction (C' M D), existential restriction (Ir.C') and top (T), in the following
way:

C:=T|A|CnC | 3IrC (2)
where A € N¢, r € Ng and C € Cg,.

The semantics of £L is given through standard first-order logic interpretations.
An interpretation T = (AZ,.T) consists of a non-empty domain A% and an in-
terpretation function .Z that assigns subsets of A to concept names in N¢ and
binary relations over A% to role names in Ng. The function .= is inductively
extended to arbitrary concept descriptions in the usual way, i.e.,

T .= A7
(Cn D) :=Cc*tnD*
(Fr.C) = {x € AT | y.((z,y) € rF Ay € CF)}

Given two £L concept descriptions C' and D, we say that C' is subsumed by D
(in symbols C E D) iff C* C D? for all interpretations Z. These two concepts
are equivalent (in symbols C' = D) iff C C D and D C C. In addition, C is
satisfiable iff CT # () for some interpretation Z.

Information about specific individuals (represented by a set of individual names
N;) can be expressed in an ABox, which is a finite set of assertions of the form
C(a) or r(a,b), where C' € Cer, r € Ng, and a,b € N;. In addition to concept and
role names, an interpretation Z now assigns domain elements a’ to individual
names a. We say that Z satisfies an assertion C(a) iff a* € C%, and r(a,b) iff
(a*,b") € rf. Further, 7 is a model of A (denoted as Z = A) iff it satisfies all the
assertions of A. Then, an ABox A is consistent iff Z = A for some interpretation
Z. Finally, an individual a is an instance of C' in A iff a* € C? for all models Z
of A. We denote the set of individual names occurring in A as Ind(.A).



An £L TBox T is a finite set of concept definitions of the form F = Cp, where
E € Nc¢ and Cp is an £L concept description ] Additionally, we require that no
concept name occurs more than once on the left hand side of a definition. Concept
names occurring on the left hand side of a definition of 7 are called defined
concepts while all other concept names are called primitive concepts. The sets
of defined and primitive concepts of 7 are denoted as N] and NZ;, respectively.
Note that NZ;, = N¢ \ N7, and thus also contains all concept names not occurring
in 7. An interpretation Z is a model of 7 (in symbols Z =T) iff EZ=(Cg)* for
all £ =CpgeT. The relations C and = are now defined modulo all models of T
and denoted as C and =7, respectively.

TBoxes can be classified into being acyclic or cyclic, based on how their defined
concepts depend on each other.

Definition 1 (Cyclic/acyclic EL£ TBoxes). Let 7 be an E£ TBox. We define
— as a binary relation over the set N] to represent direct dependency between
defined concepts in the following way. A defined concept E; directly depends on a
defined concept Es (denoted as Fy — Es) iff By = Cg, € T and E, occurs in C, .
Let —7 be the transitive closure of —. The TBox 7T contains a terminological
cycle iff there exists a defined concept E in 7 that depends on itself, i.e., E —T E.
Then, T is called cyclic if it contains a terminological cycle. Otherwise, it is called
acyclic.

For acyclic TBoxes, the relation —* induces a well-founded partial order < on
the set N7, i.e., By < Ey iff B; —F E;. Furthermore, the unfolding us(C) of an
EL concept description C' with respect to T is defined as follows:

C if C'eNJ,

wr(C) = ur(Cg) fC=FE and E=CgeT
ur(Cy) Mugp(Cy) i C=CiMNCy
Ir.ur(C) if C'=3r.C’

Based on this, the meaning of a concept C' can always be determined from the
meaning of its unfolded description: C% =[us(C)]* for all models Z of T, which
means that C=7ur(C). From a model-theoretical point of view this is captured
by the following proposition (see [Neb91]).

Proposition 2. Let T be an acyclic EL TBox. Any interpretation I of NZJ; UNg

can be uniquely extended into a model of T .

We now define some notions related to £L£ concept descriptions that will be useful
for subsequent chapters.

“4In this paper, we do not consider so-called general concept inclusions (GCIs), which are of
the form C' C D for C,D € Cg.



Definition 3 (sub-description). Let C' be an £L concept description. The set
sub(C) of sub-descriptions of C'is defined in the following way:

{O} if C' =T or C € N,
sub(C) := ¢ {C} Usub(Cy) Usub(Cy) if C is of the form C; M Cy,
{C} Usub(D) if C' is of the form Ir.D.

Note that the number of sub-descriptions |sub(C')| of a concept C' is linear in the
size of C. Next, we define the role depth of a concept description C.

Definition 4 (role depth). The role depth rd(C) of an EL concept description C'
is inductively defined as follows:

rd(T) =rd(A) :=0,

rd(Cy M Cy) := max(rd(Ch), rd(Cs)),
rd(Ir.C) :=rd(C) + 1.

A concept description is called an atom iff it is a concept name or an existential
restriction. The set of all ££ atoms is denoted by N,4. Additionally, every £L£
concept description is a conjunction C1M...MC, of atoms. These conjuncts are
called the top-level atoms of C' and the set {C},...,C,} is denoted as tp(C).

2.1.1 Characterization of membership in ££

The definition of the graded membership function deg that we will recall in Sec-
tion is based on the representation of concepts and interpretations as graphs,
and homomorphisms between these graphs.

Definition 5 (££ description graph). An £L description graph is a graph of the
form G = (Vg, Eg, lg) where:

o V is a set of nodes.
o Fo C Ve x Nr x Vg is a set of edges labeled by role names,

o (¢ : Vi — 2Nc is a function that labels nodes with sets of concept names.

In [BKM99|, it is shown that every £L£ concept description C' can be translated
into an £L description tree T¢ and vice versa. Moreover, in [Baa03| interpre-
tations Z are translated into £L description graphs Gr = (Vz, Ez,¢7) in the
following way:

o VI = AI?



Te: vy : {A} Gz a; : {A}

N |

vy : {A, B} vg : {A} as: {A,B} /) r

| r

vg : {} as : {B}

Figure 1: £L description graphs.

d EI = {(UTU)) | (U,’U}) € TI}7

o lz(v)={A|ve A%} for all v € V7.
The following example illustrates the relation between concept descriptions and
description trees, and interpretations and description graphs.

Example 6. The £L concept description

C:=An3r(AnBN3Ir.T)NIr.A

yields the £L description tree T depicted on the left-hand side of Figure [l The
description graph on the right-hand side corresponds to the following interpreta-
tion:

[} AZ = {(ll,CL27CL3},
o AT :={ay,ay} and B := {ay, a3},
L TI = {(a17a2)7<a27a3)7(a/37a/1>}‘

Now, homomorphisms between €L description trees were introduced in [BKM99|
to characterize subsumption in ££: C' T D iff there exists a homomorphism from
Tp to Te mapping the root of Tp to the root of T (Thm. 1, [BKM99]). The
following definition generalizes such homomorphisms to graphs.

Definition 7. Let G = (Vg, Eq, ) and H = (Vy, Ey, () be two EL description
graphs. A mapping ¢ : Vg — Vy is a homomorphism from G to H iff the following
conditions are satisfied:

1. Lg(v) CLly(p(v)) for all v € Vg, and

2. vrw € Eg implies p(v)rp(w) € Ey.

In Example [0 the mapping ¢ with ¢(v;) = ;41 for i = 0,1,2 and ¢(v3) = as
is a homomorphism. The proof of the subsumption characterization result in
IBKM99| can be easily adapted to characterize element-hood in EL, i.e., whether
d € CT for some d € AT.




Theorem 8. Let I be an interpretation, d € AL, and C an EL concept descrip-
tion. Then, d € CT iff there exists a homomorphism ¢ from Te to G such that

o(vg) = d.

2.2 Adding threshold concepts to ££

In [BBG15], we have extended £L£ with a family of concept constructors of the
form C.;, such that C' is an £L concept description, ~ € {<,<,> >}, and ¢ is a
rational number in [0, 1]. These new constructors can then be combined with the
basic £L concept constructors ([2)) to form more complex concepts, e.g., (Ir.A) 111
Ir.(AN B)ss M B. Concepts of the form C.; are called threshold concepts. The
semantics of such concepts is based on a graded membership function m. The idea
is that, given an interpretation Z and d € AT, m%(d, C') computes a value between
0 and 1 representing the extent to which d belongs to C' in Z. For instance, the
concept Cs g collects all the individuals that belong to C' with degree greater than
.8. To indicate which function m is used to obtain the semantics of threshold
concepts, we call the extended logic 7EL(m). We require such functions m to
satisfy the following two properties.

Definition 9. A graded membership function m is a family of functions that
contains for every interpretation Z a function m? : AT x Cer — [0, 1] satisfying
the following conditions (for C, D € C¢r):

M1: deC* & m*(d,C)=1 for all d € A7,
M2: C=D & VI Vd € AT : m*(d,C)=m*(d, D).

The formal semantics of threshold concepts is then defined in terms of m as
follows: (C)* = {d € AT | m*(d,C) ~ t}. Taking this into account, .= is
extended in a natural way to interpret complex 7EL(m) concept descriptions.

Coming back to Definition[d] on the one hand, property M2 expresses the intuition
that membership values should not depend on the syntactic form of a concept,
but only on its semantics. On the other hand, requiring M1 has the following
consequences.

Proposition 10. For every EL concept description C we have Cs; = C and
C.1 = —C, where the semantics of negation is defined as usual, i.e., (—-C)* =

AT\ CT.

The equivalence C'.; = —C says that negation of £L£ concepts is expressible in
7EL(m). This does not imply, however, that 7€L(m) is closed under negation.
Note that nesting of threshold constructors is not allowed. For example, strings
like ((Fr.A)<1)<1 or (Cey)<1 do not constitute well-formed concepts in 7EL(m).
Thus, negation cannot be nested using these constructors.

10



Regarding notation, we will sometimes use C—; to abbreviate the concept de-
scription C<; M Cs;. Symbols like C, D will be used to refer to 7€L(m) concept
descriptions. Last, some other notions defined for ££ in the previous section
extend naturally to 7€L£(m) by additionally handling threshold concepts in the
following way:

e role depth: extends to TEL(m) concept descriptions by defining rd(C.;) := 0
for all threshold concepts C.,

o sub-description: for all threshold concepts C;, sub(C.;) := {C;}.

2.3 The graded membership function deg

In addition to defining the family of DLs 7€L(m), in [BBG15| we also define a
concrete graded membership function deg and study its induced DL 7EL(deg).
Since the latter constitutes our main object of study, we shall briefly describe the
principal components supporting the definition of deg.

Basically, we use the homomorphism characterization of membership in €L (The-
orem [8) as a starting point. The computation of deg”(d,C) relies on exploring
the search space consisting of all partial mappings from T to Gz that map the
root of T¢ to d and respect the edge structure of T-. Let us explain the reason
for considering such partial mappings using the following example.

Example 11. Figure [2|shows a description tree T corresponding to the concept
C := AN 3s.(B; M 3r.By M 3r.B;), and the description graph associated to an
interpretation Z. Clearly, dy ¢ CZ, and thus there is no homomorphism that
maps vy to dyg. Nevertheless, the mappings depicted in the figure (represented
by the dashed lines and the dotted ones) provide two different views of how d,
partially satisfies the properties required by C. The idea is then to calculate
to which degree each partial mapping fulfills the homomorphism conditions (see
Definition , and take the degree of the best one as the membership degree
deg® (do, C).

These partial mappings are called partial tree-to-graph homomorphisms (ptgh),
and are formally defined as follows.

Definition 12 (Def. 4, [BBG15]). Let T' = (V4, £y, b, vo) and G = (V,, E,, {,) be
a description tree (with root vy) and a description graph, respectively. A partial
mapping h : V; — V, is a partial tree-to-graph homomorphism (ptgh) from T to
G iff the following conditions are satisfied:

1. dom(h) is a subtree of T" with root vy, i.e., vo € dom(h) and if (v, r,w) € E;
and w € dom(h), then v € dom(h);

11



TC:UO {4} ngo {A}
By P S
Uy ! {B2} U3 {B3} : {Bg} d4 : {Bs} d5> {}

Figure 2: Partial mappings.

2. for all edges (v,r,w) € E}, w € dom(h) implies (h(v),r, h(w)) € E,.

To measure to which degree a ptgh h satisfies the homomorphism conditions, a
weighted function h,, : dom(h) — [0, 1] is defined and the value h,,(vg) considered
as the corresponding degree. We use again Figure [2| to sketch how h,, calculates
such degrees.

Example 13. Let h denote the mapping represented by the dashed lines and g
the other one. To compute hy,(vg), we basically count the number of properties
of vy (say {), check how many of those dy actually has in Z (say k) and give
k/¢ as the membership degree h,(vy). In our example, vy has two properties,
namely, A and the existence of an s-successor with a certain structure (the node
v1). In particular, the s-successor of dy selected by h to match vy, does not
satisfy all the conditions required by v;. Now, instead of assuming that dy lacks
the second property and setting h,(vg) = 1/2, hy,(v1) computes a value that
expresses to which degree d; satisfies the conditions required by v;. This is done
by applying the same idea recursively. This procedure stops at nodes of T having
no successors in dom(h).

Thus, the real computation is done in a bottom-up manner. First, we have
he(v2) =1 and h,(v3)=1. Based on these two values and the fact that d; ¢ (B;)?,
we obtain h,(v;)=2/3. Finally, since dy € AL, we get hy,(vg) = (1 + hy(v1))/2 =
5/6. Concerning the mapping g, the reader can verify that g, (vy) < hq,(vg), and
thus deg sees h as a better approximation for membership in C.

The intuition given in the previous example is formally expressed in the following
definition.

Definition 14 (Def. 5, [BBGI15|). Let T be a finite ££ description tree, G
an £L description graph and h : Vi — Vg a ptgh from T to G. We define

12




the weighted homomorphism induced by h from T to G as a recursive function
hy : dom(h) — [0..1] in the following way:

1 if [br(v)| + k*(v) =0
h(V) == @) nlar@)+ £ ()

1<i<k
[e (v)] + k* (v)

otherwise.

The elements used to define h,, have the following meaning. For a given v €
dom(h), k*(v) denotes the number of successors of v in T, and vy, ..., v with
0 < k < k*(v) are the children of v in T such that v; € dom(h).

Based on these ideas, we now defined the graded membership function deg. How-
ever, in order to satisfy property M2, all concept descriptions C' are transformed
into an appropriate reduced form C" before actually applying the computations
sketched above. This reduced form, which was introduced in [KiisO1], removes
redundancies from concepts, and has the property that C' = D iff the description
trees of C" and D" are isomorphic.

Definition 15 (Def. 6, [BBG15]). Let Z be an interpretation, d € A and C an
EL concept with reduced form C". Moreover, let H(T¢r, Gz, d) be the set of all
ptghs h from Ter to Gz with h(vg) = d. Then,

deg* (d, C) := max{q | hy(vo) = ¢ and h € H(Ter, Gz, d)}

We have shown in [BBG15] that the maximum in the above expression always
exists. This implies that the function deg is well-defined. In addition, we could
show that the properties M1 and M2 are satisfied. Regarding the induced DL
TEL(deg), we have investigated the computational complexity of the standard
reasoning problems satisfiability, subsumption, ABox consistency and instance
checking. In particular, the subsumption and the satisfiability problems are tack-
led by establishing the following polynomial model property for the satisfiability
of concepts of the form C' M =D for 7EL(deg) concepts C, D. Note that this is
equivalent to the non-subsumption problem and satisfiability is a special case.

Lemma 16 (Lem. 5, [BBG15]). Let C and D be TEL(deg) concepts of sizes s(é)
and s(D). If C'11 =D 1is satisfiable, then there exists an interpretation I such
that C*\ D*#£0 and |AT|<s(C)xs(D).

A analogous property has been also proved for consistent ABoxes of the form
AU {—@(a)}, thus yielding a bounded model property for non-instance (A =
C (a)). Unfortunately, in this case the bound on the model’s size has the size of
the concept C in the exponent. Nevertheless, since consistency is a particular

>The size s(é’) of a TEL(deg) concept description C is the number of occurrences of symbols

~

needed to write C', where the numbers used to write threshold values are encoded in binary.

13



case where C is not present, we have a polynomial model property for ABox
consistency. In addition, checking whether a finite interpretation Z satisfies a
TEL(deg) concept/ABox can be done in polynomial time. Overall, we can thus
employ a standard guess-and-check NP-algorithm to decide satisfiability, non-
subsumption, and ABox consistency. For non-instance, this algorithm is only in
NP if we consider data complexity as defined in [DLNS94].

Theorem 17 (Th. 5 and Th. 6, [BBGIL5|). In 7EL(deg), satisfiability and
consistency are NP-complete, whereas subsumption and instance checking (w.r.t.
data complezity) are coNP-complete.

14



3 Acyclic TBoxes for 7EL(m)

We now turn to introducing acyclic TBoxes for the whole family of DLs 7€L£(m),
and hence also for T€L(deg). As with acyclic TBoxes in £L, the purpose is to in-
troduce abbreviations for composite 7EL(m) concept descriptions. For instance,
the £L concept definition F=3r.Ar3r.B can be used to abbreviate the threshold
concept (Ir.AM3Ir.B)>1/2 as Ex1/. On top of this, we can then also introduce the
abbreviation 8 for E>;/, and use this abbreviation in other concept definitions,
as done in the following TBox:

a=ds.ANdrS

B =E>i (3)
E=3rAn3dr.B

Overall, the concept name « then abbreviates the 7€L(m) concept description
3s.AM 3r.(Ir.AM 3r.B)>1 /2, which can be obtained from o by unfolding.

However, we cannot use arbitrary acyclic sets of 7€L£(m) concept definitions. For
example, suppose that « is now defined in the TBox (3)) as a = 3s. A M 3Ir.(B>5)
instead. Even though the right-hand side of this definition is a syntactically
well-formed 7EL(m) concept, unfolding o w.r.t. this new TBox yields

3. AN 3. (((3r. AN 3r.B)s1/2)s 5), (4)

which is not a well-formed 7€ L(m) concept description since threshold operators
are nested. The following definition is designed to avoid this problem.

Definition 18. An acyclic TEL(m) TBox T is a pair (T;,T), where T is an
acyclic £L TBox and 7, is a set of concept definitions of the form a = C,
satisfying the following conditions:

e C, is a TEL(m) concept description,
e « does not depend on itself and it does not occur in 7T,

e for all threshold concepts C.; occurring in @, no defined concept of T,
occurs in C.

The TBox (3) can be seen as an acyclic 7€L(m) TBox where the first two defi-
nitions belong to 7, and the last one to 7T .

Given an acyclic 7€L(m) TBox T = (T:,T), we define the set Nd% of defined
concepts in 7 as the union NZ'T UNT, where NZ{T is the set of defined concepts in

T.. We denote the set N¢ \ NZ as NZ. The notion of unfolding is extended to
acyclic 7€L(m) TBoxes by considering the following two additional rules:

uz(a) = u?(@), for all = éa S
up(Cua) = [wr(C)]es
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Then, it is easy to see that the restrictions imposed in the previous definition
guarantee that o € N:f always unfolds into a well-formed 7EL(m) concept de-
scription uz(a), whereas E € N7 unfolds into an £L concept. Regarding arbi-

trary 7EL(m) concept descriptions C , we say that Cis correctly defined w.r.t T
if the pair (7, U {a = C},T) is still an acyclic 7EL(m) TBox, where « is a fresh
concept name not occurring in 7 and C.

We are now ready to fix the semantics for this kind of TBoxes. To start With/,\ we
say that an mterpretatlon 7 is a model of T; (and write Z = 7-) iff ol =(Cy)*
in 7EL(m) for all & = C, € T;. Then, Z satisfies 7 iff Z = T and Z |= T;. The
corresponding subsumption and equivalence relations C4+ and =2 on correctly
defined 7€L(m) concepts are defined w.r.t. the set of models of 7. The next step
is to ensure that defined concepts o and their unfolded counterparts u+(a) have

the same meaning in all models of 7\', ie.,

a=zuz(a). (5)

Since this equivalence holds for ££, the only constructor that might lead to a
problem is the threshold constructor. More precisely, given a threshold concept
C.; with C' € Cgz, for all models of T the following must hold:

(Cut)' = ((ur(C))ne)™. (6)

Thus, we must turn our attention to the graded membership function m since
m is providing the semantics for such concepts C.;. In principle, the graded
membership function m is defined on C' since C' is an £L concept description.
However, this function (e.g., deg) is agnostic of the TBox and thus treats defined
and primitive concepts alike: they are just concept names for m. In order to
satisfy @, the function needs to be aware of the TBox. Let us illustrate this
using the graded membership function deg:

Example 19. Let 7 = (7;,7) be the 7£L(m) acyclic TBox corresponding to
the definitions in . In addition, let Z be an interpretation such that AZ =
{d07 d?“7 ds}a AI:{ds}> BI:{dT‘}a and TI:{<d07 dO)v (d07 dr)}a SI:{(d07 ds)}

When trying to extend Z to a model of 7A', we first note that we have (3Ir.A T
Ir.B)t =0, and hence EZ must be interpreted as the empty set. Then, since E is
treated as a concept name by deg, this means that deg”(d, E) =0 for all d € AL
Therefore, (E>q/2)" =0, and consequently we must define ﬁI =al:=0. To see
that @ fails to hold, one can observe that in contrast to deg” (do, E) 0, for d
we obtain deg”(do, Ir. AN 3r.B)=1/2 (recall the ideas defining deg). This means
that (Es1/2)* # ((ur(E))s1/2)*. Obviously, the problem propagates up to the
more general requirement in . First, dy & 6" but dy € (uz(8))*. Moreover, it is
casy to check that dy € (us())”, and thus a#=uz(a).

To avoid the problem demonstrated by this example, the graded membership
function m needs to take into account the definitions in 7. This means that 7T
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must be a parameter of this function. Furthermore, to ensure that property @
is satisfied, the membership degrees for an £L£ concept description C' should be
the same as for its unfolding us(C'). Taking this into account, we extend a given
graded membership function m such that it takes concept definitions in acyclic
EL TBoxes into account.

Definition 20. For all graded membership functions m (in the sense of Defi-
nition @, the extension of m computing membership degrees w.r.t. acyclic ££
TBoxes is a family of functions containing for every interpretation Z a function
m? : AT x Cer x T(T)— 0, 1] satisfying

mE(d,C,T) :=m*(d,ur(C)),

where T(Z) is the set of all acyclic EL£ TBoxes T such that Z = T.

Clearly, well-definedness of m and acyclicity of 7 imply well-definedness of m.
For the sake of simplicity, we will from now on use m both to denote the original
graded membership function and its extension .

The use of unfolding in the above definition ensures that, for all interpretations 7
and d € AT, we have d € (C)? iff d € ((ur(C))~)*. Consequently, (6) always
holds, as does . Finally, it is easy to see that the analogon of Proposition [2|is
also valid for acyclic 7€L£(m) TBoxes.

Proposition 21. Let T be an acyclic TEL(m) TBox. Any interpretation I of
sz; UNR can be uniquely extended into a model of T .

The following lemma is an easy consequence of Definition[20] It shows that graded
membership functions constructed in such a way satisfy a generalization of the
conditions stated in Definition [9

Lemma 22. Let m be a graded membership function as in Definition 20} Then,
for all acyclic ££ TBoxes T, we have:

M17: deCt & m*(d,C,T)=1 forall Z|= T and d € A”
M2T: C=7D & VIE=TVde AT: m*(d,C, T)=m*(d, D, T)

where C' and D are £L concept descriptions.

Proof. Being m a graded membership function in the sense of Definition [9] it
satisfies M1 and M2. Hence, since C' =7 uy(C'), the definition of m with respect
to T satisfies M17. Moreover, C' =7 D implies that us(C) = us(D). From this
it is easy to verify that m also satisfies M27. ]

To sum up, we have introduced a notion of acyclic TBoxes for 7€L(m) such
that unfolding still works from a syntactic point of view, i.e., the unfolding of a
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defined concept is a syntactically correct 7€L(m) concept description. To ensure
that unfolding is also correct from the semantic point of view (i.e., holds), we
had to extend m such that it takes the £L£ part of the given acyclic TBox into
account. In the following, we consider the case where m = deg and show that the
presence of acyclic TEL(deg) TBoxes increases the complexity of reasoning.
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4 Reasoning with acyclic 7EL(deg) TBoxes

We will not only investigate the satisfiability and the subsumption problem, but
also consistency and instance. In the presence of an acyclic T€L(deg) TBox, the
concepts occurring in the ABox need to be correctly defined w.r.t. this TBox.
An acyclic TEL(deg) knowledge base is a pair K= (T,.A) where T is an acyclic
7EL(deg) TBox, and A is a finite set of assertions C(a) or r(a,b), where C is
correctly defined w.r.t. T.

The size s(T) of an acyclic 7EL(deg) TBox T = (7;,T) corresponds to the

following expression:

ST)=INJ| + > s(Ca)

a=Ca€T-UT

Furthermore, we define the size s(A) of an ABox A as:

s(A) = > s(C)+ > 1

Cla)eA r(a,b)EA
a€lnd(A) a,b€Ind(A)

Finally, the size s(K) of a KB K = (T, A) is simply s(T) + s(A).

Proposition [21] together with tell us that reasoning w.r.t. acyclic T7EL(deg)
TBoxes can be reduced to reasoning in the empty terminology, through unfolding.
However, as shown in [Neb90| for the DL FL,, unfolding may produce concept
descriptions of exponential size. The following example shows the corresponding
version for £L.

Example 23. The TBox 7, is inductively defined as follows (n>0):

76 = {C(O = T}
Ti:=ToU{as = Ir.ag M Is.ap}

Tn = Too1 U{ay, = Ir.ag,_1 M 3s.a,—1}
It is easy to see that s(7,) = ©(n), but s(ur,(a,)) > 2.

Thus, by applying unfolding and then using the known NP decision procedures for
satisfiability /non-subsumption in 7€L(deg) [BBG15|, we obtain an NExpTime
algorithm to decide the same problems w.r.t. acyclic 7€L(deg) TBoxes. The
natural question to ask is thus: can we do better than NExpTime? We will show
that this is indeed the case by providing a PSpace upper bound. At the moment,
we do not have a matching lower bound. However, we can show that (unless
NP =11%) the complexity of reasoning w.r.t. acyclic 7€L(deg) TBoxes is higher
than of reasoning in 7€L(deg) without a TBox. We start with showing the lower
bounds.
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4.1 Lower bounds

We reduce the problem V33SAT to concept satisfiability with respect to acyclic
T7EL(deg) TBoxes. This problem is well-known to be complete for the class 1%
(see [StoT6], Section 4).

Definition 24 (V33SAT). Let u={us,...,u,}, v={v1,..., v} be two disjoint
sets of propositional variables, and ¢(u,v) a 3CNF formula defined over u U v,
i.e., a finite set of propositional clauses C = {ci,...,¢,} such that each ¢ is a
set of three literals {vF, 5,74} over u Uv. A formula Yu3v.o(u,v) is valid iff
for all truth assignments t of the variables in u there is an extension of t for the
variables in v satisfying ¢(u,v). VI3SAT is then the problem of deciding whether
a formula Yu3v.p(u, v) is valid or not.

The idea for the reduction goes as follows. Each formula Vu3v.¢(u, v) is translated
into an acyclic 7€L(deg) TBox 7, containing a defined concept «,, such that:
VuTv.p(u,v) is valid iff oy, is satisfiable in 7,¥ (n is the number of variables in w).

The first step consists of encoding ¢(u, v) into a 7€ L(deg) concept description ap.

Literals defined over u and v are represented by concept names A;, A; (1<i<n)
and Bj, B; (1 < j </{), respectively, according to the following mapping:

n(ug) = Ai, () = A, n(vy) == By, n(-w;) = Bj (7)
Based on 7, each clause ¢ is represented by the ££ concept description:

Di:=n(y) Mn(vs) Mn(vs) (8)

The satisfiability of ¢; could then be simulated through the threshold concept
(Dy)>1/3- In fact, by the definition of deg, an individual d belongs to (Dy)>1/3
iff it belongs to at least one concept name in {n(v¥),n(v5),n(v5)}. Therefore,
the 7EL(deg) concept (D1)>1/3...M (Dg)>1/3 appears as a plausible choice to
capture the satisfiability status of ¢(u,v). Nevertheless, pairs of concepts (4;, 4;)
and (B, Bj) need to be complementary, since they are meant to play the role of
a literal u; (v;) and its negation. To this end, we define a TBox 77, as follows:

n

)4
o= H{F=A4nA o J{G, = B;n B}

i=1 j=1

Then,_ (F3)=1/2 collects the elements that are instances of exactly one concept in
{A;, A;} (similarly for (Gj)=1/2 and {B;, B;}). Putting all these pieces together,
C, is defined as follows:

n 0

Co = [ |(Dr)s1ys N [ |(F)=rpe 1 H(Gj):1/2

:le

k=1 =1
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The following result follows from the construction of ap.

Lemma 25. p(u,v) is satisfiable iff 650 is satisfiable w.r.t. T,

Proof. (=) Assume that ¢(u,v) is satisfiable. Then, there exists a truth as-
signment t for u U v satisfying ¢(u,v). Using t we construct a single-pointed
interpretation Zy = ({dg}, .2°), where .20 interprets the primitive concept names
A, A (1 <i<n)and Bj,Bj (1 <j <) as follows:

o dy € (AT iff t(u;) = true and dy € (A;)%0 iff t(u;) = false

o dy € (B;)™ iff t(v;) = true and dy € (B;)™ iff t(v;) = false

Obviously, since t is a truth assignment it follows that:
do € (A) P iff dy & (A))%, forall 1 <i<n (9)

and,
do € (B))™ iff dy & (B;)™, forall 1 <j </ (10)

Consequently, its extension into a model of 7,%, is such that (F;)* = (G;)™ = 0.

We now prove that dy € (650)20. As a direct consequence of @, and the
definition of deg w.r.t. TBoxes, we obtain:

dy € <|_|(Fz')1/2 M H(Gj>l/2>

i=1

Moreover, let Dy, be an arbitrary concept as constructed in [§) and ¢ its corre-
sponding clause in ¢(u,v). Since t satisfies ¢(u,v), this means that there exists
a literal 7 in ¢ such that t(y) = true. Suppose that v is of the form wu;. Then,
n(y) = A; and by construction of Zy we know that dy € (n(v))*. Conversely,
if v is of the form —u;, we then have t(u;) = false and n(y) = A;. Again, by
construction of Zy this means that dy € (n(7))*. The same applies if 7 is of the
form v; or —w;. Therefore, by the definition of D, and the definition of deg w.r.t.

T, we further have dy € ((Dy)>1/3)%. Thus,

dy € <|_| (Dk:)>1/3>

k=1

Overall, we just have shown that dy € (C,)%.

21



(<) Conversely, assume that 6@ is satisfiable with respect to 7,7,. This means

that there exists a model Z of 7,%, and d € AT such that d € (ao)z. We define
the assignment t; for v U v as follows:

ta(w;) = true iff d € (A)F (
ta(v;) = true iff d € (B;)* (

Let us now show that t, satisfies p(u, v). We take an arbitrary clause ¢, of p(u,v)
and its corresponding concept description Dy, (as defined in ) Since d € (ao)z ,
this means that d € ((Dg)>1/3)". Therefore, there exists a literal 4 in ¢, such that
d € (n(y))*. If n(v) corresponds to A;, then by (7)) and the construction of t; we
have that v = u; and t4(y) = true. In case n(y) = A;, d € ((F;)=1/2)" implies
that d & (A;)%. This means that v = —u; and t4(u;) = false. One can see that
in both cases t; satisfies ¢;. A similar reasoning can be used with the other two
possible forms of 7(7), namely, B; and B; for all 1 < j < ¢. Finally, since ¢, has
been chosen arbitrarily, we can conclude that t; satisfies ¢(u,v). Thus, p(u,v) is
a satisfiable propositional formula. O

Obviously, this is not enough to achieve our main goal, since VA3SAT asks for
the satisfiability of ¢(u,v) in all truth assignments of u. To mimic this universal

quantification, we extend the TBox 7,, (from Example into 7A:f in such a way

that for all models Z of ’?;f, ()t # 0 iff for all X C u there exists dy € AT
satisfying:

dy € (C,)F and foralli,1<i<n:dxe (A)Fiffu; e X (11)

Let T, be the £L description tree corresponding to the concept description
ur, (o). We denote the interpretation induced by T, as Z,. For instance, for
n=3, the interpretation Z3 has the following shapdﬂ:

N
s\ N
r/\s T/\s T/\s T/\s

It is easy to see that the extension of Z,, into a model of 7,, is such that dy € (a,,)*".
Moreover, a one-to-one correspondence can be established between the set of

5For an arbitrary n, Z,, has the shape of the full binary tree of depth n, where edges leading
to left children are labeled with r and the ones leading to right children are labeled with s.
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leaves and the words in {r, s}" as follows. For all words x==x; ..., in {r,s}",
the corresponding leaf d, is the one reached from dy by the path dyx1d; ... z,d,.
Then, the desired group of elements satisfying would also exist if: for each
word x € {r, s}" there is at least one path dox; ... x,d, such that:

dy € (C,)" and d, € (A" iff z;=r (1<i<n) (12)

The following proposition is an easy consequence of the definition of 7,,.

Proposition 26. Let Z be a model of T, and d € AT. For all 0 < i < n: if
d € ()%, then for each word x € {r,s}" there exists a path dx.d; ... xz:d; in Gt
such that d; € (c;_;)* for all 1 < j <.

This means that the structure of 7, certainly guarantees that every model sat-
isfying «,, contains a path dyx; ...x,d, from a distinguished element dg, for all
x € {r,s}". Moreover, the domain elements in such a path satisfy dy € (o, )%,
dy € (1), ..., d, € (ap)*. Hence, the first part of can be satisfied by
modifying the definition of «q in 7, as:

ap = C, (13)

Of course, all such models need not have the same shape as Z,,. Hence, to also
fulfill the second part of 7 one needs to express within the logic the correct
propagation of Ay, ..., A, along each path. For simplicity, we explain the intu-
ition of how to do this for n =3. Consider z; and A;. A solution could be to
redefine a3 as a3 =3r.(ap M ) M 3s.(ag M 55), where:

5; = |_| v(’EgiL’g._\Al ﬂ; = |_| va.CIZ‘g._\Al (14)

x2,x3€{r,s} z2,x3€{r,s}

The definition of 35 implies that if dy € (a3)®, then all paths starting at dy
following a word z of the form r.{r, s}?> must end up at an element d, such that
d, & (A1)%. In particular, for a special one where d, € (o), this means that
d, € (A1)%. Now, (5 is obviously not a T€L(deg) concept, but its meaning can
be equivalently expressed in the logic. We illustrate this with the help of the
following diagram.

TES’ : v > d1
/N s
h >
r/ \s 'r/\s S
A A A A4 » Ay
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Let B3 be the £L concept description associated to the description tree T 3 shown
on the left-hand side of the diagram. Notice that Tz exhibits all (and only) paths
falsifying /5. Based on it, one can observe the following:

e if dy has an r-successor leading to one such path (d; on the right-hand
side), then there is always a ptgh h from Tjgg to Gz such that h(v)=d; and
hy(v)>0. Therefore, d & [(E3)<o]*.

e Conversely, if no such path exists, then for all partial mappings h from T'g3
to Gz and all paths vwavaz3v3 in Ty such that vz € dom(h), it is the case
that h(vs) € (A;)%. Therefore, by definition of h,,, it must be the case that
hy(v) = 0. Consequently, deg”(dy, E3) = 0 and d; € [(E3)<o]*.

Hence, (35 is equivalent to the threshold concept (E3)<o. To express (5, we define
a dual concept 3, by using A; instead of A;. Finally, to succinctly represent these
“exponentially large” concepts, we employ the ££ TBoxes 72 and T2 defined as
follows:

E3 = 3r.B} N 3s.E3 ) B3 = 3r.B} N 3s.E3
T?:=< E} =3r.EjN3s.E} T :=¢ E}=3r.E;N3s.E}
6= A E3 = A

The good that comes from this is that we obtain the following equivalences:

(E3)<o0 =7 I_l Vaors.—A; and (E )<0 =73 |_| Vroxs.—A;

z2,x3€{r,s} z2,x3€{r,s}

The same arguments also apply to Ay, A and A, A, by defining similar concept
descriptions E?, E} and E?, E}, respectively, and their corresponding TBoxes
T2, 7" and 72, T". Based on this, one can in general use the threshold concepts

(Ei 1)<0 and (E!_|)<o to represent the generalization of the value restrictions

used in (14f) to arbitrary lengths. Let 7,,, be the union of all these TBoxes, i.e.,
U Tz U Tz
=1

Proposition 27. For all models Z of T, ,, d € AT and 1 <i<n:

. _ z
1. de [(E;_l)sg]z Zﬁd S ( |_| VZL’.ﬁAn_i_H) .

ze{r,s}i—1t

2.de [(Eig,l)SO]I Zﬁd € < |—| Vx.—'AniH)I.

ze{r,s}i—1
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Proof. We only give the proof for the first statement (the second one can be shown
using the same argument). We denote as T the description tree corresponding

to the unfolding uzi(E!_ ;) of E!_; in T*. For simplicity, we use just ¢ (without
subscript) to refer to the labeling of Tgi

(=) Assume that d € [(E!_)<o)*. Since E! , is a defined concept in T, this
implies:

degI(d7 EZ;D TZ) = d@gI(CL Ui (Ezlfl)) =0

For a contradiction, suppose that:

d%'( |_| vx-ﬁAn—H—l)I

z€f{r,s}i—1

Then, there is a word z; ... x;_; € {r, s} ! such that d & (Va1...2;_1.-A,_i11)%.
The semantics of the value restriction constructor yields the existence of a path

of the form dxd; ... x;_1d;_, in Gz such that d;_; € (A,_i11)%.

By definition of E! ; in 77, there is a path vor vy ... 10,1 in TE;_;_1 with
l(vi_1) = {An_iz1}, where vy is the root of Tpi - Therefore, the ptgh h from
Ty | to Gz with h(vg) = d and h(v;) = d; (1 < j <i—1) induces a weighted ho-
momorphism h,, such that: h,(vg) > 0. This contradicts our initial assumption

since it implies: ‘
degz(d, uri(Ei_y)) >0

Thus, the left to right implication holds.

(<) Assume that
_ T
d e ( B vx.ﬁAn,Hl)
ze{r,s}i—1
This implies that d € (Va1 ... 2, 1.mA, 1) for all words @y, ..., w0, € {r, s} L.
Hence, any path of the form dxid; ... x;_1d;_1 in Gz is restricted to have:

di-1 & (Anﬂ'ﬂ)z

Let now vz1v1 ... 2;-1v;—1 be any path in Tp: . By definition of E! [ in T
we know that x1...2;1 € {r,s} 1 and {(v;_1) = {A,_i;1}. Therefore, for all
ptgh h from T to Gz having h(vy) = d and v,y € dom(h), it is the case
that A,_j11 & Lz(h(vi—1)). Hence, since v;_; is a leaf in T , this means that
hy(vi1) = 0.

Overall, we have shown that for all leaves v in TEQ1 and all ptgh h with v €

dom(h), it holds that h,(v) = 0. Then, since ¢(v) = @ iff v is a non-leaf node,
there is no possible way in which h,(vg) > 0. Consequently, it follows:

deg” (d, uri(E{_,)) = 0
ThIlS, d c [(Eg;l)SO]Z- D
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Having these equivalences, the next step is to integrate the threshold concepts of
the form (E!_;)<¢ and (E!_,)<o into the definitions of 7,,. For all 1 <i < n:

a; = Elr.(ozi,l M (Eiifl)g(]) M ElS.(Oéi,l M (E;;l)go)

We name the resulting TBox as 7, (including the modification of o as stated
in ) Then, the final acyclic 7€L(deg) TBox T,¢ is the pair (T, 7,5 U Tup)-
The following proposition is the equivalent of Proposition [26| w.r.t. 77:".

Proposition 28. Let Z be a model of ﬁ“" and d € AT, For all 0 < i < n: if
d € (a;)%, then for each word x € {r,s}" there exists a path dxid; ...x;d; in G
such that for all 1 < j <1,

[ ] dl € (Oéi_j)l—,

e d; € [(Ef:§+1)§0]1 if ©; = r, otherwise d; € [(E§:§+1)§O]I.
We now prove an intermediate result that is equivalent to having the wanted
properties in and .
Lemma 29. For all n > 0 and all interpretations I such that T = ’if and
()t # O the following holds:

o for all subsets X of {A,..., A,} there exists dx € AT such that:
dx € (ap)t and dx € (A)F iff A€ X (1<i<n) (15)

Proof. Let T be an interpretation such that Z = 7. and (o,)% # 0. We fix an
arbitrary subset X of {A;,...,A,} and show that X satisfies (15). Let d € AT
be an element in (a,)%. We define the word x € {r, s}" corresponding to X as

follows:
y=rif 4, e X (1<i<n) (16)

The application of Proposition [28| to d, yields that there is a path dzid; ... x,d,
in G7 such that for all 1 <7 < n:

[ d@ c (Oén,i)z,
[} dz S [(ES:ZJFI)S(]]I if T, =T, otherwise dz S [(EZ:;JFI)S()]I

In particular, the suffix d;z;y1...2,d, is of length n — i. Therefore, we further
have:

zi=r=d; € [(E;7")<o]”
= d; € (Voiqy ... 2,0 A;)F  (Proposition [27] applied to d; and Bt
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Symmetrically, z; = s implies d,, € (A;)%. Now, we know that F; = A; 11 A; € T
and o is of the form: R
Qp = CLp
Since d,, € (ap)? it follows:
d, € (AT iffz; =r (1<i<n)

From the way the word x is defined in , we can conclude that d,, is an element
of A7 satisfying with respect to X. ]

Using Lemma 29 we finally show that the described reduction is correct.

Lemma 30. VuJv.p(u,v) is valid iff o, is satisfiable in T

Proof. (=) Assume that (Yu)(3v)p(u,v) is valid. We take the interpretation Z,
and extend it into a model Z, of T“’ satisfying «a,,. By construction, Z, is tree-
shaped and there is a one-to-one correspondence between words in {r, s}" and
the leaves in T,,. The leaf d, corresponding to the word x is the one reached from
dy through the path dpzd; .. a:nd Let £,, denote the set of leaves of T,,. The
interpretation of A;, A; under 7, is defined as follows. For all 1 < i < n:

N)

(a7

(Ai)™

—{dz]dmeﬁn and z; = r}
={d, | d, € L, and z; = s} (17)

N)

Hence, for all leaves d of T,, and all i € {1...n} we have:

de (A)T iff d ¢ (AT (18)

To assign meaning to B;, B; under fn, let d be any leaf of T,,. We define the
assignment t; for u U v as follows. First,

ty(u;) = true iff d € (A; )I" (1<i<n)

Second, t; assigns truth values to the variables in v such that it satisfies p(u,v).
This is always possible because (Vu)(Jv)¢(u,v) is valid. Then, for all 1 < j < ¢

(B, )I" ={d|de L, and t,;(v;) = true}
(B, )I" ={d|d e L, and t4(v;) = false} (19)
Hence, as in (18), for all leaves d of T,, and all j € {1...¢} we have:

de (B iffd ¢ (B)™ (20)
Now, let us look at the interpretation Z, and the element d, € A’ constructed
in the proof of Lemma [25] One can observe the following similarities between dj

and any leaf d € L,,:

27



e d, satisfies @) and , while d satisfies and w.r.t. fn.

e the assignment t used in Lemma [25 and the current truth assignment t;
satisfy both ¢(u,v).

e the correspondence established between t(u;) and t(v;), and the membership
of dp in concept names A; and B; under Zy, is the same as the one between
t; and d under Z,. Similarly for negated literals and membership in A; and
B.

-

Therefore, it is not hard to conclude that like in Lemma [25] for dy and Zo, d €
(C, ) for all d € L,,.

Since 7}0 is an acyclic 7€L(deg) TBox, there is a unique way to extend fn into a
model of 7¥. Having done so, let h(d) denote the height of a domain element d
in T,,. We show by induction on h(d) the following claim:

foralld e An: d e (Oéh(d))in

Induction Base. d € ATr and h(d) = 0. Then, d is a leaf in 7T},. Recall that ay is
defined in 7, . as:

ozoiC'w

As explained above, we have d € (@,)fn. Hence, d € (o).
Induction Step. Let d € ATn with 0 < h(d) < n. We assume our claim holds for
all e € AT with h(e) < h(d).

To start, ang) is defined in 7, » as:

. h(d h(d
O-/h(d) = ElT.(Oéh(d),l 1 (Eh((d))fl)ﬁo) 1 38.(Oéh(d),1 [l (Eh((d))fl)ﬁo)

By construction of T,, there exists e € A+ such that (d,e) € rZn and h(e) =
h(d) — 1. The application of induction hypothesis to e yields e € (an@)—1)™.

Consider now any word y € {r, s}"¥=1. Since h(e) = h(d) — 1, by definition of
T, there is a unique path of the form eyie; ... ynw@)-1€n@-1 in Ty, where ep@qy—1
is a leaf. Moreover, such a path is suffix of a path doxid, ...d;zexjq1 ... vpdy,
where d; = d, x; = r and ep@)—1 = d,,. Then, we obtain the following equalities:

n—(G+1)=(hd)—-1) -1
n—h(d)+1=j

Since z; = r, by we obtain that d, € (An,h(d)ﬂ)fa", and by d, &
(A,—h(@+1)™. Hence, as y was chosen arbitrarily from {r, s}"@=1  we have just
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shown that: ;

e |_| Vy.mAp_ha)+1
ye{r,s}h(@—1
The application of Proposition [27| then yields e € [(E:((j))_l)so]fn_ For the ds
restriction in the definition of a4, the corresponding result can be shown in the

same way. Therefore, d € (ah(d))f”.

Using this result and the fact that dy is of height n in T),, we can conclude that
do € (a,)*. Thus, «, is satisfiable with respect to 7,%.

(<) Conversely, assume that «,, is satisfiable with respect to 77:”. This means
that there exists an interpretation Z such that Z = 7, and (a,)* # 0. Let us
fix a partial truth assignment t covering all the variables in u. We show that t

can be extended to v in such a way that it satisfies ¢(u,v). The subset X of
{A,..., A} is induced by t as follows:

Xo:={A4; | t(w;) = true} (1 <i<n)
By Lemma [29] we know that there exists d, € A such that:

o dy € (AT iff A; € X, (iff t(u;) = true),
® dt S (Oé(]>1.

We use d; to extend t to v as follows. For all 1 < 5 < /-
t(v;) = true iff dy € (B;)*

Therefore, since dy satisfies the complementary restrictions required by (F;)=1/2
and (Gj):1/2 in the definition of Cgp for Ai, Az (]_ <1< TL) and Bj, Bj (]_ < j < €>,
respectively, we further obtain for all literals v over u U v:

t(y) = true iff d; € (n(y))* (21)

Moreover, since d; € (@0)1 we have that d; € [(Dk)zé]z forall 1 < k <g¢q. By
definition of deg and Dy there must exist a literal v in ¢, such that d; € (n(v))%.
It then follows from that t satisfies every clause ¢, € C, and consequently it
satisfies ¢(u, v). Since the partial truth assignment t for u was chosen arbitrarily,

we thus have shown that (Vu)(3v)p(u,v) is valid. O

Finally, it is easy to see that 7\;;" is an acyclic 7EL(deg) TBox and its size is
polynomial in the size of Vu3v.p(u,v). Therefore, VA3SAT is polynomial-time re-
ducible to concept satisfiability w.r.t. acyclic 7€L(deg) TBoxes. In addition, non-
satisfiability can be reduced to the subsumption and the instance problem, and
satisfiability to the consistency problem, by the same argument used in [BBGI5]
for the setting without TBoxes. Thus, we obtain the following lower bounds.
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Lemma 31. In 7EL(deg), satisfiability and consistency are I15 -hard and the sub-
sumption and the instance problems are $¥ -hard, with respect to acyclic TEL(deg)
TBozxes.

4.2 Normalization

To simplify the technical development of the decision procedures presented in the
next section, it is convenient to use TBoxes in a special form. We now introduce
normalized TEL(deg) TBoxes in reduced form, and show that one can (without
loss of generality) restrict the attention to this kind of TBoxes.

Let us start by recalling the normal form for ££ TBoxes introduced in [Baa02].
An £L TBox T is said to be normalized iff o = C, € T implies that C,, is of the
form:

P . PN 3r.fM. . .1 3r,.0,

where k,n > 0, Py,..., P, € NZ;,, and fBi,...,58, € N]. We extend this form

to 7EL(deg), and say that a 7EL(deg) TBox T = (7;,7T) is normalized iff T is
normalized and o = C,, € T, implies that C, is of the form:

Pn..AP.N3Ir.BiM...013r,.5,

where k,n > 0, for all 1 < ¢ < k either ]3Z c NZ; or it is of the form E., with
EeNT, and 3i,...,53, € NT.

To illustrate this normalization process we start with a simpler version of Example
12 in [Baa02].

Example 32. Let 7 be the ££ TBox consisting of the following definitions:

aq = P1 M (6] M 37”1.37’2.(1/3
OéziPQHO[gﬂElS.(OégﬂP:g)

(0% = P4
Using auxiliary definitions we obtain a new TBox T:

OzliP1|_|CY2|_|3’I“1.Bl

f1 = Jra.az

s = Py MagMds.fy
P2 = az M Ps
az = Py

This step is formalized as the exhaustive application of the rule Rs.
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Condition: applies to concept definitions of the form o« = Cy ... M C, if
there is an index i € {1,...,n} with C; = 3r.D and D ¢ N7.

Action: its application replaces the conjunct C; by 3r.5, and introduces a new
definition § = D, where 3 is a fresh concept name.

Since o, ap and [y contain top-level atoms which are defined concepts, 7" is not
yet normalized. The original normalization process is devised to handle cyclic ££
TBoxes that can be interpreted by different types of semantics. Consequently, the
approach used to overcome this problem varies according to each semantics. In
our case, however, this becomes simpler since the £L£ TBox 7 we are dealing with
is acyclic. The solution for this follows from the discussion presented in [Baa02]
for the general case, and consists of substituting these occurrences of defined

concepts by their definitions. Following the example we obtain the following
TBox:

a1 = PN P, Py M ds. 5y M dr. 5y
f1 = dra.as

g = Py M Py M3s.6:

B2 = PyT1 P3

ag = Py

We name the corresponding rule R, and formally define it as follows.

Condition: applies to concept definitions of the form o = Cy ... M C, if
there is an index i € {1,...,n} with C; =fand f =Cs € T.

Action: its application replaces C; by Cp.

Then, once R5 can no longer be applied, an exhaustive application of the rule R,,
will produce a normalized acyclic ££ TBox. However, to have a polynomial time
procedure generating a new TBox of polynomial size, the sequence of applications
of R, should not be arbitrary. This is achieved by following the order < induced
by —7, i.e., R, can be applied to a concept definition a@ = C,, only if it has
already been applied to all 3 € NJ such that 8 < a.

Each application of R3 replaces a top-level atom of the form Jr.D with a new
atom Jr.3, and introduces a simpler definition § = D. Concerning R,,, such an
ordered sequence of rule applications will always terminate since we are dealing
with acyclic TBoxes. Moreover, the idempotency of M can be exploited to avoid
duplications. Hence, R, is only applied one time for each top-level atom of the
form 8 € NJ occurring in the TBox that results from the application of R3, and
it does not cause an exponential blow-up of the size of the TBox. Thus, the
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described normalization procedure runs in polynomial time and produces a TBox
T’ of size polynomial in the size of T .

This procedure can be easily adapted to normalize acyclic T€L(deg) TBoxes. The
rules R3 and R, can be applied to 7, in the same way. The only difference is
that to apply R, in 7, the definition S = C3 may also occur in 7. Additionally,
it is required that all occurrences of threshold concepts E.; in T are such that E
is a defined concept in 7. For example, a; could have been defined as:

(03] = P1 M ElTl.{(PQ M ElTQ.Pg)S.g] 1 37’1.37’2.0&3

To handle this we use a new rule R...

o~

Condition: applies to concept definitions of the form o = 61 n...Nnc, €T
if there is an index i € {1,...,n} with C; = D, and D ¢ NJ.

Action: its application replaces the conjunct @ by (Ep)~t, and adds a new
definition Fp = D to T, being Ep a fresh concept name.

Thus, the normalization will yield the TEL(deg) TBox T = (7;,7T) consisting of
the following two sets of definitions:

aq = Pl M 37”1.54 M 37’1.51

Bs=FE<g
pr = Jry.az
CKQiPQHPZLHHS.ﬁQ
Bo =Py MNPy
as = Py
and T the following set:
E = Pg Il 37“2.]33

Notice that in order to trigger the application of R., the concerned existential
restriction in the definition of oy had to be first decomposed by applying Rs.
With this in mind, we define the normalization procedure for acyclic TEL(deg)
TBoxes as the execution of the following steps.

1. Apply the rule Rs5 exhaustively to 7.
2. Apply the rule R. to 7, as long as possible.
3. Normalize the augmented ££ TBox T .

4. Apply the rule R, exhaustively to 7.
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The applications of R3 and R, to 7, modify only 7., while no new threshold
expressions are introduced. Regarding the second step, as D.; is such that no
defined concept in 7, occurs in it, the unfolding of the threshold concept (Ep)~;
introduced by the application of the rule R.; is also such that no defined concept
in 7, occurs in it. Furthermore, adding Ep = D to 7 does not introduce any
concept name « € N:lrf in definitions of 7. Finally, the normalization of 7 only
transforms the structure of 7. Therefore, 7" satisfies the restrictions required
for 7EL(m) TBoxes in Definition [18 and it is easy to see that no cycles are
introduced in it.

Now, after the first step has been executed, all occurrences of threshold concepts
in 7, appear as top-level atoms on its concept definitions. Consequently, the
application of R. in the second step will cover all of them. Moreover, the nor-
malization of T before the final step guarantees that Rs need not be applied in
case R, applies to a defined concept in 7. Overall, this implies that the resulting
TBox 77 is normalized.

Last, one can see that the rule R. is applied at most one time for each threshold
concept D.; occurring in a definition of the initial TBox 7,. Consequently, at
most polynomially many new definitions of the form Ep = D are added to T.
Thus, using the same arguments given for the application of R3 and R, in the ££
setting, the devised normalization procedure runs in polynomial time and yields
a normalized acyclic 7€L(deg) TBox T" of size polynomial in the size of 7.

We now show that normalization preserves the unfolding of defined concepts.

Lemma 33. Let T be an acyclic TEL(deg) TBox and T’ the 7EL(deg) TBox that
results from a single application of a normalization rule. Then, for all defined
concepts a in T, uz(a) = usz (a)

Proof. Let R be a normalization rule and § = 65 € T the concept definition
that R has been applied to. We use well-founded induction on the partial order
induced by —* on NTT UN7. For all defined concepts a in T we distinguish two
cases:

° o 7£ B. This means that R was not applied to a = C’a, and consequently
a = C eT. The top-down recursive application of unfolding through
the structure of C,, with respect to 7 and 7' may only result in different

concept descriptions if:
up(a') # uz o)

for some symbol o’ occurring in éa that corresponds to a defined concept
name in 7. However, @ —* o and the application of the induction hy-
pothesis to o’ imply that this is never the case. Hence, uz(a) = uz ().

e o = [3. Let 65 be of the form 61 M...n én We analyze the outcome of
applying each of the three possible rules to 8 = Cjp:
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— R.: the rule was applied to a conjunct C such that C = D.; and
D ¢ N7 Tts application replaces Ci by (Ep)~s in C’g, and adds Ep = D
to 7' where Ep is a fresh concept name. By definition of unfolding we

have:
|_|“T u(DNtI_Il—luTa
j=i+1
and,
uz (/3 |_|u7—, M [uz, (Ep)l~e M |_| uz 6)
Jj=1+1

Applying the same inductive argument used above we obtain u%(@) =
uz,(Cj) for all j # i (likewise for D). Thus, since uz (Ep) = uz (D)
it follows that us(5) = us(B).

— R3: the rule has been applied to an atom C of the form Ir.D such
that D ¢ NT Hence, C; is substituted in Cg by dr.f, with g; being

a fresh concept name and [, = DeT. By definition of unfolding we

have:
n

|_|uT 6 N Elr.u?(f)) n |_| uf(@j)
j=it1

and,
n

|_| “7" ) M Jruz (Br) M |_| uT,(a )

J=i+1
We know that uz,(81) = u?,(lA)). Hence, the same reasoning used for
R. yields uz(a) = uz ().

— R,: there is an index 1 < ¢ < n such that C; is of the form S, and
51 = Cﬁl € 7. The application of R, to [ replaces it in Cg with

0/31 Since 8 —71 [, the application of induction hypothesm yields
uz(81) = uz(61) = uT,(C’Bl) Again, uT(C) = uT,(C’) for all j # i,

and the rest follows from the definition of unfolding on f.
O

This property is then invariant under any number of rule applications. Therefore,
the following proposition is a direct consequence of Lemma (33|

Proposition 34. Let T be an acyclic TEL(deg) TBox and T" the normal form
of'T For all defined concepts o in T uz(a) = uz ().
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Prop081t10n implies that reasoning with respect to an acyclic 7€ £(deg) TBox

T can be reduced to reasoning with respect to its normal form T, Therefore,
from now on we only consider normalized TBoxes.

We still require one more transformation. Recall that for acyclic ££ TBoxes, the
value of deg” (d, C,T) is defined in terms of applying the basic definition of deg to
the unfolding of C'in 7. Moreover, deg needs to further translate ur(C') into its
reduced form [u7(C)]". Since uy(C) may result in a concept of exponential size, it
is certainly not a good idea to unfold and then compute the reduced form. To have
this issue handled in a more transparent way by the decision procedures presented
in the next section, we introduce the reduced form for acyclic ££ TBoxes. The
ideas that follow are based on the results shown by Kiisters in [KiisO1].

Definition 35. Let 7 be an acyclic ££ TBox and C' an £L concept description.
Then, C' is reduced with respect to T iff:

e (' is reduced according to Kiisters’ definition modulo C7 (i.e., Ty is used
to identify redundancies instead of C).

We say that 7T is in reduced form iff for all « = C,, € T the concept C,, is reduced
with respect to 7.

The benefit of using these type of TBoxes is that the unfolding of a defined
concept will always result in a reduced concept description.

Lemma 36. Let T be a normalized acyclic EL TBox in reduced form. Then, for
all « = Cy, the EL concept description ur(a) is reduced.

Proof. We use well-founded induction on —* over NJ. Since 7 is normalized,
C, has the following structure:

Pn..nP.N3dri.a M., .M 3r,.0p

Clearly, a —7* «; for all 1 < ¢ < n. Therefore, the application of induction
hypothesis yields that ur(q;) is reduced. Now, since C,, is reduced with respect
to T, for all pairs (3r;.cy, Irj.a;) we have:

e 7é rj, or
o o; Ly o and o L7 .

In addition, we know that a; =7 ur(a;) and o; =7 ur(a;). This means that
having r; = r;, it will be the case that ur (o) Z ur(o;) and ur(a;) Z ur(o).
Finally, since uy(«) is the following concept description

P BN 3rur(a) M. N 3r,ur(ay,)

we can conclude that uy(«) is reduced. O
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To translate acyclic ££ TBoxes into its reduced form, the algorithm sketched in
[Kiis01] (derived from Proposition 6.3.1.) to compute the reduced form of £L
concept descriptions comes in handy. By using T instead of C, it will be able
to compute the reduced form C"(7) of a concept C with respect to 7. Since T
is decidable in polynomial time in ££ [Baa03|, the modified procedure also runs
in polynomial time. Moreover, the concept C™(7) satisfies C' =5 C"(7).

Based on this we can devise a very simple polynomial time transformation that
given an acyclic ££ TBox T outputs and equivalent TBox 7’ in reduced form.
The translation and its correctness are given in the following lemma.

Lemma 37. Let T be a normalized acyclic EL TBox. The TBox T' obtained
from T by the substitution of o = Cy for a = (Co)" ™) (for all « = C, € T)
satisfies the following:

1. T and T are equivalent.

2. T is in reduced form.

Proof. 1) We show that every model of T is a model of 7" and vice versa. Let Z
be a model of T, then o = (C,)? for all @ = C, € T. Since C,, =5 (C,)" 7,

T
this means that of = [(Ca)’"(ﬂ} for all a = (C,)"™) € T'. Hence, T = T".

Conversely, let 7/ be a model of 77. We take a model Z of T such that AT = AT
and X* = X7 for all X € NJ UNg. Such a model exists because of Proposition .
We prove that o = o for all @ = C, € T. The proof goes by induction on the
partial order induced by —*. Since 7 is normalized, each top-level atom of C,
is of the form A € NZ,;, or Ir.3, where 8 = Cs € T. Moreover, the set of atoms
occurring in (C,)"7) is a subset of the corresponding set for C,. Therefore, we
distinguish two cases for all top-level atoms At of C,:

e At occurs in (C,)"7). If At = A, by selection of T we have AT = AT
Otherwise, At = 3r. and o —* 3. The application of induction yields
BT = B* and thus (3r.6)% = (Ir.3)* . Hence, it is not hard to see that for
all d € AT, d € o implies d € o .

e At only occurs in C,. There must be a top-level atom At in C, such that
At C7 At and At’ does occur in (C,)"7). From the previous point we know
that (At')T = (At)Y". Therefore, if d € (At')*" we also have d € (At')? and
d € At*. Hence, d € o' implies d € a”.

Thus, we have shown that o = oZ'. This implies the following equalities:

o =af = (Ooc)z = (UT<CO<>>I
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Then, since Z and Z’ have the same interpretation for NZ; U Ng, this means that

[ur(Cy)]* = [ur(C,)]* . Hence, for all a« = C, € T we have:

U

o = lur(Ca)l*

Consequently, o = (C,)* and T’ is a model of T

2) Assume that 7 is not in reduced form. Then, there exists a = (C,)"7) € T’
such that (C,)"7) is reducible with respect to 7’. This means that there are two
top-level atoms At; and Aty in (C,)"(7) such that At; C,+ Aty. Since we just have
shown that 7 and 7' are equivalent from a model-theoretic point of view, we also
have At; T At,. Hence, we obtain a contradiction against the fact that (C,)"(7)
is reduced with respect to 7. Thus, 77 is in reduced form. ]

To sum up, given an acyclic 7€L(deg) TBox T = (77, T), we have demonstrated
the following along this section:

e 7 can be normalized in polynomial time into an acyclic TBox T = (T, 7T,
such that reasoning w.r.t. 7 can be reduced to reasoning w.r.t. 7.

e The new TBox 7’ can be translated in polynomial time into an equivalent
EL TBox T in reduced form.

e The computation of the reduced form only removes atoms from concept
definitions. Therefore, 7~ remains normalized.

Hence, reasoning in 7€L(deg) with respect to acyclic TBoxes can be restricted
to normalized acyclic TBoxes in reduced form.

Proposition 38. Satisfiability and subsumption on concepts defined in an acyclic
TEL(deg) TBox can be reduced in polynomial time to satisfiability and subsump-
tion on concepts defined in a normalized acyclic TEL(deg) TBox in reduced form.

4.3 A PSpace upper bound

We now present a PSpace procedure that decides satisfiability of concepts of the
form a; M —ay wr.t. an acyclic 7TEL(deg) TBox T, where aj,as € N7. The
restriction to defined concepts is without loss of generality, since every 7EL(m)
concept C correctly defined w.r.t. T can be equivalently replaced with a fresh
concept name «ag, by adding ag = C to T

As mentioned earlier, by using unfolding, we can reduce our problem to satisfia-
bility of the concept uz(a1) M —uz(az). Therefore, the application of Lemma
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yields that oy M -y is satisfiable in T iff there exists an interpretation Z over
N;—r U Ngr such that:

[uz(an)["\[uz(a2)]" #0 and [AT] < s(up(ai)) - s(uz(az))

Since uz(a1) or uz(ay) may be concepts of size exponential in s(7), this gives an
exponential bounded model property, and hence the mentioned NExpTime upper
bound. However, the construction used to prove Lemma [16]in [BBGI5| provides

additional information about Z, which allows us to improve on this upper bound:

e T is tree-shaped,

e the depth of its description tree 717 is bounded by:
rd(uz (1)) + rd (w7 (a)) (22)
e the element dy € A? corresponding to the root of Ty satisfies

do € [uz(ay) M W%(Oéz)]z

Fortunately, the depth of T7 is always polynomial in s('?) Thus, despite
its size, one can non-deterministically generate Z in a top-down fashion, while
keeping the used space polynomial in s(7). Let 9 > 0 and b > 0 be natural
numbers. Then, each run p of the procedure Gen described below generates a
tree-shaped interpretation 7, over N;, U NR, such that |A%¢| < b and the depth of
Tz, is not greater than 0.:

1: procedure Gen(d : N, b : binary)

2: b:=b-1

3: non-deterministically choose a subset P of N;;
4: if (0 #0) and (b # 0) then

5: for all » € Ng do

6: non-deterministically choose 0 < b, < b
7 b:=b—0,

8: foralll <i<b, do

9: non-deterministically choose 0 < bi <b
10: b:=b—1bl

11: Gen(d —1,b% + 1)

12: end for

13: end for

14: end if
15: end procedure

Note that each recursive call decreases the value of 0, and therefore it is a ter-
minating procedure executing at most 0 nested recursive calls. Moreover, as
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evidenced by the parameter declaration b : binary, Gen works with the binary
representation of the value b (similarly for variables b, and b%). Finally, the set of
variables b, and b’. can be reduced to two variables since they are only used within
the scope of the for loops. Therefore, each run of Gen uses space polynomial on
0 and the number of bits needed to represent b.

The general idea of the procedure is as follows: each recursive call represents
an individual of A% and the recursion tree lays out the tree-shaped form of Z,.
The set P contains the primitive concept names that a domain element is an
instance of, the number b, stands for the number of r-successors, and b’ means
that the interpretation rooted at the i-th r-successor has at most b’+1 elements.
To formalize this intuition we define the notion of a run of Gen.

Definition 39. A run p of Gen on (9,b) is a tree of recursive calls T{, ) such
that:

e its root vy is labeled by the non-deterministic choices P, b, for all » € Ng,
and b’ for all 1 <i < b,.

e for all » € Ng, there are exactly b, successors v,1,..., v, of vy such that,
the tree rooted at v,; is a run of Gen on (0 — 1,b% + 1).

Figure 3| depicts a run p of Gen (left-hand side). Such a run induces the ££
description tree T, (right-hand side) with the same structure, where its nodes are
labeled with the corresponding sets P chosen by p and the edges with the role
names generating the corresponding recursive call (line [5/in Gen). Therefore, we
say that p induces the interpretation Z, that has the description tree 7.

P ={A, B}
p: b, =2,b,=1 T, vy:{A B}

bl =1,62=3,b! =0
/ /r \

‘ vt {A} v {} w3:{A}
A e I TN P Y \

b, = 1
bl =0

Vg {B}

P—{(B)

Figure 3: A run p of Gen on (2,5) and its induced £L description tree T),.
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Conversely, for all tree-shaped interpretations Z of size at most b and depth not
greater than 0, there is always a run of Gen describing Z.

Lemma 40. Let 0 > 0 and b >0 be two natural numbers. For all tree-shaped
interpretations I over NpTr U Ng with AT < b and depth not greater than 9, there
is a run p of Gen on (0,b) such that T=1,.

Proof. Let T be a tree-shaped interpretation of depth d(Z) such that |[AZ] < b
and d(Z) < 9. We show how to guide a run p of Gen such that Z, = Z. The
proof goes by induction on the number d(Z).

Let dy € AT be the root of Tr. For all » € Ng we denote as r(dy) = {e1,...,en}
(n > 0) the set of r-successors of dy in Z. In addition, for an r-successor e; of dy,
Trle;] denotes the subtree of Tz rooted at e;, and Z, the associated interpretation.
Then, when Gen is invoked on (0,b) it makes the following non-deterministic
choices:

[ P = gz(do),
o for all € Ng: b, = |r(dy)],
e for all r € Ng and ¢; € r(dp): [’f« = ’Aze"| -1,

e for all 7 € Ng and 1 < i < b, the recursive call Gen(d — 1,b% + 1) follows
a run p. such that Z; =Z,,.

Since |AT| < b and d(Z) < 0, the first three choices are consistent with the
execution of Gen. Regarding the last choice, since T7 is a tree we know that
d(Z.,) < d(Z). Consequently, d(Z.,) <9 — 1 and the induction hypothesis can be
applied to obtain the proper run pi. Therefore, p induces an ££ description tree
T, such that:

e its root vy is labeled with ¢7(dy),

e forallr € Nr: vg has exactly |r(do)| children vy, ..., v,(4y), each edge (vo, v;)
(1 <@ <|r(dy)|) is labeled with 7, and the subtree T}[v;] rooted at v; in T,
is equal to Tz[e;].

Thus, we can conclude that Z, = 7. ]

Lemma [40] ensures that, by choosing ? as in and b as s(us(a1)) - s(us(az)),
the set of runs of Gen on (d,b) covers a set of interpretations that suffices to
find out if us(cy) M —us(ag) is satisfiable. Hence, it remains to see how to check
for a run p of Gen, whether dy € [us(cv) M —uz(az)]*. Tt turns out, however,

~

that the unique extension of Z, satisfying 7 (recall Proposition can actually
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be computed along the run p. The idea is that being Z, tree-shaped, such an
extension will be computed in a bottom-up manner. Therefore, by doing that we
simply need to check whether dy € (ay M)

To this end, we transform the procedure Gen into a function Gen+ such that
each run p additionally computes a set Ex C N7 with the following meaning:

Ex ={a|ac€ Nj and dy € o’}

The special forms introduced in Section [4.2] for acyclic TBoxes are of great help in
computing Ex. In particular, the normal form of 7" provides the following shape
for Cy: R R

P, .MP,MN3ri.a M. N 3dr,.a

Consequently for all d € A%», d € o iff:

L. dG(P)IPforalll<z<k: and

2. for all 1 < i < n, there exists d; € A such that (d,d;) € (r;)* and
di - (Ozi)Ip

The computation of Ex will be based on checking these two conditions for do.
If H is of the form A € N;, verifying whether dy € A”» is simple since Z,
already contains that information (the non-deterministic choice in line |3)). To
check whether dy € (E;)%, we further extend Gen+ to compute for all runs p

an assignment D : N7 — [0, 1] such that:

D(E) := deg™ (do, ur(E))

Once D is computed for dy, it is immediate to verify whether dy € (E.;)%.
Regarding Condition , as explained before the successors e of dy in Z, are the
roots of the interpretations induced by runs corresponding to the recursive calls
triggered by p. Hence, the sets Ex, computed by such calls provide the necessary
information to determine whether dy € (Jr;.;)% for all 1 < i < n. However,
since dy may have exponentially many direct successors in Z,,, a PSpace procedure

cannot store all the corresponding sets Ex.. To deal with thls Gen+ will compute
a relation of the form z C (Ng x NT) U (e x NT) such that: (r,a) € z iff there is
e € AT satisfying (do,e) € r¥ and o € Ex,. In this way we can keep the relevant
information needed to verify whether dy € (3r;.c;)%, while using polynomial
space.

Putting all these ideas together, we transform Gen into Gen+ as follows:

1: function Gen+(d : integer, b : binary)
2: b:=b—-1

3: non-deterministically choose a subset P of NT o
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4: initialize v and z

5: if (0#0) and(b # 0) then

6: for all » € Ng do

7: non-deterministically choose 0 < b, : < b
8: b:=b—0,

9: foralll1 <i<b, do

10: non-deterministically choose 0 < bi <b
11: b:=b—0b

12: (Ex., Di) :==Gen+(d — 1,bi + 1)

13: update v

14: update z

15: end for

16: end for

17: end if

18: D := SUBDEG(v)
19: Ex := SUBEX(D, 2)
20: return (Ex, D)

21: end function

The subroutines SUBDEG and SUBEX invoked in lines [1§ and [19] correspond to
the computation of the assignment D and the set Ex, respectively. The execution
of line [14| updates the relation z using the content of Ex after each recursive call
has been executed. Regarding the symbol v in line [I3] as we explain below it
represents a table used to help the computation of D.

Let us now move on to the details of the computation of Ex and D. We start
with the computation of D, and afterwards explain how to compute Ex.

Due to the normal form of 7\', the £L concept F in E.; is a defined concept in
T . Therefore, by Definition [20| for all d € AZe:

d € (E)% iff deg™ (d,ur(E)) ~t

Coming back to Chapter [2.3| we know that deg™ (d,us(E)) is the maximal value
of hy(vo) among all ptghs h € H(T,,(r),Gz,,d), where vy is the root of the
description tree T;,, (). Note that we use directly T, (), since being T in reduced
form implies that u7(E) is reduced (see Lemma [36). Now, E is defined in 7 as

follows:
E:P1|_||_|Pq|_|E|T1E1|—||_|E|7’nEn

This gives us the following information regarding T, (g:
e the label of vy in T, (g) is the set {Py,..., P},
e u has exactly n (n > 0) successors v1,. .., v, in Ty (g,

e for all 1 <i < n, the subtree T, (g)[v;] of T\, (g rooted at v; is exactly the
description tree associated to ur(FE;).
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Additionally, the computation of h,(vg) is based on the following expression:

1 ifg+n=0
ha(V0) = § {PL P 0z, (@1 3 ho(wi)
LSSk otherwise.
q+n
where wy, ..., wy are the children of vy in T, gy mapped by h. Now, regarding

a ptgh h yielding a maximal value for h,(vy) we observe the following:

o if (d,e) € (r;)% for some e € A%, then we can assume that v; € dom(h).

o Let h(v;) = e; where e; € A%, Then, hy(v;) = deg™(e;, ur(E;)). This is
a consequence of v; being the root of the description tree corresponding to
ur(E;), and the fact that h,(vg) is maximal.

Therefore, deg”™ (d,us(E)) can be expressed as:

{Pi,... P} 0 L, (d)] + z max{deg™ (¢, ur(E:)) | (d,e) € (r)™}

q+n (23)

Thus, knowing the values deg™ (e, ur(F)) for all successors e of d in Z, and all
F € {FE\,...,E,}, it is straightforward to compute deg”™ (d, ur(E)). Therefore,
similar to the computation of Ex the assignment D for dy can be computed by
using all the assignments D recursively computed for all successors of dy in Z,,.
Once more, the problem related to the possible exponentially many successors of
do needs to be addressed. Here is where the aforementioned table v comes into
play. It is defined as v : (Ng X N7) U (e x N7)) — [0,1] and each entry v[r, E]
stores the value max{D.(F) | (do,e) € r¥*}, where D, is the assignment D for e,
and vle, P] = 1 iff P € P (0 otherwise). The following fragment of pseudo-code
updates v within a run of Gen-+:

: v[r, E] =0 for all (1, E) € (Ng x N7) U (e x NZ;) // Initialization
vle, Pl=1ifft P e P

N =

. D= Gen+(0—1,b. 4+ 1)

:forall (E=CgeT)do

if Di(E) > v[r, E] then
v[r, E] := D'(E)

end if

end for

© XN gw

Here, D! stands for the assignment D corresponding to the root element of the
interpretation induced by the recursive call. In other words, the i-th r-successor
of dp in Z,,. After all the recursive calls have been executed, v is used to compute
D as described in the following subroutine:
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procedure SUBDEG(v : (Nr x NJ) U (e x N7 ) — [0, 1])
for all (E=CpeT)do
c:=|{P| P etp(Cg) and v[e, P| = 1}|
for all 3r.E’ € tp(Cg) do

c:=c+or, £
end for
D(E) = ey
end for
return D

end procedure

It remains to see the details of the computation of Ex. The updating of the
relation z in Gen+ is carried out as follows:

z:={(¢,P) | P € P} // Initialization

—

Ex. := Gen+(d —1,bl + 1)

. for all (w=C, € T,UT) do

if o € Ex. then
z:=zU{(r,a)}

end if

end for

Then, using D and z Conditions [l and [2| can be verified, and Ex can be computed
in the following way:

procedure SUBEX(D : N] — [0,1], 2 C (Ng x Nd?) U (e x NZ))
s:=10
for all (0« =C, € T,UT) do
if ([P etp(C,)] = (¢, P) € 2) and ([E-; € tp(C,)] = D(E) ~ t) and

end for
return s
end procedure

Thus, using the function Gen+ we define our non-deterministic algorithm to
decide satisfiability of concepts of the form «; M =y with respect to acyclic
TEL(deg) TBoxes.

Since Gen+ terminates, this implies that Algorithm [I| terminates as well. In the
following, we show that Algorithm [I] is sound and complete. Let us start by
showing that Gen+ computes the right values for D and Ex.

Lemma 41. Let 0 > 0 and b > 0 be two natural numbers, and p be a run of
Gen+ on (0,b). Then,
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Algorithm 1 Satisf. of a; M- w.r.t. acyclic 7€L(deg) TBoxes.

Input: An acyclic 7€L(deg) TBox T and oy, o € Nj.
Output: “yes”, if a; M —ay is satisfiable in T, “no” otherwise.

: bi=s(uz(ar)) - s(uz(az)) // b is stored in binary
0 0= rd(uz(aq)) + rd(us(az))
: (Ex, D) := Gen+(0,b)
if a; € Ex and a5 ¢ Ex then
return “yes”
end if

return “no”

e g Wy

1. D(E) = deg®™ (dy, ur(E)), for all E=Cg € T.

2. Ex:{oz|oz€Nd% and dy € ot}

Proof. Let d(Z,) denote the depth of T7,. We prove our claims by induction on
d(Z,). To start, we fix a role name r € Ng and define r(dy) = {e1,...,e,} to be
the set of 7-successors of dy in Z, (with n > 0). By construction of T7,, p does
exactly n recursive calls Gen+(0 — 1,b) (1 < i < n). Let p’. denote the run
corresponding to the i-th call. Then, the interpretation Z,; induced by Pl is the
one having the description tree T7 [e;], i.e., the subtree of T7, rooted at e;.

The tree shape of Z, implies that d(Z,:) < d(Z,). Therefore, induction hypothesis
can be applied to obtain:

Di(E) = deg"rt (e;, ur(E))
Ex. = {a | a € N] and ¢; € o™t}

The same reasoning applies for all the other role names s € Ng. Note that since
7, is a subtree of Z,, those two equalities are also valid for Z,, i.e.:

o
Dy(E) = deg™ (ei, ur(E))
Ex. ={a|ac Ndf? and e; € o’}

Therefore, after all the recursive calls have been executed and the values in table
v and relation z have been fully updated, we have for all (r, E) € Ng x NJ:

vlr, E] = max{deg™ (e, ur(E)) | (do,e) € r*} (24)
and,
z={(r,a) | ec AT (dy,e) € v’ and e € o’} (25)

Looking at the subroutine SUBDEG, for all £ = Cg € T the value D(FE) is
computed by the following expression:

tp(Ce) NPI+ > vl E

Ir.E'etp(Cg)

tp(Ck)
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Now, by construction of Z, we have that ¢z (dy) = P. Hence, replacing v[r, E']
by the right-hand side of the equality in (24]) we obtain the expression in ([23)).
Consequently, we have shown that:

D(E) = deg™(dy, ur(E))

Last, let o = @ € T, UT with @, of the form:
PO...NP,N3r.aN...N3r.a,

According to SUBEX, a € Ex iff:

o forall 1 <i<q: if P is of the form E., then D(E) ~ t, otherwise P, € P,
and

o (rj,a ) €z, forall 1 <j<n.

Since (1, (dy) = P and D(E) = deg™ (dy, ur(E)), the first statement is equivalent

to have dy € (P)% (1 < < ¢). Furthermore, makes the second statement
equivalent to having do € (Irj.a;;)% (1 < j < n). Thus, a € Ex iff dy € o’».

Note that the base case for the induction is already contained in the proof. [

Using Lemma [41] we now prove that Algorithm [I]is sound and complete.

Lemma 42. Let T be an acyclic TEL(deg) TBox and oy, ay two defined concepts
in T. Then,

Algom'thm answers “yes” iff ay N —ag is satisfiable in T.

Proof. (=) Suppose that the algorithm gives a positive answer and let p be the
run of function Gen+ that leads to it. Then, we can talk about the interpretation
Z, induced by p. The “yes” answer means that for p, ay € Ex and ay € Ex. Then,
the application of Lemma (] yields:

do & (Oél [l ﬁ&g)zp

with dy € A?r. Hence, a; I —ay is satisfiable with respect to T.

(<) Assume that «; M - is satisfiable with respect to 7. This means that
there exists an interpretation T such that Z = 7 and (a; M -as)? # 0. By the
bounded model property discussed at the beginning of this section and the sub-
sequent remarks, one can assume that Z is tree-shaped and satisfies the following
properties:

1. AT has at most s(uz(ay)) - s(us(az)) elements,
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2. the depth of T7 is not greater than rd(us(ay)) 4 rd(uz(az)), and

3. its root element dy satisfies: dy € (a1 M —aw)t.

The selection of @ and b in Algorithm [I] and the application of Lemma [0] guar-
antee the existence of a run p of Gen+ on (9,b) generating the restriction of Z
to NZ; U Ng. Hence, the application of Lemma implies that the conditional
in line [4] must evaluate to true for such a run p. Thus, Algorithm [I] answers
“yes”. O

Algorithm (1 uses space polynomial in the size of T to store the binary represen-
tation of b. Furthermore, z and v are also stored within polynomial space, and
the two subroutines run in polynomial time. Therefore, since each run p of Gen+
on (0,b) does at most ? many nested recursive calls, p uses space polynomial in
s(’YA‘) In addition, it is easy to see that both b and 9 can be computed in time
polynomial in s(7A‘) Thus, Algorithm |1|is a non-deterministic polynomial space
decision procedure for satisfiability of concepts of the form «; M —ay with respect
to acyclic TEL(deg) TBoxes. This means that satisfiability and non-subsumption
are in NPSpace. Then, by Savitch’s theorem [Sav70| and since PSpace is closed
under complement, we obtain the following results.

Theorem 43. In 7EL(deg), satisfiability and subsumption are in PSpace, with
respect to acyclic TEL(deg) TBozes.

4.4 Reasoning with acyclic knowledge bases

We show in this section that satisfiability and subsumption are still decidable in
PSpace with respect to acyclic knowledge bases. Furthermore, we also consider
the consistency and the instance problem. Let IC = (T, .A) be an acyclic T€L(deg)
knowledge base:

e [Cis consistent iff there is an interpretation Z such that Z |= K.
Additionally, let @ € N, be an individual name and « a defined concept in T

e q is an instance of o with respect to K iff for all models Z of K it holds that
at € ot.

Without loss of generality, we can restrict our attention to the consistency prob-
lem for KBs of the form (7, AU {—a(a)}), since all the other problems can be
reduced to it.

Proposition 44. Let K = (T, A) be an acyclic TEL(deg) KB, o,on and o
defined concepts in T and a € N;. Then,
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1. a is satisfiable with respect to K iff (T, AU {a(b)}) is consistent, where b
is an individual name not occurring in A.

2. aq is subsumed by g with respect to IC (in symbols oy T av) iff the knowl-
edge base (T, AU{ai(b), ~as(b)}) is inconsistent, where b is an individual
name not occurring in A.

3. a is an instance of o in K (in symbols K = a(a)) iff (T, AU {=a(a)}) is
not consistent.

Further, since T is acyclic, by using unfolding we can again get rid of the TBox
and reduce reasoning to consistency with respect to the empty terminology. The
unfolding of a T€L(deg) ABox A with respect to 7T is defined as follows:

up(A) = |J {luz @)@}y v J {r(ab)}
Cla)eA r(a,b)EA
a€lnd(A) a,b€lnd(A)
Proposition 45. Let K = (T, A) be an acyclic T€L(deg) KB, o a defined concept
in T and a € Ny. (T, AU {-a(a)}) is consistent iff uz(A) U {[-~uz(a)|(a)} is

consistent.

In what follows, we show how to extend the ideas used to design Gen+ and
Algorithm [I] to decide consistency of uz(A) U {[-uz(a)](a)}. As mentioned in
Section [2.3] there is again a bound for the size of the interpretations that one
needs to look at to decide consistency of uz(A) U {[-us(a)|(a)}. Moreover, if
such an ABox is consistent, it has a model J of the following form (see [BBF15]):

(a1)7

where Ind(A) = {ai,as,...,a,} and Z,,,Z,,,...,Z,, are tree-shaped interpre-
tations. The inner area of the diagram consists of the satisfaction of the role
assertions in A, i.e., (a7,07) € r7 iff r(a,b) € A. Additionally, an upper bound
is provided for the size of these tree-shaped interpretations. We will later talk
about how big this bound could be, but for the moment let us focus in how to
reuse Gen+ and Algorithm [I]

To start, it is clear that by choosing the appropriate values for 9 and b, the
interpretations Z, can be independently generated using the function Gen-+. It
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is important to keep in mind that a’ is the root of Z,. Consequently, a run p, of
Gen+ inducing Z, will compute two sets Ex, and D, with the following meaning:

Do(E) = deg™(a®*,ur(E)), forall E=Cg e T
Ex,={8|8=Cs €T, UT and a’ € g%}

Recall that technically Z, (as generated by Gen+) only interprets symbols from
NZ; U Ng, but when writing 4%+ we meant its unique extension to a model of T.
The veracity of the previous two equalities has been shown in Lemma [41I] Now,
the construction of the model J depicted above (Lemma 44 in [BBF15]) is done
in two steps. First, the interpretations Z, for all a € Ind(.A) are obtained using
Lemma 42 in [BBF15] and the combined (Lemma 43, [BBE15]) in the following
way:

o NJ = U AI{L7
a€lnd(A)
o A7= | A% forall Ae N7,

a€lnd(A)

o/ = | rFuU{(a®,b®) | r(a,b) € A} for all r € Ng, and
a€lnd(A)

a? = a’e, for all a € Ind(A).

This means that given an individual a € Ind(A), a defined concept 8 and an
element d € A% it is not necessarily the case that d7 € 87 iff 8 € Exq (similarly
for the membership degrees and the assignment Dy). The reason is that the role
assertions between individual names are used to build J, but they are not taken
into account by p, to compute Ex; and D,. Fortunately, this could only be the
case for the domain elements a” = a’* corresponding to the individual names of
A. This is a consequence of the following observation: for all a € Ind(A) and
d € A% such that d # a’+, no path in G starting at d reaches a domain element
b7 (b € Ind(A)). As a result we obtain the following:

deg” (d, u=(E)) = deg™(d,uz(E)), forall E=Cgp €T
de g7 iffde g%, forall f=Cse T,UT

Therefore, if we can compute the correct content/values of Ex, and D, for the
unique extension of J satisfying %, it will be possible to verify whether 7 satisfies
uz(A) U {[~us(a)](a)} (as it is done for subsumption in the previous section).
There are two obstacles that we need to overcome. The first one is that Ex, and
D,, as computed by p,, do not contain enough information to obtain the ones
corresponding to J.
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Example 46. Let a;,a2 € Ind(A) and r(ay,a2) € A. Suppose that a run p,,
of Gen+ representing Z,, yields D,, (E) = t; for some E = Cg € T. Likewise,
D,,(E") =ty for some run p,, representing Z,, and £’ = Cx € T. In addition,
there is a top-level atom in C'g of the form Jr.F’.

As explained above, the value of D,,(E’) has not been considered in the com-
putation of D,, (F), and it may well be the case that it actually affects D,, (F)
in the big model J, i.e., deg”((a1)?,us(E)) > t;. This could happen if for all
r-successors d of a; in T,,, we have that deg™ (d,us(E’)) < t. Clearly, this is
not something that can be inferred from D, , but from the table v computed for

ar by pa, -

Similarly, assume that 8 & Ex,, for some 3 = 65 € 7. This means that a’e ¢ 5%,
It could happen that a, satisfies properties in J that would make (a;)” € 7.
Then, we would need to look into the relation z computed for a; by p,,, to discern
such a change.

To deal with that, we rearrange the structure of function Gen+ such that it
returns the pair (z,v) instead of (Ex, D). The following sketches how to modify
Gen+ accordingly.

1: function Gen+(0 : integer, b : binary)
initialize v and 2

(z8,0%) :=Gen+(d —1,b. 4+ 1)
D! := SUBDEG(v?.)

Ex’ := SUBEX(D}, 2%)
update v

update z

10: .
11: return (z,v)
12: end function

Note that in the previous version of Gen+, the computation of D! and Ex. are
the last operations executed inside the recursive call Gen+(d — 1,b% + 1), and
v, z are updated right away after that. This order of actions is kept in the new
definition given above. Since the computation of D! and Ex’ only requires of
vl and 2!, and these are returned by Gen-+, the new modifications preserve the
properties of Gen-+.

The next step is to recompute z, and v, for all a € Ind(.A) using the information
provided by the role assertions in A. Following Example since b7 is related to
a7 by the role name r, this means that v, and z, must be updated with respect
to r, Ex, and D,. Obviously, changes in v, and z, should be propagated to the
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individuals that a is related to, and so on. The function Gen+ can cope with
such propagation in a bottom-up form, because it is computing a tree-shaped
structure. However, this is no longer the case for the individuals in A, since role
assertions can define cycles involving them.

A~

To solve this we appeal to the acyclic nature of 7, and 7. It allows to traverse
the structure of any defined concept (bottom-up) based on the partial order <
induced by —* on NZ—. Note that now we limit our attention to the fragment of
J corresponding to the role assertions in A, which is part of the input. There-
fore, provided that (z,,v,) has been computed for all a € Ind(A), the following
subroutine updates all those pairs with respect to the combined interpretation

1: procedure UPDATE( )
2 compute D, := SUBDEG(v,) // for all a € Ind(.A)

3 let {Ey,...,E,} be a post-order of < (induced by —* on N7)
4: for all1 <i<ndo

5: for all r(a,b) € A do

6 if Db(Ez) > Ua[ﬂ Ez] then

7 Va1, B| := Dy(E;)

8 end if

9: end for

10: re-compute D,  // for all a € Ind(A)

11: end for

12: compute Ex, := SUBEX(D,, z,) // for all a € Ind(A)
13: let {fB1,..., 8.} be a post-order of < on Nj

14: foralll <i<ndo

15: for all r(a,b) € A do

16: if §; € Ex, then

17: 2o = 2, U{(r, Bi) }

18: end if

19: end for

20: re-compute Ex,  // for all a € Ind(A)
21: end for

22: end procedure
Let us prove that UPDATE does what we have claimed.

Lemma 47. For all a € Ind(A), let p, be a run of A and I, its induced interpre-
tation. Moreover, based on these interpretations let J be the interpretation that
results from the combination described above. Then,

1. Du(E) = deg” (a7 ,ur(E)), for all E=Cg € T.

2. Ex,={B|B8=Cs€T,UT and a’ € 37}
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Proof. We give the proof for the assignments D,. The case for Ex, can be done
using the same idea and Lemma To differentiate the final assignment D, from
the initial one computed by p,, we denote the latter as D (likewise for v, and
v?). We show the claim by well-founded induction on the partial order <.

Let a € Ind(A) and E = Cg € T. Since T is normalized, the concept description
Cg has the following structure:

P1|_|...|_|Pq|_|E|T1.E1|_|...|_|3Tn.En

Clearly, when n = 0 the value deg” (a7, u7(E)) does not depend on any successor
of a”. Moreover, by construction of J we know that a” € (B;)7 iff aZ» € (P;)%e
for all 1 <17 < ¢. This implies that:

degj(aja 'LLT(E)) = degf[a (a/Za’ UT(E))
Then, by Lemma [41f we obtain that:
DY(E) = deg” (a7, ur(E))

Looking at SUBDEG one can see that the computation of D?(E) depends only

on the values v2[¢, P|. Furthermore, it is easy to see that those values are never
changed by a run of UPDATE. Hence, v,le, P] = v0[¢, P] and D,(F) = DY(E).
Thus, D,(E) is the right number.

Now, to show the claim for n > 0 we start by making some observations for all
b € Ind(A). Let F' be a defined concept in T

e By Lemma the initial table vj satisfies the following:
vp[r, F] = max{deg™(d, ur(F)) | d € A" and (b™,d) € r™}
As explained above, since d # b% it further satisfies:

v [r, F] = max{deg” (d, ur(F)) | d € A" and (b™,d) € r™} (26)
Additionally, let j be the index of F' in the post-order created in line [3] Then,

e the value of vy[r, F'] only changes at the ;™ iteration of the outer-loop in
line (41

e let k£ be the largest index of F” among all the top-level atoms of the form
Jr.F” in the definition of F. Then, taking into account the previous state-
ment, the value of D,(F) never changes after the k'™ iteration of the outer-
loop.

e since '’ < F'| this means that j > k. Consequently, the final value of D,(F)
is computed before the iteration corresponding to F'.
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Coming back to the defined concept E, we know that £ < F; for all 1 < j < n.
Then, the application of induction hypothesis yields:

Do (E;) = deg” (a7, ur(Ej;)) (27)

Moreover, since at the moment of updating v,[r, ;] the value of D,(E;) is the

one in for all b € Ind(.A), using we obtain:
va[r, E;] = max{deg” (d,ur(E;)) | d € AV and (a”,d) € 7}
Thus, by the same arguments given in Lemma [41] it follows:
Du(E) = deg” (a7 ur(E))

]

By the previous lemma, once (Ex,, D,) has been computed by UPDATE for all a €
Ind(A), it is easy to verify whether J satisfies AU{—a(a)}. Therefore, it remains
to make sure that enough candidates J are considered to decide the satisfiability
status of uz(A)U{[-us(a)](a)}. This relies on estimating the appropriate values
for 9 and b. Given an ABox A in 7€L(deg), the ABox A(a) consists of all the

concept assertions D(a) occurring in A. Then,

e Let myq(A) be the maximal role depth of a concept D occurring in an ABox
A, ie., A
med(A) := max{rd(D) | D(a) € A}

The interpretations Z, used to compose J are built in such a way that its
depth d(Z,) can be bounded by:

d(Zs) < mua(A(a)) + rd(C)
In the present context this means that 9, can be chosen as:
M7 (A(@)) + rd(uz(a)
e Moreover, we have an upper-bound for |AZe|, namely,

|ATe] < s(A(a)) - [s(C)]"

where u = |sub(6)|. Translating this bound to our current setting, we
obtain:

A% < s(uz(A(a))) - [s(uz(a)]"

with u* now being |sub(uz(a))|.
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Putting all the given arguments together, we devise Algorithm [2| below as a non-
deterministic procedure to decide consistency of (7, AU{—a(a)}). The following
lemma shows that it is correct.

Lemma 48. Let K = (7A', A) be an acyclic T€EL(deg) KB, a a defined concept in
T and a € Ind(A). Then,

Algom'thm@ answers “yes” iff (T, AU {~a(a)}) is consistent.

Proof. (=) Suppose that the algorithm gives a positive answer, and for all a €
Ind(\A) let p, be the run of Gen+ that leads to it. Then, we can talk about the
interpretation Z, induced by p,. Now, let J be the interpretation that results
from the combination of all the fragments Z, and the role assertions occurring
in A. A “yes” answer implies that the for loop described between lines [7] and
never falsifies § € Ex; for all concept assg“tions B(b) € A. By Lemma this

means that the extension of 7 satisfying 7 is also a model of A.

In addition, the conditional in line[I4 must evaluate to true. Consequently, for the
same reasons explained above, we obtain that a/ ¢ 7. Thus, (T, AU {-a(a)})
is consistent.

(<) Conversely, assume that (7.4 U {—a(a)}) is consistent. This means that
there is an interpretation J |= K such that a? ¢ a. By Proposition 45 and the
mentioned results from [BBEF15|, one can assume that J is of the form described
before. Therefore, for all a € Ind(A) the corresponding interpretation Z, is tree-
shaped and satisfies:

o d(Z,) < meg(us(A)) + rd(us(a)), and
o [ATe]| <s(uz(A)) - [s(u?-(oz))]“* (note that s(us(A(a))) < s(uz(A))).

By the selection of ® and b in Algorithm [2]and an application of Lemma [40] there
is always a run p, of Gen+ generating Z, for all a € Ind(.A). Then, by Lemma ,
after executing UPDATE none of the subsequent conditionals could evaluate to
false. Thus, the algorithm answers “yes”. O

Regarding the computational complexity of Algorithm [2 one can see that the
value of 0 is a polynomial in the size of K. Furthermore, since there are poly-
nomially many individual names, this means that any run of the algorithm uses
polynomial space (including the execution of UPDATE), except maybe for the
number of bits needed to represent b. Indeed, the expression that calculates b is
exponential in v*. To give a preliminary approximation of how big b could be,
we observe that due to unfolding we may end up with the following worst-case
lower bounds:

2s(T) < s(uz(A)) and 257 < s(us(a))
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Algorithm 2 Consistency of (7, AU {~a(a)}).

Input: An acyclic KB (7\', A), a defined concept « in T and a € N,.
Output: “yes”, if (T, AU {—a(a)}) is consistent, “no” otherwise.

1: b:=s(uz(A)) - [s(uz(a))]* // b is represented in binary
2: 0 1= my(uz(A)) + rd(uz(a))
3. for all b € Ind(A) do

4: (Zb, ’Ub) = Gen+(0, b)

5. end for

6: UPDATE( )

7. for all b € Ind(A) do

8: for all (b) € A do

9: if g ¢ Ex, then

10: return “no”

11: end if

12: end for

13: end for

14: if o € Ex, then

15: return “yes”

16: end if

17: return “no”

In particular, u* corresponds to the number of sub-descriptions of u+(a). Hence,
in view of the lower bound for the size of u(c) one might think that the following
lower bound also holds:

*

27 < [s(uz(a)]" (28)

Therefore, in the worst-case we would end up with an ExpSpace non-deterministic
procedure. However, on the one side, a closer look at the reductions in Propo-
sition [44] reveals that there are better choices for b depending on the reasoning
problem. On the other side, the statement in (28) is actually false.

e Knowledge base consistency and satisfiability: in these cases the problem
reduces to consistency of a TEL(deg) ABox. Consequently, such double
exponential explosion does not exist. Thus, b simply becomes s(u+(A)) or

s(uz (AU {a(b)})).

e Subsumption: the reduction produces an ABox of the form:
AU {1 (b), maz()}

The key aspect is that b does not occur in A. This means that the pre-
processing propagation of the negative assertions does not go through the
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cycles that may occur in A. This obviously avoids the exponential explosion
and b can be selected as:

s(uz(A)) + [s(uz()) - s(uz(az))]

e Instance checking: According to (28)), in this case the algorithm would need

to store a value b > 22 However, one can show that the number of

sub-descriptions in u+(a) is actually bounded by s(T) (see Corollary [51in
the Appendix). Hence, the statement made in is false and b can be

chosen as: ~
s(uz(A)) - [s(uz(a))*”

Consequently, the binary representation of b needs only polynomially many
bits in the size of T.

Thus, reasoning in 7€L(deg) with respect to acyclic KBs is in PSpace.

Theorem 49. In 7EL(deg), consistency and instance checking w.r.t. acyclic
TEL(deg) knowledge bases are in PSpace.
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5 Conclusion

We have introduced a notion of acyclic TBoxes for 7€L£(m) such that unfolding
still works both from the syntactic and the semantic point of view. For the special
case of TEL(deg), we have investigated the complexity of reasoning w.r.t. such
acyclic TBoxes. In contrast to the case of £L, in TEL(deg) the presence of acyclic
TBoxes increases the complexity.

Regarding future research, we will try to close the gap between I1/%F and
PSpace. Unfortunately, it is not clear to us how the construction employed in the
hardness proof could be extended to higher levels of the polynomial hierarchy,
let alone to PSpace. Conversely, it is also not clear how to generate and test
an exponentially large model on some fixed level of the polynomial hierarchy.
Another interesting and non-trivial problem is to extend our approach to more
general forms of TBoxes (e.g., GCIs). As demonstrated by the semantic problems
for unrestricted sets of concept definitions shown in this paper, naive extensions
will probably lead to unintuitive results. For example, we have seen that, em-
bedded in a threshold concept, a concept name and its definition need not lead
to the same result. We have overcome this problem by modifying the graded
membership function using unfolding. For TBoxes that are not acyclic, or do not
even consist of concept definitions, this simple solution is not possible. Other
interesting open problems are, for instance, to provide an intuitive semantics for
nested threshold operators, and to apply our approach of approximately defining
concepts to other DLs.
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6 Appendix

Lemma 50. Let T be an acyclic EL TBox in normal form. Then, for all « € NJ
the number of sub-descriptions of ur(«) is at most s(T).

Proof. Recall the definition of sub(C') in Definition [3] Let sub*(C) C sub(C') be
the following set:

{C} if C' =T or C € Nc,
sub™(C) := ¢ {C} Usub*(Cy) Usub*(Cy) if C is of the form C M Cy,
{3r.D} if C' is of the form 3r.D.

Furthermore, for all « = C,, € T, let =T (a) denotes the set of defined concepts
in 7 that a depends on, i.e.:

—T(a):={B| B eN] and a —»* 5}

We prove the following claim about the set sub(ur(«)):

sub(ur(a)) = sub™(ur(Cy)) U U sub®(ur(Cp)) (29)
550367—
Be=T(a)

The proof is by well-founded induction on the partial order < induced by —*
on NJ. Let a = C, € T, due to the normal form of 7 the concept C, has the
following structure:

Pll_Iqu_lflrlﬁll_ll_lEITnﬁn

The unfolding of o with respect to 7T is the following concept description:

ur(a) = PN P, 3rur(Br) M. N 3r,.ur(6,)

By the definitions of sub and sub®, we can express the set sub(ur(«)) as follows:

n

sub(ur (@) = sub*(ur(Ca)) U | J sub(ur(5:)) (30)

i=1
Now, the application of the induction hypothesis to each f; (1 < i < n) yields:

sub(ur () = sub™(ur(Cs)) U | sub™(ur(Cp))
ﬁiC[aET
Be—T(8:)
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Hence, substituting the previous equality in (30)) we obtain the following one:

sub(ur(a)) = sub®( U [sub ur(Cp,)) U U sub™(ur(Cjs))
i=1 B=CgeT
Be—=T(B:)

Finally, since —* (o) = U <{Bl} u —>+(5z)>, it is clear that the set defined by

the big union in the prev1ous equality is equal to the one represented by the big
union in . Thus, our claim in (29)) is true.

According to the definition of sub®, for a top-level atom Jr;.3; of C, the set of
concepts sub®(Ir;.ur(5;)) corresponds to {Ir;.ur(5;)}. Hence, it is not hard to
see that for all « = C, € T it holds:

|sub™(ur(Ca))| < s(Ca)
Thus, using we can conclude that [sub(ur(a))| < s(T) for all « € N]. [

Now, since sub(E.;) is equal to { E.;}, the previous result also applies to acyclic
TEL(deg) TBoxes.

Corollary 51. Let T be an acyclic TEL(deg) TBox in normal form. Then, for
all a € NJ it holds:
[sub(uz(a))| < s(T)
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