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What we exactly do in this paper is to show that E-uni�cation is decidablefor equational theories such that each equation has no repeated variables and thegoal has no repeated variables, with the complexity given above. This class oftheories contains all ground equations, but it is larger than that. It is a somewhatrestrictive class of theories and has not been studied. However, it is especiallyinteresting for the purpose of approximating E-uni�cation.The way the approximation works is to take each equation in the goal andthe equational theory and rename the variables so that no variable occurs morethan once. If this new E-uni�cation problem is unsatis�able, then the originalone is also. In many cases this gives a helpful result, but not in all cases, suchas collapse theories.In order to create the decision procedure, we �rst create a sound and completegoal-directed inference procedure for the case where the equational theory islinear and the goal contains no repeated variables. The inference rules given forthis procedure are similar to the inference rules for Syntactic Theories[4, 6, 7], butin our case we do not require that the theory is syntactic. An interesting feature ofthis inference system is that we can prove the completeness with Eager Merging.The problem of proving completeness with Eager Merging (or Eager VariableElimination) is an open problem for many inference systems[2, 3, 5, 8]. Since solittle is known about it, it is interesting to have a completeness result with Eagermerging, even for such a restricted inference system. The only procedure knownto us where Eager Merging has been proved to preserve completeness is given in[11]. Eager Merging is important in practice, because it gives some determinismto a don't-know nondeterministic procedure.In the conclusion of the paper, we show that our approximation technique isnot only useful for E-uni�cation. It is also useful for Logic Programming, wherewe must decide if there is a substitution that can be applied to the goal so thatthe goal follows from the given Horn Clauses. We get similar nice complexityresults for this case. Our techniques have some similarities to what is done forLocal Theories[10], but they are only concerned with universal goals, and we cancover existential goals.The format of the paper is as follows: After some preliminary de�nitions,we give the inference rules and a soundness and completeness result with EagerMerging. After that, we give the algorithm for the restricted case with no re-peated variables and give our complexity results. To conclude, we talk about therelationship with approximation and with Local Theories. Some missing proofswill appear in a longer version of the paper[9].2 PreliminariesWe assume we are given a set of variables and a set of uninterpreted functionsymbols of various arities. An arity is a non-negative integer. Terms are de�nedrecursively in the following way: each variable is a term, and if t1; � � � ; tn areterms, and f is of arity n � 0, then f(t1; � � � ; tn) is a term, and f is the symbolat the root of f(t1; � � � ; tn). A term (or any object) without variables is called



ground. We consider equations of the form s � t, where s and t are terms. LetE be a set of equations, and u � v be an equation, then we write E j= u � v(or u =E v) if u � v is true in any model of E. If G is a set of equations, thenE j= G means that E j= e for all e in G.A substitution is a mapping from the set of variables to the set of terms,such that it is almost everywhere the identity. We identify a substitution withits homomorphic extension. If � is a substitution then Dom(�) = fx j x� 6= xg.A substitution � is an E-uni�er of an equation u � v if E j= u� � v�. � is anE-uni�er of a set of equations G if � is an E-uni�er of all equations in G.If � and � are substitutions, then we write � �E �[V ar(G)] if there is asubstitution � such that E j= x�� � x� for all x appearing in G. If G is a setof equations, then a substitution � is a most general uni�er of G, written � =mgu(G) if � is an E uni�er of G, and for all E uni�ers � of G, � �E �[V ar(G)].A complete set of E-uni�ers of G, is a set of E-uni�ers � of G such that for allE-uni�ers � of G, there is a � in � such that � �E �[V ar(G)].Given a uni�cation problem we can either solve the uni�cation problem ordecide the uni�cation problem. Given a goal G and a set of equations E, tosolve the uni�cation problem means to �nd a complete set of E-uni�ers of G.To decide the uni�cation problem simply means to answer true or false as towhether G has an E-uni�er. In this paper, we consider both of these problems.We say that a term t (or an equation or a set of equations) has varity n if eachvariable in t appears at most n times. An equation s � t is linear if s and t areboth of varity 1. Note that the equation s � t is then of varity 2, but it might notbe of varity 1. A set of equations is linear if each equation in the set is linear. Forexample, the axioms of group theory (ff(x; ; f(y; z)) � f(f(x; y); z); f(w; e) �w; f(u; i(u)) � e. are of varity 2.If G is a set of equations then we de�ne a path in G to be a sequence ofequations u1 � v1; � � �un � vn fromG, such that for all j, 1 � j � n, uj � vj 2 Gor vj � uj 2 G, and for all i, 1 � i < n, V ars(vi)\V ars(ui+1) 6= ;. In addition,the path is a cycle if V ars(u1) \ V ars(vn) 6= ;. For example, the sequencef(x1; x2) � g(x3); f(x3; x4) � g(x5); f(x6; x5) � g(x2) is a cycle. Note that asingle equation u � v forms a cycle if u and v have any variables in common. IfG has a cycle, we say that G is cyclic.3 Inference RulesIn this section, we will give a set of inference rules for �nding a complete setof E-uni�ers of a goal G, and in the following sections we prove that for alinear equational theory E, every goal G of varity 1 and substitution � such thatE j= G� can be converted into a normal form which determines a substitutionwhich is more general than �. The inference rules decompose an equational proofby choosing a potential step in the proof and leaving what is remaining whenthat step is removed.



An equation x � t appearing in G where x only appears once in G is calledsolved. We de�ne the unsolved part of G to be the set of all equations in G thatare not solved.As in Logic Programming, we can have a selection rule for goals. For eachgoal G, we don't-care nondeterministically select an equation u � v from G,such that u and v are not variables. We say that u � v is selected in G. If thereis no such equation u � v in the goal, then nothing is selected. We will see inthe next section that if nothing is selected, then the goal is in normal form anda most general E-uni�er can be easily determined.
Decomposition:ff(s1; � � � ; sn) � f(t1; � � � ; tn)g [Gfs1 � t1; � � � ; sn � tng [GMutate: fu � vg [Gfu � s; t � vg [G where s � t 2 E. a bMerge: fx � s; x � tg [Gfx � s; s � tg [GOrient: ft � xg [Gfx � tg [G where t is not a variable.Trivial: ft � tg [GGa To be exact, s � t is renamed to have no variables in common withthe goal.b For simplicity, we assume that E is closed under symmetry.Fig. 1. The inference rules



The inference rules are given in �gure 1. Except for Mutate, these are theusual inference rules for syntactic uni�cation. Notice that Orientation is notallowed in the case of variable-variable equations. We want to avoid in�niteloops in such cases.The Mutate rule is so-called because it is similar to the inference rule Mutatethat is used in the inference procedure for syntactic theories[4]. The rule assumesthat there is an equational proof of the goal equation at the root of the equation.If one of the equations in this proof is s � t then that breaks up the proof atthe root into two separate parts.The Mutate Rule for Syntactic Theories performs a Decomposition on u � sand v � t immediately after the Mutate rule. However, that is only complete forSyntactic Theories. Our inference procedure is not just for syntactic theories,and such a rule is not complete in our case. Our inference system would becomplete if we allowed an immediate Decomposition on v � t but not u � s.However, for the complexity results we need for this paper, we don't need theimmediate Decomposition. version for this paper.We will write G �! G0 to indicate that G goes to G0 by one application ofan inference rule. Then ��! is the re
exive, transitive closure of �!.We want our inference rules to be applied deterministically or don't-carenondeterministically whenever possible. Therefore, we restrict the application ofour inference rules in the following way:Assume that Trivial, Orient and Merge are performed eagerly whenever ap-plicable. It is usual in inference systems for the Trivial and Orient rules to beperformed eagerly. However, it is an open question in many inference systemswhether the Merge rule can be applied eagerly. Since we restrict our inferencerules to the case where E is linear and G is of varity 1, we can prove the com-pleteness when Merge is performed eagerly. Eager inferences are a form of deter-minism, because when inferences are performed eagerly, that means that thereis no need to backtrack and try other rules.For the Decomposition and Mutate rules, we will assume that they must beperformed on a selected equation. That is a source of don't-care non-determinismin our procedure. However, there are still some sources of don't-know nonde-terminism. If Decomposition and Mutate are both applicable to the selectedequation, we don't know which one to do, and therefore have to try them both.Similarly, there may be more than one equation we can use in order to per-form Mutate on the selected equation. In that case, we must also try all thepossibilities.We will prove that the above inference rules solve a goal G by transformingit into normal forms representing a complete set of E-uni�ers of G.4 Normal FormIn order for the �nal result of the procedure to determine a uni�er, it must notbe cyclic. We will consider a goal G of varity 1 and a set of linear equations.



Since G is of varity 1, it is not cyclic. We need to show that that property ispreserved.Lemma 1. Suppose that E is linear and G �! H. If each term in G is of varity1 and G is not cyclic, then each term in H is of varity 1 and H is not cyclic.Proof. We prove the contrapositive. Suppose that some equation in H is not ofvarity 1 or H is cyclic.First assume that some term u in H is not of varity 1. Then either u ap-pears in G or some superterm of u appears in G (if H is obtained from G byDecomposition), therefore some term in G is not of varity 1.Now assume that H is not cyclic.If H was obtained by Trivial or Orient, then the same cycle appears in G.SupposeH was obtained from G by Decomposition. Then if there is a cycle inH including an equation si � ti, then si � ti can be replaced by f(s1; � � � ; sn) �f(t1; � � � ; tn), and there is a cycle in H . Similarly, if the cycle in H containsti � si.Suppose H was obtained from G by Merge. If there is a cycle in H containingthe equation s � t, then s � t can be replaced by s � x; x � t to give a cycle inG. Similarly, if the cycle in G contains t � s.Suppose H was obtained from G by Mutate. If the cycle in H contains u � s,then u � s must be followed by t � v in the cycle, since s only contains variablesin common with t. Then the two equations can be replaced by u � v in G toform a cycle. In a similar way, a cycle containing s � u must be preceded byv � t, and replaced by v � u. Similarly arguments can be made if the cycle inH contains t � v or v � t.Corollary 1. Suppose that E is linear and G has varity 1. If G ��! H, then His not cyclic.A goal G is in normal form if the equations of G are all of the form x � t,where x is a variable, and the equations of G can be arranged in the formfx1 � t1; � � � ; xn � tng such that for all i � j, xi is not in tj . Then de�ne �Gto be the substitution [x1 7! t1][x2 7! t2] � � � [xn 7! tn]. �G is a most generalE-uni�er of G. Notice that if a noncyclic goal has no selected equation, then thegoal is in normal form, since Merge is applied eagerly.5 SoundnessTheorem 1. The procedure in Figure 1 is sound, i.e. if G0 ��! G and G is innormal form, then E j= G0�G.Proof. Assume that G0 is in normal form. Then �G0 is an E-uni�er of G0.Now assume that E j= Gi+1�G, and prove that E j= Gi�G.Case 1. Gi+1 was obtained by Decomposition from Gi. We know that E j=Gi+1�G, but then since E must be closed under congruence, E j= Gi�G.



Case 2. Gi+1 was obtained by Mutate from Gi. We know that E j= Gi+1�G,but then since E must be closed under transitivity, E j= Gi�G.Case 3. Gi+1 was obtained by Merge from Gi. We know that E j= Gi+1�G, butthen since E must be closed under symmetry and transitivity, E j= Gi�G.Case 4. Gi+1 was obtained by Orient from Gi. We know that E j= Gi+1�G,but then since E must be closed under symmetry, E j= Gi�G.Case 5. Gi+1 was obtained by Trivial from Gi. We know that E j= Gi+1�G,but then since E must be re
exive, E j= Gi�G.6 A Bottom Up Inference SystemIn order to prove the completeness of this procedure, we �rst de�ne an equationalproof using Congruence and Equation Application rules. We prove that thisequational proof is equivalent to the usual de�nition of equational proof, whichinvolves Re
exivity, Symmetry, Transitivity and Congruence.We will de�ne completeness for ground terms with respect to any equationaltheory obtained by the following rules of inference from a set of equations closedunder symmetry: Congruence: s1 � t1 � � � sn � tnf(s1; � � � ; sn) � f(t1; � � � ; tn)Equation Application: u � s t � vu � v ;if s � t is a ground instance of an equation in E.For Congruence n � 0. In the special case where n = 0, f is a constant.We de�ne E ` u � v if there is a proof of u � v using the Congruence andEquation Application rules. If � is a proof, then j�j is the number of steps in theproof. ju � vjE is the number of steps in the shortest proof of u � v.We need to prove that fu � v jE ` u � vg is closed under Re
exivity,Symmetry and Transitivity. First we prove Re
exivity.Lemma 2. Let E be an equational theory. Then E ` u � u for all ground u.Proof. The prove is by induction on the size of u. If the size of u � 1, then u =f(s1 � � � sn) and we assume that for each j 2 f1; 2; � � � ; ng 9kj :jsj � sj jE = kj .Then by applying Congruence we have ju � ujE = �ni=1ki + 1.Next we prove closure under symmetry.Lemma 3. Let E be an equational theory such that E ` u � v and ju � vjE = n.Then E ` v � u, and jv � ujE = n.Proof. The argument is by induction on ju � vjE . There are 2 subcases, depend-ing on whether u � v was obtained by Congruence or Equation Application:



1. u � v was obtained by Congruence, i.e. u = f(s1; � � � ; sn) and v =f(t1; � � � ; tn), and js1 � t1jE + � � � + jsn � tnjE = i � 1. But then, by theinductive argument jt1 � s1jE+ � � �+ jtn � snjE = i�1 also, and by Congruencejf(t1; � � � ; tn) � f(s1; � � � ; sn)jE = i, i.e. jv � ujE = i.2. u � v was obtained by Equation Application, i.e. there is s � t 2 E andju � sjE+ jt � vjE = i�1. By induction also jv � tjE+ js � ujE = i�1. BecauseE is closed under symmetry, by Equation Application we have jv � ujE = i.Next we show closure under Transitivity.Lemma 4. Let E be an equational theory such that E ` s � t and E ` t � u.Suppose that js � tjE = m and jt � ujE = n. Then E ` s � u, and js � ujE �m+ n.Proof. The proof will be by induction on m + n, where m and n are the sizesof the derivations for the assumptions of the desired transitivity step. We shalldivide the proof into cases:1. Assume that both equations were obtained by Congruence. Then s = f(s1; � � � ; sn),t = f(t1; � � � ; tn) and u = f(u1; � � � ; un). Then there are equations, such that:js1 � t1jE+ :::+ jsk � tkjE = m�1, and jt1 � u1jE+ :::+ jtk � ukjE = n�1....s1 � t1 � � � ...sk � tk ...t1 � u1 � � � ...tk � ukCongr. f(s1; � � � ; sk) � f(t1; � � � ; tk) f(t1; � � � ; tk) � f(u1; � � � ; uk) Congr.Trans. f(s1; � � � ; sk) � f(u1; � � � ; uk)By induction, jsi � uijE � jsi � tijE + jti � uijE for each i 2 f1; � � � ; kg.Hence, js1 � u1jE + � � � + jsk � ukjE � (m � 1) + (n � 1). By Congruencewe have jf(s1; � � � ; sn) � f(u1; � � �un)jE � m+ n� 1.2. Assume that one of the equations was not obtained by Congruence, e.g. the�rst one. Then it had to appear due to the rule Equation Application....s � v ...w � t ...Eq.App. s � t t � uTrans. s � uwhere v � w is a ground instance of an equation in E and the �nal equationis the desired e�ect of transitivity. Now we can remove this transitivity stepby moving it up in the derivation and then apply the inductive hypothesis.... ...w � t ...t � us � v w � u Trans.s � u Eq.App.



Since jw � tjE < js � tjE , then jw � tjE + jt � ujE < js � tjE + jt � ujE .Therefore, by induction, there is a proof of w � u such that jw � ujE �jw � tjE + jt � ujE . So then, by Equation Application between s � v andw � u, there is a proof of s � u. The size of this proof is less than or equalto js � vjE + jw � tjE + jt � ujE + 1 � m+ n.Closure under Congruence is trivial. Now we put these lemmas together toshow that anything true under the semantic de�nition of Equality is also trueunder the syntactic de�nition given here.Theorem 2. If u and v are ground and E j= u � v, then E ` u � v.Proof. If s � t 2 E, then by Lemma 2, E ` s � s and E ` t � t. ApplyingEquational Application says that E ` s � t. Since we proved that fu � v j E `u � vg is closed under re
exivity, symmetry, transitivity and congruence, it mustcontain all the consequences of E.We can restrict our proofs to only certain kinds of proofs. In particular. Ifthe root step of a proof is an Equation Application, then we can show there is aproof such that the proof step of the right child is not an Equation Application.Lemma 5. Let � be a proof of u � v in E, whose proof step at the root isEquation Application, and whose proof step of the right child is also EquationApplication. Then there is a proof �0 of u � v in E such that the root of �0is Equation Application but the proof step of the right child is Congruence, andj�0j = j�j.Proof. Let � be a proof of u � v in E such that the step at the top is EquationApplication, and the step at the right child is also Equation Application. Wewill show that there is another proof �0 of u � v in E such that j�0j = j�j, andthe size of the right subtree of �0 is smaller than the size of the right subtree of�. So this proof is an induction on the size of the right subtree of the proof.Suppose u � v is at the root of � and u � s labels the left child n1. Supposethe right child n2 is labeled with t � v. Further suppose that the left child ofn2 is labeled with t � w1 and the right child of n2 is labeled with w2 � v. Thens � t and w1 � w2 must be members of E.�1 �2 �3... ...t � w1 ...w2 � vn1: u � s n2: t � v Eq. App.u � v Eq. App.Then we can let �0 be the proof whose root is labeled with u � v, whose leftchild n3 is labeled with u � w1. Let the left child of n3 be labeled with u � sand the right child of n3 be labeled with t � w1. Also let the right child of theroot n4 be labeled with w2 � v.



�1 �2 �3...u � s ...t � w1 ...Eq. App. n3: u � w1 n4: w1 � vEq. App. u � v7 CompletenessNow we come to the completeness of the inference rules given in Figure 1, whereE is linear, and G is of varity 1.First we de�ne a measure on the equations in the goal, which will be used inthe completeness proof.De�nition 1. Let E be an equational theory and G be a goal. Let � be a substi-tution such that E j= G�. We will de�ne a measure �, parameterized by � andG. De�ne �(G; �) to be the triple (m;n; p), where m is the sum of all ju� � v�jE,where u � v is an unsolved equation of G, n is the number of unsolved equationsin G, and p is the number of equations of the form t � x, where x is a variableand t is not. We will compare these triples lexicographically.Now we come to the completeness theorem:Theorem 3. Suppose that E is an equational theory, G is a set of goal equa-tions, E is linear, G is of varity 2, the unsolved part of G is not cyclic, and �is a ground substitution. If E j= G� then there exists a goal H in normal formsuch that G ��! H and �H �E �[V ar(G)].Proof. Let G be a set of goal equations, and � a ground substitution such thatE j= G�. Let �(< G; � >) = M . We will prove by induction on M that thereexists a goal H such that G ��! H and �H �E �[V ar(G)]. In addition wewill prove that if a Merge, Orient or Trivial rule is applicable to G, and if theapplication of that rule yields G0, then there exists a goal H such that G0 ��! Hand �H �E �[V ar(G)].If nothing is selected in G, then G must be in normal form, and �G is themost general uni�er of G, so �G �E �[V ar(G)].Now suppose that one of the eager rules applies to an equation in E, resultingin G0. We need to show that there is an extension �0 of � such that E j= G0�0,and �(G0; �0) < �(G; �). Then by the induction assumption there is an H suchthat G0 ��! H with �H �E �0[V ar(G0)]. This implies that G ��! H and �H �E�[V ar(G)].Case 1: Suppose that Merge is Applicable. So G = fu � s; u � tg [G1, whereu is a variable. Then Merge is eagerly applied, and the new goal, G0 = fu �s; s � tg[G1, where u � s is solved. By lemmas 3 and 4 js� � t�jE � ju� �



s�jE + ju� � t�jE . Hence the �rst component of the measure, �(G0; �) willeither stay the same as �(G; �) or will decrease. In both cases the numberof unsolved equations will decrease at least by 1, hence �(G0; �) < �(G; �).Also, by symmetry and transitivity, E j= G0�.Case 2: If Orient is applicable, then G is of the form ft � xg[G1. An applica-tion of Orient decreases the measure �, because although its �rst componentremains the same, the second one may get decreased, and even if it stays thesame the third component is decreased by 1. It also yields an equivalent setof equations, so � is still an E-uni�er.Case 3: If Trivial is applied, the measure gets decreased in the �rst component,and � is still an E-uni�er.If some equation is selected in G, we will prove that there is a goal G0 anda extension �0 of � such that E j= G0�0, G �! G0, and �(G0; �0) < �(G; �).Then by the induction assumption there is an H such that G0 ��! H with�H �E �0[V ar(G0)]. This implies that G ��! H and �H �E �[V ar(G)].So assume that some equation u � v is selected in G. Then G is of the formfu � vg [G1. Neither u nor v is a variable, since u � v is selected.Consider the rule used at the root of the proof tree that E ` u� � v�. Thiswas either an application of Congruence or Equation Application.Case 1: Suppose the rule at the root of the proof tree of E ` u� � v� isan Equation Application. Then there exists a ground instance s�0 � t�0 ofan equation s � t in E, such that E ` u�0 � s�0 and E ` t�0 � v�01,where �0 is an extension of � such that s�0 = t�0. Let ju�0 � s�0jE = p. Letjt�0 � v�0jE = q. Then ju� � v�jE = p+ q + 1....u� � s�0 ...t�0 � v�u� � v�There is an application of Mutate that can be applied to u � v, resulting inthe new goal G0 = fu � s; t � vg [G1....fu � vg [G1fu � s; t � vg [G1Then ju�0 � s�0jE = p, and jt�0 � v�0jE = q, and p + q < ju� � v�jE =p+ q + 1. so �(G0; �0) < �(G; �). Note that �0 is an E-uni�er of G0.1 By Lemma 5, we could assume that the rule at the root of the proof tree of t�0 � s�0is Congruence, and that would prove the more restrictive inference rules mentionedearlier, where Decomposition is applied eagerly. But it is not needed for the com-plexity results in this paper.



Case 2 Now suppose that the rule at the root of the proof tree of E ` u� � v�is an application of Congruence.Then u = f(u1; � � � ; un), v = f(v1; � � � ; vn) and E ` ui� � vi� for all i....u1� � u1� � � � ...vn� � vn�f(u1; � � � ; un)� � f(v1; � � � ; vn)�There is an application of Decomposition that can be applied to u � v, result-ing in the new goal G0 = fu1 � v1; � � � ; un � vng [G1. Then �1�i�njui� �vi�jE < ju� � v�jE = �1�i�njui� � vi�jE + 1, so �(G0; �) < �(G; �).Corollary 2. Suppose that E is an equational theory, G is a set of goal equa-tions, E is linear, G is of varity 1, and � is a ground substitution. If E j= G�then there exists a goal H such that G ��! H and �H �E �[V ar(G)].8 Decidability and Complexity of Varity 1In this section, we will assume that E and G both have varity 1. We will give analgorithm to decide the E-uni�cation problem, but we will not �nd a completeset of uni�ers.Since E and G have varity 1, the inference rules in Figure 1 are complete byTheorem 3. In addition we give an algorithm to decide the E-uni�cation problemin time O((jGj+ jEj)� jEj � n), where jGj is the size of G, jEj is the size of E,and n is the number of equations in E.The algorithm for this is presented in �gure 2. Given a goal G the functionvisit is called on each equation e in G. If it returns T , then e is E-uni�able. Ifit returns F , then e is not E-uni�able. If it returns T for all of the equations inG, then G is E-uni�able. This is because no two equations share variables. Thealgorithm is basically traversing an AND-OR graph.The function visit �rst returns T if e is a variable term pair or a trivialequation. Otherwise visit creates a list of lists of equations. Each such list consistsof the equations that can be derived from e with the applicable rules of the top-down inference system. For example, suppose that we call visit(fgfx � fggy),where E = fffw � fgzg.2 Then the list that is created for e is the following:((fgfx � ffw; fgz � fggy)(fgfx � fgz; ffw � fgfx)(gfx � ggy)). This isa list containing three lists. Each of the �rst two lists is the result of a Mutateinference. The third list is the result of a Decomposition. Each list will alwayscontain two equations in the case of Mutate, and for Decomposition the numberof equations will be equal to the arity of the function symbol at the root of thetwo sides of the equation. If there are n equations in E, then the number of suchlists is at most 2n+ 1.Each equation in each list is a subproblem to be solved, and if one wholelist becomes true, then e is also true. visit then attempts to solve each of those2 We assume E is closed under symmetry, so fgz � ffw is also assumed to be in E.



subproblems e0. If e0 is not already in the process of being solved, it is visited.If e0 has already been visited. Then it may have already been solved.If e0 has not been solved yet, then T will not be returned from the function.In that case, it may be that e0 is not true. But it also may be that e0 is stillin the process of being solved. We set a pointer from the node e0 to this list.This pointer is called a back-edge, because it is similar to the back-edge from thedepth-�rst search algorithm. If e0 is ever proved true, then the update functionwill eventually follow this back-edge and handle the consequences.If e0 has already been solved, or if the call to visit(e0) returns T then thefunction update is called to deal with the consequence. The �rst thing updatedoes is to remove e0 from the list, since it is solved. If the list is now empty, thene has been proved true, and we follow back-edges and call update recursively.The update procedure is essential for the e�ciency of visit.Proposition 1. If G is of varity 1, then Merge does not apply to G.Lemma 6. Assume G and E are of varity 1. If G ��! G0, then G0 is of varity1.Proof. The proof is by induction on the length of the derivation of G0. The onlyinference rule that adds anything new to the goal is Mutate. However, Mutateonly adds variables that do not already exist, and no new variables are repeated.By the previous lemma, Merge will never apply.Since Merge will never apply in our derivations, we can view a derivation of agoal equation as a tree. Such a tree is a top-down proof that a goal is E-uni�able.It also gives us an E-uni�er, but we will not be concerned what the E-uni�er is,only its existence.8.1 New Stu�Everything in this subsection is new stu� I have added to deal with solving ofE-uni�cation instead of just deciding E-uni�cation. I haven't touched any otherparts of the paper yet, but of course we will have to eventually. First let me startby rewriting the last paragraph.Since Merge will never apply in our derivations, we can view a derivation ofa goal equation as a tree, called a derivation tree. The root of the tree is labeledwith the goal equation. If a node n of the tree is labeled with e, and the childrenof n are labeled with e1; � � � ; en, then there is an inference rule with G [ feg asthe premise and G [ fe1; � � � ; eng as the conclusion. If the derivation has beencompleted to a normal form, then we call the tree a complete derivation tree.In this case, the tree has two kinds of leaves. Either the leaf is labeled with anequation of the form t � t, in which case we call it a trivial leaf, or the leaf islabeled with an equation of the form x � t, and then we call it a variable leaf.Let � be a renaming substitution. If T is a derivation tree, then we de�neT 0 = T� by by saying that T 0 is a tree with the same nodes as T , but the labels



function visit(e)if one side of e is a variablereturn Tif e is of the form t � treturn Tcreate list for efor each L in listfor each e0 in Lif e0-list existsanswer := e0-listelseanswer := visit(e0)if answer = Tsolved = update(e0; L; e)if solved = Treturn Telseset back edge from node e0 to Lreturn F // but maybe we have just not solved it yetfunction update(e0; L; e)remove e0 from Lif L is emptyset e-list to T // this removes associated back edgesfor each back edge from e to L0 in e00-listupdate(e; L0; e00)return Telsereturn F
Fig. 2. Algorithm



of T 0 have been renamed. In other words, if u � v labels a node n in T , thenu� � v� labels n in T 0.Let T be a complete derivation tree. Let n be a node in T labeled withu � v. Let x1 � t1; � � � ; xm � tm be the labels of all the variable leaves whichare descendants of n. Then �n;T = [x1 7! tm; � � � ; xm 7! tm] is a member ofa complete set of E-uni�ers of u � v. Because we are considering equationaltheories and goals of varity 1, we know that if i 6= j then xi 6= xj , xi 62 V ars(tj)for all i and j, and V ars(ti) \ V ars(tj) = ; for all i and j.Let T be a complete derivation tree with m an ancestor of n. Suppose thatm is labeled with u � v and n is labeled with u � t. Note that �m;T jV ars(u) =�n;T jV ars(u). This is because, if x appears in the equation labeling a leaf p, thenp is a descendant of both m and n. Also note that V ars(v) \ V ars(t) = ;.Lemma 7. Let T be a complete derivation tree whose root r is labeled withu � v. Suppose there are non-root nodes m and n in T such that m is labeled byum � vm, and n is labeled with un � vn, such that um = un, um is a subterm ofu, � is a renaming with (un � vn)� = (um � vm)3 and m is an ancestor of n.Then there exists a tree T 0, with root r0 also labeled with u � v, and containingfewer nodes than T , such that �r0;T 0 jV ars(u�v) = �r;T jV ars(u�v).Proof. Let Tm be the subtree rooted at node m in T . Let Tn be the subtreerooted at node n in T . Let T 0 be the tree which is identical to T , except that thesubtree rooted at node m is replaced by Tn�. Then T 0 is a complete derivationtree with node n in the same position that T has node m, and both m in T andn in T 0 are labeled with um � vm.Notice that �r;T = �0�1�n;T , where�1 = �m;T jV ars(um�vm)�V ars(un�vn)�0 = �r;T jV ars(u�v)�V ars(um�vm)We have divided up the substitution given by T into three parts. �n;T representsthe leaves of Tn, �1 represents the leaves of Tm which are not leaves of Tn, and�0 represents the leaves of T which are not leaves of Tm.Similarly, T 0 can be divided up into two parts. Except for below node m,the trees are the same. So �0 is still a part of the substitution �r0;T 0 . But nodem has been replaced by node n and a renaming of Tn in T 0. The leaves of Tn�represent the substitution ��1�n;T �. Therefore �r0;T 0 = �0��1�n;T �.We need to show that �r0;T 0 jV ars(u�v) = �r;T jV ars(u�v). So let x 2 V ars(u �v). We must show that x�r;T = x�r0;T 0 . We consider two cases. Either x 2V ars(un) or x 62 V ars(un).Case 1: If x 2 V ars(un) then x 62 Dom(�0) and x 62 Dom(�1). So x�r;T =x�0�1�n;T = x�n;T = x��1�n;T � = �r0;T 0 , because � is the identity on vari-ables of un, and � is also the identity on variables of x�n;T since thosevariables are not in vn.3 Since un = um, � is the identity on the variables of un.



Case 2: If x 62 V ars(un) but x 2 V ars(u � v) then s 62 Dom(�1)[Dom(�n;T )[Dom(�) [ Dom(��1). Also x�0 is in none of those domains. So x�r;T =x�0�1�n;T = x�0 = x�0��1�n;T � = x�r0;T 0 .Lemma 8. Let T be a complete derivation tree whose root r is labeled withu � v. Suppose there are non-root nodes m and n in T such that m is labeled byum � vm, and n is labeled with un � vn, such that um and vm are not subtermsof u, � is a renaming with (un � vn)� = (um � vm), and m is an ancestor of n.Then there exists a tree T 0, with root r0 also labeled with u � v, and containingfewer nodes than T , such that �r0;T 0 jV ars(u�v) = �r;T jV ars(u�v).Proof. Let Tm be the subtree rooted at node m in T . Let Tn be the subtreerooted at node n in T . Let T 0 be the tree which is identical to T , except that thesubtree rooted at node m is replaced by Tn�. Then T 0 is a complete derivationtree with node n in the same position that T has node m, and both m in T andn in T 0 are labeled with um � vm.Notice that �r;T = �0�1�n;T , where�1 = �m;T jV ars(um�vm)�V ars(un�vn)�0 = �r;T jV ars(u�v)�V ars(um�vm)We have divided up the substitution given by T into three parts. �n;T representsthe leaves of Tn, �1 represents the leaves of Tm which are not leaves of Tn, and�0 represents the leaves of T which are not leaves of Tm.Similarly, T 0 can be divided up into two parts. Except for below node m,the trees are the same. So �0 is still a part of the substitution �r0;T 0 . But nodem has been replaced by node n and a renaming of Tn in T 0. The leaves of Tn�represent the substitution ��1�n;T �. Therefore �r0;T 0 = �0��1�n;T �.We need to show that �r0;T 0 jV ars(u�v) = �r;T jV ars(u�v). So let x 2 V ars(u �v). We must show that x�r;T = x�r0;T 0 .If x 2 V ars(u � v) then s 62 Dom(�1) [Dom(�n;T ) [Dom(�) [Dom(��1).Also x�0 is in none of those domains. So x�r;T = x�0�1�n;T = x�0 = x�0��1�n;T � =x�r0;T 0 .De�nition 2. Let T be a derivation tree. We say that T is cyclic if T containsnon-root nodes m and n such that m is an ancestore of n, m is labeled withum � vm, n is labeled with un � vn, and there is a renaming � such that(un � vn)� = um � vm.Lemma 9. Let T be a complete derivation tree with root r labeled by u � v.Then there is a tree T 0 with root r0 also labeled by u � v, such that �r0;T 0 = �r;Tand, furthermore, T 0 is not cyclic.Proof. The proof is by induction on the number of nodes in T . If T contains acycle, then we will show that there is a smaller tree which generates the samesubstitution. So suppose T contains non-root nodes m and n such that m is anancestore of n, m is labeled with um � vm, n is labeled with un � vn, and thereis a renaming � such that (un � vn)� = um � vm...



Whoops, I still have to deal with the case where we the �rst node is labeledby an equation with one side form G and the other from E but the second nodeis labeled with an equation where both sides come from E. This kind of cyclecannot be removed.8.2 Back to Old Stu�Lemma 10. If E j= e, then there is a top-down proof that e is E-uni�able, suchthat no equation is a descendant of a renaming of itself.Proof. By the completeness result, we know that there is a G such that e ��! Gand G is in normal form, i.e. �G is a uni�er of e. Our proof is by induction on thesize of the top-down proof. We will assume that if an equation e0 has a smallertop-down proof, then there is another proof with no equation a descendant ofa renaming of itself. Suppose that the proof of e has equations e1 and e2 suchthat e2 is a descendant of e1, and e2 is a renaming of e1. Let � be the renamingsuch that e1� = e2. Then in our top-down proof, we replace the tree with e1 atthe root by the tree with e2 at the root, except that the renaming � is appliedto every equation in the tree rooted with e2. This gives us a shorter proof that eis E-uni�able, with a possibly di�erent E-uni�er. By the induction assumption,e has a proof with the required property.Theorem 4. (Soundness/Completeness) Let E be a set of equations and e bean equation, both of varity 1. Then there exists an E-uni�er of e if and only ifvisit(e) = T .Proof. If visit(e) = T , then that gives a top-down proof that e is E-uni�able.We need to prove the other direction. So assume that e is E-uni�able. We needto prove that visit(e) = T . The proof is by induction on the size of the top-downproof that e is E-uni�able.Case 1 Assume that in the top-down proof, the Mutate rule was applied to anequation e, i.e. e is u � v, and the proof is of the following form:...u � vu � s... t � v...where s � t 2 E.visit(u � v) will initialize a list of consequences for u � v, and L = (u �s; t � v) will be one of its elements, as a consequence of the Mutate rule. Thealgorithm will proceed with checking each list in the list of consequences andeither it �nds the proof earlier (we are done) or it will eventually check thelist L. By the induction hypothesis, visit(u � s) = T and visit(t � v) = T ,because both equations have shorter proofs. But there are 2 cases here (wewill consider them for u � s only, for t � v the cases are the same):



1. u � s has already been visited and the list for it was initiated. Then thelist can be equal to T or not yet.2. u � s has not yet been visited.In the �rst case, visit(u � v) will not call visit(u � s). If the list for u � sis equal to T, the equation is erased from the list L, and we are done. If thelist is not equal to T, it means that visit(u � s) was already called in therun of the algorithm, but didn't �nish. Then a back-edge is created fromu � s to the list L. We know by the inductive assumption that eventuallyvisit(u � s) will return T, and the equation will be removed from L by theupdate function.The second case is similar to the �rst. By the induction argument we know,that visit(u � s) will return T.The same applies for t � v.When the second equation becomes T, the list L will be empty, and thefunction visit will then return T.Case 2 Assume that in the top-down proof the Decomposition rule was appliedto an equation e, i.e. e = f(u1; � � � ; un) � f(v1; � � � ; vn), and the proof is ofthe form: ...f(u1; � � � ; un) � f(v1; � � � ; vn)u1 � v1; � � � ; un � vnvisit(f(u1; � � � ; un) � f(v1; � � � ; vn)) will initialize a list of consequences, andL = (u1 � v1; � � � ; un � vn) will be an element of it. The algorithm willcheck elements of the list and either it will �nd another proof and returnT (and then we are done) or it will come to check L. By the inductionhypothesis, we know that visit(ui � vi) = T for each i 2 f1; � � � ; ng. Foreach of these equations the cases considered above apply. Either ui � vihas already initialized a list, which is equal to T or not, or it was not yetvisited. In the �rst case the equation is removed promptly from the list bythe function update. Otherwise a back-edge is created, but we know thateventually update will remove it from the list. In the case when the equationhas not yet been visited, the function visit is called on it recursively andagain it may return T immediately or later. But it is going to return T, bythe induction hypothesis.Hence the function update called on each of these equations will removethem from L, and �nally L is empty, the variable solved becomes T, and thefunction visit returns T.The complexity argument relies on the fact that only certain equations willbe created by the algorithm.Lemma 11. Assume that e ��! G0. Then for every s � t 2 G0, either1. s � t is obtained by a sequence of Decompositions of e, or



2. s is a renaming of a subterm of a term appearing in E [ feg and t is arenaming of a subterm of a term appearing in E (or vice versa).Proof. The proof is by induction on the length of e ��! G0. Assume that s � t 2Gj . If s � t was already in Gj�1 and did not change, it has the desired propertyby the induction hypothesis. If s � t was obtained by Decomposition from anequation e0 2 Gj�1, then e0 = (f(s1; � � � ; sn) � f(t1; � � � ; tn)) and s � t is oneof the si � ti. If e0 was obtained from a sequence of Decompositions of e, thens � t is also. Otherwise f(s1; � � � ; sn) is a subterm of E [ feg then so is si, andf(t1; � � � ; tn) is a subterm of e then so is ti.If s � t was obtained by the Mutation rule, then either there is an equationt � v 2 E as in the following case:fs � ug [Gfs � t; v � ug [Gor there is an equation v � s 2 E as in the case:fu � tg [Gfu � v; s � tg [GIn the �rst case s belongs to the subterms in Gj�1 and t is a subterm fromE and in the second case s belongs to the subterms from E and t belongs to thesubterms from Gj�1, hence the property is preserved.Theorem 5. visit(e) has complexity O((jej + jEj) � jEj � n), where n is thenumber of equations in E.Proof. First we will prove that there are only O(jej+jEj)�jEj) possible equationsin the proof.It follows from Lemma 11 that we can bound the number of possible equa-tions:1. the equations obtained by the Decomposition of the goal, e, hence jej equa-tions;2. the equations of the form s � t, where s is a subterm of E [ feg and t is asubterm of jEj, hence (jej+ jEj)� jEj equations.For each equation the algorithm initializes a list of equations, that in theworst case, can be length 2n+ 1.Hence, there will be onlyO((jej+jEj)�jEj�n) equations in the lists initializedduring the run of the algorithm in the worst case.Now, when visit is called on the goal, e, it may go on to create all possibleequations in the worst case, i.e. O(jej + jEj) � jEj) equations. (visit is calledonly once on each equation.) For each of them it can go through the list of O(n)equations, hence overall visit can take O((jGj + jEj)� jEj � n) time.We must also consider the time for update. update in the worst case mayremove all the equations from all the lists, i.e. it will take O((jGj+ jEj)�jEj�n)time.



If we want to decide whether a goal G is E-uni�able, and we consider Gto be the input to the algorithm, then we can consider jEj as a constant, andthe running time is linear in the size of the input. However, if the input to thealgorithm is considered to be both the goal G and the set of equations E, thenthe running time for the algorithm is cubic in the size of the input.9 ConclusionWe have given an inference procedure, similar to the inference procedure forSyntactic Theories[4, 6, 7], which gives a complete set of E-uni�ers for a linearequational theory with a goal with no repeated variables. We show it is completeeven with Eager Merging. The problem of Eager Merging is an open problem formany inference systems[2, 3, 5].We also gave an algorithm for deciding E-uni�cation for theories and goalswith no repeated variables. The algorithm is linear if the equational theory isconsidered to be constant, and cubic if it is considered to be part of the input.The algorithm is useful for approximating any E-uni�cation problem. Sup-pose we want to decide if a goal G is E-uni�able. We then rename the variablesin E and G so that there are no repeated variables. Run the algorithm. If theanswer is NO, then the answer to the original problem is NO also. If the answeris YES, we must run an E-uni�cation procedure for the original problem.The same idea can be used to decide whether a goal is uni�able in a HornClause Theory. By the same techniques used in this paper, we can show that ifeach Horn Clause is such that no variable is repeated in the body, no variableis repeated in the head, and when a variable x appears in both the body andthe head, then if x appears in a term t in the body, t also must appear inthe head. If the goal has no repeated variables, then our techniques will showthat this problem is decidable and e�cient. This is similar to what is done inLocal Theories[10], except that we can decide existential problems, while LocalTheories only talk about universal problems.References1. F. Baader and T. Nipkow. Term Rewriting and All That. Cambridge, 1998.2. J. Gallier and W. Snyder. A general complete E-uni�cation procedure. In RTA 2,ed. P. Lescanne, LNCS vol. 256, 216-227, 1987.3. J. Gallier and W. Snyder. Complete sets of transformations for general E-uni�cation.In TCS, vol. 67, 203-260, 1989.4. C. Kirchner. Computing uni�cation algorithms. In Proceedings of the First Sympo-sium on Logic in Computer Science, Boston, 200-216, 1990.5. C. Kirchner and H. Kirchner. Rewriting, Solving, Proving.http://www.loria.fr/~ckirchne/ , 2000.6. C. Kirchner and F. Klay. Syntactic Theories and Uni�cation. In LICS 5, 270-277,1990.7. F. Klay. Undecidable Properties in Syntactic Theories. In RTA 4,ed. R. V. Book,LNCS vol. 488, 136-149, 1991.
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