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Abstract. We give an algorithm for deciding E-unification problems
for linear standard equational theories (linear equations with all shared
variables at a depth less than two) and varity 1 goals (linear equations
with no shared variables). We show that the algorithm halts in quadratic
time for the non-uniform F-unification problem, and linear time if the
equational theory is varity 1. The algorithm is still polynomial for the
uniform problem. The size of the complete set of unifiers is exponential,
but membership in that set can be determined in polynomial time. For
any goal (not just varity 1) we give a NEXPTIME algorithm.

1 Introduction

Automated Deduction problems frequently involve the use of equational logic.
Usually, it is necessary to solve some kind of equational unification problem[I].
These problems can take three forms. The simplest is the word problem, where
one must decide if two given terms are equivalent modulo an equational theory.
A more difficult problem is the problem of deciding E-unification, i.e., deciding if
there is a substitution that will make two terms equivalent modulo an equational
theory. Finally, it is also sometimes necessary to solve an F-unification problem,
which means to find a generating set of all the substitutions which make two
terms equivalent modulo an equational theory.

All of these problems are undecidable in general. However, it is possible that
an F-unification problem might be decidable in the equational theory of interest.
Therefore, an important goal is to classify the equational theories and unification
problems for which these problems can be solved. If a problem is decidable, it is
also desirable to know the complexity of the problem. In particular, it would be
especially useful to classify equational theories in a syntactic way, such that the
decidability and complexity of these problems are easily known just by examining
the equational theory This paper makes progress in that direction.

For a long time, one such syntactic class has been known: the class of ground
equations (no variables). The word problem in this class is decidable in time
O(n-lg(n))[1]. The problem of deciding E-unification is NP complete.[12]. Shal-
low theories are an extension of ground theories, where no variable in an equation
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occurs at a depth greater than one. This class was identified and shown decid-
able in [4], and also studied in [3[18]. For shallow theories, the word problem
is decidable in polynomial time, deciding F-unification is NP-complete, and the
number of F-unifiers in a minimal complete set of unifiers is simply exponential.
See [1§] for a simple proof.

In linear standard theories[8l[18], both sides of each equation are linear, which
means that no variable occurs twice on a side, and variables that are shared by
both sides of the equation appear at depth 1 or 0 on both sides. Notice that
non-shared variables may appear at any depth. The E-unification problem for
this class has been shown to be decidable, but no complexity results are known,
even for the word problem. The minimal complete set of E-unifiers has been
shown to be finite, but a bound is not known. Similar results exist for standard
theories[I8] and semilinear theories[d].

In this paper we give a new technique for finding decidability and complexity
results for E-unification problems. The technique is based on a simple algorithm,
given by goal-directed inference rules. We consider linear standard theories. In
particular, we examine the FE-unification problem for goals of varity 1, which
means that no variable occurs more than once in the goal. This problem is
simpler than the general E-unification problem, but more difficult than the word
problem, so all the complexity results we obtain apply directly to the word
problem. We make a distinction between uniform and non-uniform F-unification
problems. In the uniform problem, the input contains the goal and the equational
theory, while the non-uniform problem is parameterized by the equational theory,
and the input just contains the goal. We show that the complexity of the non-
uniform F-unification problem is quadratic. Furthermore, if no variable occurs
more than once in any equation of the equational theory, then the complexity is
linear. Even in the uniform problem the complexity is still polynomial.

We show several other results. We define a set of terms, polynomial in size
such that every term in the range of a substitution in the complete set of E-
unifiers belongs to that set of terms. Using that and the polynomial complexity
result, we get some other results that are independent of our algorithm. We
show how to construct a complete set of E-unifiers whose size is at most simply
exponential. We also show that it is not possible to do better, because we show
an example of a ground theory where the varity 1 F-unification problem has a
simply exponential minimal complete set of E-unifiers. Even though the complete
set of E-unifiers we construct is exponential, we show that membership in that
set can be decided in polynomial time.

Finally, we examine the general E-unification problem for linear standard
theories, i.e., now the goal is unrestricted. In this case, we show that E-unification
is decidable in NEXPTIME. The size of a minimal complete set is at most doubly
exponential, but each term appearing in the range of a substitution in that set
has linear depth. It is known that E-unification is NP hard, because of the NP
completeness result for ground theories. So there is a gap here to be filled.

We would like to give some flavor of our results. The first thing we do in
this paper is to give a goal-directed inference procedure. We prove that the
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procedure is sound and complete for any linear theory and varity 1 goal. This
inference system has interest on its own. It is similar to the inference procedure
for Syntactic Theories[10]. However, our inference procedure does not require the
theory to be syntactic. The problem of Eager Variable Elimination is an open
problem for the inference procedure for Syntactic Theories and other related
inference systems[6IT0JI5]. We solve it in our context, given the restriction on
theories and goals. The only other procedure known to us where Eager Variable
Elimination has been shown to preserve completeness is in [17]. It is an important
problem to solve because it adds determinism to the procedure.

After proving the completeness of the inference rules for linear theories, we
tailor them for linear standard theories. First we show that when an inference
rules is applied to a varity 1 goal, it remains varity 1. In other words, no variables
are shared among goal equations, and they can each be considered separately. We
also give a polynomial size set of terms and show that every equation generated
is made up of these terms. The inference rules may seem arbitrary, but they were
designed to allow these two results, which were difficult to obtain for theories
containing collapse axioms (see Section 3). Since no variable occurs more than
once in a subgoal, Variable Elimination does not applies. Therefore, there are
no inference rules that combine goal equations. This means that each inference
rule can be written as a Horn Clause, with the premise of the inference rule at
the head and its conclusion as the body. Since we know that only polynomially
many terms can appear in the inference, we know we only need polynomially
many instances of the Horn clause, and our complexity results follow from the
fact that Horn Clause implication is decidable in linear time[5]. This process
is similar to what is done in stably local theories[I62l[7]. Results about the
size of the complete set of F-unifiers and the general E-unification problem for
linear standard theories follow from these results. All missing proofs, lemmas
and definitions can be found in [13].

2 Preliminaries

We use standard definitions as in [1].

Given a unification problem we can either solve the unification problem or
decide the unification problem. Given a goal G and a set of equations E, to
solve the unification problem means to find a complete set of F-unifiers of G.
To decide the unification problem simply means to answer true or false as to
whether G has an F-unifier. In this paper, we consider both of these problems.

We say that a term ¢ (or an equation or a set of equations) has wvarity n
if each variable in ¢ appears at most n times. An equation s ~ ¢ is linear if s
and t are both of varity 1. Note that the equation s ~ t is then of varity 2,
but it might not be of varity 1. A set of equations is linear if each equation
in the set is linear. For example, the axioms of group theory ({f(z, f(y,2)) =~
F(F(2,), 2), Flw,€) ~ w, (u,i(u)) ~ e. are of varity 2.

If G is a set of equations then we define a path in G to be a sequence of
equations u; ~ vi,- - U, = v, from G, such that forall j,1 < j<n,u; =v; € G
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orv; & uj € G, and for all 4, 1 <i < n, Vars(v;) NVars(u;+1) # 0. In addition,
we require that if u ~ v is in G but v = u is not, then they cannot both appear
in the path. We call the path a cycle if Vars(ui) N Vars(v,) # 0. For example,
the sequence f(z1,72) ~ g(rs), f (x5, 73) ~ g(s), f(z6, 25) ~ glz2) is a cycle.
Note that a single equation u ~ v forms a cycle if v and v have any variables in
common. If G has a cycle, we say that G is cyclic.

3 Inference Rules

We give a set of inference rules for finding a complete set of E-unifiers of a goal
G, and later we prove that for a linear equational theory E, every goal G of
varity 1 and substitution 6 such that E = G6 can be converted into a normal
form which determines a substitution more general than 6. The inference rules
decompose an equational proof by choosing a potential step in the proof and
leaving what is remaining when that step is removed.

We define solved equations recursively. An equation z ~ ¢ in a goal z = tUG
is solved if x does not appear in an unsolved equation in G — {« = t}. Then x
is called a solved variable. We define the unsolved part of G to be the set of all
equations in G that are not solved.

As in Logic Programming, we have a selection rule. For each goal G, we don’t-
care nondeterministically select a unsolved equation u ~ v from G. We say that
u = v is selected in G. If all equations in G are solved, then nothing is selected,
G is in normal form and a most general E-unifier can be easily determined.

The inference rules are given in Figure[ll. Except for Mutate, these are the
usual inference rules for syntactic unification. We assume that the equational
theory is consistent, i.e., that it has no equations of the form ¢ ~ z with = & t.
Therefore, in the Mutate-2 rule, f(s1,---,sp) must contain x. In that case, we
call f(s1,---,8p) = x a collapse aziom. So, Mutate-2 and Mutate-3 are only
applicable in theories containing collapse axioms.

The Mutate-1 rule is so-called because it is similar to the inference rule
Mutate that is used in the inference procedure for Syntactic Theories[10]. The
rule assumes that there is an equational proof of the goal equation with at least
one step at the root. If one of the equations in this proof is s ~ t then that breaks
up the proof at the root into two separate parts. We see from the inference rules
that this rule is applicable if the last step at the root is not a collapse axiom
with a variable on the right hand side. Otherwise, Mutate-2 or Mutate-3 will
apply. Mutate-2 is applicable if there is a step at the root that is not a collapse
axiom with a variable on the right hand side. Otherwise, Mutate-3 is applicable.

Notice that the Mutate-1 rule decomposes f(t1, -, t,) = f(v1, -+, v,). The
Mutate Rule for Syntactic Theories also decomposes u ~ s. However, that is
only complete for Syntactic Theories. Our inference procedure is not just for
Syntactic theories, and decomposing u = s is not complete in our case.

We will write G — G’ to indicate that G goes to G’ by one application of
an inference rule. Then — is the reflexive, transitive closure of —.
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Decomposition:

{f(sl,"'75n)zf(tlv"th)}UG
{81%t1,'~~,8n%tn}UG

Mutate 1:
{uﬂ'\\’lf(vh'“avn)}UG

{um s, t1 v, tn R} UG

where s & f(t1,--,tn) € EBB

Mutate 2:

{u=v}UG
UR St RS, Lty RSy, VUG
P P

WhereSz.f(t17"'7tp)7f(517"'75p)%:L‘GE'

Mutate 3:

{flur, - um) ® v} UG
{ur = s1, +,um = $Sm,z RV} UG

where f(s1, - ,sm) =z € E.

Variable Elimination:

{r~t}UGUH
{r=t}UGz—t|UH

where x € G, G is unsolved, and H is solved.

Orient:
t =~
% where t is not a variable.
Trivial:
ft=1pue
G

% To be exact, s =~ t is renamed to have no variables in common with
the goal.
b For simplicity, we assume that F is closed under symmetry.

Fig. 1. The inference rules
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We want our inference rules to be applied deterministically or don’t-care
nondeterministically whenever possible. Therefore, we allow the Trivial, Orient
and Variable Elimination rules to be performed eagerly. It is usual in inference
systems for the Trivial and Orient rules to be performed eagerly. However, it is
an open question in many inference systems whether the Variable Elimination
rule can be applied eagerly. Since we restrict our inference rules to the case where
FE is linear and G is of varity 1, we can prove the completeness when Variable
Elimination is performed eagerly. Eager inferences are a form of determinism,
because when inferences are performed eagerly, that means that there is no need
to backtrack and try other rules.

Inferences must be performed on a selected equation. This selection is a
source of don’t-care non-determinism in our procedure. However, there are still
some sources of don’t-know nondeterminism. If Decomposition and a Mutate
rule (or two different Mutate rules) are both applicable to the selected equation,
we don’t know which one to do, and therefore have to try them both. Similarly,
there may be more than one equation we can use in order to perform a Mutate
rule on the selected equation. In that case, we must also try all the possibilities.

We will prove that the above inference rules solve a goal G by transforming
it into normal forms representing a complete set of E-unifiers of G.

In order for the final result of the procedure to determine a unifier, it must
not be cyclic. We will consider a goal G of varity 1 and a set of linear equations.
Since G is of varity 1, it is not cyclic. We show that property is preserved.

Lemma 1. Suppose that E is linear and G — H. If G is of varity 2, each
term in G is of varity 1 and G is not cyclic, then H is of varity 2, each term in
H is of varity 1 and H is not cyclic.

A goal G is in normal form if the equations of G are all of the form x ~ t,
where x is a variable, and the equations of G can be arranged in the form
{x1 = t1, -,z = t,} such that for all i < j, z; is not in ¢;. Then define ¢
to be the substitution [x1 — 1][ze — to] -+ [z, — t,]. Og is a most general
E-unifier of G. Notice that if a noncyclic goal has no selected equation, then the
goal is in normal form, since Variable Elimination is applied eagerly.

4 A Bottom Up Inference System

In order to prove the completeness of this procedure, we first define an equational
proof using Congruence and Equation Application rules. We prove that this
equational proof is equivalent to the usual definition of equational proof, which
involves Reflexivity, Symmetry, Transitivity and Congruence.

We will define a bottom-up inference system for ground terms, using the
following rules of inference from a set of equations closed under symmetry:

81%t1~'~3n’r¢5tn

f(slv"'vsn)%f(tlv"'vtn)

Congruence:
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uRSs tRv
Equation Application: ——,
u~v

if sat isa ground instance of an equation in FE.

For Congruence n > 0. In the special case where n = 0, f is a constant.

We define E' + u =~ v if there is a proof of u = v using the Congruence and
Equation Application rules. If 7 is a proof, then |r|g is the ordered pair (m,n),
where m is the number of Equation Application steps in 7 and n is the number
of Congruence steps. These ordered pairs are compared lexicographically, and
addition is defined by components, i.e., (m,n)+ (p,q) = (m+n,p+4q). lu = v|g
is the pair (m,n), which is the minimum |7|g such that 7 is a proof of u & v.

We need to prove that {u = v|E F u = v} is closed under Reflexivity,
Symmetry and Transitivity Also, we need to prove that certain rotations of a
proof can be done without making the proof any larger (see [13]).

Theorem 1. If u and v are ground and E | u = v, then E - u = v.

5 Completeness

In this section, we will state the completeness of the inference rules given in
Figure [[I where E is linear, and G is of varity 1. See [13] for the proof. First
we define a measure on the equations in the goal, which will be used in the
completeness proof.

Definition 1. Let E be an equational theory and G be a goal. Let 0 be a sub-
stitution such that E = GO. We will define a measure u, parameterized by 6
and G. Let m (resp. q) be the sum of all the first (resp. second) components of
|ub =~ vl| g, where u = v is an unsolved equation of G. Let n be the number of un-
solved variables in G. Let p be the number of equations of the form t ~ x, where
x s a variable and t is not. Then Define u(G,0) to be the quadruple (m,n,q,p).
We will compare these quadruples lexicographically.

Now we come to the completeness theorem, which says that every E-unifier
can be gotten from our algorithm. The proof of the theorem shows that if there
is a goal which is not in normal form, then an inference can be performed to
reduce the measure of the goal. Variable Elimination, Orient and Trivial always
reduce the measure of the goal.

Theorem 2. Suppose that E is an equational theory, G is a set of goal equa-
tions, E is linear, G is of varity 2, every term in G is varity 1, G is not cyclic,
and 0 is a ground substitution. If E |= GO then there exists a goal H in normal
form such that G == H and 0y <p 0[Var(G)].

Corollary 1. Suppose that E is an equational theory, G is a set of goal equa-
tions, E is linear, G is of varity 1, and 0 is a ground substitution. If E = G0

then there exists a goal H such that G — H and 0y <g 0[Var(G)].
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6 Linear Standard Theories

In this section we consider Linear Standard (LS) theories.

Definition 2. An equation u =~ v is LS if u and v are linear, and every variable
that is shared by u and v is at depth 1 or 0 in u and also at depth 1 or 0 in v.
A set of equations E is LS if every equation in E is LS.

For example, f(g(h(x1)),z2,h(g(x3)),x4) = k(x2, 24, k(z5,a,x6)) is LS. So
is the the collapsing equation f(x) ~ x. Some examples that are not LS are
f(z,z) = g(a) and f(z, f(y)) = g(y). The first one is not LS because f(z,z) is
not linear. The second one is not LS, because y appears on both sides, but is at
depth 2 on the right side.

Throughout this section, we will refer to equational theories FE that are LS
and goals G that are varity 1. We consider the F-unification problem for such
theories and goals. For simplicity, since no variable is repeated in a goal, we
will consider goals consisting of a single equation, because each equation can be
F-unified separately, and the results can be combined.

We have defined inference rules for linear theories, and shown their com-
pleteness and soundness. For LS theories and varity 1 goals, we will derive an
algorithm that always halts, and show therefore that this kind of E-unification
is decidable, and then analyze its complexity.

In our completeness result, we proved that Variable Elimination and Orient
and Trivial can be performed eagerly. Therefore, we will refer to Mutate+ infer-
ence rules (Mutate 1+, Mutate 24+ and Mutate 3+). These inference rule will
consist of Mutate, plus some eager Variable Eliminations.

Mutate 14:

{u%f(vl,-n,vn)}UG

{umso,t; =vy, -, tp 2o, UG

where s = f(t1,---,t,) € Eand o = {t; = v; | t; € Vars,1 < j <n}.

Mutate 2+:
{u=v} UG
{urso,ty = s, -, timv,--,tp ~sp,r ~v}UG
where s = f(t1,---,tp), f(s1,--+,sp) max € E, s; =x,and 0 = {t; — s, | t; €

Vars,1 <j <n}.

Mutate 34:
{f(ulv"'vum)%U}UG
{u1%81,~-~,ui%U,---,um%sm,x%v}UG
where f(s1,-+,8m) =z € E and s; = x.

Next we prove that the property that the unsolved part of a goal is varity
1 is preserved by the inference rules. Recall that this means that no variable is
repeated anywhere else in the entire goal.
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Lemma 2. Let G be a goal such that the unsolved part of G is of varity 1, and
E is LS. Suppose G — G’. Then the unsolved part of G' is of varity 1.
Furthermore, suppose that no variable appears more than twice in G, and any
variable y that does appear twice in G appears in a term t in a solved equation
of the form x =t with x a variable from E. Then the same thing is true in G’

Corollary 2. Suppose E is LS. If G is of varity 1, and G — G, then the
unsolved part of G’ is of varity 1. Furthermore, the Variable Elimination rule is
not used in the derivation of G', except as part of a Mutate+ inference rule.

Next, we give a description of what terms can appear in a derivation. First
we give a recursive definition of a decomposition of an equation u ~ v

Definition 3. Decomposition of an equation u ~ v is defined recursively as

1. u ~ v is a decomposition of u ~ v.

2. If s =t is a decomposition of u ~ v then t ~ s is a decomposition of u ~ v.

3. If fur, -, un) = f(uy, -+, vp) is a decomposition of u = v then u; = v; is
a decomposition of u ~ v for all i, 1 <i < n.

For example, the equation f(g(x),h(y)) ~ f(g(h(a)), f(z)) has four decompo-
sitions. They are f(g(z),h(y)) = f(g(h(a)), f(2)), g(z) = g(h(a)), h(y) = f(2)
and x ~ h(a). Notice that if s ~ ¢ is a decomposition of u ~ v then there exists
a position ¢ such that u|; = s and v|; =t, or v| = s and u|; = t.

Decompositions of the goal can appear in a derivation. We need some more
definitions before we can say what else can appear in a derivation.

Definition 4. — St(t) is the set of all subterms of t. St(s ~ t) = St(s)USt(t).
St(E) =J{St(e) | e € E}.
— Pr(t) is the set of all proper subterms of t. Pr(s =~ t) = Pr(s) U Pr(t).
Pr(E)=J{Pr(e) | e € E}.
— Im(t) is the set of all immediate subterms of t, i.e., t; € Im(f(ty, -+ ,t,))
foralli, 1 <i<mn.
— Ren(t) is the set of all renamings(variants) of t

Some instances of terms can appear in the derivation, called shallow instances,
because only the shared shallow variables are instantiated.

Definition 5. s € Sh(t, E,u) (s is a shallow (t, FE) instance of u) if there is a
variant v’ = v’ of an equation u =~ v € E and a substitution o such that

1. The domain of o is the set of all shared variables in u' ~v'.
2. Ran(o) C Im(t) U Ren(Pr(E)).

3. s=4uo.
s € Sh(t, E) if there is a u such that s € Sh(t, E,u).

For example, suppose that t is f(h(z,y), f(c,d)), and E is {g(h(z,y), z, w) =~
f(z,w0), h(f(a,z),y) = f(y,9(a,a,b))}. Then g(h(2',y'),2",w") and
g(h(2',y"), h(z,y), f(a,2")) are both shallow (¢, E) instances of g(h(x,y), z,w).
The next definition shows what can appear in a derivation.
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Definition 6. — s € Der(E,e) if there is a t in St(e) with a symbol from E
as its top symbol, such that s € Im(t) U Ren(St(E)) U Sh(t, E).
— s~ s € Der(E,e) if s and s’ are in Der(E, e).
— G € Der(E,e) if every s = s € G is in Der(E,e).

We need a small proposition about this definition.

Proposition 1. Lets € Der(E,e). There there is at € St(e) such that Im(s) C
Im(t) U Ren(Pr(E)).

From Proposition [[] we see that all immediate subterms (and therefore all
subterms) of a term in Der(E, e) are also in Der(E,e).
We prove that only those kinds of equations can appear in a derivation.

Lemma 3. Let E be LS. Let G be varity 1 and G € Der(FE,e). Suppose G —
G'. Then G’ € Der(E,e).

Corollary 3. Suppose E is LS. If e is of varity 1, and e — G', then G' €
Der(E,e).

We get a better complexity result when the equations of F are varity 1.

Lemma 4. Let E be varity 1. Let G be varity 1. Suppose G — G'. Suppose
that every side of an equation in G is in Ren(St(E))UIm(t) for somet € St(e).
Furthermore, suppose that each equation in G is a Decomposition or one side is
in Ren(St(E)). Then G’ has those same properties.

Corollary 4. Suppose E and G are varity 1. If e — G', Then every side of an
equation in G is in Ren(St(E))UIm(t) for some t € St(e). Also, each equation
in G is a Decomposition or one side is in Ren(St(E)).

Since we have shown that Variable Elimination is not applicable, all of our
inference rules can be expressed as Horn clauses, where the head of the clause
is the selected literal, and the body is the result of the inference on the selected
literal. In fact the variables which are introduced in the body of the Horn clause
can be skolemized, again because of the fact that the Variable Elimination rule
is not applicable. We define a Skolem function Sk which turns a variable into
a constant, i.e., Sk(t) = t6, where § = {x — c | x € Vars(t)}. Note that every
variable maps to the same constant, since the constant is not important. We also
add Horn clauses to eliminate solved variables. Therefore, the inference rules are
expressed by the following Horn clauses.

Decomposition, Orient and Trivial are expressed as:

f@y, - xn) = f(y1, - yn) & XL R YL, T R Yn
cRY—YRC

TR T <
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The Mutate 1+ rule is:
y%f<xl7"'7xn)<_(y%50-atl%xla"'atn%xn)e
where s = f(t1,---,ty) € E, 0 = {t; = z;|s; € Vars,1 < j < n}, and

0={a' —c|2 €eVars(s= f(t1, -, tn).

The Mutate 2+ rule is:

YRz (YR so ity RS, -t Rz, Lty RSy, xR 2)0

where s = f(t1,---,tp), f(s1,---,8p) max € E, s; =x,0 ={t; = s;|s; €
Vars,1<j<n},and 0 = {2’ —c |2’ € Vars(s = f(t1, -+, tp)) U
Vars(f(s1, -+, sp) = x).

The Mutate 3+ rule is:

f($17"',1‘m)%y<— (371 %817"',J}i%1},"',$m%Sm,x'&a’l})e

where f(s1, - +,8m)~z € E, 51 =z, and
0={a"—c|a €Vars(f(si, -,sm) = x)}.

We also add an inference rule to remove solved variables:

CRY

Therefore, each equational theory E determines a particular set of Horn
clauses. Let us denote this set of Horn clauses as HC(FE). Note that the equality
in these Horn clauses is now interpreted just as a binary predicate symbol with
no special meaning. We have the following result:

Theorem 3. Let e be a goal of varity 1 and E be LS. Then e is E-unifiable if
and only if there is an SLD derivation of Sk(e) in HC(E).

Corollary 5. Let e be a goal of varity 1 and E be LS. Then e is E-unifiable if
and only if HC(E) |= Sk(e)
We notice that only certain ground instances will arise in the SLD refutation.

Let HC(e, E) be the set of all instances of HC(E) such that the head of the
clause is in Sk(Der(E, e)). Then we have the following theorem:

Theorem 4. Let e be a goal of varity 1 and E be LS. Then e is E-unifiable if
and only if there is an SLD derivation of Sk(e) in HC(e, E).

Corollary 6. Let e be a goal of varity 1 and E be LS. Then e is E-unifiable if
and only if HC (e, E) = Sk(e)

Finally we have the decidability and complexity theorem of E-unification for
varity 1 goals in LS theories

Theorem 5. Suppose that E is LS and e is varity 1. Then

1. It is decidable in polynomial time whether e is E-unifiable.

2. If E is considered constant, then it is decidable in O(le|?) whether e is E-
unifiable.

3. If E is considered constant, and all equations in E are varity 1, then it is
decidable in O(le|) whether e is E-unifiable.

2 Note: |e| refers to the size of e (number of symbols).
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7 Most General E-Unifiers

In this section we extend our results on LS theories and varity 1 goals to examine
how efficient it is to compute a complete set of E-unifiers. First, we show that,
there is a complete set of unifiers such that the range of every substitution in the
set only contains terms from Der(E,e). This result, along with the polynomial
time algorithm for deciding E-unifiability leads us to all the rest of the results
of the section, which are independent of the algorithm we have given.

We show that there is a complete set of E-unifiers no bigger than simply
exponential. However, we give an example of a ground theory where the size of
the minimal complete set of E-unifiers is simply exponential. So the bound is
tight. Even though the size can be exponential, it still has some nice properties.
We define a complete set of E-unifiers CSUg(u =~ v), and show that given a
substitution o, it can be decided in polynomial time whether o € CSUg(u = v).

Using those results, we finally move to the general E-unification problem for
LS theories. In other words, we no longer restrict ourselves to varity 1 goals.
We give a NEXPTIME algorithm for deciding unifiability. It is known that F-
unification is NP hard, even for ground theories[18]. This leaves us with a gap
for the actual complexity of the problem. The complete set of E-unifiers that we
construct may be doubly exponential in size. However, all terms appearing in a
substitution in the complete set of F-unifiers have depth linear in the maximum
of the depths of the terms in the goal and the equational theory.

First we show that it is decidable in polynomial time if ¢ is an E-unifier
of u &~ v We will define Gr(u = v) to be an instance of u ~ v such that each
variable in u & v is replaced by a different new constant.

Theorem 6. Let E be LS. Then it is decidable in polynomial time whether o
is an E-unifier of u ~ v.

The next result in this section refers to the earlier completeness results.

Theorem 7. Suppose E is LS and u = v is of varity 1. Then there is a complete
set of E-unifiers © of u ~ v such that if o € © then Ran(o) C Der(E,e).

Using that result, we can show that there is a complete set of E-unifiers with
at most simply exponentially many members.

Theorem 8. If E is LS and u = v is varity 1 then there is a simply exponential
size complete set of E-unifiers of u =~ v.

There are goals which have simply exponential sized minimal complete sets
of E-unifiers, even in ground theories, so this is a tight bound.

Theorem 9. There is a ground theory E and a goal uw =~ v of varity 1, such
that every minimal complete set of E-unifiers of u =~ v has exponentially many
members.

A complete set of E-unifiers of u =~ v can be described as follows: CSUg(u ~
v) = {o | Dom(o) = Vars(u = v), Ran(c) C Der(E,e), and o is an E-unifier
of u ~ v }. We can decide in polynomial time whether a given o is a member of
CSUg(u = v).
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Theorem 10. Let E be LS, and e be varity 1. Let o be a substitution. Then it
is decidable in polynomial time if o € CSUg(e)

Finally, we move to the most general case of E-unification, where E is LS
but the goal e is not necessarily varity 1. It can be in any form.

Theorem 11. Let E by LS and e be a goal. Then

1. E-unification for e is decidable in NEXPTIME.

2. There is a complete set, ©, of E-unifiers of e which is of doubly exponential
size.

3. Fvery term appearing in the range of a substitution of © has depth linear in
the maximum depth of the terms in E and e.

8 Conclusion

This paper presents a new technique for showing decidability and complexity
results for F-unification problems. It makes it easy to analyze what forms of
subgoals will arise from the initial goal equation. That can give useful information
used to make the procedure halt, and then an examination of what kinds of
equations are generated allows us to determine the complexity.

One application of the results of this paper is for approximating E-unification
problems. For any theory and goal, we can rename all the variables in the theory
and goal to new variables until they are varity 18 As we showed, a linear time
algorithm can be run on the new problem, and if the algorithm says “not FE-
unifiable”, then that is also true of the initial E-unification problem. This is
useful in the context of automated deduction problems that require lots of E-
unification, and would allow a quickly discarding many FE-unification problems.

There are some relationships with some of our other papers. In [15], we gave
a goal directed inference system for E-unification in a similar style. The method
of showing soundness and completeness in that paper is similar to the method
in this paper. However, this time the inference system is different, and the Eager
Variable Elimination rules make the proof more difficult. That paper had no
decidability or complexity results.

Another recent work of ours[14] also develops decidability and complexity
results for a class of equational theories and goals of varity 1. However, the class
of problems in that paper is not a syntactic class, and the complexity results are
not as good. We have actually shown in this paper that Linear Standard theories
are in that class, because any F-unification problem whose goal contains only
subterms of E or general terms will have a complete set of F-unifiers, such that
the range of every substitution in the complete set only contains goal terms.

We would also like to compare our work to other recent works, which show FE-
unification decidable for syntactic classes such as linear standard theories.[43/8]
T8I9]. There are three basic approaches to the problem: saturation based theorem

3 This is more renaming than necesary, because it removes all variables shared by both
sides of an equation.
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proving methods like completion[18]9], tree automata techniques[3|8], and goal-
directed inference rule methodsH]. Actually, [9] shows a relationship between
their saturation methods and tree automata techniques. The methods of [4] are
quite different from ours, even though they both use goal directed inference
rule methods. One difference is that [4] saturate E by completion-like inference
rules to make it syntactic. We do not do that, since our inference procedure is
not limited to Syntactic Theories. In fact, all of the methods except ours pre-
process E using something like completion. Therefore our method benefits from
a memoization technique (as opposed to dynamic programming) that the other
methods may not benefit from. On the other hand, there is one thing that all
the methods share in common. They all are based on the fact that only certain
terms will appear during the procedure.

Most of those other techniques have been used to show decidability results.
Complexity results and bounds on the size of the minimal complete set of uni-
fiers are not usually addressed. However, these issues are addressed quite nicely
for shallow theories in [18]. The main benefit of our paper is to focus more on
complexity. Our quadratic bound is interesting, because the results on shallow
theories give a polynomial bound for the word problem, but not the exact poly-
nomial. We suspect that the techniques used in this paper to analyze complexity
could be used in other methods. We also discuss E-unification for varity 1 goals.
There is a mention of E-unification for varity 1 goals in shallow linear theories
in [9], where they give a simple decidability result using tree automata.

Since we reduced our F-unification problem to a Horn clause implication
problem, and then showed only certain instances of the Horn Clauses are neces-
sary for the derivation, it is natural to ask whether these Horn clauses are stably
local[7], i.e. if variables only need to be substituted by terms appearing in the
theory and goal. The presented Horn clause theory is not stably local, but if the
single variables appearing in the horn clause were replaced by all possible terms
of the form f(z1,---,x,), then the theory would be stably local. The initial
equational theory is not stably local, because the shallow instances take us out
of the set of subterms, and also because the shared variables may need to unify
with terms that are not even in Der(E,e).

We plan to extend the algorithm and techniques presented in this paper
to get other decidability and complexity results. We would like to know what
other classes can be shown decidable and efficient using this method. We have
already started analyzing other syntactic forms of linear theories. But we also
will consider non-linear theories. We left a gap in the complexity results for
general F-unification of linear standard theories, which needs to be filled. Also,
we are interested in finding better ways of approximating equational theories.
Finally, there should be a closer examination of the relationship between our
goal-directed method and the saturation-based and tree automata methods. Can
our complexity techniques be used there? Maybe all these methods are encodings
of the same process.
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