Using Automata Theory for Characterizing theSemantics of Terminological CyclesFranz BaaderLehr- und Forschungsgebiet Theoretische InformatikRWTH Aachen, Ahornstra§e 55, 52074 Aachen, GermanyE-mail: baader@informatik.rwth-aachen.deIn most of the implemented terminological knowledge representation systems itis not possible to state recursive concept definitions, so-called terminologicalcycles. One reason is that it is not clear what kind of semantics to use for suchcyles. In addition, the inference algorithms used in such systems may go astrayin the presence of terminological cycles. In this paper we consider terminologicalcycles in a very small terminological representation language. For this language,the effect of the three types of semantics introduced by B.˚Nebel can completelybe described with the help of finite automata. These descriptions provide for arather intuitive understanding of terminologies with recursive definitions, andthey give an insight into the essential features of the respective semantics. Inaddition, one obtains algorithms and complexity results for the subsumptionproblem and for related inference tasks. The results of this paper may help todecide what kind of semantics is most appropriate for cyclic definitions,depending on the representation taskSubject classification: AMS(MOS) 68T30Keywords:terminological knowledge representation, cyclic definitions, automata theory1 — IntroductionTerminological representation systems can be used to represent the taxonomicand conceptual knowledge of a problem domain in a structured way. To describe

F. Baader / Semantics of Terminological Cycles2this kind of knowledge, one starts with atomic concepts (unary predicates) androles (binary predicates), and constructs more complex concept descriptions(called concept terms in the following) using the operations provided by theconcept language of the particular formalism. For example, if Human and Male areatomic concepts and child is a role, then the concept terms Human ¤ Male and"child: Male describe, respectively, the set of all individuals that are both humanand male, and the set of all individuals that have male children only. The conceptforming construct used in the first term is called concept conjunction and the onein the second term is called value restriction. The semantics of such expressionscan be described in a model-theoretic way (see Section˚3 below), or by atranslation into first-order predicate logic. The concept terms of our examplecorrespond to formulas with one free variable: Human(x) � Male(x) and "y:(child(x,y) fi Male(y)). For a given interpretation, the concept represented by aconcept term consists of the individuals (elements of the domain of theinterpretation) that satisfy the corresponding formula when substituted for itsfree variable.The terminology (T-box) of a terminological representation system consistsof concept definitions that assign names to complex terms. For example, one canintroduce the name �man� for the concept of all male humans via the definitionMan = Human ¤ Male, which has the obvious semantics "x: (Man(x) ” Human(x)� Male(x)). This semantics will be called descriptive semantics in the following.As long as there are no cyclic dependencies in the concept definitions of aterminology, descriptive semantics is clearly appropriate. In this case, definitionsmerely introduce abbreviations (macros) for complex terms, and the definednames occurring in a concept term can simply be replaced via successive macro-expansions (see, e.g., [30], Section˚3.2.5). If there are cyclic dependencies inthe definitions of a T-box then such an expansion process need not terminate,which is the reason why the inference methods of most of the existingterminological systems (e.g., KRYPTON [7], NIKL [21], LOOM [26],CLASSIC [33], or KRIS [5]) cannot handle terminological cycles. Anotherproblem with terminological cycles is that descriptive semantics, as introducedabove, need no longer be appropriate, and it is not obvious what type ofsemantics should be employed instead.Cyclic concept definitions may be very useful and intuitive, though. Forexample, they can be used to express value restrictions with respect to thetransitive closure of roles. Assume that we have the role child, and that we wantto describe the concept of all men having only male offspring, for short Momo.Obviously, we cannot just introduce a new atomic role offspring because thenthere would be no connection between the two roles child and offspring. But theintended meaning of offspring is that it is the transitive closure of the role child.

F. Baader / Semantics of Terminological Cycles3Here a cyclic definition of Momo seems to be quite natural: a man having onlymale offspring is himself a man, and all his children are men having only maleoffspring. This can be expressed by the concept definitionMomo=Man ¤ "child: Momo,provided that an appropriate fixed-point semantics is used. The results of thispaper will show that greatest fixed-point semantics is the semantics that capturesour intuition here. For similar reasons, recursive axioms with fixed-pointsemantics are considered in data base research (see e.g., [1,20,41,28,43,42]).In [1], Aho and Ullman have shown that the transitive closure of relations cannotbe expressed in the relational calculus, which is a standard relational querylanguage. They propose to add cyclic definitions that are interpreted by leastfixed-point semantics. This was also the starting point for an extensive study offixed-point extensions of first-order logic (see e.g., [16,17]).As another example that illustrates the possible use of cyclic definitions interminologies, assume that we want to define the concept Dag,1 which shouldconsist of all nodes belonging to a finite directed acyclic graph whoseconnections are given by a relation �arc.� This concept can be described usingthe following cyclic definition:Dag=Node ¤ "arc: Dag.As for the definition of Momo, a fixed-point semantics is more appropriate thandescriptive semantics here. The results presented in this paper will show that,unlike the definition of Momo, which should be interpreted with greatest fixed-point semantics, the definition of Dag requires least fixed-point semantics.It is, of course, not enough to have a system that just stores conceptdefinitions. The system must also be able to reason about this knowledge. Animportant inference service of a terminological system is �classification.� Theclassifier computes all subsumption relationships between concepts, i.e., allsubconcept-superconcept relationships induced by the concept definitions. Thechoice of the semantics strongly influences which subsumption relationshipshold in a terminology. In addition, different semantics may require differentalgorithmic method for determining subsumption relationships, and they mightbe responsible for different behaviour with respect to decidability and complexityof the subsumption problem. As mentioned above, the subsumption algorithmsimplemented in most of the existing terminological systems cannot handle cyclicdefinitions.The first thorough investigation of cycles in terminological knowledge1This example is taken from [15].

F. Baader / Semantics of Terminological Cycles4representation languages can be found in [29,30,32], where B.˚Nebel considersthree different types of semantics for cyclic definitions in his language NTF,namely, least fixed-point semantics, greatest fixed-point semantics, anddescriptive semantics. Due to the fact that this language is relatively expressivethis investigation does not provide us with a deep insight into the meaning ofcycles with respect to these three types of semantics. For the two fixed-pointsemantics, Nebel explains his point just with a few examples. The meaning ofdescriptive semantics�which, in Nebel�s opinion, comes �closest to theintuitive understanding of terminological cycles� ([30], p. 120)�is treated morethoroughly. But even in this case the results are not quite satisfactory. Forexample, decidability of the subsumption problem is proved by an argument thatcannot be used to derive a practical algorithm, and which does not give insightinto the reason why one concept defined by some cyclic definition subsumesanother one. Roughly speaking, the argument says that it is sufficient to consideronly finite interpretations to determine subsumption relationships. An interestingobservation concerning descriptive semantics in Nebel�s paper is that structurallyidentical definitions need not lead to semantically equivalent concepts (i.e.,concepts that mutually subsume each other). For example, assume that inaddition to the definition of Momo from above, we also define a concept Mnfo (forman without female offspring):Mnfo=Man ¤ "child: Mnfo.Beside the acronym chosen for the concept to be defined, the definitions of Momoand Mnfo are identical. For (greatest or least) fixed-point semantics, this isreflected by the fact that the two concepts are equivalent. For descriptivesemantics, no such equivalence holds since names of defined concepts areimportant as well. The characterization of subsumption with respect todescriptive semantics given in the present paper will clarify this dependency onnames.Before we can determine what kind of semantics is most appropriate forterminological cycles, we need a better understanding of their intended meaning.The same argument applies to the decision whether to allow or disallow cycles.Even if cycles are prohibited, this should not be done just because one does notknow what they mean and how they can be handled.In this paper, we shall consider terminological cycles in a very smallterminological representation language. It provides only concept conjunction andvalue-restrictions as constructs for building concept terms. For this language, theeffect of the three types of semantics mentioned above can completely bedescribed with the help of finite automata. These descriptions provide a ratherintuitive understanding of terminologies with cyclic definitions, and they give

F. Baader / Semantics of Terminological Cycles5insight into the essential features of the respective semantics. In addition, thesubsumption problem for each type of semantics can be reduced to a (more orless) well-known decision problem for finite automata. Hence, existingalgorithms can be used to decide subsumption, and known complexity resultsyield the complexity of the subsumption problem.In the next section we shall recall some definitions and results concerningordinals, fixed-points and finite automata that will be used in subsequentsections. Syntax and (descriptive) semantics of our small terminologicallanguage FL0 is introduced in Section 3. In Section 4, alternative types ofsemantics�namely least and greatest fixed-point semantics�are considered,which may be more appropriate in the presence of terminological cycles. Weshall see that, from a constructive point of view, greatest fixed-point semanticsshows a better behaviour than least fixed-point semantics since greatest fixed-point models can be obtained by a single limit process. In Section 5, the threetypes of semantics are characterized with the help of finite automata. Thecharacterization of the greatest fixed-point semantics is easy and intuitively clear.Subsumption with respect to greatest fixed-point semantics, and�after somemodifications of the automaton�also with respect to least fixed-point semanticscan be reduced to inclusion of regular languages. For descriptive semantics, wehave to consider inclusion of certain languages of infinite words that are definedby the automaton. Fortunately, these languages have already been investigated inthe context of monadic second-order logic (see [8]). In Section 6, we shall seehow the inclusion problem for these languages can be solved. This yields asubsumption algorithm for descriptive semantics. Extensions of the results forgfp-semantics are considered in Section 7. In the first subsection we shallconsider cycles in the larger language FLł introduced in [23]. The secondsubsection contains results about hybrid inferences. Finally, we shall point outrelated work on cyclic definitions in terminologies.2 — Formal PreliminariesFor the readers convenience, we shall recall some definitions and resultsconcerning ordinals, fixed-points and finite automata. Those familiar with thesetopics may skip this section and come back to it if necessary.In the introduction we have mentioned the �transitive closure� of a binaryrelation as a motivation for cyclic definitions. This notion can be formallydefined as follows: Let R be a binary relation on a set D, i.e., R ˝ D ¯ D. Wedefine R0 := {(d,d); d ˛ D} and, for n ‡ 0, Rn+1 := R�Rn where � denotescomposition of binary relations. The transitive closure of R is the relation

F. Baader / Semantics of Terminological Cycles6¨n‡1Rn and the reflexive-transitive closure is ¨n‡0Rn.2.1 — OrdinalsA more detailed account of the order-theoretic approach to ordinals used belowcan be found in [35]. A set-theoretic definition of ordinals is, for example, givenin [18]. Some elementary properties of ordinals are also stated in [24], p.28—29.A partial ordering £ on a set D is a well-ordering iff it is linear (i.e., for all a,b in D we have a £ b or b £ a) and well-founded (i.e., there are no infinitestrictly decreasing chains a0 > a1 > a2 > ...). Ordinals can be defined as the ordertypes of well-ordered sets. There are finite ordinals such as 2, 6, 17. Forexample, 6 is the order type of the set {0, 1, 2, 3, 4, 5} with the usual orderingon non-negative integers. The first infinite ordinal is w, which is the order typeof the non-negative integers {0, 1, 2, ...}. Ordinals can be ordered as follows: a£ b iff a is isomorphic to an initial segment of b. For example, 2 < 6 and thefinite ordinals are exactly the ordinals that are smaller than w. This ordering onordinals is well-founded and linear. Hence any set of ordinals has a least elementand a least upper bound.If a is an ordinal then the successor a+1 of a is the least ordinal greater thana. An ordinal that is a successor of another ordinal is called successor ordinal.The other ordinals are called limit ordinals. For example, w is a limit ordinal, and6 is a successor ordinal because 6 = 5+1 is the successor of 5. The successor w+ 1 of w is the order typ of {0, 1, 2, ...} ¨ {¥} where {0, 1, 2, ...} is orderedas usual and all elements of {0, 1, 2, ...} are smaller than ¥. A limit ordinal acan be obtained as the least upper bound of all smaller ordinals, i.e., a = lub({b;b < a}).Properties for ordinals can be proved by transfinite induction. Let P be aproperty of ordinals. Assume that (1) P(0) holds; (2) if P(a) holds then P(a+1)holds; and (3) if l is a limit ordinal and P(a) holds for all a < l then P(l)holds. Then P(b) holds for all ordinals b.2.2 — Fixed-PointsThe definitions and results mentioned in this subsection can be found in [24],Chapter 1, ⁄5 and [38], Chapter 6. An account of the history of various fixed-point theorems is given in [22].Let D be a partially ordered set (poset). The poset D is a complete lattice if allsubsets C of D have a least upper bound lub(C) in D. In this case, any subset Chas also a greatest lower bound glb(C) = lub({d ˛ D; d is a lower bound of C}),and D has a least element bottom = lub(fl) and a greatest element top = lub(D).

F. Baader / Semantics of Terminological Cycles7The following example will be reconsidered in Section˚4.Example 1 Consider the n-fold cartesian product D = 2S · ... · 2S, where 2S denotes theset of all subsets of a set S. The set D is ordered componentwise by inclusion:(A1,�,An) ˝ (B1,�,Bn) iff A1 ˝ B1, �, and An ˝ Bn. Greatest lower boundsand least upper bounds with respect to this ordering are obtained by component-wise set intersection and set union, top = (S,�,S), and bottom = (fl,�,fl).Let D be a poset and let T: D fi D be a mapping. Then T is monotonic iff forall a, b in D, a £ b implies T(a) £ T(b). A fixed-point of T is an element f ˛ Dsuch that T(f) = f holds. If D is a complete lattice, then any monotonic mappingT: D fi D has a fixed-point. More precisely, T has a least fixed-point lfp(T) anda greatest fixed-point gfp(T), and possibly other fixed-points, which lie betweenthe least and the greatest fixed point. The least and the greatest fixed-point can becharacterized in terms of ordinal powers of T. The ordinal powers T›a and Tflaare inductively defined as follows:(1) T›0 := bottom and Tfl0 := top; (2) T›a+1 := T(T›a) and Tfla+1 := T(Tfla); (3) If a is a limit ordinal then T›a := lub({T›b; b < a}) and Tfla := glb({Tflb; b < a}).Theorem 2 (least and greatest fixed-points)Let D be a complete lattice, and let T: D fi D be a monotonic mapping. Then, forany ordinal a, T›a £ lfp(T) and Tfla ‡ gfp(T). Furthermore, there existordinals b, g such that T›b = lfp(T) and Tflg = gfp(T).The ordinals b, g may be greater than w, but there are sufficient conditionsunder which they are less or equal w. Let D be a complete lattice, and let T: D fiD be a mapping. Then T is upward w-continuous (resp. downward w-continuous) iff for any increasing chain d0 £ d1 £ d2 £ � (resp. decreasingchain d0 ‡ d1 ‡ d2 ‡ �) we have T(lub({di; i ‡ 0})) = lub({T(di); i ‡ 0}) (resp.T(glb({di; i ‡ 0})) = glb({T(di); i ‡ 0})). It is easy to see that any upward ordownward w-continuous mapping is also monotonic.Theorem 3 (fixed-points of continuous mappings)Let D be a complete lattice, and let T: D fi D be an upward w-continuous (resp.downward w-continuous) mapping. Then lfp(T) = T›w = lub({Tn(bottom); n ‡0}) (resp. gfp(T) = Tflw = glb({Tn(top); n ‡ 0})).The notation �n ‡ 0� is used as an abbreviation for �0 £ n < w�. Here and inthe following, we use the convention that n, i, k range only over finite ordinals.

F. Baader / Semantics of Terminological Cycles8In Section 5.3 we shall need a slightly generalized version of Theorem 3 fordownward w-continuous mappings.Corollary 4 Let D be a complete lattice, and let T: D fi D be a downward w-continuousmapping. Let d be an element of D such that d ‡ T(d). Then d-gfp(T) :=glb({Tn(d); n ‡ 0}) is a fixed-point of T. More precisely, d-gfp(T) is the greatestfixed-point of T that is less or equal d.Proof Since T is downward w-continuous and thus monotonic, d ‡ T(d) yields d ‡T(d) ‡ T2(d) ‡ T3(d) ‡ � . Hence T(glb({Tn(d); n ‡ 0})) = glb({Tn+1(d); n ‡0})) = glb({Tn(d); n ‡ 0}) since d = T0(d) ‡ T(d) by assumption. This showsthat d-gfp(T) is a fixed-point, and obviously, d ‡ d-gfp(T). If f is a fixed-pointwith d ‡ f then T(d) ‡ T(f) = f, since T is monotonic, and f is a fixed-point.Iterating this argument we obtain Tn(d) ‡ f for all n ‡ 0, and hence glb({Tn(d); n‡ 0}) ‡ f. o2.3 — Automata and WordsThe notions introduced below can, for example, be found in [27,19,12],possibly with a slightly different terminology.Let S be a finite alphabet. The set of all (finite) words over S will be denotedby S* and the empty word by e. A word W = s0�sn-1 over S of length n canbe seen as a mapping W of the finite ordinal n = {0, �, n—1} into S, namely,W(i) := si for i = 0, �, n—1. This motivates the following definition of infinitewords. An infinite word W is a mapping of the ordinal w into S. The set of allinfinite words over S will be denoted by Sw. A given infinite word W: w fi Swill sometimes be written as an infinite sequence W(0)W(1)W(2)... .A semi-automaton with word transitions is a triple A = (S,Q,E), whichconsists of a finite alphabet S, a finite set of states Q, and a finite set oftransitions (or edges) E ˝ Q ¯ S* ¯ Q. Thus, a transition connects two states ofQ, and it is labeled by a finite word over S.If all transitions are labeled by words of length one, then A is called semi-automaton with letter transitions. In situations where the distinction betweenword transitions and letter transitions is irrelevant, we shall simply use the termsemi-automaton. Unlike the usual finite automata, semi-automata have no fixedset of initial and final states. This will be convenient later on since we mustconsider the same semi-automaton with varying initial and terminal states.

F. Baader / Semantics of Terminological Cycles9Example 5 (a semi-automaton with word transitions)

AsBtestCets, t S = { } Q = { A, B, C }E = { (A, ,A), (A, ,B), (A, ,C), (B, ,B), (C, ,C) , (B, ,A)}ettstseLet A be a semi-automaton with word transitions, and let p, q be states of A.A finite path from p to q in A is a sequence p0, U1, p1, U2, p2, �, Un, pn,where p = p0, q = pn, and for each i, 1 £ i £ n, (pi-1,Ui,pi) is a transition of A.This path has the finite word U1U2�Un as label. As a special case, the emptypath p from p to p has the empty word e as label. In the example, A, s, A, e, B,e, A, t, C, st, C is a finite path from A to C with label stst. Obviously, anon-empty path (i.e., a path where n ‡ 1) may also have the empty word aslabel. An infinite path starting with p is an infinite sequence p0, U1, p1, U2, p2,�, where p = p0 and for each i ‡ 1, (pi-1,Ui,pi) is a transition of A. The labelU1U2U3� of this infinite path may be a finite or an infinite word. In theexample, the infinite path A, s, A, e, B, e, A, e, B, e, A, e, B, e, A, � hasthe finite word s as label, and the infinite path A, t, C, st, C, st, C, � hasthe infinite word tstst� as label. We shall sometimes omit some of theinsignificant intermediate states in the description of a path. For example,assume that we are interested in those infinite paths starting with p where thestate q is reached infinitely often. Such a path may be written as p, W0, q, W1,q, W2, � where W0 is the label of a path from p to q and the Wi for i ‡ 1 arelabels of non-empty paths from q to q.For two states p, q of the semi-automaton with word transitions A, letLA(p,q) denote the set of all finite words that are labels of paths fom p to q. If itis clear from the context, we shall omit the index A. In Example˚5, L(A,B) =(s¨t)* = S* and L(A,C) = (s¨t)*t(st)* = {Wt(st)m; W ˛ S*, m ‡ 0}.Obviously, the languages L(p,q) are regular, and on the other hand, any regularlanguage can be obtained this way. If the regular language L = L(A) is acceptedby a finite automaton A with initial state q0 and set of terminal state Qfin, i.e., L= ¨t˛QfinL(q0,t), then we can add a new state qfin to A, and transitions(t,e,qfin) for all t ˛ Qfin. Then L = L(q0,qfin). The case of more than one initialstate can be treated analogously.With respect to the accepted regular languages, semi-automata with wordtransitions are not more expressive than semi-automata with letter transitions. In

F. Baader / Semantics of Terminological Cycles10fact, any semi-automaton with word transitions A can be transformed (inpolynomial time) into a semi-automaton with letter transitions B such that for allstates p1, p2 in A there exist states q1, q2 in B with LA(p1,p2) = LB(q1,q2) (see[27] or [19]). Words of length greater than one can easily be eliminated byintroducing intermediate states. In the example, we could introduce a new stateC� and replace the transition (C,st,C) by the two transitions (C,s,C�) and (C�,t,C). The elimination of e-transitions is more difficult (see [19], p. 26). In theexample, we could simply join the states A and B to a new state AB with thetransitions (AB,s,AB), (AB,t,AB), (AB,t,C).For a state p of the semi-automaton with word transitions A, let UA(p)denote the set of all words that are labels of infinite paths starting with p. As forL, we shall often omit the index A. Note that U(p) may also contain finite wordsthat are labels of infinite paths starting with p. In the example, U(A) = U(B) =S* ¨ Sw and U(C) is the singleton {ststst�}.3 — A Small Terminological Representation LanguageThe language considered in this paper will be called FL0. It has only twoconstructs for building complex concept descriptions: concept conjunction andvalue-restriction.Definition 6 (concept terms and terminologies)Let C be a set of concept names and R be a set of role names. The set of conceptterms of FL0 is inductively defined. As a starting point of the induction,(1) any element of C is a concept term. (atomic terms)Now let C and D be concept terms already defined, and let R be a role name.(2) Then C ¤ D is a concept term.(concept conjunction)(3) Then "R:C is a concept term. (value-restriction)Let A be a concept name and let D be a concept term. Then A = D is aterminological axiom. A terminology (T-box) is a finite set of terminologicalaxioms with the additional restriction that no concept name may appear morethan once as a left hand side of a definition.A T-box contains two different kinds of concept names. Defined conceptsoccur on the left hand side of a terminological axiom. The other concepts arecalled primitive concepts.2 The following is an example of a T-box in thisformalism: Let Man, Human, Male, Mos (for �man that has only sons�), and Momo(for �man that has only male offspring�) be concept names and let child be a rolename. The T-box consists of the following axioms:2For our language, roles are always primitive since we do not have role definitions.

F. Baader / Semantics of Terminological Cycles11Man=Human ¤ MaleMos=Man ¤ "child: ManMomo=Man ¤ "child: Momo.This means that a man is human and male. A man that has only sons is a mansuch that all his children are male humans. Male and Human are primitive conceptswhile Man and Mos are defined concepts. As mentioned in the introduction, onecannot just introduce a new role name offspring to define the concept Momo. Thisis so because there would be no connection between the two primitive roles childand offspring, whereas the intended meaning of offspring is that it is the transitiveclosure of child. Thus we have used a cyclic definition, which intuitively means:A man that has only male offspring is himself a man, and all his children are menhaving only male offspring. This is a very simple cyclic definition. In general,cycles in terminologies are defined as follows.Definition 7 (terminological cycles)Let A, B be concept names and let T be a T-box. We say that A directly uses Bin T iff B appears on the right hand side of the definition of A. Let �uses� denotethe transitive closure of the relation �directly uses.� Then T contains aterminological cycle iff there exists a concept name A in T such that A uses A.The next definition gives a model-theoretic semantics for the languageintroduced in Definition 6.Definition 8 (interpretations and models)An interpretation I consists of a set dom(I), the domain of the interpretation, andan interpretation function, which associates with each concept name A a subsetAI of dom(I) and with each role name R a binary relation RI on dom(I), i.e., asubset of dom(I) ¯ dom(I). The sets AI, RI are called extensions of A, R withrespect to I.The interpretation function�which gives an interpretation for atomic terms�canbe extended to arbitrary terms as follows: Let C, D be concept terms and R be arole name. Assume that CI and DI are already defined. Then(C ¤ D)I:=CI ˙ DI,("R:C)I:={x ˛ dom(I); for all y: (x,y) ˛ RI implies y ˛ CI}.An interpretation I is a model of the T-box T iff it satisfiesAI = DI for all terminological axioms A = D in T.As mentioned in the introduction, an important inference serviceterminological systems provide their users with is computing the subsumption

F. Baader / Semantics of Terminological Cycles12hierarchy, i.e., computing all subconcept-superconcept relationships induced bythe definitions in the T-box.Definition 9 Let T be a terminology and let A, B be concept names. We defineA —T B iff AI ˝ BI for all models I of T.In this case we say that B subsumes A in T.The semantics we have just defined will in the following be called descriptivesemantics. It is not restricted to non-cyclic terminologies. For cyclicterminologies this kind of semantics may, however, seem unsatisfactory. Onemight think that the extension of a defined concept should completely bedetermined by the extensions of the primitive concepts and roles. Otherwise, theuse of the term �concept definition� is not really justified. Non-cyclicterminologies satisfy this requirement.More precisely, let T be a T-box containing the defined concepts C1, �, Cn,the primitive concepts P1, ..., Pm, and the roles R1, ..., Rk. A primitiveinterpretation J consists of a set dom(J), the domain of the primitiveinterpretation, and extensions P1J, ..., PmJ, R1J, ..., RkJ of the primitiveconcepts and roles. An interpretation I of T extends the primitive interpretation Jiff dom(I) = dom(J), P1I = P1J, ..., PmI = PmJ and R1I = R1J, ..., RkI = RkJ.Such an extension I of J can be described by the n-tuple (C1I,�,CnI)˛˚(2dom(J))n, where 2dom(J) denotes the set of all subsets of dom(J).On the other hand, any primitive interpretation J together with an n-tuple

A ˛(2dom(J))n yields an interpretation I for T. Any defined concept in T correspondsto a component of the tuple

A. If the defined concept B corresponds to the i-component of

A, i.e., BI = (

A)i, we shall say that index(B) = i. Of course, weare mostly interested in extensions of J that are models of T. If T does notcontain cycles, then any primitive interpretation can uniquely be extended to amodel of T (see, e.g., [30], Theorem 3.2). If T contains cycles, a givenprimitive interpretation may have different extensions to models of T.Example 10 Let Momo and Man be concept names, and child be a role name. The terminologyT consists of the single axiom Momo = Man ¤ "child: Momo.We consider the following primitive interpretation:dom(J) := {Charles1, Charles2, Charles3, ...} ¨ {James1, ..., JamesLast}ManJ := dom(J), andchildJ := {(Charlesi,Charlesi+1); i ‡ 1} ¨ {(Jamesi,Jamesi+1; 1 £ i < Last}.This means that the Charles dynasty does not die out, whereas there is a last

F. Baader / Semantics of Terminological Cycles13member of the James dynasty. It is easy to see that this primitive interpretationhas two different extensions to models of T. The defined concept Momo mayeither be interpreted as {James1, ..., JamesLast} or as dom(J). Note thatindividuals without children (i.e., without childJ-successors) are in the extensionof the term "child: Momo, no matter how Momo is interpreted.The example also demonstrates that, with respect to descriptive semantics asdefined above, the definition Momo = Man ¤ "child: Momo does not express thevalue-restriction Momo = Man ¤ "offspring: Man for the transitive closure offspringof child. This implies that descriptive semantics does not capture the intuitionunderlying our definition of the concept Momo. In fact, according to this intuitiononly the second model (where Momo is interpreted as the whole domain) isappropriate: any male member of the Charles dynasty satisfies the requirementthat he is himself a man, and all his children have only male offspring.To overcome this problem we shall now consider alternative types ofsemantics for terminological cycles.4 — Fixed-point Semantics for Terminological CyclesA terminology may be considered as a parallel assignment where the definedconcepts are the variables, and the primitive concepts and roles are parameters.Example 11 Let R, S be role names and A, B, P be concept names,3 and let T be theterminology A = Q ¤ "S:B, B = P ¤ "R:B. We consider the followingprimitive interpretation J, which fixes the values of the parameters P, Q, R, S:dom(J) := {a0, a1, a2, ...}, PJ := {a1, a2, a3, ...}, QJ := {a0}, RJ := {(ai+1,ai);i˚‡ 1}, and SJ := {(a0,ai); i˚‡ 1}.For given values of the variables A, B, the parallel assignment A := Q ¤ "S:B,B := P ¤ "R:B yields new values for A, B. If A and B are interpreted as theempty set, an application of the assignment T yields the values fl for A and {a1}for B. If we reapply the assignment to these values we obtain fl for A and {a1,a2} for B.In the general case, a terminology T together with a primitive interpretation Jdefines a mapping TJ: (2dom(J))n fi (2dom(J))n, where n is the number of defined3We shall no longer use intuitive names for concepts and roles, since I agree with [6],p.176, that �suggestive names can do more harm than good in semantic networks and otherrepresentation schemes.� Suggestive names may seemingly exclude models that are admissiblewith respect to the formal semantics.

F. Baader / Semantics of Terminological Cycles14concepts in T.Definition 12 Let T be the terminology that consists of the concept definitions C1 = D1, �, Cn= Dn, and let J be a primitive interpretation. The mapping TJ: (2dom(J))n fi(2dom(J))n is defined as follows: Let

A be an element of (2dom(J))n and let I be the interpretation defined by J and

A. Then TJ(

A) := (D1I,�,DnI).For the above example we have seen that TJ(fl,fl) = (fl,{a1}) andTJ(fl,{a1}) = (fl,{a1, a2}).Obviously, the interpretation defined by J and

A is a model of T if and only if

A is a fixed-point of the mapping TJ, i.e., if and only if TJ(

A) =

A. In ourexample, the element ({a0},{a1, a2, a3, ...}) of (2dom(J))2 is a fixed-point of TJ.If we extend J to I by defining AI := {a0}, BI := {a1, a2, a3, ...}, we obtain amodel of T.One may now ask whether any primitive interpretation J can be extended to amodel of T, or equivalently, whether any mapping TJ has a fixed-point. Theanswer is yes, because (2dom(J))n, ordered componentwise by inclusion, is acomplete lattice (see Example 1) and the mappings TJ are monotonic.4 Thus thefollowing definition makes sense:Definition 13 (three types of semantics for cyclic terminologies)Let T be a terminology, possibly containing terminological cycles.(1) The descriptive semantics allows all models of T as admissible models.(2) The least fixed-point semantics (lfp-semantics) allows only those models ofT that come from the least fixed-point of a mapping TJ (lfp-models).(3) The greatest fixed-point semantics (gfp-semantics) allows only those modelsof T that come from the greatest fixed-point of a mapping TJ (gfp-models).Any primitive interpretation J can uniquely be extended to a lfp-model (gfp-model) of T. In Example 10, the extension of J that interprets Momo as {James1,..., JamesLast} is a lfp-model of T, and the extension that interprets Momo asdom(J) is a gfp-model of T. It is easy to see that, for cycle-free terminologies,lfp-, gfp- and descriptive semantics coincide (see [30], p.134). Forterminologies with cycles, this is not the case, however, as we have justillustrated by Example 10. Thus one also obtains different notions ofsubsumption, depending on which semantics is employed.4This can easily be proved; but it is also a consequence of Proposition 4.5, which statesthat these mappings are even downward w-continuous.

F. Baader / Semantics of Terminological Cycles15Definition 14 (subsumption of concepts revisited)Let T be a terminology and let A, B be concept names.A —T B iff AI ˝ BI for all models I of T,A —lfp,T B iff AI ˝ BI for all lfp-models I of T,A —gfp,T B iff AI ˝ BI for all gfp-models I of T.In this case we say that B subsumes A in T w.r.t. descriptive semantics (resp.lfp-semantics, gfp-semantics).The next question we shall consider is how lfp-models (gfp-models) can beconstructed from a given primitive interpretation. Nebel [29,30] claimed that themappings TJ are even upward continuous, and that thus lfp(TJ) =¨i‡0TJi(bottom), where bottom denotes the least element of (2dom(J))n, namelythe n-tuple (fl,...,fl). Unfortunately, this is not true.Proposition 15 In general, we may have lfp(TJ) „ ¨i‡0TJi(bottom).Proof We consider Example 11. It is easy to see that TJi(fl,fl) = (fl,{a1, a2, ..., ai}).Thus ¨i‡0TJi(fl,fl) = (fl,{ai; i ‡ 1}), which is not a fixed-point since TJ(fl,{ai;i ‡ 1}) = ({a0},{ai; i ‡ 1}). oIn this example, the least fixed-point is reached by applying TJ once moreafter building the limit, i.e., lfp(TJ) = TJ›w+1. In general, one may need evengreater ordinals to obtain the least fixed-point. On the other hand, we shall nowshow that the greatest fixed-point can always be reached by w-iteration of TJ.Proposition˚16 The mappings TJ are always downward w-continuous. Conse-quently, thegreatest fixed-point may be obtain as gfp(TJ) = ˙i‡0TJi(top), where top denotesthe greatest element of (2dom(I))n, i.e., top = (dom(I),...,dom(I)).Proof Let J be a primitive interpretation, and let

A(0)

�A(1)

�A(2)

� ... be adecreasing chain in (2dom(J))n. We have to show that˙k‡0TJ(

A(k)) = TJ( ˙k‡0

A(k) ).For k ‡ 0, let Ik be the interpretation of T defined by J and

A(k) and let I be theinterpretation defined by J and

A := ˙k‡0

A(k). In the following, Ai denotes the i-th component of the tuple

A and Ai(k) the i-th component of the tuple

A(k).ByDefinition 12, it is sufficient to demonstrate that, for any concept term D, wehave

F. Baader / Semantics of Terminological Cycles16˙k‡0 DIk = DI.We proceed by induction on the size of D.(1) D = P for a primitive concept P. Then DI = PJ = DIk for all k ‡ 0 and hence˙k‡0 DIk = PJ = DI.(2) D = Ci for a defined concept Ci.5 Then DI = Ai, and for all k ‡ 0, DIk =Ai(k).But Ai = ˙k‡0Ai(k) by definition of

A.(3) D = E ¤ F for concept terms E, F. We have DI = EI ˙ FI and by inductionwe get EI = ˙k‡0 EIk and FI = ˙k‡0 FIk. Hence DI = (˙k‡0 EIk) ˙ (˙k‡0 FIk)= ˙k‡0 (EIk ˙ FIk) = ˙k‡0 DIk.(4) D = "R:C for a role name R and a concept term C. By Definition 8, DI = {x˛ dom(I); "y: ((x,y) ˛ RI fi y ˛ CI)}, and hence, by induction and thedefinition of I, DI = {x ˛ dom(J); "y: ((x,y) ˛ RJ fi y ˛ ˙k‡0 CIk)}. Thismeans that we havex ˛ DI iff "y: ((x,y) ˛ RJ fi "k: y ˛ CIk).It is well-known (see e.g., [13], p. 305), that a formula of the form "y: (A fi"k: B), where k has no free occurrence in A, is equivalent to the formula"y:"k: (A fi B). If we permute the quantifiers6 we obtain "k:"y: (A fi B).This shows thatx ˛ DI iff "k:"y: ((x,y) ˛ RJ fi y ˛ CIk).Since {x ˛ dom(J); "y: ((x,y) ˛ RJ fi y ˛ CIk)} = DIk, we have shown that˙k‡0 DIk = DI. This completes the proof of the proposition. oThe two propositions show that, from a constructive point of view, gfp-semantics is preferable. However, if dom(J) is finite, the greatest and the leastfixed-point can be reached after a finite number of applications of TJ, and asshown in [30] subsumption relationships do not change if models are restrictedto be finite.5 — Characterization of the Semantics using Finite AutomataThe close connection between terminologies of FL0 and finite automata was firstobserved by B. Nebel [31]. He used this connection in the case of non-cyclicterminologies to show that subsumption for non-cyclic terminologies of FL0 iscoNP-hard.Before we can associate a semi-automaton AT with a terminology T we must5We assume that index(Ci) = i.6This is the point where the proof for the least fixed-point goes wrong. In this case wewould have the quantifiers �"y:$k:� which cannot be permuted.

F. Baader / Semantics of Terminological Cycles17transform T into some kind of normal form. It is easy to see that the conceptterms "R:(B ¤ C) and ("R:B) ¤ ("R:C) are equivalent, i.e., they have thesame extension in any interpretation. Hence, any concept term can betransformed into a finite conjunction of terms of the form "R1:"R2:..."Rn:A,where A is a concept name. We shall abbreviate the prefix �"R1:"R2:..."Rn�by �"W� where W = R1R2...Rn is a word over RT, the set of role namesoccurring in T. In the case n = 0 we also write �"e:A� instead of simply �A�.For an interpretation I and a word W = R1R2...Rn, WI denotes the compositionR1I�R2I�...�RnI of the binary relations R1I, R2I, ..., RnI. The term eI denotes theidentity relation, i.e., eI = {(d,d); d ˛ dom(I)}.Definition 17 Let T be a terminology where all terms are normalized as described above. The(nondeterministic) semi-automaton with word transitions AT is defined asfollows: The alphabet of AT is the set RT of all role names occurring in T; thestates of AT are the concept names occurring in T; a terminological axiom of theform A = "W1:A1 ¤ ... ¤ "Wk:Ak gives rise to k transitions, where thetransition from A to Ai is labeled by the word Wi.The next example illustrates Definition 17.Example 18 (A normalized terminology and its semi-automaton)A = R: A S: DD = S: D PB = RS: D S: C"¤"C = R: C"R

ADPBCRSSRSSe"¤""¤The primitive concepts are exactly those states in AT that do not havesuccessor states. The semi-automaton AT can be used to characterize gfp- anddescriptive semantics and, after a modification, also lfp-semantics.5.1 — Characterization of the gfp-SemanticsBefore we can show that subsumption w.r.t. gfp-semantics can be reduced toinclusion of regular languages, we need the following proposition, whichdescribes under what conditions an individual d of a gfp-model I is in theextension AI of a concept A.

F. Baader / Semantics of Terminological Cycles18Proposition 19 Let T be a terminology and let AT be the corresponding semi-automaton. Let I bea gfp-model of T and let A be a concept name occurring in T. For any d ˛dom(I) we have: d ˛ AIifffor all primitive concepts P, all words W ˛ L(A,P) and all individuals e ˛ dom(I): (d,e) ˛ WI implies e ˛ PI.A proof of this proposition can be found in Appendix A. For the terminologyMomo = Man ¤ "child: Momo of Example 10, L(Momo,Man) = child* = {childn; n ‡0}. Hence it is an immediate consequence of the proposition that thisterminology�if interpreted with gfp-semantics�expresses value-restrictionwith respect to the reflexive-transitive closure of child. In this case, the conditionof the proposition says that d ˛ MomoI if and only if, for all n ‡ 0, and all e suchthat d(childI)ne, e ˛ ManI holds. This means that for all e such thatd(¨n‡0(childI)n)e, e ˛ ManI holds. But the relation ¨n‡0(childI)n is the reflexive-transitive closure of childI.Proposition 19 also implies that concepts are never inconsistent w.r.t. gfp-semantics, i.e., for any terminology T and any concept A in T there exists a gfp-model I of T such that AI „ fl. Obviously, it is enough to take the gfp-model thatis defined by a primitive interpretation J satisfying PJ = dom(J) for all primitiveconcepts P.The proposition can intuitively be understood as follows: The languagesL(A,P) stand for the possibly infinite number of constraints of the form "W: Pthat the terminology imposes on A. An individual d is in the extension of A ifand only if it satisfies all of these constraints. If a concept has to satisfy moreconstraints, its extension will become smaller. This motivates the followingtheorem, which characterizes subsumption w.r.t. gfp-semantics.Theorem 20 Let T be a terminology and let AT be the corresponding semi-automaton. Let I bea gfp-model of T and let A, B be concept names occurring in T. Subsumption inT can be reduced to inclusion of regular languages defined by AT. Moreprecisely,A —gfp,T B iff L(B,P) ˝ L(A,P) for all primitive concepts P.Again, the proof is deferred to the appendix. In Example 18, B subsumes Aw.r.t. gfp-semantics since L(B,P) = RSS* is a subset of L(A,P) = R*SS*.The theorem shows that the problem of determining subsumption w.r.t. gfp-semantics can be reduced to the inclusion problem for regular languages inpolynomial time. If we want to solve the subsumption problem A —gfp,T B for aterminology T with k primitive concepts, we have to solve k inclusion problems

F. Baader / Semantics of Terminological Cycles19for regular languages that are defined by a nondeterministic semi-automatonhaving the same size as the terminology.On the other hand, the inclusion problem for regular languages (given byarbitrary nondeterministic automata) can be reduced to the subsumption problem.Assume that A1 = (S,Q1,E1) and A2 = (S,Q2,E2) are two (nondeterministic)semi-automata defining the regular languages L1 = LA1(p1,q1) and L2 =LA2(p2,q2). Without loss of generality we may assume that Q1 and Q2 aredisjoint and that A1 and A2 are trim, i.e., any state can reach the terminal state qiand can be reached from the initial state pi (see [12], p. 23). We consider thesemi-automaton A = (S,Q1 ¨ Q2 ¨ {t},E), where t is a new state not occurringin Q1 ¨ Q2 and E = E1 ¨ E2 ¨ {(q1,e,t), (q2,e,t)}. Obviously, LA1(p1,q1) =LA(p1,t) and LA2(p2,q2) = LA(p2,t). It is easy to see that A = AT for aterminology T that has the states in Q1 ¨ Q2 as its defined concepts and the statet as the only7 primitive concept. But then L1 ˝ L2 if and only if p2 —gfp,T p1.Corollary 21 The problem of determining subsumption w.r.t. gfp-semantics is PSPACE-complete.ProofWe have seen that subsumption w.r.t. gfp-semantics can be reduced to inclusionof regular languages (defined by nondeterministic automata) in polynomial timeand vice versa. It is well-known that the inclusion problem for regular languagesdefined by a nondeterministic automata is PSPACE-complete (see [14]). oThis shows that, even for our very small language, subsumptiondetermination w.r.t. gfp-semantics is rather hard from a computational point ofview. On the other hand, [31] shows that, even without cycles, this languagehas a coNP-complete subsumption problem.5.2 — Characterization of the lfp-SemanticsThis characterization must take into account both finite and infinite paths of thesemi-automaton AT.Proposition 22 Let T be a terminology and let AT be the corresponding semi-automaton. Let I bethe lfp-model of T defined by the primitive interpretation J and let A be a conceptname occurring in T. For any d0 ˛ dom(I) we have d0 ˛ AI iff the followingtwo properties hold:(P1) For all primitive concepts P, all words W ˛ L(A,P) and all individuals 7 Starting with trim automata guarantees this property.

F. Baader / Semantics of Terminological Cycles20e ˛ dom(I), (d0,e) ˛ WI implies e ˛ PI.(P2) For all infinite paths A, W1, C1, W2, C2, W3, C3, ..., and all individualsd1, d2, d3, ... there exists n ‡ 1 such that (dn—1,dn) ˇ WnI.A proof of this proposition can be found in Appendix B. To illustrate theeffect that condition P2 has, let us reconsider the �finite directed acyclic graph�example of the introduction. Thus, consider the terminology T that consists ofthe single axiomDag=Node ¤ "arc: Dag.The primitive interpretation J is defined by dom(J) := {a, b, c, d} =: NodeJ, andarcJ := {(a,b), (b,b), (c,d)}. The concept Node is the only primitive concept, andsince NodeJ = dom(J), all elements of dom(J) satisfy condition P1. Thus,Proposition˚19 yields that the greatest fixed-point model induced by J interpretsDag as the whole domain dom(J). Condition P2, however, is only satisfied for cand d, but neither for a nor for b. In fact, there is an infinite path Dag, arc, Dag,arc, Dag, arc, ... and we have an infinite sequence of individuals a, b, b, b, ...such that (a,b) ˛ arcJ and (b,b) ˛ arcJ. More generally, it is easy to see thatconditions P2 excludes a node from the extension of Dag if, from this node, onecan reach a cyclic path in the graph described by the arc-relation. The same istrue for infinite instead of cyclic paths in the graph described by the arc-relation.This shows that in this case lfp-semantics is more appropriate than gfp-semantics.As a consequence of condition P2 of the proposition, e-cycles in AT�i.e.,non-empty paths of the form B, e, ..., e, B�are important for the lfp-semantics. In particular, inconsistency of concepts can be described with thehelp of e-cycles. We say that the concept A of T is inconsistent w.r.t. lfp-semantics iff it has the empty extension in all lfp-models of T.Corollary 23 The concept A is inconsistent w.r.t. lfp-semantics if and only if there exists apath with label e from A to a state B that is the initial state of an e-cycle.Proof (1) Assume that there is a path A, e, ..., e, B and a non-empty path B, e, ..., e,B. Thus we have an infinite path starting with A where all transitions are labeledby e. Since deId for all lfp-models I and individuals d ˛ dom(I), property (P2)of the proposition is never satified for A and arbitrary d. Hence A isinconsistent.(2) Assume that A is inconsistent w.r.t. lfp-semantics. We define a primitiveinterpretation J as follows: dom(J) := {d0}, PJ := {d0} for all primitive concepts

F. Baader / Semantics of Terminological Cycles21P, and RJ := fl for all roles R.Let I be the lfp-model of T defined by J. Since A is inconsistent, we have d0 ˇAI. The definition of J implies that property (P1) of Proposition 22 holds for A,d0. Hence property (P2) cannot hold. This means that there exists an infinitepath A, W1, C1, W2, C2, W3, C3, ..., and individuals d1, d2, d3, ... such that(dn—1,dn) ˛ WnI for all n ‡ 1. The definition of J implies dn = d0 and Wn = e forall n ‡ 1. Hence there is an infinite path starting with A where all transitions arelabeled by e, and since AT has only finitely many states, there is a state B thatoccurs infinitely often in this path. oAn easy consequence of this corollary is that inconsistency of concepts w.r.t.lfp-semantics can be decided in linear time. Starting from A, one has to searchalong e-transitions for an e-cycle.Because of the role e-cycles play for inconsistency, the semi-automaton AThas to be modified before we can express subsumption w.r.t. lfp-semantics. Weadd a new state Qloop to AT, a transition with label e from Qloop to Qloop, andfor each role R in T a transition with label R from Qloop to Qloop. For any state Bof AT lying on an e-cycle, we add a transition with label e from B to Qloop, andfor any primitive concept P we add a transition with label e from Qloop to P.This modified semi-automaton will be called BT.The effect of this modification is as follows: If A is inconsistent w.r.t. lfp-semantics�i.e., by Corollary 23, there exists a path with label e from A to astate B in AT that is the initial state of an e-cycle in AT�then we have LBT(A,P)= S* for all primitive concept P, and UBT(A) = S* ¨ Sw in the semi-automatonBT. This means that, for the smallest concepts, the languages are made as largeas possible.Obviously, LAT(B,P) ˝ LBT(B,P) and UAT(B) ˝ UBT(B) for all concepts B.More precisely, LBT(B,P) = LAT(B,P) ¨ {UV; U is a finite word in UAT(B)and V ˛ S*} and UBT(B) = UAT(B) ¨ {UV; U is a finite word in UAT(B) and V˛ S* ¨ Sw}. This is so because, obviously, U is a finite word in UAT(B) iff Uis the label of a finite path in AT from B to a concept C which lies on an e-cyclein AT.Theorem 24 Let T be a terminology and let BT be the corresponding modified semi-automaton. Then A —lfp,T B iff UBT(B) ˝ UBT(A) and LBT(B,P) ˝ LBT(A,P)for all primitive concepts P.The proof of the theorem is given in the Appendix B. In Example 18, B doesnot subsumes A w.r.t. lfp-semantics since U(B) contains the infinite wordSRRR..., which is not in U(A).

F. Baader / Semantics of Terminological Cycles22If we want to decide subsumption with the help of this theorem, we have toshow how the inclusion �UBT(B) ˝ UBT(A)� can be decided. It is possible tosplit this problem into two subproblems. Let FBT contain all finite words of UBTand let IBT contain all infinite words of UBT. Obviously, UBT(B) ˝ UBT(A) iffFBT(B) ˝ FBT(A) and IBT(B) ˝ IBT(A).Lemma 25 Let B be an arbitrary semi-automaton with word transitions. Then FB(B) ˝FB(A) can be decided by a PSPACE-algorithm.Proof The semi-automaton B = (S,Q,E) is modified to a semi-automaton C = (S,Q ¨{Fin},E�) where Fin is a new state and E� := E ¨ {(C,e,Fin); C ˛ Q and C lieson an e-cycle}. Obviously, this modification can be done in polynomial time.Claim:For all states A ˛ Q we have FB(A) = LC(A,Fin).Proof of the Claim. (1) Assume that W ˛ FB(A). Then there exists aninfinite path A, W1, C1, W2, C2, W3, C3, ... in B that has W as label. Since Wis a finite word almost all labels Wi have to be empty. Let k ‡ 1 be such that Wi= e for all i ‡ k. Then W = W1�Wk-1 and there exist i, j such that k £ i < j andCi = Cj. This means that Ci lies on an e-cycle and W is the label of path from Ato Ci. But then W ˛ LC(A,Fin).(2) Assume that W ˛ LC(A,Fin). This means that there exists a path in B withlabel W from A to a state C that lies on an e-cycle. Now W ˛ FB(A), since thereis an infinite path A, W, C, e, C, e, � with label W. o (Claim)The problem LC(B,Fin) ˝ LC(A,Fin) is an inclusion problem for regularlanguages, which can be decided by a PSPACE-algorithm. oLemma 26 Let B be an arbitrary semi-automaton with word transitions. Then IB(B) ˝ IB(A)can be decided by a PSPACE-algorithm.Proof The proof proceeds in three steps.(1) The semi-automaton with word transitions B = (S,Q,E) can be modified inpolynomial time to a semi-automaton with letter transitions A = (S,Q1,E1) suchthat the following properties hold:(1.1) Q ˝ Q1; (1.2) There does not exist an infinite path in A using only states of Q1 \ Q;( 1 . 3 ) For all A, B in Q and all finite words W „ e: W ˛ LB(A,B) iff W ˛ LA(A,B).The additional states in Q1 are intermediate states that are necessary for the

F. Baader / Semantics of Terminological Cycles23elimination of transitions that are labeled by words of length greater than 1.Obviously, these intermediate states cannot give rise to new infinite paths. Forthe elimination of e-transitions, see [19], p. 26, Theorem 2.2.Claim 1: For all states A ˛ Q we have IB(A) = IA(A).Proof of the Claim. Let W be an infinite word in IB(A), i.e., there exists aninfinite path A, W0, C1, W1, C2, W2, C3, ... in B that has W as label. Since Wis an infinite word, there exist infinitely many indices 0 < i1 < i2 < � such thatthe words W0�Wi1-1, Wi1�Wi2—1, � are not empty. By property (1.3),W0�Wi1—1 ˛ LA(A,Ci1), Wi1�Wi2—1 ˛ LA(Ci1,Ci2), � . This shows thatthere exists an infinite path from A with label W in A, i.e., W ˛ IA(A).On the other hand, let W be an infinite word in IA(A), i.e., there exists aninfinite path A, W0, C1, W1, C2, W2, C3, ... in A that has W as label. Byproperty (1.2), there exist infinitely many indices 0 < i1 < i2 < � such that Ci1,Ci2, � are in Q. By property (1.3), W0�Wi1—1 ˛ LB(A,Ci1), Wi1�Wi2—1 ˛LB(Ci1,Ci2), � . This shows that there exists an infinite path from A with labelW in B, i.e., W ˛ IB(A). o (Claim 1)(2) Without loss of generality we may now assume that all states of A lie onsome infinite path. The other states can easily be eliminated in polynomial time.For a state A of A we define EA(A) := ¨C˛Q1LA(A,C).Claim 2: For all states A, B ˛ Q1 we have IA(B) ˝ IA(A) iff EA(B) ˝ EA(A).Proof of the Claim. Assume that W ˛ IA(B) \ IA(A). Then all finite initialsegments U of W are in EA(B). We cannot have all finite initial segments U ofW in EA(A) since, by K�nig�s Lemma, this would imply that W ˛ IA(A).On the other hand, assume that U ˛ EA(B) \ EA(A). Since all states of A lie onsome infinite path, the path with label U can be extended to an infinite path, i.e.,U is the initial segment of some infinite word W ˛ IA(B). Now W ˇ IA(A)since otherwise we would have U ˛ EA(A). o (Claim 2)(3) Obviously, the languages EA(A) are regular languages defined by A. Hencethere is a PSPACE-algorithm that decides EA(B) ˝ EA(A). oThe two lemmata together with the theorem show that subsumption w.r.t.lfp-semantics can be decided by a PSPACE-algorithm.Corollary 27 The problem of determining subsumption w.r.t. lfp-semantics is PSPACE-complete.Proof It remains to be shown that this problem is PSPACE-hard. This will be shown

F. Baader / Semantics of Terminological Cycles24by reducing the inclusion problem for regular languages to the subsumptionproblem. Assume that A1 = (S,Q1,E1) and A2 = (S,Q2,E2) are two semi-automata8 defining the regular languages L1 = LA1(p1,q1) and L2 = LA2(p2,q2).Without loss of generality we may assume that Q1 and Q2 are disjoint and thatA1 and A2 are trim (see proof of Corollary 21). We consider the semi-automatonA = (S,Q1 ¨ Q2 ¨ {t, f},E), where t and f are a new states not occurring in Q1¨ Q2, and E = E1 ¨ E2 ¨ {(q1,e,t), (q2,e,t)} ¨ {(p1,e,f), (p2,e,f)} ¨ {(f,s,f);s ˛ S}. Obviously, LA1(p1,q1) = LA(p1,t) and LA2(p2,q2) = LA(p2,t). Inaddition, UA(p1) = Sw = UA(p2).It is easy to see that A = AT = BT for a terminology T that has the states in Q1 ¨Q2 ¨ {f} as its defined concepts and the state t as the only primitive concept.But then L1 ˝ L2 if and only if p2 —lfp,T p1. o5.3 — Characterization of the Descriptive SemanticsFirstly, we need a proposition for

A-gfp-models (see Corollary 4) that is similarto Proposition 19 for gfp-models.Proposition 28 Let T be a terminology and let AT be the corresponding semi-automaton. Let Jbe a primitive interpretation and let

A be a tuple such that TJ(

A) ˝A. Let I be themodel of T defined by J and the tuple

A-gfp(TJ) (see Corollary 4).For any concept A and any individual d ˛ dom(I) we have: d ˛ AI iff thefollowing two properties hold:(1) For all primitive concepts P, all words W ˛ L(A,P), and all individuals e ˛ dom(I), (d,e) ˛ WI implies e ˛ PI.(2) For all defined concepts B, all words W ˛ L(A,B), and all individuals e ˛ dom(I), (d,e) ˛ WI implies e ˛ (

A)j (where j = index(B)).The proof is deferred to Appendix C. Using this proposition, we cancharacterize subsumption w.r.t. descriptive semantics. Infinite paths are stillimportant but it is not enough to consider just their labels. The states that arereached infinitely often by this path are also significant. An infinite path that hasinitial state A and reaches the state C infinitely often will be represented in theform A, U0, C, U1, C, U2, C, ... where the Ui are labels of non-empty pathsfrom A to C for i = 0 and from C to C for i > 0.Theorem 29 Let T be a terminology and let AT be the corresponding semi-automaton. Let A,B be concepts in T. Then we have A —T B iff the following two properties hold:8Without loss of generality the transitions are only labeled by letters of the alphabet.

F. Baader / Semantics of Terminological Cycles25( P 1 ) For all primitive concepts P, L(B,P) ˝ L(A,P) holds.(P2)For all defined concepts C and all infinite paths of the form B, U0, C, U1, C, U2, C, ..., there exists k ‡ 0 such that U0�Uk ˛ L(A,C).Again, the proof can be found in the appendix. This theorem clearly showsthat structurally identical definitions need not lead to equivalent concepts. Thenames chosen for defined concepts that lie on infinite paths are also relevant. Forthe T-boxMomo=Man ¤ "child: Momo,Mnfo=Man ¤ "child: Mnfo,there is an infinite path Momo, child, Momo, child, ... in the corresponding semi-automaton, but there is no k such that childk+1 ˛ L(Mnfo,Momo). This shows thatMnfo is not subsumed by Momo w.r.t. descriptive semantics.If we want to decide subsumption using this theorem, it remains to be shownhow (P2) can be decided for given states A, B, C of a semi-automaton. For thisproblem we cannot obtain an ad hoc reduction to an inclusion problem forregular languages. In the next section we shall see that the problem can bereduced to an inclusion problem for certain languages of infinite words, whichhave already been considered in the context of monadic second-order logic (see[8] and [12], Chapter XIV ).One should note, however, that it might not be the best solution to decide(P2) for each state C separately. For a fixed state C, it is easy to show thatdeciding (P2) is PSPACE-hard. It is not yet clear whether deciding theconjunction for all C is also PSPACE-hard.6 — B�chi Automata and Subsumption w.r.t. Descriptive SemanticsLet A = (S,Q,E) be a semi-automaton with letter transitions and let I, T besubsets of Q. Since we are interested in languages of infinite words accepted bythe automaton, we call A together with I, T a B�chi automaton. The languageBA(I,T) ˝ Sw accepted by this automaton is defined as BA(I,T) := {W ˛ Sw;W is the label of an infinite path starting from some state in I and reaching somestate of T infinitely often}.Let L ˝ S* be an arbitrary language of finite words. Then Lw is the set of allinfinite words W that can be obtained as W = W1W2W3� where W1, W2, W3,� are non-empty words in L. The languages Lw for regular L can be used foran alternative characterization of the languages accepted by B�chi automata.

F. Baader / Semantics of Terminological Cycles26Theorem 30 (B�chi-McNaughton)( 1 ) For any language L ˝ Sw the following two conditions are equivalent:(1.1) L = BA(I,T) for a B�chi automaton A.(1.2) L is the finite union of languages H�Kw where H and K are regularlanguages in S*.9( 2 ) The class of all languages accepted by B�chi automata is closed under the Boolean operations union, intersection and complement.Proof See [12], p.382, Theorem 1.4. The proof is constructive, but it takes eightpages, which shows that we are dealing with a hard problem. oAs an easy consequence of this theorem we obtainCorollary 31 The inclusion problem is decidable for the class of all languages accepted byB�chi automata.Proof Obviously, L1 ˝ L2 iff L1 ˙ (Sw \ L2) = fl. Thus the inclusion problem can bereduced to the emptiness problem since the proof of Theorem 1.4 in [12] iseffective, i.e., from given B�chi automata for L1 and L2 one can effectivelyconstruct a B�chi automaton for L1 ˙ (Sw \ L2). Note, however, that thisautomaton may have a size that is exponential in the size of the initial automata(see [34,39] for size bounds for the complement automaton).Let L = BA(I,T) for a B�chi automaton A. It is easy to see that L „ fl iff thereexists i ˛ I, t ˛ T such that there is a path from i to t and a path from t to t. Thisis an easy search problem in a graph, which can be done in time polynomial inthe size of A. oThe argument used in the proof of Corollary 31 does not yield the complexityof the inclusion problem. However, [39] shows that equality of languagesaccepted by B�chi automata can be decided with a PSPACE-algorithm. Since L1˝ L2 iff L1 ˙ L2 = L1, and since the automaton for the intersection can beconstructed in polynomial time (see [40], proof of Lemma 1.2), we obtain aPSPACE-algorithm for the inclusion problem. On the other hand, inclusion ofregular languages can be reduced to inclusion of languages accepted by B�chiautomata as follows. Let L1, L2 be regular languages over S, and let # be asymbol not contained in S. Then L1 ˝ L2 iff L1�{#}w ˝ L2�{#}w. ByTheorem 30, L1�{#}w)and L2�{#}w are languages accepted by B�chi9The language H�Kw consists of the infinite words W0W1W2W3� where W0 ˛ H andW1, W2, W3, � are non-empty words in K.

F. Baader / Semantics of Terminological Cycles27automata. Thus we have shown:Proposition 32 The inclusion problem for the class of all languages accepted by B�chi automatais PSPACE-complete.It remains to be shown that our problem (P2) from Section 5.3 can bereduced to an inclusion problem for languages accepted by B�chi automata. LetB = (S,Q,E) be a semi-automaton with word transitions, and let A, B, C bestates in Q. We want to decide whether the following property holds:(P2)For all infinite paths of the form B, U0, C, U1, C, U2, C, ..., thereexists k ‡ 0 such that U0�Uk ˛ L(A,C).Let # be a new symbol not contained in S and let p, q be states in A. Wedefine the language Lp,q over the alphabet S asLp,q := {W; W ˛ S* is the label of a non-empty path from p to q}.For a language L over S, the language L# over S# := S ¨ {#} is defined asL# := {W#; W ˛ L}.Obviously, the languages Lp,q and Lp,q# are regular. Let y: S#* fi S* be thehomomorphism defined by y(s) = s for s ˛ S and y(#) = e. Then y-1(Lp,q) :={W ˛ S#*; y(W) ˛ Lp,q} and y-1(Lp,q)# are regular (see [19], Theorem 3.5).Lemma 33 (P2) holds for A, B, C iff (LB,C#)(LC,C#)w ˝ (y-1(LA,C)#)(LC,C#)w.Proof (1) Assume that (P2) holds. Let W be an element of (LB,C#)(LC,C#)w, i.e., W= U0#U1#U2#�, where U0 is the label of a non-empty path from B to C andthe Ui for i ‡ 1 are labels of non-empty paths from C to C. By (P2) there existsk ‡ 0 such that U0�Uk ˛ L(A,C). Hence U0�Uk is an element of LA,C. Butthen U0#�#Uk is an element of y-1(LA,C) and thus W = U0#U1#� Uk#Uk+1#� ˛ (y-1(LA,C)#)(LC,C#)w.(2) Assume that (LB,C#)(LC,C#)w ˝ (y-1(LA,C)#)(LC,C#)w. Let B, U0, C, U1,C, U2, C, ... be an infinite paths starting with B and reaching C infinitely often.Then we know that the infinite word U0#U1#U2#� is an element of(LB,C#)(LC,C#)w ˝ (y-1(LA,C)#)(LC,C#)w. Since the last symbol of any wordin in y-1(LA,C)# is #, there exists k ‡ 0 such that U0#�Uk# is an element ofy-1(LA,C)#. But then U0#�Uk-1#Uk ˛ y-1(LA,C), and U0�Uk ˛ LA,C. oWe know by Theorem 30 that (LB,C#)(LC,C#)w and (y-1(LA,C)#)(LC,C#)ware languages accepted by B�chi automata. Thus, by Proposition 32, theinclusion problem (LB,C#)(LC,C#)w ˝ (y-1(LA,C)#)(LC,C#)w can be decided by

F. Baader / Semantics of Terminological Cycles28a PSPACE-algorithm. This yieldsCorollary 34 Subsumption w.r.t. descriptive semantics can be decided with polynomial spaceusing B�chi automata.B�chi automata are, however, not indispensable for deciding subsumptionw.r.t. gfp-semantics. Using Theorem 29 from above, B˚Nebel was able tocharacterize equivalence of concepts w.r.t. descriptive semantics with the help ofdeterministic finite automata. This characterization also yields PSPACE-algorithms for equivalence and for subsumption w.r.t. descriptive semantics (see[32]). It is still an open problem whether these problems are PSPACE-hard.7 — Extensions of the Results for gfp-SemanticsWe consider two extensions of the results for gfp-semantics. In the firstsubsection, we shall allow an additional concept forming construct, namely so-called exists-restrictions. In the second subsection, we shall introduce anassertional component into our terminological system, and consider hybridinferences with respect to the terminological and the assertional part of theknowledge base.7.1 — The Language FLł and gfp-SemanticsIn order to extend our language FL0 to the language FLł of [23], we have toadd a fourth rule to the definition of concept terms (Definition 6): Let R be a rolename.(4) Then $R is a concept term.(exists-restriction)For example, using this new construct, the concept Father can be defined asFather=Man ¤ $childThis means that a father is a man that has a child. The semantics of the exists-restriction is defined in the obvious way, namely($R)I := {d ˛ dom(I); there exists e ˛ dom(I) such that (d,e) ˛ RI}.Let T be a terminology of the language FLł and let J be a primitiveinterpretation. The mapping TJ is defined as in Definition 12. It is easy to seethat this mapping is still downward w-continuous. Hence TJ has a greatest fixed-point, which can be obtained as gfp(TJ) = ˙i‡0TJi(top).

F. Baader / Semantics of Terminological Cycles29Any concept term of FLł can be transformed into a finite conjunction ofterms of the form "R1:"R2:..."Rn:D, where D is a concept name or a term ofthe form $R. As in Section 5, the prefix �"R1:"R2:..."Rn� will be abbreviatedby �"W� where W = R1R2 ...Rn. Let T be a terminology of FLł. Thecorresponding (nondeterministic) semi-automaton AT is defined as in Definition17. The only difference is that we also have the terms $R occurring in T as statesof AT. These states are similar to the states P for primitive P in that they do nothave successor states. We shall see that this similarity also extends to thecharacterization of gfp-semantics and of subsumption w.r.t. gfp-semantics.Proposition 35 Let T be a terminology of FLł, and let AT be the corresponding semi-automa-ton. Let I be a gfp-model of T, and let A be a concept name occurring in T. Forany d ˛ dom(I) we have d ˛ AI iff the following two properties hold:( 1 ) For all primitive concepts P, all words W ˛ L(A,P), and all individuals e ˛ dom(I), (d,e) ˛ WI implies e ˛ PI.( 2 ) For all terms $R in T, all words W ˛ L(A,$R), and all individuals e ˛ dom(I), (d,e) ˛ WI implies e ˛ ($R)I, i.e., there is f ˛ dom(I) such that (e,f) ˛ RI.Proof The proof is very similar to the proof of Proposition 19. oTheorem 36 Let T be a terminology of FLł, and let AT be the corresponding semi-automa-ton. Let I be a gfp-model of T and let A, B be concept names occurring in T.Then we have:A —gfp,T B iffL(B,P) ˝ L(A,P) for all primitive concepts P in T, and L(B,$R) ˝ L(A,$R) for all terms $R occurring in T.A proof of the theorem is given in Appendix D. The theorem shows that,with respect to subsumption, terms of the form $R behave just like primitiveconcepts. As a consequence, we obtain:Corollary 37 With respect to gfp-semantics, the subsumption problem for FLł can be reducedin linear time to the subsumption problem for FL0.Proof Assume that T is a T-box of FLł. For any role R in T let PR be a new primitiveconcept. Now substitute any $R term in T by PR. This yields a T-box T0 ofFL0, which has the same size as T. In addition, Theorems 20 and 36 imply that

F. Baader / Semantics of Terminological Cycles30A —T B iff A —T0 B. oSubsumption relationships w.r.t. gfp-semantics in FLł can thus becomputed by a PSPACE-algorithm. Since FL0 is a sublanguage of FLł, thesubsumption problem w.r.t. gfp-semantics in FLł is also PSPACE-hard.Corollary 38 The problem of determining subsumption w.r.t. gfp-semantics in FLł isPSPACE-complete.The characterization of descriptive semantics for FL0 (Proposition 28 andTheorem 29) can be generalized to FLł in an analogous way, i.e., the terms $Rare treated like primitive concepts as in condition (2) of Proposition 35. For lfp-semantics, one can also prove an analogous generalization of Proposition 22.For subsumption, one runs into new problems, though. The reason is that thereexists an additional source of inconsistency (see Example˚39 below). For thisreason, an appropriate generalization of Theorem˚24 probably requires a moresophisticated modification of the semi-automaton.Example 39 Consider the terminology T: A = "S:A, B = "R:B ¤ $R. The concept B hasthe empty extension in all lfp-models of T. In fact, assume that J is a primitiveinterpretation, and let l be the least ordinal such that (TJ›l)2 „ fl (whereindex(B) = 2). Evidently, l is a successor ordinal, i.e., l = a + 1 for someordinal a. Let I be the interpretation of T defined by J and TJ›a. Now d ˛(TJ›l)2 means that d ˛ ("R:B)I ˙ ($R)I. From d ˛ ($R)I we obtain someindividual e such that dRIe, and d ˛ ("R:B)I yields e ˛ BI. This contradicts thefact that BI = (TJ›a)2 = fl.Since B is inconsistent w.r.t. lfp-semantics, we know that B —lfp,T A. ButUBT(A) = {SSS�}

¸ UBT(B) = {RRR�}.7.2 — Extending FL0 by an Assertional FormalismA terminology (T-box) T restricts the number of possible worlds (from allinterpretations to the models of T); a world description (A-box) A10 describes apart of a given world. Terminological systems that allow the user to state bothterminological and assertional knowledge are sometimes called hybrid systems.Definition 40 (world descriptions, A-boxes)Let C be a set of concept names, R be a set of role names, and I be a set of10In this subsection, A will always stand for an A-box. To avoid overloading, A will nolonger be used as a metavariable for concept names.

F. Baader / Semantics of Terminological Cycles31individual names. A world description (A-box) is a finite set of axioms of theform C(a) or R(a,b) where a, b are constants in I, C is a concept name, and R isa role name.For example, let Man be a concept name, child be a role name, and WILLY andBRIAN be individual names. Then Man(WILLY) and child(WILLY,BRIAN) can bepart of a world description. This means that Willy is a man, who has the childBrian.Definition 41 (interpretations and models)Let T be a T-box of FL0 and A be an A-box defined over the same sets ofconcept and role names. An interpretation of T (see Definition 8) can be extendedto an interpretation of T ¨ A as follows: the interpretation function does not onlyassign subsets of dom(I) to concept names, and binary relations on dom(I) torole names, but also individuals of dom(I) to individual names, i.e., for anyindividual name a, aI is an element of dom(I).An interpretation I of T ¨ A is a model of T ¨ A iff I is a model of T andsatisfiesaI ˛ CI for all axioms C(a) in A, (aI,bI) ˛ RI for all axioms R(a,b) in A, andaI „ bI for all individual names a „ b in I (unique name assumption).11A model I of T ¨ A is a gfp-model (lfp-model) of T ¨ A iff I is a gfp-model(lfp-model) of T.Let T be a T-box of FL0. If we take a primitive interpretation J with PJ =dom(J) for all primitive concepts P, and RJ = dom(J) ¯ dom(J), then gfp(TJ) =top by Proposition 19. This shows that the gfp-model of T defined by J is amodel of T ¨ A for any A-box A. Thus any combination T ¨ A of a T-box ofFL0 with an A-box is consistent w.r.t. gfp-semantics, and w.r.t. descriptivesemantics. But such a combination need not have an lfp-model. In fact, if C is aconcept in T that is inconsistent w.r.t lfp-semantics (see Corollary 23), and Acontains an axiom C(a), then T ¨ A does not have an lfp-model.An important inference service concerning both T-box and A-box iscomputing instance relationships, i.e., determining which new assertions of theform C(a) can be deduced from a given T-box and A-box.Definition 42 (instance relationship)Let T be a T-box of FL0 and A be an A-box defined over the same sets ofconcept and role names. Let a be an individual name in A, and C be a conceptname in T. Then11Note that we do not impose a closed world assumption; e.g., if D(b) is not in A, wemay nevertheless have bI ˛ DI in a model I of T ¨ A.

F. Baader / Semantics of Terminological Cycles32a ˛T¨A C iff aI ˛ CI for all models I of T ¨ A,a ˛lfp,T¨A C iff aI ˛ CI for all lfp-models I of T ¨ A,a ˛gfp,T¨A C iff aI ˛ CI for all gfp-models I of T ¨ A.In this case we say that a is an instance of C in T ¨ A w.r.t. descriptivesemantics (resp. lfp-semantics, gfp-semantics).In the following we shall only consider instance relationships with respect togfp-semantics. We have seen that a T-box T of FL0 gives rise to a semi-automaton AT that has the concept names of T as states, and the set of rolenames in T as alphabet. Without loss of generality we may assume that AT is asemi-automaton with letter transitions. In fact, Proposition 19 and Theorem 20show that, for gfp-semantics, we are only interested in regular languages of theform LAT(A,P). These languages do not change if we transform the semi-automaton with word transitions into a semi-automaton with letter transitions.An A-box A defines a semi-automaton (with letter transitions) AA as follows: thestates of AA are the individual names of A; the alphabet of AA are the role namesoccurring in A; an axiom of the form R(a,b) gives rise to a transition from a to bwith label R.We can now build the product semi-automaton BT¨A = AT ¯ AA of AT andAA (see e.g., [12], p. 17). The states of BT¨A are pairs (C,a) where C is a stateof AT and a is a state of AA; BT¨A has a transition with label R from (C,a) to(D,b) iff AT has a transition from C to D with label R, and AA has a transitionfrom a to b with label R. Obviously, W ˛ LBT¨A((C,a),(D,b)) iff W ˛LAT(C,D) and W ˛ LAA(a,b).Theorem 43 Let T be a T-box of FL0 and A be an A-box defined over the same sets ofconcept and role names. Let b be an individual name in A and B be a conceptname in T. Then b ˛gfp,T¨A B iff for all primitive concepts P, and all wordsW ˛ LAT(B,P) there exist concepts E, F, a word U, and an individual name fsuch that(1) W ˛ LAT(E,P),(2) U ˛ LBT¨A((F,f),(E,b)) and F(f) is an axiom in A.Since, at first sight, the conditions in the theorem seem to be rather complex,we try to give an intuitive explanation what these conditions mean. A formalproof of the theorem can be found in Appendix˚E. First note that �W ˛LAT(B,P)� means that any element of (the extension of) B must satisfy the valuerestriction "W: P. Second, we will argue that conditions (1) and (2) of thetheorem imply that (the interpretation of) b satisfies this value restriction. Fromcondition (1) we can deduce that any element of E satisfies "W: P, and thus it is

F. Baader / Semantics of Terminological Cycles33sufficient to convince ourself that conditions (2) implies that b is an element ofE. First, note that F(f) ˛ A implies that f is an element of F, and U ˛LBT¨A((F,f),(E,b)) implies that U ˛ LAT(F,E), i.e., f satisfies the restriction"U: E. But if we consider U ˛ LBT¨A((F,f),(E,b)) with respect to the secondcomponent of the product semi-automaton, then we see that b can be reachedfrom f via U (according to the A-box), which implies that b must be in E.It remains to be shown that the property stated on the right hand side of thetheorem can be decided for given b, B. To this purpose, we define Q(b) := {E;there exists a state (F,f) in B T ¨ A and a word U such that U ˛LBT¨A((F,f),(E,b)) and F(f) is an axiom in A}. Computing Q(b) for a giveindividual name b is a simple search problem in a graph; this can be done in timepolynomial in the size of BT¨A.Lemma 44 The right hand side of the theorem holds for given b, B if and only if for allprimitive concepts P, LAT(B,P) ˝ ¨E˛Q(b)LAT(E,P) holds.Proof (1) Assume that LAT(B,P) ˝ ¨E˛Q(b)LAT(E,P) holds, and let W be an elementof LAT(B,P). Then W ˛ LAT(E,P) for some E ˛ Q(b). The definition of Q(b)yields F, f and a word U such that (1) and (2) of the theorem hold.(2) Assume that the right hand side of the theorem holds, and let W be anelement of LAT(B,P) where P is primitive. Then we get E, F, U, f satisfying (1)and (2) of the theorem. This means that W ˛ LAT(E,P) and E ˛ Q(b). oThe lemma together with the theorem shows that there is a PSPACE-algorithm for instance testing since the instance problem �b ˛gfp,T¨A B?� can bereduced to an inclusion problem for regular languages in polynomial time. Onthe other hand, subsumption determination can be reduced to instance testing inlinear time.Lemma 45 Let T be a T-box of FL0, and let C, D be concept names occurring in T. Let Abe the A-box containing C(c) as the only axiom. Then we have c ˛gfp,T¨A D ifand only if C —gfp,T D.Proof (1) The �if� direction is trivial.(2) Assume that C ˙gfp,T D, i.e., there exists a gfp-model I of T such that CI isnot contained in DI. This means that there exists an individual e ˛ dom(I) suchthat e ˛ CI \ DI. The interpretation I of T is extended to the interpretation I of T¨ A by defining cI := e. Obviously, I is a model of T ¨ A, but cI ˇ DI. This

F. Baader / Semantics of Terminological Cycles34shows that c ˇgfp,T¨A D. oSince the subsumption problem w.r.t. gfp-semantics in FL0 is PSPACE-complete, we have thus proved:Corollary 46 Instance testing w.r.t. gfp-semantics in FL0 is PSPACE-complete.8 — Conclusion and Related WorkWe have restricted our attention to the rather small terminological representationlanguage FL0, because for this language the meaning of terminological cycleswith respect to different types of semantics�and in particular, the subsumptionproblem with respect to these semantics�could completely be characterized withthe help of finite automata (see Section˚5). These results may help to decidewhat kind of semantics for cyclic definitions is most appropriate for a particularrepresentation task, possibly not only for this small language, but also forsuitably extended languages.We have seen that the results for subsumption in FL0 can be generalized intwo directions. First, they have been extended to cyclic definitions in a largerlanguage: we have shown that our automata-theoretic approach also applies tosubsumption w.r.t. gfp-semantics in the language FLł of [23]. It is, however,not clear how this approach could be extended to languages allowing bothconjunction and disjunction of concepts. Also note that in the presence ofnegation of concepts, greatest and least fixed-point need no longer exist. As asecond way of extending the results of Section˚5, we have shown that, for gfp-semantics, hybrid inferences such as �instance testing� can also be treated by ourautomata-theoretic approach.Since the first publication of a preliminary version of this work in [2,3],several other papers on cyclic definitions in terminological representationlanguages have appeared. Dionne, Mays, and Oles [10,11] give an intensionalsemantics for cyclic definitions in roughly the same language we haveconsidered here. This is done by mapping concept descriptions to (possibly non-well-founded) sets that embody the �abstract structure� of the descriptions. In[11] it is shown, however, that the �structural� subsumption relation obtainedthis way coincides with subsumption w.r.t. gfp-semantics (as defined above).As pointed out in the introduction, one motivation for using cyclic definitionsin terminologies is that they can be used to express transitive closure of roles.Alternatively, one could allow for transitive closure as role constructor. In [4],the role constructors union, composition, and transitive closure are added to

F. Baader / Semantics of Terminological Cycles35terminological representation languages. For FL0, it is shown that this extensionhas the same expressive power as FL0 with cyclic definitions interpreted by gfp-semantics. For a considerably larger language, called ALC, subsumption in theextended language, called A L C trans, is still decidable. Interestingly,subsumption w.r.t. descriptive semantics for cyclic ALC-terminologies can bereduced to the subsumption problem for ALCtrans. Similar results haveindependently been obtained by K.˚Schild as byproducts of the correspondencehe exhibits between ALCtrans and propositional dynamic logics (see [36]).Employing a similar correspondence between ALC with cyclic definitionsand the propositional mu-calculus, Schild [37] and Giacomo and Lenzerini [15]introduce a more flexible treatment of cyclic definitions in ALC, where lfp-, gfp-and descriptive semantics coexist. [9] proposes to split the T-box into a�schema� and a �view� terminology, where the schema terminology isinterpreted with descriptive semantics, and the view terminology is interpretedwith an appropriate fixed-point semantics. The idea is that the terminologicalaxioms in the view terminology are really seen as definitions (and thus mustyield a unique extension for the defined concepts), whereas the axioms in theschema terminology function as integrity constraints (restricting the possibleextensions of the defined concepts).9 — References[1]Aho, A.V., Ullman, J.D., Universality of data retrieval languages, in Proceedings of the6th ACM Symposium on Principles of Programming Languages, 1979.[2]Baader, F., Terminological cycles in KL-ONE-based knowledge representationlanguages, in Proceedings of the 8th National Conference of the American Associationfor Artificial Intelligence, AAAI-90, Boston, 1990.[3]Baader, F., Terminological cycles in KL-ONE-based knowledge representationlanguages, DFKI Research Report RR-90-01, DFKI Kaiserslautern, 1990.[4]Baader, F., Augmenting concept languages by transitive closure of roles: An alternativeto terminological cycles, in Proceedings of the 12th International Joint Conference onArtificial Intelligence, IJCAI-91, Sydney, 1991.[5]Baader, F., Hollunder, B., KRIS: Knowledge representation and inference system,SIGART Bulletin, 2 (1991).[6]Brachman, R.J., Schmolze, J.G., An overview of the KL-ONE knowledge represen-tation system, Cognitive Science, 16 (1985).[7]Brachman, R.J., Pigman-Gilbert, V., Levesque, H.J., An essential hybrid reasoningsystem: Knowledge and symbol level accounts in KRYPTON, in Proceedings of the 9thInternational Joint Conference on Artificial Intelligence, Los Angeles, 1985.

F. Baader / Semantics of Terminological Cycles36[8]B�chi, J.R., On a decision method in restricted second order arithmetic, in Proceedingsof the 1960 Congress on Logic, Methodology and Philosophy of Science, Stanford,1960.[9]Buchheit, M., Donini, F.M., Nutt, W., Schaerf, A., Refining the structure ofterminological systems: Terminology = Schema + Views, in Proceedings of the 12thNational Conference of the American Association for Artificial Intelligence, AAAI-94,Seattle, 1994.[10]Dionne, R., Mays, E., Oles, F.J., A non-well-founded approach to terminologicalcycles, in Proceedings of the 10th National Conference of the American Association forArtificial Intelligence, AAAI-92, San Jose, 1992.[11]Dionne, R., Mays, E., Oles, F.J., The equivalence of model-theoretic and structuralsubsumption in description logics, in Proceedings of the 13th International JointConference on Artificial Intelligence, IJCAI-93, Chambery, 1993.[12]Eilenberg, S., Automata, Languages and Machines, Vol. A, Academic Press, NewYork/London, 1974.[13]Gallier, J.H., Logic for Computer Science, Foundations of Automated TheoremProving, Harper&Row, New York, 1986.[14]Garey, M.R., Johnson, D.S., Computers and Intractability: A Guide to the Theory ofNP-Completeness, Freeman, San Francisco, 1979.[15]Giacomo, G., Lenzerini, M., Concept language with number restrictions and fixpoints,and its relationship with mu-calculus, in Proceedings of the 11th European Conferenceon Artificial Intelligence, ECAI-94, Amsterdam, 1994.[16]Gurevich, Y., Shelah, S., Fixed-point extensions of first-order logic, in Proceedings ofthe 26th Annual Symposium on Foundations of Computer Science, IEEE ComputerSociety Press, 1985.[17]Gurevich, Y., Shelah, S., Fixed-point extensions of first-order logic, Annals of Pure andApplied Logic, 32 (1986).[18]Halmos, P.R., Naive Set Theory, Springer Verlag, New York, 1974.[19]Hopcroft, J.E., Ullman, J.D., Introduction to Automata Theory, Languages, andComputation, Addison-Wesley, Reading, 1979.[20]Immerman, N., Relational queries computable in polynomial time, Information andControl, 68 (1986).[21]Kaczmarek, T.S., Mark, W., Sondheimer, K., Recent developments in NIKL, inProceedings of the 5th National Conference of the American Association for ArtificialIntelligence, AAAI-86, Philadelphia, 1986.[22]Lassez, J.-L., Nguyen, V.L., Sonenberg, E.A., Fixed point theorems and semantics: Afolk tale, Information Processing Letters, 14 (1982).[23]Levesque, H.J., Brachman, R.J., Expressiveness and tractability in knowledgerepresentation and reasoning, Computational Intelligence, 3 (1987).[24]Lloyd, J.W., Logic Programming, Second, Extended Edition, Springer Verlag, Berlin,

F. Baader / Semantics of Terminological Cycles371987.[25]McNaughton, R., Testing and generating infinite sequences by a finite automaton,Information and Control, 9 (1966).[26]MacGregor, R., Bates, R., The Loom knowledge representation language, TechnicalReport ISI/RS-87-188, University of Southern California, Information ScienceInstitute, 1987.[27]Manna, Z., Mathematical Theory of Computation, McGraw-Hill, New York, 1974.[28]Minker, J., Nicolas, J.M., On recursive axioms in deductive databases, InformationSystems, 8 (1983).[29]Nebel, B., On terminological cycles, KIT Report 58, Technische Universit�t Berlin,1987.[30]Nebel, B., Reasoning and Revision in Hybrid Representation Systems, Lecture Notes inComputer Science 422, Springer Verlag, Berlin, 1990.[31]Nebel, B., Terminological reasoning is inherently intractable, Artificial Intelligence, 43(1990).[32]Nebel, B., Terminological cycles: Semantics and computational properties, in FormalAspects of Semantic Networks, Sowa, J. ed., Morgan Kaufmann, San Mateo, 1991.[33]Patel-Schneider, P., McGuinness, D.L., Brachman, R.J., Alperin Resnick, L., Borgida,A., The CLASSIC knowledge representation system: Guiding principles andimplementation issues, SIGART Bulletin, 2 (1991).[34]Pecuchet, J.P., On the complementation of B�chi automata, Theoretical ComputerScience, 47 (1986).[35]Rosenstein, J.G., Linear Ordering, Academic Press, New York, 1982.[36]Schild, K., A correspondence theory for terminological logics, in Proceedings of the12th International Joint Conference on Artificial Intelligence, IJCAI-91, Sydney, 1991.[37]Schild, K., Terminological cycles and the propositional m-calculus, in Proceedings ofthe 4th International Conference on Principles of Knowledge Representation andReasoning, KR-94, Bonn, 1994.[38]Schmidt, D.A., Denotational Semantics: A Methodology for Language Development,Allyn and Bacon, Boston, 1986.[39]Sistla, A.P., Vardi, M.Y., Wolper, P., The complementation problem for B�chiautomata with applications to temporal logic, Theoretical Computer Science, 49(1987).[40]Thomas, W., Automata on infinite objects, in Handbook of Theoretical ComputerScience, Vol. B, Leeuwen, J. ed., Elsevier Science Publishers, Amsterdam, 1990.[41]Vardi, M., Complexity of relational query languages, in Proceedings of the 4th ACMSymposium on the Theory of Computing, 1982.[42]Vielle, L., Recursive query processing: The power of logic, Theoretical ComputerScience, 69 (1989).[43]Wu, C.S., Henschen, L.J., Answering linear recursive queries in cyclic databases, in

F. Baader / Semantics of Terminological Cycles38Proceedings of the International Conference on Fifth Generation Computer Systems,Tokyo, 1988.

F. Baader / Semantics of Terminological Cycles39Appendix A: Proofs of the Results of Section 5.1Proposition 19 Let T be a terminology and let AT be the corresponding semi-automaton. Let I bea gfp-model of T and let A be a concept name occurring in T. For any d ˛dom(I) we have: d ˛ AIifffor all primitive concepts P, all words W ˛ L(A,P) and all individuals e ˛ dom(I): (d,e) ˛ WI implies e ˛ PI.Proof If A is a primitive concept, then L(A,A) = {e} and L(A,P) = fl for A „ P. SinceeI = {(d,d); d ˛ dom(I)}, the proposition follows immediately.Assume that A is a defined concept. The gfp-model I is given by a primitiveinterpretation J and the tuple gfp(TJ) = ˙k‡0TJk(top). The defined concept Acorresponds to a component of this tuple, i.e., AI = (gfp(TJ))i for i = index(A).(1) Assume that d ˇ AI. Then there exists k ‡ 0 such that d ˇ (TJk(top))i. Weproceed by induction on k.For k = 0, we have d ˇ (top)i = dom(I), which is a contradiction.For k > 0 we have d ˇ (TJ(TJk-1(top)))i. Let the defining axiom for A be of theform A = � ¤ "W: B ¤ � and assume that "W: B is responsible for d ˇ(TJ(TJk-1(top)))i. This means that there exists e ˛ dom(I) such that dWIe and eˇ BJ = BI (if B is a primitive concept) or e ˇ (TJk-1(top))j (if B is a definedconcept and index(B) = j). In the first case, B is a primitive concept andobviously, W ˛ L(A,B). In the second case, we can apply the inductionhypothesis to e ˇ (TJk-1(top))j. Thus there exist a primitive concept P, a word V˛ L(B,P) and an individual f ˛ dom(I) such that eVIf and f ˇ PI. But then WV˛ L(A,P) and d(WV)If. This completes the proof of the �if� direction.(2) Assume that there exist a primitive concept P, a word W ˛ L(A,P) and anindividual e ˛ dom(I) such that dWIe and e ˇ PI. Let W be the label of the (non-empty) path A, U0, C1, �, Cn-1, Un, P. Since W = U0�Un and dWIe, thereare individuals d1, �, dn-1 such that dU0Id1�dn-1UnIe. We proceed byinduction on n.For n = 0, W = U0 and the defining axiom for A is of the form A = � ¤ "W:P ¤ � . Thus d ˇ (TJ(top))i.For n > 0, we know by induction that d1 ˇ (Th(top))j for some h > 0 (whereindex(C1) = j). But then d ˇ (Th+1(top))i. This completes the proof of theproposition since AI = (gfp(TJ))i = ˙k‡0(TJk(top))i. oAs an easy consequence of this proposition one obtains a characterization ofsubsumption w.r.t gfp-semantics.

F. Baader / Semantics of Terminological Cycles40Theorem 20 Let T be a terminology and let AT be the corresponding semi-automaton. Let I bea gfp-model of T and let A, B be concept names occurring in T. Subsumption inT can be reduced to inclusion of regular languages defined by AT. Moreprecisely,A —gfp,T B iff L(B,P) ˝ L(A,P) for all primitive concepts P.Proof (1) Assume that L(B,P)

¸ L(A,P) for some primitive concept P, i.e., there is aword W such that W ˛ L(B,P) \ L(A,P). Let W = R1R2...Rn for n (notnecessarily different) role names R1, R2, ..., Rn. We define the primitiveinterpretation J as follows: dom(J) := {d0, �, dn}; QJ := dom(J) for all primitiveconcepts Q „ P; PJ := dom(J) \ {dn}; RJ := {(di,di+1); 0 £ i £ n—1 and R =Ri+1} for all roles R. The definition of the role extensions implies that d0VJdn iffV = W.Let I be the gfp-model defined by J. Since W ˛ L(B,P), d0WIdn and dn ˇ PI,we know by Proposition 19 that d0 ˇ BI. On the other hand, assume that d0 ˇAI. By Proposition 19, there exists a primitive concept Q, a word V ˛ L(A,Q)and an individual f ˛ dom(I) such that d0VIf and f ˇ QI. The definition of Jimplies that Q = P and f = dn. But then d0VIdn yields V = W. This contradictsour assumption that W ˇ L(A,P). Hence we have shown that d0 ˛ AI \ BI,which implies that A ˙gfp,T B.(2) Now assume that A ˙gfp,T B, i.e., there exists a gfp-model I and anindividual d ˛ dom(I) such that d ˛ AI \ BI. Assume that L(B,P) ˝ L(A,P) forall primitive concepts P. Since d ˇ BI, Proposition 19 says that there exists aprimitive concept P, a word W ˛ L(B,P) and an individual e ˛ dom(I) such thatdWIe and e ˇ PI. But then L(B,P) ˝ L(A,P) yields W ˛ L(A,P) and thus d ˇAI, which is a contradiction. oAppendix B: Proofs of the Results of Section 5.2In order to obtain a characterization of lfp-semantics that is similar to thecharacterization of gfp-semantics in Proposition 19, we need two lemmata.Let J be a primitive interpretation of the terminology T, let A, B be definedconcepts in T, and let AT be the semi-automaton corresponding to T. The leastfixed-point of TJ can be obtained as lfp(TJ) = TJ›a for some ordinal a. Withoutloss of generality we may assume that a is a limit ordinal. This means thatlfp(TJ) = ¨l<aTJ›l. Let I be the lfp-model of T defined by J. Assume that

F. Baader / Semantics of Terminological Cycles41index(A) = i and index(B) = j, i.e., AI = (lfp(TJ))i and BI = (lfp(TJ))j. For anindividual d ˛ dom(I) we have d ˛ AI if and only if there exists l < a such thatd ˛ (TJ›l)i.Lemma 47 Let ind(A) = i and ind(B) = j, and assume that d ˛ (TJ›l)i, dWIe and that(A,W,B) is a transition of AT. Then there exists g < l such that e ˛ (TJ›g)j.Proof The lemma is proved by transfinite induction on l.(1) For l = 0, (TJ›l)i = (bottom)i = fl. Hence there is no such individual d.(2) For l = d + 1, TJ›l = TJ(TJ›d). The definition of A in T is of the form A =� ¤ "W: B ¤ � and we have d ˛ (TJ(TJ›d))i and dWIe. Thus e must be anelement of (TJ›d)j and we can take g = d.(3) Let l be a limit ordinal. Then TJ›l = ¨d<lTJ›d, and thus d ˛ (TJ›l)i iffthere exists d < l such that d ˛ (TJ›d)i. If we apply the induction hypothesis tod, we get g < d < l such that e ˛ (TJ›g)j. oLemma 48 Assume that d ˛ (TJ›l)i, that dWIe, and that W ˛ L(A,P). Then we have e ˛PI.Proof The lemma is proved by transfinite induction on l.(1) For l = 0, there is no such individual d.(2) For l = d + 1, TJ›l = TJ(TJ›d). Let W be the label of the (non-empty) pathA, U0, C1, �, Cn-1, Un, P. Since W = U0�Un and dWIe, there are individualsd1, �, dn-1 such that dU0Id1�dn-1UnIe.For n = 0, W = U0 and the defining axiom for A is of the form A = � ¤ "W: P¤ � . Thus d ˛ (TJ(TJ›d))i and dWIe imply e ˛ PI.For n > 0, the defining axiom for A is of the form A = � ¤ "U0: C1 ¤ �, andthus d ˛ (TJ(TJ›d))i and dU0Id1 imply d1 ˛ (TJ›d)k (where the defined conceptC1 has index(C1) = k). The induction hypothesis for d yields e ˛ PI.(3) Let l be a limit ordinal. Then TJ›l = ¨d<lTJ›d and thus d ˛ (TJ›l)i iffthere exists d < l such that d ˛ (TJ›d)i. If we apply the induction hypothesis tod we get e ˛ PI. oWe can now characterize lfp-semantics with the help of finite and infinitepaths in the automaton AT.Proposition 22 Let T be a terminology and let AT be the corresponding semi-automaton. Let I bethe lfp-model of T defined by the primitive interpretation J and let A be a concept

F. Baader / Semantics of Terminological Cycles42name occurring in T. For any d0 ˛ dom(I) we have d0 ˛ AI iff the followingtwo properties hold:(P1)For all primitive concepts P, all words W ˛ L(A,P) and all individuals e ˛ dom(I), (d0,e) ˛ WI implies e ˛ PI.(P2)For all infinite paths A, W1, C1, W2, C2, W3, C3, ..., and all individuals d1, d2, d3, ... there exists n ‡ 1 such that (dn—1,dn) ˇ WnI.Proof The case where A is a primitive concept is trivial. In the following, let A be adefined concept.(1) Assume that d0 ˛ AI = (lfp(TJ))i. Then there exists an ordinal l such that d0˛ (TJ›l)i, and thus property (P1) is an immediate consequence of Lemma 48. If(P2) does not hold then there exists an infinite path A, W1, C1, W2, C2, W3,C3, ..., and individuals d1, d2, d3, ... such that (dn—1,dn) ˛ WnI for all n ‡ 1. ByLemma 47, there exist ordinals l > l1 > l2 > l3 > � such that dn ˛ (TJ›ln)jn(for all n ‡ 1 and appropriate indices jn). But there can be no such infinitelydecreasing chain of ordinals since the ordering of ordinals is well-founded.(2) Assume that (P1) and (P2) hold. We define an ordering �>� on 3-tuples ofthe form (W,d,B) where B is a defined concept, W is the label of a path from Ato B,12 and d is an individual with d0WId. Let P be the set of all such tuples andlet (V,d,B) and (W,e,C) be two elements of P. Then (V,d,B) > (W,e,C) iff W =VU where U is the label of a non-empty path from B to C and dUIe. Obviously,�>� is a strict partial ordering, and property (P2) ensures that this ordering iswell-founded. The following claim will be proved by Noetherian induction13 on�>�.Claim:For any (W,d,B) ˛ P there exists an ordinal l < a such thatd ˛ (TJ›l)j (where index(B) = j).14Proof of the claim. (2.1) Let (W,d,B) be a minimal element of P. Let thedefining axiom of B be of the form B = � ¤ "U: C ¤ � ¤ "V: P �, where Pis primitive and C defined. The minimality of (W,d,B) implies that there doesnot exist an individual e with dUIe. Assume that dVIe. Since WV ˛ L(A,P) andd0(WV)Ie, property (P1) implies e ˛ PI. This shows that d ˛ (TJ(bottom))j.Hence we can take l = 1.(2.2) Assume that (W,d,B) is not a minimal element of P. Let the definingaxiom of B be of the form B = "U1: C1 ¤ � ¤ "Un: Cn ¤ � ¤ "V: P �,where P is primitive and the Ci are all the defined concepts in the definition of B.12For A = B this may also be the empty path.13See e.g., [13], p. 9, 10, for the definition and justification of Noetherian induction.14Recall that a was a limit ordinal such that lfp(TJ) = TJ›a.

F. Baader / Semantics of Terminological Cycles43As in (2.1) we can show for all individuals e that dVIe implies e ˛ PI. Assumethat dUiIe and index(Ci) = k. We have (WUi,e,Ci) ˛ P and (W,d,B) >(WUi,e,Ci). Hence, by the induction hypothesis, there is an ordinal l(i,e) < asuch that e ˛ (TJ›l(i,e))k. We define g := sup{l(i,e); where 1 £ i £ n anddUiIe}. Then we have g £ a and it is easy to see that d ˛ (TJ›g+1)j. But then d˛ (TJ›a+1)j and since TJ›a is the fixed-point of TJ, d ˛ (TJ›a)j. Since a is alimit ordinal, this means that there exists l < a such that we have d ˛ (TJ›l)j.This completes the proof of the claim. o (Claim)If we apply the claim to (e,d0,A), we get d0 ˛ (TJ›l)i for some l < a, and thusd0 ˛ AI. oTo take the role of e-cycles into account, the semi-automaton AT is modifiedas follows. We add a new state Qloop to AT, a transition with label e from Qloopto Qloop, and for each role R in T a transition with label R from Qloop to Qloop.For any state B of AT lying on an e-cycle, we add a transition with label e fromB to Qloop, and for any primitive concept P we add a transition with label e fromQloop to P. This modified semi-automaton is called BT.For all concepts B we thus have LBT(B,P) = LAT(B,P) ¨ {UV; U is a finiteword in UAT(B) and V ˛ S*} and UBT(B) = UAT(B) ¨ {UV; U is a finite wordin UAT(B) and V ˛ S* ¨ Sw}.Theorem 24 Let T be a terminology and let BT be the corresponding modified automaton.Then A —lfp,T B iff UBT(B) ˝ UBT(A) and LBT(B,P) ˝ LBT(A,P) for all primi-tive concepts P.Proof The proof is structured as follows: In part (1) we show that LBT(B,P)

¸LBT(A,P) implies A ˙lfp,T B. In part (2) and (3), the same is shown for the caseUBT(B)

¸ UBT(A). In part (2) we assume that an infinite word is responsible forUBT(B)

¸ UBT(A), and in part (3) we assume that this is due to a finite word.This will establish the �only if� direction of the theorem. Part (4) of the proof isdevoted to the �if� direction.(1) Assume that LBT(B,P)

¸ LBT(A,P), i.e., there is a word W = R1�Rn suchthat W ˛ LBT(B,P) \ LBT(A,P). The primitive interpretation J is defined asfollows: dom(J) := {d0, �, dn}; QJ := dom(J) for all primitive concepts Q „ P;PJ := dom(J) \ {dn}; RJ := {(di,di+1); 0 £ i £ n—1 and R = Ri+1} for all roles R.The definition of the roles implies that d0VJdn iff V = W. Let I be the lfp-modeldefined by J.(1.1) If W ˛ LAT(B,P), then d0WIdn and dn ˇ PI imply that d0 ˇ BI because

F. Baader / Semantics of Terminological Cycles44(P1) of Proposition 22 is not satisfied. If W ˛ LBT(B,P) \ LAT(B,P), then W =UV where U ˛ UAT(B) ˙ S* is the label of a path in AT from B to a concept Cthat lies on an e-cycle in AT. Since d0UIdk for some k £ n and dkeIdkeIdk�,property (P2) of Proposition 22 is not satisfied, which yields d0 ˇ BI.(1.2) On the other hand, assume that d0 ˇ AI. By Proposition 22, (P1) or (P2)is not satisfied. In the first case, there exist a primitive concept Q, a word V ˛LAT(A,Q) and an individual f ˛ dom(I) such that d0VIf and f ˇ QI. Thedefinition of J implies that Q = P and f = dn. But then d0VIdn yields V = W. Thiscontradicts our assumption that W ˇ LBT(A,P) since LAT(A,P) ˝ LBT(A,P). Inthe second case, there exists an infinite path A, W1, C1, W2, C2, W3, C3, ... inAT and individuals e0 = d0, e1, e2, e3, ... such that (em—1,em) ˛ WmI for all m >0. The definition of J implies that there exists k ‡ 0 such that W1�Wk is aprefix of W and Wk+1 = Wk+2 = � = e. This means that Ck is inconsistent, andthus by the definition of BT, W1�WkU is in LBT(A,P) for all words U. Inparticular, this yields W ˛ LBT(A,P), which is a contradiction.Hence we have shown that d0 ˛ AI \ BI, which implies that A ˙lfp,T B.(2) Assume that UBT(B)

¸ UBT(A) because there exists an infinite word W =R1R2R3� such that W ˛ UBT(B) \ UBT(A). The primitive interpretation J isdefined as follows: dom(J) := {d0, d1, d2, �}; PJ := dom(J) for all primitiveconcepts P; RJ := {(di,di+1); i ‡ 0 and R = Ri+1} for all roles R. Let I be the lfp-model defined by J.(2.1) If W ˛ UAT(B), then it is the label of an infinite path B, W1, C1, W2, C2,W3, C3, ... in AT. Obviously, (P2) of Proposition 22 is not satisfied for d0 andB, which yields d0 ˇ BI. If W ˛ UBT(B) \ UAT(B), then W has a finite initialsegment U that is the label of a finite path in AT from B to a concept C that lieson an e-cycle in AT. As in part (1.1) of the proof, we can deduce d0 ˇ BI.(2.2) On the other hand, assume that d0 ˇ AI. By Proposition 22, (P1) or (P2)is not satisfied. Since we have defined PJ := dom(J) for all primitive concepts P,(P1) is always satisfied. Thus (P2) does not hold, i.e., there exist an infinitepath A, W1, C1, W2, C2, W3, C3, ... in AT and individuals e0 = d0, e1, e2, e3,... such that (en—1,en) ˛ WnI for all n > 0. If the label W1W2W3... of this infinitepath is an infinite word, the definition of J implies that it is equal to W. Hence W˛ UAT(A), which contradicts our assumption that W ˇ UBT(A). If the labelW1W2W3... of the infinite path is a finite word U, the definition of J implies thatU is a finite initial segment of W. By the definition of BT, UV ˛ UBT(A) for allinfinite words V ˛ Sw. Hence W ˛ UBT(A), which is a contradiction.Thus we have shown that d0 ˛ AI \ BI, which implies that A ˙lfp,T B.(3) Assume that UBT(B)

¸ UBT(A) because there exists a finite word W suchthat W ˛ UBT(B) \ UBT(A). From W ˛ UBT(B) we can deduce that there is aprefix U = R1�Rn of W and a path with label U in AT from B to a concept C

F. Baader / Semantics of Terminological Cycles45that lies on an e-cycle in AT. The primitive interpretation J is defined as follows:dom(J) := {d0, d2, �, dn }; PJ := dom(J) for all primitive concepts P; RJ :={(di,di+1); 0 £ i £ n—1 and R = Ri+1} for all roles R. Let I be the lfp-modeldefined by J.(3.1) Obviously, the pair d0, B doesn�t satisfy (P2) of Proposition 22, and thusd0 ˇ BI.(3.2) On the other hand, assume that d0 ˇ AI. As in part (2.2) of the proof wecan deduce that (P2) does not hold, i.e., that there there exist an infinite path A,W1, C1, W2, C2, W3, C3, ... in AT and individuals e0 = d0, e1, e2, e3, ... suchthat (em—1,em) ˛ WmI for all m > 0. The definition of J implies that there existsk ‡ 0 such that W1�Wk is a prefix of U and Wk+1 = Wk+2 = � = e. Thismeans that Ck is inconsistent, and thus by the definition of BT, W1�WkV is inUBT(A) for all words V ˛ S*. In particular, W ˛ UBT(A), which is acontradiction.Thus we have shown that d0 ˛ AI \ BI, which implies that A ˙lfp,T B.(4) Let UBT(B) ˝ UBT(A), and LBT(B,P) ˝ LBT(A,P) for all primitive conceptsP. Assume that A ˙gfp,T B, i.e., there exist a lfp-model I of T and an individuald0 ˛ dom(I) such that d0 ˛ AI \ BI. Now d0 ˇ BI implies that (P1) or (P2) ofProposition 22 does not hold for d0, B.(4.1) If (P1) does not hold, then there exist a primitive concept P, a word W ˛LAT(B,P), and an individual e ˛ dom(I) such that d0WIe and e ˇ PI. SinceLAT(B,P) ˝ LBT(B,P) ˝ LBT(A,P), we have W ˛ LBT(A,P). For W ˛LAT(A,P), Proposition 22 yields d0 ˇ AI, which is a contradiction. Assume thatW ˛ LBT(A,P) \ LAT(A,P). This means that W = UV, and there is a path withlabel U in AT from A to a concept C that lies on an e-cycle. Now d0WIe impliesthat there exists an individual f such that d0UIf. Since feIfeIf�, property (P2) ofProposition 22 is not satisfied. This yields d0 ˇ AI, which is a contradiction.(4.2) If (P2) does not hold, then there exist an infinite path B, W1, C1, W2,C2, W3, C3, ... in AT and individuals d1, d2, d3, ... such that (dn—1,dn) ˛ WnIfor all n > 0.(4.2.1) First, we assume that the label W1W2W3... of this path is an infiniteword W. Then we have W ˛ UBT(B) ˝ UBT(A). If W ˛ UAT(A), weimmediately get d0 ˇ AI, which is a contradiction. If W ˛ UBT(A) \ UAT(A),then there exists a finite initial segment U of W such that there is a path withlabel U in AT from A to a concept C that lies on an e-cycle. As in (4.1) thisimplies d0 ˇ AI. This contradicts our assumption.(4.2.2) Assume that the label W1W2W3... of the infinite path B, W1, C1, W2,C2, W3, C3, ... is a finite word W. We have W ˛ UBT(B) ˝ UBT(A). But W ˛UBT(A) means that there exists a prefix U of W such that there is a path withlabel U in AT from A to a concept C that lies on an e-cycle. As in (4.1) this

F. Baader / Semantics of Terminological Cycles46implies d0 ˇ AI, which is a contradiction.This completes the proof of the theorem. oAppendix C: Proofs of the Results of Section 5.3Proposition 28 Let T be a terminology and let AT be the corresponding semi-automaton. Let Jbe a primitive interpretation and let

A be a tuple such that TJ(

A) ˝A. Let I be themodel of T defined by J and the tuple

A-gfp(TJ) (see Corollary 4).For any concept A and any individual d ˛ dom(I) we have: d ˛ AI iff thefollowing two properties hold:(1) For all primitive concepts P, all words W ˛ L(A,P), and all individuals e ˛ dom(I), (d,e) ˛ WI implies e ˛ PI.(2) For all defined concepts B, all words W ˛ L(A,B), and all individuals e ˛ dom(I), (d,e) ˛ WI implies e ˛ (

A)j (where j = index(B)).Proof The case where A is a primitive concept is trivial (see the proof of Proposition19). Let A be a defined concept and let i = index(A), i.e., AI = (

A-gfp(TJ))i. Weknow that

A-gfp(TJ) = ˙k‡0TJk(

A).(1) Assume that d ˇ AI. Then there exists k ‡ 0 such that d ˇ (TJk(

A))i. Weproceed by induction on k.For k = 0 we have d ˇ (

A)i, deId and e ˛ L(A,A).For k > 0 we have d ˇ (TJ(TJk-1(

A)))i. Let the defining axiom for A be of theform A = � ¤ "W: C ¤ �, and assume that "W: C is responsible for d ˇ(TJ(TJk-1(

A)))i. This means that there exists e ˛ dom(I) such that dWIe and e ˇCJ = CI (if C is a primitive concept) or e ˇ (TJk-1(

A))m (if C is a defined conceptand index(C) = m). In the first case, C is a primitive concept, and obviously W˛ L(A,C). In the second case, we can apply the induction hypothesis to e ˇ(TJk-1(

A))m. Thus there exist a primitive concept P (resp. a defined concept Bwith index j), a word V ˛ L(C,P) (resp. V ˛ L(C,B)) and an individual f ˛dom(I) such that eVIf and f ˇ PI (resp. f ˇ (

A)j). But then WV ˛ L(A,P) (resp.WV ˛ L(A,B)) and d(WV)If. This completes the proof of the �if� direction.(2) Assume that (1) or (2) does not hold. Then d ˇ AI follows as in the proof ofProposition 19. oFor subsumption with respect to descriptive semantics, the not only thelabels of infinite paths are important, but also the states that are reached infinitelyoften.

F. Baader / Semantics of Terminological Cycles47Theorem 29 Let T be a terminology and let AT be the corresponding semi-automaton. Let A,B be concepts in T. Then we have A —T B iff the following two properties hold:(P1)For all primitive concepts P, L(B,P) ˝ L(A,P) holds.(P2)For all defined concepts C and all infinite paths of the form B, U0, C, U1, C, U2, C, ..., there exists k ‡ 0 such that U0�Uk ˛ L(A,C).Proof (1) Assume that (P1) and (P2) hold. Let I be a model of T defined by theprimitive interpretation J and a fixed-point

A of TJ. Obviously, TJ(

A) ˝A and

A=A-gfp(TJ). Let d be an individual such that d ˇ BI. We have to show that d ˇAI. By Proposition 28, d ˇ BI means that (1) or (2) of the proposition does nothold.(1.1) Let P be a primitive concept, W ˛ L(B,P) be a word and let e ˛ dom(I)be a individual such that (d,e) ˛ WI and e ˇ PI. By (P1), W ˛ L(A,P) and thusProposition 28 yields d ˇ AI.(1.2) Let C1 be a defined concept, W1 ˛ L(B,C1) be a word and let e1 ˛dom(I) be a individual such that (d,e1) ˛ W1I and e1 ˇ (

A)i1 (where i1 =index(C1)). Since I is the model defined by J and

A, (A)i1 = C1I and we canproceed with C1 in place of A.Assume that we have already obtained a sequence C1, W1, e1, �, Ck, Wk, eksuch that ei ˇ CiI, ei-1WiIei and Wi ˛ L(Ci-1,Ci) for 1 £ i £ n (where e0 := dand C0 := B). By Proposition 28, ek ˇ CkI means that (1) or (2) of theproposition does not hold.If (1) does not hold we get a primitive concept, a word W ˛ L(Ck,P) and anindividual e ˛ dom(I) such that (ek,e) ˛ WI and e ˇ PI. But then W1�WkW ˛L(B,P) ˝ L(A,P), e ˇ PI and d(W1�WkW)Ie imply d ˇ AI.If (2) does not hold we get ek+1, Ck+1 such that ek+1 ˇ Ck+1I, ekWk+1Iek+1 andWk+1 ˛ L(Ck,Ck+1).If this second case holds for all k we get an infinite path B, W1, C1, W2, C2,W 3, C3, ... and corresponding individuals e1, e2, e3, � with the abovedescribed properties. But then there is a concept C such that C = Ci for infinitelymany indices i. This means that the above path is of the form B, U0, C, U1, C,U2, C, ... . By property (P2), there exists k ‡ 0 such that U0�Uk ˛ L(A,C). Inaddition, we know that there is an individual em such that d(U0�Uk)Iem and emˇ CI = (

A)j (where j = index(C)). Thus Proposition 28 yields d ˇ AI.(2) Assume that A —T B. This implies A —gfp,T B and thus, by Theorem 20,property (P1) holds. Now assume that (P2) does not hold, i.e., there exists aninfinite path of the form B, U0, C, U1, C, U2, C, ... such that U0�Uk ˇL(A,C) for all k ‡ 0.

F. Baader / Semantics of Terminological Cycles48The primitive interpretation J is defined as follows: If U := U0U1U2� is aninfinite word R1R2R3�, then dom(J) := {d0, d1, d2, �}; PJ := dom(J) for allprimitive concepts P; RJ := {(di-1,di); i ‡ 1 and R = Ri} for all roles R. If U :=U0U1U2� is a finite word R1R2�Rs then dom(J) := {d0, d1, �, ds}; PJ :=dom(J) for all primitive concepts P; RJ := {(di-1,di); 1 £ i £ s and R = Ri} for allroles R.Let j1 £ j2 £ � be the indices such that d0U0Jdj1U1Jdj2U2J� .The tuple

A isdefined as follows: Let D be a defined concept in T and m = index(D). Then(

A)m := dom(J) \ {e;There exist finite words W, V and an index k ‡ 0 such that WV = U0�Uk, W ˛ L(B,D), V ˛ L(D,C), d0WJe and eVJdjk+1}.Claim: TJ(

A) ˝

A.Proof of the claim. Let D be a defined concept in T and m = index(D).Assume that e ˇ (

A)m. We have to show that e ˇ (TJ(

A))m.By the definition of

A, e ˇ (

A)m means that there exist finite words W, V and anindex k ‡ 0 such that WV = U0�Uk, W ˛ L(B,D), V ˛ L(D,C), d0WJe andeVJdjk+1. Without loss of generality we may assume that the path from D to C isnot empty.15 Thus V = V1V2, there exists an individual e� with eV1Je� ande�V2Jdjk+1, and the defining axiom for D is of the form D = � ¤ "V1: D� ¤ �Let m� be the index of D�. The definition of

A yields e� ˇ (

A)m� and thus e ˇ(TJ(

A))m. o (Claim)Let I be the model of T defined by J and

A-gfp(TJ). Let j be the index of B, i.e.,BI = (

A-gfp(TJ))j. We have d0eJd0, d0U0Jdj1 and e ˛ L(B,B), U0 ˛ L(B,C).This shows that d0 ˇ (

A)j and thus d0 ˇ (

A-gfp(TJ))j = BI.Assume that d0 ˇ AI. Because all primitive concepts have dom(I) as extension,Proposition 28 implies that there exist a defined concepts D, a word U ˛ L(A,D)and an individual e ˛ dom(I) such that d0UIe and e ˇ (

A)m (where m =index(C)). Thus, by definition of

A, there are finite words W, V and an index k‡ 0 such that WV = U0�Uk, W ˛ L(B,D), V ˛ L(D,C), d0WJe and eVJdjk+1.But d0UJe and d0WJe imply U = W (by the definition of the role extensions inJ). This shows that UV = WV = U0�Uk is an element of L(A,C). Thiscontradicts our assumption that (P2) does not hold. o15Otherwise we could take U0...Uk+1 instead of U0...Uk.

F. Baader / Semantics of Terminological Cycles49Appendix D: Proof of Theorem 36Theorem 36 Let T be a terminology of FLł, and let AT be the corresponding semi-automa-ton. Let I be a gfp-model of T and let A, B be concept names occurring in T.Then we have:A —gfp,T B iffL(B,P) ˝ L(A,P) for all primitive concepts P in T, and L(B,$R) ˝ L(A,$R) for all terms $R occurring in T.Proof (1) Assume that L(B,P)

¸ L(A,P) for some primitive concept P, i.e., there is aword W such that W ˛ L(B,P) \ L(A,P). Let W = R1R2...Rn for n (notnecessarily different) role names R1, R2, ..., Rn. We define the primitiveinterpretation J as follows: dom(J) := {d0, �, dn, e}; QJ := dom(J) for allprimitive concepts Q „ P; PJ := dom(J) \ {dn}; RJ := {(di,di+1); 0 £ i £ n—1 andR = Ri+1} ¨ {(di,e); 0 £ i £ n} ¨ {(e,e)} for all roles R. The definition of therole extensions implies that d0VJdn iff V = W, and that ($R)J = dom(J) for allroles R.Let I be the gfp-model defined by J. As in part (1) of the proof of Theorem 20one can show that d0 ˛ AI \ BI. This implies that A ˙gfp,T B.(2) Assume that L(B,$R)

¸ L(A,$R) for some term $R in T, i.e., there is aword W such that W ˛ L(B,$R) \ L(A,$R). Let W = R1R2...Rn for n (notnecessarily different) role names R1, R2, ..., Rn. We define the primitiveinterpretation J as follows: dom(J) := {d0, �, dn, e}; PJ := dom(J) for allprimitive concepts P; SJ := {(di,di+1); 0 £ i £ n—1 and S = Ri+1} ¨ {(di,e); 0 £ i£ n} ¨ {(e,e)} for all roles S „ R; RJ := {(di,di+1); 0 £ i £ n—1 and R = Ri+1}¨ {(di,e); 0 £ i £ n—1} ¨ {(e,e)}. The definition of the role extensions impliesthat d0VJdn iff V = W, that ($S)J = dom(J) for all roles S „ R, and that ($R)J =dom(J) \ {dn}.Let I be the gfp-model defined by J. Since W ˛ L(B,$R), d0WIdn and dn ˇ($R)I, we know by Proposition 35 that d0 ˇ BI. On the other hand, assume thatd0 ˇ AI. Since PI = dom(I) for all primitive concepts P, and ($S)J = dom(J) forall roles S „ R, Proposition 35 implies that there exists a word V ˛ L(A,$R),and an individual f ˛ dom(I) such that d0VIf and f ˇ ($R)I. By definition of J,we get f = dn, and thus V = W. This contradicts our assumption that W ˇL(A,$R). Hence we have shown that d0 ˛ AI \ BI, which implies that A ˙gfp,TB.(3) The proof of the �if� direction is similar to part (2) of the proof of Theorem20. o

F. Baader / Semantics of Terminological Cycles50Appendix E: Proof of Theorem 43Theorem 43 Let T be a T-box of FL0 and A be an A-box defined over the same sets ofconcept and role names. Let b be an individual name in A and B be a conceptname in T. Then b ˛gfp,T¨A B iff for all primitive concepts P, and all wordsW ˛ LAT(B,P) there exist concepts E, F, a word U, and an individual name fsuch that(1) W ˛ LAT(E,P),(2) U ˛ LBT¨A((F,f),(E,b)) and F(f) is an axiom in A.Proof (1) Assume that there is a primitive concept P and a word W = R1�Rk ˛LAT(B,P) such that there do not exist E, F, U, f satisfying (1) and (2) of thetheorem. Let M be a gfp-model of T ¨ A, and bM =: e0 ˛ dom(M). We want toconstruct a gfp-model I of T ¨ A such that bI ˇ BI.(1.1) Without loss of generality we may assume that RM = {(cM,dM); R(c,d) ˛A} for all roles R. This is true because making role extensions smaller onlymakes concept extensions larger w.r.t. gfp-semantics. Hence all axioms of theform C(e) remain satisfied if we restrict the role extensions to {(cM,dM); R(c,d)˛ A}.(1.2) The primitive interpretation J is defined as follows: dom(J) := dom(M) ¨{e1, �, ek} where e1, �, ek are new individuals; RJ := RM ¨ {(ei-1,ei); 1 £ i £k and R = Ri} for all roles R; QJ := QM ¨ {e1, �, ek} for all primitive conceptsQ „ P; PJ := PM ¨ {e1, �, ek-1}. Let I be the gfp-model of T defined by J. Theinterpretation I of T is extended to an interpretation I of T ¨ A by defining cI :=cM for all individual names c.Obviously, bIWIek, W ˛ LAT(B,P), and ek ˇ PI imply e0 = bI ˇ BI.(1.3) It remains to be shown that I is in fact a gfp-model of T ¨ A. Obviously,(cI,dI) ˛ RI for all axioms R(c,d) in A. Assume that F(f) is an axiom of A, but fIˇ FI. By Proposition 19, there exist a primitive concept Q, a word U ˛LAT(F,Q), and an individual e such that fIUIe and e ˇ QI.If fIUIe does not use some ei (i ‡ 1) as intermediate individual, then we alsohave fMUMe and e ˇ QM. Hence fM ˇ FM, which contradicts our assumptionthat M is a model of T ¨ A.Otherwise, the definition of the role extensions implies that U = U1U2,fIU1Ie0U2Ie and e = ei for some i ‡ 1. But now e ˇ QI yields Q = P, e = ek, andU2 = W. Because U = U1W ˛ LAT(F,P), there exists a state E of AT such thatU1 ˛ LAT(F,E) and W ˛ LAT(E,P). In addition, fIU1Ie0 implies fMU1Me0 = bI,and thus, by (1.1), we have U1 ˛ LA A(f,b). This shows that U1 ˛LBT¨A((F,f),(E,b)). But then E, F, U1, f satisfy (1) and (2) of the theorem. This

F. Baader / Semantics of Terminological Cycles51contradicts our assumption.(2) Assume that b ˇgfp,T¨A B, but the right hand side of the theorem holds. LetI be a gfp-model of T ¨ A such that bI ˇ BI. By Proposition 19, there exist aprimitive concept P, a word W ˛ LAT(B,P), and an individual e such that bIWIeand e ˇ PI. For W ˛ LAT(B,P) there exist concepts E, F, a word U, and anindividual name f satisfying (1) and (2) of the theorem. But then U ˛LBT¨A((F,f),(E,b)) and W ˛ LAT(E,P) yield UW ˛ LAT(F,P) and fIUIbI.16Thus we have UW ˛ LAT(F,P), fI(UW)Ie, and e ˇ PI. This means that fI ˇ FI,which contradicts our assumption that I was model of T ¨ A since F(f) is anaxiom in A. o16Since I is a model of T ¨ A, U ˛ LAA(f,b) implies fIUIbI.