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Abstra t Axiom pinpointing has been introdu ed in des ription logi s (DL) to help
the user understand the reasons why onsequen es hold by omputing minimal subsets
of the knowledge base that have the onsequen e in question (MinA). Most of the
pinpointing algorithms des ribed in the DL literature are obtained as extensions of
tableau-based reasoning algorithms for omputing onsequen es from DL knowledge
bases. In this paper, we show that automata-based algorithms for reasoning in DLs
and other logi s an also be extended to pinpointing algorithms. The idea is that the
tree automaton onstru ted by the automata-based approa h an be transformed into
a weighted tree automaton whose so- alled behaviour yields a pinpointing formula,
i.e., a monotone Boolean formula whose minimal valuations orrespond to the MinAs.
We also develop an approa h for omputing the behaviour of a given weighted tree
automaton. We use the DL SI as well as Linear Temporal Logi (LTL) to illustrate
our new pinpointing approa h.
1 Introdu tion
Des ription logi s (DLs) [2℄ are a family of logi -based knowledge representation formalisms, whi h are employed in various appli ation domains, su h as natural language
pro essing, on guration, databases, and bio-medi al ontologies, but their most notable su ess so far is the adoption of the DL-based language OWL [21℄ as standard
ontology language for the semanti web. As the size of DL-based ontologies grows,
tools that support improving the quality of su h ontologies be ome more important.
DL reasoners [20,19,38℄ an be used to dete t in onsisten ies and to infer other impli it
onsequen es, su h as subsumption relationships between on epts or instan e relationships between individuals and on epts. However, for a developer or user of a DL-based
ontology, it is often quite hard to understand why a ertain onsequen e omputed by
the reasoner a tually follows from the knowledge base. For example, in the urrent
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DL version of the medi al ontology SNOMED CT,1 the on ept Amputation-of-Finger
is lassi ed as a sub on ept of Amputation-of-Arm. Finding the six axioms that are
responsible for this error [10℄ among the more than 350,000 terminologi al axioms of
SNOMED without support by an automated reasoning tool is not easy.
Axiom pinpointing [34℄ has been introdu ed to help developers or users of DLbased ontologies understand the reasons why a ertain onsequen e holds by omputing
minimal subsets of the knowledge base that have the onsequen e in question (MinA).
There are two general approa hes for omputing MinAs: the bla k-box approa h and
the glass-box approa h. The most nave variant of the bla k-box approa h onsiders
all subsets of the ontology, and omputes for ea h of them whether it still has the
onsequen e or not. More sophisti ated versions [35,22℄ use a variant of Reiter's [32℄
hitting set tree algorithm to ompute all MinAs. Instead of applying su h a bla k-box
approa h to a large ontology, one an also rst try to nd a small and easy to ompute
subset of the ontology that ontains all MinAs, and then apply the bla k-box approa h
to this subset [10℄. The main advantage of the bla k-box approa h is that it an use
existing highly-optimized DL reasoners un hanged. However, it may be ne essary to
all the reasoner an exponential number of times. In ontrast, the glass-box approa h
tries to nd all MinAs by a single run of a modi ed reasoner.
Most of the glass-box pinpointing algorithms des ribed in the DL literature (e.g.,
[4,34,33,27,25℄) are obtained as extensions of tableau-based reasoning algorithms [9℄
for omputing onsequen es from DL knowledge bases. The pinpointing algorithms and
proofs of their orre tness in these papers are given for a spe i DL and a spe i
type of knowledge base only, and it is not lear to whi h of the known tableau-based
algorithms for DLs the approa hes really generalize. For example, the pinpointing extension des ribed in [25℄, whi h an deal with general on ept in lusions (GCIs) in
the DL ALC , follows the approa h introdu ed in [4℄, but sin e GCIs require the introdu tion of so- alled blo king onditions into the tableau-based algorithm to ensure
termination [9℄, there are some new non-trivial problems to be solved.
To over ome the problem of having to design a new pinpointing extension for every
tableau-based algorithm, we have introdu ed in [5℄ a general approa h for extending
tableau-based algorithms to pinpointing algorithms. This approa h has, however, some
annoying limitations. First, it only applies to tableau-based algorithms that terminate
without requiring any y le- he king me hanism su h as blo king. Se ond, termination
of the tableau-based algorithm one starts with does not ne essarily transfer to its pinpointing extension. Though these problems an, in prin iple, be solved by restri ting
the general framework to so- alled forest tableaux [8,7℄, this solution makes the de nitions and proofs quite ompli ated and less intuitive. Also, the approa h an still only
handle the most simple version of blo king, usually alled subset blo king in the DL
literature.
In the present paper, we propose a di erent general approa h for obtaining glass-box
pinpointing algorithms, whi h also applies to DLs for whi h the termination of tableaubased algorithms requires the use of appropriate blo king onditions. It is well-known
that automata working on in nite trees an often be used to onstru t worst- ase optimal de ision pro edures for su h DLs [13,26,11,14,3℄. In this automata-based approa h,
the input inferen e problem is translated into a tree automaton A , whi h is then
tested for emptiness. Basi ally, our approa h transforms the tree automaton A into
a weighted tree automaton working on in nite trees, whose so- alled behaviour yields

1 see http://www.ihtsdo.org/our-standards/
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a pinpointing formula, i.e., a monotone Boolean formula that en odes all the MinAs
of . To obtain an a tual pinpointing algorithm, we had to develop an algorithm for
omputing the behaviour of weighted tree automata working on in nite trees. When we
started our work, we ould not nd su h an algorithm in the quite extensive literature
on weighted automata. In fa t, although weighted automata working on nite trees
[37℄ and weighted automata working on in nite words [16℄ have been onsidered for
quite a while, the resear h on weighted automata working on in nite trees has started
only re ently [23,15℄. During the development of our work, an alternative algorithm
for omputing the behaviour of weighted tree automata working on in nite trees has
independently been developed in [15℄. It turns out, however, that using this algorithm
in our pinpointing appli ation basi ally yields a bla k-box approa h for pinpointing,
rather than a glass-box approa h, as our algorithm does (see Se tion 5.4).
We will use the DL SI , whi h extends the basi DL ALC [36℄ with transitive
and inverse roles, as well as Linear Temporal Logi (LTL) [28,17℄ to illustrate our
new pinpointing approa h. The use of SI is, on the one hand, motivated by the fa t
that the presen e of inverses in SI requires tableau-based algorithms to use a blo king
ondition that is more sophisti ated than subset blo king [9℄. Consequently, our general
results on tableau-based approa h for pinpointing [8,7℄ do not apply to this DL. On the
other hand, the extension of their approa h to SI is mentioned as an open problem in
[25℄. The automata used to de ide satis ability in SI are so- alled looping automata,
whi h do not use an a eptan e ondition. Our hoi e of LTL as a se ond example
is, on the one hand, motivated by the fa t that automata-based algorithms for LTL
require the use of automata with a Bu hi a eptan e ondition.2 One the other hand,
we believe that pinpointing an also be a useful inferen e servi e in appli ations of
LTL. In LTL model he king [12℄, it does not make sense to he k whether a system
des ription satis es a given LTL formula if this formula or its negation is unsatis able.
Pinpointing ould help the user to nd the reasons for the unsatis ability and thus
orre t the formula. In LTL synthesis [29,24℄ one tries to generate a rea tive nite-state
system from a formal spe i ation, whi h is given as an LTL formula. If the formula
is unsatis able, then the spe i ation is obviously faulty, and needs to be repaired.
Pinpointing ould be used to support the repair pro ess by larifying the reasons for
unsatis ability.
In the next se tion, we rst introdu e the DL SI and the temporal logi LTL, and
then re all the relevant de nitions regarding pinpointing. Se tion 3 de nes generalized
Bu hi tree automata, their restri tions to Bu hi tree automata and looping tree automata, and their generalization to the weighted ase. In Se tion 4, we rst present
our general approa h for automata-based pinpointing, whi h is based on the notion of
an axiomati automaton and its transformation into a pinpointing automaton. Then,
we show that this approa h an be applied to SI and LTL by introdu ing axiomati
automata for these logi s. The pinpointing automaton is a weighted automaton whose
behaviour is the pinpointing formula. Thus, to apply our approa h in pra ti e, one
needs to be able to ompute the behaviour of weighted generalized Bu hi tree automata. In Se tion 5, we rst show how to ompute the behaviour of weighted Bu hi
tree automata. Se ond, we explain how this omputation an be simpli ed for the ase
of weighted looping tree automata. For the DL SI , the pinpointing automaton on-

2 We ould, of ourse, also have used a DL with transitive losure of roles [1℄ for this purpose.
However, su h DLs are until now not used in appli ations, and we also wanted to make lear
that our approa h for automata-based pinpointing is not restri ted to Des ription Logi s.

4

stru ted by our approa h is su h a weighted looping tree automaton. Third, we de ne
a behaviour-preserving polynomial-time redu tion of weighted generalized Bu hi tree
automata to weighted Bu hi tree automata, whi h yields an approa h for omputing the behaviour of weighted generalized Bu hi tree automata. For the temporal logi
LTL, the pinpointing automaton onstru ted by our approa h is a weighted generalized
Bu hi tree automaton. Fourth, we ompare our approa h for omputing the behaviour
of weighted Bu hi tree automata with the one developed in [15℄. Se tion 6 summarizes
the results of the paper and gives some perspe tives on further resear h.
This work extends the results in [6℄ (the onferen e version of this paper), whi h
apply to looping automata only, to the ase of automata with Bu hi a eptan e onditions.

2 Preliminaries
In this se tion, we rst introdu e the DL SI and the temporal logi LTL, and then
re all the relevant de nitions regarding pinpointing from [5℄.
2.1 The Des ription Logi

SI

As mentioned above, SI extends the basi DL ALC with transitive and inverse roles.
An example of a role that should be interpreted as transitive is has-des endant, while
has-an estor should be interpreted as the inverse of has-des endant. Instead of employing
the usual approa h of \hard- oding" inverse and transitive roles into the syntax and
semanti s of on ept des riptions, we allow the use of inverse and transitivity axioms in
the knowledge base. This enables us to pinpoint also these kinds of axioms as reasons
for ertain onsequen es. Thus, the on ept des riptions that we onsider in this ase
are simply ALC on ept des riptions.

De nition 1 (ALC on ept des riptions) Let NC be a set of on ept names and
NR a set of role names. The set of ALC on ept des riptions is the smallest set su h
that

{ all on ept names are ALC on ept des riptions;
{ if C and D are ALC on ept des riptions, then so are :C , C t D, and C u D;
{ if C is an ALC on ept des ription and r 2 NR , then 9r:C and 8r:C are ALC
on ept des riptions.

An interpretation is a pair I = (I ; I ) where the domain I is a non-empty set and
I is a fun tion that assigns to every on ept name A a set AI  I and to every role
name r a binary relation rI  I  I . This fun tion is extended to ALC on ept
des riptions as follows:

{ (C u D)I = C I \ DI ; (C t D)I = C I [ DI ; (:C )I = I n C I ;
{ (9r:C )I = fx 2 I j there is a y 2 I with (x; y ) 2 rI and y 2 C I g;
{ (8r:C )I = fx 2 I j for all y 2 I , (x; y ) 2 rI implies y 2 C I g.

In this paper we restri t our attention to terminologi al knowledge, whi h is given
by a so- alled TBox.
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De nition 2 (SI TBoxes) An
form:

SI

TBox is a nite set of axioms of the following

(i) C v D where C and D are ALC on ept des riptions (GCI);
(ii) trans(r) where r 2 NR (transitivity axiom);
(iii) inv(r; s), where r 6= s 2 NR (inverse axiom),

su h that every r 2 NR appears in at most one inverse axiom.
An interpretation I is alled a model of the SI TBox T if it satis es all axioms in
T , i.e., if

(i) C v D 2 T implies C I  DI ;
(ii) trans(r) 2 T implies that rI is transitive;
(iii) inv(r; s) 2 T implies that (x; y ) 2 rI i (y; x) 2 sI .

The main inferen e problems for terminologi al knowledge are satis ability and
subsumption

De nition 3 (satis ability, subsumption) Let C and D be ALC on ept des riptions and T an SI TBox. We say that C is satis able w.r.t. T if there is a model I
of T su h that C I 6= ;. In this ase, I is also alled a model of C w.r.t. T . We all
C unsatis able w.r.t. T if it does not have a model w.r.t. T . Finally, we say that C is
subsumed by D w.r.t. T if C I  DI holds in every model I of T .
We want to pinpoint reasons for unsatis ability and for subsumption. Sin e C is subsumed by D w.r.t. T i C u :D is unsatis able w.r.t. T , it is obviously suÆ ient to
design a pinpointing algorithm for unsatis ability.
The automata-based approa h for de iding (un)satis ability uses the fa t that an
ALC on ept des ription C is satis able w.r.t. an SI TBox T i it has a ertain treeshaped model, alled Hintikka tree for C and T . It onstru ts a looping tree automaton
working on in nite trees whose runs are exa tly the Hintikka trees for C and T (see
[3℄ and Se tion 4.2), and then tests this automaton for emptiness.
2.2 Linear Temporal Logi
Linear Temporal Logi (LTL) is an extension of propositional logi that allows reasoning about temporal properties, where time is seen as dis rete and linear. The semanti s
of this logi use the notion of a omputation, whi h intuitively orrespond to interpretations whose domain is xed to be the set of natural numbers.

De nition 4 (LTL formulae) Let P be a set of propositional variables. The set of
LTL formulae is the smallest set su h that
{ all propositional variables are LTL formulae,
{ if  and are LTL formulae, then so are :;  ^ ; , and U .

A omputation is a fun tion  : N ! P (P), where N represents the set of natural
numbers. This fun tion is extended to LTL formulae as follows, for every i 2 N:

{ : 2  (i) i  2=  (i);  ^ 2  (i) i
{  2  (i) i  2  (i + 1); and

f; g  (i);
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{ U

2 (i) i there is a j  i su h that
that  2  (k).

2 (j ) and for all k; i  k < j , it holds

The LTL formula  is satis able if there is a omputation  su h that  2  (0).
One is usually interested in de iding whether a given LTL formula is satis able or
not. Here, we will look at the satis ability problem in a more ne-grained manner. We
are interested in dete ting whi h parts of the formula a tually ause the unsatis ability.
More pre isely, we will assume that our formula is a onjun tion of LTL formulae,
and we want to nd out whi h onjun ts are responsible for the unsatis ability. We
additionally allow some of these onjun ts to be trusted in the sense that they will
never be onsidered as the auses for unsatis ability. Thus, we onsider LTL formulae
that are onjun tions of a stati formula , whi h must always be there, and a set of
refutable formulae R, whi h an be removed.

De nition 5 (axiomati satis ability) Let  be an LTL formula
and R a nite set
V
of LTL formulae. We say that  is a-satis able w.r.t. R if  ^ 2R is satis able,
i.e., there is a omputation  su h that R [ fg   (0). In this ase,  is alled a
omputation for (; R).
We will show in Se tion 4.3 how one an onstru t a Bu hi tree automaton that has
as its su essful runs all omputations for the input, thus allowing us to redu e asatis ability to the emptiness problem for Bu hi tree automata.
2.3 Basi De nitions for Pinpointing
Following [5℄, we de ne pinpointing not for a spe i logi and inferen e problem, but
rather in a more general setting. The type of inferen e problems that we will onsider
is de iding a so- alled -property for a given set of axiomatized inputs. To obtain an
intuitive understanding of the following de nition, just assume that inputs are ALC
on ept des riptions, admissible sets of axioms are SI TBoxes, and the -property is
unsatis ablility.

De nition 6 (axiomatized input, -property) Let I and T be sets of inputs and
axioms, respe tively, and let Padmis (T)  P n (T) be a set of nite subsets of T su h
that T 2 Padmis (T) implies T 0 2 Padmis (T) for all T 0  T . An axiomatized input for
I and Padmis (T) is of the form (I ; T ) where I 2 I and T 2 Padmis (T).
A onsequen e property (or -property for short) is a set P  I  Padmis (T) su h
that (I ; T ) 2 P implies (I ; T 0 ) 2 P for every T 0 2 Padmis (T) with T 0  T .
The reason why we have introdu ed the set Padmis (T) of admissible subsets of
(rather than taking all nite subsets of T ) is to allow us to impose additional
restri tions on the sets of axioms that must be onsidered. For instan e, SI TBoxes
are not arbitrary nite sets of axioms of the form (i), (ii), and (iii) (see De nition 2).
In addition, we require that every role name appears in at most one inverse axiom.
Clearly, this restri tion satis es our requirement for admissible sets of axioms.
The problems of un satis ability of ALC on ept des riptions w.r.t. SI TBoxes and
a-un satis ability of sets of LTL formulae are indeed -properties. More formally, let I

T
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onsist of all ALC on ept des riptions, T of all GCIs, transitivity axioms, and inverse
axioms, and Padmis (T) of all SI TBoxes. The following is a -property:

P = f(C; T ) j C is unsatis

able w.r.t. T g:

Likewise, if I and T both onsist of all LTL formulae and Padmis (T) = P n (T), then
P = f(; R) j  is a-unsatis able w.r.t. Rg
is a -property.
= (I ; T ) and a -property P , a set of
axioms S  T is alled a minimal axiom set (MinA) for w.r.t. P if (I ; S ) 2 P
and (I ; S 0 ) 2= P for every S 0  S . The set of all MinAs for w.r.t. P is denoted by
MINP ( ) .

De nition 7 Given an axiomatized input

Note that the notion of a MinA is only interesting if 2 P ; otherwise, the monotoni ity
requirement for P entails that MINP ( ) = ;. Let us instantiate this de nition for the
two -properties we have introdu ed above.
In our SI example, onsider the axiomatized input = (A u 8r:C; T ) where T
onsists of
ax1 : A v 9r:B; ax2 : B v 8s::A; ax3 : C v :B; ax4 :

inv

(r; s)

(1)

It is easy to see that 2 P , and that the set of all MinAs for is MINP ( ) =
ffax1 ; ax2 ; ax4 g; fax1 ; ax3 gg.
For the logi LTL, onsider the axiomatized input = (q; R) where R is given by
ax1 : pU:q;

ax2 :

:p;

ax3 :

q;

ax4 :

:(

q ^ p):

(2)

The set of all MinAs for is then MINP ( ) = ffax1 ; ax2 ; ax3 g; fax1 ; ax3 ; ax4 gg. Thus,
in the LTL formula q ^ pU:q ^ :p ^ q ^ :( q ^ p), the MinAs tell us whi h
minimal ombinations of the last four onjun ts are responsible for unsati ability in
the presen e of q .
One might think that pinpointing (i.e., the omputation of MinAs) an only be
applied in the LTL setting if the formula one is interested in is a large onjun tion of
small formulae. At rst sight, it is not lear how a subformula that does not o ur
as a top-level onjun t ould be pinpointed as a ulprit for unsatis ability. This is,
however, possible by repla ing su h a subformula by a new propositional variable p
and adding the \de nition" (p , ) as a top-level onjun t to the formula obtained
this way.3
Instead of omputing all MinAs, one an also ompute a pinpointing formula. To
de ne this formula, we assume that every axiom t 2 T is labelled with a unique propositional variable, lab(t). Let lab(T ) be the set of all propositional variables labelling an
axiom in T . A monotone Boolean formula over lab(T ) is a Boolean formula using variables in lab(T ) and only the onne tives onjun tion and disjun tion. In addition, the
onstants > and ?, whi h always evaluate to true and false, respe tively, are monotone
Boolean formulae. We identify a propositional valuation with the set of propositional
variables that it makes true. For a valuation V  lab(T ), let TV = ft 2 T j lab(t) 2 Vg.
Re all that if T 2 Padmis (T) then for every T 0  T it holds that T 0 2 Padmis (T). In
parti ular this means that TV 2 Padmis (T) for every valuation V .
3 Here,  is an abbreviation for :(>U:) and 1 , 2 is an abbreviation for :(1 ^:2 ) ^
:(:1 ^ 2 ).

8

De nition 8 (pinpointing formula) Given a -property P and an axiomatized input = (I ; T ), the monotone Boolean formula  over lab(T ) is alled a pinpointing
formula for w.r.t. P if the following holds for every valuation V  lab(T ):
(I ; TV ) 2 P i

V satis

es :

In our SI example, we an take lab(T ) = fax1 ; : : : ; ax4 g as set of propositional variables. It is easy to see that ax1 ^ ((ax2 ^ ax4 ) _ ax3 ) is a pinpointing formula. In
the LTL example, we an take the same set of propositional variables. In this ase,
ax1 ^ ax3 ^ (ax2 _ ax4 ) is a pinpointing formula.
Valuations an be ordered by set in lusion. The following is an immediate onsequen e of the de nition of a pinpointing formula [4℄: if  a pinpointing formula for
w.r.t. P , then
MIN

P

(

)

= fTV

j V is a minimal valuation satisfying g:

This shows that it is enough to design an algorithm for omputing a pinpointing formula to obtain all MinAs. However, the redu tion suggested by the above identity is
not polynomial. One possible way to obtain MINP ( ) from  is to rst transform 
into disjun tive normal form, and then remove super uous disjun ts. It is well-known
that this an ause an exponential blow-up. This should, however, not be viewed as
a disadvantage of approa hes omputing the pinpointing formula rather than dire tly
MINP ( ) . If su h a blow-up happens, then the pinpointing formula a tually yields a
ompa t representation of all MinAs.

3 Bu hi Tree Automata
In this se tion, we introdu e both unweighted and weighted generalized Bu hi tree
automata. These automata re eive in nite trees of a xed arity k as inputs. For a
positive integer k, we denote the set f1; : : : ; kg by K . The nodes of our trees an be
identi ed by words in K  in the usual way: the root node is identi ed by the empty
word ", and the i-th su essor of the node u is identi ed by ui for 1  i  k. In the
ase of labelled trees, we will refer to the labelling of the node u 2 K  in the tree r
!
!
by r(u). We will also use r(u) to denote the tuple r(u) = (r(u); r(u1); : : : ; r(uk)). An
in nite tree r with labels from a set Q an be represented as a mapping r : K  ! Q.
For our purpose, it is suÆ ient to use unlabelled in nite trees as inputs for our
tree automata. For a xed arity k, there is exa tly one su h tree, whi h we an identify
with the set of its nodes, i.e., with K  . We will also use the on ept of a path in this
tree. A path is a subset p  K  su h that " 2 p and for every u 2 p there is exa tly
one i; 1  i  k with ui 2 p.

De nition 9 (Bu hi tree automaton) A generalized Bu hi tree automaton for arity
k is a tuple (Q; ; I; F1 ; : : : ; Fn ), where Q is a nite set of states,   Qk+1 is the
transition relation, I  Q is the set of initial states, and F1 ; : : : ; Fn  Q are sets of
nal states. A generalized Bu hi tree automaton is alled Bu hi automaton if it has
only one set of nal states; i.e., if n = 1. It is alled looping tree automaton if n = 0.
A run of a generalized Bu hi automaton on the unlabelled tree K  is a labelled
!
k-ary tree r : K  ! Q su h that r(u) 2  for all u 2 K  . This run is su essful if for

9

every path p and every i; 1  i  n, there are in nitely many nodes u 2 p su h that
r(u) 2 Fi .
The emptiness problem for generalized Bu hi tree automata for arity k is the problem of de iding whether a given su h automaton has a su essful run r with r(") 2 I
or not.
Let us illustrate the notions introdu ed in this de nition on a simple Bu hi automaton.
Example 1 Consider the Bu hi tree automaton Aex = (Q; ; I; F ) for arity 2, where

{ Q = fq ; q ; q ; q g, I = fq g, and F = fq ; q g:
{  = f(q ; q ; q ); (q ; q ; q ); (q ; q ; q ); (q ; q ; q ); (q ; q ; q )g.
0

1

0

1

2

3

1

0

0

2

2

1

1

1

1

3

2

2

2

2

3

3

This automaton has two runs that label the root with the initial state q0 : r1 , whi h
labels all the non-root nodes with q1 , and r2 , whi h labels all the non-root nodes with
q2 ; the latter is not su essful, but the former is. Thus, Aex has r1 as a su essful run
that labels the root with an initial state. The binary tree r3 that labels the root with
q0 and all the non-root nodes with q3 is not a run of Aex . Finally, the run r4 , whi h
labels all nodes with q1 , is a su essful run of Aex , but it does not label the root with
an initial state.
Although a dire t algorithm for de iding the emptiness problem for a generalized
Bu hi automaton is sket hed in [40℄, in the journal version of that paper [41℄, the idea is
simpli ed by presenting a redu tion to the emptiness problem for Bu hi automata. Our
treatment of weighted automata will follow a similar approa h. First, we will show how
to ompute the behaviour of weighted Bu hi automata by an approa h that is inspired
by the emptiness test for Bu hi automata.4 Then, we will introdu e a redu tion from
weighted generalized Bu hi automata to weighted Bu hi automata that preserves the
behaviour.
We will later extend automata-based de ision pro edures into algorithms that ompute pinpointing formulae by transforming Bu hi automata into weighted Bu hi automata. The weights of su h automata ome from a distributive latti e [18℄.

De nition 10 (distributive latti e) A distributive latti e is a partially ordered set
(S; S ) su h that in ma and suprema of arbitrary nite subsets of S always exist and
distribute over ea h other. The distributive latti e (S; S ) is alled nite if its arrier
set S is nite.
Any weighted automaton uses as weights only nitely many elements of the underlying distributive latti e. Sin e nitely generated distributive latti es are nite [18℄,
the losure of this set under the latti e operations in mum and supremum yields a
nite distributive latti e. For this reason, we will in the following assume without loss
of generality that the weights of our weighted Bu hi automaton ome from a nite
distributive latti e (S; S ).
In the following, we will often simply use the arrier set S to denote the nite
distributive
latti e L
(S; S ). The in mum (supremum) of a subset T  S willNbe deN
noted
by
t
(
t
2
T
t2T t). We will often ompute the in mum (supremum) i2I ti
L
( i2I ti ) over an in nite set of indi es I . However, the niteness of the latti e and the

4 This emptiness test is sket hed in Se tion 5.1.
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idempoten y of the operators in mum and supremum ensure that the sets over whi h
the operators are a tually applied are nite, and hen e in mum and supremum are
well-de ned in this ase. For the in mum (supremum) of two elements, we will also use
in x notation, i.e., write t1 t2 (t1  t2 ) to denote the in mum (supremum) of the set
ft1 ; t2g. The least element of S (i.e., the in mum of the whole set S ) will be denoted
by 0, and the greatest element (i.e., the supremum of the whole set S ) by 1.
It should be noted that our assumption that the weights ome from a nite distributive latti e is stronger than the one usually en ountered in the literature on weighted
automata. In fa t, for automata working on nite words or trees, it is suÆ ient to
assume that the weights ome from a so- alled semiring [37℄. In order to have a wellde ned behaviour also for weighted automata working on in nite obje ts, the existen e
of in nite produ ts and sums is required [16,31℄. As mentioned above, our niteness
assumption ensures that su h in nite produ ts and sums are a tually nite. The additional properties imposed by our requirement to have a distributive latti e (in parti ular, distributivity and the idempoten y of produ t and sum) are ne essary for our
approa h of omputing the behaviour of weighted Bu hi automata (see Se tion 5).
These stronger assumptions are not problemati in our pinpointing appli ation: as we
will see later, the weights we will en ounter in our omputation of the pinpointing
formula a tually ome from a nitely generated free distributive latti e.

De nition 11 (weighted Bu hi automaton) Let S be a nite distributive latti e.
A weighted generalized Bu hi automaton (WGBA) over S for arity k is a tuple A =
(Q; in; wt; F ; : : : ; Fn ) where Q is a nite set of states, in : Q ! S is the initial
distribution, wt : Qk ! S assigns weights to transitions, and F ; : : : ; Fn  Q are the
sets of nal states. A WGBA is alled weighted Bu hi automaton (WBA) if n = 1 and
weighted looping automaton (WLA) if n = 0.
A run of the WGBA A is a labelled tree r : K  ! Q. The weight of this run
N
!
is wt(r) = u2K  wt(r(u)). This run is su essful if, for every path p and every
i; 1  i  n, there are in nitely many nodes u 2 p su h that r(u) 2 Fi . Let su A
1

+1

1

denote the set of all su essful runs of A. The behaviour of the automaton A is

kAk :=

M

r2su A

in(r(")) wt(r):

Let us illustrate this de nition on the example of a WBA over the Boolean semiring
that simulates an (unweighted) Bu hi tree automaton.
Example 2 The Boolean semiring B = (f0; 1g; ^; _; 1; 0) is a nite distributive latti e,
where the partial order is de ned as 1 B 0. Note that we have de ned 1 to be smaller
than 0, and thus onjun tion yields the supremum (i.e., is the \addition" ) and
disjun tion yields the in mum (i.e., is the \multipli ation" ). Likewise, 1 is the least
element 0, and 0 is the greatest element 1. The reason for this unorthodox de nition
is that this makes it easy to transform a given Bu hi tree automaton A = (Q; ; I; F )
into a WBA Aw on B su h that the behaviour of Aw is 0 i A has a su essful run
that labels the root with an initial state. In Aw , the initial distribution maps initial
states to 0 and all other states to 1; a tuple in Qk+1 gets weight 0 if it belongs to ,
and weight 1 otherwise.
Consider the WBA Aex
u hi
w that is obtained by applying this onstru tion to the B
tree automaton Aex of Example 1. The run r1 has weight 0 sin e all the transitions it
uses have weight 0, and these weights are multiplied with ea h other, i.e., onne ted by
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disjun tion. Sin e this run is su essful, it ontributes the summand in(q0 ) wt(r1 ) =
0 _ 0 = 0 to the behaviour of Aex
w . Sin e addition is onjun tion, this auses the
behaviour of Aex
w to be 0. Let us nevertheless onsider some other runs. The run r2
also has weight 0 and starts with the initial state q0 . However, sin e this run is not
su essful, in(q0 ) wt(r2 ) is not used as a summand when omputing the behaviour
ex
ex
of Aex
w . The tree r3 is a su essful run of Aw , but it is not a run of A . Sin e it uses
the transition (q3 ; q3 ; q3 ), whose weight is 1, its overall weight is 1 as well. Thus, it
ontributes the summand in(q0 ) wt(r3 ) = 0 _ 1 = 1 to the behaviour of Aex
w , but this
summand is \eaten up" by the summand 0 ontributed to the sum (i.e., onjun tion)
by the run r1 . Finally, the run r4 , is a su essful run of Aex
w , whi h has weight 0. Sin e
q1 is not an initial state of Aex , it ontributes the summand wt(q1 ) wt(r4 ) = 1 _ 0 = 1
to the behaviour of Aex
w.
By generalzing the observations we have made for the runs r1 ; r2 ; r3 ; r4 of Aex
w , it
is easy see that the following holds for any Bu hi tree automaton A: the behaviour of
Aw is 0 i A has a su essful run that labels the root with an initial state.
In Se tion 5, we will develop an approa h for omputing the behaviour of weighted
(generalized) Bu hi tree automata that generalizes the emptiness test for (generalized)
Bu hi tree automata. But rst, we show how to redu e the problem of omputing the
pinpointing formula to the problem of omputing the behaviour of a WGBA.

4 Automata-based Pinpointing
In this se tion, we rst introdu e our general approa h for automata-based pinpointing,
and then show how it an be applied to nding a pinpointing formula for unsatis ability
in SI and LTL.
4.1 The General Approa h
Basi ally, the automata-based approa h for de iding a -property P takes axiomatized
inputs = (I ; T ) and translates them into automata A su h that 2 P i A does
not have a su essful run. For example, the automaton onstru ted from a on ept
des ription C and a TBox T has a su essful run i C is satis able w.r.t. T , where the
-property is un satis ability. If the translation from to A is an arbitrary fun tion,
then we have no way of knowing how the axioms in T in uen e the behaviour of
the automaton, and thus it is not lear how to onstru t a orresponding pinpointing
automaton. For this reason, we will assume that the automaton A for = (I ; T ) in a
ertain sense also ontains automata for all axiomatized inputs (I ; T 0 ) with T 0  T ,5
whi h an be obtained by appropriately restri ting the states and transitions of A .
To be more pre ise, let A = (Q; ; I; F1 ; : : : ; Fn ) be a generalized Bu hi automaton
for arity k and = (I ; T ) an axiomatized input. The fun tions res : T ! P (Qk+1 )
and I res : T ! P (Q) are respe tively alled a transition restri ting fun tion and an
initial restri ting fun tion. The restri ting fun tions res and I res an be extended to
sets of axioms T 0  T as follows:

res(T 0 ) :=

\

t2T 0

res(t) and I res(T 0 ) :=

\

t2T 0

I res(t):

5 Re all that every subset of an admissible set of axioms is also admissible.
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For T 0  T , the T 0 -restri ted subautomaton of

A w.r.t. res and I res is de

AjT 0 := (Q;  \ res(T 0 ); I \ I res(T 0 ); F

1

ned as

; : : : ; Fn ):

De nition 12 (axiomati automaton) Let A = (Q; ; I; F1 ; : : : ; Fn ) be a generalized Bu hi automaton for arity k, = (I ; T ) an axiomatized input, and res :
T ! P (Qk+1 ) and I res : T ! P (Q) a transition and an initial restri ting fun tion,
respe tively. Then we all (A; res; I res) an axiomati automaton for .
Given a -property P , we say that (A; res; I res) is orre t for w.r.t. P if the
following holds for every T 0  T : (I ; T 0 ) 2 P i AjT 0 does not have a su essful run r
with r(") 2 I \ I res(T 0 ).
Given a orre t axiomati automaton for = (I ; T ), we an de ide (I ; T 0 ) 2 P
for T 0  T by applying the emptiness test for generalized Bu hi automata to AjT 0 .
Example 3 Let = (I ; T ) be an axiomatized input, where T = fax1 ; ax2 ; ax3 g, and
assume that, for all T 0  T , the -property P holds for (I ; T 0 ) i fax1 ; ax2 g \ T 0 6= ;.
Thus, MINP ( ) = ffax1 g; fax2 gg, and ax1 _ ax2 is a pinpointing formula.
Consider the axiomati automaton (Aex ; res; I res), where

{ Aex is the Bu hi tree automaton introdu ed in Example 1;
{ the transition restri ting fun tion is de ned as res(ax ) =  n f(q ; q ; q )g,
res(ax ) = , and res(ax ) =  n f(q ; q ; q )g;
{ the initial restri ting fun tion is de ned as I res(ax ) = I , I res(ax ) = ;,
and I res(ax ) = I .
1

2

3

2

2

1

1

1

2

1

2

3

It is easy to see that (Aex ; res; I res) is orre t for w.r.t. P . In fa t, re all that
the only su essful run of Aex is r1 , whi h labels the root with q0 and all non-root
nodes with q1 . Now, assume that T 0  T . If ax1 2 T 0 , then the transition (q1 ; q1 ; q1 ),
whi h is used in the run r1 , is no longer available, and thus r1 is not a run of AjT 0. If
ax2 2 T 0 , then AjT 0 does not have an initial state, and thus r1 no longer starts with
an initial state. Finally, having ax3 in T 0 does not remove the run r1 sin e this axiom
only removes the transition (q2 ; q2 ; q2 ), whi h is not used in r1 , and it also does not
hange the set of initial states. Consequently, we have seen that AjT 0 does not have
a run that labels the root with an initial state i fax1 ; ax2 g \ T 0 6= ;, and thus i P
holds for (I ; T 0 ).
Now, we show how to transform a orre t axiomati automaton into a weighted
generalized Bu hi automaton whose behaviour is a pinpointing formula for the input.
This weighted automaton uses the T -Boolean semiring, whi h is de ned as B T :=
(B^ (T ); ^; _; >; ?), where B^ (T ) is the quotient set of all monotone Boolean formulae
over lab(T ) by the propositional equivalen e relation, i.e., two propositionally equivalent formulae orrespond to the same element of B^ (T ). It is easy to see that this
semiring is indeed a distributive latti e, where the partial order is de ned as  
i
!  is valid. Furthermore, as T is nite, this latti e is also nite.6 Note that,
similar to the ase of the Boolean semiring B , onjun tion is the semiring addition (i.e.,
yields the supremum ) and disjun tion is the semiring multipli ation (i.e., yields the
in mum ). Likewise, > is the least element 0 and ? is the greatest element 1.

6 More pre isely, B T is the free distributive latti e over the generators lab(T ).
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De nition 13 (pinpointing automaton) Let (A; res; I res) be an axiomati automaton for
= (I ; T ), with A = (Q; ; I; F ; : : : ; Fn ). The violating fun tions
vio : Qk ! B T and I vio : Q ! B T are given by
_
vio(q ; q ; : : : ; qk ) :=
lab(t);
1

+1

0

1

ft2T j q0 ;q1 ;:::;qk 2= res t g
(

I vio(q ) :=

_

)

ft2T jq2= I res t g

( )

(t);

lab

( )

where the empty disjun tion yields ?.
The pinpointing automaton indu ed by (A; res; I res) w.r.t.
B T (A; res; I res)pin = (Q; in; wt; F1 ; : : : ; Fn ), where

I vio(q )

wt(q0 ; q1 ; : : : ; qk ) :=

(

vio(q0 ; q1 ; : : : ; qk )

>

is the WGBA over

if q 2 I ,

in(q ) :=

(

>

T

otherwise;
if (q0 ; q1 ; : : : ; qk ) 2 ,
otherwise.

It is easy to see that, if r : K  ! Q is a run of A, then its weight is given by
!
W
wt(r) = u2K  vio(r(u)); otherwise, wt(r) = >. Intuitively, the violating fun tion

vio expresses whi h axioms are not \satis ed" by a given transition, and thus the
weight of a run a umulates all the axioms violated by any of the transitions appearing
as labels in it. Additionally, the fun tion I vio represents the axioms that are violated by
the initial state of this run. Removing all the axioms appearing in these two formulae
would yield a subset of axioms whi h a tually allows for this run; and hen e, if the
run is su essful and the root is labelled with an initial state, due to orre tness, the
property does not hold anymore. Conjoining this information for all possible su essful
runs leads us to a pinpointing formula.
Before formulating and proving this fa t more formally, let us illustrate the onstru tion of the pinpointing automaton on the axiomati automaton introdu ed in
Example 3.
Example 4 Let (Aex ; res; I res) be the axiomati automaton from Example 3. The
orresponding pinpointing automaton has the initial distribution in, where
in(q0 ) = ax2 and in(q1 ) = in(q2 ) = in(q3 ) = >;

and the weight fun tion wt, where

wt(q1 ; q1 ; q1 ) = ax1 and wt(q2 ; q2 ; q2 ) = ax3 ;
wt(q; q 0 ; q 00 ) = ? if (q; q 0 ; q 00 ) 2  n f(q1 ; q1 ; q1 ); (q2 ; q2 ; q2 )g;
wt(q; q 0 ; q 00 ) = > if (q; q 0 ; q 00 ) 62 :

The behaviour of this WBA is k(Aex ; res; I res)pin k = r2su Aex in(r(")) _ wt(r).
Obviously, only su essful runs that label the root with q0 an ontribute a onjun t
di erent from > to this onjun tion. There is a single su essful run of Aex that satis es
this restri tion: the run r1 , whi h labels the root with q0 and all other nodes with q1 .
The weight of this run is wt(r1 ) = wt(q0 ; q1 ; q1 ) _ wt(q1 ; q1 ; q1 ) = ?_ ax1 = ax1 . Sin e
in(q0 ) = ax2 , this shows that k(Aex ; res; I res)pin k = ax2 _ ax1 , whi h is a pinpointing
formula for w.r.t. P (see Example 3).
V
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P be a -property, and = (I ; T ) an axiomatized input. If the axiomati automaton (A; res; I res) is orre t for w.r.t. P , then k(A; res; I res)pin k is
a pinpointing formula for w.r.t. P .

Theorem 1 Let

Proof We need to show that, for every valuation V  lab(T ), it holds that V satis es
k(A; res; I res)pin k i (I ; TV ) 2 P . Let V  lab(T ). Suppose rst that (I ; TV ) 2= P .
Sin e (A; res; I res) is orre t for w.r.t. P , there must be a su essful run r of AjTV
!
with r(") 2 I \ I res(TV ). Consequently, r(u) 2 res(TV ) holds for every u 2 K  ,
!
and thus V annot satisfy vio(r(u)), for any u 2 K  . Sin e r is a su essful run
!
W
of AjTV , it is also a su essful run of A, whi h implies wt(r) = u2K  vio(r(u)).
Thus, V does not satisfy wt(r). Sin e r(") 2 I , we know that in(r(")) = I vio(r("));
additionally, r(") 2 I res(TV ) implies that V does not satisfy
I vio(r(")). Thus, V does
V
not satisfy in(r(")) _ wt(r). But then V also annot satisfy r2su A in(r(")) _ wt(r) =
k(A; res; I res)pin k.
V
Conversely, if V does not satisfy k(A; res; I res)pin k = r2su A in(r(")) _ wt(r),
then there must exist a su essful run r su h that V does not satisfy in(r(")) _ wt(r).
!
This implies that r(") 2 I \ I res(TV ) and that r(u) 2 res(TV ) for all u 2 K  .
Consequently, r is a su essful run of AjTV with r(") 2 I \ I res(TV ), whi h shows
(I ; TV ) 2= P , by the orre tness of the axiomati automaton.
ut

4.2 Constru ting Axiomati Automata for SI
If we want to apply Theorem 1 to obtain an automata-based approa h for pinpointing
unsatis ability in SI , we must show how, given an ALC on ept des ription C and an
SI TBox T , we an onstru t an axiomati automaton (AC;T ; resC;T ; I resC;T ) that
is orre t for (C; T ) w.r.t. unsatis ability. For this purpose, we must adapt the known
onstru tion of a looping automaton for SI from [3℄ su h that it yields an axiomati
automaton.7
As mentioned before, the automata-based approa h for de iding (un)satis ability
uses the fa t that a on ept is satis able i it has a so- alled Hintikka tree. The automaton to be onstru ted will have exa tly these Hintikka trees as its runs. Intuitively,
Hintikka trees are obtained from tree-shaped models by labelling every node with the
\relevant" on ept des riptions to whi h it belongs.
Following [3℄, we assume that all on ept des riptions are in negation normal form
(NNF), i.e., negation appears only dire tly in front of on ept names. Any ALC on ept
des ription an be transformed into NNF in linear time using de Morgan, duality of
quanti ers, and elimination of double negations. We denote the NNF of C by nnf (C )
and nnf (:C ) by vC . Given an ALC on ept des ription C and an SI TBox T , the set
of relevant on ept des riptions is the set of all subdes riptions of C and of the on ept
des riptions vD t E for D v E 2 T . We denote this set by sub(C; T ). The set of role
names o urring in C or T is denoted by rol(C; T ). The states of our automaton are
so- alled Hintikka sets, whi h in addition to subdes riptions also ontain information
about whi h roles are supposed to be transitive.
7 On the one hand, the onstru tion in [3℄ is more omplex than the one given here sin e
the states of the automata in [3℄ ontain additional information needed for dete ting y les
in a run as early as possible, whi h is not relevant for the present paper. On the other hand,
the states of the automata onstru ted here ontain additional information about transitivity
needed for de ning the restri ting fun tion.
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De nition 14 (Hintikka set) A set H  sub(C; T ) [ rol(C; T ) is alled a Hintikka
set for (C; T ) if the following three onditions are satis ed:

(i) if D u E 2 H , then fD; E g  H ;
(ii) if D t E 2 H , then fD; E g \ H 6= ;; and
(iii) there is no on ept name A su h that fA; :Ag  H .

The Hintikka set H is ompatible with the GCI D v E 2 T if it is the empty set or
ontains vD t E . It is ompatible with the transitivity axiom trans(r) 2 T if it is the
empty set or ontains r. Finally, it is ompatible with the inverse axiom inv(r; s) 2 T if
r 2 H implies s 2 H and vi e versa.
The arity k of our automaton is determined by the number of existential restri tions, i.e., on ept des riptions of the form 9r:D, ontained in sub(C; T ). Sin e we need
to know whi h su essor in the tree orresponds to whi h existential restri tion, we x
an arbitrary bije tion ' : f9r:D j 9r:D 2 sub(C; T )g ! K . To obtain full k-ary trees,
we will use nodes labelled with the empty set (whi h is a Hintikka set) as dummy
nodes. The following Hintikka onditions will be used to de ne the transitions of our
automaton.

De nition 15 (Hintikka ondition) The tuple of Hintikka sets (H ; H ; : : : ; Hk )
for (C; T ) satis es the Hintikka ondition if the following holds for every existential
restri tion 9r:D 2 sub(C; T ):
{ If 9r:D 2 H , then H' 9r:D ontains D as well as every E for whi h there is a
value restri tion 8r:E 2 H ; if, in addition, r 2 H , then 8r:E belongs to H' 9r:D
for every value restri tion 8r:E 2 H .
{ If 9r:D 2= H , then H' 9r:D = ;.
This tuple is ompatible with the GCI D v E 2 T ( ompatible with the transitivity
axiom trans(r) 2 T ) if all its omponents are ompatible with D v E (trans(r)). It is
ompatible with the inverse axiom inv(r; s) 2 T if all its omponents are ompatible
with inv(r; s), and the following holds for all t 2 fr; sg and t 2 fr; sg n ftg: for every
8t:F 2 H' 9t :D , the set H ontains F , and additionally 8t :F if t 2 H .
0

0

(

1

)

0

0

(

)

0

0

(

(

)

0

)

0

We are now ready to de ne the axiomati automaton for unsatis ability in SI .

De nition 16 (axiomati automaton for SI ) Let C be an ALC on ept des ription, T an SI TBox, and k the number of existential restri tions in sub(C; T ). The
axiomati automaton (AC;T ; resC;T ; I resC;T ) has as its rst omponent the looping
automaton AC;T := (Q; ; I ), where

{ Q onsists of all Hintikka sets for (C; T );
{  onsists of all (H ; H ; : : : ; Hk ) 2 Qk that satisfy the Hintikka ondition;
{ I := fH 2 Q j C 2 H g.
The transition restri ting fun tion resC;T maps ea h axiom t 2 T to the set of all
tuples in  that are ompatible with t. The initial restri ting fun tion I resC;T maps
ea h axiom t 2 T to the set Q, i.e., there is e e tively no restri tion on the initial
0

1

+1

states imposed by the axioms.

Corre tness of this automaton onstru tion an be shown by an easy adaptation of
the arguments used in [3℄.
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Theorem 2 Let C be an ALC on ept des ription and T an SI TBox. The axiomati
automaton (AC;T ; resC;T ; I resC;T ) is orre t for (C; T ) w.r.t. unsatis ability.
Theorem 1 shows that it is enough to ompute the behaviour of the pinpointing
automaton (AC;T ; resC;T ; I resC;T )pin indu ed by (AC;T ; resC;T ; I resC;T ) in order
to obtain a pinpointing formula for (C; T ) w.r.t. unsatis ability. In Se tion 5, we will
show how this behaviour an be omputed, but rst we present an example of an
axiomati automaton where the use of a Bu hi a eptan e ondition is ne essary.
4.3 Constru ting Axiomati Automata for LTL
The axiomati automaton for LTL a-unsatis ability will have as states sets of formulae
similar to the Hintikka sets introdu ed for SI , but they will need to satisfy slightly
di erent onditions, due to the fa t that we will not assume that the formulae used are
in negation normal form.8 Given an LTL formula  and a set of LTL formulae R, the
losure of (; R) is the set of all subformulae of  and R, and their negations, where
double negations are an elled. We denote this set as l(; R).
Following [42℄, the states of our automaton are elementary sets of formulae, whi h
play the role of the Hintikka sets of the previous subse tion. Elementary sets are maximal and onsistent sets of subformulae in l(; R).

De nition 17 (elementary set) The set H  l(; R) is alled an elementary set
for (; R) if it satis es the following onditions:
{ : 2 H i  2= H , for all : 2 l(; R);
{  ^ 2 H i f; g  H , for all  ^ 2 l(; R);
{ 2 H implies U 2 H , for all U 2 l(; R);
{ if U 2 H and 2= H , then  2 H
The automaton onstru ted from a given input (; R) takes unary trees as input, i.e.,

its runs are in nite words over the set of states. The transition relation is thus binary.
It plays the role of the Hintikka ondition, ensuring that temporal restri tions are
transfered to su essor nodes when ne essary.

De nition 18 ( ompatible) A tuple (H; H 0 ) of elementary sets is alled ompatible

if it satis es the following onditions:
{ for all
2 l(; R), 2 H i 2 H 0 ; and
{ for all U 2 l(; R), U 2 H i either (i) 2 H or (ii)  2 H and U

2 H 0.

The runs of our automaton will be sequen es of elementary sets where ea h two onse utive ones form a ompatible tuple. In ontrast to the ase for SI , the presen e of
a run of this automaton does not imply the existen e of a omputation. The reason
is that one an delay the satisfa tion of an until formula inde nitely; that is, every
node in the run may ontain the formula U while none ontains , violating this
way the last ondition in the de nition of a omputation for the input. In order to rule
out these kinds of runs and make sure that ea h until formula is eventually satis ed,
we will impose a generalized Bu hi ondition, whi h introdu es a set of nal states for
ea h until formula in l(; R).
8 Although it is possible to transform LTL formulae into negation normal form, we de ided

not to do this in order to stay as lose as possible to the known automaton onstru tion for
LTL [42℄. This allows us to reuse the proof of orre tness of this onstru tion.
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De nition 19 (axiomati automaton for LTL) Let  and R be an LTL formula
and a set of LTL formulae, respe tively, and let  U ; : : : ; n U n be all the until
formulae in l(; R). The axiomati automaton (A;R ; res;R ; I res;R ) has as its rst
omponent the generalized Bu hi automaton A;R := (Q; ; I; F ; : : : ; Fn ), where
1

1

1

{
{
{
{

9

Q is the set of all elementary sets for (; R);
 onsists of all ompatible pairs (H; H 0 ) 2 Q  Q;
I := fH 2 Q j  2 H g;
Fi := fH 2 Q j i 2 H or i U i 2= H g.

For every 2 R, the transition restri ting and initial restri ting fun tions are given
by res;R ( ) :=  and I res;R ( ) := fH 2 Q j 2 H g, respe tively.
Corre tness of this automaton an be shown by a simple adaptation of the proof in [42℄.

Theorem 3 Let  be an LTL formula and R a set of LTL formulae. The axiomati
automaton (A;R ; res;R ; I res;R ) is orre t for (; R) w.r.t. a-unsatis ability.
From Theorem 1 we know that it suÆ es to ompute the behaviour of the pinpointing automaton (A;R ; res;R ; I res;R )pin indu ed by (A;R ; res;R ; I res;R )
in order to obtain a pinpointing formula for (; R) w.r.t. a-unsatis ability. We will
show now how this behaviour an be omputed.

5 Computing the Behaviour of Weighted Tree Automata
In this se tion, we rst show how the behaviour of a weighted Bu hi automaton (WBA)
on a nite distributive latti e an be omputed by two nested iterations. Then, we
des ribe how this approa h an be simpli ed to a single \bottom-up" iteration for the
spe ial ase of a weighted looping automaton (WLA). Next, we show that any weighted
generalized Bu hi automaton (WGBA) an be redu ed, in polynomial time, to a WBA
that has the same behaviour. This redu tion follows the ideas that have previously been
used for the ase of unweighted automata [41℄. Finally, we ompare our approa h for
omputing the behaviour of a weighted Bu hi automaton with the one independently
developed in [15℄.

5.1 Computing the Behaviour of a WBA
Clearly, the nave approa h that dire tly uses the de nition of the behaviour by rst
omputing and then adding up the weights of all su essful runs would not produ e a
result in nite time sin e there are potentially in nitely many su essful runs, whi h
are themselves in nite. Instead, we will use an iterative method for omputing the
behaviour, whi h generalizes the emptiness test for Bu hi automata

9 If n = 0, i.e.,  and
looping automaton.

R do not

ontain until formulae, then this automaton is a tually a
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The Emptiness Test for Bu hi Automata

The emptiness problem for Bu hi automata an be de ided in time polynomial in the
size of the automaton [30,41℄. The de ision pro edure onstru ts the set of all states
that annot o ur as labels in any su essful run; we will all these states bad states.
We an try to disprove that a state is bad by trying to onstru t a nite partial run
where every path ends in a nal state.10 Every state for whi h this onstru tion fails
is learly bad, but there may be bad states for whi h this onstru tion su eeds. The
reason is that some of the nal states rea hed by the nite run may themselves be
bad. Thus, in order to ompute all bad states we must iterate this pro ess, where in
the next iteration the partial run is required to rea h nal states that are not already
known to be bad. Noti e, however, that the onstru tion of a nite partial run ending in
non-bad nal states an itself be realized by an iterative pro edure. Hen e, the de ision
pro edure for the emptiness problem uses two nested iterations. In the inner loop, we
try to onstru t a nite partial run nishing in (non-bad) nal states for every state. In
the outer loop, we use the result of the inner iteration to update the set of (known) bad
states, and then re-start the inner iteration with this new information. Let us all the
states for whi h there is a nite partial run nishing in non-bad nal states adequate.
First, any state q 2 Q for whi h there is a transition leading to only non-bad nal
states is learly adequate. Then, every state for whi h there is a transition leading only
to states that are either (i) nal and not bad or (ii) already known to be adequate
is also adequate. Obviously, during this iteration, the set of adequate states be omes
stable after at most jQj iterations. The outer loop then adds all the states that were
found not to be adequate to the set of bad states. The set of bad states maintained in
this outer iteration be omes stable after at most jQj steps. It an be shown that there
is a su essful run that starts with an initial state i not all initial states are ontained
in the set of bad states omputed this way. This yields an emptiness test that runs in
time polynomial in the number of states (see [41℄ for details).
Example 5 Let us illustrate this approa h on the Bu hi automaton Aex of Example 1.
First, we try to onstru t, for every state, a nite partial run where every path ends in
a nal state. This is possible for q0 , q1 , and q2 , but not for q3 . Thus, in this iteration,
q0 ; q1 ; q2 are the adequate states, and q3 is not adequate, whi h means that q3 is added
to the set of bad states. In the next iteration, q2 turns out to be no longer adequate
sin e it an only rea h the bad nal state q3 . Thus, it is also put into the set of bad
states. After that, the pro ess be omes stable, i.e., the set fq2 ; q3 g is the set of bad
states omputed by the algorithm. Sin e the initial state q0 does not belong to this set,
we know that there is a su essful run that starts with this initial state.
Emptiness Test by Behaviour Computation

Before treating the general ase of a WBA, we onsider the spe ial ase of a weighted
automaton over the Boolean semiring that simulates an unweighted one. In Example 2,
we have de ned, for every Bu hi tree automaton A a WBA Aw su h that the behaviour
of Aw is 0 i A has a su essful run that labels the root with an initial state. In this
ase, the omputation of the behaviour of Aw basi ally oin ides with the emptiness
test applied to A.

10 See De nition 20 below for a formal de nition of this notion.
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In fa t, the emptiness test for Bu hi automata sket hed above an be adapted su h
that it omputes the behaviour of Aw as follows. We onstru t a fun tion bad : Q !
f0; 1g su h that bad(q) = 1 i q is a bad state. The outer iteration of the algorithm
will update this fun tion at every step. In the beginning, no state is known to be bad,
and thus we start the iteration with bad0 (q ) = 0 for all q 2 Q. Now assume that the
fun tion badi : Q ! f0; 1g for i  0 has already been omputed. For the next step of
the iteration, we all the inner loop to update the set of adequate states. In this loop,
we are going to ompute the fun tion adqi : Q ! f0; 1g. Here, adqi (q ) = 1 means that
q is not an adequate state, i.e., that it is not possible to onstru t a run starting with
this state where ea h path rea hes at least one non-bad nal state. At the beginning
we know nothing about the adequate states, so we set adqi0 (q ) = 1 for all q 2 Q.
Assume that we have already omputed adqin : Q ! f0; 1g. To know whether a state
should be ome adequate in the next step, we need to he k for ea h transition starting
from this state whether the nal states rea hed by the transition are non-bad and the
non- nal states are already known to be adequate. Thus, we have
i

adqn+1

(q ) =

^

q;q1 ;:::;qk )2Qk+1

(

wt(q; q1 ; : : : ; qk ) _

_

qj 2= F

i (q ) _ _ bad (q ):
j
i j
qj 2F

adqj

(3)

The fun tion adqi is the limit of this inner iteration, whi h is rea hed after at most jQj
steps. With this fun tion, we de ne
badi+1

(q ) = badi (q ) _ adqi (q ):

The fun tion bad is the limit of this outer iteration, whi h is also rea hed after at most
jQj steps. This omputation of the fun tion bad by two nested iterations basi ally simulates the omputation of all bad states in the emptiness test for Bu hi tree automata
sket hed above. It is thus easy to show that bad(q ) = 1 i q is a bad state, i.e., annot
o ur as a label in a su essful run of A.
Given the de nition of Aw , it is easy to see that a run r : K  ! Q of Aw has
weight 0 i it is a run of A (see ExampleV2). Consequently, A has a su essful run that
starts with an initial state i kAw k = r2su Aw in(r(")) _ wt(r) = 0. Putting these
observations together, we thus have: the behaviour of Aw is 0 i A has a su essful
run that starts with an initial state i there is an initial state q (i.e., in(q ) = 0)
that is not bad (i.e., bad(q ) = 0). This shows that the behaviour of Aw is given by
V
q2Q in(q ) _ bad(q ).
Next, we show that the behaviour of a WBA an always be omputed by su h a
pro edure with two nested iterations.
Computing the Behaviour in the General Case of an Arbitrary WBA

In the following, we assume that A = (Q; in; wt; F ) is an arbitrary, but xed, WBA
over the nite distributive latti e (S; S ). We will show that the WBA A indu es a
monotone operator Q : S Q ! S Q , where S Q is the set of all mappings from Q to S ,
and that the behaviour of A an easily be obtained from the greatest xpoint of this
operator. The partial order S an be transferred to S Q in the usual way, by applying
it omponent-wise: for ;  0 2 S Q , we de ne  S Q  0 i  (q ) S  0 (q ) for all q 2 Q.
It is easy to see that (S Q ; S Q) is again a nite distributive latti e. We will use and
 also to denote the in mum and supremum in S Q . The least (greatest) element of
S Q is the fun tion 0e (1e) that maps every q 2 Q to 0 (1).
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The de nition of the operator Q will follow the idea of the iterative pro edure we
sket hed before for solving the emptiness problem. We fo us rst on the inner loop,
whi h is realized by another monotone operator O. Noti e that the internal iteration of
the algorithm depends on the set of bad states omputed so far. We will assume that
this information is given by a fun tion f 2 S Q . Thus, we a tually de ne an operator
Of for ea h su h f . Following the idea of Equation (3), the operator Of is de ned as
follows for every  2 S Q :

Of ()(q) =

M

q;q1 ;:::;qk )2Qk+1

(

wt(q; q1 ; : : : ; qk )

where
stepf

Lemma 1 For every f
Of () SQ Of (0 ).

2 SQ

( )(q ) =

(

k
O
j =1

stepf

( )(qj );

f (q ) if q 2 F
 (q ) otherwise

the operator

Of

is monotone, i.e., 

S Q  0

Proof Let ;  0 2 S Q be su h that  S Q  0 . This implies also stepf ( ) S Q
Thus, we have for every q 2 Q:

Of ()(q)

=

S

M

wt(q; q1 ; : : : ; qk )

M

wt(q; q1 ; : : : ; qk )

q;q1 ;:::;qk )2Qk+1

(

q;q1 ;:::;qk )2Qk+1

(

(4)

k
O
j =1
k
O
j =1

implies

stepf

stepf

( )(qj )

stepf

( 0 )(qj ) = Of ( 0 ):

( 0 ).

ut

Sin e we know that S Q is nite, this in parti ular means that the operator Of is
L
ontinuous. By Tarski's xpoint theorem [39℄, this implies that Of has n0 Ofn (0e) as
its least xpoint (lfp). Finiteness of S Q yields that this lfp is rea hed after nitely many
iterations: there exists a smallest m; 0  m  jS jjQj su h that Ofm (0e) = Ofm+1 (0e),
L
and for this m we have n0 Ofn (0e) = Ofm (0e). This yields a bound on the number
of iterations that is exponential in the size of the automaton. We will later show
(see Theorem 6) that it is possible to improve this bound to a polynomial number of
iterations, measured in the number of states.
Re all that the intuition of the internal iteration was to nd out from whi h states
it is possible to build a nite partial run that nishes in nal states. In the general
ase, the operators O will help in omputing the weights of all su h partial runs. Next,
we give a formal de nition of the notion of a nite partial run.

De nition 20 ( nite run) A nite tree is a nite set t  K  that is losed under
pre xes and su h that, if ui 2 t for some u 2 K  and i 2 K , then uj 2 t for all
j; 1  j  k. A node u 2 t is alled a leaf if there is no j; 1  j  k, su h that uj 2 t.
The set of all leaf nodes of a nite tree t is denoted by lnode(t). The depth of a nite
tree t is the length of the largest word in t.
A nite run is a mapping r : t ! Q, where t is a nite tree. Given su h a run,
leaf (r ) denotes the set of all states appearing as labels of a leaf.
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We denote by runs1 the set of all nite runs r of depth at least 1 su h that, for every
n
node u 6= ", r(u) 2 F if and only if u is a leaf. Additionally, for every n  1, let runs
1
denote the set of all nite runs in runs1 having depth at most n. For a state q 2 Q,
n
n j r(") = qg.
runs1 (q ) = fr 2 runs1 j r (") = q g; analogously, runs1 (q ) = fr 2 runs1
N
The weight of a nite run r : t ! Q is wt(r) = u2tnlnode(t) wt(r(u); r(u1); : : : ; r(uk)).

Looking again at the spe ial ase of a weighted automaton simulating an unweighted
one, we see that during the inner iteration we do not want to ompute the weights of
all nite runs in runs1 but only those that nish in states that are not bad. In other
words, we multiply the weight of the run, by the fun tion bad omputed so far applied
to ea h of its leafs. Given
a fun tion f : Q ! S , we de ne the f -weight of a nite run
N
r as wtf (r) = wt(r)
q2leaf (r) f (q ). The lfp of the operator Of omputes the sum
of the f -weights of all runs in runs1 .

Lemma 2 For all n  0 and all q 2 Q, Ofn (0e)(q ) =

L

wt (r).
r2runsn
1 (q) f

Proof The proof is by indu
tion on n. For n = 0, the result follows from the fa t that
0 = ;, and hen e L
runs1
0 wt (r) = 0 = e0(q ) = Of0 (0e)(q ). Assume now that
r2runs
1 (q) f
the identity holds for n. Given a tuple (q1 ; : : : ; qk ) 2 Qk , let i1 ; : : : ; il be all the indi es
su h that qij 2= F for all j; 1  j  l, and il+1 ; : : : ; ik those indi es su h that qij 2 F
n (q ) as rnn and leaf (r )
for all j; l + 1  j  k. For 1  j  l, we will abbreviate runs
ij
j
j
Nk1
as lf j . In addition, F is an abbreviation for the produ t j =l+1 f (qij ). Then,

Ofn (0e)(q) =

M

+1

=
=
=

=

M

wt(q; q1 ; : : : ; qk ) (

M

wt(q; q1 ; : : : ; qk ) (

M

M

q1 ;:::;qk )2Qk r1 2rnn1 ;:::;rl 2rnnl

(

=

wt(q; q1 ; : : : ; qk ) (

q1 ;:::;qk )2Qk

(

=

M

q1 ;:::;qk )2Qk

(

=

wt(q; q1 ; : : : ; qk )

q1 ;:::;qk )2Qk

(

l
O

M

q1 ;:::;qk )2Qk

(

q1 ;:::;qk )2Qk

(

wt(q; q1 ; : : : ; qk )

M

+1
r2runsn
1 (q)
M

+1
r2runsn
1 (q)

wt(r)

O

Ofn (0e)(qij )

j =1
l M
O

j =1 rj 2rnnj

j =1

M

k
O

j =l+1

l
O

r1 2rnn1 ;:::;rl 2rnnl j =1
l
M
O
r1 2rnn1 ;:::;rl 2rnnl j =1

f (p)

(Ofn (0e))(qj )

(5)

f (qij )

(6)

stepf

wtf (rj ))

wt(q; q1 ; : : : ; qk )

p2leaf (r)

k
O

O

qj 2= F

(7)

F

wtf (rj ))
wt(rj )
wt(rj )

(8)

F

O

p2lf j

O

p2lf j

f (p))
f (p)

(9)

F

F

(10)
(11)

wtf (r):

Identities (5) and (6) employ the de nition of the operator Of and stepf , respe tively,
and (7) applies the indu tion hypothesis. Identity (8) uses the fa t that S Q is a distributive latti e, whi h allows us to move the addition out of the produ t, while (9)
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uses the de nition of the f -weight. Identity (10) uses again the distributivity to multiply wt(q; q1 ; : : : ; qk ) in. Finally, Identity (11) simpli es the two sums by onstru ting a
run of larger depth. Instead of onsidering rst the transition (q; q1 ; : : : ; qk ) and then
runs of depth up to n starting with ea h qij , we simply take the orresponding run of
depth n + 1 starting at q . This run labels the root with q and the su essor node i with
qi . If qi is a nal state, then it remains as a leaf, otherwise, below the node i we have
the former run starting with qi . Thus, the set of leafs of this larger run is the union of
the sets of leafs of the runs rj and the set of those qi s that are nal states. The last
identity merely applies the de nition of f -weight again.
ut

Theorem 4 Let f 2 L
S Q and assume that  is the lfp of the operator Of . Then, for
every q 2 Q,  (q ) = r2runs1 q wtf (r).
0

0

( )

Proof By Lemma 2, we have
M

n0

Ofn (0e)(q) =

M

M

n0 r2runsn
1 (q)

wtf (r) =

M

r2runs1 (q)

Tarski's xpoint theorem says that the least xpoint of
ompletes the proof of the theorem.

Of

is

wtf (r):
n e), whi h
n0 Of (0

L

ut

Before turning our attention to the outer iteration of the method for omputing the
behaviour, we will present a bound on the number of steps that are ne essary before
rea hing the xpoint of the inner iteration.

De nition 21 A WBA is m- nalising if, for every f 2 S Q and every partial run r in
m (q) su h that wt (r) S wt (sr ).
runs (q ), there is a partial run sr in runs
f
f
1

1

We will rst show that every WBA is m- nalising for any m greater to the number
of states jQj. Afterwards we will show how this property yields a bound on the number
of iterations needed to rea h the least xpoint of Of .

Theorem 5 Let A be a WBA with less than m states. Then A is m- nalising.

m (q ), then there is
Proof Let f 2 S Q and onsider a run r 2 runs1 (q ). If r 2 runs
1

m
nothing to prove. Otherwise, if r 2= runs1 (q ), then there must be a path in r of length
greater than m. Sin e there are less than m di erent states, there must be two non-root
nodes u; v in this path su h that r(u) = r(v ). Sin e these nodes are on the same path,
we an assume w.l.o.g. that v = uv 0 for some v 0 2 K  n f"g. We de ne a new run s as
follows: for every node w, if there is no w0 for whi h w = uw0 , then set s(w) := r(w);
otherwise (that is, if w = uw0 for some w0 ) set s(uw0 ) := r(vw0 ). This onstru tion
de nes an inje tive fun tion g from the nodes of s to the nodes of r su h that, for every
node w of s, we have s(w) = r(g (w)). Noti e that this fun tion is not surje tive, as
there is no w su h that g (w) = u. Thus, s has less nodes than r. Furthermore, every
transition in s is also a transition in r, and for every w 2 leaf (s), g (w) 2 leaf (r). This
m , then we an repeat the same
implies that wtf (r) S wtf (s). If s is still not in runs
1
0
pro ess to produ e a smaller run s with a smaller f -weight, until we nd one that is
m.
in runs
ut
1

Theorem 6 If A is m- nalising, then Ofm (0e) is the lfp of Of .
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Proof Let 0 be the lfp of Of . We know that 0 is the supremum of fOfn (0e) j n  0g;
thus, it is suÆ ient to
show that Ofm (0e)(q ) S 0 (q ) for all q 2 Q. By Theorem 4, we
L
know that 0 (q ) = r2runs1 (q) wtf (r). Sin e A is m- nalising, we an repla e every
m (q ), thus obtaining a greater element in
r 2 runs1 (q ) by the orresponding sr 2 runs
1
the latti e. Hen e,

0 (q ) S

M

r2runs1 (q)

wtf (sr ) S

M

s2runsm
1 (q)

whi h ompletes the proof of the theorem.

wtf (s) = Ofm (0e)(q );

ut

This theorem tells us that, in order to onstru t the lfp of the operator Of , it is enough
to apply this operator jQj + 1 times. Sin e ea h of the iteration steps also requires only
polynomial time, as a fun tion of the number of states Q, we know that the omputation
of the lfp needs overall polynomial time in the number of states, independently of the
latti e used. As mentioned before, this bound greatly improves on the trivial obtained
from the niteness S Q sin e the trivial bound is exponential in the number of states
of the automaton and depends also on the size of the latti e S .
We fo us now on the outer iteration of the algorithm. For the unweighted ase, this
iteration mainly updates the set of bad states with the information obtained from the
internal iteration. To do this, we de ne the operator Q : S Q ! S Q as follows: for all
 2 SQ
Q() := lfp(O );
where lfp represents the least xpoint.
We will show that, again, a repeated appli ation of this operator leads to an appropriate xpoint, due to the fa t that Q is monotone and S Q is nite.

Q is monotone.
Proof Let ;  0 2 S Q su h that  S Q  0 . Noti e rst that, for every run r 2 runs
this implies that wt (r) S wt0(r). From this we obtain, for every q 2 Q,
Q()(q) = lfp(M
O )(q)
Lemma 3 The operator

=

S
=
=

r2runs1 (q)
M

r2runs1 (q)

wt (r)

,

(12)

wt0(r)

(O0)(q )
Q(0 (q);
lfp

1

(13)

where Identities (12) and (13) follow from Theorem 4 and the inequality is a onsequen e of the remark at the beginning of this proof.
ut
Again, niteness of S Q implies that theNoperator Q is a tually ontinuous, and thus
Tarski's xpoint theorem says that Q has n0 Qn (1e) as its greatest xpoint (gfp). It
remains to show how this gfp an be used to ompute the behaviour of a given WBA.
Let su A (q ) denote the set of all su essful runs
of A whose root is labelled with q .
L
Consider the fun tion  k 2 S Q where  k (q ) := r2su A (q) wt(r). Given this fun tion,
we an obtain the behaviour of the WBA A as follows:
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Lemma 4

 k (q ).

kAk = Lq2Q in(q)

It turns out that  k is in fa t the greatest xpoint of Q. Before proving this, we
will introdu e some additional notation. We will use the expression runsn for n  1 to
denote the set of all nite runs su h that every path from the root to a leaf has exa tly
n non-root nodes labelled with a nal state, the last of whi h is the leaf.
Given a run r 2 runsn , its preamble is the unique nite run s 2 runs1 su h that, for
every node u, if s(u) is de ned, then s(u) = r(u). We will denote the preamble of r by
pre(r ). Noti e that, if r 2 runsn for n  1, then its preamble always exists, and an be
onstru ted as follows: rst set pre(r)(") = r(") and pre(r)(i) = r(i) for all i; 1  i  k.
Then, for every node u for whi h pre(r)(u) is de ned, if r(u) 2 F , then u is a leaf of
pre(r ); otherwise, set pre(r )(ui) = r (ui) for all i; 1  i  k . This onstru tion nishes
sin e, in every path, we must nd at least one nal state, whi h will be a leaf in pre(r),
and thus also pre(r) 2 runs1 .
Given a ( nite) run r and a node u in r, we will denote the subrun of r starting at
u as rju . More formally, rju is the run su h that, for every v 2 K  , if r(uv ) is de ned,
then rju (v ) = r(uv ).
The next lemma relates the number n of times the operator Q has been applied to
the greatest element 1e of S Q to the weights of the runs in runsn .

Lemma 5 For all n > 0 and q 2 Q it holds that

Qn (1e)(q) =

M

r2runsn (q)

wt(r):

Proof We prove this fa t also by indu tion on n. For n = 1, the result follows dire tly
from Theorem 4. Assume now that it holds for n.

Qn (1e)(q) = lfp(OQn 1e )(q)
+1

=

=
=
=
=
=
=
=

M

(

r2runs1 (q)
M

r2runs1 (q)
M

r2runs1 (q)
M

r2runs1 (q)
M

r2runs1 (q)

)

wtQn (1e) (r)
wt(r)
wt(r)
wt(r)
wt(r)

M

(14)

O

p2leaf (r)
O

Qn (1e)(p)
M

p2leaf (r) s2runsn (p)
O

M

s2runsn+1 (q)

M

ft2runsn+1 q jpre t
M

( )

M

r2runs1 (q) ft2runsn+1 (q)jpre(t)=rg
M

wt(s)

u2lnode(r) s2runsn (r(u))

r2runs1 (q) ft2runsn+1 (q)jpre(t)=rg
M

(15)

wt(s):

wt(t)

wt(s)
O

rg u2lnode(r)

( )=

wt(r)

(16)

O

u2lnode(r)

(17)

wt(tju )

(18)

wt(tju )

(19)
(20)
(21)
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The rst identity employs only the de nition of Q. Theorem 4 yields Identity (14).
Identities (15) and (16) follow from the de nition of f -weights and the indu tion hypothesis, respe tively. Identity (17) hanges the indi es to run over the set of leaf nodes,
rather than by the states that label them; the idempoten y of the operators  and
implies that this hange does not alter the result. For Identity (18) we use the distributivity of the latti e. The de nition of distributivity says that, in order to ex hange the
operators  and , the now external addition needs to range over all fun tions mapping nodes u 2 lnode(r) to runs s 2 runsn (r(u)). We noti e that ea h fun tion of this
kind, together with the run r 2 runs1 (q ), de nes exa tly one nite run t 2 runsn+1 (q ).
We thus use this t to represent the fun tion. Identity (19) is an easy onsequen e of
distributivity. For Identity (20), we then use the fa t that a run in runsn+1 an be seen
as its preamble (in runs1 ) on atenated at ea h of its leafs with a run in runsn . Finally,
for Identity (21) we noti e that the set of all runs in runsn+1 an be partitioned by
means of their preambles, whi h means that both sides of the identity range over the
same runs.
ut
As it was the ase for the operator O in the internal iteration, we an bound the
number of iterations that Q needs before rea hing a xpoint by the number of states
of the automaton.

De nition 22 (m- omplete) A WBA A is m- omplete if, for every partial run r 2
runsm (q ), there is a su essful run sr 2 su A (q ) su h that wt(r ) S wt(sr ).
Using the fa t that is idempotent, it is easy to see that every WBA is m- omplete
for any m greater than the number of nal states jF j. The proof is similar to the one
given in [3℄ for the fa t that a looping automaton has a run i it has a partial run of
depth greater than jQj. However, we now also need to take into a ount whi h are the
states that are nal, and whi h are not.

Theorem 7 If A is a WBA with less than m nal states, then A is m- omplete.
Proof Suppose that we have a partial run r : t ! Q in runsm (q ). We use r to onstru t
a fun tion : K  ! t by indu tion. With this fun tion, we then onstru t a su essful
run sr by setting sr (u) := r( (u)). The intuitive meaning of (v ) = w is that, in the
run sr , the node v will have the same label as the node w in r. We de ne as follows:

{ (") := ",
{ for a node v  i, if there is a prede essor w of (v )  i su h that (i) r( (v )  i) = r(w),
and (ii) r(w) 2 F , then set (v  i) := w; otherwise, set (v  i) := (v )  i.
Noti e that the fun tion is well-de ned sin e, for every v 2 K  , we have that (v ) is
not a leaf node of t. In fa t, whenever we nd a nal state several times in the same

path, the mapping always leads to the earliest one. Thus, rea hing a leaf would mean
that we have a path rea hing m nal states, where none of them repeats, ontradi ting
the fa t that the automaton has less than m nal states in total.
We now show that it is possible to onstru t a su essful run sr from r by de ning
sr (v ) = r( (v )) for all v 2 K  , and that wt(r) S wt(sr ). Our de nition of ensures
that, for every v 2 K  and i 2 K, it holds that sr (v  i) = r( (v )  i). Thus, for every
v 2 K  , we have (sr (v ); sr (v 1); : : : ; sr (vk)) = (r( (v )); r( (v )  1); : : : ; r( (v )  k)), and
hen e,

wt(sr (v ); sr (v 1); : : : ; sr (vk)) = wt(r( (v )); r( (v )  1); : : : ; r( (v )  k)):
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This implies that every fa tor in the produ t wt(sr ) is also a fa tor in the produ t
wt(r). Sin e the produ t omputes the in mum, we thus have wt(r) S wt(sr ).
It remains only to show that sr is su essful. Suppose to the ontrary that sr is
not su essful. Then, there must exist a path p and a node v 2 p su h that all its
su essors in p are labelled with non- nal states. In other words, for every w 2 K  , if
v  w 2 p, then sr (v  w) 2= F . This implies, by our de nition of , that (v  w) = (v )  w,
for all v  w 2 p. Thus, r has an in nite path, whi h ontradi ts the assumption that
r 2 runsm .
ut
The following theorem states that it is possible to ompute the mapping  k for an
m- omplete automaton by applying the Q operator to the greatest element of S Q at
most m times.

Theorem 8 If A is an m- omplete WBA, then Qm (1e) =  k .

Proof Noti e rst that, by Lemma 5, we know that Qm (1)(q ) = r2runsm (q) wt(r).
Sin e A is m- omplete, we an repla e ea h of these partial runs by a su essful run,
whi h yields

Qm (1e)(q) S

M

r2runsm (q)

wt(sr ) S

M

s2su (q)

L

wt(s) =  k (q ):

To prove the inequality in the other dire tion, noti e that, given a su essful run r,
we an trun ate it at every path when m nal states have been found. The result of
this is a nite run sin e otherwise, as the tree is nitely bran hing, Konig's Lemma
would imply the existen e of an in nite path in this tree. Sin e we trun ate ea h bran h
whenever we have found m nal states, an in nite path would be one on whi h less
than m nal states o ur, ontradi ting the fa t that r is a su essful run. Thus, the
partial run rm onstru ted this way belongs to runsm . Noti e that, for every node u of
rm , it holds that rm (u) = r(u). Hen e, we have wt(r) S wt(rm ). This yields

 k (q ) =

M

r2su (q)

wt(r) S

S

M

r2su (q)
M

wt(rm )

s2runsm (q)

wt(s) = Qm (1e)(q ):

Putting the two inequalities together proves the theorem.

ut

In parti ular, this theorem shows that the mapping  k is indeed the gfp of Q.

Corollary 1 The mapping  k is the greatest xpoint of Q.
Proof Sin e S Q is nite, the gfp of Q is rea
hed after nitely many iterations; more
N
pre isely, if n0 > jS jjQj , then this gfp is n0 Qn (1e) = Qn0 (1e). Obviously, we an
hoose n0 su h that n0 > jF j. Theorem 7 then says that the automaton is n0 - omplete.
Thus, by Theorem 8, it follows that Qn0 (1e) =  k .
ut

Overall, we have thus shown how to ompute the behaviour of a WBA. By Lemma 4,

kAk = Lq2Q in(q) k (q). The above orollary says that k is the greatest xpoint of
Q. Let us illustrate this pro ess by using it to ompute the behaviour of the pinpointing

automaton of Example 4.
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Example 6 To ompute the behaviour of the pinpointing automaton introdu ed in
Example 4, we need to nd the greatest xpoint of Q, found after repeated appli ations
of Q to 1e. By de nition, Q(1e) = lfp(O1e ); hen e, we repeatedly apply O1e to 0e to nd
this least xpoint. This operator is de ned as

O1e ()(p) =

^

p;p1 ;p2 )2Q3

(

wt(p; p1 ; p2 ) _ step1e ( )(p1 ) _ step1e ( )(p2 );

where step1e ( )(p) = ? if p 2 fq1 ; q3 g and  (p) otherwise. The rst iteration of the
xpoint omputation looks as follows:11

O1e (0e)(q

) = (wt(q0 ; q1 ; q1 ) _ ? _ ?) ^ (wt(q0 ; q2 ; q2 ) _ > _ >)
= (? _ ? _ ?) ^ (? _ > _ >) = ?;
e
O1e (0)(q1 ) = wt(q1 ; q1 ; q1 ) _ ? _ ? = ax1 _ ? _ ? = ax1 ;
O1e (0e)(q2 ) = (wt(q2 ; q2 ; q2 ) _ > _ >) ^ (wt(q2 ; q3 ; q3 ) _ ? _ ?)
= (ax3 _ > _ >) ^ (? _ ? _ ?) = ?;
e
O1e (0)(q3 ) = >:
0

Analogously, we an ompute O1e2 (0e) = O1e (0e) = (?; ax1 ; ?; >), whi h means that we
have found the least xpoint; hen e Q(1e) = (?; ax1 ; ?; >).
2
e
e
For the se ond iteration, we get that OQ
e) (0) = (ax1 ; ax1 ; >; >),
e) (0) = OQ(1
(1
2 e
and thus Q (1) = (ax1 ; ax1 ; >; >). A further iteration of this operator yields Q3 (1e) =
Q2 (1e) and hen e we have found the greatest xpoint k of Q.
Knowing this xpoint, we an now ompute the behaviour of (Aex ; res; I res)pin :

k(Aex ; res; I res)pin k =

3
^

i=0

in(qi ) _  k (qi )

= (ax2 _ ax1 ) ^ (> _ ax1 ) ^ (> _ >) ^ (> _ >)
= ax2 _ ax1 ;
whi h is identi al to the behaviour that we have omputed in an ad ho manner in
Example 4.
In general, the xpoint  k an be omputed in mo := jF j + 1 iteration steps
sin e mo is larger than the number of nal states of the input WBA (Theorems 7
and 8). Ea h step of this outer iteration onsists of omputing the least xpoint of the
operator O , where  is the result of the previous step. This xpoint an be omputed
in mi = jQj + 1 iteration steps sin e mi is larger that the number of states of the input
WBA (Theorems 5 and 6). Su h an inner iteration step requires a polynomial number
of latti e operations (in the ardinality jQj of Q).
Thus, to analyze the omplexity of our algorithm for omputing the behaviour of a
WBA, we need to know the omplexity of applying the latti e operations. If we assume
that this omplexity is onstant (i.e., the latti e S is assumed to be xed), then we end
up with an overall polynomial time omplexity. However, this is not always a reasonable
assumption. In fa t, we were able to restri t our attention to nite distributive latti es
by taking, for a given WBA, the distributive latti e generated by the weights o urring
11 For brevity, we onsider only those transitions that have a weight di erent from >.
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in it (where these weights may ome from an underlying in nite distributive latti e).
Thus, the a tual nite distributive latti e used may depend on the automaton. Let
us assume that the latti e operations an be performed using time polynomial in the
size of any generating set. Sin e the size of this generating set is itself polynomial in
the number of states of the input WBA A, this assumption implies that the latti e
operations an be performed in time polynomial in the size of the automaton. Thus,
under this assumption, we have an overall polynomial bound (measured in the number
of states) for the omputation of the behaviour of a WBA.
In the ase of pinpointing, we use the T -Boolean semiring B T , whi h is the free
distributive latti e generated by the set lab(T ). The latti e operations are onjun tion
and disjun tion of monotone Boolean formulae. Note that, stri tly speaking, the latti e
elements are monotone Boolean formulae modulo equivalen e, i.e., equivalen e lasses
of monotone Boolean formulae. However, sin e equivalen e of monotone Boolean formulae is known to be an NP- omplete problem, we do not try to ompute unique
representatives of the equivalen e lasses. We just leave the formulae as they are. Nevertheless, if we are not areful, then the omputed pinpointing formula may still be
exponential in the size of the automaton, though we apply only a polynomial number
of onjun tion and disjun tion operations. The reason is that we may have to reate
opies of subformulae. However, this problem an easily be avoided by employing stru ture sharing, i.e., using dire ted a y li graphs (DAGs) as data stru ture for monotone
Boolean formulae.
be an axiomatized input and (A; res; I res) an axiomati automaton for w.r.t. the -property P su h that A is a WBA. Then a DAG representation
of a pinpointing formula for w.r.t. P an be omputed in time polynomial in the size
of A.

Corollary 2 Let

We will show in Se tion 5.3 below that there is a behaviour-preserving polynomialtime redu tion of WGBA to WBA. This implies that the above Corollary 2 also holds
for the ase where A is a generalized WBA. Note, however, that the size of the automata
we have onstru ted for SI and LTL is already exponential in the size of the input.
Thus, the (DAG representation of the) pinpointing formula may still be exponential
in the size of the input, and omputing it may take exponential time in the size of the
input.
We pro eed now to show how the method for omputing the behaviour of a WBA
introdu ed above an be used for omputing the behaviour of the other two kinds of
weighted automata we have de ned, namely, WLA and WGBA.
5.2 Computing the Behaviour of a WLA
A WLA is a WGBA that has no set of nal states. In this ase, the ondition for a
run to be su essful|that is, that every path must have in nitely many states labelled
with elements of Fi for ea h set of nal states Fi |is trivially satis ed. Thus, every run
of a weighted looping automaton is su essful. Alternatively, we an view the WLA
(Q; in; wt) as the WBA (Q; in; wt; Q) sin e every state being a nal state also means
that every run is su essful. Thus, WLAs are spe ial kinds of WBAs, whi h shows that
our approa h for omputing the behaviour of WBAs an dire tly be applied to WLAs.
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However, the fa t that every run is su essful an be used to simplify the pro edure
into one that uses only a single iteration.
Noti e rst that the operator Of depends on the set of nal states. More pre isely,
the set of nal states is used in the de nition of the auxiliary fun tion stepf :
stepf

( )(q ) =

(

f (q ) if q 2 F
 (q ) otherwise

If all states are nal, then no ase analysis is ne essary in stepf , and hen e stepf ( )(q ) =
f (q ) for all  2 S Q and all q 2 Q. This ollapses the de nition of the operator Of to

Of ()(q) =

M

q;q1 ;:::;qk )2Qk+1

(

wt(q; q1 ; : : : ; qk )

k
O

f (qj ):

k
O

 (qj )

j =1

Noti e that in this ase Of does not depend on the input  , and hen e its only xpoint
is rea hed after exa tly one iteration. This allows us to simplify the de nition of the
operator Q in the following way:

Q()(q) = lfp(O )(q)
= O (0e)(q )
=

M

q;q1 ;:::;qk )2Qk+1

(

wt(q; q1 ; : : : ; qk )

j =1

The behaviour of a WLA is then the gfp of this operator Q, whi h an be omputed
by a single iteration. The inner iteration of the general pro edure is repla ed by a
dire t appli ation of the simpli ed de nition of Q. Note that this simpli ed de nition
of Q oin ides with the one introdu ed in [6℄ spe i ally for WLAs. Thus, the \nested
iteration approa h" for WBAs developed in the present paper an be seen as a dire t
generalization of the \bottom-up approa h" introdu ed in [6℄ for the ase of WLAs.
Let us apply this insight to the pinpointing automaton for SI onstru ted in Se tion 4.2. This automaton has exponentially many states in the size n of the input
(C; T ). Thus, we need exponentially many appli ations of the operator Q, when measured on n. It is also easy to see that the time required by ea h appli ation of Q is
polynomial in the size of the automaton, and thus exponential in n. Hen e, this leads
to an algorithm with a total running time that is exponential in the size of the input.

Corollary 3 Let C be an ALC on ept des ription and T an SI TBox. A pinpointing
formula for (C; T ) w.r.t. unsatis ability an be omputed in time exponential in the
size of (C; T ).
Sin e even de iding satis ability of ALC on ept des riptions w.r.t.
known to be ExpTime-hard, this bound is optimal.

SI

TBoxes is

5.3 Computing the Behaviour of a Generalized WBA
We have shown how to ompute the behaviour of a WBA in time polynomial in the
number of states. We will now give a polynomial redu tion in whi h, for every WGBA,
we onstru t a WBA that has the same behaviour, transferring this way the problem of
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omputing the behaviour of WGBAs to the spe ial ase of WBAs that we have already
solved. The idea of the redu tion is to make several opies of the set of states and
use ea h opy to test the Bu hi ondition for a spe i set of nal states, moving to
the next opy on e we have found a nal state of the set we are urrently looking at.
This is the same idea as the one used in the unweighted ase to redu e the emptiness
problem for GBAs to the one for BAs [41℄.
Let A = (Q; in; wt; F0 ; : : : ; Fn 1 ) be a WGBA. We onstru t the WBA A0 =
0
(Q ; in0 ; wt0 ; F 0 ) as follows:

{ Q0 = f(q; i)(j q 2 Q; 0  i  n 1g,
in(q ) if i = 0,
{ in0 (q; i) =
0
otherwise
8
>
<wt(q ; q ; : : : ; qk ) if q 2 Fi , j = i + 1 mod n,
{ wt0 ((q ; i); (q ; j ); : : : ; (qk ; j )) = >wt(q ; q ; : : : ; qk ) if q 2= Fi , i = j
:
0
otherwise
{ F 0 = f(q; n 1) j q 2 Fn g.
0

1

0

1

0

0

1

0

1

Noti e that the automaton A0 has n  jQj states, where n is the number of sets of
nal states. Sin e there an potentially be 2jQj sets of nal states, this redu tion is not
polynomial when measured only in the number of states of A, but it is polynomial in
the total size of the automaton A.

Theorem 9 If A is a WGBA and A0 is onstru ted as above, then kAk = kA0 k.
Proof Re all rst that the behaviour of an automaton is the addition of the weights
of all su essful runs multiplied with the initial distribution of their root labels. If a
run r is su h that in(r(")) wt(r) = 0, then it will not be of interest, sin e it will not
in uen e the omputation of the behaviour. Given a WGBA or WBA B, let supp(B) be
the set of all runs r su h that in(r(")) wt(r) 6= 0. We introdu e a bije tive fun tion
f : supp(A) ! supp(A0 ) su h that, for every run r 2 supp(A), wt(r) = wt0 (f (r)) and r
is su essful (w.r.t. A) i f (r) is su essful (w.r.t. A0 ).
Let r be a run in supp(A). We de ne the run f (r) of A0 indu tively as follows:

{ f (r)(") = (r("); 0);
{ let u 2 K and
( f (r)(u) = (q; i). Then, for all 1  j  k,
(r(u  j ); i)
if q 2= Fi ;
f (r)(u  j ) =
(r(u  j ); i + 1 mod n) if q 2 Fi :

Let u 2 K and f (r)(u) = (q; i). Then r(u) = q . Furthermore, for all 1  j  k,
f (r)(uj ) = (r(uj ); i +1 mod n) if q 2 Fi and f (r)(uj ) = (r(uj ); i) otherwise. Together
with the de nition of wt0 , this implies

wt0 (f (r)(u); f (r)(u1); : : : ; f (r)(uk)) = wt(r(u); r(u1); : : : ; r(uk)):
This yields wt(r) = wt0 (f (r)). Sin e we also have in0 (f (r)(")) = in(r(")), the fa t that
in(r(")) wt(r) 6= 0 also implies that in0 (f (r)(")) wt0 (f (r)) 6= 0. Thus, f is indeed
a fun tion from supp(A) to supp(A0 ).
It is easy to see that f is inje tive. We show now that it is also surje tive. Let s 2
0

supp(A ). We onstru t a run r 2 supp(A) as follows: for every u 2 K , if s(u) = (q; i),
0
0
then r(u) = q . We show that s = f (r). First, sin e in (s(")) wt (s) 6= 0, it must be
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the ase that in0 (s(")) 6= 0, and thus s(") = (q; 0) for some q 2 Q. Consider now some
u 2 K and let s(u) = (q; i). Hen e, also r(u) = q . Sin e wt0 (s(u); s(u1); : : : ; s(uk)) 6= 0,
it must be the ase that, if q 2 Fi , then for all 1  j  k it holds that s(uj ) = (qj ; i + 1
mod n) for some qj 2 Q, and if q 2= Fi , then s(uj ) = (qj ; i). Thus, s satis es the
de nition of f (r).
It remains only to show that r is su essful (w.r.t. A) i f (r) is su essful (w.r.t.
A0 ). Suppose rst that f (r) is su essful. Then for every path there are in nitely many
nodes labelled with elements of F 0 = f(q; n 1) j q 2 Fn 1 g. But noti e that, a ording
to the way f was de ned, if f (r)(u) 2 F 0 , then f (r)(uj ) is of the form (qj ; 0) for all
1  j  k. All the following nodes in the path will have labels of the form (; 0) until a
state from F0 is found, in whi h ase the next labels are of the form (; 1), et . Thus, to
get to another node with label (q 0 ; n 1) 2 F 0 on the path, one must rst have rea hed
nodes with labels (q0 ; 0); (q1 ; 1); : : : ; (qn 2 ; n 2) where qi 2 Fi for i = 0; : : : ; n 2.
This implies that r is su essful.
Conversely, assume that f (r) is not su essful. Then there is a path in f (r) on
whi h, from some node on, no element of F 0 o urs as a label on the path. Sin e the
se ond omponent of the node labels an only swit h ba k to 0 when an element of F 0
is rea hed, this means that there is an i0 ; 0  i0  n 1, su h that, from some node
on, all the labels on the path have i0 as their se ond omponent. This means, however,
that from this node on no element of Fi0 o urs in the rst omponent. Consequently,
r annot be su essful.
As a onsequen e of the properties of the fun tion f that we have shown so far, we
obtain

kAk =
=
=
=

M

r su

essful run of

r su

essful run of

M

f (r) su
r su

M

in(r(")) wt(r)

A
A

in(r(")) wt(f (r))

essful run of

M

essful run of

A

'

A

in(f (r)(")) wt(f (r))

'

in(r(")) wt(r) = kA0 k:

ut

Given a WGBA with m states and n sets of nal states, this redu tion yields a WBA
with n  m states. As des ribed before, omputing the behaviour of a WBA requires
time polynomial in the size of its state set; in this ase, polynomial in n  m. Thus,
our method omputes the behaviour of a WGBA in time polynomial in its number of
states and sets of nal states.
Let us apply this approa h for omputing the behaviour of a WGBA to the pinpointing automaton for LTL onstru ted in Se tion 4.3. This automaton has exponentially
many states in the size n of the input (; R) and linearly many sets of nal states in n.
Thus, the WBA onstru ted from the WGBA is of size exponential in n. Overall, the
two nested iterations perform exponentially many steps, whi h leads to an algorithm
with a total running time that is exponential in the size of the input.

Corollary 4 Let  be an LTL formula and R a set of LTL formulae. A pinpointing
formula for (; R) w.r.t. a-unsatis ability an be omputed in time exponential in the
size of (; R).
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5.4 An Alternative Approa h for Computing the Behaviour
Independently from us, a di erent algorithm for omputing the behaviour of WBAs
over distributive latti es was developed by Droste et.al. [15℄. We will rst sket h
this alternative approa h and then ompare it to ours, with spe ial attention to the
appli ation in the pinpointing s enario.12 In the following, we will all our method the
iterative method and the one from [15℄ the prime method.
The prime method is based on the following property of distributive latti es. Let
(S; S ) be a distributive latti e. An element p 2 S is alled meet prime if, for every
t1 ; t2 2 S , t1 t2 S p implies that either t1 S p or t2 S p. It is known that any
element t of S equals the in mum of all the meet prime elements greater than or equal
to t [18℄. If one ould de ide, for a given meet prime element p, whether p is greater
than or equal to the behaviour of a weighted automaton, then this behaviour ould be
readily omputed from the outputs of su h de isions, as we will show next.
The prime method performs this de ision as follows. Let A = (Q; in; wt; F ) be the
WBA over the distributive latti e (S; S ) for whi h we want to ompute the behaviour,
and let prime(S ) denote the set of all meet prime elements of S . For every meet prime
element p 2 prime(S ), onstru t the (unweighted) automaton Ap = (Q; ; I; F ) where:

{  := f(q; q ; : : : ; qk ) 2 Qk
{ I := fq 2 Q j in(q ) 6S pg.

+1

1

j wt(q; q

1

; : : : ; qk ) 6S pg;

It is easy to see that Ap a epts a non-empty language (i.e., there exists a su essful
run of Ap that starts with an initial state) i there is a su essful run r of A su h
that in(r(")) wt(r) 6S p. Equivalently, the language a epted by Ap is empty i , for
every su essful run r of A, it holds that in(r(")) wt(r) S p. But this means that
kAk S p. Thus, if we denote by L(Ap ) the language a epted by the automaton Ap ,
we have
O
kAk =
p:
fp2prime(S)jL(Ap)=;g
In the pinpointing appli ation, we use the latti e B T , where the meet prime elements are exa tly all onjun tions of propositional variables in lab(T ).13 There is then
a one-to-one orresponden e between the meet prime elements of B T and all subsets
of axioms appearing in the axiomati input for whi h the pinpointing formula is being
omputed. Take an arbitrary meet prime
element p and assume that it orresponds to
V
the set of axioms T 0  T , i.e., p = t2T 0 lab(t). The automaton Ap has a transition
(q; q1 ; : : : ; qk ) i

vio(q; q1 ; : : : ; qk ) = wt(q; q1 ; : : : ; qk ) 6BT p =
W

^

t2T 0

(t):

lab

Sin e vio(q; q1 ; : : : ; qk ) = ft2T j(q;q1 ;:::;qk )2= res(t)g lab(t), this means that for every
t 2 T 0 , (q; q1 ; : : : ; qk ) 2 res(t). But this holds i (q; q1 ; : : : ; qk ) is a transition of AjT 0.

12 We present only a spe ial ase of the algorithm in [15℄, where we allow only unlabelled
trees as inputs. Furthermore, we have ex hanged the use of join prime elements in [15℄ with
the use of their meet prime ounterparts. This is justi ed by duality, and allows for an easier
understanding of how this method works in the pinpointing appli ation, and makes it easier
to ompare it with our approa h in this setting.
13 Re all that the latti e B T uses disjun tion as its in mum operator, and onjun tion as the
supremum. Thus, onjun tions of variables are the only elements of the latti e that annot be
written as the in mum (disjun tion) of other elements.
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Analogously, it is easy to see that a state q is an initial state of Ap i it is an initial state
of AjT 0 . Thus, the automaton Ap is identi al to the T 0 -restri ted subautomaton AjT 0.
Consequently, testing the automaton Ap for emptiness is the same as testing AjT 0
for emptiness, whi h in turn is just an appli ation of the automata-based de ision
pro edure as a bla k-box pro edure for testing the -property. One ould, of ourse,
also use any other de ision pro edure for the -property instead. This shows that the
prime method a tually orresponds to the nave bla k-box approa h of testing the property for all possible subsets of axioms. Unoptimized, this pro ess will thus always
need an exponential number of tests for omputing the pinpointing formula. However,
this pro ess allows the use of all the optimizations appli able to bla k-box pinpointing
algorithms.
Noti e that, in the examples we have presented in this paper (i.e., pinpointing
unsatis ability in SI and LTL), both the iterative and the prime method have an
exponential run time. For the iterative method, we have a bound that is polynomial in
the number of states of the onstru ted automata, but this number is itself exponential
in the size of the input. The prime method performs exponentially many emptiness
tests, ea h of whi h requires exponential time (sin e it is performed on an exponentially
large automaton). Although both approa hes result in an exponential-time algorithm
in these ases, the bound on the iterative method has the advantage of not depending
on the number of meet prime elements of the latti e, as opposed to the prime method.
In the ase of pinpointing, the latti e has always 2n meet prime elements, where n is
the number of input axioms. If the axiomati automaton de iding the property has a
number of states polynomial in the size of the input, then this exponential number of
tests will yield a suboptimal pro edure, as demonstrated by the following examples.
Example 7 Assume that we have an input I and a set of axioms T = ft0 ; : : : ; tn 1 g,
and that the -property is de ned as follows: P1 := f(I ; T 0 ) j T 0  T ; jT 0 j > 0g.
Let ea h axiom ti be labelled
with the propositional variable pi . Then a pinpointing
W
formula for P1 is given by 0i<n pi .
We an onstru t an axiomati automaton (An ; res; I res) for the axiomatized
input (I ; T ) as follows:
{ An is the looping automaton An := (fq0 ; : : : ; qn 1 g; ; fq0 g);
{  = f(qi ; q(i+1)mod n ) j 0  i < ng;
{ for every 0  j  n 1; res(tj ) =  n f(qj ; q(j +1)mod n g;
{ for every t 2 T ; I res(t) = fq0 g.
It is easy to see that this axiomati automaton is orre t for the property P1 . Sin e An
has n states and n transitions, the iterative method needs polynomial time to ompute
the behaviour of the pinpointing automaton indu ed by (An ; res; I res), measured in
the number of axioms n := jT j. On the other hand, the unoptimized prime method
requires 2n emptiness tests.
In order to illustrate the working of the iterative methods, we show how it omputes
the pinpointing formula in this example. The axiomati automaton (An ; res; I res)
indu es the pinpointing automaton (A; res; I res)pin = (fq0 ; : : : ; qn 1 g; in; wt), where
{ in(q0 ) = ? and in(qi ) = > for all 0 < i < n; and
{ wt(qi ; qj ) equals pi if j = (i + 1) mod n, and > otherwise.
As this is a weighted looping automaton, the iterative method redu es to an iterated
appli ation of the simpli ed operator Q des ribed in Se tion 5.2. Noti e that, for every state qi , there is exa tly one transition, namely (qi ; q(i+1)mod n ), having a weight
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distin t from >. Hen e, for every fun tion  : Q ! B T we have:

Q()(qi ) =

^

j<n

0

wt(qi ; qj ) _  (qj )

= wt(qi ; q(i+1)mod n ) _  (q(i+1)mod n ) = pi _  (q(i+1)mod n ):
The pro ess starts with the fun tion 1e : Q ! B T that maps every state to ?; that
is, e1(qi ) = ? for all 0  i < n. After the rst appli ation of the operator Q, we have
Q(1e)(qi ) = pi for all 0  i < n sin e pi _ ? is equivalent to pi . Analogously, after m
iterations we have, for all 0  i < n, that

Qm (1e)(qi ) =

_

j<m

0

p(i+j )mod n :

This pro essWrea hes a xpoint when m = n, in whi h ase every state qi is mapped to
the formula 0j<n pj . Thus, the behaviour of (A; res; I res)pin is

k(A; res; I res)pin k = V i<n in(qi ) _ Qn (1e)(qi )
= in(q ) _ Qn (1e)(q )
W
= Qm (1e)(q ) = j<n pj ;
0

0

0

0

0

whi h is a pinpointing formula.

Our se ond example shows that this di eren e in the exe ution times of the two
methods o urs also for more elaborate properties whose automata de ision pro edure
uses a Bu hi a eptan e ondition.
Example 8 Let Q be an in nite set of states and let the set of inputs I be the set of all
generalized Bu hi automata using states from Q, and the set of axioms be T := Qk+1 .
That is, we use the transitions in A as axioms of our property. We de ne the -property
P2 as the set of all tuples (A; ) where A = (Q; ; I; F1 ; : : : ; Fn ) is a generalized Bu hi
automaton in I, and   T is su h that (Q;  n ; I; F1 ; : : : ; Fn ) has no su essful run r
with r(") 2 I . Intuitively, the axioms tell whi h transitions are disallowed in the input
automaton A. The -property is satis ed whenever we remove enough transitions (by
adding them to the axiom set) to avoid any su essful run whose root is labelled with
an initial state. It is easy to see that the axiomati automaton (A; res; I res) where
res(t) =  n ftg and I res(t) = Q for all t 2  is orre t for the property P and
the axiomatized input (A; ). As we have seen, the iterative method requires time
polynomial in the number of states jQj of this axiomati automaton to ompute the
pinpointing formula for this property. On the other hand, the prime method needs
2jj emptiness tests, ea h polynomial on jQj. We thus have an exponential in rease in
exe ution time, when ompared to the iterative method.

One advantage of the prime method is that it an easily be generalized to more
omplex automata models. For instan e, it is shown in [15℄ how the same idea works in
the presen e of a more omplex a eptan e ondition, known as the Muller ondition.
Also note that the prime method an possibly be optimized using the ideas underlying
the known optimizations of bla k-box pinpointing pro edures, not just in the ase of
applying it to pinpointing, but also in a more general setting.
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6 Con lusions
We have introdu ed a general framework for extending de ision pro edures based on
the onstru tion of generalized Bu hi automata to pinpointing algorithms. This framework an elegantly deal with DLs for whi h tableau-based de ision pro edures require
sophisti ated blo king onditions, and to whi h onsequently the general approa h for
extending tableau-based de ision pro edures to pinpointing algorithms introdu ed in
[5℄ does not apply. Our framework assumes that one an des ribe the in uen e of axioms
in a -property by restri ting the sets of transitions and initial states of the automaton.
One ould imagine that in some ases the axioms might also have an in uen e on the
nal states. While it should not be hard to integrate this into our framework, we have
not investigated this sin e none of the -properties we have onsidered required su h a
modi ation of the sets of nal states.
Our framework is based on the use of weighted automata working on in nite trees,
whose study has only re ently begun. One of the main ontributions of this paper is
an approa h for omputing the behaviour of su h automata with a run time that is
polynomial in the size of the automaton and independent of the size of the underlying distributive latti e. An interesting topi for future work is to he k whether our
iterative approa h an be adapted su h that it also works in ases where the weighted
automaton is not expli itly given, but rather omputed on-the- y. Finally, it would also
be interesting to know how to adapt our iterative method su h that it an ompute
the behaviour of weighted automata working on in nite trees that use more omplex
a eptan e onditions for runs, su h as the Muller or the Rabin ondition.
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