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Abstract

Matching and unification have been introduced in Description Logic as non-standard
reasoning problems with applications in ontology engineering. For the DL EL, it was shown
that both problems are NP-complete, but some special cases of matching are tractable.
Surprisingly, it turned out that for unification the complexity increases to PSpace if one
disallows the use of the top concept to build concept descriptions. However, the effect
of disallowing the top concept has not been investigated for matching. We show that a
similar increase in complexity applies to matching when the top concept is not allowed.

1 Introduction

Matching of concept descriptions against concept patterns was introduced in Description Logics
(DLs) as a non-standard reasoning problem almost 30 years ago. The original motivation for
considering matching in DLs comes from [14], where it was used to filter out unimportant
aspects of large concepts appearing in knowledge bases. For the DL EL, which has the concept
constructors conjunction (⊓), existential restriction (∃r.C), and top concept (⊤), matching was
first investigated in [5, 18]. In these papers, two variants of matching were considered: matching
modulo subsumption and matching modulo equivalence. Matching modulo subsumption is a
problem of the form C ⊑? D where C is a concept description and D is a concept pattern
(i.e., a concept containing variables). A matcher is a substitution σ satisfying C ⊑ σ(D), i.e.,
C is subsumed by σ(D). For example, θ := {X 7→ A} is a matcher of ∃r.(A ⊓ B) ⊑? ∃r.X.
As for matching modulo equivalence, it is a problem of the form C ≡? D, and a matcher is a
substitution σ such that C ≡ σ(D). In this case, θ is not a matcher of ∃r.(A ⊓ B) ≡? ∃r.X
since ∃r.(A ⊓B) and ∃r.A are not equivalent concept descriptions.

In [5, 18], it was shown that deciding the existence of a matcher in EL is polynomial
for matching modulo subsumption, but NP-complete for matching modulo equivalence. More
recently, matching in EL has been investigated in the presence of a background EL-TBox [9],
where the subsumption relation ⊑ and the equivalence relation ≡ are interpreted modulo the
axioms in the TBox. In addition, two new versions of matching were considered in [9]: the
dual of matching modulo subsumption (i.e., the concept pattern appears on the left side of ⊑?)
and a generalization of all the versions of matching. For matching modulo subsumption and
its dual, it is shown that the problem is tractable in the presence of a TBox, while the general
version of matching w.r.t. TBoxes is shown to be NP-complete.

Unification of concept descriptions is the generalization of matching where C and D are
both allowed to contain variables. In the context of DLs, unification was introduced in [11] as
an inference task that can, for example, be used to detect redundancies in ontologies. For the
DL EL, unification was first investigated in [8], where it was proved that deciding the existence
of a unifier is an NP-complete problem. Later, it was shown in [1] that unification in EL remains
in NP in the presence of a background TBox, if such a TBox satisfies a condition called cycle-
restrictedness. However, in contrast to matching, decidability of unification w.r.t. arbitrary
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TBoxes is still an open problem. The unification problem has also been investigated for the DL
EL−⊤, i.e., the fragment of EL in which the top constructor is disallowed [12]. Surprisingly, it
turned out that the complexity of deciding unification increases from NP-complete for EL to
PSpace-complete for EL−⊤. This result has been recently combined with the result in [1], to
show that unification in EL−⊤remains in PSpace in the presence of cycle-restricted TBoxes [3].

Motivated by these results, we were curious to know if the absence of the top concept has a
similar effect on the complexity of the matching problem. This is indeed the case, already for
the case of matching modulo subsumption. More precisely, the complexity of matching increases
from PTime for EL to NP-complete for EL−⊤(without TBoxes), and to PSpace-complete in the
presence of arbitrary TBoxes. The purpose of this abstract is to report on these new results,
which have been obtained in the master’s thesis of Puneetha Jangir [16].

2 Matching in EL and EL−⊤

Let NC and NR be sets of concept and role names, respectively. The set of EL-concept de-
scriptions (for short, concepts) is built, starting with NC and NR, by using the constructors
conjunction (⊓), existential restriction (∃r.C), and top (⊤). An EL-TBox is a finite set of gen-
eral concept inclusions (GCIs) C ⊑ D, where C and D are EL-concepts. The DL EL−⊤ is the
fragment of EL where the constructor ⊤ is not available to build concepts. In an EL−⊤-TBox,
the concepts occurring in GCIs must be EL−⊤-concepts.

The semantics of EL-concepts and TBoxes is defined using the notion of an interpretation
I = (∆I , .I), which has a non-empty domain ∆I , and assigns subsets AI of ∆I to each concept
name A ∈ NC and binary relations rI over ∆I to each role name r ∈ NR. The function .I is
extended to arbitrary EL-concepts in the usual way (see [2] for details). The interpretation I
is a model of a TBox T if CI ⊆ DI for all C ⊑ D ∈ T .

Given an EL-TBox T and EL-concepts C,D, we say that C is subsumed by D w.r.t. T
(written as C ⊑T D) if CI ⊆ DI for all models I of T . They are equivalent w.r.t. T (written
as C ≡T D) if C ⊑T D and D ⊑T C. In the presence of the empty TBox, we will simply
write C ⊑ D and C ≡ D. Subsumption (and thus also equivalence) between EL-concepts w.r.t.
arbitrary TBoxes can be decided in polynomial time [2].

To define matching, we consider a new set NV of concept names, disjoint from NC and
NR. The symbols in NV are called concept variables and the symbols in NC are called concept
constants. Given L ∈ {EL, EL−⊤}, an L-concept pattern is an L-concept defined over NC ∪ NV

and NR. An L-substitution σ is a mapping from a finite subset of NV to the set of L-concept
patterns. The extension of σ to arbitrary concept patterns is defined inductively in the usual
way. An L-concept pattern is ground if it does not contain variables.

Definition 1 ([9]). Let T be an L-TBox.1 An L-matching problem w.r.t. T is a finite set
Γ = {C1 ⊑? D1, . . . , Cn ⊑? Dn} of subsumption constraints between L-concept patterns, where
for each i, 1 ≤ i ≤ n, Ci or Di is ground. An L-substitution σ is an L-matcher of Γ w.r.t. T if
σ solves all constraints in Γ w.r.t. T , i.e., if σ(C1) ⊑T σ(D1), . . . , σ(Cn) ⊑T σ(Dn).

We also consider the following special cases of the matching problem introduced above:

• The L-matching problem Γ is a matching problem modulo equivalence if C ⊑? D ∈ Γ
implies that D ⊑? C ∈ Γ.2

1Note that the GCIs in T are built using L-concepts. Thus, T does not contain variables.
2As described in the introduction, the original definition of matching modulo equivalence defined Γ as a

finite set of constraints of the form C ≡? D [6, 5].
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• The L-matching problem Γ is a left-ground matching problem if C ⊑? D ∈ Γ implies that
C is ground. This corresponds to the original notion of matching modulo subsumption.

• The L-matching problem Γ is a right-ground matching problem if C ⊑? D ∈ Γ implies
that D is ground.

We are interested in the following decision problem: Given an L-matching problem Γ and
an L-TBox T , does Γ has an L-matcher w.r.t. T ? The complexity of deciding matching in
EL has been determined for the four classes of matching problems introduced above. The first
results showed that, w.r.t. the empty TBox, left-ground matching can be decided in PTime
and matching modulo equivalence is an NP-complete problem [5, 18]. These results were later
extended in [9] to take into account the other two classes of matching problems, as well as
non-empty EL-TBoxes. It was shown that, w.r.t. arbitrary TBoxes, left-ground matching and
right-ground matching are both decidable in PTime, whereas NP-completeness of matching
modulo equivalence also applies to the general case.

For right-ground matching, we can reuse the arguments presented in [9] to show that for
EL−⊤ the problem is also in PTime. The next two sections give an overview of our complexity
results for the remaining cases of matching in EL−⊤. In Section 3, we show that the complexity
of matching increases (already for the class of left-ground matching problems), if one disallows
the use of ⊤. In Section 4, we sketch a general decision procedure for matching in EL−⊤ and
obtain matching complexity upper bounds.

Theorem 2. Deciding right-ground matching in EL−⊤w.r.t. arbitrary TBoxes is in PTime.

3 Lower bounds

We show that deciding left-ground matching in EL−⊤ becomes NP-hard w.r.t. T = ∅ and
PSpace-hard w.r.t. arbitrary TBoxes. Note that left-ground matching can be reduced (in linear
time) to matching modulo equivalence. That is, a substitution σ solves the constraint C ⊑? D
w.r.t. T iff it solves the constraints C ⊑? C ⊓D and C ⊓D ⊑? C w.r.t. T .3 Hence, the lower
bounds transfer to matching modulo equivalence and the general case.

We first sketch how to show NP-hardness. The reduction is from the NP-complete problem
3SAT [15]. Given a 3CNF formula φ, we construct a left-ground matching problem Γφ such

that φ is satisfiable iff Γφ has an EL−⊤-matcher. The matching problem Γφ is defined

as the union Γ1 ∪ Γ2. The idea is to define Γ1 such that its set of EL−⊤-matchers captures
all possible truth assignments over the variables occurring in φ. As for Γ2, its purpose is to
simulate the satisfaction relation between a truth assignment and the formula φ.

Let φ = c1 ∧ · · · ∧ cm be a 3CNF formula and let x1, . . . , xn be the propositional variables
of φ. For each xi, we introduce two concept variables Xi and Xi. They represent the literals
xi and ¬xi, respectively. Further, we use the concept constants At and Af to represent the
truth values true and false, respectively. Then, we define Γ1 as the set of constraints {C ⊑?

D1, . . . , C ⊑? Dn, E ⊑? F1, . . . , E ⊑? Fn}, where:

C := ∃r.(At ⊓ ∃r.Af ) ⊓ ∃r.(Af ⊓ ∃r.At) E := At ⊓Af

Di := ∃r.(Xi ⊓ ∃r.Xi) Fi := Xi ⊓Xi.

3This equivalence was pointed out in [6] for T = ∅. Note that it does not apply to right-ground matching.
In such a case, D is ground and C may contain variables. Hence, the resulting constraint C ⊑? C ⊓D need not
be as required in Definition 1.

3



Matching in EL without Top P. Jangir and O. Fernández Gil

The correspondence between matchers of Γ1 and truth assignments of {x1, . . . , xn} is established
by showing that the set of EL−⊤-matchers of Γ1 consists of all substitutions σ such that:

for all i ∈ {1, . . . , n} :
(
σ(Xi) ≡ At ∧ σ(Xi) ≡ Af

)
or

(
σ(Xi) ≡ Af ∧ σ(Xi) ≡ At

)
.

Let us now consider Γ2. We represent each clause cj = {ℓj1, ℓj2, ℓj3} of φ with a pattern
Hj of the form ∃r.(Zj1 ⊓∃r.(Zj2 ⊓∃r.Zj3)), where each symbol Zjh is defined as Xi if ℓjh = xi,
and as Xi if ℓjh = ¬xi. Then, Γ2 := {G ⊑? H1, . . . , G ⊑? Hm} and G := G1 ⊓G2 ⊓G3, where:

G1 := ∃r.(At ⊓ ∃r.(At ⊓Af ⊓ ∃r.(At ⊓Af ))), G2 := ∃r.(At ⊓Af ⊓ ∃r.(At ⊓ ∃r.(At ⊓Af ))),

G3 := ∃r.(At ⊓Af ⊓ ∃r.(At ⊓Af ⊓ ∃r.At)).

Intuitively, for each variable Zjh in Hj , the concept Gh encodes all possible ways to assign At

to Zjh, and either At or Af to the other variables in Hj . For instance, let σ be a matcher of
Γ1. Then, to have G1 ⊑ σ(Hj), the structure of G1 demands that σ(Zj1) ≡ At, while giving
σ the freedom to assign At or Af to the other two variables in Hj . Therefore, we have that
G ⊑ σ(Hj) iff σ maps at least one variable in Hj to At. This provides us with a correspondence
between satisfying assignments of φ and substitutions that simultaneously solve the constraints
in Γ2. This concludes the sketch of the reduction.

Finally, Γφ can be constructed in time polynomial in the size of φ. Thus,

Theorem 3. The problem of deciding left-ground matching in EL−⊤is NP-hard.

We conclude this section by briefly sketching how to show PSpace-hardness of left-ground
matching in EL−⊤w.r.t. arbitrary TBoxes. The PSpace lower bound is established by a reduc-
tion from the intersection emptiness problem for deterministic finite automata (DFA), which
is PSpace-complete [17]. The intersection emptiness problem asks, given a finite sequence
A1, . . . ,An of DFAs over an alphabet Σ, whether L(A1) ∩ · · · ∩ L(An) ̸= ∅.

Our reduction is an adaptation of the one provided in [12] to show that unification in EL−⊤

is PSpace-hard (w.r.t. the empty TBox). It translates a given sequence A1, . . . ,An of DFAs
into an EL−⊤-TBox T and a left-ground matching problem Γ such that L(A1)∩· · ·∩L(An) ̸= ∅
iff Γ has an EL−⊤-matcher w.r.t. T . We first set NR := Σ and introduce for each automaton
Ai and each state q of Ai a concept name Bq,i. Then, we use the transition function of Ai to
define a TBox Ti, whose purpose is to simulate the behavior of Ai via the relation ⊑Ti . That
is, we can show that the following holds for all w = r1r2 . . . rk ∈ Σ∗ (k ≥ 0):

Bq0,i ⊑Ti ∃r1.∃r2. · · · ∃rk.A iff w ∈ L(Ai), (1)

where q0 is the initial state of Ai and A is a distinguished (and the only) concept name shared
by T1, . . . , Tn. Finally, we define the TBox T as T := T1∪· · ·∪Tn and the left-ground matching

problem Γ as Γ :=
n⋃

i=1

{Bq0,i ⊑? Y }, where Y is a concept variable. The common use of Y on

the right-hand side of all constraints in Γ and the equivalence in (1) ensure that the reduction
is correct.

Theorem 4. Deciding left-ground matching in EL−⊤w.r.t. a TBox is PSpace-hard.

4 A decision procedure for matching in EL−⊤

In [9], it was shown that matching in EL w.r.t. EL-TBoxes is in NP by introducing a goal-
oriented decision procedure that runs in non-deterministic polynomial time. Let us denote this

4
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algorithm by Alg. On input (Γ0, T ), Alg starts by initializing Γ := Γ0 and then continues
by applying deterministic and non-deterministic rules to the constraints in Γ. A non-failing
application of a rule may add new subsumption constraints to Γ. A successful run of Alg is an
exhaustive sequence of non-failing rule applications. Such a sequence generates a final matching
problem Γ that uses only symbols from (Γ0, T ) and contains the initial problem Γ0.

We cannot directly use this algorithm for matching in EL−⊤. For instance, on input (Γ0 =
{A ⊑? X,B ⊑? X}, ∅), Alg returns “success” since σ := {X 7→ ⊤} is an EL-matcher of Γ0.
However, Γ0 has no EL−⊤-matchers. To repair this, we extend Alg into a decision procedure for
matching in EL−⊤. We came up with the idea for extending Alg, by analyzing the soundness
proof of Alg in [9]. Let us briefly explain this. Consider a matching problem Γ obtained after
termination of a non-failing run of Alg. From Lemma 8 of [9], we can directly infer that Γ
satisfies the following property:

If C ⊑? X ∈ Γ and X ⊑? D ∈ Γ then C ⊑T D. (2)

Based on this property, soundness of Alg is established in [9], by demonstrating that a specific
EL-substitution σΓ is a matcher of Γ w.r.t. T . This substitution is defined as:

σΓ(X) := ⊓{D | X ⊑? D ∈ Γ} for all variables X occurring in Γ,

where the empty conjunction corresponds to ⊤. The full proof showing that σΓ is a matcher of
Γ w.r.t. T can be found in Lemma 5.4 of [10] (the long version of [9]). This proof consists of
two main steps:

• First, it is shown that σΓ is a matcher of ΓV := {C ⊑? X ∈ Γ | X ∈ NV} ∪ {X ⊑? D ∈ Γ |
X ∈ NV} w.r.t. T . This is an easy consequence of (2) and the definition of σΓ.

• Second, taking the subsumption constraints in ΓV as the base case, an appropriate induc-
tive argument is used to show that σΓ also solves the remaining constraints in Γ \ ΓV.

Interestingly, the proof of the second step does not depend on the particular structure of σΓ,
but only requires that σΓ solves the constraints in ΓV. Hence, the proof of Lemma 5.4 in [10]
also shows a slightly more general result. That is,

Remark 5. If a substitution σ is a matcher of ΓV w.r.t. T , then σ is a matcher of Γ w.r.t. T .

As observed above, if {D | X ⊑? D ∈ Γ} = ∅, then σΓ(X) = ⊤. In addition, since Γ
uses only symbols from (Γ0, T ), we have that if (Γ0, T ) does not contain ⊤ and {D | X ⊑?

D ∈ Γ} ̸= ∅, then σΓ(X) is an EL−⊤-concept. These observations, together with Remark 5,
suggest how to extend Alg into a decision procedure for matching in EL−⊤. Basically, we only
need to consider the variables X such that {D | X ⊑? D ∈ Γ} = ∅, and find out appropriate
EL−⊤-concepts for them. Note that although {D | X ⊑? D ∈ Γ} = ∅, Γ can still contain
constraints C1 ⊑? X, . . . , Ck ⊑? X for some k > 0. Hence, such an appropriate EL−⊤-concept
for σΓ(X) must be a common subsumer of C1, . . . , Ck not containing ⊤. The new algorithm
extending Alg, denoted by Alg∗, is as follows:

1. Apply the rules used by Alg exhaustively, and fail whenever the application of a rule fails;

2. If no more rule applies and no failure has occurred, then check for each variable X with
{D | X ⊑? D ∈ Γ} = ∅ whether the concepts C1, . . . , Ck have a common subsumer
without ⊤, where {C1 ⊑? X, . . . , Ck ⊑? X} = {C ⊑? X ∈ Γ | X ∈ NV}. If such common
subsumers exist for all the considered variables, then return “success”, otherwise return
“failure”.

5
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One can show that Alg∗ is a decision procedure for matching in EL−⊤, provided that the
existence of the common subsumers can be effectively decided. Soundness can be shown based
on the previous discussions. As for completeness, it can be derived from the following lemma,
which shows that Alg is complete for matching in EL.

Lemma 6. (Lemma 11 of [9]) Let σ be a matcher of Γ0 w.r.t. T . Then there is a non-failing
and terminating run of Alg generating a matching problem Γ such that σ is a matcher of Γ
w.r.t. T .

In fact, since EL−⊤-substitutions are also EL-substitutions, Lemma 6 implies that Alg∗ has
a non-failing and terminating run if Γ0 has an EL−⊤-matcher w.r.t. T .

Thus, it remains to see how to decide the existence of a common subsumer without ⊤ for k
EL-concepts. By using model theoretic characterizations of EL, we can show that deciding the
existence of such a common subsumer can be reduced to solving a reachability problem in a
certain graph. This graph can be of size exponential in k, but it can actually be generated on-
the-fly. Hence, the corresponding reachability problem can be decided in PSpace. When T = ∅,
reachability in this graph can be decided in NP, since the graph becomes a tree of polynomial
depth. Therefore, Alg∗ is a non-deterministic polynomial space procedure for matching in EL−⊤,
which runs in non-deterministic polynomial time if T = ∅. Thus, by Savitch’s theorem [19] and
the lower bounds shown in Theorem 3 and Theorem 4, we have the following results.

Theorem 7. The problem of deciding matching in EL−⊤is NP-complete w.r.t. the empty TBox
and PSpace-complete w.r.t. arbitrary TBoxes. The lower bounds hold even for the class of
left-ground matching problems.

5 In the future

We plan to investigate whether considering cycle-restricted TBoxes can lower the complexity
of matching in EL−⊤. In fact, the TBox built to show PSpace-hardnesss in Section 3 does not
satisfy the cycle-restrictedness condition defined in [1]. Another topic for future research is to
consider other interesting restrictions on the set of admissible matchers. Examples of these
restrictions have been considered for unification in [4, 13]. Finally, we would like to develop
more practical algorithms and integrate their implementations into the system UEL [7].
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