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Abstract

Fuzzy Description Logics (FDLs) combine classical Description Logics
with the semantics of Fuzzy Logics in order to represent and reason with
vague knowledge. Most FDLs using truth values from the interval [0, 1] have
been shown to be undecidable in the presence of a negation constructor and
general concept inclusions. One exception are those FDLs whose semantics
is based on the infinitely valued Goédel t-norm (G). We extend previous
decidability results for the FDL G-ALC to deal with complex role inclu-
sions, nominals, inverse roles, and qualified number restrictions. Our novel
approach is based on a combination of the known crispification technique
for finitely valued FDLs and an automata-based procedure for reasoning in

G-ALC.

1 Introduction

Description Logics (DLs) are a well-studied family of knowledge representation
formalisms [1]. They constitute the logical backbone of the standard Seman-
tic Web ontology language OWL 2[T] and its profiles, and have been successfully
applied to represent the knowledge of many and diverse application domains,
particularly in the bio-medical sciences. DLs describe the domain knowledge
using concepts (such as Patient) that represent sets of individuals, and roles
(hasChild) that represent connections between individuals. Ontologies are col-
lections of axioms formulated over these concepts and roles, which restrict their
possible interpretations. The typical axioms considered in DLs are assertions,
like alice:Patient, providing knowledge about specific individuals; general concept
inclusions (GClIs), such as Patient C Human, which express general relations be-
tween concepts; and role inclusions hasChild hasChild = hasGrandchild between
(chains of) roles. Different DLs are characterized by the constructors allowed to
formulate complex concepts, roles, and axioms.

ALC [30] is a prototypical DL of intermediate expressivity that contains the
concept constructors conjunction (Patient M Female), negation (—Smoker), ex-
istential restriction over a role (JhasChild.HeavySmoker), and value restriction
(VhasChild.Male), and allows assertions and GCIs. The DL underlying the stan-
dard language OWL 2 DL is called SROZQ and additionally provides, among oth-
ers, role inclusions, number restrictions (>3 hasChild.Adult), nominals ({alice}),
and inverse roles (hasChild™). The complexity of common reasoning problems,
such as consistency of ontologies or subsumption between concepts, has been ex-
tensively studied for these DLs, and ranges from EXPTIME to 2-NEXPTIME [26),
29,33|.

Fuzzy Description Logics (FDLs) have been introduced as extensions of classical
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DLs to represent and reason with vague knowledge. The main idea is to use
truth values from the interval [0,1] instead of only true and false. In this way,
one can give a more fine-grained semantics to inherently vague concepts like
LowFrequency or HighConcentration, which can be found in biomedical ontologies
like SNOMED CT P|and Galen ]| Different FDLs are characterized not only by the
constructors they allow, but also by the way these constructors are interpreted.
To interpret conjunction in complex concepts like

JhasHeartRate.LowFrequency M
JhasBloodAlcohol.HighConcentration,

a popular approach is to use so-called t-norms |27]. The semantics of the other
logical constructors can then be derived from these t-norms in a principled way,
as suggested in [20]. Following the principles of mathematical fuzzy logic, ex-
istential and value restrictions are interpreted as suprema and infima of truth
values, respectively. However, to avoid problems with infinitely many truth val-
ues, reasoning in fuzzy DLs is often restricted to so-called witnessed models |21,
in which these suprema (infima) are required to be maxima (minima); i.e. the
degree is witnessed by at least one domain element.

Unfortunately, most FDLs become undecidable when the logic allows to use GClIs
and negation under witnessed model semantics [2,/13,|18]. One of the few ex-
ceptions are FDLs using the Gdédel t-norm, which is defined as min{z,y}, to
interpret conjunctions [12|. In the absence of an involutive negation construc-
tor and negated assertions, such FDLs are even trivially equivalent to classical
DLs [13|. However, in the presence of the involutive negation, reasoning becomes
more complicated. Despite not being as well-behaved as finitely valued FDLs,
which use a finite total order of truth values instead of the infinite interval [0, 1],
it was shown using an automata-based approach that reasoning in Godel ex-
tensions of ALC exhibits the same complexity as in the classical case, i.e. it is
ExpTIME-complete [12]. A major drawback of this approach is that it always
has an exponential runtime, even when the input ontology has a simple form.

In the present paper, we present a combination of the automata-based construc-
tion for ALC from [12] and automata-based algorithms and reduction techniques
developed for more expressive finitely valued FDLs [6,10,11,14,(15,31]. We exploit
the forest model property of classical DLs [17,25] to encode order relationships
between concepts in a fuzzy interpretation in a manner similar to the Hintikka
trees from [12]. However, instead of using automata to determine the existence
of such trees, we reduce the fuzzy ontology directly into a classical ALCOQ on-
tology, which enables us to use optimized reasoners for classical DLs. In addition
to the cut-concepts of the form for a fuzzy concept C' and a value p, which
are used in the reductions for finitely valued DLs [6,10,31], we employ order con-
cepts expressing relationships between fuzzy concepts. In contrast to the
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reductions for finitely valued Goédel FDLs [6,7], our reduction does not produce
an exponential blowup in the nesting depth of concepts in the input ontology.

Although our reduction deals with the Gdédel extension of SROZQ, it is not cor-
rect if all three constructors nominals (O), inverse roles (Z), and number restric-
tions (Q) are present in the ontology, since then one cannot restrict reasoning to
forest-shaped models |32]. However, it is correct for SRZQ, SROQ, and SROZ,
and we obtain several complexity results that match the currently best known
upper bounds for reasoning in (sublogics of) these DLs. In particular, we show
that reasoning in Godel extensions of SRZQ is 2-EXPTIME-complete, and for
SHOZ and SHIQ it is EXPTIME-complete.

2 Preliminaries

We consider vague statements taking truth degrees from the infinite interval [0, 1],
where the Gddel t-norm min{z,y} is used to interpret logical conjunction. The
semantics of implications is given by the residuum of this t-norm; i.e.,

N 1 ifx <y,
x =
Y y otherwise.

Note that min is monotone in both arguments, and hence preserves arbitrary
infima in suprema, while = is monotone in the second argument and antitone in
the first argument. We furthermore have the following useful property.

Proposition 2.1. For all values x,xy,...,z, € [0,1], we have

(T A Aap) =)= (z1= .. (T = 1) ... ).

We use both the residual negation x +— (x = 0) and the involutive negation
x + (1 — x) in the rest of this paper.

We recall some basic definitions from [12]. An order structure S is a finite set
containing at least the numbers 0, 0.5, and 1, and an involutive unary operation
inv: S — S such that inv(z) = 1 —x for all x € SN0, 1]. A total preorder over S
is a transitive and total binary relation < C S x S. For z,y € S, we write x =y
if © < y and y < x. Notice that = is an equivalence relation on S. The total
preorders considered in [12] have to satisfy additional properties, e.g. that 0 and 1
are always the least and greatest elements, respectively. These properties can be
found in our reduction in the axioms of red(if) (see Section [4]).

We now define the fuzzy description logic G-SROZQ. Let N;, N¢, and Nr be
three mutually disjoint sets of individual names, concept names, and role names,
respectively, where Ng contains the universal role r,. The set of (complex) roles
is Ng := Ngr U {r~ | » € Ngr}; the elements of the form r~ are called inverse
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roles. Since there are several syntactic restrictions based on which roles appear
in which role axioms, we start by defining role hierarchies. A role hierarchy R, is
a finite set of (complex) role inclusions of the form (w C r > p), where r # r, is a
role name, w € (Ng)" is a non-empty role chain not including the universal role,
and p € (0,1]. Such a role inclusion is called simple if w € Ng. We extend the
notation -~ to inverse roles r~ and role chains w = ry ... 7, by setting (r~)” :=r
and w™ =71, ...7].

We recall the regularity condition from [5,23]. Let < be a strict partial order on
Ny such that r < s iff 7~ < s. A role inclusion (w C r > p) is <-regular if

e w is of the form rr or r—, or

e w is of the form ry...r,, rri...7,, or r1...7,r, and for all 1 < i < n it
holds that r; < r.

An role hierarchy Ry, is regular if there is a strict partial order < as above such
that each role inclusion in Ry, is <-regular. A role name r is simple (w.r.t. Rp)
if for each (w C r > p) € Ry we have that w is of the form s or s~ for a
simple role s. This notion is well-defined since the regularity condition prevents
any cyclic dependencies between role names in Rj,. An inverse role r~ is simple
if r is simple. In the following, we always assume that we have a regular role
hierarchy Ry,.

Concepts in G-SROZQ are built from concept names using the constructors
listed in the upper part of Table , where C, D denote concepts, p € [0,1],
n € N, a € Nj,r € Ng, and s € Ng is a simple role. The restriction to sim-
ple roles in at-least restrictions is necessary to ensure decidability [24]. We also
use the common DL constructors T := 1 (top concept), L := 0 (bottom concept),
CUD :=—(=Cn-D) (disjunction), and <ns.C' := =(=(n + 1) s.C) (at-most
restriction).

Notice that in [7], fuzzy at-most restrictions are defined using the residual nega-
tion: <ns.C :=(=(n+1)s.C) — L. This has the effect that the value of <nr.C
is always either 0 or 1 (see the semantics below). However, this discrepancy in
definitions is not an issue since our reduction can handle both cases. The use
of truth constants p for p € [0,1] is not standard in FDLs, but it allows us to
simulate fuzzy nominals [4] of the form {p;/ay,...,pn/an} with p; € [0,1] and
a; e N, 1 <i<n,via {a1}p7)U--- U ({a,} NDn).

The semantics of G-SROIQ is based on G-interpretations T = (AZ,-1) over a
non-empty domain AT, which assign to each individual name a € N; an element
af € A, to each concept name A € Nc a fuzzy set AZ: AT — [0,1], and to
each role name r € Ng a fuzzy binary relation rZ: AT x AT — [0,1]. This

interpretation is extended to complex concepts and roles as defined in the last
column of Table [1], for all d, e € AT,



Table 1: Syntax and semantics of G-SROZQ

Name Syntax  Semantics (CZ(d) / r%(d,e))
concept name A A%(d) €10,1]
truth constant D P
conjunction CrnD min{C%(d), D*(d)}
implication C— D C*(d)= D*d)
negation -C 1 — C*(d)
existential restriction 3Jr.C sup min{r(d, e), C*(e)}
ee AT
value restriction Vr.C inf rt(d,e) = C*(e)
e€A
1 ifd=ad*
nominal {a} ' (?
0 otherwise
at-least restriction >ns.C sup Hfl{l min{s%(d, e;), C%(e;)}

e1,...,en€AT
pairwise different

local reflexivity Js.Self  r%(d,d)

role name r rt(d,e) € [0,1]
inverse role re (e, d)
universal role Tu 1

We restrict all reasoning problems to witnessed G-interpretations [21], which in-
tuitively require the suprema and infima in the semantics to be maxima and min-
ima, respectively. Formally, a G-interpretation Z is witnessed if, for every d € A%,
n > 0, r € Ng, simple s € Ng, and concept C, there are e, ¢ eq,...,e, € AT
such that ey, ..., e, are pairwise different,

(Fr.C) (d) = min{r*(d,e), C*(e)},
(vr.C)E(d) = r*(d,€') = C*(¢'), and

(=ns.C)(d) = mﬂ;n min{s”(d, e;), C*(e;)}.

=1

As we have seen already in the role inclusions, the axioms of G-SROZQ extend
classical axioms by allowing to state a degree in (0, 1] to which the axioms hold.
Moreover, we allow to compare the degrees of arbitrary classical assertions of
the form a:C or (a,b):r for a,b € N;, r € Ng, and a concept C. An order
assertion [12] is of the form (a > p) or (« <1 3) for classical assertions «, 3,
<€ {<,<,=,>,>}, and p € [0,1]. An ordered ABox is a finite set of order
assertions and individual (in)equality assertions of the form a ~ b (a % b) for



a,b € Ni. A general concept inclusion (GCI) is of the form (C' T D > p) for
concepts C, D and p € (0,1]. A TBozx is a finite set of GCIs. A disjoint role
aziom is of the form (dis(r,s) > p) for two simple roles r, s € N; and p € (0, 1].
A reflexivity axiom is of the form (ref(r) > p) for arole r € Ng and p € (0,1]. An
RBoxr R = R, UR, consists of a role hierarchy R, and a finite set R, of disjoint
role and reflexivity axioms. An ontology O = (A, T,R) consists of an ABox A4,
a TBox 7, and an RBox R.

A G-interpretation Z satisfies (or is a model of)

e an order assertion (a > 3) if o 1 8% (where p* := p, (a:C)* := C%(a?),
and ((a,b):r)" : TI(G 00));

e an (in)equality assertion a ~ b (a % b) if a = b (a # b?);

e a GCI (C C D > p) if C%(d) = D*(d) > p holds for all d € AZ;

e a role inclusion (ry...7, C 7 > p)if (r1...7,)%(do,dn) = r¥(dy,d,) = p
holds for all dy, d, € AT, where

(r1...1m0) 5 (do, dy) = sup min ri(di_1,d;);

dy,sdn_1€AT =1

e a disjoint role axiom (dis(r,s) > p) if min{rZ(d,e), s*(d,e)} < 1 — p holds
for all d,e € AZ;

e a reflexivity axiom (ref(r) > p) if 7Z(d,d) > p holds for all d € AZ;

e an ontology if it satisfies all its axioms.

An ontology is consistent if it has a (witnessed) model.

We can simulate other common role axioms in G-SROZQ [7,22| by those we
introduced above:

e irreflexivity axioms (irr(s) > p) by (3s.Self T —p > 1); and

e negated role assertions ((a,b):—r = p) by ((a,b):r < 1—p).



For an ontology O, we denote by rol(Q) the set of all roles occurring in O, together
with their inverses; by ind(O) the set of all individual names occurring in O, and
by sub(Q) the closure under negation of the set of all subconcepts occurring in O.
We consider =—C' to be equal to C, and thus sub(O) is of quadratic size in the size
of O. We denote by Vo the closure under the involutive negation x +— 1—x of the
set of all truth degrees appearing in O (either in axioms or in truth constants),
together with 0, 0.5, and 1. This set is of linear size.

Other common reasoning problems for FDLs, such as concept satisfiability and
subsumption can be reduced to consistency [12]: the subsumption between C' and
D to degree g w.r.t. a TBox T and an RBox R is equivalent to the inconsistency
of {{a:C — D < q)},T,R), and the satisfiability of C' to degree ¢ w.r.t. T
and R is equivalent to the consistency of ({(a:C > ¢)}, T, R).

The letter Z in G-SROZQ denotes the presence of inverse roles and the universal
role. If such roles are not allowed, the resulting logic is written as G-SROQ.
Likewise, G-SRZQ indicates the absence of nominals, and G-SROZ that of at-
least and at-most restrictions. Replacing the letter R with H indicates that
RBoxes are restricted to simple role inclusions, ABoxes are restricted to order
assertions, and local reflexivity is not allowed; however, the letter S indicates the
presence of transitivity axioms. Hence, in G-SHOZQ we are allowed to use role
inclusions of the forms (r C s > p) and (rr C r > p). Disallowing axioms of
the first type removes the letter H, while the absence of transitivity axioms is
denoted by replacing S with ALC.

Classical DLs are obtained from the above definitions by restricting the set of
truth values to 0 and 1. The semantics of a classical concept C' is then viewed
as a set CT C A7 instead of the characteristic function C%: AT — {0,1}, and
likewise for roles. In this setting, all axioms (also order assertions) are restricted
to be of the form (o > 1), and usually this is simply written as «, e.g. C T D
instead of (C' = D > 1). We also use C' = D to abbreviate C C D and D C C.
Furthermore, the implication constructor C' — D, although usually not included
in classical DLs, can be expressed via ~C'LI D.

In this paper, we provide a reduction from a G-SROZQ ontology to a classical
ALCOQ ontology. For all sublogics of G-SROZQ that do not contain the con-
structors O, Z, and Q at the same time, the reduction preserves consistency.
Before we describe the main reduction, however, we provide a characterization of
role hierarchies using (weighted) finite automata.

3 Automata for Complex Role Inclusions

Let O = (A, T,R) be a G-SROZQ ontology. We extend the idea from [23] of using

finite automata to characterize all role chains that imply a given role w.r.t. Rp,.



In our setting, we need to use a certain kind of weighted automata 19|, which use
as input symbols the roles in rol(Q), and compute a weight for any given input
word.

Definition 3.1 (WFA). A weighted finite automaton (WFA) is a quadruple
A = (Q, ¢ini, Wt, gin), consisting of a non-empty set () of states, an initial state
Gni € @, a transition weight function wt: @ x (rol(O) U {e}) x Q@ — [0,1], and
a final state gsn € Q. Given an input word w € rol(O)*, a run of A on w
is a non-empty sequence of pairs r = (W, G;)o<i<m Such that (wo,qo) = (W, Gini),
(Wins @m) = (€, Gin), and for each i, 1 <i < m, it holds that w;_y = z;w; for some
x; € rol(O) U {e}. The weight of such a run is wt(r) := min]", wt(qg;—1, x;, ¢;)-
The behavior of A on w is (|[All,w) 1= SUD, yun of A on w WE(T)-

We often denote by ¢ =% ¢ € A the fact that wt(q,z,q') = p. Further, for
a state ¢ of A, we denote by A? the automaton resulting from A by making ¢

the initial state. The following connection is easy to see by the definition of the
behavior of a WFA.

Proposition 3.2. Let A be a WFA, ¢ =% ¢ € A, and w € rol(O)*. Then
(1A%}, zw) > min{p, ([|AT]],w)}.

A mirrored copy A~ is constructed from A by exchanging initial and final states,
and replacing each transition ¢ =% ¢’ by ¢ —2 ¢, where e~ := .

Proposition 3.3. Let A be a WFA, A’ be a mirrored copy of A, and w € rol(O)*.
Then ([[All, w) = ([[A]l, w™).

Following [23|, we now construct, for each role r, a WFA A, that recognizes all
role chains that “imply” r w.r.t. R, (with associated degrees). This construction
proceeds in several steps. The first automaton A? contains the initial state i,,

the final state f,., and the transition i, LN fr, as well as the following transitions
for each (w Cr > p) € R:

. ep .
o if w=rr, then f, =i,

. . .r,l ro,1 Tyl E,p

o if w=ry...7, With 7y # 7 # rp, then i, == qf, =5 ... =5 ¢l =5 fy;
. r1,l 1 T2l ™l . ED

o if w=rry...r,, then f, Qi > > qy — fr; and
. .71l ro,1 Tn,l ep .

o if w=ry...7,r, then i, — ¢}, i S

where all states ¢, are distinct. Here and in the following, all transitions that are
not explicitly mentioned have weight 0.



The WFA A! is now defined as A? if there is no role inclusion of the form
(r~ Cr > p) € R; otherwise, A! is the disjoint union of A? and a mirrored
copy of A%, where i, is the only initial state, f, is the only final state, and the

&P, !

following transitions are added for the copy f/ of f, and the copy 7. of i,: i, — f/,
0, £ 20 and i 25 f,

Finally, we define the WFA A, by induction on < as follows:

e if r is minimal w.r.t. <, then A, := Al;

e otherwise, A, is the disjoint union of A! with a copy A!" of A! for each

transition ¢ SILN ¢ in Al with s # 7’. For each such transition, we add
e-transitions with weight 1 from ¢ to the initial state of A;/ and from the
final state of Al to ¢

e The automaton A, _ is a mirrored copy of A,.

The difference to the construction in [23] is only the inclusion of the appropriate
weights for each considered role inclusion. As shown in 23|, the size of each A, is
bounded exponentially in the length of the longest chain r; < --- < r,, for which
there are role inclusions (u;r;_1v; Er; > p;) € R for all 4, 2 < i < n.

The following lemma describes the promised characterization of the role inclusions
in R in terms of the behavior of the automata A,.. Intuitively, the degree to which
the interpretation of w must be included in the interpretation of r is determined
by the behavior of ||A,|| on w.

Lemma 3.4. A G-interpretation I satisfies all role inclusions in R iff for every
r € rol(0), every w € rol(O)T, and all x,y € AT, we have

wh(z,y) = 1 (z,y) > (|| A], w).

Proof. 1f T violates any (w C r > p) € R, then there are d,e € AT such that
wr(d,e) = r%(d,e) < p. Since (||A,|,w) = p by construction of A,, we get
wr(d, e) = r(d,e) < (J|A,]],w).

For the other direction, assume that Z satisfies R, and let r € rol(O), w € rol(O)7,
and d,e € AT. We prove the claim by well-founded induction on <. It suffices to
show the claim for all role names r since A,- is a mirrored copy of A,.

If (|A,|,w) = 0 or w?(d,e) = 0, then the claim is trivially satisfied. If both
values are > 0, then due to the construction of A, there must be

e a word w' = ry...1, € rol(O)" such that r; < r or r; = r holds for all
1<i<n,and

4Note that all transitions labeled with roles have weight 0 or 1.



e words wy, ..., w, € rol(O)* such that w = w; ... w, and
(1A, w) = min { (JAL], w"), (1A, [, 1), - (A L wa) >0, (1)

where, if r; = r, then w; = r, and thus (||A,,||,w;) = 1. Since we have
(|A, |, w;) > 0, 1 < i < n, we know by the construction of A, that all w;
are non-empty.

Since w = wy ... w,, we have
I I
w™(d,e) = sup  minw;(di-1,d;),
d17...,dn,16AI =1

where we set dy := d and d,, := e. For any such choice of di,...,d,_; € AL,
it holds that, if r; < r, then w?(d;_1,d;) = r¥(di_1,d;) > (||A,|l,w;), by the
induction hypothesis. But this also holds for r; = r since then w; = r. Hence, we
obtain

n
(W) (d,e) = sup  min ri(d;_y, d;)
di,esdy_1€AT =1

7wi)}
awn)}' (2)

We proceed by a case distinction on the transitivity and symmetry properties of r

in R.

n
= sup min min{wiz<di—1, di), (||A.,
dl""zdnfleAI i=1

= min{wz(d, 6), (”Am”vwl)a ceey (”ATn

1. Assume that no role inclusions of the form (rr T r > p) or (r~ C r > p)
occur in R. Since (||Al||,w’) > 0, by construction of Al = AY we know
that w’ is of the form w’ = wu; ... u,,tv; ... v, such that

(urCr>p) € Rforal 1l <i<m,

either (t Cr > p) € R or t =r (and then we set p := 1),
(ro; Cr>p;) € Rforall 1< j <k, and

(AL, @) = windpa, ., P s - B}

Hence, we get
r*(d, e) > min{pj, (rvx)*(d, e)}

= min {pﬁﬁ, sup min{rZ(d, e;),vf(ez,e)}}
e;CEAI

> min {plv"'7pm7p7p,17"'ap;ga
/

sup min{ui(d, e1),...,t" (em, €}), ..., vp (e}, €)}}
€1,er€m €] 5o ef EAT

= min{([| A, w"), (w)*(d, e)}
The claim now follows from this inequation together with and .
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2. Consider the case that (rr T r > p;) € R, but there is no role inclusion
(rm Cr>p) €R. Then w must be of the form

1 ¢ ¢ ¢
(u1 e gﬂt Dy () ...,v,(ﬂ)) (ug),...,u%)[t()vg),...,v,(w))
with £ > 1 and
O(ugo)rgr2 O)eRforalllg </land 1< i< m,,
e for each 1 < o < /, either (t(o Cr>pl > € R or t(9 = r (and then

we set p(@ := 1),

° (rvj(-o) Cr> (p;)(°)> ceRforalll<o</land 1< j <k, and

o (|AL,w") = min{p;, po} if £ > 1, and (||AL||,w’) = py if £ = 1, where
Po = min{pgo),p(o), (p;»)(o) [1<o<l 1 <i<m,, 1<j<k}

The claim can be obtained by the same arguments as in Case 1. Note that
the axiom (rr C r > p;) is only needed if ¢ > 1.

3. If (r~ Cr > ps) €R, but there is no role inclusion (rr Cr > p) € R, then

w’ is of the form w’' = uy ... uptv; ... v, where

o (urCr>=p)eRor (ru; Cr>p) € Riorall<i<m,

tCrz2peR, " Cr>=p €R,t=r,ort=r" (in the latter two
cases we set p := 1),
(ro;Cr>=p) €Ror (v;r Cr>p)) € Rforall1 <j <k, and
(|AL|,w") = min{ps,po} if one of the “inverse” cases applies, and
(| AL, w") = po otherwise, where pg := min{p1, ..., pm,p, P}, -, Dk}

The claim can be obtained as in Case 1.

4. If both (rr C r > p) and (r~ C r > ps) are present in R, then w' is a
non-empty sequence of words of the form described in Case 3, and the claim
can be shown as before. O

For the universal role r,, we define A, 6 as above based on the role inclusions
(ro Cry,>1), (ryry, &7y = 1), and (r C r, > 1) for all r € rol(O). Hence, A,.,
accepts any (non-empty) word w € rol(O)" with degree 1, and it is easy to see
that Lemma [3.4] also holds for r,,.

We define the relation T, as the “transitive closure” of the simple role inclusions
in R: we set r C, s iff p is the supremum of the values min{py,...,p,} over all
sequences (r =7y = p1), ..., (rn—1 C s > p,) in R. Note that » C; r because of
the empty sequence.

Proposition 3.5. For a simple role r and w € rol(O)*, we have

p ifw=secrol(O) and s C, r,
<||AT||,w>={ (O and s £,

0 otherwise.
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4 The Reduction

We now describe the reduction from O to a classical ALCOQ ontology red(O).
This reduction always uses nominals, even in the logic G-SRZQ. However, if
number restrictions are not allowed (e.g. in G-SROZ), then red(O) is an ALCO
ontology.

As a first pre-processing step, we eliminate role assertions (a, b):r from the ABox
by replacing them with the equivalent concept assertions a:3r.{b}; this simplifies
the following reduction. We now extend the set sub(O) by the following elements
(and their negations):

e We add all nominals {a} for a € ind(O) to be able to distinguish all named
domain elements.

e We further consider all concepts Ir.Self with r € rol(Q) (also for non-
simple roles), in order to represent the degrees to which a domain element
is connected to itself, e.g. for reflexivity axioms.

e We add all “concepts” of the form VA?.C' (FA2.C) for all Vr.C' (3r.C) oc-
curring in O and all states g of A,. These concepts help to transfer the
constraints imposed by the existential and value restrictions along all role
chains that imply the possibly non-simple role r. The semantics of VA.C
is defined as follows:

(VA.C)5(d) := inf  inf min{(||A],w),w’(d,e)} = C*(e),

werol(0)* ee AT

where eZ(d,e) := 1 if d = e, and €(d,e) := 0 otherwise. Intuitively, it
behaves like a value restriction, but instead of considering only the role r, we
consider any role chain w, weighted by the behavior of A on w. Recall that
for A,, this behavior represents the degree to which w implies r w.r.t. Ry,

(see Lemma [3.4)).

The idea is that in our reduction we do not need to explicitly represent all role
connections, but only a “skeleton” of connections which are necessary to satisfy
the witnessing conditions for role restrictions. The restrictions for all implied role
connections are then handled by the concepts VA,.C' and JA,.C' by simulating
the transitions of A,; each transition corresponds to a role connection to a new
domain element. Note that we do not need to introduce concepts of the form
>n A,..C since all roles in at-least restrictions must be simple, i.e. there can be
no role chains of length > 1 that imply them (at least not with a degree > 0).

The main idea of the reduction is that instead of precisely defining the inter-
pretation of all concepts at each domain element, it suffices to consider a total
preorder on them. For example, if an axiom restricts the value of C — D at
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each domain element to be > 0.5, then we do not have to find the exact values
of C and D, but only to ensure that either C*(d) < D*(d) or else D*(d) > 0.5.
This information is encoded by total preorders over the order structure U/ that is
defined below. The other main insight for our reduction is that we consider only
(quasi- )forest-shaped models of O [17]. In such a model, the domain elements
identified by individual names serve as the roots of several tree-shaped struc-
tures. The roots themselves may be arbitrarily interconnected by roles. Due to
nominals, there may also be role connections from any domain element back to
the roots. Note that complex role inclusions may actually imply role connections
between arbitrary domain elements, but the underlying tree-shaped “skeleton” is
what is important for reasoning purposes (for details, see [17] and our correct-
ness proof in [16]). This dependence on forest-shaped models is the reason why
our reduction works only for G-SROZ, G-SROQ, and G-SRIQ—even classical
ALCOIQ does not have the forest model property [32].

We then define the order structure U as follows:
Uy :=VoU{a:C|ae€ind(O), C €sub(O)}U
{(a,b):s | a,b €ind(O), r €rol(O), s e {r,—-r}}
U := U, Usub(O) Usuby(O) U
{s, (a,%):s, (x,a):s|a €ind(O), r € rol(O), s € {r,—r}},

where subt(O) = {(C)+ | C € sub(O)} and the function inv is defined by
inv(C) :==C, inv(a:C) := a:=C, inv(a, *):r := (a,*):-r, etc.

Total preorders on assertions in U4 are used to describe the behavior of the
named root elements in the forest-shaped model. For example, if the order is
such that a:C > (a,b):r, the intention is that in the corresponding G-model Z
of O the value of C' at a is strictly greater that the value of the r-connection
from a to b, i.e. we have CZ(a?) > rf(a%,b?). For each domain element of Z,
total preorders on the elements of sub(Q) describe the degrees of all relevant
concepts in a similar way. The elements of subt(O) are used to refer back to
degrees of concepts at the unique predecessor element in the tree-shaped parts
of the interpretation. For convenience, we also define (p)+ := p for all p € Vp.
The elements € rol(O) represent the values of the role connections from the
predecessor. The special elements (*,a):r and (a,*):r are used to describe role
connections between arbitrary domain elements (represented by *) and the named
elements in the roots.

In order to describe such total preorders over U with a classical ALCOQ ontology,
we use special concept names of the form for a, f € U. This differs from
previous reductions for finitely valued FDLs [7,9,31] in that we not only consider
cut-concepts of the form with ¢ € Vo, but also relationships between
different conceptsﬂ We use the abbreviations |a > 8] :=[8 < al, [a < 8] := —{a > f],
and similarly for = and >. Furthermore, we define the complex expressions

5For the rest of this paper, the expressions denote DL concept names.
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e [o > min{B,7}|:= o > BlU[a =],

e |o <min{B, 7} := o < B|MN[a <A,

elazp=1=(B<A] = aZI)N(B>1]—[a=1]),

o o< B=1]=8<|Ua<H]

and extend these notions to etc., for 1 € {<,=,>}, analogously.

In our reduction, we additionally use the special concept name AN to identify
the anonymous domain elements, i.e. those which are not of the form b for any
b € ind(O). The reduction uses only one role name v. The reduced ontology
red(O) consists of the parts red(U), red(.A), red(AN), red(1), red(R), red(7), and
red(C) for all C' € sub(Q), which we describe in the following. We want to
emphasize that red(Q) is formulated in ALCOQ, whenever O is in G-SRIQ or
G-SROQ, and in ALCO if O is a G-SROT ontology. This is due to the fact that
we always use nominals to distinguish the named from the anonymous part of
the forest-shaped model, and the inverse of t is not needed in the reduction.

The first part of red(O) is

redU) .= {a <BIN[B<H E[e<]| a8,y €U} U
{TCla<BlUB<a]|a,BelU}U
{TCO<aNa<]]|aceU} U
{TClaxpl|a,B €Vo, axp}U
{lo <B|Clinv(B) <inv(a)|| o, f € U}.

These axioms ensure that at each domain element the relation “<” forms a total
preorder that is compatible with the values in Vp, and that inv is an antitone
operator.

To describe the behavior of all named elements, we use the following axioms:

red(A) := {cfaxp]| (axpB) e A}U{a~be A}U{a®bec A} U
{(a,b):x | a,b€ind(O)} U{laxp|C Ve]ax ]| o, f €Us}U
{a:la:C=C]| a €ind(O), C € sub(O)} U
{b:{(a,b):r = (a,%):r]|| a,b € ind(O), 7 € rol(O)} U
{a:|(a,b):r = (x,b):r]| a,b € ind(O), 7 € rol(O)} U
{T E(a,a):r = a:3rSelf| | a € ind(O), r € rol(O)} U
{T El(a,b):r = (b,a):r"|| a,b € ind(O) U {x}, r € rol(O)},

where ¢ is an arbitrary individual name. The first two lines are responsible for
enforcing that the ABox is satisfied and that information about the behavior of
the named individuals is available throughout the whole model. The remaining
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axioms describe various equivalences for named individuals, e.g. that (a, b):r and
(*,b):r should have the same value when evaluated at a.

The next axiom defines the concept AN of all anonymous elements, i.e. those that
are not designated by an individual name:

red(AN) = {ﬂAN _ I_IO){a}}.

acind(

The following axioms ensure that the order of a node in a tree-shaped part of the
model is known at each of its successors via the elements of subs(O):

red(1) := {[a > 5] C Ve.(AN = [(a); = (B)1]) | a, B € Vo Usub(O)}.

We now come to the reduction of the RBox:

red(R) := {T T |(a,b):r = (a,b):s > p|M[r = s > p|
=5
<T’|:8 >€7€ abEmd( YU{x}}U
{TC ‘min{ a,b):r, (a,b):s} <1 —p‘[‘l ‘II]IH{?“,S} <1 —p‘[‘l
‘min{r’ sTP<1— ‘I_I \min{3r.Self, 3s.Self} <1 —p||
(dis(r,s) =2 p) € R, a,be€ind(O)U{x}}U

{T C[3rSelf > p|| (ref(r) = p) e R} U
{T Cla,b):r, 21N [r, > 1N [EFr,Self > 1] | a,b € ind(O) U {x}}

The concepts and axioms concerning the universal role, inverse roles, and (lo-
cal) reflexivity statements are only included in the reduction if the logic under
consideration supports them.

These axioms ensure that the various elements of I/ that represent the values
of role connections, such as (a,b):r, Ir.Self, and r, respect the axioms in R.
Although the simple role inclusions (r C s > p) are handled by the automata A,
we include them also in red(R). The reason is that the reduction of at-least
restrictions below does not need to use these automata since only simple roles
can occur in them.

The GCIs in T can be translated in a straightforward manner:

red(7):={T Clp<C=D|[{CCLD=>p)eT}

We now come to the reductions of the concepts. Intuitively, each red(C') describes
the semantics of C' in terms of its order relationships to other elements of /. Note
that the semantics of the involutive negation =C' = inv(C') is already handled by
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the operator inv (see red(U) above):

red(T) = {TC[T>1}
red({a}) == {{a} C[1 <{a}], ~{a} C[{a} <O}
red(p) :={T Cp=0pl}
red(3r.Self) := {T C [3r.Self = Ir—.Self]}
red(—C) :=0)
red(C M D) :={T C|[CND=min{C, D}|}
red([C — D) :={TC[C—D=C= D|}

The reductions of role restrictions are more involved. In particular, in the case of
value and existential restrictions we have to deal with non-simple roles, for which
we employ the automata A, from the previous section.

red(Vr.C) .= {T C|(vr.0) < (VA .O)\,
AN C |[(vr.C) > C)4|U (I)
(vr.C) > (EIT Self) = C|U (S)
Fe.(ANN[(vr.C); >r = C)) U

aem|_d!0 (3v{a} N[(¥r.C) > (x,a):r = a:C]) } U (N)

{a:Fe.((ANMO[(¥r.C); > r = C)) U
(AN M[(a:¥r.C) > (a,#):r = C])) | a € ind(O)}

Here and in the following definitions, we label with (I) those concepts or axioms
that are contingent on the presence of inverse roles in the source logic. Like-
wise, terms labeled with (S) are only included if (local) reflexivity statements are
allowed, and similarly for (N) and nominals.

The second axiom of red(Vr.C') ensures the existence of a witness for Vr.C' at each
anonymous domain element. For example, assume that the preorder represented
by the concepts at some domain element d satisfies 0.5 < Vr.C' < 1.
The first possibility is that the above axiom creates an anonymous element e
that is connected to d via t, and hence by red(AN) we know that e satisfies
0.5 < (Vr.C)y < 1. The axiom further requires that (¥r.C')+ > r = C, which
implies that (vr.C')y > C and r > C. We will see below that the reduction
of VA,.C further ensures that (Vr.C')+ < r = C, and thus we get (Vr.C); = C.
Hence, e can be seen as an abstract representation of the witness of Vr.C' at d; the
precise value of the r-connection between d and e (represented by the element r)
is irrelevant, as long as it is strictly greater than the value of C' at e. The other
disjuncts of this axiom deal with the possibility that d itself, its predecessor, or
a named domain element acts as the witness for the value restriction in a similar
way. The assertions deal with the case of a named domain element, in which case
the first two options above (self and inverse) are subsumed by the last option.
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Together with the first axiom of red(Vr.C'), the following axioms ensure that no
other r-successor of d violates the lower bound on r = C given by Vr.C' at d:

red(VA?.C) == {T C |gisfinal} U | ] redy,q (VALC)

@,p
q—>q' €A

rede ¢ (VALC) := {T C|(VALC) < p = (VAY.O)|}
reds o (VAL.C) :=
{AN C |(VA2.C) < min{p, s } = (VA7.C)4] (I)
T C|(VAL0) < min{p, 3s.Self} = (VA?.0)| (S)
T C Vr.(AN — [(VAZ.C); < min{p, s} = (VA7.0)|)} U
{Fe{a} C{(vALC) < min{p, (x,a):5} = a:(VA?.0)],
Fe{a} C |a:(VAL.C) < min{p, (x,a):5~} = (VA?.0)|| a € ind(O)} (LN)

Recall that A, in particular contains the transition i, LN fr from the initial
state i, to the final state f.. By the first axiom in red(Vr.C') and the third axiom
in red, s (VA,.C), the witness e satisfies (vr.C)s < (VA,.C)s < r = (VAI.CO)
Since f, is final, we further have (VA/".C') < C by red(VA/".C'), and hence
(Vr.C)y < r = C, as claimed above. The other axioms in red,; s (VA,.C) deal
with the other kinds of possible successors (see above).

Using arbitrary runs through the automaton A,, we can ensure that no other
r-successor of d violates the value restriction. For example, if rZ(d,e;) = 0.3
and r% (e, e3) = 0.5 for two other (anonymous) domain elements ey, e;, and we
further have the role inclusion (rr = r > 0.7), then we know that rZ(d,ey)
must be at least 0.5. Although this r-connection is not explicitly represented in
our forest-based encoding, concepts of the form VAZ.C' are appropriately trans-
ferred from d via e; to ey in order to ensure that the value of C' at ey satisfies
0.5 < (Vr.C)E(d) < r%(d, e3) = C%(es). In this example, since we know only that
rZ(d, e3) > 0.5, it must be ensured that C%(ey) > r1(d, e3).

The reduction for existential restrictions can be defined similarly to that for value
restrictions, but replacing > with < (and vice versa) and = with min.

We now come to the final component of red(O).

1 1 n—z;i—=zs
red(>nr.C) = {AN C L L L L
2;=02s=0 m=0 SCind(0)

|S|=n—m—z;—2zs

[] red,, ., ms<(=nr.C),

1 1 n—z;—zs
anc -0 LU L
2;=02s=0 m=0 SCind(O)

|S|=n—m—z;—zs

[ ] reds, .. ms<(=Znr.C)}U
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{a:Znt.((AN M ‘(2nr.0)¢ < min{r, C’}D L
(—|AN M[(a:>nr.C) < min{(a,*):r, C}D),
a:—=n t.((AN r ‘(271 r.C)+ < min{r, C}D L
(—|AN M{(a:2nr.C) < min{(a, *):r, C}D) | a €ind(O)},

where

red., ., m,s,«(Znr.C) := {ANT|(Znr.C) <min{r—, (C)4}|| z = 1} U
{{(nr.C) < min{3rSelf,C}|| z, =1} U
{Zmr. (AN M ‘<>n r.C)+ < min{r, C’}D} U
{Fe.({a} 1 —={b}) | a,b € S, a#b}U
{‘(2717".0) < min{(&a):r,a:C}‘ |a € S}

If we do not have inverse roles, (local) reflexivity, or nominals, then we fix the
numbers z;, 25, or m, respectively, to 0, 0, or n—z; —z,, which effectively eliminates
the conjuncts using these constructors from the above axioms.

The reduction of at-least restrictions works similarly to the one of value restric-
tions: the first axiom ensures the existence of the n required witnesses, while
the second one ensures that no n different elements can exceed the value of the
at-least restriction. Unfortunately, the number of named successors cannot be
counted using a classical at-least restriction in our encoding, since these named
successors do not know about the degree of the role connection from an anony-
mous element; otherwise they would have to store a possibly infinite amount of
information since they may have infinitely many anonymous role predecessors.
For this reason, the above axioms first guess how many (m — n) and which (5)
named elements are connected to the current domain element to the appropriate
degrees (given by (*,a):r). For named elements, however, this guessing is not
necessary.

This reduction is correct in the sense that the resulting ontology red(O) has a
classical model iff O has a G-model. As mentioned before, this holds only for the
sublogics SRZIQ, SROQ, and SROZ that have the forest model property [17].
However, the correctness is not affected by the presence or absence of (local)
reflexivity statements.

4.1 Soundness

We first show that, in SRZQ, SROQ, or SROZ, if red(O) has a classical model,
then O has a G-model.

Since red(O) contains only the role name v and no inverses, and hence is in
ALCOQ, we can assume that it has a quasi-forest model T with the following
properties [17]:
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e AT Cind(O) x N*;

for each a € ind(Q), the set {u € N* | (a,u) € AT} is prefix-closed;

T

for each a € ind(O), we have a* = (a,¢);

for all @ € ind(O), u € N*, and i € N with (a,ui) € AZ, we have
((a,u), (a,ui)) € v¥; and

whenever ((a,u), (b,u)) € tZ, then

a) a =0 and v’ = ui for some i € N or
b) v =e.

We assume here that all named individuals in ind(O) are interpreted by distinct
elements in Z. In general, we would have to consider sets of names from ind(O) as
the roots of Z. Since this is relevant only for number restrictions and (in)equality
assertions, we ignore this in the following and only mention it at the appropriate
places.

For any u = n;...n; € N* with & > 1, we denote by uy = ny...ng_ its
predecessor. We denote by <4 the binary relation on U4 defined by o 54 3 iff
e for an arbitrary ¢ € ind(Q). This is a total preorder due to the

axioms in red(U). We similarly define o <% 8 iff (a,u) € [ < B[, for all o, § € U.
Since Z satisfies red(.A) and all domain elements are connected via v, we have
<4 C < for all (a,u) € AT. We further denote by =4 (=%) the equivalence
relation induced by <4 (9).

As a first step in the construction of a G-model of O, we now construct a function
v: Uy U U x AT) — [0, 1] such that

P1) for all p € Vi, we have v(p) = p,

P2) for all a, 8 € Uy, we have v(a) < v(f) iff o g4 5,

(P1)

(P2)

(P3) for all a € U, we have v(inv(a)) = 1 — v(a),

(P4) for every C' € sub(0) and all a € ind(0), we have v(a:C) = v(C, a,¢),
(P5)

P5) for all (a,u) € A%,

a) for all p € Vo, we have v(p,a,u) = p,
b)
)
)

c
d) if u # ¢, then for all C' € sub(O) we have v(C, a,uy) = v((C)4, a,u).

for all o, B € U, we have v(a, a,u) < v(f,a,u) iff o g% B,

for all &« € U, we have v(inv(a),a,u) =1 —v(a,a,u), and
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We start defining v on Uy4. Let Uy /=, be the set of all equivalence classes of =4.
Then < 4 yields a total order <qonla/=,. HO=po<p1 < - <pp_1 <pp =1
are the elements of Vo, then since Z satisfies red(U), we have

(04 <4 [p1)a <a - <a[pe-1)a <a [1]a

w.r.t. this order. For [a]4 € Us/=4, we set inv([a]4) = [inv(a)]4, which is
well-defined because of the axioms in red(U). On all a € [p]4 for p € Vo, we
now define v(«) := p, which ensures that holds. For the equivalence classes
that do not contain a value from Ve, note that by red(U), every such class must
be strictly between [p;|4 and [p;11]4 for some p;, pi1 € Vo. We denote the n;
equivalence classes between [p;]| 4 and [p;11]4 as follows:

[pila <a B} <a -+ <a B < [pit1)a.

For every a € E;:, 1 <j < ny, weset v(a) :=p; + #(I%H — p;), which ensures
that is also satisfied. Furthermore, 1 — p;y; and 1 — p; are also adjacent
in Vo and we have [1 —p;y1]a <a inv(EL) < --- <ainv(E}) <4 [1—p;]a by the
axioms in red(U/). Hence, it follows from the definition of v(«a) that holds.

We now construct the values of v(a, a, ¢) using a similar technique. However, we
now start by setting v(«, a,¢) := v(a) for all a € [3]¢ with 8 € Uy. To see that
this is well-defined, consider the case that []¢ = [3']¢ for two different elements
B, " € Uy. Since K¢ contains the preorder < 4, we know that []4 = [5']4, and
hence v(3) = v(#') by [[P2)] We can now arrange all other values between those
already fixed as shown above, thereby satisfying . Since a? = (a,¢) and
7 satisfies red(.A), this construction also ensures that [P4)] is satisfied.

We now proceed to define v(«, a,u) by induction on the structure of the tree
{u| (a,u) € AT}. Assume that v(a, a, us) has already been defined for all o € U,
and satisfies [(P5)p)| By assumption, we have ((a,u4), (a,u)) € t¥, and by
red(AN) we know that (a,u) € AN, We again use the same construction as
before, but this time fixing all values v(a, a,u) := v(«, a,uy) for all @ € Uy and
v(a, a,u) :=v(C,uy) for all C' € sub(O) and all a € [(C)4],,. This is well-defined
by the same arguments as above and the fact that Z satisfies red(1). We then
fix the remaining values as before. This construction ensures that [(P5)a)Hd)| are
satisfied.

Based on v, we now define the G-interpretation Z¢ over the domain A% := AZ,
where a¥ = o’ = (a,¢) for all a € ind(O)f and A% (d) = v(A,d) for all
A € Nc Nsub(0) and d € A%. The values for all other concept names are
irrelevant and can be fixed arbitrarily. For all » € Ng N rol(O), we first define a

61f we are dealing with equivalence classes of individuals as the roots of Z, then a’f is
interpreted using the equivalence class containing a.
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“simple” interpretation Z? as follows.

(Y

v(r u') if a =band u = uj,
v(r=,a,u) if a =0 and v = uy,
v(3r. Self a,u) if (a,u) = (b,u'),
7 ((a,u), (b,u')) ==  v((a,b):r) ifu=u=¢canda#Db,
(
(

(

(a,*):r,b,u') ifu=c¢,u #e¢, and ((b,u),(a,¢c)) € tZ,

(x,b):r,a,u)  ifu =¢, u+#e, and ((a,u),(b,e)) € tF,
otherwise

()

)

\

In the absence of inverse roles, we set the second and fifth lines to 0; and if
(local) reflexivity is not allowed, then the third line is 0; finally, if there are no
nominals in our source logic, then the fifth and sixth lines are 0. Due to red(.A)
and red(3r.Self), the same expressions as for role names can be used to evaluate
inverse roles. In the case that r is simple, this already suffices. Otherwise, we use
the automaton A, to complete ZP by additional links as follows: we set

r%(d,e) = sup min{(|A[|,w),w (d,e)} (3)

werol(O)+

for all d,e € A%, Note that this expression is also valid for simple roles r: by
Proposition we have (||A,|,s) = p whenever s T, r, (]]A,|,r) = 1, and
(I|A||,w) = 0 for all other words w, and moreover red(R) yields

min{(|A.[|,7), 7 (de)} = 7 (d, e)

> min{p, szg(d, e)}
— min{(|A, ], ), 57 (d, )},

The expression can also be used to evaluate inverse roles due to the semantics
of role chains and Proposition [3.3] Finally, for the universal role r,, we have

Tffo(d, e) = 1 due to the axioms in red(R). By the construction of A, , we also
have (||A,,||,7.) = 1, and hence the expression also holds for the universal
role and we have rX(d,e) = 1 for all d,e € AZ.

We now show by induction on the structure of C' that
C%(d) = v(C,d) for all C' € sub(O) and d € A%, (4)
where we exclude the auxiliary concepts of the form VA.C' and JA.C.

For nominals {a}, we have {a}*(d) = 1 if d = (a,¢), and {a}*(d) = 0 otherwise.
By red({a}) and [(P5)a)Hb)} in the former case we have v({a},d) = 1, while in
the latter case it holds that v({a},d) = 0. For local reflexivity concepts 3r.Self,
we have (Ir.Self)%(d) = r*(d,d) = v(3r.Self, d) by the definition of r%. For —C,
we have

(~CY(d) = 1 — CF(d) = 1 — v(C, d) = v(~C, d)
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by the induction hypothesis and |(P5)c)l The claim for T, @, I, and — can also be
shown using the induction hypothesis, the semantics of these constructors, and

the properties ((P5)a)Hb)| of v.

For value restrictions Vr.C, consider first the case that d = (a,u) with u # ¢,
and hence d € ANZ. By the second axiom in red(¥r.C'), one of the following must
hold:

e We have d € |(vr.C) > r~ = (C)4}, and thus|(P5)b)|and [d)|and the induction
hypothesis yield

v(Vr.C,d) = v(r—,a,u) = v({(C)+, a,u)
TIP«(I? u)7 (a7 uT)) = CIf(aa uT)
> r%(d, (a,ur)) = CH(a,uy).

Hence, (a,us) can take the role of the witness for Vr.C' at d if we can show
that the latter implication is > v(¥r.C,d) for all successors.

e We have

v(Vr.C,d) = v(3r.Self,a,u) = v(C, a,u)

>
> r%(d,d) = C*(d)

by similar arguments as above. In this case, we can choose d itself as the
witness.

e There is an anonymous t-successor of d that satisfies ’(Vr.C)T >r=0C ‘, which
must be of the form (a, ui) for i € N due to our assumption on the structure
of Z. We get

v(r,a,ui) = v(C,a,ui)
r(d, (a,ui)) = C%(a,ui).
e There is a b € ind(O) such that (d, (b, <)) € %, and again we have

v(Vr.C,d) = v((*,b):r,a,u) = v(b:C, a,u)

=
> r%(d, (b,e)) = C¥(b,¢)
due to [(P5)p)| and [d)] red(.A), and the induction hypothesis.

The assertions in red(Vr.C') similarly ensure the existence of witnesses for Vr.C' at
all named domain elements. For the remainder of the claim, consider any e € A%,
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Due to the first axiom in red(Vr.C'), we have

rzf(d,e):>C’Zf(e):< sup min{(||AT||,w),waO(d,e)}) = T (e)

werol(O)+

inf  min{(||A, |, w),w" (d,e)} = C%(e)

werol(O)+

—

*

~

> v(VA,.C,d)
> v(Vr.C,d).

as required, if we can show (%), i.e. it remains to show that
min{ (|| A, |, w), w¥ (do, dy)} = CT(d,) > v(VA,.C, dy)

holds for all dy,d, € A% and w = ry...7r, € rol(O)". Since (||A,|,w) and
w (dy, d,,) are defined as suprema, it suffices to consider any run r = (w;, ¢;Jo<i<m
with (wo, qo) = (w, ), (Wm, qm) = (&, fr), and transitions ¢;_; 2Py g in A, and
any sequence di, ...,d, € A%. To synchronize these two sequences, we define
the mapping v: {0,...,m} — {0,...,n}, where v(0) := 0, and

N v(i—1) if x; = ¢,
i) = {7(2 —1)+1 ifz #e.

Since xy...%T, = w = ry...r,, we know that + is surjective and y(m) = n. We
now show by induction on ¢ that we have

. 2 @) 7o .
v(VA,.C,dy) < min { Ijllzl{lpj, min 7; (d;—_1, dj)} = V(AT dy) (5)

J

For all i, 0 < i < m. By the axiom T C |(VA%.C') < C|in red(VA%.C) and the
induction hypothesis, the claim for m implies (x).

For i = 0, trivially holds. Assume now that it holds for ¢ — 1. To show the
claim for 7, by Proposition [2.1] it suffices to show that

V(VAS.C, dy1y) < ps = v(VAL.C,d) (6)

whenever z; = ¢ (and hence (i) = (i — 1)), and
, . 70 ,
U(VAgl’l .C, d,y(z;l)) < mln{pi, r’yzi)(d’Y(Flﬁ d,y(i))} = U(VA?’.O, d,y(i)) (7)
for all z; # ¢ (for which we have (i) = v(i — 1) + 1).
For the former case, the axioms in red. ,, ,, (VAZ".C) and directly yield the

claim (6). If z; ¢ , we make a case distinction on d.. If rfi)(dw_l), dy@) =0,
then the claim is trivially satisfied; otherwise, we must have one of the following
cases:
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o Ifd; = ( u) and d. ;1) = (a,uy), then we have (d,_1),d,) € tF and
d) € AN, Hence, the third axiom fn red,. , pig (VAF.C) andyleld

v(VAL.Codyi1)) = v((VAT.C)t, dyi)
mi n{p, ( dy(i))} = ’I}(VAgi.C, dﬂ/(i))

= min{p, 17, (d’y(z’—l)>d'y(i))} = v(VAY.C, dy),

N

as claimed in ([7)).

o If dy;_1) = (a,u) and d,;) = (a,uq), then d ;1) € ANT and inverse roles
are allowed. Hence, the first axiom in red,_ . . 4 (VA7 ".C) and [(P5)| yield

v(VAE-1.C, dyi—1y) < min{p, v(r J(i)adw(i—l))} = v((VAL.C)p, dyi-1))
= min{p, 17, (dyi-1), dy(o)} = 0(VAL.C,d, ).

o If d,;i_1) = d), then (local) reflexivity is allowed, and we similarly get

V(VAL.C, dyi—1y) < min{p, v(Iry).Self, dyi)) } = v(VAL.C,d, @)
= min{p, IO)(dv(z 1), dyi)} = v(VAL.C,dy )
by the second axiom in red, . ;. 4 (VA .C).
o If dyi_1) = (a,e) and d,(;) = (b,¢), then ((a,e), (b,£)) € v¥, and thus
v(VAL .0, dyi—)) < min{p, v ((* b) (i), dv(i—l )} = v(b:(VAL.C), dyi-1))
= min{p, L, (dyi1), dygo) } = V(VAL.C,dyy)
by the corresponding axiom in red,_ ;. 4 (VA .C).

o If dy(ifl) = (a,¢), d,y(i) € ANI, and (d'y(i)7d7(ifl)) € tZ, then nominals and

inverse roles are allowed and

V(VAL.C dyi—1)) = v(a: VAT dyy)
< min{p, v((*,a):r (i ad'y(i))} = v(VA}.C, d’y(i))

= min{p, 10 (dyi—1), dyo) } = 0(VAL.Cdyr).

e Finally, the case that d,;_1) € AN”, d ;) = (b,¢), and (dy(_1),dy@)) € t©

can be handled as in the previous two cases.

This concludes the proof of , and hence that of and of (%), which shows
that holds for all value restrictions. The proof for existential restrictions can
be done using dual arguments.
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For at-least restrictions >nr.C, note first that r must be simple, and hence
we have 1% (d,e) = r%(d,e) for all d,e € A%. We first consider the case
that d € AN®, i.e. it is of the form (a,u) with u # . By the first axiom in
red(=nr.C), there are z;,z, € {0,1}, m € {0,...,n — 2z, — z;} and S C ind(O)
with [S| =n —m — z; — z, such that red,, , ., s<(=nr.C) is satisfied by d.

e If z; = 1, then inverse roles are allowed and d € ‘(>n r.C') < min{r~, <C>T}ﬁ
Further, we obtain

v(znr.C,d) < min{v(r~,d),v((C)+,d)}
= min{TIf(d, <a7 uT))? cH (a7 UT)}

by the induction hypothesis.

o If z, =1, then local reflexivity is allowed and we have

v(Znr.C,d) < min{v(Ir.Self,d),v(C, d)}
= min{r%(d, d), C% (d)}.

e Consider now any b € ind(Q). We know that nominals are allowed and
(d, (b,e)) € ¢¥, and thus

v(znr.C,d) < min{v((x,b):r,d),v(b:C,d)}
= min{r¥(d, (b, €)), C*(b,)}.

Furthermore, all elements of S must be interpreted by different elements
in Z, and hence also in Z¢, even if we consider sets of individual names in
the roots of 7.

e Additionally, there are m different elements e,...,e, € AT such that
(d,e;) € vF and e; € AN® for each e;, and hence they must be of the
form (a,ui;). We obtain, for every j, 1 < j < m,

v(znr.C,d) =v((Znr.C)y,e))
< min{v(r, e;),v(C,e;)}
= min{r¥(d, €;), CIf(%‘)}-

Note that all r-successors of d considered above, i.e. (a,ut), d, (b,e), and e;,
1 < j < m, must be different; in particular, we do not consider nominals and
inverse roles at the same time (since obviously O contains at-least restrictions),
and thus even if uy = ¢, we do not have a € S. Hence, these elements can serve
as the witnesses for >nr.C’' at d (assuming that its value is exactly v(=nr.C),
which is shown below). For named domain elements, the witnesses are created
by the first kind of assertions in red(=nr.C'), where only two cases need to be
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considered (named and unnamed successors); note that all unnamed t-successors
of (a,e) must be of the form (a,i) due to our assumptions on the structure of Z.

Assume now again that d = (a,u) € AN” and that the elements found above are
not witnesses for (>nr.C)%(d) = v(>nr.C,d). Then there must be n different
elements e, ..., e, € A% such that

v(=nr.C,d) < min{r¥(d, e;), C*%(e;)}

for all 7, 1 < j < n. We show that we can find suitable z;, z,, m, and S such that
red,, .. m,s,<(=nr.C) is satisfied by d, which contradicts our assumption that Z is
a model of red(O).

e [f inverse roles are allowed and there is an index 7, 1 < j < n, such that
e; = (a,uy), then we set z; := 1. By the induction hypothesis and our
assumption above, we have

v(znr.C,d) < min{r*¥(d, e;),C%(e;)}
= min{v(r~,d),v(C,e;)}
= min{v(r~, d),v((C)s,d)}.

e If (local) reflexivity is allowed and there is an index j, 1 < j < n, such that
e;j = d, then we set z; :== 1, and get

v(znr.C,d) < min{v(3Ir.Self,d),v(C,d)}.

e Ifnominals are allowed, then we collect from the remaining elements those e;
that are equal to (b, €) for some b € ind(O). Let S be the set all of all those
individual names. Since they are interpreted by different elements in Zg,
they are also distinct in Z, even if we consider sets of individual names in the
roots of Z. Furthermore, for any b € S, since r%(d, (b,€)) > v(=nr.C) > 0,
we have (d, (b,¢)) € ¥ and

v(zZnr.C,d) < min{v((x,b):r,d),v(b:C,d)}.

e There are exactly m := n —|S| — 2z; — z, remaining elements e;. If nominals
are not allowed, then no e; can be of the form (b,¢) for b € ind(O) since
r%(d,e;) > 0 and d is anonymous. If inverse roles are not allowed, then
e; # (a,us) due to the same reason. Similarly, if local reflexivity is not
allowed, it cannot be the case that e; = d. Thus, we know for each of the
remaining e; that e; = (a, ui;) for some i; € N and

v((Znr.C)t,e;) =v(=nr.C,d) < min{v(r,e;),v(C,e;)}.

This shows that also the final part of red,, ., s<(=n7r.C), namely the
restriction =mt.(AN M[(>nr.C); < min{r, C})) is satisfied.
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For named elements d = (a,¢), we can use a similar argument to contradict the
second kind of assertions in red(>nr.C'). Note that there can be no anonymous
element e; satisfying r%(d, e;) > 0 that is not of the form e; = (a,i;) for some
i; € N, since otherwise we know from the definition of r* that both inverse roles
and nominals must be allowed, which cannot be the case since obviously number
restrictions are allowed.

This concludes the proof of . It remains to show that Z; is a model of O.
For every (a > ) € A, we have v(a) > v(8) by red(A) and [[P2)} In the case
that & = ¢ € Vo, we know that v(a) = ¢ by |(P5)p); and if @ = a:C, then
v(a) = v(C,a,e) = C%(a,e) = C%(a¥) by and E| Since the same holds

for 3, we conclude that o < %,

All (in)equality assertions a = b (a % b) in A are satisfied due to red(.A) and the
construction of Zs.

Consider any GCI (C C D > p) € T and d € AZ. By red(7) and|(P5)p)], we have
v(p,d) < v(C,d) = v(D,d). Thus, ([{) and |(P5))|yvield C%(d) = D% (d) > p.

For (ref(r) > p) € R, by red(R) we have v(3r.Self,d) > p for all d € AT, and
hence r%(d, d) > p, as required.

For any (dis(r, s) > p) € R, r and s are simple, and thus we can restrict our anal-
ysis to 7% and s%. We have min{v((a,b):r, ¢, u),v((a,b):s,c,u)} < 1 — p for all
(c,u) € AT and a,b € ind(O)U{*}. Hence, min{r (a®f, b*), s (a* %)} < 1—p,
where % := (c,u). This takes care of all role connections involving named
domain elements. Furthermore, we obtain min{v(r,c,u),v(s,c,u)} < 1 —p in
case u # ¢, and thus min{r% ((c,us), (c,u)), s%((c,us), (c,u))} < 1 — p. Simi-
larly, if inverse roles are allowed, then min{v(r~, c,u),v(s7,c,u)} < 1 —p, and
hence min{r ((c,u), (c,uz)), s%((¢,u), (¢,ur))} < 1 — p. Finally, we know that
min{v(3r.Self, ¢, u),v(3s.Self, c,u)} < 1 — p, which implies that we also have
min{r% ((c,u), (c,u)), s7((c,u), (c,u))} <1 —p.

For the complex role inclusions in R, by Lemma [3.4] it suffices to show that
wh(d,e) = r¥(d,e) > (||A,||,w) holds for all r € rol(O), w € rol(O)T, and
d,e € AT, We can assume that w”(d,e) > 0 and (||A, ||, w) > 0 since otherwise
this inequation is trivially satisfied. Let now w =1r;...7r,, n > 1. Then we have

n
w*(d,e) = sup Iﬂj{l 5 (di_y, dy)
di,eydn_1€ATF T
_ " . A N T d + d
sup min  sup  min{([[A [, w;), w;" (di-1, di)}

d1yeosdn_1€ATF =1 w;erol(0)*

n . 70
= sup sup min min{ (|| A, ||, w;), w;" (di—1, d;)},
di,....dp—1€ATF wi,...,wn Erol(O)F i=1

where we set dy := d and d,, := e. Furthermore, for any choice of elements

"Recall that we have eliminated all crisp role assertions from the ABox.
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di,...,d,_1 € A% and words wy, ..., w, € rol(O)", we have

7 (d,e) = min{ (|| A, ||, w1 ... w,), (w; ... w,)% (d,e)}

. noo19
2mm{(HATH,wl...wn),rin:l{lwi (di_l,di)}

> min {(|[A, ]}, w), minmin{ (A, ], ws), 0 (di 1, di)}}

by the construction of A,. Hence,

(1A, w) = 17 (d, e)

" . yal
> sup sup min min{ (|| A, ||, w;), w;" (di—1,d;)}
di,...,dn—1EATF wi,...,wn€rol(O)t i=1
= w’(d, e),

as required.

4.2 Completeness

Conversely, we now show that, in SRZQ, SROQ, or SROZ, if O has a G-model,
then red(O) has a classical model.

Given a G-model Z of O, we construct the classical interpretation Z., whose
domain consists of all sequences of the form ad; .. .d;, where

e a e N,and k£ > 0;
e all d; are elements of AZ;

e if number restrictions are allowed, then we have to put some restrictions on
this sequence of domain elements:
— dy is not equal to b for any b € Ni;
— if reflexivity is allowed, there is no index ¢ such that d; = d;1;
— if nominals are allowed, then no d; is equal to b* for any b € N;; and

— if inverse roles are allowed, then dy # a?, and there is no index i such
that dl = di+2.

For ease of presentation, we assume that all individual names are interpreted by
distinct elements of AZ. In general, however, we would have to consider equiv-
alence classes of individual names as roots for Z., where a,b € N, are equivalent
iff aZ = b’. Since this is only relevant for number restrictions, we will ignore this
for most of the proof and only mention it at the appropriate places.

28



We now set a’c := a for all @ € N, and

tIC:

{(0,0d) | od € A%} U
{(a,b) | a,b € N;} U

a € AT a € N} if nominals are present
{(0.a) | o : p ,
0

otherwise.

We denote by tail(ad; .. .dy) the element dj, if k > 0, and o if k = 0. Similarly,
we set prev(ad; ...dy) to dj_q if k > 1, and to af if k = 1. For any a € U and
0 € A<, we define

(CZ(tail (o)) if a = C € sub(O);
C*(prev(o)) if a = (C)4 for C € sub(O);

q if a=q¢€ Vo,

-1 if o =r and o € N,.

7, Jrt(prev(o), tail(0)) if @ =r and o ¢ Ny;
(o) = CE(a?) if a =a:C;

rt(at,bT) if « = (a,b):r;

rZ(a?, tail(0)) if o = (a,*):r;

r*(tail(o), at) if = (x,a):r;
|1 —inv(a)*(o) if o involves a negated role -,

where

(VA.C)Z(d) := inf inf min{(]|A],w), w'(d,e)} = CZ(e),

werol(0)* e AT
where e%(d,e) := 1 if d = e, and €(d, e) := 0 otherwise. Note that o (p) is not
defined for o € suby(O) if o € N;. We fix these values a”(p) arbitrarily, in such a

way that for all a, 3 € U we have o (g) < 8%(p) iff inv(B8)%(0) < inv(a)Z(p). We
now define AN% := A%<\ N, and, for all concept names with a, 5 € U,

[ <8 == {o| (o) < F%(0)}.

It is easy to see that we also have o € [aa B[ iff a(0) 1 %(p) for all other
order expressions i, and that Z. satisfies red(AN) and red(U). We now show that
Z. satisfies the remaining parts of red(O).

For any {a > 3) € A, we have of < 3% since T satisfies A. From this it follows
that aZ(c) > 8%(c) for any ¢ € ind(O). All (in)equalities a ~ b (a % b) in red(.A)
are satisfied if we consider the generalized construction with equivalence classes
of individual names as roots for Z.. It is straightforward to verify the remaining
axioms in red(A).
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For any GCI (C C D > p) € T and every g € A%, we know that
C*(0) = D*(0) = C*(tail(0)) = D*(tail(0)) = p,

and hence p € ‘.

For red(1), consider any ¢ € ° and ¢’ € AN with (g, ¢') € t%c. Then ¢ must
be of the form od for some d € A%, and we have

(a)f (od) = o (tail(0)) > 57 (tail(0)) = (B)7 (ed),

C

and hence o' € [{a) > (B)4

For red(R), consider first a role inclusion of the form (r C s > p) € R. Then
rZ(prev(o), tail(0)) = s%(prev(o),tail(p)) = p for any o € A%\ N;; furthermore,
every a € N, also satisfies since —1 < —1. A similar argument can
be made for |(a,b):r = (a,b):s > p| and [3r.Self = Is.Self > p|, and for the reduction
of disjoint role axioms. For every (ref(r) > p) € R and every d € AZ, we have
(Ir.Self)E(d) = r*(d,d) > p. Finally, the three concepts for the universal role are
obviously also satisfied at every domain element.

It remains to consider the axioms in red(C') for C' € sub(Q). The reductions for
T, {a}, q, Ir.Self, M, and — obviously reflect the semantics of these constructors
and are easy to verify.

We now consider the axioms in red(Vr.C'). By Lemma we have
(VA,.C)!(d) = inf inf min{(||A,||,w),w*(d,e)} = C*(e)
werol(0)* ee AT

> inf r%(d,e) = C%(e)
eeAT

= (vr.C)(d)

for all d € AT. Lemma talks only about w € rol(O)*, but it holds also for
w = ¢ since then (||A,||, w) = 0 due to the construction of A,. Hence, the axiom
T C[(vr.C) < (VA,.C)| is satisfied by Z.. We consider the axiom

AN C [(vr.C) =1~ = (C)4|U
(Vr.C) > (3r.Self) = C|U
EIt.(AN M ‘(Vr.CM >r= C’D L

aeinl—d!O) (Elt.{a} M[(vr.C) > (x,a):r = a:C|),

where the first disjunct is only present if inverse roles are considered, likewise for
the second disjunct and (local) reflexivity, and the last disjunct is contingent on
the presence of nominals. Let further o € AN*™ ie. o = ad; ...d;, with k > 1.
Since Z is witnessed, there is an e € AT with (Vr.C)2(dy,) = rZ(dg, e) = CZ(e).
If ge € A%<, then (p, ge) € v and ge € AN*. Furthermore,

(Vr.C’)%(ge) = r%(dy, e) = C*(e) = r¥(ge) = C%(pe),
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and hence pe € ‘(Vr.C)T >r= CEC. Otherwise, i.e. in the case that ge ¢ AZe
there are three cases to consider:

e Reflexivity is allowed and e = dj. Then

(vr.CYE (o) = r*(dy, di) = C*(d),) = (3r.Self)X (o) = C% (o).

e Nominals are allowed and e = b* for some b € N;. Then we have (o, b) € v’
and

(Vr.C)E (o) = r(dy, b7) = CF(bF) = ((*,0):7) (o) = (b:C) (o).

e Inverse roles are allowed and either (i) k¥ > 1 and d_; = b% or (i) k = 1
and a = b. In both cases, we have prev(g) = b, and hence

(Vr.C)*(0) = r* (km, prev(o)) = C*(prev(o)) = (r7)*(0) = (C){(0).

Consider now the axiom

a:Elt.((AN ﬂ‘(Vr.C)T >r= C’D U (—|AN r ‘(a:Vr.C) > (a,%):r = C’D)

for some a € ind(O). Since T is witnessed, there is an element e € A% such that

(Vr.C)*(at) = r¥(at,e) = C%(e).

o If ¢ = b” for some b € Nj, then we have (a,b) € t% and b ¢ AN*. Further-
more, (a:Vr.C)E(b) = (Vr.C)*(a?) = r¥(a®,b?) = CZ(b*), which is equal to
((a,*):r)*(b) = C*(b), and hence we have b € [(a:Vr.C) > (a,*):r = CEC.

o If ¢ # b for all b € N, then we have ae € A% and thus (a,ae) € t’.
Moreover, ae € AN and (Vr.C)f(ae) = (Vr.C)*(a") = r*(a”,e) = C*(e),
which is equal to 7% (ae) = C*(ae).

For red(VA4.C'), we first consider the axiom T C |(VA?.C) < C| for a final state ¢
of A. We have

(VA2.C)E(d) < min{(||AY|],¢),e¥(d,d)} = C*(d) = C*(d)

for all d € AZ, and hence 7. satisfies this axiom. For any transition ¢ — ¢/ in AY,
we have to satisfy the axiom T C ‘(VA‘I.C) <p= (VA‘?'.C)‘. By Proposition ,
we get

(VAL.CY(d) = inf  inf min{(||AY],w),w’(d,e)} = C*(e)

werol(0)* eec AT

< inf  inf mi A? Z(d = Cc*
et . elellAImln{p,(ll |, w),w”(d,e)} (e)

=p= ( inf inf min{(|A? |, w),w?(d,e)} = C’I(e)>

werol(0)* ee AT

=p= (VA?.C)(d).
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Consider now the axiom AN C ‘( A?.C) < min{p, s~} = (VA?.C) ‘ for a transition

g =% ¢ in A, and any o € AN, which must be of the form ad, . ..d;, with k >
We have

(VAL.C) (o)
< inf inf min{(||AY]], sw), (sw)*(dy,e)} = C%(e)

werol(O)* ec AT

< inf  inf min {p, (JJAY ||, w), sup min{sz(dk,e/),wz(e/,e)}} = C%(e)

werol(0)* eec AT e'eAT

< inf inf min{p, (||AY |, w), s%(dk, prev(p)), w” (prev(p),e)} = C%(e)
werol(O)* eec AT

= min{p, (s7)*(0)} = et . b, min{(| A7, w), w*(prev(0), )} = C¥(e)

= min{p, (s7)*(0)} = (VA”.C){(0).
by Propositions [2.1] and [3.2, For T T [(VA~.C) < min{p, 3s.5elf} = (VA7.C)| and
any d € AT, we get
(VAL.C)E(d)
< inf inf min{p, (||A? ||, w), s*(d,d), w(d,e)} = C*(e)

werol(0)* ee A

= min{p, (3s.Self)(d)} = (YA?.C)%(d)

by similar arguments. For T C V. (AN — ‘(VA?C)T < min{p, s} = (VAq'.C)),

consider any o, ¢ € A% with (g, ¢') € t% and ¢ € AN*™. Thus, we must have

o = od for some d € AT, and we know that prev(od) = tail(p). We obtain
(YA®.C)E (0d)

< b nf) min{p, ([|A7]|,w), s* (tail(0), d), w* (d, €)} = C*(e)
weEro

= min{p, s%(od)} = (VA7 .C)*(od).

Consider now the axiom Jv.{a} C ‘(VAq.O) < min{p, (x,a):s} = a:(VAq/.C)‘ for any
a € ind(0), and g € A< with (g,a) € t¥. We get
(VAZ.C) (o)

< inf inf min{p, (A7 w), (tai(g), a®), w(a%, )} = CF(e)
werol(0)* ee AT

= min{p, ((x,a):5)*(0)} = (a:(VA*.C))* (o).
Finally, for Jr.{a} C |a:(VA*.C) < min{p, (x,a):s"} = (VA?.C)|and any a € ind(O)
and o € Ac with (p,a) € t’, we obtain
(a:(YAL.C)) (o)
< inf inf min{p, (||AY||,w), s*(a®,tail(0)), w” (tail(0),e)} = C%(e)

werol(0)* ecA

= min{p, ((+,a):s")7(0)} = (VAT.C)* (o).
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This concludes the analysis of the reduction of value restrictions.

If number restrictions are present, we also have to satisfy red(=nr.C'). Consider
the first axiom and any ad, ...d, € A% with k > 1. Since Z is witnessed, there
must be n different elements ey, ..., e, € AT such that

(.Y (dy) = minmin{r(dy,e;), O (e;)}.

If reflexivity is allowed and we have e; = dj for one of these elements, we set
zs := 1. If inverse roles are allowed and we have (i) £ > 1 and e; = dj_; or
(ii) £ = 1 and e; = a®, we set z; := 1. Note that the previous two elements
identified for z, and z; must be different since otherwise we would have d;, = di_
or di = a’. If nominals are allowed, we define S to be the set of all individual
names b € ind(Q) for which b is among the remaining elements from ey, ..., ey;
otherwise we set S := (). We thus have m := n—z;—z,—|S| remaining elements e;,
and have uniquely identified one of the disjuncts of the axiom. We now show
that for each of these elements e; the corresponding conjunct in this disjunct is
satisfied, thus showing that the whole axiom is satisfied.

o If z, =1, let ¢; be the element equal to d,. We have

(=nr.C) (o) < min{r*(dy, di), C*(dy)}
= min{(Ir.Self)*(0), C*(0)},

and thus the conjunct [(>nr.C) < min{3r.Self, C'}| is satisfied by o.

e If z; = 1, let e; be the element equal to di_; or a*. Then prev(p) = e; and
(=nr.C) (o) < min{r*(dy, e;),C*(e;)}
= min{(r")*(0), (C)7(0)},

validating the conjunct [(>nr.C) < min{r, ()}

e Consider any a € S. Then nominals are present, and thus (p,a) € t and
(>nr.C) (o) < min{r*(dy, a®),C*(a")}
= min{((*, a):1)*(0), (a:C)*(0)},

which corresponds to [(>nr.C) < min{(x,a):r,a:C}|.

e For any e; not corresponding to any of the previous cases, we know by the
construction of A% that ge; € A%, and hence (p, ge;) € t'< and

(Znr.C)f(0e;) < min{r® (dy, e;), C*(e;)}
= min{rI<er)7 CI(er)}'

Since there are m different such elements e;, the corresponding elements ge;
are also different, and >mt.(AN M[(>nr.C); < min{r, C}]) is satisfied by o.
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For the second axiom in red(>nr.C), assume to the contrary that there is a
0=ad;...dy € AT and numbers z; (if there are inverse roles), z, (if reflexivity
is allowed), 0 < m < n—z;—z,, and a set S C ind(O) of cardinality n—m — z; — 2
(which is 0 unless there are nominals) such that the corresponding conjunction is
satisfied by p in Z..

o If z; = 1, then o € AN%, i.e. we have k > 1, and

(=nr.C)t (tail(0)) = (=nr.C)* (o)

<min{(r~)*(e), (C)7(0)}
= min{rZ (tail(o), prev(p)), C*(prev(0))}.

o If 2, =1, then

(=nr.C) (tail(0)) < min{(3r.Self)* (o), C*(0)}
= min{r” (tail(), tail(0)), C*(tail(0))}.

e For each a € S, we have

(=nr.C)*(tail(0)) < min{((*,a):7)*(0), (a:C)*(0)}
= min{r*(tail(p), a*), C*(a*)}.

Furthermore, even if we consider equivalence classes of individual names as
roots for Z., all a € S are interpreted by different domain elements.

e Additionally, there are m different t-successors o1, ..., 0, that all satisfy
AN, i.e. are of the form pey, ..., ge,, for different elements e, ..., e, € AL,
and, for all 1 < j < m,
(Znr.C) (tail(0)) = (=nr.C)7(0e;)
< min{r*(ge;), C* (0e;)}
— min{r (tail(o), ¢;), C¥(e;)}
Due to the construction of A<, the above elements of AZ (prev(p), tail(g), a for

a€ S, and ej, 1 < j < m) must be different. But this contradicts the semantics
of (=nr.C)*(tail(0)).

For the first kind of assertions in red(=nr.C'), consider any a € ind(O). Since Z

is witnessed, there must be n different elements e, ..., e, € A? such that

(=nr.C) (") = mrgn min{r*(a”, e;), C’I(ej)}.

J=1

For each e;, 1 < 7 < n, we make a case distinction on whether it is named or not.
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e If ¢; = b for some b € ind(O), then we have (a,b) € ', b € (-AN)*<, and

(a:=nr.C)E(b) = (=nr.0)(at)
< min{rI(aZ, bI), CI(bZ)}
= min{((a, *):7)%(b), C*(b)}.

e Ife; # b” for all b € ind(O), then we have ae; € A%<, and thus (a, ae;) € .
Furthermore,

(znr.C)i(ae;) = (2nr.C)*(a®)
min{r*(a”, e;),C*(e;)}

min{r? (ae;), C*(ae;)}.

N

Since different elements of AZ induce different elements of AZe, this shows that
the required at-least restriction is satisfied by a.

For the second kind of assertions in red(>nr.C'), assume to the contrary that
there are n different t-successors g1, ..., 0, of a that are either anonymous and
satisfy [(>nr.C); < min{r,C}|, or named and satisfy |(a:>nr.C) < min{(a,):r,C}|

e If p; satisfies AN, then it must be of the form ae; for some e; € A and we
have

(=nr.C)(d?) = <>n7"0>%(aej)
< min{r”(ae;), C*(ae;)}

= min{r*(a”, ¢;), C*(e;)}.
o If p; does not satisfy AN, then it is of the form b and we obtain

(=nr.C) (a*) = (a:=nr.C)*(b)
< min{((a, *):7)%(b), C*(b)}
= min{r*(a®, b*), C*(b")}.

If we consider equivalence classes of individual names as roots for Z., all
such b are different.

This again contradicts the semantics of (=nr.C)*(a?).

This concludes the proof of the following result.

Lemma 4.1. In G-SRZIQ, G-SROQ, or G-SROZ, O has a G-model iff red(O)

has a classical model.
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4.3 Complexity

We now analyze the complexity of the reduction. As in [23], the construction of
the automata A, causes an exponential blowup in the size of R, which cannot
be avoided [26]. Independent of this, our reduction also involves an exponential
blowup in the (binary encoding of) the largest number n involved in a number
restriction in O, and in the number of individual names occurring in O, since the
number of disjuncts in each GCI from red(>n7.C) is linear in n - 2/"©) Note,
however, that this blowup only occurs if we consider both nominals and number
restrictions. Hence, we obtain the following complexity results.

Theorem 4.2. Deciding consistency is

o 2-EXPTIME-complete in G-SRIQ,
e in 2-EXPTIME in G-SROZ and G-SROQ, and
o EXPTIME-complete in all FDLs between G-ALC and G-SHOZL or G-SHIQ.

Proof. The consistency of the ALCOQ ontology red(Q) is decidable in exponential
time in the size of red(O) [17]. The first upper bounds thus follow from the fact
that the size of red(Q) is exponential in the size of O. 2-EXPTIME-hardness
holds already for G-SRZQ without involutive negation and only assertions of the
form (o > p) since in this case reasoning in G-SRZQ is equivalent to reasoning
in classical SRZQ [13,26].

Without complex role inclusions, i.e. restricting to simple role inclusions and
transitivity axioms, the size of the automata A, is polynomial in the size of R |23].
The other exponential blowup can be avoided by disallowing nominals or number
restrictions. Hence, for G-SHOZ and G-SHZQ, the size of red(Q) is polynomial
in the size of O, and the lower bound follows again from the reduction in [13] and
EXPTIME-hardness of consistency in classical ALC [29|. O

To the best of our knowledge, it is still open whether consistency in SROZ and
SROQ is actually 2-EXPTIME-hard, even in the classical case [17,28|; the best
known lower bound is given by the EXPTIME-hardness for ALC [29]. We also
leave open the precise complexity of G-SHOQ, which is EXPTIME-complete in
the classical case [17},29).

5 Conclusions

Using a combination of techniques developed for infinitely valued Godel exten-
sions of ALC [12]| and for finitely valued Godel extensions of SROZQ [6,7], we
derived several tight complexity bounds for consistency in sublogics of G-SROZQ.
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Our reduction is more practical than the automata-based approach in 12| and
does not exhibit the exponential blowup of the reduction from [6,7]. However, it
introduces a new kind of exponential blowup in the size of the binary encoding
of numbers in number restrictions and the number of individual names occur-
ring in the ontology. Beyond the complexity results, an important benefit of
our approach is that it does not need the development of a specialized fuzzy DL
reasoner, but can use any state-of-the-art reasoner for classical ALCOQ without
modifications. For that reason, this new reduction aids in closing the gap between
efficient classical and fuzzy DL reasoners.

A promising direction for future research is to integrate our reduction directly into
a classical tableaux procedure. Observe that the axioms in red(C') are already
closely related to the rules employed in (classical and fuzzy) tableaux algorithms
(see, e.g. [3,8,123]). Such a tableaux procedure would need to deal with total
preorders in each node, possibly using an external solver.

On the theoretical side, we want to extend our result to prove 2-NEXPTIME-
completeness of reasoning in G-SROZQ. As a prerequisite, we would have to
eliminate the dependency on the forest-shaped structure of interpretations. It
may be possible to adapt the tableaux rules from [22| for this purpose. It also
remains open whether consistency in G-SHOQ is EXPTIME-complete, as for its
classical counterpart.

As done previously in [7], we can also combine our reduction with the one for
infinitely valued Zadeh semantics. Although Zadeh semantics is not based on
t-norms, it nevertheless is one of the most widely used semantics for fuzzy appli-
cations. It also has some properties that make it closer to the classical semantics,
and hence is a natural choice for simple applications.
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