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Abstract

Although being quite inexpressive, the description logic (DL) FLg, which
provides only conjunction, value restriction and the top concept as concept
constructors, has an intractable subsumption problem in the presence of
terminologies (TBoxes): subsumption reasoning w.r.t. acyclic £, TBoxes
is coNP-complete, and becomes even ExpTime-complete in case general
TBoxes are used. In the present paper, we use automata working on infi-
nite trees to solve both standard and non-standard inferences in FLg w.r.t.
general TBoxes. First, we give an alternative proof of the ExpTime upper
bound for subsumption in FLy w.r.t. general TBoxes based on the use of
looping tree automata. Second, we employ parity tree automata to tackle
non-standard inference problems such as computing the least common sub-
sumer and the difference of FLg concepts w.r.t. general TBoxes.
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1 Introduction

In the early days of DL research, the inexpressive DL FL,, which has only con-
junction, value restriction and the top concept as concept constructors, was con-
sidered to be the smallest possible DL. In fact, when providing a formal semantics
for so-called property edges of semantic networks in the first DL system KL-ONE
[11], value restrictions were used. For this reason, the language for constructing
concepts in KL-ONE and all of the other early DL systems |10}, 23, 20}, 30] con-
tained FLg. It came as a surprise when it was shown that subsumption reasoning
w.r.t. acyclic FLy terminologies (TBoxes) is coNP-hard [22]. The complexity
increases when more expressive forms of TBoxes are used: for cyclic TBoxes to
PSpace [I, 15] and for general TBoxes consisting of general concept inclusions
(GCIs) even to ExpTime [2]. Thus, w.r.t. general TBoxes, subsumption reason-
ing in FL, is as hard as in ALC, its closure under negation. These negative
complexity results for FL, were one of the reasons why the attention in DL re-
search shifted from FLy to EL, which is obtained from FL, by replacing value
restriction with existential restriction as a constructor. In fact, subsumption rea-
soning in EL stays polynomial even in the presence of general TBoxes [12], 2]. In
addition to standard inferences such as the subsumption and the instance prob-
lem, also various non-standard inferences have been investigated in detail for ££
[31, 16, 19]. For FL, there are very few results that consider general TBoxes.
For the ExpTime-completeness result for subsumption in [2], the ExpTime up-
per bound is actually inherited from the more expressive DL ALC. Dedicated
subsumption algorithms and nonstandard inferences have been considered mostly
for the case without TBoxes or w.r.t. a restricted form of TBoxes in FL, and its
extension by number restrictions |1 [6], 4] 5 [§].

In the present paper, we use automata working on infinite trees to solve both
standard and non-standard inferences in FL, w.r.t. general TBoxes. First, we
introduce the so-called least functional model of an FL, concept w.r.t. an FLg
TBox, and prove that subsumption corresponds to inclusion of least functional
models. Then we show that such least functional models can be represented
using so-called looping tree automata (LTAs), and use this result to reduce the
subsumption problem to the emptiness problem for LTAs. Since the constructed
automata are of exponential size and the emptiness problem for LTAs can be
decided in linear time, this yields an alternative proof of the ExpTime upper
bound for subsumption in FLy w.r.t. general TBoxes. Note that, in contrast to
the case of acyclic or cyclic TBoxes, where automata on finite or infinite words
can be employed to decide subsumption [I], GCIs require the use of automata
working on trees.

In order to deal also with non-standard inferences such as computing the least
common subsumer (les) 7, 17, BI] or the difference [27, [13] of two FLq concepts
w.r.t. a general FL; TBox, the automata constructions need to be extended



considerably. Instead of constructing an automaton that represents the least
functional model of a fixed FLy concept C', we are now interested in building an
automaton accepting all trees representing least functional models of some FLg
concept. For this task, simple LTAs (which do not have an acceptance condition)
are not sufficient; instead we use so-called parity tree automata (PTAs). We
show that the constructed automaton can be used to decide whether the lcs or
the difference of two given FL, concepts w.r.t. a general FL, TBox exists, and to
actually compute the lcs or difference concept in case the answer is affirmative.
For the DL &L, the problem of deciding the existence of the lcs w.r.t. a general
TBox was investigated in [31].



2 Least functional models for £, TBoxes

In Description Logics, concept constructors are used to build complex concepts
out of concept names (unary predicates) and role names (binary predicates). A
particular DL is determined by the available constructors. Starting with fixed
finite sets N¢ and Ngr of concept and role names, respectively, the set of FL,
concepts is inductively defined as follows:

e T (top concept) and every concept name A € N¢ is an FLy concept,

e if C, D are FLy concepts and r € N is a role name, then CTMD (conjunction)
and Vr.C' (value restriction) are FL, concepts.

The semantics of FLy is defined using first-order interpretations Z = (AZ,.%)
consisting of a non-empty domain AZ and an interpretation function -* that
assigns a set AZ C AT to each concept name A and a binary relation r C AT x AZ
to each role name r. This function is extended to FL, concepts as follows:

T4 = AT and (CN D)* = C* n DF,
(Vr.C)f ={r e AT |Vy e AT : (z,y) € 7t =y € CT}.

An FLy TBoz T is a finite set of general concept inclusions (GClIs), which are
expressions of the form C' C D for FL, concepts C, D. The interpretation Z is
a model of T if it satisfies all the GCIs in T, i.e., CT C D7 holds for all GCIs
CCDinT.

Given an FLy TBox T and two FLq concepts C, D, we say that C' is subsumed by
D (denoted as C Ty D) if C* C D for all models Z of T. These two concepts
are equivalent (denoted as C' =5 D) if C Ty D and D Ty C. If the TBox is
empty, we write C' C D and C' = D instead of C' Ty D and C' =y D. For FL,,
the subsumption problem is ExpTime-complete: the complexity upper bound is
inherited from the more expressive DL ALC [26], and the lower bound was shown
in [2]. In the next section, we will actually describe an alternative way for showing
the upper bound. It is based on the characterization of subsumption introduced
in the remainder of this section.

In FL,, subsumption and equivalence can be nicely characterized using language
inclusion. This characterization relies on transforming FL, concepts into an
appropriate normal form as follows. First, the semantics given to concept con-
structors in FL, implies that value restrictions distribute over conjunction, i.e.,
for all FLy concepts C, D and roles r it holds that Vr.(C'11 D) = Vr.C I Vr.D.
Using this equivalence as a rewrite rule from left to right, each FLq concept can
be translated into an equivalent one that is either T or a conjunction of concepts
of the form Vry...Vr,.A, where {ry,...,r,} € Ng and A € N¢c. Such concepts
can be abbreviated as Vw.A, where w represents the word ry...7,. Note that



n = 0 means that w is the empty word ¢, and thus Ve.A corresponds to A. Fur-
thermore, a conjunction of the form Yw;.AM...MYw,,.A can be written as VL.A
where L C N is the finite language {wy, ..., w,}. We use the convention that
V(). A corresponds to the top concept T. Thus, if Nc = {A1,..., A}, then any
two FLy concepts C, D can be represented as

C= VKl.Al M... HVKg.Ag,

1
D = VLl.Al M...n \V/Lg.Ag, ( )

where K1, Ly, ..., Ky, Ly are finite languages over the alphabet of role names Ng,
i.e., finite subsets of Nj. Using this representation, it was shown in [§] that C' C D

In the presence of a non-empty TBox T, a similar characterization of subsumption
and equivalence can be obtained [24], but now the definition of the languages
needs to take the GCIs in T into account. Given an FLy concept C' and a TBox
T, we define

Lr(C):={(w,A) € N§f x Nc | C T Vw.A},

and call this set the value restriction set of C' with respect to T .

Proposition 1 ([24]). Let T be an FLy TBox and C,D FLy concepts. Then
C Cr D iff L7(D) € L7(C).

Characterizing an FL, concept C' whose normal form is C' = VK. AM.. .MVK,. A,
by its value restriction set L7(C') generalizes determining the finite languages K;
(1 < < ¢) in the normalization step. Indeed, it is easy to see that, for the empty
TBox, we have Ly(C) = {(w,4;) | w € K;;1 < i < (}. For a general TBox
T, L7(C) may be infinite, as illustrated by the TBox T = {A C Vr.A}, where
e.g. Lr(A) ={(e, A), (r,A),(rr,A),...}. Therefore, to determine subsumption of
two concepts by comparing the respective value restriction sets, inclusion between
infinite sets must be considered. In the next section, we will show how such
infinite sets can be represented using infinite trees, and how tree automata can
be used to test inclusion. But first, we introduce a semantic equivalent of the
value restriction set, called least functional model.

Definition 2. An interpretation Z = (A%, -7) is called a functional interpretation
if AT =Ng and ¥ = {(u,ur) | u € N} for all r € Ng. We call such a functional
interpretation a functional model of the FLy concept C' w.r.t. the FLy TBox T
if it is a model of T such that e € CZ.

Calling such interpretations and models Z functional is justified by the fact that
roles are indeed interpreted as (total) functions: for every u € Nj and every
r € Ng, the word ur is the unique r-successor of u. As an immediate consequence
of this functional interpretation of roles we have

w € (Vu.A) iff wu € AZ. (2)

We define inclusion and intersection of functional interpretations as follows:



e ITC Jif AL C A7 forall A € Nc;

e 7N J is the unique functional interpretation that satisfies A7V = AT N A7
for all A € Nc.

It is easy to see that functional models are closed under intersection, i.e., if Z
and J are both functional models of C' w.r.t. 7, then so is their intersection
ZNJ. This actually not only holds for binary intersection, but also for arbitrary
intersection of functional models [24], which implies that there must exist a least
functional model, i.e., a functional model J of C' w.r.t. T such that J C 7 holds
for all functional models Z of C' w.r.t. 7. Here we describe a different and more
constructive way of showing the existence of a least functional model, which is
based on the use of the value restriction set.

Definition 3. Given an FL, concept C' and an FL; TBox T, we define Zo 1 =
(N%, -Te7) to be the functional interpretation satisfying

AfeT ={w e N§ | (w, A) € L7(C)} for all A € Nc.

We want to prove that Zc 1 is indeed the least functional model of C' w.r.t. T.
To this end, we show the following lemma.

Lemma 4. Given an FLy TBox T and FLy concepts C, E, the following holds
for all words w € Ng:
w e EfeT iff C Cr Vw.E.

Proof. Consider the normal form F = VL;.A; M ... M VL, A, of E. Then, by
Equation (), w € E*¢7 holds iff wv € AZZC’T foralli,1 <i</{andwv € L;. By
the definition of Z¢ 7, we have wv € AiIC‘T iff (wv, A;) € L7(C), which in turn
is equivalent to C' T Ywwv.A;. Since the normal form of Vw.FE is V{w}-L;. A I
oV{w}-Ly. Ay, we know that C Ty Ywv. A; for all i,1 <i < ¢ and v € L; is
equivalent to C 4 Vw. E. ]

Equipped with this result we can now prove the following theorem.

Theorem 5. Let C' be an FLqy concept and T an FLy TBox. Then the functional
interpretation Zec 7 is the least functional model of C" w.r.t. T.

Proof. First, note that C' T Ve.C, and thus Lemma [ yields ¢ € C*e.7. Fur-
thermore, £ C F € T implies Vw.E Ty Vw.F for all w € N§. By Lemma
this is equivalent to saying that w € EZ¢7 implies w € FZ¢7 for all w € N,
which shows that Z¢ 7 satisfies all GCIs in 7. Thus, we have shown that Z¢o 1 is
a functional model of C' w.r.t. T.

To prove that Z¢ 1 is the least functional model of C' w.r.t. T, assume that 7 is a
functional model of C' w.r.t. T. It is sufficient to show that A%¢7 C AZ holds for
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all A € Nc. Thus, assume that w € AZe7. The definition of Zo 7 and of L£7(C)
implies C' T Yw.A. Since T is a functional model of C' w.r.t. T, we have ¢ € CZ,
and thus also € € (Vw.A)%. By Equation ([2)) this yields w = e-w € A%, and thus
we have shown that Zo 7 C 7. O]

As an immediate consequence of Definition |3| we obtain that
Lr(D) € Lr(C) it Ip7 CZo7.

Thus, the characterization of subsumption formulated in Proposition [1| can be
reformulated in terms of least functional models as follows.

Corollary 6. Let T be an FLy TBox and C,D FLy concepts. Then C =+ D iff
Ip7 € Lo

In the next section we show how least functional models can be represented using
tree automata. In particular, this will allow us to reduce the subsumption problem
in FLy to a well-know decision problem for tree automata.



3 Least functional models as trees

Given a non-empty, finite set of symbols ¥ = {01, ..., 0%} and a finite set of labels
L, an L-labeled Y-tree is a mapping t : ¥* — L that assigns a label t(w) € L
to every node w € ¥*. Intuitively, the nodes of a Y-tree ¢ correspond to finite
words in ¥*, where the empty word e represents the root of £ and every node w
has k children corresponding to the words waoy, ..., wo. Since for a non-empty
alphabet ¥ the set X* of all words over X is infinite, Y-trees are by definition
infinite. The set of all L-labeled X-trees is denoted by %%, ;.

Functional interpretations can be represented as 2Nc-labeled Ng-trees and vice
versa. In fact, let Z = (Ng,¥) be a functional interpretation. Then we define
tr : Ny — 2Nc as t7(w) := {A € Nc | w € AT} for all w € Ni. Conversely, let
t be a 2Nc-labeled Ng-tree. Then we define the functional interpretation Z;, =
(N%, Tt) as ATt .= {w € N5 | A € t(w)} for all A € Nc. Obviously, these two
transformations are bijections that are inverse to each other. If 7 = Z¢ 7 is the
least functional model of the FL, concept C' w.r.t. the FLy TBox T, then we use
T 1 to denote the corresponding tree ¢7.

In case the set of role names is non-empty (which we will always assume in the
following), the tree T¢ 7 is infinite. Our goal is now to give a finite representation
of such trees using tree automata [29].

Definition 7 (Looping tree automaton (LTA)). A looping tree automaton is a
tuple A = (X,Q, L,0,I) where ¥ = {01,...,0%} is a finite set of symbols, @ is
a finite set of states, L is a finite set of labels, © C @ x L x Q" is the transition
relation and I C () is a set of initial states. A run of this automaton on an
L-labeled Y-tree t is a Q-labeled Y-tree p : ¥* — @ such that p(e) € I and
(p(w), t(w), p(woy), ..., p(woy)) € © for all w € £*. The tree language L(.A)
recognized by A is the set of all L-labeled Y-trees t such that A accepts t, i.e.,
such that A has a run on t.

In general, LTAs recognize sets of trees. In order to uniquely represent the tree
Te 7, we consider LTAs recognizing singleton sets.

Definition 8. Let A = (3,Q, L, 0, 1) be a looping tree automaton. We say that
A represents the L-labeled Y-tree t if L(A) = {t}.

As shown in [3], the trees that can be represented in this way are exactly the
reqular trees, where an infinite tree is regular if (up to isomorphism) it contains
only finitely many distinct subtrees [28].

To construct an automaton that represents the tree T, we first construct an
LTA that accepts exactly the tree representations of functional models of C' w.r.t.
T . We assume without loss of generality that C' and all concepts occurring in 7
are in normal form, i.e., they are conjunctions of value restrictions Vw.A where



w € N§ and A € Nc. Given an FL, concept E = Vw;. A, M. ..MVw,.A, in normal
form, we define F := {Vw;.Aq,...,Vw,.A,} and

val(E) := {Vu;.A; | 1 <1 < nand u; is a suffix of w;}.
The latter definition is extended to TBoxes by setting

val(T) = | wval(E)U val(F).

ECFeT

Definition 9. Let C be an FL; concept and 7 an FL; TBox such that C' and
all concepts occurring in 7 are in normal form. We set Vi 7 := val(C) U val(T)
and define the LTA Ac7 = (£,Q, L,0,1) as follows:

o X :=Ng={r,....m}, Q:=2"¢7, and L := 2Nc;
eI ={XecQ|CCX}
e O:={(¢,0,q1,...,q) | the properties (I),...,([) hold} where

1. quimpliesﬁgqforallEEFET;

2. Vryu.A € q implies Yu.A € ¢; for all 1,1 <i < k;

3. Vu.A € ¢; and Vryu.A € Vo r implies Vryu.A € g for all 4,1 <i < k;
4. A€o iff Ve.A € g for all A € Nc.

Intuitively, the set () contains all possible sets of value restrictions that are rele-
vant to identify domain elements w € N of a functional model of C' w.r.t. 7. In
particular, the definition of I ensures that only trees of functional interpretations
for which € belongs to C' are accepted. Property in the definition of © ensures
that the GCIs of T are satisfied by the functional interpretation corresponding
to the tree. Properties and basically realize the fact that, in a functional
interpretation, an element w belongs to the value restriction Vr;u.A iff its unique
r; successor wr; belongs to Yu.A. Finally, property expresses that A and
Ve.A are equivalent. With this intuition, it is not hard to show that A¢ 7 is the
automaton we are looking for (see [24] for details).

Lemma 10. L(Ac 1) = {tz | T is a functional model of C" w.r.t. T}.

In order to obtain an automaton that represents 7 7, we restrict the automaton
Ac 1 to the transitions with minimal states, where states are ordered using set
inclusion. However, before we can do this, we need to remove states that cannot
occur in a run. Intuitively, this is necessary to avoid using a minimal state that
leads into a dead-end. We say that a state ¢ of an LTA A is inactive if there is
no run of A that contains ¢. As shown in [9], the set of inactive states of an LTA
can be computed in linear time.
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Definition 11. Let Ac7 = (£,Q, L,0,1) be the LTA defined in Definition @,
QT C @ be the states of Aq 7 that are not inactive, and ©F := © N (QT x L x
(QT)¥) the transitions of Ac,7 that do not use inactive states. We define the

automaton ACT = (3,Q",L,0,1) as follows:

= {geInQt|gCq foralld e INQ™};

= {(Q7U7QI7"‘7qk)€@+| Qng/177quq;g
for all (q,0,q,,...,q,) € ©T}.

D) ~y

The reason why the least states w.r.t. set inclusion required by the definitions of
I and O exist is basically that runs are closed under intersection, i.e., if p, po are
runs of A7 on some trees, then py N py with (py N pa)(w) = p1(w) N p2(w) is also
a run of Ac 7. The automaton ./zl\oj‘ is in fact deterministic: it has exactly one
initial state and for every pair (¢,0) € @ x L exactly one transition with these
two first components. Together with property (4)) in Definition [J] this implies that
Vzl\c;f accepts exactly one tree, and it is not hard to show that this tree is T 1
(see [24] for details).

Theorem 12. The automaton .zzl\cj represents the tree T that corresponds to
the least functional model of C w.r.t. T. In particular, this implies that Tc 1 is
a reqular tree.

By Corollary [0, subsumption corresponds to inclusion between least functional
models. The latter can be checked using a product construction on the cor-
responding automata. Assume that Ac;r = (X,Qc¢, L,O¢, 1) and ADT =
(X,Qp, L,Op, Ip) are the automata respectively representing the trees T 7 and
Tp 7, as constructed in Definition We define a new automaton Pep 1 =
(3,Q,{0},0,I) that accepts the infinite {(}-labeled -tree ty iff Zp 7 C Zo 7

OQ::Q0XQDaHd[2210X[D;

o ((¢M,q%),0, (g ),qf)),. (q,(j),q,i )) € O iff there are o™, 0® € ¥ such
that

— oM D@,

— (@D, 00, q",...,q,") € Oc and (¢@,0@, ¢/, ..., ¢}")) € Op.
We have L(Pep1) # 0 iff L(Pop7r) = {tp} iff Zp 7+ C Zc 7. Since the emptiness
problem for looplng tree automata is decidable in linear time [9] and the automata

.ACT and AD T, and thus also Pc p 7, have a size that is exponential in the size
of C', D, T, this yields an exponential-time algorithm for checking subsumption.

Corollary 13. Subsumption in FLy w.r.t. TBozxes is in ExpTime.

11



A product construction similar to the one employed above can also be used to
obtain an automaton representing the intersection of two least functional models.
Given least functional models Z¢ 7 and Zp 7, their intersection is the functional
interpretation Z = (Ng,-7) that satisfies AT = Afe.7 N AZo.7 for all A € Nc.
For the corresponding trees this means that tz(w) = Te7(w) N Tpr(w) for all
w € Ni. It is easy to see that Z is again a model of 7. However, it need not be
the least functional model of some FLj-concept (see Section |5| for an example).
As a first step towards deciding whether it is or not, we show that t7 can be
represented by a looping automaton.

Lemma 14. There is an LTA Pg 1 of size exponential in the size of T,C, D
such that L(Pg p. ) = {tz} where I is the intersection of Zcr and Ip.

Proof. Assume that A\CJ’ = (2,Qc¢, L,O¢, Ic) and ./Zl\Dj' = (%,Qp,L,0p,1Ip)
are the automata respectively representing the trees T and T 7, as constructed
in Definition |11, We define a new automaton Pgpr = (¥,Q",L,0",1") as
follows:

e Q":=Qc xQp and I" := Ic x Ip;
o ((¢W,q?),0, (q%l), q?)), o ,2”, q,E;Q))) € O" iff there are oV, 0® € ¥ such
that
— g = 0'(1) N 0-(2),

— (qW,0M ¢V ¢y € B¢ and (¢@,0@,¢7 ... ¢ € O,
It is easy to see that L(Pg p ) = {tz}. O

The functional interpretation Z obtained as the intersection of Z¢ 7 and Zp 7 may
or may not be the least functional model of some FLj concept E w.r.t. 7. In
the next section, we show how this can be decided by constructing an automaton
that accepts exactly the least functional models w.r.t. 7, i.e., the tree language

LF(T) :={Tcr| C is an FL, concept}.

In Section Bl we use this result to show that the existence of the least common
subsumer of two FLq concepts w.r.t. an FL, TBox is decidable.

12



4 An automaton accepting all least functional models

Given an FLy; TBox T, we want to construct a tree automaton ./2‘.\7’ recognizing
the tree language LF(T) of all least functional models w.r.t. 7. In the following,
we assume that 7 is an arbitrary, but fixed FL, TBox.

The looping automata employed in the previous section are not sufficient to con-
struct A7 since we need to express things like finiteness, which requires an ap-
propriate acceptance condition. It turns out that parity tree automata [29] are
well-suited for our purpose since they have the required closure properties (inter-
section, complement, projection) and there exists a fine-grained analysis of the
complexity of these operations.

Definition 15 (Parity tree automaton (PTA)). A parity tree automaton is a
tuple A = (3,Q,L,0,1,c¢), where (3,Q,L,0,I) is an LTA and ¢: Q — N is a
mapping that assigns to each state in () a number, called its priority. A run p
of A on a tree t is called accepting if for all paths in the tree p the maximum of
the priorities appearing infinitely often in the path is an even number. The tree
language L£(.A) recognized by A is the set of all L-labeled -trees ¢ such that .4
has an accepting run on t.

In addition to the usual set operations complementation and intersection, we will
need projection. A projection is a mapping h from an alphabet ¥ to an alphabet
Y. It is applied to a tree t by applying it to the label of each node in t. Given
a set S C T% 7, the application of h to S yields the set h(S) = {h(t) | t € S},
where h(t) stands for h ot. We say that h(S) is obtained from S by projection.

Proposition 16 ([29]). The class of languages recognized by parity tree automata
1s closed under complement, intersection and projection.

Our first step towards constructing ./21\7— is to construct a PTA A+ that recognizes
FLy concepts C' together with (not necessarily least) functional models of C' w.r.t.
T. Here “together with” means that we represent C' and its functional model
within a single tree, which has tuples as labels. To be more precise, we consider
infinite L'-labeled Y-trees t where the label set is L' = 2N¢ x 2N¢_je.. the nodes
of t are labeled with tuples of the form (o, 0;) where each component is a set of
concept names. By applying the projections h¢(oc, 07) = 0. and h;i(o, o) = o; to
such a tree ¢, we obtain the L-labeled trees t. and ¢;, where L = 2N¢. In addition,
if t.(w) # 0 for only finitely many w € Ng, then ¢. induces an FLy concept C(t.)

as follows:
Clt) =[] [] vwA (3)

weNY Act (w)

Let CZJ,\[,;n 1 denote the subset of T |, consisting of the trees satisfying this finite-
ness restriction. Our goal is to construct a PTA A7 that recognizes L7 := {t €
‘IﬁRnL/ | t; represents a functional model of C(t.) w.r.t. T}.

13



t(l) : (®7 {A}) t(z) : ((Z)a {A}) t(g) : (@7{14})

r T r
{A}.{4}) ({4}, {4}) (0, {A4})
r T r
A @,{A}) ({4}, {4})
r r
A A

Figure 1: Trees belonging to L

Example 17. Let Nc = {A} and Ng = {r}, and consider the FLy TBox T =
{Vr.A C A}. In addition, consider the three trees depicted in Fig. [ where the
symbol A stands for the infinite Ng-tree whose nodes are labeled with (0, ().
Obviously, these trees belong to TﬁlzL,, and thus the concepts induced by the
first components of the labels are well-defined. Indeed, we have C (tgl)) =Vr.A=
O 9)) and C( £3)) = Vrr.A. The functional interpretations represented by ti(l),
(2) ®) cotishy A" e Lo 1

t.”, and ;" satisfy A " ={e,r}, A" ={e,r,rr} = A % . It is easy to see that
Z ¢ is the least functional model of Vr.A w.r.t. T. The functional interpretations
I;m and It;3> are identical. This interpretation is a functional model of Vr.A w.r.t.

'TI, but not the least one, whereas it is the least functional model of Vrr.A w.r.t.

T.

Our construction of A7 is similar to the one of A¢ 7, but now the concept C'is not
given, but needs to be guessed. This is done in the first component of the states
of A7. The second component together with the parity acceptance condition
ensures that only finite concepts are guessed. The third component of the states
basically corresponds to a state of A¢ 7, and thus ensures the functional model
condition.

Definition 18. Let 7 be an FLj; TBox such that all concepts occurring in T
are in normal form. We set V.7 := Nc Uval(T) and define the PTA Ay :=
(3,Qr, L', O1,I7,c) as follows:

o Q7 ={(ge,l,q) €2V x {0,1} x 2WeT | . CqgA({ =0 = q.=0)};

o X :=Ng={ry,...,m} and Z7 := Qr;

i ®T = {((qﬁ é, Q)a (O-C7 Ui)? (qgaglv q1)a SR (QCkagkn Qk)) | the properties 7
, hold},

where

1. (q,01,q1,...,qx) € © (see Definition [9 with V7 replaced by Vi, 7);
2. £ =0 implies ¢; =0,..., 0, = 0;
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3. gc = o..

o (g, q) =1¢, for all (¢, 0, q) € Qr.

We now show that A accepts every tree in L.

Lemma 19. £+ C L(A7).

Proof. Let t € L7 and E denote the concept C(t.). We define [ := max_|w| and
Vw.AeE

a mapping p : N; — Q7 such that p(u) := (qc, ¢, q) is as follows.

o o :={A|VuAecE}and q:={Vv.A| A€ ti(uv) Ave Ny}

o (:=1if |u| <I. Otherwise, ¢ := 0.

We now prove that p is an accepting run of A7 on t. Let Z be the functional
model of F induced by t;. Recall that Zg 7+ C Z (see Section . We first show
that p(u) is a state in Q7.

e g. C q. By definition, A € ¢, implies Vu.A € E. This means that E Cr
Vu.A. The application of Lemma [ yields u € AZ27. Hence, u € AT and
A € ti(u) (see Section [3)). Thus, by definition of p it holds that A € g.

e (¢.,0, ) implies g. = (. Follows directly from how ¢ and ¢. are defined in
p.

Next, we show that (p(u),t(u), p(u.r1), ..., p(u.ry)) € OF.

e (p(u).q, ti(u), p(u.r1).q, ..., p(ury).q) € O satisfies properties (I)),...,[d) in
Definition |§| w.r.t. Vne7. Properties ,. . , are clearly satisfied by
definition of ¢ in p. Moreover, since t; represents the model Z of T, it is not
hard to see that Property is also satisfied.

e (p(u).£ = 0 implies p(u.r;).£ = 0,...,p(u.rg).l = 0) and p(u).qc = t(u)
follow directly from the definition of p and C(t.).

Last, p satisfies the acceptance condition of A7, since p(u).¢ = 0 whenever |u| > .
Thus, we can conclude that t € L( A7) and L7 C L(A7). O

The following lemma shows that the converse of Lemma (19| also holds. The proof
is based on using Koénig’s lemma together with the parity acceptance condition,
to show that t € L( A7) implies t € ‘Sﬁ: - Afterwards, it shows that ¢; represents
a functional model of C'(t.) w.r.t. T.
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Lemma 20. £L(Ar) C L7.

Proof. Let t € L(A7) and p an accepting run of Ay on t. We first show that
te ‘Zﬁ:? /> by proving the following claim.

Claim: p(w) = (_,1, ) for only finitely many w € Ng*.

Suppose this is not true. By in the definition of O, one can see that p(w) =
(_,1, ) implies that p(u) = (_,1, ) for each prefix u of w. Hence, one can
extract from p an infinite subtree containing exactly the nodes w satisfying p(w) =
(_,1, ). Since p is finitely branching, the application of Konig’s Lemma yields
an infinite path 7 = mymmy . .. of p such that p(m...m) = (_,1, ) foralli > 0.
Thus, 7 contradicts the fact that p is accepting.

By definition of A7, each state (q.,0, ) € Q7 satisfies g. = (). Moreover, p must
satisfy p(w).qc = t.(w) for all w € Ni. Therefore, the previously shown claim

implies that ¢t € ‘Zﬁ:y.

[t remains to show that t; represents a functional model of C(t.). Let Z be the
interpretation induced by ¢; (see Section [3). We need to show that 7 satisfies the
conditions required in Definition [2{ w.r.t. C'(t.).

By definition, Z is clearly a functional interpretation. Moreover, since p complies
with the transition relation © of A¢c 7 w.r.t. t;, Lemma [10] (see [24] for the details)
yields that Z is a model of 7. Last, consider a conjunct Vw.A of C(t.). Since
A € t(w) and p(w).qc C p(w).q, we know that A € t;(w) and w € AZ. The

definition of a functional interpretation yields ¢ € (Vw.A)* and € € [C(t.))*.
Thus, t € L7 and L(A7) C Lr. O

These two lemmas imply that A7 recognizes the tree language L.

Proposition 21. Let T be an FLy TBox. Then, L(A1) = Lr.

At first sight one might think that going from AT to 417 can be achieved in a way
similar to our construction of Aq 7 out of Ac 7 in the previous section. However,
the minimization approach employed in Section [3| does not work if the concept
C is not fixed from the outset, but is guessed during the run of the automaton.
In fact, assume that p is a run of A;. Whether a concept name appearing in the
third component of a state p(w) violates minimality or not also depends on what
is guessed in the first component of states p(wwv) labeling successors wv of w.

Instead of trying to minimize A7, we follow a different approach that uses the
closure properties of PTAs. The first step is to use A7+ to construct an automaton
A, that accepts all FLy concepts C' together with their non-least functional
models. More precisely, the automaton A, needs to accept exactly those L'-
labeled Ng-trees t such that ¢; represents a non-least functional model of C(t.)
w.r.t. 7. To achieve this, we proceed as follows:
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1. We start by constructing an automaton that accepts all FL, concepts C
together with two functional models of C' w.r.t. 7, where one is a witness
for the fact that the other is not the least one. To this end, we consider
L"-labeled Ng-trees t : Ny — L”, where L" := 2Nc x 2Nc x 9Nc Each node of
t is thus labeled with a triple of the form (o, 0, 0j). Similarly as before, we
say that such a tree induces three L-labeled Ng-trees t., t;, and t; by using
the corresponding projections onto the first, second, and third component.
Additionally, let ii'm’fy, denote the analog of ‘Z’,\Cf:L,, corresponding to the
set of L"-labeled Ng-trees inducing a well-defined concepts C'(t.).

We extend A7 into a new PTA A; = (X,Q1,L",04,11,¢1) accepting a
concept together with two of its functional models:

o Q1= {(qe 0, g, q5) € Qr x 2T | (ge, £, 1) € Q7 A (4e, 4, g) € Q)5
o X :=Ng={ry,...,m:} and Z; := Qq;
o ((4c: 0, a1, 9): (0,01, 09), (ders €1 Qs Gy ) - -+ (Ges Urs @i G3,)) € O ifE
— (04, 6), (0, 03), (der s 415 @i )5 - - -5 (Ge Uk G3,)) € O,
= (e 0, 6) (06, 05), (Gey s L1 @3y ) - -+ (e i G3)) € O
o ¢i1(qe, 0, qi, q;) = ¢, for all (qc, 4, gi, gj) € Q1.

As an immediate consequence of Proposition 21 we obtain:

L(A) =A{te ‘Eﬁ:L,, | ti, t; represent functional models of C'(t.) w.r.t. T}.

2. The next step is to construct an automaton Ay = (X,Qq, L”, O, 5, cs)
accepting L"-labeled Ni-trees ¢ such that tj(w) € tj(w) for some w € Ng*.
We define A, as follows:

o) = NR = {Tl,...,T’k}, QQ = {0,1}, [2 = {1}, 02(0) = 0 and
(1) :=1;

o Oy :={(¢,(0c,01,09),q1,....qx) | (g =1AN0i Coj) <= (Fi.g;=1)}.

Intuitively, a run of A, on a tree t uses the state 1 to guess a branch of ¢.
If in this branch all nodes w satisfy ¢j(w) C ¢j(w), then the run contains
an infinite path where all nodes are labeled with 1, and thus the run is
not accepting. Otherwise, from the first node w with #(w) Z t(w) in
the branch the state 0 is used in the run, and thus the run is accepting.
Consequently, there is an accepting run of Ay on t iff ¢ contains a node w
such that t;(w) Z t;(w). This shows that A, accepts the following language:

L(Ay) = {t € T, 10 | 3w € Ni. ti(w) Z tj(w)}.

3. Once we have A; and Ay, one can see that £(A;)NL(Az) consists of all trees
te T,{,’; 1 such that ¢; represents a functional model of C(t.) that is not
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the least one, as witnessed by the functional model represented by ¢;. Clo-
sure under intersection thus yields a PTA Ay recognizing L£(A;) N L(Asz).
Hence, the automaton A, can be obtained by applying the projection
h(oc, 0i,0;) = (0¢, i) to Ajne.

Hence, we obtain the following lemma.

Lemma 22. The automaton Ay recognizes the language

{t e T,{f:v | t; represents a non-least functional model of C(t.) w.r.t. T }.

Once we have Ay, applying complementation and the other closure properties,
we can then use Ay and A7 to construct the desired automaton Ay. To be more
precise, the remaining steps of our construction of A+ are as follows:

1. From A,, we can obtain an automaton A, recognizing the complement
language L£(A,). Notice that, although £(A,) contains all trees ¢ such
that ¢; represents the least functional model of C(¢;), it also contains many
other trees that do not encode a concept together with a functional model
(e.g., trees that violate the finiteness restriction for the first component or
where the second component does not encode a functional model of the
concept represented by the first component). However, to filter out such

“rough” trees, we can simply intersect the language accepted by A, with
the one accepted by A7.

2. Closure under intersection of the class of languages accepted by PTAs thus

yields a PTA for the language L(Ay) N L( A7), which consists exactly of
those trees t € ‘Iﬁ;’fL, such that t; represents the least functional model of

C(tc). Thus, the desired automaton A\T is obtained by applying closure
under the projection h;(oc, 0;) = o; to the intersection automaton.

Summing up, we thus have proved the following main result of this paper.

Theorem 23. Let T be an FLy TBox. Then we can effectively construct a PTA
Ar such that L(A7) = {Tcr | C is an FLy concept description}.

The complexity of closure operations and decision procedures for parity tree au-
tomata is determined not only by the number of states, but also by the number
of different priorities used. Using known results on the complexity of closure
operations on PTAs, we now analyze the size of the automaton A7.

To start, we look at the cost of applying the closure properties used in the con-
struction of Ar. We restrict our attention to complementation and intersection,
since closure under projection yields an automaton with the same number of
states and priorities. In [21], alternating tree automata are used to obtain com-
plexity results for complementing languages accepted by tree automata. From
the constructions in [21] one can derive the following result.
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Theorem 24 ([21]). Let A be a PTA with n states and d priorities. Then, there
exists a PTA A’ with 20009 states and O(nd) priorities such that L(A') =
L(A).

As for the closure under intersection, a standard product construction cannot be
directly applied to PTA. However, each PTA can be transformed into a Streett
tree automata of similar size [I8]. Then, the intersection language of two PTAs
can be represented using a standard product construction on two Streett tree
automata. Afterwards, the index appearance record construction introduced in
[25] can be applied to obtain the desired PTA, as shown in [I8]. The following
result can be derived from the construction presented in [I8].

Theorem 25. Let Ay and Ay be two PTAs, where Ay has n states and 2k pri-
orities and As has m states and 20 priorities. Then, one can construct a PTA
Airg with O(nm(k + 0)!) states and O(k + £) priorities, such that L(Ajno) =
L(A)) N L(Ag).

We can now determine the size of fTT. Let |T| = z. The starting point in our
construction is the PTA A7. This automaton uses 29 states and two priorities,
and its extension into .4; only increases the number of states by a constant
factor in the exponent. A; is used together with A, to obtain A,, by applying
closure under intersection and projection. Since A, uses only two states and two
priorities, Theorem [25 implies that A, has 2°®) states and four priorities. Now,
the application of Theorem [24] yields a PTA A, recognizing £(Ay) with 2072
states and 29¢) priorities. Finally, by Theorem there exists an automaton
recognizing £(Ay) N L(A7) with 22° states and 2°) priorities. Hence, we just
have shown the following corollary of Theorem

Corollary 26. The number of states of ./Zl\T s double exponential and the number
of priorities single exponential in the size of T.
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5 Non-standard inferences

As an application of the automaton ,ZL\T constructed above, we consider two non-
standard inferences for FLy w.r.t. general TBoxes, the least common subsumer
and the difference.

Least common subsumers

Let 7 be an FLy TBox and C, D FLy concepts. The FLy concept E is a least

common subsumer (lcs) of C' and D w.r.t. T if

e CLy Fand DLy E, and

e for all FL, concepts F' such that C C+ F and D C+ F we have £ Cy F.

As an immediate consequence of this definition we obtain that least common
subsumers of C; D w.r.t. T are unique up to equivalence =7, if they exist. This
justifies talking about the lcs of C), D w.r.t. T and to denote it (i.e., some element
of the equivalence class) as F = lcs7(C, D). We will see below that the les need
not always exist. The following lemma characterizes the cases where it does.

Lemma 27. Let C, D, E be FLy concepts and T a general FLy TBox. Then, E
is the les of C and D w.r.t. T iff I+ = Lo N Ip 1. In particular, the les of C
and D w.r.t. T exists iff there is an FLy concept E such that Ig+=Zo7NIp 1.

Proof. The second statement is an immediate consequence of the first. Thus, we
need to show that both directions of the “iff” in the first statement hold.

(=) Let E = les7(C, D). This implies C T E and D Ty E, and thus Corollary 6]
vields Zg + C Z¢7 NZLp 7. It remains to show containment in the other direction.
Assume that this is not the case, i.e., there is a word w € Ngr* and a concept
name A € N¢ such that w € A7 and w € A>T, but w ¢ A™*7. By Lemma [4]
this means that C' Cy Yw.A, D Ty Yw.A, and E [Z7 Vw.A. This implies
CCr ENvYw.A, D Cy ENVYw.A, and EMNYw.A Cy E, which contradicts our
initial assumption that E = lcs7(C, D).

(<) Suppose that Zg+ = Zc,r N Zp7. By Corollary [f] this implies C T E and
D C7 E. To show that £ =7 lesr(C, D), assume that F' is an FL, concept such
that C' Cy F and D Ty F. Corollary [6] yields Zp+ € Zo7 and Zp 7 € Ip7, and
thus Zp 7 C Zo.r NIpr = Ip. Corollary [f] yields £/ C F, which shows that F
is indeed the lcs of C, D w.r.t. T. ]

To see that in general the lcs w.r.t. general FL, TBoxes need not exist, consider
the TBox 7 := {A C Vr.(ANC),B C Vr.(BMC)} where A, B,C € Nc¢, and
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assume that we are interested in the lcs of A and B w.r.t. 7. It is easy to see
that Z := Zo 7 N Zp 7 satisfies AT = ) = B and CF = {r" | n > 1}. To show
that Z is not the least functional model of some FL; concept, assume that F is an
FLy concept such that 7 is a functional model of E. Then there is a finite subset
W C {r* | n > 1} such that £ =[], ., Vw.C. But then the least functional
model Zg 7 of E w.r.t. T actually satisfies C*#:7 = W, and thus Z # Zg 7. Thus,
there is no FL, concept E such that Zg+ = Z4 7 NZp 7, which shows that A, B
do not have an lcs w.r.t. 7.

Theorem 28. Let C, D be FLy concepts and T a general FLy TBox. Then we
can effectively decide whether C, D have an lcs w.r.t. T or not. In case the answer
s yes, we can effectively compute this lcs.

Proof. By Lemma we can effectively construct an LTA 738, p,7 that represents

Zer NZp . By applying the intersection construction to 738’ p,7 and ./17— and
then testing emptiness of the resulting automaton, we can check whether there
is an FLy concept E that has Zo+ NZp 7 as its least functional model w.r.t. 7.

In order to actually compute the lcs, we need to use a modified version .2%— of
.ZT where the concept component is not projected away. Instead of applying the
intersection construction to A% and Pg p, 7, one then needs to use a similar prod-
uct construction that checks whether the second component of the tree accepted
by A%— coincides with the tree accepted by 738, p,7- When applying the emptiness
test to the resulting automaton one then extracts a regular tree that witnesses
non-emptiness. From the first components in this tree, the lcs E can easily be

read off. O

Regarding the complexity of the decision problem, the existence of the lcs can be
decided by checking non-emptiness of a PTA B recognizing L(A7) N L(Pg p.7)-
Since 738 p.7 is an LTA of size 20() without any special acceptance condition, such
an automaton B can be obtained by a standard product construction with prior-
ities redefined as c((q1,¢2)) = c(q1) where ¢; and ¢, are states in A7 and Pg p -,
respectively. The resulting automaton has double-exponentially many states and
exponentially many priorities in the size of 7. As for the non-emptiness problem,
its precise complexity for non-deterministic PTA is still an open problem.

Theorem 29 ([I4]). The non-emptiness problem for non-deterministic PTA is
in NPN co-NP.

Thus, we can decide the existence of the lcs in 2NExpTime N co-2NExpTime.

Concept difference

In DLs, the notion of difference has recently mostly been considered for TBoxes
rather than concepts [16]. Given two TBoxes Ti, 73, the difference between Ty
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and 73 is a TBox 77 — 75 that has, as its consequences, exactly the consequences
of 7 that are not consequences of 75. In general, such a TBox need not exist, and
thus it is interesting to decide whether it does. Here, we modify this approach by
considering a fixed TBox T and two concepts C, D. The consequences of C' and
D w.r.t. T are then the value restrictions that respectively follow from these two
concepts.

Definition 30. Let 7 be an FL;, TBox and C, D FL, concepts. The concept
difference of C' and D w.r.t. T is an FLq concept E such that L7 (E) = L+(C)\

L (D).

By Proposition [I} the concept difference is unique up to equivalence w.r.t. 7T, if
it exists. In this case, we denote it as C' —3 D. Deciding whether the concept
difference exists or not can be done in the same way as for the lcs. The only change
is that, instead of an LTA representing the intersection of two functional models,
we now need to construct an LTA representing their difference. Given least
functional models Z¢ 7 and Zp 7, their difference is the functional interpretation
T = (Ng, %) that satisfies AT = A%Ze7 \ AT0.7 for all A € Nc. Given automata
representing the trees T+ and Tp 7, an automaton representing the tree ¢z where
7 is the difference of Z¢ 7 and Zp 7 can be constructed similarly to the automaton
for the intersection.

Theorem 31. Let C, D be FLy concepts and T a general FLy TBox. Then we
can effectively decide whether the difference of C' and D w.r.t. T exists or not.
In case the answer is yes, we can effectively compute C' —7 D.

The complexity of the decision procedure is obviously the same as for the lcs, i.e.,
in 2NExpTime N co-2NExpTime.

The difference of concepts has been considered before in the literature, but for
DLs other than FLy and without a TBox [27, I3]. In [27] this is restricted to
the case where C' C D, whereas in [13] no subsumption relationship between
C and D is required. In the more general setting in [13], the set of difference
candidates C © D = {E € C, | DN E = C N D} is considered, where C,
is the set of concepts definable in the DL £ under consideration. In [27] it
is argued that, semantically, the difference should be as large as possible, which
motivates considering the elements of C'© D that are maximal w.r.t. subsumption
as difference concepts. The following proposition shows that, in case of an empty
TBox, our definition of the difference of FLy concepts (Definition coincides
with these earlier definitions.

Proposition 32. Let C, D be FLy concepts. Then C —y D always exists, and it
1s the unique subsumption maximal FLy concept in C'© D.

Proof. For the empty TBox, Ly(C) \ Ly(D) is finite and hence a concept E with
Lo(E) = Ly(C) \ Ly(D) always exists. For T = ), it is also easy to see that
Ly(C)U Ly(D) = Ly(C 1 D). We are omitting () as the TBox in the following.
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Let E be an FLj concept such that L(E) = L(C) \ L(D). For such E, it holds
that £(D) U L(E) = L(C) U L(D). By the previous observation it follows that
L(DNE) = L(CN D), which is equivalent to DM E = C M D by Proposition [1]
Therefore, £ € C © D.

We show that a concept E with L(E) = L(C) \ £(D) is subsumption maximal
among difference candidates w.r.t. the empty TBox, i.e. for all B’ € C& D, E' C
E, which is equivalent to £L(E) C L(E’) by Proposition [l For (w, A) € L(E),
we know that (w, A) € £(C) and (w, A) & L(D). For the concept E’ it must be
true that £(D) U L(E') = L(C) U L(D) and therefore (w, A) € L(E'). It follows
that F is subsumption maximal among concept difference candidates in C' & D
and F is unique among all subsumption maximal concepts in C' © D modulo
equivalence. ]
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6 Conclusion

We have shown that least functional models of FL£, concepts w.r.t. general FL,
TBoxes can be used to characterize subsumption, and that automata Ac 7 and
ﬁfr can be constructed that respectively accept (i) exactly the least functional
model of a fixed concept C' w.r.t. a TBox T; (ii) all least functional models
w.r.t. a TBox 7. We have used these automata to show that subsumption in
FLy w.r.t. general TBoxes is in ExpTime and that the existence of the lcs and
the difference of two FLy concepts is decidable. The complexity of the latter
decision procedures is quite high, in part because of the use of complementation
to construct Az. One topic for future research will be to lower this complexity
or to show matching lower bounds. One might think that the use of alternating
automata could avoid the complementation in the construction of Ay, and thus
allow us to guess a concept C' and verify minimality of the interpretation using
the same automaton. However, it is not clear how one could enforce that the
parts of the automaton that check minimality at different places in the tree are
all based on the same guessed concept C.

Another topic for future research is to investigate what other non-standard in-
ferences for FL, can be tackled with the approach introduced in this paper. In
particular, the unification problem for FLy w.r.t. the empty TBox has been solved
by using tree automata that basically guess a unifier [§]. However, ensuring that
different occurrences of the same variable are replaced with the same concept is
only possible with tree automata if the words occurring in the value restrictions
are reversed. Unfortunately, in this reversed representation of value restrictions,
checking the satisfaction of a GCI is no longer a local property, and thus can-
not be done with a tree automaton. Consequently, it is not clear how these two
approaches could be combined.
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