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Abstract. The £L family of description logics facilitates efficient
polynomial-time reasoning and has been standardized as the profile
OWL 2 EL of the Web Ontology Language. ££ can represent and reason
not only with symbolic knowledge but also with concrete knowledge ex-
pressed by numbers, strings, and other concrete datatypes. Such concrete
domains must be convex to avoid introducing disjunctions “through the
backdoor.” However, the hitherto existing concrete domains provide only
limited utility. In order to overcome this issue, we introduce a novel form
of concrete domains based on semi-lattices. They are convex by design
and can thus be integrated into Horn-DLs such as ££. Moreover, they
allow for FBoxes to express dependencies between concrete features. We
describe four instantiations concerned with real intervals, 2D-polygons,
regular languages, and graphs.

1 Introduction

Concrete domains can be integrated in description logics (DLs) in order to re-
fer to concrete knowledge expressed by numbers, strings, and other concrete
datatypes [8]. They have mainly been investigated with DLs that are not Horn,
such as ALC and its extensions, regarding decidability and complexity [15, 18,
20, 41, 42, 43|, reasoning procedures [25, 26, 42, 43, 44, 48], an algebraic char-
acterization [13, 49], and their expressive power [4, 7].

For computationally tractable description logics, such as the ££ family, other
conditions on the concrete domains than above must be imposed. On the one
hand, it must not be possible to introduce disjunction through the concrete
domain into the logical domain so that the DL part retains its Horn character.
On the other hand, reasoning in the concrete domain itself should be tractable.
Both is guaranteed for p-admissible concrete domains [5]. Concrete domains have
also been integrated with DL-Lite [3].

The hitherto existing p-admissible concrete domains for ££ provide only
limited utility. Using the concrete domain Dg gif [5], we could express with the
concept inclusions (sys > 140) C Hypertension and (dia >90) C Hypertension that a
systolic blood pressure of 140 or higher indicates hypertension, as does a diastolic
blood pressure of at least 90. Since the opposite relations < are not available to
ensure convexity, neither non-elevated blood pressure (dia. < 120 and sys. < 70)
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2 Francesco Kriegel

nor elevated blood pressure (dia. between 120 and 140, and sys. between 70 and
90) are expressible. Mixed inequalities <, <, >, and > may be used under certain
limitations which of them may occur in left-hand sides and, respectively, in right-
hand sides of concept inclusions [45]. While this retains convexity of the concrete
domain, reasoning is then rather impaired since the usual completion procedure
is only complete for consistency and classification, but not for subsumption.

An algebraic characterization of p-admissible concrete domains has put forth
a further concrete domain Dg jin, which supports linear combinations of numeri-
cal features [12, 14]. For instance, the concept inclusion T C (sys — dia — pp = 0)
expresses that the pulse pressure is the difference between the systolic and
the diastolic blood pressure. In the medical domain, the combined expressiv-
ity of Dg qif and Dg jin would be useful since then with the concept inclusion
ICUPatient M (pp > 50) C NeedsAttention it could be expressed that intensive-care
patients with a pulse pressure exceeding 50 need attention — but this combina-
tion is not convex anymore [2].

We introduce a novel form of concrete domains based on semi-lattices. A
semi-lattice (L, <,A) consists of a set L, a partial order <, and a binary meet
operation A. The elements of L are taken as concrete values, and < is understood
as an “information order,” i.e. p < ¢ means that p is more specific than g, like a
subsumption order between concepts. The meet operation A is used to combine
two values p and ¢ to their meet value p A ¢, which is the most general value that
is more specific than both p and ¢. For instance, real intervals form a semi-lattice
with subset inclusion C as partial order and intersection N as meet operation.
With that, the statement NonElevatedBP = (sys C [0, 120)) M (dia C [0, 70)) defines
non-elevated blood pressure.

Our new hierarchical concrete domains are convex by design, simply because
a general value of a feature (such as sys C [0,120)) does not imply the dis-
junction of all more specific feature values (such as sys C [0,0], sys C [1,1], ...,
sysC[119,119]). Atomic feature values are supported nonetheless when these are
available as atoms in the semi-lattice. For instance, specific numerical values can
be represented by singleton intervals.

In addition, we introduce FBozxes consisting of feature inclusions that de-
scribe dependencies between features as well as aggregations of features. For
instance, through the feature inclusion pp C sys — dia we can obtain an interval
value of the pulse pressure given intervals of the systolic and the diastolic blood
pressure. With the concept inclusion ICUPatientM(ppC (50, 00)) C NeedsAttention
we can now express that intensive-care patients having a pulse pressure above
50 need attention and, unlike in the combination of Dg qif and Dg jin, computa-
tionally reason with that in polynomial time.

We provide four instantiations of hierarchical concrete domains based on real
intervals, 2D-polygons, regular languages, and graphs. The former two are not
only convex, but indeed p-admissible, i.e. equipping a DL from the L family
with them facilitates polynomial-time reasoning. In particular, we can employ
linear programming for reasoning in the interval domain when the FBox is affine.
The regular-language domain is also convex (again, by design) but requires ex-
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ponential time for reasoning. However, this only affects the concrete-domain
reasoning itself so that reasoning in the logical £ part still runs in polynomial
time. This holds similarly for the graph domain.

Of practical relevance is that our hierarchical concrete domains can be seam-
lessly integrated into the completion procedure and the ELK reasoner [5, 6, 35].
We demonstrate this for the case where nominals must be used safely, i.e. nom-
inals must not occur in conjunctions and right-hand sides of concept inclusions
must not be single nominals. We conjecture that full support for nominals can
be achieved in the same way as without concrete domains [34].

2 Preliminaries

We work with the description logic ££7[D] (OWL2EL) where D is a P-
admissible concrete domain (as defined below). Consider a set C of atomic con-
cepts, a set R of roles, a set I of individuals, a set F of features, and a set P
of predicates where each P € P has an arity ar(P) € N. There are two special
concepts L and T with fixed meaning. A constraint is of the form 3 f1, ..., fx. P
where P is a k-ary predicate and f1,..., fi are features. We may also denote it
by 3f. P where f = (f1,..., fx) is a feature vector with the same arity as P.
Compound concepts are built by

Cu=L|T|{i}|A|3f.P|CNC]|3r.C

where A ranges over all atomic concepts, r over all roles, i over all individuals,
and 3 f. P over all constraints. A knowledge base (KB) is a finite set of concept
inclusions (CIs) C'C D concerning concepts C and D, role inclusions (RIs) RCs
involving role chains generated by R == e | Ry, Ry == r | Ry o Ry and roles s,
and range inclusions Ran(r) E C referring to roles r and concepts C—but every
ELTTD] KB must satisfy an additional condition as explained in Section 4.

As syntactic sugar, we have concept assertions {i} C C (also written i : C),
role assertions {i} C3r.{j} (also written (4, j) : r), domain inclusions Ir. TCC
(also written Dom(r) C C), and role exclusions 3ry. ...3r,. T C L (also written
rpo---or, C 1). Statements C' C | are also called concept exclusions. Each
KB K can be subdivided into an ABox A consisting of all concept and role
assertions, an RBoz R consisting of all role inclusions and exclusions, and a TBox
T consisting of the remaining statements. The TBox together with the RBox is
also called an ontology O. Other authors do not use the denotation “knowledge
base” and call it “ontology” instead, i.e. they also consider the assertions as part
of the ontology.

The semantics are defined through the fixed concrete domain D and all inter-
pretations Z. The concrete domain D = (Dom(D),-P) consists of a set Dom(D)
of values and an interpretation function -P that sends each predicate P € P to
a relation over Dom(D) with arity ar(P), i.e. PP C Dom(D)> "),

An interpretation Z = (Dom(Z), %) consists of a non-empty set Dom(Z),
called domain, and an interpretation function -Z that maps each atomic concept
A € C to a subset AT of Dom(Z), each role r € R to a binary relation 77 over
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Dom(Z), each individual i € I to an element iZ of Dom(Z), and each feature f € F
to a partial function fZ from Dom(Z) to Dom(D). The interpretation function -~
is extended to compound concepts as follows: L7 := (), TZ := Dom(Z), {i}* =
{i}, 3f.P)T = {z | 2 € Dom(fT) and fZ(z) € PP} where (fi,..., fi)*(x) is
defined if all sz(x) are defined and then (fi,..., fi)¥(z) = (f£(z),..., ff(2)),
(D)t = Ctn D% and (3r.C)T = {x | thereisy s.t. (z,y) € rf and
y € CT }. Role chains are interpreted by ¢ := { (z,7) | + € Dom(Z) } and
(RoS)T := {(z,2) | there is y s.t. (z,y) € RT and (y,2) € ST}, and role ranges
are interpreted as Ran(r)? := {y | there is = s.t. (z,y) € T }.

7 satisfies a concept/role/range inclusion X C Y, written Z E X C Y, if
XT C YZ. If T satisfies all inclusions in a KB K, then 7 is a model of K, written
7 = K. If K has a model, then it is consistent, and otherwise inconsistent. K
entails an inclusion X C Y if X C Y is satisfied by all models of K, written
KEXLCY or X CF Y, and we then say that X is subsumed by Y w.r.t. K.
Furthermore, K entails a KB £ if K entails all inclusions in £, written K | L.

A constraint inclusion is of the form [|I' C | | A where I and A are finite
sets of constraints. Z satisfies [|'C| | A, written Z = [|TC A, if {af |a €
'} CU{B*|B €A} Moreover, [ ]I'C| | A is valid, written D = [|'C| | 4, if
it is satisfied in all interpretations. It is easy to see that validity is independent
of the concepts, roles, and individuals and that it suffices to consider only one
domain element. To this end, a waluation is a partial function v from F to
Dom(D), and it satisfies 3 f. P if (v(f1),...,v(fr)) € PP. Now, [ C|]A is
valid iff., for each valuation v, if v satisfies all @ € I, then v satisfies some 5 € A.

We say that D is P-admissible if satisfiability of constraint conjunctions as
well as validity of constraint inclusions are decidable in polynomial time and,
moreover, D is conver, i.e. for each valid constraint inclusion [ |I'C| | A, there is
a constraint 5 € A such that [ ]I'C § is valid. We can use multiple P-admissible
concrete domains by forming their disjoint union, which is P-admissible too.

The following P-admissible concrete domains involving numbers are known
in the literature:

1. Do qiff with the constraints f=b, f>b, f —g=b for all features f, g and rational
numbers b € Q [5]. We write f=b instead of 3 f. P_j, where (P-;)Pedf = {b},
and f > b instead of 3 f. Psy where (Psp)Pedf .= {q| g€ Qand g > b},
and f — g =0 instead of 3 f, g. Py where (Pyy)Ped .= {(p,q) | p,q € Q and
p+b=gq}. Thus, we obtain (f =b)T = {z | ff(x) =b}, (f>b)T ={=x|
FE(2) > b}, and (f — g =b)% = {x | f5(x) - g5(x) = b}.

2. Dg,in provides the constraints A - f = b for all rational matrices A € Q"™*",
feature vectors f € F™, and rational vectors b € Q™ of compatible arities
[14]. We write A - f =b instead of 3 f. P4, where (Pap)Poin := {q| g€ Q™
and A-q="b}, and therefore (A- f=b)% ={x| A- fZ(x) =b}. There is a
similar concrete domain Dg jin based on real numbers.

3. There are 24 numerical concrete domains based on N, Z, Q, or R, and with
the constraints f <b, f <b, f=b, f >b, f >b [45]. However, these constraints
may not be used arbitrarily. Instead one uses two subsets P, and P_ of
the predicate set P = { P<p, P<p, P=p, P>p, P>, | b € R } consisting of
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positive and, respectively, negative predicates.! Then, a constraint 3 f. P is
positive if P € Py and negative if P € P_. KBs may only contain Cls
C C D for which each constraint in C is negative and every constraint in D
is positive. Convexity is now only required w.r.t. constraint inclusions of the
form ay M---Ma,, E B U--- UG, where the «; are positive constraints and
the 3; are negative ones. For instance, with N we could use all constraints
negatively but only f =05 positively, or all positively but only f <band f<b
negatively, among other choices.

It is straight-forward to generalize this to linear systems or regular expres-
sions instead of numerical comparisons. The downside of all this is, however,
that reasoning capabilities of the existing procedures are limited and it is
unclear how generalize them. For instance, they are still complete for classi-
fication but not for subsumption anymore.

3 Hierarchical Concrete Domains

A semi-lattice L :== (L, <, \) consists of a set L, a partial order < on L, and a
binary meet operation A on L, i.e. the following hold for all p, g, p1, p2,p3 € L:

(SL1) p<pforeachpe L (reflexive)
(SL2) if p<gand ¢ <p, thenp=g¢q (anti-symmetric)
(SL3) if p1 < p2 and ps < ps, then p; < p3 (transitive)

(SL4) p1 Apa < p1 and p1 Apz2 < po
(SL5) if ¢ < p; and ¢ < pa, then ¢ < py A ps.

The strict part < is defined by p < ¢ if p < g but ¢ £ p, and we then say that p is
more specific than q. Thus p < q iff. p < g or p = ¢, in which case we say that p is
more specific than or equal to q. And p A q is the meet of p and q. It follows from
the above conditions that A is associative, commutative, and idempotent. The
finitary meet operation /\ is obtained from the binary one by setting A{p} = p,
N{p,q} =pAq,and A{p1,-..,pn} =01 AN{D2,...,pn} whenever n > 3.

We say that L is computable if L and < are decidable and A is computable.
If all this is possible in polynomial time, then L is polynomial-time computable.
L is bounded if it has a greatest element T, i.e. p < T for every p € L. Then we
can also define a nullary meet as A ) := T. In order to express impossible com-
binations of values, it might be convenient to add an artificial smallest element
L to the semi-lattice, i.e. L < p for each p € L. We then use L to represent
contradictory or ill-defined values. More specifically, p A ¢ = L if it is impossible
to combine the values p and q.

Example 1. A semi-lattice representing grades could have the values Attended,
Passed, Failed, 1, 2, 3, 4, 5, 6, 1.0, 1.3, 1.7, 2.0, and so on. Its partial order <
is defined by Passed < Attended, Failed < Attended, 1 < Passed, 2 < Passed,
3 < Passed, 4 < Passed, 5 < Failed, 6 < Failed, 1.0 <1,1.3<1,1.7<2,2.0 <2,

1 P, and P_ need not be a partitioning of P, they can overlap, they can be equal, or
they can be disjoint, and their union need not be the whole of P.
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etc. Here we need to add a smallest element L since e.g. the meet of grades 1.0
and 5.0 cannot be reasonably defined.

For every KB K expressed in a decidable DL, the set of all concepts ordered
by subsumption CX and with conjunction M as meet operation is a computable,
bounded semi-lattice.? For each set M, (9(M), C,N, M) and (p(M), 2, U, D) are
bounded semi-lattices. In order to make them computable, it would at least be
necessary to restrict them to finite or finitely representable subsets of M. In the
following subsections we will introduce several application-relevant semi-lattices
based on intervals, polygons, regular languages, and graphs.

Definition 2. Given a bounded semi-lattice L .= (L, <, A\, T), the hierarchical
concrete domain Dy, has values in Dom(Dy) := L and supports only constraints
of the form 3 f. P<,,, rather written as f <p, involving a feature f and a value p.
The semantics are (P<p)Pt :={q| g€ L and ¢ <p} and thus (f <p)* = {z |
fE(x) < p}. Recall: this means that f’s value is p or more specific, not smaller.
We assume that T stands for an undefined value and thus all valuations are
total, i.e. v(f) = T means that f has no value under v. In order to represent a
most general value, L could contain a second-largest element O, i.e. O < T and
p <O for each p € L\ {T}. Since L represents contradictory, ill-defined values,
every valuation v must not assign L to any feature f, i.e. v(f) # L.

Definition 3. A feature inclusion (FI) f < H(g1,...,gn) consists of features
f,91,--.,9n and a computable n-ary operation H: L™ — L that is monotonic in
the sense that H(p1,...,pn) < H(q1,...,qn) wheneverpy < qi, ..., and p, < qn
(i.e. applying H to more specific values yields more specific values). A valuation v
satisfies this FI if v(f) < H(v(g1),...,v(gn)), denoted asv = f <H(g1,--,Gn)-
An FBox F is a finite set of FIs, and a valuation v satisfies F, written v = F, if
v satisfies every FI in F. We call F acylic if the graph (F,{(f,91),---,(f,gn) |
f<H(g1,...,9n) € F}) is, and cyclic otherwise.

The following example illustrates that FIs are “directed specifications” in
the sense that values of the right-hand side features ¢1,..., g, yield, through
the operation H, an upper bound for the value of the left-hand side feature f.
However, this does not work in the other direction unless specified by other FIs.

Example 4. We use three features with interval values over the non-negative
integers: sys for the systolic and dia for the diastolic blood pressure, and pp for
the pulse pressure, which is the difference between the systolic and the diastolic
pressure. The FI pp C sys — dia allows us to infer a value for pp when values for
both sys and dia are given. For instance, under this FI the constraint inclusion
(sysC[110,120])M(diaC[60, 70]) = (pp<[40, 60]) is valid. In contrast, the constraint
inclusion (sys C [110,120]) 1 (pp C [40,60]) C (dia C [60,70]) is not valid w.r.t.
the above FI. A countervaluation is v with v(sys) = [110, 120], v(dia) = [0, c0),
v(pp) = [40,60]. This is because [110,120] — [0,00) = [0,120] and [40,60] C
[0,120], i.e. v satisfies the FI, but v does not satisfy the latter constraint inclusion.

2 More precisely, this holds for the set of all equivalence classes of concepts, i.e. all
sets of the form { D | C C* D and D C* C'} for all concepts C.
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Definition 5. The semantics of the concrete domain Dy, can be restricted w.r.t.
an FBox F by considering only valuations satisfying F. That is, a constraint
inclusion [T C | ] A is valid in Dy, w.r.t. F, written Dy, F = [T C A4, if
this inclusion is satisfied in all valuations that satisfy F. Whenever we write
“w.r.t. F”in the following, only valuations satisfying F are considered.

Using this semantics restricted by an FBox, convexity and P-admissibility
are defined as before but the latter additionally takes the FBox F as part of the
input. The underlying semi-lattice L is taken into account through the computa-
tional complexity of its value set L, its partial order <, and its meet operation A.

Definition 6. Dy, is admissible w.r.t. F if Dy, is conver and satisfiability of
constraint conjunctions as well as validity of constraint inclusions are decidable,
all w.r.t. F. For a complexity class C, we say that Dy, is C-admissible w.r.t. F
if, all w.r.t. F, Dy, is convex and satisfiability of constraint conjunctions as well
as validity of constraint inclusions are in C when F is part of the input.

Next, we show that a hierarchical concrete domain Dy, is convex w.r.t. F if
the semi-lattice L is complete or well-founded or if the FBox F is acyclic. Note
that every finite semi-lattice is well-founded, i.e. convexity is guaranteed when
a non-acyclic FBox is used with only finitely many values. Convexity is also
ensured over non-well-founded semi-lattices when the FBox is empty (since it is
acyclic). There might be further conditions that ensure convexity even if L is
neither complete nor well-founded and F is not acyclic; we leave this for future
research.

Definition 7. Let L be a bounded semi-lattice and F be an FBoz. Given a finite
set I' of constraints over the concrete domain Dy, a canonical valuation of I’
w.r.t. F is a valuation vp r such that

1. vpr = F and
2. vpr Eaiff. Du,F E [T C« for each constraint .

Moreover, we say that Dy, has canonical valuations w.r.t. F if such a valuation
vrF exists for every finite, w.r.t. F satisfiable I".

Since for each constraint « in I, the inclusion [ | I' C « is valid, we infer with
the second condition that vy r satisfies I

Lemma I. Let L be a bounded semi-lattice and F be an FBox. Dy, is convex
w.r.t. F if it has canonical valuations w.r.t. F.

Proof. Assume that Dr,,F = [|I'C | |A. Since vpr = F and vrr = 1,
it follows that vpr = | |4, i.e. vpr = « for some o« € A. We conclude that
Dy, F =[]I'Cea. O

A semi-lattice L is complete if every subset P C L has a meet AP € L,
i.e. such that AP < p for each p € P and, if ¢ < p for each p € P, then
g < A\ P. Note that these two conditions generalize (SL4) and (SL5). Every
complete semi-lattice is a complete lattice since we can obtain the join operation

by VP:=A{q|p<gforeachpe P}
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Theorem 8. For each complete semi-lattice L and for every FBox F, the con-
crete domain Dy, has canonical valuations and so is convexr w.r.t. F.

Proof. Completeness of L implies that L is also a complete lattice. It follows
that LF is a complete lattice as well when equipped with the pointwise lifting of
<, ie. vy <wgiff. v (f) < wva(f) for each f € F.

The FBox F induces the function ®x: L¥ — LF that sends every as-
signment v: F — L to the assignment ®x(v): F — L where &x(v)(f) =
o(F) A ANLH(91)s - 0(gm)) | £ < Hgrs.. - gm) € F .

Since all operations H occurring in F are monotonic, also @ is mono-
tonic. To see this, consider two valuations with v; < vo (pointwise) and let
f € F be a feature. Then v1(f) < vo(f), and v1(g;) < wva(gi) for each FI
f<H(g1,...,9m) € F and each i € {1,...,m}. Monotonicity of each involved
H yields H(v1(g1),---,v1(gm)) < H(v2(g1),...,v2(gm)). Thus, ®x(v1)(f) <
D (v2)(f). Since f is arbitrary, we conclude that @ (v1) < @x(v2) (pointwise).

It is easy to see that the fixed points of @ are exactly the satisfying valua-
tions of F (ignoring for now that some might map features to L), i.e. Dx(v) = v
iff. v | F:

v is a fixed point of @ x

iff. v= @]:(’U)

iff. v(f) = Px(v)(f) for every feature f

i o(f) = o) A ALH@(91), - 0(gm)) | < H(gu, .., gm) € F } for every
feature f

iff. v(f) < AN{H@(g1),---,0(gm)) | f<H(g1,-..,9m) € F } for every feature f

iff. v(f) < H(w(g1),.--,v(gm)) for each FI f < H(g1,...,9m) € F

iff. v is a satisfying valuation of F.

Note that A @ = T, i.e. the third-last line is trivially satisfied for all features not
occurring as left-hand side of a FI in F.

Now, the Knaster-Tarski Theorem [52] yields existence of a greatest fixed
point vy r: F — L among all fixed points of @ that are pointwise more specific
than or equal to vp: F — L where vp(f) == A{p| (f <p) € I'} for all f.

Obviously, we have w < vp iff. w is a satisfying valuation of I'. If vp #(f) = L
for some feature f, then we conclude that w(f) = L for every valuation w
satisfying F and I, i.e. there are no such valuations and thus I" is unsatisfiable.
Otherwise, v 7 is a valuation and it remains to verify that v 7 is canonical as
per Definition 7. Convexity then follows by Lemma I.

1. We have seen above that @x(v) = v iff. v = F, and thus v satisfies F.

2. vr,F satisfies all constraints in I" since vr < vr. The if direction is therefore
already shown. Regarding the only-if direction, assume vr r = (¢ < ¢) and
consider a valuation w such that w = F and w = []I". It follows that
vrr(9) < ¢, Pr(w) = w, and w < vr. Since vp 7 is the greatest fixed point
< wvp, we have w < vr 7 and thus w(g) < q.

It follows that I" is satisfiable iff. vy 7(f) # L for every feature f. O
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Theorem 9. Let L be a computable, bounded semi-lattice and F be an FBox. If
L is well-founded or F is acyclic, then the concrete domain Dy, has computable
canonical valuations and is admissible w.r.t. F.

Proof. Given a finite set I" of constraints over Dy,, we construct a mapping vr,
as follows.

— First, we define a mapping vo: F — L by vo(f) = A{p | (f <p) € I"} for
every feature f, and set 7 := 0.

— While there is an FI f < H(g1,...,9,) in F such that v;(f) <«
H(vi(g1),---,vi(gn)), we initialize the next mapping v;41: F — L by
v; = v;41 but set vip1(f) = v;(f) AN H(vi(g1),.-.,vi(gn)), and increase i.
Otherwise, we terminate the while-loop and define vr r = v;.

Since L is computable, each single step in the above procedure requires only a
finite amount of time. It is easy to see that the while-loop terminates if the semi-
lattice L is well-founded. Now assume that F is acyclic. We define a “before”
relation between FIs by (f < H(g1,...,gn)) “before” (f' < H'(g},...,4q,)) if
fe{dgi,.--,9,} Thenlet < be the transitive reduction (neighborhood relation)
of an arbitrary linearization of this “before” relation.® During the above while-
loop we now go along <, and thus we are done after polynomially many steps
(w.r.t. F).

The returned mapping vy r might assign L to features and thus might not
be a valuation. We ignore this for the time being.

vr r satisfies F since it is obtained as the last valuation v; upon termination
of the while-loop, i.e. when v; satisfies all FIs in F. Moreover, by construction
vo(f) < p for each constraint f <pin I" and further vg > v1 > ve > --- > vp 7,
which yields vr 7 (f) < vo(f) < p and thus vy r satisfies I

Next, we show that the above procedure has an invariant: w < v; (pointwise)
for each valuation w such that w = F and w | []I". In the end, w < vpr
(pointwise).

— Since w satisfies I', we have w(f) < p for every constraint f < p in I', and
thus w(f) < vo(f) for each feature f, i.e. w < vy.

— Assume w < v; and let f < H(g1,...,gn) be the FI not satisfied by v; and
used to obtain v; 4. Since w satisfies F, w(f) < H(w(g1),...,w(gn)). The
assumption that w < v; yields that w(g1) < vi(g1), .-, w(gn) < vi(gn)
and thus H(w(g1),...,w(gn)) < H(vi(g1),...,v:(gn)) as H is monotonic.
The assumption further yields that w(f) < v;(f). It follows that w(f) <
vi(f) N H(vi(g1),.-.,vi(gn)) = vit1(f). For every other feature g # f we
have w(g) < v;(g) = vit+1(g). In the end, w < v;11.

Now, if v #(f) = L for some feature f, then we conclude from the above
invariant that w(f) = L for every valuation w satisfying F and I, i.e. there are

3 Given a partial order <, its transitive reduction is <\ (< o <), i.e. the set of all
pairs (z,y) € < such that there is no z with (z,z) € < and (z,y) € <. Moreover,
a linearization of < is a superset that is also a partial order but in which each two
elements are comparable, i.e. it contains either (z,y) or (y,x) for each two z,y.
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10 Francesco Kriegel

no such valuations and thus I" is unsatisfiable. Otherwise, v 7 is a valuation
and it remains to verify that v r is canonical as per Definition 7. Convexity
then follows by Lemma I.

1. We have already seen above that vy 7 satisfies F.

2. Given a constraint g < ¢, we must show that vpr E (¢ <¢q) iff. D, F E
[11 C (g < q). The if direction holds since vy r = F and vy r =[]1.
Assume vr r = (9 < ¢) and consider a valuation w such that w = F and
w = []I". The former yields vp r(g) < ¢ and the latter yields w < vp r
(pointwise) by the invariant. In particular w(g) < vp,r(g), and thus w(g) <
q, i.e. w = (g < q) as required.

It follows that I" is satisfiable iff. vp #(f) # L for every feature f. Since we
obtain vy r in finite time, satisfiability of constraint conjunctions is decidable.

Through Condition 2 in Definition 7 we can decide validity of constraint
inclusion [ 1" C a where a := (g < g). To this end, we first compute vy r by
means of the above procedure, then check if vp #(f) # L for each f (i.e. I' is
satisfiable and vp r is its canonical valuation), and finally check if vr #(g) < ¢
(i.e. v F satisfies &), which can all be done in finite time. O

Now, we want to determine the time requirement for computing a canonical
valuation vr r, which is measured w.r.t. the constraint set I" and the FBox F.
The semi-lattice L is only taken into account through the decision and compu-
tation procedures for its value set L, partial order <, and meet operation A.

Proposition 10. Consider a polynomial-time computable, bounded semi-lattice
L such that its meet operation returns values of linear size. Further consider
an acyclic FBox F in which all occurring operations are polynomial-time com-
putable and return values of linear size. W.r.t. F, the concrete domain Dy, has
polynomial-time computable canonical valuations and is P-admissible.

Proof. We have already seen in the proof of Theorem 9 that the while-loop of the
procedure there needs only one iteration per FI in the acyclic FBox F. Since L is
polynomial-time computable and every operation occurring in F is polynomial-
time computable, each single iteration requires only polynomial time w.r.t. its
respective input (which is the intermediate assignment v; and the FBox F).
Moreover since the meet operation of L and each operation in F return linear-
size values, all intermediate assignments v; have linear size w.r.t. the input (which
is the constraint set I" and the FBox F). It follows that the canonical valuation
vr,F can be computed in polynomial time. O

The following example shows that Proposition 10 need not hold when the
FBox F contains an operation computable in polynomial time but not returning
values of linear size, basically because the size increases can accumulate to an
exponential size.

FEzample 1I. We consider words over the unary alphabet, say with letter a,
partially ordered by equality =. The acyclic FBox F = { fix1 = H(f;) |
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i € {0,...,n — 1} } uses the operation H where H(w) = w o w. Obviously,
H is computable in quadratic time and its outputs have quadratic size. Now,
for the constraint set I" := {fo = a} we obtain the canonical valuation vy r with
vrr(fi) = a®), which has exponential size and thus cannot be computed in
polynomial time.

A further example shows that already the constraint set I" could enforce a
canonical valuation not computable in polynomial time if the meet operation
does not return linear-size values.

Example III. Take the semi-lattice consisting of all positive integers and partially
ordered by the “is divided by” relation (denoted as |~1). Its meet operation yields

the least common multiple. Given an increasing enumeration pi,ps,... of all
primes, the constraint set I :== {f | "' p1,..., f|~! p,} has a canonical valuation
vp 7 where vp 7(f) = p1 - -+ - pp. The size of vp, #(f) is exponential in the size
of I.

Without the assumption that all involved operations yield linear-size results,
with similar arguments as for Proposition 10 we obtain exponential complexity.

Proposition 11. For every polynomial-time computable, bounded semi-lattice L
and for every acyclic FBox F in which all occurring operations are polynomial-
time computable, the concrete domain Dy has exponential-time computable
canonical valuations and is EXP-admissible w.r.t. F.

3.1 Intervals

Let N be a non-empty set of real numbers. The semi-lattice Int (V) consists of all
intervals over N, is partially ordered by set inclusion C and has set intersection
N as its meet operation. All types of intervals are supported, such as closed
intervals [p,q] == {o | p<o0<q}, [p,+x) ={o|p <o}, (—00,q] = {0
0 < q}, (—o0,+00) := N, open intervals (p,q), (p,+00), (—00,q), (—00,+00)
defined with < instead of <, and also half-open intervals (p,q], [p,q). Int(N)
is already bounded since its greatest element is N = (—o0,00), but we rather
identify it with [J and add an artificial greatest element T. It also has a smallest
element () = (p,p) where p € N is arbitrary, and we identify this smallest element
with the contradictory value L.

The hierarchical concrete domain Drng() is called the interval domain over
N. Since for every number p € N, the singleton {p} equals the interval [p, p], we
can specify the precise numerical value of a feature with the constraint f C {p},
also written f = p. Moreover, instead of f C [p, q] we may also write p < f <g.

Example 12. Through the interval domain over the non-negative 8-bit inte-
gers N = NN [0,28—1] we could express non-elevated blood pressure by
NonElevatedBP = (sys C [0,120)) M (dia C [0,70)), elevated blood pressure
by ElevatedBP = (sys C [120,140)) M (dia C [70,90)), and hypertension by
(sys C [140,00)) C Hypertension and (dia C [90,00)) C Hypertension. With the
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12 Francesco Kriegel

above syntactic sugar, the first statement can also be written as NonElevatedBP=
(0 <sys < 120) N (0 < dia < 70), and similarly for the other two. The concrete
values of patient bob can be represented by the assertions bob : (sys = 114) and
bob : (dia C [69,69]). The KB consisting of all these aforementioned statements
entails bob : NonElevatedBP.

Each binary operation % on N can be lifted to a binary operation on intervals
by [p1,q1] * [p2,q2] == {01 %02 | 01 € [p1,q1] and 02 € [p2,qo] }, and similarly
for other types of intervals. If * is continuous on a domain containing [p1, q1] x
[p2, g2], then the resulting set [p1, ¢1] * [p2, g2] is also an interval. Moreover, if * is
monotonic, then [p1, ¢1] * [p2, g2] = [Min(S), max(S)] where S := {p1 * pa2, p1 * g2,
q1 * P2, q1 * g2} [28]. For instance, addition +, subtraction —, and multiplication
- are monotonic. We have [p1, ¢1] + [p2, ¢2] = [p1 +p2, ¢1 + ¢2] as well as [p1,q1] —
[p2,g2] = [p1,q1] + [—q2, —p2] = [p1 — q2,q1 — p2|. Products can be computed
without min and max if none of the intervals contains 0 as an interior point. For
instance, [p1,q1] - [p2, ¢2] = [p1- P2, ¢1 - ¢2] if all interval bounds are non-negative.
Division is technically more involved since one needs to distinguish if the second
interval contains 0 or has 0 as an endpoint. We have

[P1,q1)/[P2; @2) = [p1, q1] - [1/q2, 1/p2] if O & [p2, g2,
- [ph(h}/[pz,()] = [p1,q1] - (=00, 1/p2],
]

— [p1,¢1]/10, ¢2) = [p1,q1] - [1/q2,+00), and
- [P;;fh /la1, a2] = [p1,q1] - ((—00,1/p2] U [1/ga, +00)) if O € [p2, g2] but pa #
0 q2.

In the last case the result is a union of two intervals. In order to support such
results, the semi-lattice Int(N) needs to be replaced by the semi-lattice UInt(N)
consisting of all finite unions of pairwise separated* intervals over N. It is also
polynomial-time computable, but it is currently unclear w.r.t. which FBoxes F
the concrete domain Dy () is P-admissible. Inclusion of such interval unions
can be decided in polynomial time since P, U---UP,, C Q1 U---UQ, iff., for
each i € {1,...,m}, there is j € {1,...,n} such that P, C @,. Disjunctions
cannot be emulated by the use of finite unions of intervals since, for instance,
the constraint inclusion (f C[0,1]U[2,3]) C (f C[0,1]) U (f C[2,3]) is not valid
in Dyme(ny where N :=NnN [0, 28 —1]. For the sake of brevity and clarity we do
not go into further details here.

Lemma IV. For each binary operation x on numbers, the lifted operation * on
intervals is monotonic, i.e. can be used in FIs.

Proof. Consider intervals P, P’ Q, Q" such that P C @ and P’ C Q'. We have
PxP ={pxp |pe€ P and p € P'} by definition. The assumption yields that
the latter set is contained in {g* ¢ | ¢ € Q and ¢’ € Q' }, which by definition
equals Q * Q’. That is, Px P’ C Q * Q. |

4 Two intervals are separated if each is disjoint with the other’s closure. For instance,

[0,1) and (1, 2] are separated, but [0,1] and (1, 2] are not.
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Ezxample 13. Continuing Example 4, we can additionally consider the two FIs
dia C sys — pp and sys C dia + pp, which allow us to also infer interval values of
dia and sys given interval values of the respective other two. Importantly, this
does not destroy convexity.

This is in stark contrast to the concrete domain extending Dg qifr With con-
straints f > b, f < b, f < b, which allows to express interval values as well
(in a different way though). There, the constraint inclusion (sys — dia = 40) C
(sys < 120) LI (dia > 80) is valid, violating convexity. Additionally using the ex-
pressivity of Dgjin, we could express that pp = sys — dia by the CI T C (sys —
dia — pp = 0) as in Example 3 in [2]. Under this CI, the constraint inclusion
(pp =40) C (sys < 120) U (dia > 80) would be valid, also violating convexity.

In our interval domain over the non-negative integers and with the cyclic
FBox {ppCsys—dia, diaCsys—pp, sysCdia+pp}, the similar constraint inclusion
(pp €40, 40]) C (sysC [0, 120]) LU (dia S (80, 00)) is not valid. A countervaluation is
v where v(sys) = [40, 00), v(dia) = [0, 00), v(pp) = [40, 40]. It satisfies the first FI
since [40, 00) — [0, 00) = [0, 00) D [40, 40], the second FI since [40, co) — [40, 40] =
[0,00) D [0,00), and the third FI since [0, c0) + [40,40] = [40, 00) D [40, c0).

Recall that the interval semi-lattice Int(N) is defined for every non-empty
set N of real numbers. The set N is partially ordered by the usual ordering <
and has the meet operation min, i.e. (N, < min) is itself a semi-lattice. It thus
makes sense to say that N is complete. The real numbers R, the non-negative
real numbers R, all closed intervals over R, the integers Z, the natural numbers
N, the n-bit integers, the n-bit floating-point numbers, the n-bit fixed-point
numbers, and all finite subsets of R are complete, but the rational numbers Q is
not — for instance, the infimum of { (1+1/n)"*! | n. > 0} is Euler’s number e, an
irrational number. It is easy to see that the semi-lattice Int(N) is complete if the
number set N is complete, and so we obtain the below corollary to Theorem 8.

Corollary 14. If the semi-lattice (N, <, min) is complete, then the interval do-
main Ding(ny has canonical valuations and is convex w.r.t. every FBox F.

Proof. If N is complete, i.e. every subset P C N has an infimum AP € N
and thus also a supremum \/ P € N, then the interval semi-lattice Int(N) is
complete as well. We have (o (¢pt, g:): = (p, q) where

— = \VierPts

—q= /\teT qt,

— if p € (;pt, qi)¢ for each t € T, then ( == [, else { := (, and
if ¢ € (¢+pt, qi)¢ for each t € T, then ) =], else ) :=).

In particular, the intersection of closed intervals is a closed interval, but the
intersection of open intervals need not be open, e.g. (), cy(—=1/n,1) = [0,1). The
claim now follows from Theorem 8. (|

An immediate consequence of Theorem 9 is that the interval domain Dipg(w)
over all real numbers is admissible w.r.t. every acyclic FBox. Moreover, an ob-
vious corollary to Proposition 10 is as follows.
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14 Francesco Kriegel

Corollary 15. W.r.t. each acyclic FBox F in which all operations are polynomial-
time computable and yield linear-size results, the interval domain Dingwr) has
polynomial-time-computable canonical valuations and is P-admissible.

Next, we employ linear programming to handle affine FBoxes, which might
be cyclic. We call an FBox F affine if all operations in FIs in F are affine, i.e.
all FIs are of the form f C Z?:l P; - g; + Q; where the P; and @; are intervals.
For instance, the FI pp C sys — dia is affine, but bmi C bodyMass/bodyHeight2
is not. Since each affine FI represents two linear inequalities (one for the lower
bound of the interval value of f, and another one for the upper bound), we can
transform affine FBoxes into linear programs, which can be solved in polynomial
time [31]. We thus obtain the following result.

Proposition 16. Let ¢,¢c € Ry be non-negative real numbers such that ¢ < €.
Restricted to closed intervals only, the interval domain Ding([c,q) over the non-
negative real numbers between ¢ and ¢ is P-admissible w.r.t. each affine FBox F,
i.e. all Fls are of the form f C Y7 [ai, @] - g; + [b,b].

Proof. Since [c,¢| is complete, Theorem 8 and Corollary 14 yield that Dy,
has canonical valuations and is convex w.r.t. every FBox F. Now fix an affine
FBox F as well as a constraint set I". We have seen in the proof of Theorem 8 that
w C vp r for each valuation w satisfying I" and F, where vr r is the canonical
valuation.

It remains to show that we can decide satisfiability of I" w.r.t. F in polynomial
time and compute the canonical valuation v 7 in polynomial time. With similar
arguments as at the end of the proof of Theorem 9, it then follows that validity
of constraint inclusions w.r.t. F is decidable in polynomial time.

To this end, we translate I" and F into a linear program LP (I, F) such that
there is a correspondence between the solutions of LP(I', F) and the valuations
satisfying I" and F. For each feature f, we introduce two variables f and f such

that [f, f] represents the interval value of f.

1. First, all these intervals [f, f] should be non-empty, and to this end we
introduce the inequality f < f. These intervals should further be subsets of
[c,¢], and thus we have the inequalities ¢ < f and f <.

2. Next, consider a constraint f C [p,p] in I'. Replacing the feature with its
variables yields [f, f] C [p,p], and so we obtain the inequalities p < f and
f<p. i

3. Last, consider a FI fC>"" | [a;, ;] g;+[b, b] in F. Since no negative numbers
are involved, the product of each coefficient interval [a;,@;] and the interval
value of the feature g; can be computed without the non-linear functions

min and max. Replacing the features with their variables yields [f, f] C
> lai, @] [gi, i)+ [b,b], and thus [f, f] €[>0 1 ai-gi+b, > 1, @i Gi+b].

We therefore obtain the inequalities > 1 a;-g; +b< fand f <3 @ -
gi +b. For the standard form we need to bring the linear combination of the

variables to the left of < and the number to the right.
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LP(I, F) is the standard form and consists of the following inequalities:

I~
I
o

for each feature f occurring in I" or F

for each feature f occurring in I" or F

\
o)

for each feature f occurring in I" or F

for each constraint f C [p,p] in I’

for each constraint f C [p,p] in I"

for each FI f C Y7 [a;, @] - g; + [b,b] in F

for each FI f C 3" [a;,a;] - g; + [b,b] in F

for each feature f occurring in I" or F

s
I,
S
ISR
[
[ =l I~ |
| © o al
o

|
|
1= "
sl
(A2 AV VAN VAN VAN VANS VANSN VARRN VAN

= S
S o o

for each feature f occurring in I" or F

A solution is an assignment of all variables f and f with numbers in R,. By
definition of LP(I", F), the following statements hold:

— From each valuation v satisfying I" and F, we obtain a solution of LP(I", F)
by mapping f to the lower bound of the interval value v(f) and likewise
mapping f to the upper bound of v(f).

— From every solution s of LP(I', F), we obtain a valuation v that satisfies I"
and F by defining v(f) = [s(f), s(f)].

It follows that I' is satisfiable w.r.t. F iff. LP(I, F) is solvable.

It remains to specify the objective function of LP(I, F). Recall that there
is a canonical valuation vy z such that w C vpr for each valuation w sat-
isfying I and F. Translated to solutions of LP(I,F), there is a solution
sr,F that corresponds to vrr and such that, for every solution ¢, we have

[t(f), t(H)] C [sr7(f), sr.7(f)] for all features f. In order to compute sy with
LPi(I' \F), we would thus need to maximize all interval lengths f — f as objective
functions. Since these are all non-negative, it is enough to maximize the sum of
all these lengths, which yields the single objective function ) FER(LF) (f = 1)
where F(I', F) is the set of all features occurring in I" or F. We can therefore use
an ordinary LP solver —in particular with an interior-point method from linear
programming [31] we can decide in polynomial time if LP(I", F) is solvable and,

if so, we can further compute in polynomial time the maximal solution sr . O

It remains an open problem, whether the interval domains Dypg([c,e)) remain
P-admissible w.r.t. affine FBoxes when all interval types would be considered.
We conjecture that the interval bounds can be computed using the same linear
program, but determining the correct interval types (closed or open at the lower
bound, closed or open at the upper bound) could possibly lead to a combinatorial
explosion. It is further unclear whether, without the bounding interval [c, ¢], the
interval domain Dipg(r,) would still be P-admissible w.r.t. affine FBoxes. The
canonical valuation could then send features to intervals with upper bound +o0,
in which case the polytope described by the inequations would be unbounded.
This requires an LP-solver with support for unbounded solution polytopes.
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We can also handle affine FBoxes together with negative numbers, but then
need to restrict the coefficient intervals to singletons—as otherwise the non-
linear functions min and max would be required to compute a product [a;, @;] - g,
i.e. the system of inequalities would not be linear anymore and could therefore
not be solved by linear-programming methods.

Proposition 17. Let ¢,é € R be real numbers such that ¢ < €. Restricted to
closed intervals, the interval domain Ding((c,q)) over the real numbers in [c,¢] is
P-admissible w.r.t. each affine FBox F involving only singleton coefficients, i.e.

all FIs are of the form f C >0 {a;}-gi+ [b,b].

Proof. The proof is similar to Proposition 16, except the following. In Step 3 in
the definition of LP(I, ), the product of each singleton coefficient {a;} and the
interval value of the feature g; can be computed without the non-linear functions
min and max. We have {a;} - [g:,G:] = [a; - ¢i, a; - §;]. Thus in LP(I, F) we replace
every occurrence of a; - g; by a; - g; and each occurrence of @, - §; by a; - G.
Since R contains negative numbers but linear programs in standard form
yield non-negative solutions only, we would need to introduce slack variables
fr.f=, ft, f~ for all features f occurring in I" or F, and then replace each
occurrence of f by f* — f~ and likewise f by f* — f~ except in the last two
inequalities of LP(I', F): these are rather replaced by f+ >0, f~ >0, f+ >0,
f~ > 0. In the end, we again maximize interval lengths by means of the single

objective function ZfeF(F7F)((?+ )= =f)). 0

Linear programming becomes NP-hard when restricted to integers only [33].
Unless P = NP, the integer interval domains Din(z); Dint(w), and Ding(fo,1}) are
thus not P-admissible w.r.t. affine FBoxes. Integer interval domains are rather
suitable for integration into Horn logics that do not allow for polynomial-time
reasoning, such as ELZ, Horn-ALC, Horn-SROZQ, and existential rules.

Ezample 18. Example 3 in [2] shows that the combination of the concrete do-
mains Dg gir and Dg jin is not enough to express that intensive-care patients
need attention if their pulse pressure is larger than 50 or their current heart rate
exceeds their maximal heart rate. Moreover, this combination is not even convex.

With our interval domain these statements can be expressed through the
affine FIs pp Csys — dia, and maxHR C 220 — age, and exceedHR C hr — maxHR, as
well as the CIs ICUPatientC (hr CO) M (sysCO) M (diaCO), and ICUPatientM (pp C
(50, 00)) CNeedsAttention, and ICUPatientl(exceedHRC (0, 0o)) C NeedsAttention.

3.2 2D-Polygons

A 2D-polygon is a finite sequence of successively connected finite line segments
in the real plane R? such that the end vertex of the last segment equals the start
vertex of the first. These line segments form a simple closed curve in R?, and
by the Jordan Curve Theorem (Jordan, 1887) each 2D-polygon has an interior
region (bounded by the curve) and an exterior region. In the following we identify
each 2D-polygon with the subset of R? consisting of its boundary and the interior
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region. 2D-polygons are thoroughly studied in Computational Geometry and
frequently used in geographic information systems (GIS).

Deciding the set of all 2D-polygons is trivial if they are represented as finite
sequences of vertex coordinates in R?. Clipping algorithms allow for checking in
polynomial time if a polygon is a subset of another (i.e. polygon containment
without moving or scaling operations). All Boolean operations (union, inter-
section, difference, xor) can moreover be computed by clipping algorithms in
polynomial time, but the results can be of quadratic size and might consist of
unions of disjoint 2D-polygons [23, 46, 54]. In order to obtain a semi-lattice,
which must be closed under its meet operation, it would therefore be necessary
to take the set of all finite unions of separated 2D-polygons: we denote it by
UGon(RR?), its partial order is containment C, and its meet is intersection N.
According to the above references, UGon(R?) is polynomial-time computable
(w.r.t. arithmetic complexity). The hierarchical concrete domain Dygon(r2) is
called polygon domain over R2. A corollary to Proposition 11 is as follows.

Corollary 19. W.r.t. arithmetic complexity, the polygon domain Dygon(r2) has
exponential-time computable canonical valuations and is EXP-admissible w.r.t.
each acyclic FBox F in which all operations are polynomial-time computable.

To the best of the author’s knowledge, it is unclear whether the intersection
of n polygons might reach an exponential size. If this worst case would not
be possible and, moreover, all operations in F yield linear-size results, then
DyGon(r2) Would even be P-admissible w.r.t. F (w.r.t. arithmetic complexity).

Example 20. Locations can be represented as polygons in the real plane R2. For
instance, we have “Nothnitzer Strafe 46, 01187 Dresden” C “01187 Dresden” C
“Dresden” C “Saxony” C “Germany” C “Europe” C “Earth”.

The situation is computationally easier with convex 2D-polygons, which con-
tain all line segments between each two of their points. One can think of convex
2D-polygons as two-dimensional generalizations of closed intervals. Both in lin-
ear time, we can decide the subset relation C and compute the intersection
operation N for convex 2D-polygons [47, 50, 53]. However, deciding the set of all
convex 2D-polygouns is not trivial anymore but needs linear time [50]. We denote
the semi-lattice of all convex 2D-polygons by CGon(R?), and it is linear-time
computable (w.r.t. arithmetic complexity). The hierarchical concrete domain
Dcgon(r2) is called convez-polygon domain over R2. Obviously, convex poly-
gons are not closed under Boolean operations other than intersection and these
can thus not be used in FBoxes. Suitable monotonic operations besides intersec-
tion are translation, rotation, and scaling, and these can be computed in linear
time as well. Below is a corollary to Proposition 10.

Corollary 21. W.r.t. each acyclic FBox F in which all occurring operations
are polynomial-time computable and yield linear-size results, the convezr-polygon
domain Dogon(r2) has polynomial-time computable canonical valuations and is
P-admissible (w.r.t. arithmetic complexity).
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Contrary to Int(R), neither UGon(R?) nor CGon(R?) are complete. The
reason is that the unit circle can be obtained as the intersection of regular
polygons (for each n € N with n > 3, take a smallest regular n-sided polygon
that encloses the unit circle). The polygon semi-lattices are also not well-founded,
and thus we cannot obtain corollaries to Theorems 8 and 9 w.r.t. cyclic FBoxes.

3.3 Regular Languages

Given a finite alphabet X, the semi-lattice Reg(X') consists of all regular lan-
guages over X, is partially ordered by set inclusion C, and its meet opera-
tion is set intersection M. It is not complete since regular languages are not
closed under arbitrary intersections (only under finite ones). More specifically,
L=N{Z*\{w} | w¢ L} for each language L, and thus for two symbols
a,b € X the non-regular language { a"d" | n € N} is an intersection of regular
languages. Thus, convexity does not follow from Theorem 8.

In order to obtain a computable semi-lattice, we need to work with finite rep-
resentations of regular languages. With regular expressions, binary intersections
of regular languages can have exponential size even over a binary alphabet [24],
i.e. the meet would not be computable in polynomial time. It is no alternative to
instead use one-unambiguous/deterministic regular expressions since they can-
not describe all regular languages and are not even closed under intersection,
even though their inclusion problem is in polynomial time [19, 30, 40].

Using finite automata as representations is preferred, on the one hand since
to compute the meet/intersection of two regular languages we can compute the
product of the respective finite automata in polynomial time [32]. On the other
hand, a language inclusion L; C Lo holds iff. the language equivalence Ly N Ly =
L5 holds, and thus it suffices to check if the product of both finite automata is
equivalent to the second automaton. For deterministic automata this is possible
in polynomial time [16, 29], but otherwise needs polynomial space [51].

The semi-lattice DFA (X) consists of all deterministic finite automata over X,
is partially ordered by automata inclusion < where 2 < 9B if L() C L(B),
and its meet operation is the product x, which satisfies L(2 x B) = L(() N
L(B). It is thus polynomial-time computable. Furthermore, FA(X) comprises
all finite automata and is polynomial-space computable. Since finite automata
and deterministic ones have equal power in the sense that they both describe all
regular languages, both semi-lattices can serve as representations of Reg(X).

The hierarchical concrete domains Dppa(x) and Dga(y) are called the
reqular-language domains over X. Since single words are regular languages, pre-
cise string values are supported: we may write (f = w) instead of (f <) when
L(A) = {w}. Further note that O is the automaton that accepts every string, L
accepts no string at all, and T is an artificial greatest element.

Ezxample 22. Let X be an alphabet containing all Latin letters, e.g. The Unicode
Standard. We use a feature hasTitle to represent the title string of a research
paper. Further take a DFA 2 such that L() = X* o {description logic} o X*.
With that, the CI ScientificArticle M (hasTitle < 1) C DLPaper expresses that the
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concept of all DL papers subsumes the concept of all scientific articles with a
title containing “description logic” as substring.

Even without an FBox, the regular-language domains Dppa (x) and Dga(x)
are in general not P-admissible. In a nutshell, meets need not be of linear size,
and thus accumulating all upper bounds of the same feature could yield an expo-
nentially large automaton. More specifically, if a constraint set I" contains several
constraints f <2 for the same feature f, then computing the value vp #(f) boils
down to computing the intersection of all these automata 2. Since emptiness of
intersections of finite automata is P Space-hard [36] and graph reachability is NL-
complete, vy #(f) cannot be computed in polynomial time, unless P = P Space.
We obtain, however, the following corollary to Proposition 11.

Corollary 23. W.r.t. each acyclic FBox F in which all occurring operations
are polynomial-time computable, the regular-language domain Dppa(x) has
exponential-time computable canonical valuations and is EXP-admissible.

The DFA operations corresponding to the language operations union U, in-
tersection N, and complement ~ are polynomial-time computable. Dpga (x) is
thus EXP-admissible w.r.t. each acyclic FBox involving these operations only.
In contrast, concatenation o, Kleene-star *, mirror/reversal , left-quotients
\, and right-quotients / on DFAs are exponential-time computable but not
polynomial-time computable [55]. However on FAs, all operations but comple-
ment are polynomial-time computable, and union, concatenation, Kleene-star,
and mirror /reversal even with linear-size results. Dga (5 is EXP Space-admissible
w.r.t. acyclic FBoxes using these polynomial-time operations.

It is worth mentioning that, if we have at most one inclusion (i.e. constraint
or FI) per feature, then in the procedure in the proof of Theorem 9 neither the
automata product operation nor the automata inclusion relation needs to be
used, and so we have the following corollary.

Corollary 24. Let F be an acyclic FBoz in which all occurring operations are
polynomial-time computable and return values of linear size. Further let I' be
a constraint set. If F U I contains, for each feature f, at most one inclusion
with f on the left, then the canonical valuation of I" w.r.t. F can be computed
in polynomial time.

Ezample 25. Assume the features givenName, familyName, and name are used to
represent persons’ names. Then for instance, the concept Malel(givenName <2()
where L() = {F} o X* describes all males whose given name starts with ‘F’.

Moreover, the FI name =< givenName o {_} o familyName allows to infer a
regular language value of name when values of givenName and familyName are
available (i.e. both are not T). If the latter two are precise values (languages
consisting of a single word), then also name gets a precise value through the FI.
Note that ¢’ stands for a white space. The FI shortName < initial(givenName) o
{._} o familyName generates a shortened form of a name that only contains the
initial of the given name followed by a dot, where the function initial is defined
by L(initial()) :== {s| s € X and there is w € X* such that sow € L(2A) }.
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The semi-lattices Reg(Y), DFA(XY), and FA(XY) are not well-founded since,
already over the unary alphabet {a}, the regular languages L; :== {a’ | i < j}
where ¢ € N form an infinite descending chain Ly D L1 D Lo D ---. These semi-
lattices are also not complete (see above). W.r.t. cyclic FBoxes, we can thus not
conclude convexity by Theorems 8 and 9.

For a restricted class of FBoxes, however, we obtain systems of language
inclusions known to be solvable in exponential time [11]. An n-ary operation H
on DFA(X) is left-linear if H(%q,...,%X,) = X102 U---UX, 02, UDB and
right-linear it H(Xq1,...,%X,) =210XU--- U2, 0X,, UB, where 2Ay,...,2A,,B
are DFAs. An FBox F is linear if the operations in its FIs are either all left-linear
or all right-linear.

Proposition 26. The regular-language domain Dpga(x) has exponential-time
computable canonical valuations and is EXP-admissible w.r.t. each linear FBoz.

Proof. Fix a left-linear FBox F and a constraint set I". The union F U I is a
system of left-linear inclusions. Now, we can translate between inclusions and
equations since X C Y iff. X UY =Y. Let (FUI')~ be the so obtained system
of left-linear equations. Its satisfiability can be decided in exponential time and,
more importantly, it has a largest solution, which consists of regular languages,
and a representation by DFAs is computable in exponential time [11]. It is easy
to see that there is a one-to-one correspondence between solutions of (F U I")~
and valuations satisfying F and I'. It remains to verify that the largest solution
yields the canonical valuation as per Definition 7.

1. Each solution of (F U I")~ satisfies F, and thus also the largest.

2. Each solution satisfies I, and thus also the largest, which yields the if direc-
tion. For the only-if direction, let g < B be satisfied in the largest solution
of (FUI)=, and consider a valuation satisfying F and I", which is another
solution of (F U I')=. The latter is thus contained in the largest solution,
and thus it also satisfies g < B.

Last, right-linear systems (from right-linear FBoxes) can be treated by their
mirrors/reversals, which are left-linear [11]. Their largest solutions must be mir-
rored again to obtain the canonical valuations. (|

When the coefficient languages are finite, then satisfiability of systems of
linear inclusions or equations follows from a more general work on set constraints
[1]. Tt further seems to be possible to add support for left-quotients in left-linear
systems and for right-quotients in right-linear systems, at least for finite prefix
and, respectively, suffix languages [21, 22]|. Recall that the left-quotient of L;
w.r.t. prefix Ly is Lo\Ly = {v | uowv € Ly for some u € Ly }, and its right-
quotient w.r.t. suffix Lo is L1/Ly = {v | vow € L; for some w € Lo }. As a
further side note, systems of linear language inclusions have a largest solution
even if only the coefficient languages on the right-hand sides are regular, and
this largest solution is regular and effectively computable [39].

If precise values (single words) are sufficient for the application, we could also
use the semi-lattice (X*U{L, T}, <, A) where < is the smallest partial order such
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O
O HsC
I ~ N -~ OH
C ~N
e OH CHj; NHs
(a) Gearboxylic acid group (b) Gamino group (¢) GL-1eucine

Fig. 1: Three graphs representing chemical compounds

that L < w < T for each w € X*. The meet operation A thus satisfies T Aw = w,
wAw = w, and wA L = 1 for each w € X*U{L, T}, and wy Awgy = L whenever
wi,we € X* with wy # wy. This semi-lattice is complete and, by Theorem 8,
its hierarchical concrete domain is convex w.r.t. every FBox. Since during the
computation of a canonical valuation each feature value can be refined at most
two times (from T to some w, and then possibly to L), this concrete domain
is P-admissible w.r.t. each FBox in which all operations are polynomial-time
computable. The disadvantage is, however, that string search like in Example 22
is not possible anymore. On the other hand, this suggests that in Dppa(x) and
Dra(x) everything involving only precise values is possible in polynomial time.

3.4 Graphs

All finite, labeled graphs constitute a semi-lattice Graph, where the partial order
< is defined by G < H if there is a homomorphism from H to G. It is well-known
that < is NP-complete, but in P for acyclic graphs. The meet of two graphs is
their disjoint union and can be computed in linear time, and the greatest element
in this semi-lattice is the empty graph. Obviously, Graph is neither complete
nor well-founded, and so we cannot apply Theorems 8 and 9. It thus remains
unclear whether the graph domain Dgraph is convex w.r.t. cyclic FBoxes.

Corollary 27. The graph domain Dgraph has computable canonical valuations
w.r.t. acylic FBoxes. Moreover, it is NP-admissible w.r.t. every acyclic FBoz in
which all operations are polynomial-time computable and yield linear-size results,
and it is EXP-admissible w.r.t. every acyclic FBox in which all operations are
polynomial-time computable.

Proof. The argumentation is similar to Propositions 10 and 11.

Ezample 28. Structural formulas of molecules can be represented as labeled
graphs. Each node is labeled with the atom it represents, and the edges are
labeled with the binding type (e.g. single bond, double bond, etc.). Figure 1
shows three exemplary graphs.® Graph (c) represents L-leucine,® and we can

5 Graphs (a) and (b) are molecule parts whereas Graph (c) is a complete molecule,
which cannot be a part of another molecule. The lower left node in (a) and all outer
nodes in (b) can match any element in a larger molecule, be it partial or complete.

 In Graph (c) the skeletal formula is shown, where labels are optional for carbon
atoms (C) and the hydrogen atoms (H) attached to them.
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integrate it into a KB with the statement L-Leucine = (hasMolecularStructure <
Gl leucine)- Moreover, the statement AminoAcid = (hasMolecularStructure <
Gearboxylic acid group) [ 1(hasMolecularStructure < Gamino group) €xpresses that amino
acids are organic compounds that contain both amino and carboxylic acid func-
tional groups. If I is the KB consisting of the aforementioned statements, then
K ’: L-Leucine & AminoAcid since Grjcucine < gcarboxylic acid group A\ Gamino group-

4 Reasoning in ELTT with Hierarchical Concrete Domains

Like other convex concrete domains, a hierarchical concrete domain Dy, can
be integrated into L7 but, in addition, every E£71[Dr] KB may contain
finitely many FIs. Of course, a model of such a KB must also satisfy all FIs
in it. In order to guarantee that reasoning is decidable, a restriction on the
interplay of RIs and range inclusions must be fulfilled by every ££77[D] KB [6].
To this end, we define the range set of a role r in K by Range(r,K) = { C |
there is a role s s.t. R =r C s and Ran(s) C C € K }, where R is the subset of
all RIs in K. All such range sets can be computed in polynomial time by first
transforming each RI ry0- - -or, Cs into a context-free grammar rule s—rq ... 7y,
see Lemma IV in [10] for details, and then deciding the word problem for this
grammar, e.g. with the Cocke—Younger—Kasami algorithm.

Definition 29. Consider a bounded semi-lattice L. An ELTT[Dy] knowledge
base (KB) K is a finite set of Cls, RIs, range inclusions, and FIs such that

1. Range(s, K) C Range(ry,K) for every RIri0---0r, Es in K withn > 2,
2. and the hierarchical concrete domain Dy, is convex w.r.t. all Fls in IC.

For a complezity class C we say that Dy, is C-admissible w.r.t. K if Dy, is C-
admissible w.r.t. the FBox consisting of all FIs in IC.

For Condition 1 range inclusions on s must not imply further concept member-
ships than already implied by the range inclusions on r,; otherwise emptiness of
intersections of two context-free grammars could be reduced to subsumption [6].
Since Range(s, K) C Range(r, K) already for each RI r C s in K, it above suffices
to require that n > 2.

Reasoning in E£7[D] can be done by means of a rule-based calculus [5, 6,
35], and a hierarchical concrete domain Dy, can be seamlessly integrated into
this calculus. It is only necessary to take the FIs into account, i.e. we replace
the rules responsible for the interaction between concrete reasoning and logical
reasoning, see Section 4.2 for details. However, we restrict attention to safe nom-
inals, i.e. nominals {7} must not occur in conjunctions and each right-hand side
of a concept or range inclusion must not be a single nominal {i}. Full support
for nominals in EL7F[D] is technically quite involved and makes reasoning more
expensive: the degree of the polynomial describing the worst-case reasoning time
would then be larger by 1 [34]. We conjecture that the same works in EL17[Dy,].

Range inclusions are not natively supported by the rule-based calculus, but
they must rather be eliminated [6]. This transformation was originally described
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for KBs in normal form only, but can now be done without prior transformation
to normal form, see Section 4.1 for details.

Assume that K is an E£71[Dr] KB with safe nominals only. Without loss
of generality we assume in the following that X contains only CIs of the form
CLC Dor {i} CC, where C and D are built with the following syntax:

C:=1|C

Cr==T]Cy | CaNCy | CoMConCy ...
Couw=A|f<p|3Ir.Cy|3Ir{i}
Rui=¢| Ry

Ry :=r|RyoR;.

This disallows concepts with | as subconcept, since these are equivalent to L
anyway. It further disallows T in conjunctions and, likewise, € in non-empty role
chains, since these occurrences of T or, respectively, € can be removed without
changing the meaning. Moreover, it explicitly allows conjunctions of all arities,
so that we do not need to use binary conjunctions and a lot of braces.

A subconcept of K is a concept that occurs as a subexpression in K. More
formally, we define the set Sub(K) of all subconcepts of K as follows:

) = J{Sub(C) USub(D) | CC D € K}
) =A{L}

) =A{T}
}

)= {4}

<p)={f<p}

— Sub(Cy1---NCy) ={CiMN---MNC,} USub(Cy)U---USub(C),)
— Sub(3r.C) == {3r.C} USub(C)

4.1 Eliminating Range Inclusions
We first transform K into a KB K~Re" without range inclusions.

1. We copy all statements from K to ~Re" except the range inclusions.
2. For each role r, we choose a fresh atomic concept R, not occurring in IC, and
then we add the following Cls to C—Ran:
— R, C C for each range inclusion Ran(r) C C € K.
— R, C R, for each two roles r, s such that R Er C 8.7
— T E R, for each reflexivity statement ¢ C r € K.
— []Range(r, K) C R, for each role r.
3. Last, in every CI in X ~R2" we recursively replace each existential restriction
3r.C by 3r.(CMNR,), i.e. we replace each CC D in K—Ran with CC D where
—1l:=1
- T=T

7 Recall that R consists of all RIs in K.
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—~

1} := {i} for each individual i

:= A for each atomic concept A

— F<p:= f <p for each concrete constraint f < p?
-Cin---nc,=cin---nc,
—3r.C=3r.(CNR,)

|

However, we need to be cautious with the existential restrictions 3r.{i} since
nominals are not allowed in conjunctions (safe nominals). We instead exclude
nominals the last case above and additionally define 3r.{i} := Ir.{i}. However,
whenever such an existential restriction is encountered, we need to find out
whether ¢ is an r-successor of some object —if yes, then ¢ is in the range of
r and we should add the CI {i} C R, to K~Re" to ensure complete reasoning
results.

Instead of checking each time whether 7 is in the range of r and to keep the
reasoning procedure simpler, we rather extend the notion of nominal safety by
an additional condition, which is decidable in polynomial time:

— If the KB contains a subconcept 3r.{i} and a range inclusion Ran(r) C C,
then Jr.{i} must be reachable from T or a nominal {j} in the following
sense: there are Cls Cy C Dy, ...,C, C D, in the KB such that Cy = T or
Co = {j} for some j € I, Ir.{i} € Sub(D,,), and for each k € {1,...,n},
there is a subconcept Ej € Sub(Dy_1) with Ej C? C. This ensures that
the individual ¢ is in the range of r, so that it must be an instance of C'.

In the end, K£~R2" can be computed in polynomial time.
Lemma V. KR = R, C[Range(r,K) for each role r.

Proof. Consider a role r and let C' € Range(r, K), i.e. there is a role s such that
R ErCsand Ran(s) C C € K. Therefore K~Ren contains R, C R, and R; C C,
and so K~Ra" entails R, C C. O

Lemma VI. Each model T of K can be extended to a model J of KK~R" such
that C7 = CT for each nominal-safe concept C in which the atomic concepts R,
do not occur.

Proof. Given a model Z of KC, we extend it to the interpretation 7 by additionally
defining RY := ([]Range(r, K))%. We show by structural induction that C =
C7 for every concept C in which the atomic concepts R,. do not occur. The only
interesting cases are concerned with existential restrictions, the other cases are
trivial or follow easily from the induction hypothesis.

— Let z € (3r.D)Z, i.e. there is y with (z,y) € r* and y € DZ. The former
yields (z,y) € r7 and, since Z satisfies all range inclusions in K, also y €
([TRange(r, K))Z, i.e. y € RY. By induction hypothesis the latter yields
y€ D7, andso z € (3. (DN R,))7.

8 This works analogously for concrete constraints 3 f. P in general.
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— Conversely, assume z € (37.(C M R,))7, ie. there is y with (z,y) € r7
and y € CY N R7. Then (z,y) € r? by definition of J and the induction
hypothesis yields y € CZ. Thus, z € (3r.C)Z.

Next, we verify that J satisfies all statements in IC~Ra",

— We first consider a CI R, C C where Ran(r) CC € K. Assume y € RY, i.e.

y € ([TRange(r, K))Z. Since C' € Range(r, k), we obtain y € CT and thus
ye 7.

— Assume R = rCs. We need to show that R7 C RY . To this end, let y € RY
i.e. y € ([Range(r,K))%. Since Range(r, ) 2 Range(s,K), it follows that
y € ([Range(s,K))t and so y € RY.

— Next, we consider a CI T C R, i.e. K contains € C r. For each € Dom(7)
we thus have (z, ) € rZ. Since 7 satisfies all range inclusions in &, it follows
that x € ([]Range(r,K))%, and so = € R .

— Consider the CI []Range(r,K) C R, and let = € []Range(r, K). The above
yields x € ([]Range(r, K))%, i.e. z € RY.

— Now we are concerned with each CI C C D where K contains C T D. Since
T = K, we have CT C D%. With C7 = C% and D* = DY it follows that
CcJ CDY.

— Consider a CI {i} C R, in K~R". By nominal safety, there are CIs Cy C
Dy,...,C, E D, in K such that Cy = T or Cy = {j} for some j € I,
3r.{i} € Sub(D,,), and for each k € {1,...,n}, there is a subconcept Fj, €
Sub(Dy_1) with Ej % €. Thus, we have the following:

e CTH0

e CI C DI for each k € {0,...,n}

e DI | () implies Ef # 0 for all k € {1,...,n}

o EI C CF foreach k € {1,...,n}

o DI £ () implies (3r.{i})T £ 0
Putting all together yields (37.{i})T # 0, i.e. there is some x € Dom(Z)
such that (z,i%) € rZ. Since T satisfies all range inclusions in K, we have
il € ([TRange(r, K))Z. Since iZ = i, it follows that iV € RY, as required.

— Last, since every role and every feature has the same extensions in Z and 7,
both interpretations satisfy the same Rls and FIs. |

Lemma VII. For each model J of KR, there is a model T of K such that
CY = C7T for every nominal-safe concept C without any occurrence of R,.

Proof. Let J be a model of X~R2". From it we obtain the interpretation Z by
redefining 1 := { (z,y) | (x,y) € r7 and y € R } for every role r.

We first show by induction that CZ C C7 for each concept C not containing
any atomic concept R,.. This is obvious for L, T, nominals, atomic concepts, and
constraints. For conjunctions, the claim follows easily by induction hypothesis.

— Assume C = 3r.{i}, and let z € C%, i.e. (z,i) € 1. By definition of 7% and
since ¥ = i7 we have (z,i7) € r7. Thus z € CV since 3r.{i} = Ir. {i}.
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— It remains to consider C = 3r.D where D is no nominal. Then C =
3r.(D M R,). Now let * € CZ, i.e. there is y such that (z,y) € rZ and
y € DZ. By definition of rZ the former yields (z,y) € 77 and y € RY, and

by induction hypothesis the latter yields y € DY . It follows that x € C7.

In the converse direction, we show C7 C C7 by induction. This is obvious for
1, T, nominals, atomic concepts, and constraints. For conjunctions, the claim
follows easily by induction hypothesis.

— Consider C' = 3r.{i}. Then C' = C and KR contains the CI {i} C R,. As
a model of KX~Ran_ 7 satisfies {i} C R, i.e. i7 € RY. Now, if # € C7, then
(x,i7) € r7. With i7 = iT we conclude that (z,i) € 7%, i.e. z € CZ.

— Last, let z € (3r.(D M R,))? where D is no nominal. Then (z,y) € r7
for some y € DY N RY. The induction hypothesis yields y € D%, and by
definition of r¥ we have (z,y) € rZ. So x € (3r. D)%,

It remains to prove that Z satisfies all statements in K.

— First let CED be a Clin K. Then K—Ra" contains CC D and thus CY C DY .
As shown above, CZ = C7 and D7 = DZ. It follows that CT C D%, ie. T
satisfies C' C D.

Consider a range inclusion Ran(r)C=C in K, and let (x,y) € 77, i.e. (z,y) € r7

and y € RY. Since K~Re" contains the CI R, C C, we have y € C7, and thus

y € CT.

— Now consider a RI e C 7 in K and let 2 € Dom(Z). Since J = K~R" and

eCr € KR we have (z,2) € 7. Since TC R, € KR we also have

x € R . It follows that (z,z) € rZ.

Next, consider a RI 7 C s in K and assume (x,%y) € rZ. Then (z,y) € r7 and

Yy € R;7. Since J is a model of K=" and r C s is also in X~R*", we have

(x,y) € s7. Moreover, since R, C R, € K~Ra" we infer that y € RY, and

thus (z,y) € sZ.

— Further consider a RIrj0- - -or,Cs in K withn > 2, and let (zg,2;1) € 7%, ...,
(Tn_1,2,) € L. Tt follows that (g, 21) € 77, ..., (Tpn_1,2n) € rY and z,, €
RY . Since the Rl is also contained in X ~R2" and thus satisfied by 7, we infer
(0, 2y) € 7. Since K~Ra" = R, C[]Range(r,, K) by Lemma V, it follows
that z,, € [JRange(r,,,K)7. Recall from Condition 1 in Definition 29 that
Range(s, K) C Range(r,,K), and thus x, € [|Range(s,K)7. Since K~Ran
contains [ |Range(s, K) C R,, we obtain z,, € RY . In the end, (zg,7,) € sT.

— Last, the extensions of every feature in Z and J are equal, and so Z and J
satisfy the same FIs. a

Regarding an implementation, it is easy to see that we can dispense with
each additional atomic concept R, when Range(r,K) = @), but it would have
been too tedious to make this distinction in the above proofs.

Proposition VIII. For each nominal-safe ELTT[Dy] KB K, the following
statements hold.

1. K and KR are equi-consistent, i.e. KC is consistent iff. KK~Re" is consistent.
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2. K and K=" have the same classification.
3. KECCD iff. KR = CC D for each two nominal-safe concepts C, D in
which the atomic concepts R, do not occur.

Proof. Lemmas VI and VII yield Statement 1. Statement 2 follows from State-
ment 3, which we show next.

Assume KR = CC D and consider a model Z of K where z € CZ. Accord-
ing to Lemma VI, we can extend Z to a model J of L~R2". Recall that C = CY
and so x € CY, which further yields 2 € DY. Since also DY = DZ, we conclude
that = € DZ.

Conversely, let £ |= C C D and further let 7 be a model of K~Re". By
Lemma VII, there is a model Z of I with D = DY and CV = CZ. It follows
that C7 = CT C DT =D7, i.e. J satisfies CC D. O

4.2 The Completion Procedure

Now, we assume that K is an E£77[Dy] KB that does not contain any range
inclusions. In the following, we construct the set Sat(KC, S), called the saturation
of L w.r.t. S, by means of rules of the form

[71; 7’7[]7 ar, "'aa’rnwﬁla 7671

Such a rule is applicable if the side conditions 1, ...,y are satisfied and there is
an assignment o of the rule’s variables to concepts such that Sat(K,S) contains
all premises o(a1),...,0(au,) but not all conclusions o(51),...,0(8y). The rule
application then adds all conclusions o(51),...,0(5,) to Sat(K,S). In the be-
ginning, Sat(/C, S) is initialized as the empty set. Then, all rules are applied until
no rule is applicable anymore.

To formulate the side conditions, we assume that S is a set of concepts that
contains T and L as well as all subconcepts of K and is closed under subconcepts.
Unless specified otherwise, we will work in the following with the smallest such
set S. The saturation rules are as follows, where F is the FBox consisting of all
FIs in K:

Ro: [CeS]~CLCC

R: [(7 S E;] ~CLCT

RHZ CEDlﬂﬂDnWCEDh,CEDn

Rt: [DiM---ND,€S,n>2;CCDy,..., CCD,~CCEDM---MD,

Ry: Fr.EFeS);CC3r.D, DCE~CLC3r.E

Fag’J_Z C E; dr. l), D E; 1 ~C E; 1

R,: [DeS;CCL~CLCD

Re: [DCE€K];CCD~CLCEFE

Re: [CeS,eCrek]~CLC3arC

Ro5 [Tlo"'OTnES € IC, n > 1], C()EE'Tl.Cl, ey Cn_lgzlrn.Cn ~
(:}) C ds. (321

Rp: [DLv]:':(flSpl)l_l'"l_l(fmgpm)g(gSQ)a (QSQ) ES];CE(f1Sp1)7
s, CE(fm<pm)~CCE(9<q)
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Rp.1: [(fi<p1)M- N (fm <pm) unsatisfiable in D, w.r.t. Fl; CC(f1 <p1),
oy CC(fn<pm)~CLC L

Proposition IX. Consider a bounded semi-lattice L and let IC be a nominal-
safe ELTT[Dy] KB without range inclusions. Further let S be a finite set of
concepts with Sub(KX) €S and T, L € S and that is closed under subconcepts.

1. K is consistent iff. TC L & Sat(K,S) and {i} C L & Sat(K,S) for each
{i} € 8.

2. If K is consistent, then K = C C D iff. C T D € Sat(K,S) for all concepts
C,DeS.

Proof. Tt is easy to verify that each rule applied to CIs entailed by K produces
CIs also entailed by K. By an induction along the applications of the above rules
it follows that every CI in Sat(K, S) is entailed by K. This yields the if direction
of Statement 2. We further conclude that, if T C L € Sat(K,S), then K entails
T C L. Since no interpretation satisfies the latter CI, there are no models of IC,
i.e. K is inconsistent. If Sat(K,S) contains a CI {i} C L with {i} € S, then we
can argue similarly. So also the only-if direction of Statement 1 holds.

Regarding the if direction of Statement 1, assume that T C L ¢ Sat(k,S)
and {i}C L & Sat(K, S) for each {i} € S. Then the following interpretation Zx g,
called canonical model of KL w.r.t. S, is well-defined.

Dom(Zx,s) = {zc | C € Sand CC L ¢ Sat(K,S) }
Tes )y i {i} €8S, and

— 1

rT  otherwise, for each individual 7
— ATrs .= {z¢ | 2c € Dom(Zx,s) and C C A € Sat(K,S) } for each atomic
concept A
— rtes = {(z¢,zp) | zc,xp € Dom(Zx s) and C C 3r.D € Sat(K,S) } for
each role r

It remains to interpret the features. If the concrete domain Dy, has canonical
valuations, then we define:

— fIes(z¢) = vro,7(f) for each feature f and for each zc € Dom(Zk s),
where vp,, 7 is the canonical valuation of the constraint set I'c == { f <p |
CLC(f<p)eSat(K,S)}.

The valuation vr r exists since I¢ is satisfiable —otherwise Rule Rp | would
have produced C' C L, a contradiction to zc € Dom(Zx g). Further recall that
vre,r = (f <p) iff. Do, F = [Ic C (f <p) and, since the Rule Rp has been
applied exhaustively, the latter holds iff. C' C (f <p) € Sat(K, S).

Otherwise, we interpret the features similarly to Claim 2 in Lemma 7 in
[5]. Consider some zc € Dom(Zx g), i.e. Sat(K,S) does not contain C C L.
As otherwise Rule Rp | would have produced C C L, the conjunction [][¢
where I'c = {f<p | CC(f <p) € Sat(K,S) } is satisfiable in Dy, w.r.t.
F (all FIs in K). Now, if every interpretation/valuation satisfying F and this
conjunction [ | I'c also satisfied another constraint in Ag = {g<q | CC(g9<q) &
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Sat(KC,S) but (g < ¢q) € S}, then the constraint inclusion [|I'¢ C | | A would
be valid in Dr, w.r.t. F. Since Dy, is convex w.r.t. F, some g < g in Agz would
be implied by [|[¢, but then Rule Rp would have produced C C (g < q), a
contradiction. There is thus a valuation vc: F — Dom(Dy,) that satisfies F and
such that, for each constraint f <pin S, C C (f <p) € Sat(K,S) iff. v¢ satisfies
f <p. With all these valuations v¢ we can now define:

— fIxs(xc) = vo(f) for every feature f and for each z¢ € Dom(Zxk s).

We continue with proving that xc € DIcs iff. C C D € Sat(K,S) for each
zc € Dom(Zk g) and for each D € S. We show this claim by structural induction
on D. (This is possible since S is closed under subconcepts.)

— If D =T, then ¢ € TZ&s by the very definition of semantics and CC T €
Sat(K,S) by Rule R~.

— Let D = L. Since x¢ ¢ 17%s by the very definition of semantics, the only-if
direction holds. Conversely, if C' C 1 was in Sat(K, S), then z¢ would not
be in Dom(Zx g), a contradiction, and thus the if direction also holds.

— Assume D = {i}. If z¢ € {i}?<s, then C = {i} as well, and thus C C {i} €

Sat(C, S) by Rule Rq.
In the opposite direction, if C'C {i} € Sat(K,S), then this CI can only have
been created by Rule Ry, i.e. C = {i} and thus z¢ € {i}7%s. To see this, note
that Rules RT, R, R3, R3,1, Re, Ro, Rp, and Rp, | never produce Cls with
nominals as conclusion. Moreover, C' C {i} could not have been created by
Rule R since {i} cannot occur in any conjunction (safe nominals). C' C {i}
could not have been created by Rule R since x¢ € Dom(Zk s) requires that
CC 1 ¢ Sat(K,S). Last, CC{i} could not have been introduced by Rule R
since {7} cannot be the conclusion of any CI in K (safe nominals).

— If D = A, then z¢ € ATcs iff. C C A € Sat(K, S) by definition of T s.

— In the case where D is a constraint f < p, the claim follows from the above
definition of the feature interpretations fZ<s. If this was done with the
canonical valuations v 7, then z¢ € (f <p)Ics iff. vr. 7 | (f <p) iff.
CC (f <p) € Sat(K,S). Otherwise, it similarly holds that z¢ € (f < p)xs
iff. vo = (f <p) iff. CC (f <p) € Sat(K,S).

— For D =D;n---MD,, we have:
rc € (DM ---MDy,)tes
iff. z¢ € Dlz’c’s, ..., 20 € DEFS by definition of semantics
iff. {CE Dy, ..., CCD,} CSat(K,S) by induction hypothesis
ifft. CCDyM---ND, € Sat(K,S) by Rules R, and R

— Last, assume D = 3r. E. Recall that z¢ € (3r. E)Zes iff. there is 2y with

(zc,rr) € 758 and 2 € EZ%s. The former holds iff. CC3r. F € Sat(K, S)
by definition of Zx s, and the latter implies F'C E € Sat(K, S) by induction
hypothesis. Rule R3 ensures that C' C 3r. E € Sat(K, S).
It remains to show the opposite direction. If C C 3r. E € Sat(K, S), then we
also have E C E € Sat(K,S) by Rule Ry. The element z is in Dom(Zx )
since otherwise z¢ would not be in Dom(Zx g) by Rule R3 1, a contradiction.
So (¢, zg) € r’&s, and rp € EZ<s by induction hypothesis. It follows that
rc € (3r. B)Ixs | as required.
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Next, we show that Zx g is a model of K.

— Consider a CI DCE € K and an element 2 € DZx.s. By the above claim, the
latter implies CC D € Sat(K, S), and thus Rule Re yields CC E € Sat(K, S).
With the above claim we conclude that zo € EZ<s.

— Assume a RI e C r € K and an element ¢ € Dom(Zx g). Then C € S and
Rule R, adds the CI C'C 3r.C to Sat(K,S). The definition of Zx g ensures
that (v¢,z0) € rIxs.

— TakeaRIrjo0---0r, Cs € K with n > 1 and a pair (z¢,,zc,) € (ri0---0
7,)T%:5. Then there are intermediate elements ¢, with (z¢,,2c,) € rlz’C’S,

.y (wo,_y,m0,) € %S By definition of Tx,s we have {Cy C3Ir,.CY, ...,
Cp-1 E3r,.Cp} C Sat(K,S). Rule R, yields Cp C 3s.C,, € Sat(K,S), i.e.
(zcy,z0,) € sTFS.

— If the feature extensions are defined through the canonical valuations v r,
Tk s satisfies all FIs since all canonical valuations satisfy F (the FIs in ).
Otherwise, the instead used valuations v¢ satisfy F and thus Zx g satisfies
every FI as well.

Since Ix s = K, we conclude that K is consistent.
Last, it remains to verify the only-if direction of Statement 2. To this end,
assume that K is consistent and let K = C C D for concepts C, D € S.

— If Sat(K, S) contains C'C L, then the CI C' C D was added by an application
of Rule R to Sat(K, S).

— Now let CC L & Sat(K,S), i.e. zc € Dom(Zk,s). Since K is consistent, Zx g
is a model of K and thus satisfies the CI C'C D. Since C' C C € Sat(K, S) by
Rule Ry, the above claim yields z¢ € CZ%s and thus xc € DS, Another
application of the above claim shows that C' C D € Sat(K, S). a

Lemma X. Sat(K,S) can be computed in polynomial time.

Proof. All rules but R, only yield CIs CC D in which both concepts C' and D are
contained in S, i.e. the size of all CIs produced by these rules is at most quadratic
in the size of S and the total number of rule applications is at most quadratic
too. The Rule R, instead produces Cls Cy C Is.C,, where Cy and C,, are both
in S but Js.C),, need not always be in S. Thus, the overall number of produced
CIs in Sat(K,S) is bounded by k? - £, where k is the number of concepts in S
and / is the number of Rls in K. A single rule application needs only polynomial
time. Finally, finding the next applicable rule is possible in polynomial time as
follows. One tries the rules in the order given. For Rule R, one goes through
all conjunctions Dy M--- M D,, € S, which are polynomially many, and for each
of them one checks if CIs C' C Dq, ..., C C D, have already been produced.
(Naively checking all subsets of already produced Cls would need exponential
time instead.) One similarly checks for applicability of Rule R,. For the other
rules it is obvious that applicability can be checked in polynomial time. |

By putting Propositions VIII and IX together we obtain the following.
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Corollary XI. Assume that L is a bounded semi-lattice and let IC be a nominal-
safe ELTT[Dy] KB. Further consider a finite set S of concepts in which the
atomic concepts R, do not occur, that is closed under subconcepts, and such that
T,L €S and Sub(K) CS. Then letS:={C |C €S}.

1. K is consistent iff. TC L ¢ Sat(K~R"S) and {i} C L & Sat(K~R"'S) for
each {i} € S.

2. IfK is consistent, then K |= CCD iff. CCD € Sat(K~Ra".S) for all concepts
C,DeS.

4.3 Computational Complexity

Next, we determine the computational complexity of the saturation procedure.
To this end, we show that each EL£7T[D] KB has at most polynomially many
subconcepts, and that the size of Sub(KC) is polynomial in the size of K. The size
is defined recursively:

— K| =X(|CCD||CCDeK)
- |CCD|=|C|+|D|+1

— |1 =1
- |T|=1
i} =1
- |Al =1

— 3f1, . foPl=k+2
=[G NG| = [C1 + -+ [Cp] + (n = 1)
— |3r.C|=|C|+2

We show by induction on the structure of C that the size of Sub(C') is polynomial
in the size of C.

— Recall that Sub(C) = {C} if C'is 1, T, a nominal {i}, or a atomic concept
A. In these cases the size of Sub(C') is obviously linear in the size of C.

— Regarding conjunctions. Since Sub(C1M---MC,,) = {C1M---NC,, }USub(C1)U
-+-USub(C,), the size of Sub(CyM---MC,,) is the size of C; M ---MC,, plus
the sizes of Sub(C4), ..., Sub(C},). By induction hypothesis, the size of each
Sub(C;) is polynomial in the size of C;. Since the size of each C; is bounded
by the size of Cy M --- M Cy, it follows that the size of Sub(Cy M---MC,,) is
polynomial in the size of Cy M --- M C),.

— For existential restrictions, we have Sub(3r.C) = {3r.C}USub(C). Thus the
size of Sub(3r.C) is the size of Ir.C plus the size of Sub(C). By induction
hypothesis, the latter size if polynomial in the size of C, which is bounded
by the size of Ir.C. We conclude that the size of Sub(3r.C) is polynomial
in the size of 3r.C.

Finally, since for each CI C C D in K the size of C' and the size of D are both
bounded by the size of K, we conclude that the size of Sub(K) is polynomial in
the size of K.
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Theorem 30. Let L be a bounded semi-lattice. For all nominal-safe EL71[Dy]
KBs w.r.t. which the hierarchical concrete domain Dy, is P-admissible, the follow-
ing reasoning tasks can be dome in polynomial time: consistency, classification,
subsumption checking, instance checking, and concept satisfiability.

Proof. According to Corollary XI, KB consistency and subsumption checking
can be done by first computing £~R" and S (both in polynomial time), then
computing Sat(KX~R" S) (in polynomial time by Lemma X), and finally looking
up whether it contains particular Cls, where for checking a subsumption C' C
D the set S must contain both C and D. Instance checking is a special form
of subsumption checking since CAs can be expressed by means of nominals.
Obviously also concept satisfiability is a special form of subsumption checking.
Finally, Sat(X~R2" S) contains a classification of K. O

Currently the fastest ELR* reasoner is ELK [35], which is a highly optimized,
multi-threaded implementation of the polynomial-time saturation algorithm. It
can classify SNOMED CT, a large medical ontology with more than 360,000
atomic concepts, in a few seconds on a modern laptop. ELR* is EL7T[D] without
range restrictions, nominals, and concrete domains. It might be useful to extend
ELK with support for range restrictions, safe nominals, and hierarchical concrete
domains.

In the proof of the above result, we build a canonical model of the input KB
iff. it is consistent. Now with the hierarchical concrete domains we can use the
canonical valuations for this. The benefit is that the canonical model is complete
for all assertions {i} C C, before it was only complete for such assertions where
C contains no concrete constraints. Our canonical models are thus appropriate
for computing optimal repairs [9, 10, 37, 38] of KBs involving concrete domains.

We can also use NP- or EXP-admissible concrete domains in E£71. Reason-
ing works in the very same way, i.e. the logical reasoning can still be done in
polynomial time, but the concrete reasoning is more expensive.

Theorem 31. Fiz a bounded semi-lattice L. For all nominal-safe ELT1[Dy]
KBs w.r.t. which the hierarchical concrete domain Dy, is NP-admissible, the fol-
lowing reasoning problems are in NP: consistency, concept satisfiability, sub-
sumption checking, and instance checking. They are in EXP if Dy, is EXP-
admissible. In both cases, the classification can be computed in exponential time.

4.4 The Canonical Model

Definition XII. Let L be a bounded semi-lattice such that the hierarchical con-
crete domain Dy, has canonical valuations, and assume that the signature con-
tains only finitely many individuals. Further consider a consistent, nominal-safe
ELTTDL] KB K and define S = {1, T} USub(KC) U { {i} | i is an individual }
and S := {C | C € S}. The canonical model Zx is obtained from the canonical
model Tic—ran 5 in the proof of Proposition IX by redefining role extensions as in
Lemma VII.
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It follows from Lemma X that the canonical model Zx can be computed in
polynomial time.

We will show that Zx is universal w.r.t. nominal-safe assertions, i.e. K = i:C
iff. Zx | i: C for each individual ¢ and for each nominal-safe concept C.
The above canonical models are thus suitable for computing optimal repairs
of ABoxes w.r.t. static ontologies. More generally, we will show that £ = CC D
iff. Zx E C C D for each C' € S and for each nominal-safe concept D. Therefore
these canonical models are also appropriate for computing optimal fixed-premise
repairs of KBs (where the ontology is not considered static but can be modified).

Definition XIII. A nominal-safe simulation from an interpretation T to an-
other interpretation J is a relation & C Dom(Z) x Dom(J) such that

1. (i%,i7) € & for every individual i
and the following hold for each pair (z,y) € &:

2. For each atomic concept A, if x € AT, then y € A7 .

3. For every role r, if (z,2") € r%, then there is y' such that (z',y') € & and
(y,y') €.

4. For each constraint f <p, if v € (f <p)L, theny € (f <p)7.

5. For every individual i, if (z,i%) € r%, then (y,i7) € r7.

Lemma XIV. If G is a nominal-safe simulation from T to J with (z,y) € &,
and C' is a nominal-safe concept with x € C, then y € CY.

Proof. We show the claim by induction on C'. The cases where C'is | or T are
trivial, and those where C' is an atomic concept, a constraint, or of the form
Ir.{i} follow directly from Definition XIII. When C' is a conjunction, then the
claim follows easily from the induction hypothesis.

It remains to investigate the case C' = Ir.D. To this end, let x € (3. D)%,
i.e. there is 2’ such that (z,2’) € r* and 2’ € DZ. Definition XIII yields some 3’
such that (2/,y') € & and (y,y’) € r7. So we infer that ¥’ € D7 by induction
hypothesis, and thus y € (3r. D)7, as required. 0

Lemma XV. Consider a bounded semi-lattice L such that Dy, has canonical
valuations, and let K be a consistent nominal-safe EL[Dy] KB.

1. A concept C € S is satisfiable w.r.t. K iff. xz € Dom(Zx).
2. K= CC D iff. g € DIx for each K-satisfiable concept C € S and for each
nominal-safe concept D.?

Proof. We begin with the first claim. Recall that S := {1, T} USub(K) U { {3} |
i is an individual }, and let C € S.

C' is satisfiable w.r.t. K.
iff. CECCE L

9 D is an arbitrary nominal-safe concept and need not be in S.
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iff. CC L ¢ Sat(K~Ran S) (by Corollary XI)
iff. 2z € Dom(Zic—rn5) (see proof of Proposition IX)
iff. xz € Dom(Zx) (by Definition XII)

Next, we show the second claim. Let K = C'C D. Since C € S, Rule Ry adds
CCC to Sat(K~Ran S), and thus the claim in the proof of Proposition IX yields
25 € Cfc—FRn 5 Lemma VII yields that @ € C¢ and that Zx is a model of K.
We therefore conclude that e € DZx.

In the converse direction, assume 2z € DZ* and further consider a model T
of K such that y € CZ. By Lemma VI we obtain from Z a model [J of K~Ran
such that CT = CY. We will show that the relation & := { (z5,y) |y € EZ } is a
simulation from Zy—rn 5 to J. Then, y € C7 implies (zz,y) € S. Furthermore,
ze € DIc implies 25 € Dic—rens by definition of Zx and Lemma VII, and so
y € DY by Lemma XIV. Finally, Lemma VI yields y € D%, and we are done.

It remains to verify that & is a nominal-safe simulation.

1. Consider an individual 4. It is trivial that i< € {i}Z, and so (x{i},iz) € 6.
Since {i} € S, we have i*x—fn5 = ;3. Moreover, i* = ¢/ by definition
of J. We conclude that (ifx—%5 i7) € &.

For the other conditions we consider a pair (75,y) € &, i.e. y € EZ.

2. Let 25 € ATc—"5 for an atomic concept A, i.e. EC A € Sat(KL~Ran S).
Proposition IX yields that X~R" = EC A. With J being a model of X ~Ran
we infer E7 C AY. According to Lemma VI, we have EZ = EY | and thus
ye A7,

3. Assume (27, 2F) € r’c=®5 for a role r, i.e. EC 3r.F € Sat(K~R )
With Proposition IX we infer X~R" = F C 37.F and thus EY C (Elr F)
Since y € EZ and EZ = EY by Lemma VI, there is z with (y,z) € »7 and
2z € F7. Since IV = FT by Lemma VI, the latter implies (27, 2) € &, and
we are done.

4. Consider 25 € (f < p)I’C*Ra“E for a constraint f <p. Since Dy, has canonical
valuations, we have ffx=f"5(25) = vr= #(f), and thus vy #(f) < p or
rather vrz 7 = (f <p). It follows that Dr,, F =[5 C (f <p). Recall that
I'e={g<q|EC(9<q) eSat(K~F"S)}.

Since F C K~Ra" we have J |= F. Since y € EZ, we have y € E7. Recall
from the proof of Proposition IX that KX—Re" = Sat(K=Rn S), ie. J =
Sat(K—Ran S). It follows that y € ([1'5)7 and thus y € (f <p)7

5. Last, assume (zg5,i < %"8) € r7x=f5 for an individual 7. Recall that

{i} € S, and therefore i*x—Rn5 = = zy;y and EC3r.{i} € Sat(K~R",S). Since

J is a model of Sat(KX~Re" S) and EZ = E7, it follows that y € (3r.{i})7,

e. (y,i7) e rd 10

10 Here we need that S contains all nominals. Otherwise, when {i} ¢ S, we would have

iTc—RnS — g0 and thus EC 3. T € Sat(K~Re" S). Thus, we could only infer that

y € (3r.T)7, but not that (y,i7) € r7.
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Proposition XVI. K = CC D iff. Ix = CC D for each C € S and for each
nominal-safe concept D.

Proof. Let K =CLCD and zx € CZx . Then K E E C C by Lemma XV, and
thus K = E C D. Again by Lemma XV we obtain that x5 € DZ<, as required.

Now let Zx = C C D. Since K = C C C, Lemma XV yields 25 € CZ<. It
follows that 5 € D**, and thus K = C C D by Lemma XV. ]

5 Future Prospects

An interesting question for future research is whether non-local feature inclusions
f<H(Rjiog1,...,R,og,) would lead to undecidability or could be reasoned with,
where the R; are role chains. The operator must then be defined for lists of values,
like in the non-local feature inclusion combinedWealthC> " (hasAccountobalance)+
> (holdsAsset o value) over the interval domain, which computes the aggregated
wealth of a person or company. At first sight, it seems that the undecidability
proof for EL(Dgz ) [14] cannot be adapted to this setting. (Mind the braces:
(D) instead of [D] allows for role chains in front of features.) The computation
of canonical valuations must then take into account the graph structure induced
by the role assertions entailed by the knowledge base.

In order to get rid of the global bounds ¢ and ¢ in Propositions 16 and 17,
linear-program solvers that can work with solution polytopes over the extended
reals Ry U {oo} would be helpful.

It is currently unclear whether the graph domain is admissible w.r.t. cyclic
FBoxes. Approaches to solving systems of equations or inequations involving
graphs would be necessary to tackle this question.

Since the hierarchical concrete domains are convex by design, they are also
appropriate for other Horn logics such as E£Z, Horn-ALC, Horn-SROZQ, and
existential rules. It would thus be interesting to extend the chase procedure with
support for such domains.
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