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Chapter 1
Introdu tion
Explanations are an essential omponent for the development of s ien e. Very roughly,
s ienti progress an be divided into two steps, ea h having a lose onne tion to a
di erent interpretation of the word explanation: nding a theory that explains a set of
observations, and explaining why a given fa t an be dedu ed from a spe i theory.
When onfronted with a set of observations, one an try to produ e a general
theory that explains them; in other words, one from whi h all su h observations are
a onsequen e. The adje tive general anteposed to the word theory is intended to
express that this theory an be used to dedu e not only the given observations, but
also additional, possibly previously unknown, fa ts. These additional fa ts allow for
our theory to be tested, by designing experiments that on rm or ontradi t them.
The theory be omes stronger with ea h new observation that on rms it, but the
moment one ontradi ting observation is found, the theory needs to be refuted and
repla ed by a new one that a ounts also for this observation.
A refuted theory needs not be totally wrong; indeed, it is possible that only a minor
portion of the whole theory is responsible for the ontradi tion between the dedu ed
fa ts and the new observations. Instead of reating a new theory from s rat h, one
an try to remove the wrong portions; that is, those from whi h the ontradi ted
fa ts an be dedu ed, and then extend this theory to a ount for all the observations
that do not follow anymore from the redu ed theory. Finding the wrong portions of
the theory an be seen as explaining the ontradi ted fa ts, within the ontext of the
theory.
One famous example of this pro ess is the dis overy by Johannes Kepler of the
ellipti al shape of planetary orbits, as des ribed in his Astronomia Nova. Using the
very pre ise and methodi measurements of the position of the planet Mars made by
Ty ho Brahe during his lifetime, Kepler found a displa ement of up to eight minutes of
a degree with respe t to the position predi ted by the astronomi theory of the time.
Convin ed of the pre ision of the measurements, this admittedly small displa ement
prompted him to orre t the theory. His rst step onsisted on showing that a ir ular
orbit was in ompatible with Brahe's observations, thus distinguishing the hypothesis
of ir ular planetary motion as the sour e of the disparity between the theory and
said observations. Keeping the rest of the astronomi al theory inta t (for instan e,
still assuming that the sun was a stationary body in spa e around whi h all planets
1
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traveled) Kepler needed only to nd a shape for planetary orbits that agreed with the
set of observations he had. After trying with di erent ovoid shapes, he nally settled
that an ellipse with very low e entri ity and the sun standing at one of its fo i, best
des ribed the path followed by the planets. This dis overy is nowadays known as his
First Law of planetary motion.
It is perhaps worth noti ing at this point that the term observation is being used
in a very loose manner that an express fa tual observations, su h as the position
of Mars at a given moment in time, as well as more general theories. For instan e,
Isaa Newton's law of universal gravitation an be seen as a general theory explaining,
among other observations, Galileo's law for free fall of bodies and Kepler's rst two
laws of planetary motion.
The importan e of explanations in s ien e has been long known: it an be tra ked
ba k at least as far as Aristotle's Posterior Analyti s, with more re ent examples
in luding Karl Popper [Pop35℄ and John Stuart Mill [Mil43℄. But it was only after
Hempel and Oppenheim's logi -based theory of explanation [HO48℄ that the topi
re eived a wider interest and was treated in a formal and methodi al manner. The
work by Hempel and Oppenheim fo uses on the rst kind of explanations des ribed
above, whi h is alled s ienti explanation in modern Philosophy of S ien e: given
an observation E , a theory T explains E if E an be derived from T and there are no
super uous elements in T ; in other words, if there is no subtheory T 0 of T from whi h E
an also be derived. In this ase, E is alled the explanandum and T the explanans.1
What distinguishes [HO48℄ from previous studies on s ienti explanations is the
agnisation of the need for a formal de nition of the terms theory, observation, and
derivation. To this end, the authors propose a language based on rst-order logi , in
whi h the explanandum and explanans need to be represented, yielding logi -based
formal semanti s to the ideas of s ienti explanations: theories and observations are
sets of formulae and formulae in this language, respe tively, while derivation is given
by the standard notion of logi al entailment.
Soon, this theory of s ienti explanations began to be strongly riti ised due to its
ex essive generality. It is interesting that most of these riti isms were not aimed to the
intuitive notion of s ienti explanation, but rather to the representational language
used in their formalisation. Paradigmati examples of this view are the trivialisation
theorems [EKM61℄. Roughly, these theorems show that given almost any arbitrary
senten e E and theory T , it is possible to onstru t a theory T 0 , derivable from T
that works as an explanans for E . In words, what these results say is that when
onfronted with an observation, one an rst onstru t any arbitrary theory, totally
unrelated with the given observation, and from it build an explanation satisfying
Hempel and Oppenheim's notion. Several e orts have been done to solve this problem
by either restri ting the representation language, or imposing additional onditions in
the set of formulae that form an explanans. Hempel himself spent twenty years netuning both, his representation language, and the notion of what is an a eptable
explanation [Hem65℄.
In reality, the trivialisation theorems are less surprising than it might look at rst
1 For

a survey on the origins and rst developments of s ienti explanation, see [Sal89, S h96℄.
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sight. The language introdu ed in [HO48℄ is intended to solve two problems simultaneously: knowledge dis overy, and knowledge representation. As a onsequen e, the
representation language needs to be able to des ribe any on eivable explanans for any
on eivable explanandum. We aim at a fairly less ambitious goal, where the knowledge dis overy problem has been solved already; we will nonetheless rely on the same
notions of explanation, in dependen y with the knowledge representation formalism
hosen.
Knowledge representation deals with the problem of storing the knowledge of a
domain in an eÆ ient and usable manner. The sear h for a solution to this problem
obtained spe ial attention from the se ond half of the past entury as an important
milestone for the area of Arti ial Intelligen e. In a nutshell, before a ma hine is
able to show any intelligent behaviour, it needs to have a me hanism for storing and
manipulating pie es of knowledge. The stored knowledge is usually alled a knowledge
base or ontology. Rather than having a knowledge base expli itly stating every pie e
of knowledge, one would prefer to be able to infer additional information that appears
impli itly in this knowledge base. For instan e, knowing that Albert is a Human,
and that all Humans are Mammals, it should not be ne essary to additionally express
that Albert is a Mammal, as this is a dire t onsequen e of the other two pie es of
knowledge. Our representation language should thus be a ompanied by an inferen e
engine that allows the user to make su h fa ts expli it.
Two early knowledge representation formalisms are Semanti Networks [Qui67℄,
developed by Quillian, and Frames [Min81℄ introdu ed by Minsky. The main drawba k of these formalisms is their la k of a formal semanti s by whi h the knowledge
represented in them an be unambiguously interpreted. Hen e, it was impossible to
onstru t a system that ould infer knowledge from arbitrary knowledge bases. A
system developed for working on su h ontologies required to make hoi es regarding
the semanti s of some of the onstru tors, whi h made it usable only in the spe i
appli ation it was developed for. Des ription Logi s arised as a way to alleviate this
problem, using some of the main ideas of Semanti Networks and Frames, but giving
them formal and easy to understand semanti s.
Des ription Logi s [BCM+ 03℄ are a family of logi -based knowledge representation
formalisms with lear and well-de ned semanti s, built in most ases as sublanguages
of rst-order logi . The family overs a wide range of expressivity levels, with their
orresponding trade-o in omplexity. On the lower part of the expressivity s ale
is the des ription logi EL whose relevant inferen e problems are de idable in polynomial time [Baa03 , Bra04b℄. This logi has been su essfully applied to represent
knowledge from the biologi al and medi al elds [Sun09℄. A fairly more expressive
des ription logi is SHOIN (D), the one behind the Web Ontology Language OWL,
whi h was sele ted by the World Wide Web Consortium as the representation language
for the Semanti Web [HPSvH03℄. Although the inferen e problems for this logi turn
out to be intra table, highly optimized reasoners have been shown to behave well in
pra ti e [HST00, HS04℄.
The existen e of a formal (and re ommended) language motivated people to start
onstru ting realisti ontologies and reasoning with them. Su essful stories rapidly
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triggered the proliferation of more and larger knowledge representation e orts. As the
size of these knowledge bases rapidly in reases, the need of automati explanation and
orre tion tools be omes mu h more obvious. Indeed, ontology development is, just
as software development, an error-prone a tivity. Sin e large ontologies are typi ally
developed by groups of experts, lashes in their individual views may a ount for the
existen e of errors. On the one hand, it is not un ommon to nd experts disagreeing
in parti ular aspe ts of the area being represented. Su h disagreements an easily
provoke the insertion of ontradi tory information to the knowledge base. On the
other hand, even if all experts on ur on the knowledge being modeled, they an
still dissent on the way it should be translated to the representation language. This is
deeply related to the problem of expertise: usually, experts in the domain eld are not
experts in knowledge representation, and vi e-versa. An ideal ontology development
group should be pro ient in both areas. Furthermore, with large ontologies it is
usually hard to predi t the whole e e t of a minor variation, whi h an easily lead to
unexpe ted, if not ne essarily erroneous, onsequen es. Finally, representation hoi es
are sometimes made but not used uniformly or adequatedly along the whole ontology.
In any of these ases, it is desirable to tra k ba k to the spe i portion of the
knowledge base that is responsible for a given onsequen e. In other words, we are
interested in nding justi ations: given a onsequen e E of an ontology T , a portion
T 0 of T justi es E if E is a onsequen e of T 0 and E is not a onsequen e of any
stri t portion of T 0 . Obviously, for this de nition to make any sense, one needs to be
able to divide the full ontology in smaller parts. We will give the name axiom to the
indivisible segments of the knowledge base. Noti e that the de nition of justi ation
orresponds exa tly to the se ond notion of explanation presented at the beginning of
this hapter.
Although nding justi ations by hand may be feasible for very small ontologies,
performing this task without the help of an automated tool seems unrealisti on e
the border of the hundreds of axioms has been rossed; mu h more for ontologies
of the kind of Snomed CT [Spa05, SPSW01℄ whi h has over 340 000 axioms. The
urrent version of Snomed CT lassi es the amputation of a nger as a sub on ept
of amputation of hand. In other words, a ording to this ontology, someone who has
an amputated nger has also su ered the amputation of a hand.This erroneous inferen e follows from only six axioms of the ontology, and is aused by an erroneous use
of a representation s hema developed for des ribing the transitivity of some properties [BS08℄.2
A justi ation distinguishes pre isely those elements of an ontology that are responsible for the derivation of a given onsequen e E . If E is known to be erroneous,
then justifying it means to dete t the sour es of this error; with this knowledge we an
then orre t the ontology and get rid of E . But one should not forget that a single
onsequen e may have more than one justi ation in the given ontology. In order
to ensure that E is not a onsequen e of the orre ted ontology, one would have to
a ount for ea h of these justi ations. Alternatively, we an try to nd a diagnose for
2 In fa t, the same problem with transitivity presents itself in more than one example in Snomed
CT; for instan e, amputation of hand is also lassi ed as a sub on ept of amputation of arm.
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E : a minimal portion of the ontology T su h that, if removed from T , E is no more

a onsequen e. Returning to our original example, Kepler diagnosed that the sour e
of the disparity between the theoreti ally-predi ted and the experimentally-found positions of Mars was the assumption that planets follow a ir ular orbit. Removing
this assumption from the astronomi al theory led to a theory without the unwanted
disparity. This theory, nonetheless, also was unable to predi t the position of any
planet at any time, nor even e lipses or other important astronomi al events. In the
pro ess of removing an unwanted onsequen e, we an easily get rid also of wanted
onsequen es; hen e the need for a diagnose to be minimal, ensuring this way that
the pruning of the ontology produ es as small a hange as possible.
Re alling the notion of s ienti explanation, one an easily on rm that a justi ation for a onsequen e E is in fa t a s ienti explanation for E (seen as an
explanandum) where the senten es of the explanans are restri ted to belong to the
original ontology. Conversely, it is possible to see the onstru tion of an ontology as
the result of knowledge dis overy, in whi h ase a s ienti explanation for E is in fa t
a justi ation for E over the newly generated ontology.3 Noti e that neither notion
of explanation really depends on the representation language used. This in parti ular
shows that, although mu h e ort has been set in dis rediting and xing Hempel and
Oppenheim's notion of s ienti explanation, along with the logi -based representation language they use, it is not the language, nor the theory per se that ause the
main problems of this approa h, but rather the intermediate task of knowledge dis overy, where any arbitrary set of senten es an be used as an explanans. Any language
with suÆ ient expressivity would be trivialisable under su h a general attempt for
explanations.
With the advent of newer representation languages, the original language des ribed
at [HO48℄, as well as its improved versions, remains relevant not so mu h as a knowledge representation formalism, but as a paradigm for the properties that a language
must satisfy before a notion of explanation an be well de ned over it. First, this language must be able to express two kinds of senten es: axioms and onsequen es, having
formal semanti s. Additionally, a notion of derivability of a onsequen e from a set of
axioms is ne essary. Sin e the de nition of explanation requires a minimal portion of
the ontology from whi h the onsequen e follows, derivability must be monotoni in
the sense that growing the knowledge base will only add more onsequen es without
removing any of the previously existent; otherwise, minimality makes no sense at all.
Sin e rst order logi is monotoni , so is Hempel and Oppenheim's language, and
thus is this ondition impli itly satis ed; nonetheless, on e we de ide to work with a
distin t language, this ondition must be ensured. Finally, Hempel did realise that
not every set of axioms an be onsidered a theory: it might be ne essary to ensure an
internal oheren e between the axioms used. The notion of oheren e may obviously

3 A small, but important, distin tion is in order. In s ienti explanation one will usually onsider
a xed ba kground theory over whi h the new theory is being built. Justi ations, on the other hand,
usually onsider ea h axiom as refutable, in order to obtain the real sour e for the dedu tion. This
des ription of s ienti explanation is losely related to the idea of abdu tion in Arti ial Intelligen e.
In this ase, knowledge dis overy would try to nd a set of plausible axioms, alled abdu ibles; a
theory is then extended with a minimal set of abdu ibles to entail the observations.
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hange between languages. Thus it is not only ne essary to de ne axioms in a spe i
language but also whi h sets of them are admissible as ontologies.
A desirable property of any knowledge representation formalism is the ability of
impli itly en oding some pie es of knowledge that an then be summoned by an automati pro edure. In general, we want to have a way to know whether a spe i
senten e is a onsequen e of an ontology; in other words, we require a pro edure that
de ides derivability. The answer that su h a pro edure yields obviously depends on
both, the possible onsequen e, and the ontology under onsideration.
To a ommodate a theory of explanations, we need to make some assumptions on
the theories and the notion of derivability used. First, we assume that any theory an
be divided in parts, ea h of whi h is itself a theory that an be used as an input for
the de ision; in other words, a theory is omposed of subtheories. As said before, we
give to indivisible theories the name of axioms. Se ond, we require derivability to be
monotonous; that is, if E is derivable from a theory T , then it is also derivable from
any supertheory of T . Minimal subtheories from whi h an explanandum E is derivable
are its explanans.
In this work we aim to develop methods for automati ally nding justi ations and
diagnoses for onsequen es of a theory. Instead of working dire tly on the representation language, we onsider derivability via a given de ision pro edure that is orre t
for a monotone notion of derivability. Obviously, explanations depend on derivation,
and thus indire tly also on the pro edure used for de iding it. We will hen e try to
transform a given de ision pro edure into an explanation pro edure whose outputs are
not yes or no, but an en oding of all its justi ations or diagnoses.
De ision pro edures an take a wide variety of forms, and trying to en ompass
all of them in our theory of explanation would be a titani task. Hen e, we fo us on
two prominent approa hes: tableau-based and automata-based de ision pro edures.
These two approa hes have been widely used in des ription logi s, and other areas,
where their distin t omplexity and eÆ ien y properties have been exploited. But, although we will also use des ription logi s for motivating our ideas and de nitions, the
appli ability of our framework is not limited to these parti ular knowledge representation formalisms. We will, for instan e, also show its appli ability to linear temporal
logi (LTL).
In a nutshell, tableau-based de ision pro edures start with some expli it knowledge
translated from the input, and extend it with the appli ation of rules depending on
the theory, deriving the fa ts that are impli itly en oded in the input. The de ision
depends on the expli it knowledge present on e the exe ution of the algorithm halts,
by testing for so- alled lashes in the knowledge produ ed. Automata-based de ision
pro edures, on the other side, translate the input into an automaton A from whi h
a de ision is made depending on whether the language a epted by A is empty or
not. The emptiness test of automata tries to disprove that this language is empty,
but without a tually building any element that would belong to it.
It should be noted that in general tableau-based pro edures an de ide a wider
range of problems than their automata-based ounterparts. This follows from the
latter being limited to a epting languages of obje ts having a spe i shape, while
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the rule-based expansion of the former allows for a wider range of options. On the
other hand, the arbitrary shape of stru tures onstru ted makes it harder to ensure
even that the pro edure will ever terminate, and in some ases appropriate te hniques
are ne essary to avoid in nite expansions. This generality will for e us to look deeper
into tableau-based de isions and explanations, and ultimately restri t them to make
sure that an answer will be found in nite time.
Stru ture of the Work

This work is divided as follows. We rst dedi ate Chapter 2 to the introdu tion of
des ription logi s and the temporal logi LTL as well as their main de ision problems,
along with tableau-based and automata-based algorithms for solving them. These
algorithms will be used in the next three hapters to motivate our approa h to automated explanations. The hapter is meant as a pra ti al introdu tion to tableauand automata-based de ision pro edures and their asso iated te hniques; as su h, the
hapter summarises relevant portions of [BS01, BHP08, WVS83℄.
Chapters 3 and 4 deal with the tableau-based approa h. The former hapter formalises rst the notion of a tableau-based de ision algorithm, what we all a general
tableau, that re eive as input an ontology and a senten e, and de ide whether the
senten e is derivable from the ontology. Our notion of general tableaux overs also
some algorithms that are histori ally not onsidered to be tableau-like su h as resolution [Rob65, Lei97℄, ongruen e losure [NO07℄, and the subsumption algorithm
for the Des ription Logi EL [BBL05℄. We then show how to hange these general
tableaux to obtain an algorithm that omputes an en oding of all explanations of the
input senten e within the input ontology. Our en oding will be through a so- alled
pinpointing formula: a monotone Boolean formula whose minimal satisfying valuations have a one to one orresponden e with justi ations. Finally, we show that our
approa h has problems with termination, in the sense that the algorithm proposed
may not be able to yield a pinpointing formula in nite time.
In the latter hapter we try to solve the problem of termination by taking from the
ideas of terminating tableaux used in des ription logi s, whi h mainly exploit the treeshape of the generated models. Termination is a hieved in two di erent ways. First,
we introdu e a sub- lass of tableaux whose so- alled pinpointing extension always
terminates without the need of any spe ial stopping me hanism. Afterwards, we
fo us in formalising a notion of blo king: a method that allows us to dete t y li
omputations and a ordingly stop the exe ution of the algorithm without harming
its orre tness. The introdu tion of blo king to the tableau framework for es us to
adapt the pinpointing extention in an appropriate fashion. Thus, orre tness needs to
be proved again for this variant setting. The ideas and results of these two hapters
were rst published in [BP07, BP09℄.
We then hange our attention in Chapter 5 to the automata-based approa h. Given
an automaton de iding a property, we show how to onstru t a weighted automaton whose so- alled behaviour is a pinpointing formula. We then show a bottom-up
method for omputing this behaviour in time polynomial on the size of the automaton.
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The results presented here were originally published in [Pe~n08, BP08℄ for the spe ial
ase of looping automata. Here we present an extended version that an deal with
generalised Bu hi automata and a wider range of restri tions.
Before giving our on lusions and brief ideas for future work, we nish in Chapter 6
with an analysis of the omplexity of explanation divided in three parts: rst we show
the omplexity of nding justi ations; then, we show analogous results for nding
diagnoses, and nish the se tion by showing that the pinpointing formula annot, in
general, be represented in spa e polynomial on the size of the input ontology. These
omplexity results extend those shown for justi ations and laimed to hold also for
diagnoses in [BPS07a, BPS07b℄. We then return to the tableau-based approa h to
show that it is impossible to fully hara terise the lass of all tableaux having a
terminating pinpointing extension.
Related Work

The study of justi ations in Des ription Logi s has only re ently begun. To the
best of our knowledge, the rst attempt to ompute the justi ations for unwanted
onsequen es of a DL ontology was done by S hloba h and Cornet. In [SC03℄, the
authors show that the standard tableau algorithm for the DL ALC [SS91℄ that de ides
satis ability w.r.t. so- alled unfoldable terminologies, an be extended with labels
that keep tra k of the axioms responsible for an assertion to be generated during
the exe ution of the algorithm.4 They also oin the term axiom pinpointing, whi h
we ontinue to use, to des ribe this task. Later on, S hloba h [S h05℄ showed that
diagnoses an be omputed from the set of all justi ations by means of a Hitting Set
omputation, following Reiter's Theory of Diagnoses [Rei87℄.
The problem of nding justi ations and diagnoses in a DL knowledge base was
a tually onsidered one de ade earlier in a di erent ontext. In [BH95℄, Baader and
Hollunder onsider the problem of extending DLs with default rules, whi h they solve
by introdu ing a labeled extension of the tableau-based onsisten y algorithm for
ALC w.r.t. ABoxes [Hol96℄. The two labeling approa hes, namely [BH95℄ and [SC03℄,
follow very similar ideas. Fa toring for the di erent kinds of axioms onsidered, the
main di eren e between the algorithms is the shape of the output: while the algorithm
in [SC03℄ yields all the justi ations dire tly, the one by Baader and Hollunder outputs
a monotone Boolean formula, from whi h all the justi ations an then be dedu ed.
The two approa hes have sin e then been extended to allow for more expressive
languages. On one hand, S hloba h and Cornet's method [SC03℄ was extended by
Parsia et al. [PSK05℄ to DLs using a wider variety of onstru tors. On the other, the
ideas of [BH95℄ were extended by Meyer et al. [LMP06℄ to the ase of ALC terminologies that use general on ept in lusion axioms, whi h are no longer unfoldable.
In [HPS08℄ the idea is further extended to deal with portions of axioms, to allow for
a more pre ise understanding of the auses of derivability. In reality, the use of the
DL ALC in both of the original approa hes [BH95, SC03℄ was intended to work as a
prototype that ould be easily extended to other DLs with a tableau-based de ision
4 In

this ase, the unwanted onsequen e was the unsatis ability of a on ept name.
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pro edure. However, the extension in [LMP06℄ showed that some te hniques used in
tableau algorithms, su h as blo king, require spe ial attention when building their
labeling extension to keep orre tness. Our tableau-based approa h to pinpointing
tries to show how the same ideas an be applied in a more general setting.
In our general approa h we fa ed the problem of how to ensure that the pinpointing
algorithm will terminate in nite time. This problem arises already for tableau-based
de ision pro edures, and it is dire tly inherited by their pinpointing extensions. A
general solution for de ision algorithms was proposed in [ST08, ST07℄ in whi h a rule
is added to the tableau and always eagerly applied. This solution is not satisfa tory
for us, as we want to allow any possible ordering for rule appli ation in both, the
original tableau and its pinpointing extension.
All the previously ited approa hes belong to the ategory of glass-box methods, in
whi h the de ision algorithm needs to be tempered with to reate the algorithm that
outputs all justi ations. Sin e modern DL reasoners [HM01, Hor98, SP04℄ use several
optimizations that annot be applied to the labeling extension, re ent resear h has also
looked at ways of omputing justi ations using (unmodi ed) reasoners as a subproedure. Most of these so- alled bla k-box methods [BS08, KPHS07, SHCH07, Sun09℄
use a variant of Reiter's Hitting Set algorithm [Rei87℄, while trying to minimize the
sear h spa e by either synta ti al or semanti al onditions. The bla k-box approa h
has the lear advantage of being able to use the most eÆ ient reasoner available without bigger implementation problems; however, this reasoner may need to be alled an
exponential number of times before all justi ations are found. Trying to ouple the
advantages of both glass-box and bla k-box algorithms, a mixed approa h has been
onsidered for the EL family of DLs. This mixed approa h uses a glass-box method
to ompute a small (possibly non-minimal) set of axioms from where the onsequen e
still follows, whi h is later minimized using bla k-box te hniques [Sun09℄.
Although automata-based de ision pro edures have been widely used in the DL
ommunity [BHP08, BT01, CDGL99, CDGL02, LS00℄,5 there has been no prior attempt to onstru t a glass-box pinpointing algorithm based on the automata approa h.
For our automata-based pinpointing framework, we had to onstru t, and ompute the
so- alled behaviour of, weighted automata on in nite trees. Surprisingly, study on the
area of weighted automata on in nite trees has only very re ently begun, with its origin at [DKR08, KL07℄. As a result of this, we needed to develop our own algorithm for
omputing the behaviour of these automata. Sin e the beginning of our work with automata, a di erent algorithm was developed independently by Droste et al. [DKR08℄.
We will show that, when applied to pinpointing, the algorithm in [DKR08℄ is a tually
equivalent to a nave bla k-box method.
The problem of axiom pinpointing has arisen, usually with di erent names, in
several distin t resear h areas. The SAT ommunity has onsidered the problem of
omputing maximally satis able and minimally unsatis able subsets of a set of propositional formulae. Solutions to this problem in lude bla k-box approa hes that all
a SAT solver [BS05, LS05℄, as well as glass-box methods that extend a resolution5 Up

to now, automata-based pro edures are used mainly for proving theoreti al results in DLs.
However, reasoners based on an automata-based algorithm for the temporal logi LTL have been
su essfully used in pra ti e for Model Che king [GO01, GPVW95, Hol97℄.
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based SAT solver [DDB98, ZM03℄. In Linear Programming, several people have
been interested in nding irredu ible infeasible sets (IIS): minimal subsets of linear restri tions that have no solution. Several methods exist that ompute one
IIS [Chi97, CD91, TMJ96℄ using a bla k-box method. To the best of our knowledge, there is no glass-box approa h to solving this problem. A di erent idea was
presented by Gleeson and Ryan [GR90℄, showing that there is a bije tion between the
set of IIS and the optimal solutions of a dual linear programming problem. This idea
was later employed by Bruni [Bru05℄ to nd all minimally unsatis able subsets from
a set of propositional formulae.
Another area where omputing justi ations has a spe ial interest is Satis ability
Modulo Theories (SMT) (see, for instan e [ACGM04, BBC+ 05, GHN+ 04℄). SMT
tries to nd satisfying valuations of propositional formulae where ea h propositional
variable represents a restri tion from a ba kground theory. Modern SMT solvers use a
glass-box approa h to nd a single (possibly non-minimal) on i ting set of restri tions
that voids the urrent valuation in as short a time as possible [NOT06℄.
Additionally from DLs, we use the temporal logi LTL to exemplify our automatabased approa h. We view the onjun ts of an LTL formula as axioms and the justi ations are minimal unsatis able subformulae that allow us to understand the overall
unsatis ability of the original formula. Although this setting seems not to have been
onsidered for LTL before, it is losely related to the problem of omputing unsatis able ores that has appeared in the SAT ommunity [LS04℄.
As it was readily mentioned, the task of nding justi ations losely resembles that
of abdu tion. Abdu tion uses a ba kground theory and an additional set of axioms
alled abdu ibles. The reasoning task onsists in nding minimal sets of abdu ibles
that, when added to the ba kground theory, entail a given query. Abdu tion has
been studied in several elds, but of spe ial importan e for this work is its appli ation to propositional logi (for instan e, de Kleer's ATMS [dK86a, dK86b, dK86 ℄),
and in parti ular the omplexity results that have been obtained for Horn formulae [EG95a, EM02℄. We will use a similar approa h for several of our omplexity
results in Chapter 6. Re ently, the problem of abdu tion has also been onsidered in
the DL EL [Bie08℄.
It is important to noti e that for really understanding a onsequen e, omputing
justi ations and diagnoses is usually insuÆ ient. Individual axioms may be already
hard to interpret, and the relationship between them far from obvious. In the former
ase, one would like to highlight the spe i portions of the axiom that play a role
in the derivation of the onsequen e [HPS08℄; in the latter, one an try to ombine
several axioms in a single, easier to understand, new axiom also alled lemma [HPS09℄.

Chapter 2
Logi s and De ision Pro edures
The main goal of this hapter is to des ribe, by means of examples, two of the most
prominent approa hes to de iding properties in logi in general, and in parti ular in
des ription logi s; namely, tableau-based and automata-based de ision pro edures.
Several logi s will be used as a show ase to shine light of the pe uliarities of ea h of
these methods. First we introdu e the main reasoning problems for members of the
family of Des ription Logi s having di erent expressivity, for whi h we will present
tableau-based de ision pro edures. These will work as a basis from whi h our general notions of tableaux (Chapter 3) and blo king (Chapter 4) will be onstru ted.
For the most expressive Des ription Logi presented in this work, that is, ALC with
SI TBoxes, we introdu e also an automata-based de ision pro edure that relies on
the fa t that this logi has the tree-model property by onstru ting representations
of all the tree-shaped models. As an example of an automata-based de ision pro edure requiring additional a eptan e onditions, we in lude the problem of de iding
satis ability of Linear Temporal Logi formulae. The use of this logi to exemplify
our automata-based approa h is further motivated by the fa t that automata-based
de ision pro edures have been su essfully applied in pra ti e for program veri ation [Var96℄ or model he king.
In the rst two se tions of this hapter we des ribe the logi s under onsideration:
we rst give a brief introdu tion to Des ription Logi s and their main reasoning problems in Se tion 2.1, followed by an introdu tion to Linear Temporal Logi . Then, in
Se tion 2.3, we present tableau-based de ision algorithms for the problems relevant to
Des ription Logi s. Finally, the automata-based de ision pro edures are des ribed in
Se tion 2.4.
2.1

Des ription Logi s

Des ription Logi s (DLs) [BCM+ 03℄ are a family of logi -based knowledge representation formalisms ommonly used to represent the knowledge of a given appli ation
domain in a stru tured manner whi h is also easy to understand. The main feature
relating all the logi s in this family is the use of on epts that intuitively des ribe
properties held by individuals in a domain, and roles, or relations between two su h
11
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individuals. What di erentiates one DL from another is the onstru tors it uses for
generating omplex on epts and roles from a set of primitive ones, also alled on eptand role-names. The hoi e of these onstru tors obviously has an impa t not only
on the expressivity of the logi , but also on the omplexity of its reasoning problems.
The most basi onstru tors are the Boolean ones; that is, disjun tion, onjun tion and negation { denoted as t; u, and :, respe tively { with the same intended
meaning as their propositional logi ounterparts. The quanti ers 8 and 9 allow us to
jump beyond the realm of propositional logi and reason about the relations between
individuals, ea h satisfying a given property. The value restri tion 8r:C is satis ed
by ea h individual x su h that, if x is related to another individual y via the role
r, then y satis es the on ept C . Likewise, the existential restri tion 9r:C des ribes
the individuals that are related via r to some individual belonging to C . One an
additionally use the top > and the bottom ? on epts, that are satis ed by all and
none individuals, respe tively. The most basi DL using all of these onstru tors is
ALC, an a ronym that stands for attributive language with omplements originally
introdu ed in [SS91℄.

De nition 2.1 (Syntax of ALC ). Let CN and RN be two disjoint sets of on ept- and
role-names, respe tively. The set of ALC on ept terms is the smallest set ontaining
CN and su h that if C; D are two on ept terms and r 2 RN is a role name, then
C u D; C t D; :C; 9r:C and 8r:C are all on ept terms.
If it is lear from the ontext we will usually say ALC on ept or even just on ept
instead of using the longer name \ALC on ept term".
Let us instantiate De nition 2.1 with an example. When modeling the domain of
human evolution, one an des ribe a des endant of an Homo ergaster with the on ept
9has-an estor:HErgaster, or a spe ies whose evolutionary des endants belong all to the
genus Homo using the on ept 8has-des endant:Homo.
In addition to the onstru tors used by this logi , several others have been onsidered in the DL literature su h as (quali ed or unquali ed) number restri tions,
nominals, and role ompositions, among others (see [BCM+ 03℄). For the s ope of this
work we will fo us on the DL ALC as well as on the logi HL, whi h is the sub-logi
of ALC that allows only for onjun tion and the top on ept as a onstru tors. The
main de ision problems for these two logi s and di erent sets of axioms will require
the introdu tion of several distin t te hniques for solving them. These te hniques will
then be formalised when de ning general de ision pro edures and restri tions in the
following hapters.
Representing the knowledge of a domain may require the use of spe i individuals
that an a t as instan es of on ept terms. These individuals may re eive any name
in the formal des ription, but must be interpreted as elements of the domain. For this
reason, we will use an additional set IN of individual names disjoint from both CN and
RN.
Returning to our evolutionary example, we may introdu e the individual name
Lu y whose intuitive task is to represent the famous Australopithe us afarensis fossil.
The importan e of DLs as a knowledge representation formalism relies on their
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formal semanti s based on interpretations that map all on ept- and role-names to
sets of individuals and sets of pairs of individuals of a spe i domain, respe tively.

De nition 2.2 (Semanti s of ALC ). Let CN, RN and IN be pairwise disjoint sets
of on ept-, role- and individual names, respe tively. An interpretation is a tuple of
the form I = (; I ), where  is a set, alled the domain of I , and I is a fun tion
mapping every individual name a 2 IN to an element aI 2 , every on ept name
A 2 CN to a subset AI   and every role name r 2 RN to a set of pairs rI    .
The fun tion I is indu tively extended to all on ept terms as follows:







(C u D)I = C I \ DI ;
(C t D)I = C I [ DI ;
(:C )I =  n C I ;
(9r:C )I = fd 2  j there is an e su h that (d; e) 2 rI and e 2 C I g;
(8r:C )I = fd 2  j for all e, if (d; e) 2 rI , then e 2 C I g.

The domain knowledge is stored using a set of axioms that restri t the set of admissible interpretations by imposing onditions on the on epts (terminologi al axioms),
individuals (assertional axioms), or roles (role axioms). We distinguish two kinds of
terminologi al axioms: on ept de nitions that, with some appropriate synta ti restri tions, help to de ne ma ros or abbreviations of on ept terms, and general on ept
in lusion axioms that express an in lusion relation between two on epts.

De nition 2.3 (Terminologi al axiom, (A y li , General) TBox). A on ept
de nition is of the form A =: C , where A 2 CN is a on ept name and C is a on ept
term. A general on ept in lusion axiom (or GCI for short) is an expression of the
form C v D with C and D on ept terms.
An a y li TBox is a set T of on ept de nitions that satis es the following onditions:



for every on ept name A, there is at most one on ept de nition in
form A =: C ; and

T



there is no sequen e of on ept de nitions A1 =: C1 ; A2 =: C2 ; : : : An =: Cn su h
that for every 1 < j  n, Aj appears in Cj 1 and A1 appears in Cn .

of the

A general TBox is simply a set of GCIs.

Intuitively, the onditions imposed on a y li TBoxes ensure that every on ept
name is de ned only on e, and the right-hand-side of ea h de nition has no dire t
or indire t referen e to its left-hand-side. General TBoxes are indeed more general
than a y li ones, in the rst pla e be ause ea h on ept de nition A =: C an be
represented with the GCIs A v C; C v A, and se ond be ause there is no restri tion
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on the left-hand-side elements appearing on the right-hand-side on ept term of a
GCI.
For example, we an de ne our spe ies, Homo sapiens, in terms of its evolutionary
an estors and siblings using the on ept de nition
HSapiens

=: 9has-an

:

estor HHeidelburgensis

u :HNeanderthalensis:6

We an also express that Homo and Australopithe us are two disjoint genera, i.e., that
no individual an belong to both of them, with the GCI Homo u Australopithe us v ?.
Noti e that the restri tions imposed in an a y li TBox ensure that ea h on ept
de nition a tually a ts as a de nition of the on ept name appearing in its left-hand
side as an abbreviation of the ( omplex) on ept term in its right-hand side. In
parti ular, this means that a y li TBoxes do not add any expressive power to the
language. Nonetheless, they allow us to express omplex on ept terms and reason
about them in a more su in t fashion [Neb90, Lut99℄.
In some ases, restri ting the on epts does not suÆ e to fully represent the knowledge domain, and we want to spe ify some individuals as members of spe i on ept
terms. For instan e, in the evolutionary ontology we need to express that Lu y is an
Australopithe us afarensis. This fa t an be represented by the so- alled assertional
axiom AAfarensis(Lu y).

De nition 2.4 (Assertional axiom, ABox). An assertional axiom is an expression
of the form C (a), or r(a; b) where a; b 2 IN are individual names, C is a on ept term,
and r is a role name. A set of assertional axioms is alled an ABox.
In the same way that we restri ted the relations between on ept terms by means
of terminologi al axioms, we an limit the possible interpretations of the roles used in
their onstru tion by imposing a set of role axioms. As in the ase of the onstru tors
for on ept terms, several distin t role axioms have been onsidered in the literature
[HS04, HKS05, HKS06℄. In the present work we will fo us solely on axioms that for e
roles to be transitive or inverses of ea h other.

De nition 2.5 (Role axiom, SI -TBox). Let r; s 2 RN be two distin t role names.
The expressions trans(r) and inv(r; s) denote a transitivity- and inverse axiom, respe tively. A role axiom is either a transitivity- or an inverse axiom.
An (a y li , general) SI -TBox is a set S = T [ R where T is an (a y li , general)
TBox and R is a set of role axioms su h that every r 2 RN appears in at most one
inverse axiom.7
6 Unfortunately, there is at the present no full

onsensus on the evolutionary history of human-kind.
The examples presented here show only one of the most a epted views, and are are intended only as
illustrations for our de nitions.
7 The DL ALC extended with transitive and inverse roles, alled SI in the DL literature, is usually
de ned in a di erent manner, using an inverse onstru tor instead of axioms restri ting the interpretation of the role. We de ided to use the equivalent axiomati restri tion sin e an in orre t use of
inverses may lead to unsatis ability, and we want to be able to dete t this ause when performing
pinpointing.
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Syntax
A =: C

Semanti s
AI = C I
C v D C I  DI
C (a )
aI 2 C I
trans(r )
rI is transitive
inv(r; s)
rI is the inverse of sI
Figure 2.1: Semanti s of axioms
On e again using the evolutionary ontology as an example, the role has-des endant
should be interpreted as being transitive, whi h an be enfor ed by in luding the
axiom trans(has-des endant), and as being the inverse role of has-an estor, whi h is
easily done with the introdu tion of the role axiom inv(has-an estor; has-des endant).
When axioms are used, the semanti s of ALC and HL on epts are restri ted
to onsider only those interpretations that satisfy the restri tions imposed by the
spe i ed axioms. Su h interpretations are alled models. In the presen e of axioms,
not all interpretations are taken into a ount, but only those that model them. In
other words, only those interpretations that satisfy the semanti restri tions imposed
by the axioms, as summarized in Figure 2.1, are rendered relevant.

De nition 2.6 (Semanti s of axioms). Given a set of axioms T , I is a model of
I satis es the semanti s of t as shown in Figure 2.1.

T i for every axiom t 2 T ,

The rst question that an be asked of a set of axioms is whether it is onsistent;
that is, whether it is possible to onstru t a model for it or not. This question
is typi ally interesting in the presen e of assertional axioms sin e we want to know
whether some spe i individuals may satisfy the restri tions we are imposing on them.
Additionally to onsisten y, two of the main de ision problems that arise in DLs are
the satis ability and subsumption problems. The satis ability problem onsists in
he king whether there exist a model for a given set of axioms that maps a given
on ept term to a non-empty set. On the other hand, the subsumption problem
he ks whether every model interprets a on ept as a subset of another on ept. A
more formal de nition follows.

De nition 2.7 (Consisten y, satis ability, subsumption). Let T be a set of
axioms and C; D two on ept terms. We say that T is onsistent i there is a model
of T . C is satis able w.r.t. T i there exists a model I of T su h that C I 6= ;. C is
subsumed by D w.r.t. T (denoted C vT D) i for every model I of T it holds that
C I  DI .
It is worth noti ing that, in the presen e of the negation onstru tor, these last
two problems are polynomially redu ible to ea h other. On one hand, a on ept C
is satis able w.r.t. T i C 6vT ?; onversely, C vT D i C u :D is unsatis able
w.r.t. T . For this reason, it suÆ es to design an algorithm that de ides any of those
problems in order to solve the other. In this work, we will fo us on the satis ability
problem when dealing with the DL ALC . In the ase of the very inexpressive logi
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HL, there are no means for expressing negation, and hen e all on epts des ribed in

it are always satis able. For that reason, we will fo us on the subsumption problem
when reasoning in this logi . It is also relevant to realise that de iding satis ability
of a on ept C w.r.t. a set of axioms T is equivalent to de iding onsisten y of the set
T [ fC (a)g where a is an individual name not appearing in T . Basi ally, sin e C is
satis able w.r.t. T i there is a model that maps C to a non-empty set, we an for e
the interpretation of C to ontain a random element in the domain.
Later on in this hapter we will des ribe well known algorithms for solving subsumption of HL- on epts w.r.t. TBoxes, and satis ability of ALC on epts w.r.t. to
the distin t kinds of standard sets of axioms, with an emphasis on the hara teristi s
that are shared between them, and the spe i elements that di erentiate ea h parti ular ase. Before that, we will introdu e Linear Temporal Logi with its relevant
de ision problem.
2.2

Linear Temporal Logi

Linear Temporal Logi (LTL) is an extension of Propositional Logi that allows reasoning about temporal properties, where time is seen as dis rete and linear [GPSS80,
Pnu77℄. The syntax of this logi extends the usual propositional onstru tors with
the onstru tors next, denoted as , and until, denoted as U . Intuitively, the formula
 expresses that the formula  must be true in the next point in time, while U is
true if there is a moment in the future where is true, and  is true at every moment
between the present and the one satisfying . We will now formalise these notions.

De nition 2.8 (Syntax of LTL). Let P be a set of propositional variables. The set
of LTL formulae is the smallest set where




all propositional variables are LTL formulae;
if  and

are LTL formulae, then so are :;  ^ ;  and U .

The semanti s of this logi use the notion of omputations, whi h intuitively orrespond to interpretations, as de ned for DLs, but where the domain is xed to be
the set of natural numbers.

De nition 2.9 (Semanti s of LTL). A omputation is a fun tion  : N ! P (P),
where N represents the set of natural numbers. This fun tion  is extended to LTL
formulae as follows, for every i 2 N :

 : 2 (i) i  2= (i);  ^ 2 (i) i f; g 2 (i);
  2 (i) i  2 (i + 1); and
 U 2 (i) i there is a j  i su h that 2 (j ) and for all k; i  k < j
holds that  2 (k).

it

2.2.
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An LTL formula  is satis able if there is a omputation  su h that  2 (0).

One is usually interested in de iding whether a given LTL formula is satis able
or not. Sin e the main goal of this work is related with reasoning with respe t to
sets of axioms, we will be interested in a variation of the satis ability problem, where
LTL formulae are used as axioms. Given a set of LTL formulae R, we onsider the
problem of de iding whether the onjun tion of all formulae in R is satis able or not.
If this onjun tion is unsatis able, pinpointing will allow us to dete t the subsets of
formulae, i.e., the onjun ts, responsible for this. We will further assume that there
is a xed onjun t that is always present. In summary, our problem re eives as input
a stati LTL formula  and a set of refutable LTL formulae R, and de ides whether
the onjun tion of all these formulae is satis able or not. We now formally de ne this
problem, whi h we will all axiomati satis ability.

De nition 2.10 (Axiomati satis ability). Let  be an LTL formula and R a
set of LTL formulae. We say that  is axiomati satis able w.r.t. R if there is a
omputation  su h that R [ fg  (0).8 In this ase,  is alled a omputation for
(; R).
At the end of this hapter we will present a pro edure based on Bu hi automata
that will allow us to orre tly de ide axiomati satis ability of LTL formulae.
Depending on the hara teristi s of the logi in use and the kind of axioms onsidered, distin t methods an be applied to solve its de ision problems. In des ription
logi s, the two prominent approa hes for de iding onsisten y, subsumption, or satisability of on ept terms are the tableau-based and the automata-based methods. In
the ase of onsisten y or satis ability of on ept terms, the tableaux-based approa h
tries to onstru t a model in a top-down (usually non-deterministi ) fashion, until the
model is nished or it is lear that no adequate interpretation an exist. The models
reated this way usually have an underlying tree-shape. For that reason, whenever
the logi in onsideration does not have the nite tree model property (as is the ase
of ALC with general TBoxes) additional restri tions need to be spe i ed to stop the
exe ution in nite time while retaining the orre tness of the method. As we will see
later in Se tion 2.3, in these in nite models it is possible to nd a pattern that repeats
after a nite number of nodes. Thus, only nite information is ne essary to reprodu e the in nite model. The idea of stopping the exe ution of the tableau on e an
appropriate pattern has been found re eives the name of blo king in the DL literature.
The automata-based approa h is usually more straightforward. The idea onsists
in onstru ting an automaton that a epts exa tly all those tree-shaped models. The
deterministi and polynomial-time emptiness test on this automaton yields the desired
de ision. In DLs, the runs a epted by su h an automaton are in fa t in nite tree
models, where every node represents an individual. The nodes are then labeled with
the on epts that they satisfy within the interpretation with the help of the transition
relation of the automaton. The de ision pro edure for axiomati satis ability of LTL
formulae follows a similar idea, onstru ting an automaton whose a epted runs onsist
8 Noti

e that this is equivalent to saying that  ^

V

2R is satis able.
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on the omputations for the input. Given the nature of the until operator, whose
satis ability an be delayed as mu h as desired within the omputation, it is ne essary
to use an a eptan e ondition that ensures that this delay is not performed forever,
but every until formulae is eventually satis ed.
2.3

Tableau-Based De ision Algorithms

We pro eed now to present several de ision pro edures that exemplify the main ideas
of tableaux brie y mentioned above. We rst present a deterministi algorithm that
de ides subsumption in HL with general TBoxes. This algorithm has the bene ts of
being deterministi and running in polynomial time, and hen e allowing us to dete t
the in rease of omplexity aused by trying to explain the subsumptions that hold,
ompared with merely dete ting if they follow from the general TBox or not (see Chapter 6). We ontinue with a des ription of the tableau-based algorithms for de iding
onsisten y of ABoxes and then satis ability of ALC on epts w.r.t. a y li , general,
and SI -TBoxes in rementally: we re-use the onsisten y algorithm for ABoxes to
de ide satis ability, by simply adding a series of expansion rules that deal with the
axioms being onsidered.
The algorithm for HL is a spe ial ase of the subsumption algorithm for the DL
EL that also runs in polynomial time [Baa03a, Baa03b℄.9 The other tableau methods are well known algorithms. For a deeper des ription, in luding more expressive
onstru tors not treated here, su h as number restri tions and role hierar hies, and
omplexity and run-time analysis of these methods, refer to [BS01℄.

2.3.1 Subsumption in HL with General TBoxes

Re all that in HL, all on ept terms onsist of onjun tions of on ept names, and
thus all GCIs in this logi are of the form

A1 u A2 u : : : u An v B1 u B2 u : : : u Bm
where n; m  0 and ea h Ai and Bi is a on ept name in CN. Intuitively, an axiom of
this form states that if a on ept is subsumed by all the on epts A1 : : : An , then it is
also subsumed by ea h and every one of the on epts B1 : : : Bm . Our algorithm will
iteratively make su h knowledge expli it based on the expli it subsumption relations
known so far. This information will be stored in a set A of pairs of the form (A; B),
where A and B are on ept names, with the intended meaning that (A; B) is present
if and only if B subsumes A.
The algorithm starts with the trivial knowledge stating that every on ept name
appearing in the general TBox T is subsumed by itself; i.e., it initialises the set A
with A = f(A; A) j A 2 CN appears in T g, and then repeatedly applies the expansion
rule hl that is shown in Figure 2.2.
Obviously, in order to ensure termination of this expansion method, the rule hl
should only be applied if its appli ation will result in a real expansion of the set A,
9 EL

is the superlogi of HL that allows also for existential restri tions.
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if Ai v Bj 2 T and f(A; Ai ) j 1  i  ng  A, then
i=1
j =1
add (A; Bj ) to A for all 1  j  m.
Figure 2.2: Expansion rule for de iding subsumption in HL

that is, if there is at least one j su h that (A; Bj ) 2= A. Otherwise, we ould loop
inde nitely applying the same rule on e and again without a hieving any progress.
Given this restri tion, it is lear that the expansion rule is applied at most on e for
ea h GCI and on ept name in T . Thus, the algorithm nishes in polynomial time
measured on the size of the TBox. When no more pairs an be added to A by an
appli ation of this rule, it is the ase that (A; B) 2 A i A vT B, for all on ept
names A; B appearing in T . As it was said before, this algorithm is in essen e a
spe ial ase of the subsumption algorithm for EL. For a proof of orre tness and its
polynomial exe ution time, refer to [BBL05, Bra04a℄.

2.3.2 Consisten y of

ALC ABoxes

We move now beyond HL to the more expressive logi ALC , and onsider rst the
problem of onsisten y of an ABox. This problem orresponds to de iding whether
there is a model for a given set of assertional axioms. In order to solve it, we begin by
stating all the restri tions imposed by the axioms in the input and then expand this
knowledge a ording to the semanti s of the onstru tors used (see De nition 2.2).
When this expansion pro ess terminates, we either have a model (and hen e the ABox
is onsistent) or there is an obvious ontradi tion. A tually, due to the presen e of
disjun tion, this pro ess has a (do not know) non-deterministi fa tor, and possibly
several model andidates would have to be tried. Ea h model andidate will be represented as a set Ai of assertions of the form C (a) or r(a; b), where C is a on ept
term, r is a role name, and a and b are individuals. In other words, we use ABoxes
also to represent (partial) models. To deal with the non-determinism, we onsider all
these ABoxes simultaneously, as elements of a set M, rather than only one at a time.
This an be thought of as testing all the possible model andidates on urrently.
The algorithm starts with the only model andidate onsisting of the input ABox
A0; that is, it initialises M = fA0g. This set is then modi ed by su essive appli ations of the expansion rules shown in Figure 2.3, where a rule is applied to one set A
in M at a time. These rules are applied until none of them an be applied anymore,
extending the set M of model andidates. An ABox A 2 M is said to have a lash
if there is an individual name x o urring in A and a on ept name A su h that
fA(x); :A(x)g  A.
This expansion pro ess is guaranteed to nish after a nite number of rule appliations, and when it does so, the resulting set M is su h that the original ABox A0
is onsistent if and only if there is a model andidate A 2 M that does not have any
lash [BH91, Hol96℄.
Re all, from the de nition of satis ability, that a on ept is satis able with respe t
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u if (C u D)(x) 2 A but fC (x); D(x)g 6 A, then
repla e A by A0 = A [ fC (x); D(x)g.
t if (C t D)(x) 2 A but fC (x); D(x)g \ A = ;, then
repla e A by the two sets A0 = A [ fC (x)g and A00 = A [ fD(x)g.

al

8

if f(8r:C )(x); r(x; y)g  A but C (y) 2= A, then
repla e A by A0 = A [ fC (y)g.

al

9

if (9r:C )(x) 2 A but there is no individual name z
su h that fr(x; z ); C (z )g  A, then
repla e A by A0 = A [ fC (y); r(x; y)g where y is an
individual name not o urring in A.

Figure 2.3: Expansion rules for the tableau algorithm for onsisten y of ALC ABoxes
al

=:

if A(x) 2 A and A =: C 2 T but C (x) 2= A, then
repla e A by A0 = A [ fC (x)g.

Figure 2.4: Rule al =: for de iding satis ability of ALC on epts w.r.t. a y li TBoxes
to a given TBox if and only if there is a model that maps it to a non-empty set. In
other words, the on ept C is satis able w.r.t. T i the ABox fC (a)g is onsistent
(w.r.t. T ), where a is an arbitrary individual name. If we onsider an empty TBox,
then the onsisten y algorithm des ribed in this subse tion would yield the desired
de ision pro edure. In general, nonetheless, we require to extend it to deal with the
terminologi al axioms. The following subse tions deal with this.

2.3.3 Satis ability of

ALC Con

epts with A y li TBoxes

As noti ed before, a y li TBoxes work basi ally as abbreviations of more omplex
on ept terms and do not add to the expressivity of ALC . In fa t, reasoning with
respe t to an a y li TBox an be redu ed to reasoning with an empty TBox by a
pro ess known as unfolding: repla ing, for every on ept de nition A =: C , every
o urren e of the on ept name A by its de ned on ept C . Unfortunately, this
redu tion may produ e a on ept that is exponential in the size of the original TBox
(see [Neb90℄ for an example supporting this laim).
In the DL ALC , one an avoid this exponential blow-up by only unfolding at the
moments where it is ne essary to explore deeper in a on ept de nition [Lut99℄. This
method, ommonly referred to as lazy unfolding an be easily implemented in our
tableau system for de iding satis ability of ALC on ept terms, by simply adding the
rule al =: (shown in Figure 2.4) to the tableau for ABox onsisten y (Figure 2.3).
The pro edure works exa tly in the same fashion as the one des ribed in the pre-
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v if x is an individual name appearing in A but (:C t D)(x) 2= A, then
repla e A by A0 = A [ f(:C t D)(x)g.

Figure 2.5: Rule al v for reasoning with GCIs
vious subse tion: it starts with the unique model andidate having only the assertion
C (a) where C is the on ept being tested for satis ability and a an arbitrary individual name. It then repeatedly applies the expansion rules until none is appli able
anymore. It an be easily shown that this pro ess nishes after a nite number of
rule appli ations, at whi h point it holds that C is satis able if and only if there is a
model andidate that does not ontain any lash [Lut99℄.

2.3.4 Satis ability of

ALC Con

epts with General TBoxes

When dealing with general on ept in lusion axioms, we an no longer assume that
the TBox de nes abbreviations of more omplex on epts, whi h means that the idea
of lazy unfolding is no longer appli able. It is thus ne essary to implement a di erent
method that an deal with this kind of terminologies. An analysis of the semanti s
of the axioms that onstitute general TBoxes reveals that they express a restri tion
on the on epts to whi h every individual name must belong. More learly, a GCI of
the form C v D expresses that every individual that belongs to the on ept C must
also belong to D. We an also express this by for ing every individual to either not
belong to C , or otherwise belong to D. In other words, for every individual name
a, (:C t D)(a) must hold. The rule al v shown in Figure 2.5 implements this idea,
for ing every individual name used in the ABox working as a model andidate to
satisfy ea h of the restri tions imposed by the GCIs. These rules are applied in the
same fashion as in the previous subse tions, starting with only a model andidate
stating the non-emptiness of the interpretation of the on ept being tested. More
formally, we begin with the set M = ffC (a)gg where C is the on ept being tested
for satis ability, and a an arbitrary individual name. We then apply the expansion
rules in any order. Unfortunately, and ontrary to the previous methods presented so
far, appli ation of this set of rules is not guaranteed to nish after a nite number of
steps, as shown in the following example.
Example 2.11. Consider the TBox T ontaining only one axiom T = fA v 9r:Ag. If
we want to test for satis ability of the on ept A, then the tableau algorithm des ribed
here will start with M = fA0 g, where A0 = fA(a0 )g. At this point, only the rule al v
is appli able to the only model andidate present in M. Its appli ation repla es A0
with A1 = A0 [ f(:A t 9r:A)(a0 )g. Again, only one rule is appli able, whi h is the
al t rule. Its appli ation repla es A1 with the two sets A2 = A1 [ f(9r:A)(a0 )g and
A02 = A1 [ f:A(a0 )g. Noti e that no rule is appli able to A02, and that it ontains
a lash, namely A(a0 ); :A(a0 ). On the other hand, the rule al 9 is appli able to A2
whose appli ation substitutes that model andidate with A3 = A2 [ fr(a0 ; a1 ); A(a1 )g.
It is easy to see that the same sequen e of rule appli ations is possible, leading to a
model andidate having the assertion A(a2 ) where a2 is a new individual name, and
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A; A t 9r:A; 9r:A
r
a1 A; A t 9r:A; 9r:A
r
a2 A; A t 9r:A; 9r:A
r
a0

..
.
Figure 2.6: An in nite model
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A; A t 9r:A; 9r:A
r
a1 A; A t 9r:A; 9r:A
a0

r

Figure 2.7: A nite equivalent model

hen e the same sequen e of rule appli ations is on e again possible. This leads to a
non-terminating sequen e of rule appli ations.

From this example we know that the algorithm is not ensured to terminate after a nite number of rule appli ations. Nonetheless, if we allowed the pro ess to
run inde nitely, we would noti e that all the individuals used in the in nite model
onstru ted this way satisfy the same on epts (see Figure 2.6). In that sense, one
an say that the algorithm has been trapped in a y le. Furthermore, we noti e that
an in nite expansion is only possible by the addition of new individual names; that
is, by the use of so- alled generating rules. In the present ase, the only generating
rule is al 9 . To regain termination, we need then to devi e a me hanism that dete ts
when the expansion has found a y le and then avoids generating new individuals by
reusing the information of the y le. This me hanism is alled blo king in the DL
literature [BS01℄.
The blo king me hanism for ALC w.r.t. general TBoxes is based on the individual
names used in the model andidate. We say that an individual name x is blo ked
by the individual name y if y appears in all the assertions in whi h x appears; more
formally, if fD j D(x) 2 Ag  fD j D(y) 2 Ag. If an individual x is blo ked
by y, then the rule al 9 is not applied when triggered by an assertion of the form
9r:C (x). As the on epts satis ed by a blo ked node form a subset of those satis ed
by the blo king node, this parti ular instan e re eives the name of subset blo king.
Intuitively, a blo ked individual x should be able to reuse the role su essors of y
instead for generating new ones that will have the same shape. In our example, we
ould have avoided generating the new individual a2 by simply reusing the su essor
a1 of a0 as the new su essor of a1 (see Figure 2.7).
In order for this idea to work orre tly, we need to restri t the set of individual
names that are able to blo k a given individual. Basi ally, it is ne essary to avoid
a situation in whi h a pair of nodes are blo king ea h other, whi h would produ e
an early termination of the algorithm that might destroy its soundness. For the
algorithm in hand, it is enough to for e the blo king node to be a prede essor of
the blo ked node. The in nite tree-shaped model an be re overed from the model
obtained from blo king by an unraveling pro ess that reates new su essors for those
nodes pointing ba kwards in the tree-like model. This tableau algorithm, with the use
of subset blo king, is always terminating and de ides satis ability of a on ept w.r.t.
a general TBox in the same way as the one des ribed in the previous se tions: C is
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if f(8r:C )(x); r(x; y)g  A and trans(r) 2 T
but (8r:C )(y) 2= A, then
repla e A by A0 = A [ f(8r:C )(y)g.
if f(8r:C )(y); s(x; y)g  A and finv(r; s); inv(s; r)g \ T 6= ;
but C (x) 2= A, then
repla e A by A0 = A [ fC (x)g.
 if f(8r:C )(y); s(x; y)g  A and finv(r; s); inv(s; r)g \ T 6= ; and
ftrans(r); trans(s)g \ T 6= ; but (8r:C )(x) 2= A, then
repla e A by A0 = A [ f(8r:C )(x)g.

+

Figure 2.8: Rules for dealing with transitivity and inverse axioms
satis able if and only if the algorithm starting with ffC (a)gg yields a model andidate
that has no lash [BDS93℄.

2.3.5 Satis ability of

ALC Con

epts with SI -TBoxes

On e we introdu e inverse and transitivity axioms, the de ision pro edure be omes
more omplex. To deal with transitivity, it is helpful to noti e that the only semanti al in uen e of these axioms on the onstru tion of a model is with respe t to the
universal restri tions. If r is a transitive role, then a universal restri tion imposed in
an individual x needs to be satis ed not only by its dire t r su essors, but also by
their own r su essors and so on. Clearly, we an perform this task with the help of a
tableau rule. The rule al + in Figure 2.8, analogous to the one introdu ed in [Hor98℄
for dealing with transitive roles, shows exa tly this behaviour.
Inverse axioms need a similar approa h. When an inverse axiom is present, the
restri tions may need to be propagated ba kwards along the inverse roles. In other
words, if we have r(x; y) and (8s:C )(y), where inv(r; s), then we should be able to
dedu e C (x). Rule al , shown in Figure 2.8, deals with this fa t.
One has to noti e still that if a role is transitive, then its inverse must also be transitive. For that reason, whenever a role appears both in a transitivity and an inverse
axiom, we should be able to ombine the propagation of universal restri tions due to
transitivity with the ba kwards propagation due to inverses. Hen e, we introdu e the
rule al  to the tableaux algorithm dealing with this logi .
Depending on whether we have an a y li or a general SI TBox, we need to use
the rule al =: or al v , a ordingly, in addition to the rules presented here to deal with
the rest of the axioms appearing in it. Obviously, the rules depi ted in Figure 2.3 are
also ne essary.
The presen e of transitive axioms leads to a non-terminating tableau algorithm,
even in the ase of a y li SI -TBoxes. Hen e, we require an appropriate blo king
ondition that ensures termination after a nite number of rule appli ations. Unfortunately, due to inverse axioms, we annot use subset blo king as presented in the
previous subse tion. This is shown in the following example.
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A(x); (8r::B )(x)
s
y (8r:8r::B )(y ); B (y )
s
z A(z )

x
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x

s
B (y)
r s
z A (z )
r s
w (8r:8r::B )(w)
y

Figure 2.9: Failure of subset blo king with SI -TBoxes

Example 2.12 (Failure of subset blo king). Consider the situation shown in the
left part of Figure 2.9, where we are testing for satis ability of the on ept A w.r.t.
the general SI -TBox T = fA v 9s:(8r:8r::B u B u 9s:A); inv(r; s)g. For brevity, the
gure does not show all the on epts obtained by appli ation of the al v rule and the
subsequent expansion by al t and al u rules. If we onsider subset blo king, then the
node z is blo ked by the root node x. This means that the existential rule al 9 is not
applied, and hen e the expansion stops on this model andidate without generating new
individuals. This ABox ontains no lash, whi h means that the tableau pro edure will
a ept A as satis able. But this answer is not orre t.
Sin e the individual z satis es A, it must also satisfy, due to the GCI in T , the
on ept 9s:8r:8r::B ; that is, it must have an s su essor su h that every two-step
r su essor satis es :B . Sin e r and s are inverses of ea h other, a two-step s
prede essor must satisfy that restri tion; hen e, every s prede essor of z must do that.
See the right side of Figure 2.9, where the dashed arrows represent the r su essors
obtained by the inverse axiom. This means that y must satisfy :B , but the ABox
ontains already B (y), whi h leads us to a lash in the model andidate.
The reason why the pro edure was unable to dete t the lash was that the node z
was not allowed to re eive the information that it should satisfy the on ept 8r::B ,
whi h would be populated upwards by its su essor node w through appli ations of
the rule al . This early blo king problem an be properly solved for this tableau
pro edure by simply enfor ing a stronger ondition for blo king, in whi h the blo ked
individual must satisfy exa tly the same on epts as the individual blo king it. More
formally, x is blo ked by y i fD j D(x) 2 Ag = fD j D(y) 2 Ag. This is known as
equality blo king [HS99℄.
One should noti e that equality blo king an also be applied to the tableau algorithm for satis ability w.r.t. general TBoxes. Sin e the ondition required for blo king
is a stronger one, using it would mean that blo king will ome later, and hen e one
might a tually lose in eÆ ien y within an implementation of the method; nonetheless,
it would still be sound and omplete. It is for this reason that later on, when we
formalise the notion of blo king for general tableaux in Chapter 4, we will fo us only
on equality blo king.
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Automata-Based De ision Algorithms

A di erent approa h for onstru ting a de ision pro edure is to use automata to test
whether there is a model of the TBox that maps the on ept to a non-empty set. Given
a logi that has the tree model property, that is, there is a model for an ontology if
and only if there is a tree shaped model for the same, the idea is to onstru t a tree
automaton whose a epted language orresponds exa tly to those tree-shaped models
where the root satis es the on ept being tested. Thus, the language a epted by this
automaton is empty if and only if the on ept is unsatis able.
Before des ribing how this idea is applied to ALC w.r.t. SI -TBoxes and LTL,
we need to present some basi on epts of automata theory. We are interested in
tree automata that work on in nite trees. Intuitively, these automata try to label an
input (in nite) tree in su h a way that the labeling satis es the automata a eptan e
ondition (see De nition 2.13). If su h a labeling is possible, then the tree is a epted;
otherwise it is reje ted. Furthermore, when automata are used to de ide a property,
it is usually suÆ ient to use unlabeled trees as inputs. This means that, given a xed
arity (i.e., bran hing fa tor) k, there is only one su h input tree; thus, the language
a epted by one of these automata will be either empty or ontain the only unlabeled
k-ary tree.
Given a positive integer k we use K to denote the set f1; : : : ; kg. We identify the
nodes of the input trees by means of words in K in the usual way: the root node is
identi ed by the empty word ", and the i-th su essor of a node u is identi ed by ui
for 1  i  k. The unique unlabeled in nite tree of arity k is represented by the set
of all its nodes, namely K . As said before, an automaton tries to label the input tree
in an appropriate manner. Whenever we are speaking of labeled trees, we will refer to
the label of the node u 2 K in the tree r by r(u), and in the same fashion we represent
an in nite tree r labeled with elements from a set Q as a mapping r : K ! Q. We
!
!
will also use the abbreviation r(u) to denote the tuple r(u) = (r(u); r(u1); : : : ; r(uk)).
Additionally, we need the on ept of a path in this tree. A path is a subset p  K 
su h that " 2 p and for every u 2 p there is exa tly one i; 1  i  k with ui 2 p.

De nition 2.13 ((Generalised) Bu hi tree automaton). A generalised Bu hi
tree automaton for arity k is a tuple (Q; ; I; F1 ; : : : ; Fn ), where Q is a nite set of
states,   Qk+1 is the transition relation, I  Q is the set of initial states, and
F1 ; : : : ; Fn  Q are the sets of nal states. A generalised Bu hi tree automaton is
alled Bu hi automaton if it has only one set of nal states; i.e., if n = 1. It is alled
looping tree automaton if n = 0.
A run of a generalised Bu hi automaton on the unlabeled tree K  is a labeled k-ary
!
tree r : K  ! Q su h that r(u) 2  for all u 2 K  . This run is su essful if for
every path p and every i; 1  i  n, there are in nitely many nodes u 2 p su h that
r(u) 2 Fi .
When using automata as de ision pro edures, one is usually interested in solving
the emptiness problem, whi h onsists in de iding whether the language a epted by
the automaton is empty or not.
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De nition 2.14 (Emptiness problem). The emptiness problem for generalised
Bu hi tree automata for arity k is the problem of de iding whether a given su h automaton has a su essful run r su h that r(") 2 I or not.
Although a dire t algorithm for de iding the emptiness of a generalised Bu hi
automaton is sket hed in [VW84℄, no proof of orre tness is presented there and in the
journal version of that paper [VW86℄, the idea is simpli ed by presenting a redu tion
to the emptiness problem for Bu hi automata. In Chapter 5, we will follow a similar
approa h for omputing the so- alled behaviour of weighted Bu hi automata. First,
we will show how to ompute the behaviour of weighted Bu hi automata. Later, we
will introdu e a polynomial redu tion from weighted generalised Bu hi automata to
weighted Bu hi automata that preserves the behaviour. Our algorithm for omputing
the behaviour of weighted Bu hi automata generalises the well-known ideas employed
to de ide the emptiness problem in the unweighted ase.
The emptiness problem for Bu hi automata an be de ided in time polynomial
in the size of the automaton [Rab70, VW86℄. The de ision pro edure onstru ts
the set of all states that annot o ur as labels in any su essful run; we will all
these states bad states. We an try to disprove that a state is bad by attempting to
onstru t a nite partial run where every path ends in a nal state. Every state for
whi h this onstru tion fails is learly bad, but there may be bad states for whi h this
onstru tion su eeds. The reason is that some of the nal states rea hed by the nite
run may themselves bad. Thus, in order to ompute all bad states we must iterate
this pro ess, where in the next iteration the partial run is required to rea h nal states
that are not already known to be bad. Noti e, however, that the onstru tion of a
nite partial run ending in non-bad nal states an itself be realized by an iterative
pro edure. Hen e, the de ision pro edure for the emptiness problem uses two nested
iterations. In the inner loop, we try to onstru t a nite partial run nishing in (nonbad) nal states for every state. In the outer loop, we use the result of the inner
iteration to update the set of (known) bad states, and then re-start the inner iteration
with this new information.
Let us all the states for whi h there is a nite partial run nishing in non-bad
nal states adequate. First, any state q 2 Q for whi h there is a transition leading to
only non-bad nal states is learly adequate. Then, every state for whi h there is a
transition leading only to states that are either (i) nal and not bad or (ii) already
known to be adequate is also adequate. Obviously, during this iteration, the set of
adequate states be omes stable after at most jQj iterations. The outer loop then adds
all the states that were found not to be adequate to the set of bad states. The set of
bad states maintained in this outer iteration be omes stable after at most jQj steps.
This yields an emptiness test that runs in time polynomial in the number of states (see
[VW86℄ for details). In the ase of looping automata, this method an be simpli ed
to a single bottom-up iteration [BT01℄.
In the following subse tions, we will show how we an use automata, and in parti ular the emptiness test just sket hed, to de ide satis ability of ALC on ept terms
w.r.t. SI -TBoxes, as well as axiomati satis ability of LTL formulae.

2.4.

AUTOMATA-BASED DECISION ALGORITHMS

2.4.1 Satis ability of

ALC Con

27

epts with SI -TBoxes

The automata-based approa h for de iding satis ability of an ALC on ept term w.r.t.
a general SI -TBox is based on the fa t that a on ept is satis able i it has a soalled Hintikka tree, whi h is basi ally a tree model where every node is labeled with
the on ept terms to whi h it belongs. Given a on ept C and an SI -TBox, we will
onstru t a looping tree automaton whose su essful runs orrespond exa tly to the
Hintikka trees.
In order to simplify the notation, we assume that every on ept term is presented
in negation normal form (NNF); that is, negation appears only in front of on ept
names. This assumption has no impa t in the generality of the method as every ALC
on ept term an be transformed into NNF in linear time using the de Morgan laws,
duality of quanti ers and elimination of double negations. We will denote the NNF
of a on ept term C as nnf (C ) and nnf (:C ) as vC . Given an ALC on ept term C
and a general SI -TBox T , we will use the abbreviation sub(C; T ) to denote the set
ontaining all the sub on epts of C as well as of the on ept vD t E for D v E 2 T .
The automaton we onstru t for de iding satis ability of on epts w.r.t. general
SI -TBoxes will have so- alled Hintikka sets as states. Hintikka sets ontain as elements sub on epts of the input on ept and TBox, as well as information about the
transitivity of ertain roles. For this, we will additionally use rol(C; T ) to denote the
set of all role names appearing in C or in T .
De nition 2.15 (SI -Hintikka set). A set H  sub(C; T ) [ rol(C; T ) is alled an
SI -Hintikka set for (C; T ) if the following three onditions are satis ed:
(i) if D u E 2 H , then fD; E g  H ;
(ii) if D t E 2 H , then fD; E g \ H 6= ;; and

(iii) there is no on ept name A 2 CN su h that fA; :Ag  H .
An SI -Hintikka set H is ompatible with the GCI D v E 2 T i either H = ;
or vD t E 2 H . It is ompatible with the transitivity axiom trans(r) 2 T i H = ;
or r 2 H . Finally, H is ompatible with the inverse axiom inv(r; s) 2 T i it holds
that r 2 H if and only if s 2 H .

The arity k of the input a epted by our automaton is given by the number of
existential restri tions, i.e., on ept terms of the form 9r:D, present in sub(C; T ).
For the transition relation, it will be important to know whi h su essor in the tree
orresponds to whi h existential restri tion being satis ed; for that reason, we x an
arbitrary bije tion ' : f9r:D j 9r:D 2 sub(C; T )g ! K. A Hintikka tree is a k-ary tree
labeled with Hintikka sets that satis es additional ompatibility onditions dealing
with the existential- and value restri tions appearing in its node labels. To obtain full
k-ary trees, we will add dummy nodes labeled with the empty set (whi h is itself an
SI -Hintikka set, and ompatible with every axiom) where appropriate.
De nition 2.16 (Hintikka ondition). The tuple (H0 ; H1 ; : : : ; Hk ) of Hintikka sets
for (C; T ) satis es the Hintikka ondition i the following two onditions hold for every
existential restri tion 9r:D 2 sub(C; T ):
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 if 9r:D 2 H0, then H'(9r:D) ontains D as well as every E for whi h there is a
value restri tion 8r:E 2 H0 ; if, additionally, r 2 H0 , then also 8r:E belongs to
H'(9r:D) for all value restri tion 8r:E 2 H0 ; and
 if 9r:D 2= H0, then H'(9r:D) = ;.
A tuple satisfying the SI -Hintikka ondition is alled ompatible with the GCI
D v E 2 T (respe tively ompatible with the transitivity axiom trans(r) 2 T ) if all
its omponents are ompatible with D v E ( ompatible with trans(r), respe tively). It
is ompatible with the inverse axiom inv(r; r0 ) 2 T if all its omponents are ompatible
with inv(r; r0 ) and the following holds for all s 2 fr; r0 g and s 2 fr; r0 gnfsg: for every
8s:F 2 H'(9s :D), the set H0 ontains F and additionally 8s:F if s 2 H0.
A tuple of SI -Hintikka sets that satis es the SI -Hintikka ondition is ompatible
with a general SI -TBox T if it is ompatible with every axiom t 2 T .
We an now formally de ne Hintikka trees.

De nition 2.17 (Hintikka tree). A Hintikka tree for (C; T ) is a k-ary tree H
labeled with Hintikka sets for (C; T ) su h that C 2 H(") and for every node u 2 K
!
the tuple H(u) is ompatible with T .
The following result shows that testing for satis ability of a on ept C w.r.t.
an SI -TBox T is equivalent to de iding the existen e of an SI -Hintikka tree for
(C; T ). This lemma an be shown by a simple adaptation of the arguments presented
previously in [BHP07, BHP08℄.

Lemma 2.18. A on ept C is satis able w.r.t. a general
Hintikka tree for (C; T ).

SI -TBox T

i there is a

Given this lemma, we now know that it is enough to onstru t an automaton whose
su essful runs orrespond to su h Hintikka trees. We an then test for satis ability
of the on ept w.r.t. a SI -TBox by performing an emptiness test on this automaton.
In this ase, a looping automaton suÆ es for de iding the property.

De nition 2.19 (Automaton Asat
C;T ). Let C be an ALC on ept term, T a general SI -TBox and k the number of existential restri tions in sub(C; T ). The looping
sat
automaton Asat
C;T is given by AC;T = (Q; ; I ) where

 Q is the set of all Hintikka sets for (C; T );
  is the set of all tuples (H0; H1; : : : ; Hk ) 2
ondition and are ompatible with T ; and
 I = fH 2 Q j C 2 H g.

Qk+1 that satisfy the Hintikka

As expe ted, the su essful runs of this automaton where the root is labeled with
an element of I orrespond exa tly to SI -Hintikka trees for (C; T ). This yields the
following result [BHP08℄.
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Theorem 2.20. Let C be an ALC on ept term and T an SI -TBox. The automaton
has a su essful run r with r(") 2 I i C is satis able w.r.t. T .

Asat
C;T

This theorem shows that the emptiness test sket hed before an be used as a
de ision pro edure for satis ability of ALC on ept terms w.r.t. SI -TBoxes. The automation AC;T is a looping automaton, that is, it makes no use of the Bu hi a eptan e
ondition on runs. The automata onstru tion we will show in the next subse tion for
de iding axiomati satis ability of LTL formulae requires these a eptan e onditions
for orre tness.

2.4.2 Axiomati Satis ability of LTL Formulae
In order to de ide axiomati satis ability of LTL formulae, we will onstru t an automaton whose su essful runs orrespond to omputations for the input. Noti e that
a omputation  : N ! P (P) an be seen also as a unary tree, that is, a tree where
every node has exa tly one su essor. More pre isely, ea h node represents one point
in time and the su essor relation in this tree is given by the standard ordering of
natural numbers. Thus, the automaton we onstru t will have the unique unlabeled
unary tree as input. The states of this automaton will be sets of LTL formulae, whi h
intuitively represent the set of all formulae that are satis ed at a given point in time.
In that sense, these states orrespond to the Hintikka sets de ned in the previous
subse tion. Noti e nonetheless that this orresponden e will not be pre ise sin e for
LTL we will follow the ideas of previous automata onstru tions (e.g. [WVS83℄), and
hen e will not assume that the formulae are in negation normal form. Given an LTL
formula  and a set of LTL formulae R, we de ne the losure of (; R) as the set of all
subformulae of  and R, and their negations, where double negations are an elled.
This set is denoted by l(; R).
The states of our automaton are so- alled elementary sets of formulae, whi h play
the role of the Hintikka sets of the previous subse tion; that is, they are maximal and
onsistent sets of subformulae in l(; R).

De nition 2.21 (Elementary set). A set H  l(; R) is alled an elementary set
for (; R) if it satis es the following onditions:

 : 2 H i  2= H ;
  ^ 2 H i f; g  H ;
 2 H implies U 2 H ;
 if U 2 H and 2= H , then  2 H
As we have said before, the automaton for satis ability of LTL formulae will take
unary trees as inputs; i.e., its runs will be in nite words over the set of states. The
transition relation is thus binary. This transition relation makes sure that the temporal
operators are adequately propagated to the su essor nodes; for instan e, if we have a
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next formula
in the label of a node, then its su essor node must ontain . This
is formalised by the following de nition.
De nition 2.22 (Compatible). A tuple (H; H 0 ) of elementary sets is alled ompatible i it satis es the following onditions:
 for all 2 l(; R), 2 H i 2 H 0; and



1 U 2 2 l(; R), 1 U 2 2 H i
U 2 2 H 0.

for all
1

either (i)

2

2 H or (ii)

1

2 H and

The runs of our automaton will be sequen es of elementary sets where ea h two
onse utive ones form a ompatible tuple. In ontrast to the ase for SI , the presen e
of a run of this automaton does not imply the existen e of a omputation. The reason
is that one an delay the satisfa tion of an until formula inde nitely; that is, every
node in the run may have the formula 1 U 2 while none has 2 , violating this way
the last ondition in the de nition of a omputation for the input (see De nition 2.9).
In order to rule out these kinds of runs and make sure that ea h until formula is
eventually satis ed, we will impose a generalised Bu hi ondition whi h introdu es a
set of nal states for ea h until formula in l(; R). Intuitively, ea h su h set of nal
states is in harge of enfor ing the eventual satisfa tion of one spe i until formula.

De nition 2.23 (Automaton Asat
;R ). Let  and R be an LTL formula and a set
of LTL formulae, respe tively, and let 1 U 1 ; : : : ; n U n be all the until formulae in
l(; R). The generalised B
u hi automaton Asat
;R := (Q; ; I; F1 ; : : : ; Fn ) is given by

 Q is the set of all elementary sets for (; R);
  onsists of all ompatible pairs (H; H 0 ) 2 Q  Q;
 I := fH 2 Q j R [ fg  H g;
 for 1  i  n; Fi := fH 2 Q j i 2 H or iU i 2= H g.

The su essful runs of this automaton whose root is labelled with an initial state
orrespond to the omputations for the input (; R). From this, we obtain the following result [WVS83℄.

Theorem 2.24. Let  be an LTL formula and R a set of LTL formulae. The automaton Asat
;R has a su essful run r with r (") 2 I i  is axiomati satis able w.r.t.
R.
From this theorem it follows that axiomati satis ability of LTL formulae an be
de ided by an emptiness test on the automaton Asat
;R .
In this hapter we have des ribed several previously known algorithms for reasoning in di erent logi s, starting from the fairly inexpressive HL all the way up to the
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in lusion of more omplex onstru tors and axioms restri ting the interpretations for
on epts and roles in DLs. We then left the DL family to in lude also the temporal
operators for LTL.
Broadly, we showed the main hara teristi s of two di erent approa hes for onstru ting de ision pro edures. On one hand, the tableau-based method, that tries to
onstru t a model while keeping the restri tions imposed by the axioms (in luded as
expansion rules). On the other hand is the automata-based approa h that tries to
onstru t an automaton for whi h an emptiness test leads to a orre t de ision.
The parti ular instan es of de ision pro edures presented in this hapter will help
us formalise the notions of general tableau algorithms (in Chapter 3) and so- alled
axiomati automata (in Chapter 5), respe tively. We will then show how ea h of
these de ision pro edures an be modi ed to obtain what is alled a pinpointing
pro edure; intuitively, one that will allow us to dedu e how the presen e of ertain
axioms in uen es the property being tested. The output of a pinpointing pro edure
will be the so- alled pinpointing formula, from whi h all explanations and diagnoses
an be inferred.
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Chapter 3
Tableaux and Pinpointing
The previous hapter introdu ed pro edures that allow us to de ide if a property,
su h as subsumption or satis ability of on ept names, follows from a set of axioms.
The sets of axioms used ould take very di erent shapes; namely, on ept de nitions,
assertional axioms, or GCIs, in the ase of DLs, or LTL formulae. The de ision
pro edures we presented ame in two avours: the tableau-like and the automatabased pro edures. It is the goal of this work to show how to extend them in su h a
way that, on e a de ision is made, we are able to justify it by retrieving those axioms
that are relevant for the obtained answer. The approa h followed in this work onsists
on nding a monotone Boolean formula, whi h we all pinpointing formula, from whi h
the desired sets of axioms an be dedu ed. The present and following hapters will
deal with the tableau-like methods, while we delay the treatment of automata-based
pro edures until Chapter 5.
Before we an begin with the task of extending any kind of algorithm, we need
to formally des ribe the problem that we are trying to solve; namely, the properties
that should be satis ed by the pinpointing formula. This in turn will require a formal
de nition of the kinds of properties that the original pro edures de ide. All these
notions are introdu ed in Se tion 3.1.
Afterwards, we pro eed to des ribe extensions of tableau-like de ision pro edures
that ompute the desired pinpointing formula. In order to improve understanding,
this is done in two steps. We rst fo us in the spe ial ase of ground tableaux of whi h
the subsumption algorithm of Se tion 2.3.1 is an instan e. We then generalise all the
notions and results to what we all general tableaux in Se tion 3.3. This notion enompasses the pro edures des ribed in Se tions 2.3.2 and 2.3.3, but is not able to deal
with blo king onditions as des ribed in the last two se tions of the previous hapter. The pinpointing extensions of general tableaux are shown to orre tly ompute a
pinpointing formula whenever they terminate.
The extension presented in this hapter follows the ideas introdu ed by Baader and
Hollunder in [BH95℄. There, the onsisten y algorithm for ALC ABoxes is extended
by a labelling te hnique that ultimately omputes a pinpointing formula. A similar
approa h was followed by S hloba h and Cornet [SC03℄ for on ept unsatis ability
with respe t to so- alled unfoldable ALC terminologies. The main di eren e between
33
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Baader and Hollunder's approa h and that by S hloba h and Cornet is that the latter
tries to nd the sets of axioms that are relevant to unsatis ability dire tly, rather
than by using the intermediary pinpointing formula as done in the former approa h.
In reality, the result obtained using the method in [SC03℄ an be seen as a pinpointing
formula written in disjun tive normal form. Although these ideas have been extended
to in lude additional onstru tors or use di erent kinds of axioms (see, for instan e,
[PSK05, MLBP06℄), ea h of these extensions has been made to work spe i ally for
the language being studied. Nonetheless, ex ept for the ase dealing with blo king
[LMP06℄ that needs spe ial attention, they all follow the same basi ideas.
Unfortunately, as shown at the end of this hapter, there is no warranty that
the extended algorithm will stop after a nite number of steps, even if the original
tableau does. This fa t is spe ially relevant sin e none of the papers ited so far deals
with termination of the extensions they present. A tually, termination is usually
disregarded as trivially following from the same auses of termination of the original
tableau, giving no further insight into whi h these auses are in reality. It will be the
task of Chapter 4 to introdu e a framework where both, tableaux and their pinpointing
extensions, are guaranteed to terminate. It is in that hapter too that we will introdu e
the notion of blo king for general tableaux and their pinpointing extensions.
3.1

Basi

Notions for Pinpointing

We begin this se tion by de ning the general form of the inputs for the de ision algorithms used along this work. These inputs, alled axiomatised inputs, onsist of two
parts. Intuitively, one part orresponds to a knowledge base, that is, a set of axioms
possibly restri ted to satisfy additional internal restri tions, and the other expresses
the instan e of the inferen e problem that needs to be tested against this knowledge
base. The internal restri tions in the set of axioms are ne essary for modelling e.g.
a y li - or SI -TBoxes, where not every set of axioms is allowed. Indeed, a y li
TBoxes require every on ept name to appear at most one in the left-hand-side of a
on ept de nition, and SI -TBoxes are restri ted to allow the use of ea h role name
in at most one inverse axioms. But noti e that in both ases, if a set of axioms is
allowed to be used as a knowledge base, then any of its subsets is also allowed. In our
general approa h we keep this property.
The onsequen es in whi h we are interested need to satisfy a monotoni ity restri tion in the sense that adding axioms to the knowledge base an only make more
onsequen es true, but not falsify any that already follows from the original set of
axioms. A property is merely a set of axiomatised inputs, and the de ision problem asso iated with su h property onsist on de iding, for a given axiomatised input,
whether it belongs to the set or not. A property that models onsequen es satisfying
the monotoni ity restri tion stated above will be alled onsequen e property.

De nition 3.1 (Axiomatised input, -property). Let I be a set, alled the set
of inputs, T be a set, alled the set of axioms, and let Padmis (T)  Pfin (T) be a
set of nite subsets of T. Padmis (T) is alled admissible if T 2 Padmis (T) implies
T 0 2 Padmis (T) for all T 0  T . An axiomatised input for I and Padmis (T) is of the
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form (I ; T ) where I 2 I and T 2 Padmis (T).
A onsequen e property (or -property for short) is a set P  I  Padmis (T) su h
that (I ; T ) 2 P implies (I ; T 0 ) 2 P for every T 0 2 Padmis (T) with T 0  T .

The idea behind -properties on axiomatised inputs is to model onsequen e relations in logi , i.e., the -property P holds if the input I \follows" from the axioms
in T . The monotoni ity requirement on -properties orresponds to the fa t that we
want to restri t the attention to onsequen e relations indu ed by monotoni logi s.
In fa t, for non-monotoni logi s, looking at minimal sets of axioms that have a given
onsequen e does not make mu h sense.
To illustrate De nition 3.1, onsider the set NC of on ept names. Assume that
I is the set of ordered pairs NC  NC and that T onsists of all HL-GCIs over these
on ept names. Then the following is a -property a ording to the above de nition:
P := f((C; D); T ) j C vT Dg: This property represents subsumption w.r.t. general
HL-TBoxes. As a on rete example, onsider := ((A; B ); T ) where T onsists of
the following GCIs:
ax1 : A v C;

ax2 : A v D;

ax3 : D v C;

ax4 : C u D v B

(3.1)

It is easy to see that 2 P . Note that De nition 3.1 is general enough to apture
other variants of the example above, for instan e, where I0 onsist of tuples of the
form (C; D; T1 ) 2 I  Pfin (T) and the -property is de ned as

P 0 := f((C; D; T1 ); T2) j C vT1[T2 Dg:
For example, if we take the axiomatised input 0 := ((A; B; fax3 ; ax4 g); fax1 ; ax2 g),
then 0 2 P 0 .
Due to the monotoni ity of -properties, it may well be that some axioms are
irrelevant for dedu ing a onsequen e. If we are interested in justifying su h a onsequen e, we would need to get rid of all those irrelevant axioms and present a minimal
knowledge base from whi h the onsequen e still follows. If, on the ontrary, the onsequen e is dete ted as an error, we might want to remove only enough axioms to get
rid of it but not more, sin e that might also remove some desired onsequen es.

De nition 3.2 (MinA,MaNA). Given an axiomatised input = (I ; T ) and a property P , a set of axioms S  T is alled a minimal axiom set (MinA) for w.r.t.
P if (I ; S ) 2 P and (I ; S 0) 2= P for every S 0  S . Dually, a set of axioms S  T is
alled a maximal non-axiom set (MaNA) for w.r.t. P if (I ; S ) 2= P and (I ; S 0 ) 2 P
for every T  S 0  S . The set of all MinAs (MaNAs) for w.r.t. P will be denoted
as MINP ( ) (MAXP ( ) ).
Note that the notions of MinA and MaNA are only interesting in the ase where

2 P . In fa t, otherwise the monotoni ity property satis ed by P implies that
MINP ( ) = ; and MAXP ( ) = fT g. In the above example, where we have
2 P , it
is easy to see that MINP ( ) = ffax1 ; ax2 ; ax4 g; fax2 ; ax3 ; ax4 gg. In the variant of the
example where only subsets of fax1 ; ax2 g an be taken, we have MINP 0 ( 0 ) = ffax2 gg.
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The set MAXP ( ) an be obtained from MINP ( ) by omputing the minimal hitting
sets of MINP ( ) , and then omplementing these sets [SC03, LS05℄. A set S  T is a
hitting set of MINP ( ) if it has a nonempty interse tion with every element of MINP ( ) ,
and is a minimal hitting set if no stri t subset of S is itself a hitting set. In our
example, the minimal hitting sets of MINP ( ) are fax1 ; ax3 g; fax2 g; fax4 g; and thus
MAXP ( ) = ffax 2 ; ax4 g; fax1 ; ax3 ; ax4 g; fax1 ; ax2 ; ax3 gg. The intuition behind this
redu tions is that, to get a set of axioms that does not have the onsequen e, we must
remove from T at least one axiom for every MinA, and thus the minimal hitting sets
give us the minimal sets to be removed.
The redu tion we have just sket hed shows that it is enough to design an algorithm
for omputing all MinAs, sin e the MaNAs an then be obtained by a hitting set
omputation. It should be noted, however, that this redu tion is not polynomial:
there may be exponentially many hitting sets of a given olle tion of sets, and even
de iding whether su h a olle tion has a hitting set of ardinality  n is already an
NP- omplete problem [GJ79℄. Also note that there is a similar redu tion involving
hitting sets for omputing the MinAs from all MaNAs.
Instead of omputing MinAs or MaNAs, one an also ompute the pinpointing
formula.10 To de ne the pinpointing formula, we assume that every axiom t 2 T is
labeled with a unique propositional variable, whi h we denote as lab(t). Let lab(T )
be the set of all propositional variables labeling an axiom in T . A monotone Boolean
formula over lab(T ) is a Boolean formula using (some of) the variables in lab(T ) and
only the onne tives onjun tion and disjun tion. We further assume that the formula
>, whi h is always evaluated as true, is a monotone Boolean formula. As usual, we
identify a propositional valuation with the set of propositional variables it makes true.
For a valuation V  lab(T ), let TV := ft 2 T j lab(t) 2 Vg.

De nition 3.3 (Pinpointing formula). Given a -property P and an axiomatised
input = (I ; T ), a monotone Boolean formula  over lab(T ) is alled a pinpointing
formula for P and if the following holds for every valuation V  lab(T ): (I ; TV ) 2 P
i V satis es .

In our example, we an take lab(T ) = fax1 ; : : : ; ax4 g as the set of propositional
variables. It is easy to see that (ax1 _ ax3 ) ^ ax2 ^ ax4 is a pinpointing formula for P
and .
Valuations have a natural partial order by means of set in lusion, whi h allows
us to speak about minimal and maximal valuations. The following is an immediate
onsequen e of the de nition of a pinpointing formula [BH95℄.

Lemma 3.4. Let P be a -property,
pointing formula for P and . Then

= (I ; T ) an axiomatised input, and  a pin-

P ( ) = fTV j V is a minimal valuation satisfying g
P ( ) = fTV j V is a maximal valuation falsifying g
10 This orresponds to what was alled the lash formula in [BH95℄. Here, we distinguish between
the pinpointing formula, whi h an be de ned independently of a tableau algorithm, and the lash
formula, whi h is indu ed by a run of a spe i tableau algorithm.
MIN

MAX
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This lemma shows that it is enough to design an algorithm for omputing a pinpointing formula to obtain all MinAs and MaNAs. However, like the previous redu tion for omputing MAXP ( ) from MINP ( ) , the redu tion suggested by the lemma is
not polynomial. For example, to obtain MINP ( ) from , one an bring  into disjun tive normal form and then remove disjun ts implying other disjun ts. It is well-known
that this an ause an exponential blowup. Conversely, however, the set MINP ( ) an
dire tly be translated into the pinpointing formula

_

S2MINP (

^

) s2S

(s):

lab

(3.2)

Returning to our example, the pinpointing formula obtained in this fashion from
MINP ( ) = ffax1 ; ax2 ; ax4 g; fax2 ; ax3 ; ax4 gg is (ax1 ^ ax2 ^ ax4 ) _ (ax2 ^ ax3 ^ ax4 );
whi h is equivalent to the pinpointing formula we had dire tly omputed.
3.2

Pinpointing in Ground Tableaux

Before des ribing how general tableau-based algorithms an be extended to pro edures that ompute a pinpointing formula, we show how this is done in a restri ted
ase that we will all ground tableaux. This ase is still interesting by itself, sin e it
en ompasses several de ision pro edures, su h as the subsumption algorithm for HL
or the ongruen e losure algorithm [NO07℄. The proofs of all the results presented
in this se tion will be delayed to the more general statements of Se tion 3.3.

De nition 3.5 (Ground tableau). Let I be a set of inputs and Padmis (T) an
admissible set of sets of elements in T. A ground tableau for I and Padmis (T) is a
tuple S = (; S ; R; C ) where

  is a set alled a signature;
 S is a fun tion, alled the initial fun tion, that maps every I 2 I and every
t 2 T to a nite subset of ;
 R is a set of rules of the form (B0; S ) ! B where B0 and B are nite subsets
of  and S is a nite set of axioms;
 C is a set of nite subsets of , alled lashes.
A ground tableau de ides a property with the help of so- alled S -states that intuitively ontain all the knowledge that has been dedu ed during the exe ution of
the method. An S -state is a pair S = (A; T ) where A is a nite subset of  and
T 2 Padmis (T) is an admissible set of axioms. In this ase, we all A and T the
assertion- and axiom- omponent of S, respe tively. The elements of A are also alled
assertions. The de ision pro edure begins with the initial state (I ; T )S that depends
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on the axiomatised input (I ; T ) given to the algorithm. This state is found extending
the initial fun tion S as follows:
(I ; T )S = (I S [

[

t2T

tS ; T ):

Consider for example the pro edure for de iding subsumption of HL on epts
des ribed in Se tion 2.3.1. This algorithm stores all the information needed to make
the de ision in a set of pairs of the form (A; B), where A; B are on ept names. We
an thus onsider its signature to be formed by all su h pairs. That algorithm begins
with all the trivial knowledge stating that every on ept appearing in the input set
of axioms is subsumed by itself. We an do this by xing the initial fun tion to map
every axiom t of the form

u A v u B to the set
n

i=1

m

i

j

j =1

tS = f(Ai ; Ai ) j 1  i  ng [ f(Bj ; Bj ) j 1  j  mg:

Now, sin e we want this pro edure to work for every subsumption relation we desire
to test, and the de ision made by su h ground tableaux relies only on the information
stored in its states, we need a way to spe ify whi h spe i subsumption relation is
the one we are urrently trying to de ide. For this reason, we extend the signature to
also in lude assertions of the form A v? B with A; B on ept names. The presen e
of an assertion of this kind spe i es the request for de iding the subsumption of A
by B. If we onsider the en oding of these inputs as presented in Page 35, then the
initial fun tion must map every input of the form (A; B) asking for a subsumption
test to the set ontaining the orresponding assertion A v? B. More pre isely, if we
take the axiomatised input = ((A; B); T ), where T ontains the axioms in (3.1),
then the initial fun tion produ es the S -state
S

= (fA v? B; (A; A); (B; B); (C; C); (D; D)g; T ):

The rules in R are used then to iteratively extend the rst omponent of an S -state
S depending ex lusively on the assertions and axioms appearing in S. Returning to

the subsumption pro edure, the rule hl spe i es, intuitively, that whenever we know
that a on ept name A is subsumed by all the Ai s, and the onjun tion of those Ai s
is subsumed by the onjun tion of some Bj s by means of an axiom in T , then we
an dedu e that A is also subsumed by ea h of the Bj , and we an thus extend our
expli it knowledge a ordingly. More on retely, sin e the S -state S des ribed above
ontains the assertion (A; A) and the axiom A v D, a rule appli ation would add the
assertion (A; D) to it. That rule an be rewritten in a tableau-like shape as follows:
hl

: (f(A; Ai ) j 1  i  ng; f

u A v u B g) ! f(A; B ) j 1  j  mg:
n

i=1

m

i

j =1

j

The following de nition formalises this behaviour.

j
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De nition 3.6 (Rule appli ation). Given an S -state S = (A; T ), and a rule
R : (B0 ; S ) ! B we say that R is appli able to S if the following three onditions are
satis ed: (i) S  T , (ii) B0  A, and (iii) B 6 A.
If the rule R is appli able to the S -state S = (A; T ), then the appli ation of R to
S yields the new S -state (A [ B; T ). If S0 is obtained from S by the appli ation of
the rule R, then we write S !R S0 or simply S !S S0 if it is not relevant whi h of
the rules of the tableau S was applied.
 . The rules are
As usual, we denote the re exive-transitive losure of !S by !
S
applied to the S -state until it be omes saturated; that is, until no rule an be applied
anymore. At that point, we an use the set of lashes to de ide the property: the
axiomatised input is a epted (in other words, belongs to the property de ided by the
algorithm) if and only if it ontains an element of C . Returning to subsumption of HL
on ept names, A is subsumed by B w.r.t. T i the saturated S -state found in this
way ontains the pair (A; B). Thus, in our tableau setting, the set of lashes onsists
of all sets of the form f(A; B); A v? Bg, where A; B are on ept names.

De nition 3.7 (Saturated state, lash). An S -state S = (A; T ) is alled saturated
i there is no S0 su h that S !S S0 . It ontains a lash i there is a set C 2 C su h
that C  A.
For a ground tableau to orre tly de ide a -property it needs rst to be a terminating pro edure and se ond to adequately nd a lash in the state found after
termination, as expressed in the following de nition.

De nition 3.8 (Corre tness). Let P be a -property on axiomatised inputs for I
and Padmis (T), and S a ground tableau for I and Padmis (T). We say that S is
orre t for P if the following holds for every axiomatised input = (I ; T ) for I and
Padmis (T):
1. S terminates on ; that is, there exists no in nite hain of rule appli ations
S0 !S S1 !S : : : starting with S0 = S .
 S su h that S = S and S is
2. For every hain of rule appli ations S0 !
S n
0
n
saturated, we have 2 P i Sn ontains a lash.

The se ond ondition for orre tness given in this de nition might seem like a
strong restri tion, sin e it for es the algorithm to yield the same result regardless
of the order in whi h rules are applied, making it suÆ ient to test only one su h
order to de ide the property. A tually, the fa t that the order in whi h rules are
applied is irrelevant for the presen e or absen e of a lash is hard oded in our notion
of ground tableau, as shown in the next proposition. This means that although the
order in whi h rules are applied an be seen as a sour e of non-determinism, it is of
the do-not- are kind, and hen e we need not worry about it.
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Proposition 3.9. Let be an axiomatised input and S0 = S . If S and S0 are
 S and S !

0
0
saturated S -states su h that S0 !
S
0 S S , then S ontains a lash i S
ontains a lash.
A orre t tableau an be used to de ide whether a given axiomatised input belongs
to a property or not. We pro eed now to show how it an be extended to an algorithm
that omputes a pinpointing formula. Re all the assumption made for the de nition of
the pinpointing formula that every axiom t 2 T is labeled with a unique propositional
variable lab(t), and the set of all propositional variables labeling an axiom in T is
denoted by lab(T ).
Given an axiomatised input = (I ; T ), the modi ed algorithm also works on sets
of S -states, but now every assertion a o urring in the rst omponent of an S -state
is equipped with a label lab(a), whi h is a monotone Boolean formula over lab(T ). We
all su h S -states labeled S -states. Intuitively, the label of an assertion expresses the
axioms that are ne essary to produ e it. Thus, in the initial
S -state (A; T ) = (I ; T )S ,
W
S
an assertion a 2 A is labeled with > if a 2 I and with ft2T ja2tS g lab(t) otherwise.
The intuition of these labels is that, if a 2 I S , then the assertion a will be produ ed
by the tableaux algorithm, regardless of the axioms in luded in the input. Otherwise,
the label expresses whi h axioms are the responsible for its appearan e in the initial
state.
For instan e, onsider again our tableau for subsumption w.r.t. HL TBoxes and
the axiomatised input = ((A; B); T ), where T has only the axioms in (3.1). The
initial fun tion maps to the S -state having the following set of labeled assertions:11
fA v? B>; (A; A)ax1 _ax2 ; (B; B)ax4 ; (C; C)ax1_ax3_ax4 ; (D; D)ax2_ax3 g: (3.3)
The de nition of rule appli ation must also take the labels of assertions and axioms
into a ount. Let A be a set of labeled assertions and a monotone Boolean formula.
We say that the (unlabeled) assertion a is -insertable into A if either (i) a 2= A,
or (ii) a 2 A, with lab(a) = , but 6j= . Given a set B of assertions and a set
A of labeled assertions, the set of -insertable elements of B into A is de ned as
ins (B; A) := fb 2 B j b is
-insertable into Ag.12 By -inserting these insertable
elements into A, we obtain the new set of labeled assertions given by:
A d B := A [ ins (B; A);

where ea h assertion a 2 A n ins (B; A) keeps its old label lab(a), ea h assertion in
ins (B; A) n A gets label
, and ea h assertion b 2 A \ ins (B; A) gets the new label
_ lab(b).

De nition 3.10 (Pinpointing rule appli ation). Let S = (A; T ) be a labeled S state and R : (B0 ; S ) ! B a rule. R is pinpointing
appli able Vto S if (i) S  T ,
V
(ii) B0  A, and (iii) ins (B; A) 6= ;, where := b2B0 lab(b) ^ s2S lab(s).
11 For

simpli ity, we sometimes represent the labels of assertions by means of supers ripts; i.e., if a
is an assertion, then a denotes the labeled assertion where lab(a) = .
12 Noti e here that the set B ontains unlabeled assertions. This is onsistent with the fa t that
rules of a tableau use only unlabeled assertions; the labels are treated by a modi ed rule appli ation.
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Given a labeled S -state S = (A; T ) to whi h the rule R is pinpointing appli able,
the pinpointing appli ation of R to S yields the new S -state (A d B; T ), where the
formula is de ned as above.
If S0 is obtained from S by the pinpointing appli ation of the rule R, then we write
S !Rpin S0 , or simply S !S pin S0 if it is not relevant whi h of the rules of the tableau
S was applied. A labeled S -state S is pinpointing saturated if there is no S0 su h
that S !S pin S0 .

Returning to our example, we show how pinpointing rule appli ations modify the
labeled state S in (3.3). The assertion (A; A) along with axiom ax2 an trigger the
rule hl in order to add the assertion (A; D) to this state, with the label (ax1 _ ax2 ) ^ ax2 .
For the sake of readability, we will simplify this formula. Hen e, lab((A; D)) = ax2 .
This newly generated assertion an now be used in ombination with axiom ax3 to
add the assertion (A; C), whi h will have as label the onjun tion of lab((A; D))
and ax3 ; i.e., lab((A; C)) = ax2 ^ ax3 . Noti e now that the assertion (A; A) an
also trigger a rule appli ation by means of axiom ax1 . Sin e this rule appli ation
would only add the assertion (A; C) that is already present in the urrent S -state,
it would be disallowed in the original tableau sense. However, sin e this shows an
alternate way to obtain the same assertion, it needs to be allowed by pinpointing rule
appli ation, as is the ase be ause (ax1 _ ax2 ) ^ ax1 6j= lab((A; C)). When the rule is
pinpointing applied, no assertion is added to the set, but the label of (A; C) is hanged
to ((ax1 _ ax2 ) ^ ax1 ) _ (ax2 ^ ax3 ), or, equivalently, ax1 _ (ax2 ^ ax3 ). Finally, the
assertions (A; C) and (A; D) an be used along axiom ax4 to introdu e the assertion
(A; B), whose label is given by lab((A; C)) ^ lab((A; D)) ^ ax4 ; that is,
(ax1 _ (ax2 ^ ax3 )) ^ ax2 ^ ax4 :
Re all now that the original tableau de ides the property by verifying the presen e
of a lash. In the subsumption example, the lash onsists of the set of assertions
fA v? B; (A; B)g. The onjun tion of the labels of both assertions tells us whi h
axioms are ne essary for the lash to exist. In this ase, the so- alled lash formula is
> ^ (ax1 _ (ax2 ^ ax3 )) ^ ax2 ^ ax4 . Clearly, it is equivalent to the pinpointing formula
(ax1 _ ax3 ) ^ ax2 ^ ax4 that was presented in Se tion 3.1. In general, onsider a hain
of pinpointing rule appli ations S0 !S pin : : : !S pin Sn su h that S0 = S for an
axiomatised input and Sn is pinpointing saturated. The label of an assertion in Sn
expresses whi h axioms are needed to obtain this assertion. A lash in Sn depends
on the joint presen e of ertain assertions. Thus, we de ne the label of the lash as
the onjun tion of the labels of these assertions. Sin e it is enough to have just one
lash in Sn , the labels of di erent lashes in this state are ombined disjun tively.

De nition 3.11 (Clash set, lash formula). Let S = (A; T ) be a labeled S -state
and A0 V A. Then A0 is a lash set in S if A0 2 C . The label of this lash set is
A0 := a2A0 lab(a).
Let S be a labeled S -state. The lash formula indu ed by S is de ned as
S :=

_

A0 lash set in S

A0 :
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Re all that, given a set T of labeled axioms, a propositional valuation V indu es
the subset TV := ft 2 T j lab(t) 2 Vg of T . Similarly, for a set A of labeled assertions,
the valuation V indu es the subset AV := fa 2 A j V satis es lab(a)g. Given a labeled
S -state S = (A; T ) we de ne its V -proje tion as V (S) := (AV ; TV ). The following
lemma is an easy onsequen e of the de nition of the lash formula:

Lemma 3.12. Let S be a labeled S -state and V a propositional valuation. Then we
have that V satis es S i V (S) ontains a lash.
There is also a lose onne tion between pinpointing saturatedness of a labeled

S -state and saturatedness of its proje tion:

Lemma 3.13. Let S be a labeled S -state and
pinpointing saturated, then V (S) is saturated.

V

a propositional valuation. If S is

Given a tableau that is orre t for a property P , its pinpointing extension is orre t
in the sense that the lash formula indu ed by the pinpointing saturated set omputed
by a terminating hain of pinpointing rule appli ations is indeed a pinpointing formula
for P and the axiomatised input.

Theorem 3.14 (Corre tness of pinpointing). Let P be a -property on axiomatised inputs for I and Padmis (T), and S a orre t tableau for P . Then the following
holds for every axiomatised input = (I ; T ) for I and Padmis (T):
For every hain of rule appli ations S0 !S pin : : : !S pin Sn su h that
S0 = S and Sn is pinpointing saturated, the lash formula Sn indu ed
by Sn is a pinpointing formula for P and .

In this se tion we have de ned ground tableaux and shown how ea h of them an be
extended into an algorithm that omputes a pinpointing formula for a given property
and axiomatised input. While this framework suÆ es to deal with the very inexpressive logi HL, it la ks the expressivity for dealing with two phenomena that appear
already in the algorithm for de iding onsisten y of ALC ABoxes (Se tion 2.3.2);
namely, non-determinism, and assertions with an internal stru ture. The next se tion extends the ideas of ground tableaux, de ning a more general notion that an
su essfully deal with these phenomena.
3.3

Pinpointing in General Tableaux

In this se tion we follow the same path of Se tion 3.2: we rst formalise the notion
of a tableau-like de ision pro edure, and then show how it an be modi ed to obtain
an algorithm that omputes a pinpointing formula. The stru ture of these two steps
follows the same main ideas used in the previous se tion, but in a more general setting
that an deal both with non-deterministi rules, and with assertions having an internal stru ture. For this part, we will use the algorithm des ribed in Se tion 2.3.2, in
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whi h both phenomena appear, as an intuitive basis for the notions that will be introdu ed. Noti e, nonetheless, that the -property de ided by that algorithm is a tually
in onsisten y; analogously, in the algorithms presented in Se tions 2.3.3 to 2.3.5 we
will be interested in unsatis ability of on epts.
With respe t to non-determinism, onsider the rule al t shown in Figure 2.3.
When our model andidate ontains a on ept of the form C t D, then we need to
hoose (do-not-know) non-deterministi ally whi h of the disjun ts to use to extend
it. In order to represent this, the rules in a general tableau will have on the righthand side a nite set of sets of assertions, rather than simply a set of assertions as in
the previous se tion. More formally, a rule is of the form (B0 ; S ) ! fB1 ; : : : ; Bm g,
where B0 ; B1 ; : : : ; Bm are nite sets of assertions and S is a nite set of axioms. Thus,
ignoring for the moment the variables, the al t rule ould be represented in this setting
as
al t : (fC t D g; ;) ! ffC g; fD gg:
Instead of dealing only with S -states, the de ision algorithm will operate over sets
of S -states, where the appli ation of a rule R substitutes one of these S -states with
as many S -states as there are elements in the right-hand side of R. Basi ally, ea h
S -state in the set represents one of the non-deterministi options that needs to be
veri ed. For instan e, if we have the singleton set f(fC t Dg; ;)g, an appli ation of
the rule al t will lead to the set f(fC t D; C g; ;), (fC t D; Dg; ;)g, where the rst
element expresses the path where the on ept C is sele ted to be satis ed, and the
se ond, that in whi h D is the satis ed on ept.
Regarding the stru ture of assertions, noti e the tableaux-based algorithms for
ALC use as assertions not merely on ept terms, but have individuals asso iated with
them; i.e., the assertions have the form C (a) or r(a; b), with C a on ept name, r a role
name and a; b two individuals. In general, we have stru tured assertions of the form
P (a1 ; : : : ; ak ), where P is a k-ary predi ate and a1 ; : : : ; ak are onstants. Naturally it
is not ne essary to de ne a rule for ea h spe i onstant; we instead allow variables
to a t as pla eholders for them.
Furthermore, rules should be able to reate new onstants. For example, onsider
the rule al 9 appearing also in Figure 2.3. The appli ation of this rule requires us
to reate a new individual name. Su h a rule will be written in the general tableaux
setting as
al 9 : (f(9r:C )(x)g; ;) ! ffr (x; y ); C (y )gg:
In order to apply this rule to an S -state, we need to appropriately repla e the variables
in the left-hand side by onstants. The variable y is what will be alled a fresh
variable; that is, one that appears only on the right-hand side of a rule. Fresh variables
are repla ed by onstants that do not appear in the S -state to whi h the rule is
being applied. In order to avoid that su h a rule is applied inde nitely, reating new
individuals with ea h appli ation, the appli ability ondition needs to be modi ed to
he k whether it is possible to repla e the fresh variables by old onstants to obtain
assertions in the urrent S -state.
We begin by formalising all these notions. In the following we will use V and D
to denote ountably in nite sets whose elements are alled variables ; and onstants ,
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respe tively. A signature  is a set of predi ate symbols, where ea h predi ate P 2 
is asso iated to a ( xed) arity. A -assertion is of the form P (a1 ; : : : ; an ), where P 2 
is a predi ate of arity n and a1 ; : : : ; an are onstants from D. Likewise, a -pattern
is of the form P (x1 ; : : : ; xn ) where P 2  is an n-ary predi ate and x1 ; : : : ; xn 2 V.
Whenever the signature is lear from the ontext, we will often use it impli itly and
simply say pattern or assertion. Given a set A of assertions, we will use the expression
ons(A) to denote the set of onstants appearing in A. In the same fashion, var(B )
denotes the set of variables that appear in a set B of patterns.
A substitution is a mapping  : V ! D, where V  V is a nite set of variables.
In this ase we say that  is a substitution on V . If B is a set of patterns su h that
var(B )  V , then B denotes the set of assertions obtained from B by repla ing ea h
variable by its image under . If  is a substitution on V and  a substitution on V 0
su h that V  V 0 and (x) = (x) for all x 2 V , then we say that  extends .
We are ready now to des ribe the notion of general tableaux, whi h generalises
the ideas of ground tableaux presented in the previous se tion by allowing nondeterministi rules and stru tured assertions.

De nition 3.15 (General tableau). Let I be a set of inputs and Padmis (T) an
admissible set of sets of elements in T. A general tableau for I and Padmis (T) is a
tuple S = (; S ; R; C ) where

  is a signature;
 S is a fun tion that maps every I 2 I to a nite set of nite sets of -assertions
and every t 2 T to a nite set of -assertions;
 R is a set of rules of the form (B0 ; S ) ! fB1 ; : : : ; Bm g where B0; : : : ; Bm are
nite sets of -patterns and S is a nite set of axioms;
 C is a set of nite sets of -patterns, alled lashes.
As for ground tableaux, we extend the fun tion S to axiomatised inputs by setting
(I ; T )S = f(A [

[

t2T

tS ; T ) j A 2 I S g:

Noti e that in this ase, given an axiomatised input = (I ; T ), S does not de ne a
single S -state, but rather a whole set of them. Intuitively, ea h set represents a nondeterministi hoi e for the algorithm to begin to iterate with. In order to de ide a
property aÆrmatively, ea h of these sets needs to produ e a lash. We need to extend
the notion of a rule appli ation too. In this ase, we annot just extend the only
S -state; instead, rules modify the urrent set of S -states M. Ea h rule appli ation
sele ts an S -state S from M and repla es it by nitely many new S -states S1 ; : : : ; Sm
that extend the rst omponent of S.
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De nition 3.16 (Rule appli ation). Suppose we have an S -state S = (A; T ), a
rule R : (B0 ; S ) ! fB1 ; : : : ; Bm g 2 R and a substitution  on var(B0 ). We say that R
is appli able to S with  if the following three onditions are satis ed: (i) S  T , (ii)
B0   A, and (iii) for every i; 1  i  m and every substitution 0 on var(B0 [ Bi )
extending  it holds that Bi 0 6 A.
Given a set of S -states M, an S -state S = (A; T ) 2 M and a rule R, if R is
appli able to S with substitution , then the appli ation of R to S with  in M yields
the new set of S -states M0 = (M n fSg) [ f(A [ Bi ; T ) j 1  i  mg, where 
is a substitution on the variables appearing in R that extends  and maps the fresh
variables of R to distin t new onstants; i.e., onstants that do not appear in A.
If M0 is obtained from M by the appli ation of the rule R, then we write M !R M0
or simply M !S M0 if it is not relevant whi h rule of the tableau S is applied.
The onditions of appli ability ensure that the same rule R annot be applied inde nitely using the same substitution , but it may well be the ase that the new
added onstants trigger repeated rule appli ations, yielding a non-terminating pro edure. Let us for a moment assume that this is not the ase, and we an rea h a set of
S -states where no rule an be applied. When no rules are appli able to M, we he k
for lashes in ea h of the states belonging to M. The de ision made by the algorithm
will depend on the presen e or absen e of these lashes.

De nition 3.17 (Saturated, lash). The set of S -states M is alled saturated if
there is no M0 su h that M !S M0 .
The S -state S = (A; T ) ontains a lash if there is a set of patterns C 2 C and a
substitution  on var(C ) su h that C  A; the set of S -states M is full of lashes if
ea h of its elements ontains a lash.
To de ide whether a property holds, we need to he k at the saturated set of S states rea hed by the appli ation of the tableaux rules. In Se tion 2.3.2, we see that
the input ABox is in onsistent if and only if all the states in this set ontain a lash.
The same ondition appears in the subsequent se tion, for de iding unsatis ability of
a on ept with respe t to an a y li TBox. Thus, in a general tableau, we will say
that the axiomati input belongs to a property if after nitely many rule appli ations
we rea h a saturated set of states that is full of lashes.

De nition 3.18 (Corre tness). Let P be a -property on axiomatised inputs for
I and Padmis (T), and S a general tableau for I and Padmis (T). We say that S is
orre t for P if the following holds for every axiomatised input = (I ; T ) for I and
Padmis (T):
1. S terminates on ; that is, there exists no in nite hain of rule appli ations
M0 !S M1 !S : : : starting with M0 = S .
 M su h that M = S and M
2. For every hain of rule appli ations M0 !
S
n
0
n
is saturated, we have 2 P i Mn is full of lashes.
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It is easy to see that ground tableaux are indeed a spe ial ase of general tableaux,
in whi h the signature ontains only nullary predi ates and all the rules are deterministi ; that is, they have a singleton set on their right-hand side. Even in the more
general setting of this se tion, we an show a result analogous to Proposition 3.9 stating that the rule appli ation order is irrelevant to the de ision made by the tableau.
Proposition 3.19. Let be an axiomatised input and M0 = S . If M and M0 are
 M and M !

0
saturated sets of S -states su h that M0 !
S
0 S M , then M is full of
0
lashes i M is full of lashes.
This proposition a tually follows dire tly from Lemma 3.31, and hen e we delay
its proof until there. A dire t proof of the proposition would be almost identi al to
that presented for Lemma 3.31.
Given a general tableau S = (; S ; R; C ) that is orre t of a property P , we show
how the algorithm for de iding P indu ed by S an be modi ed into an algorithm that
omputes a pinpointing formula for P . As in the ground ase, the modi ed algorithm
works in a fashion similar to the original tableau, based on S -states, but now every
assertion a o urring in the assertion omponent of an S -state is equipped with a label
lab(a) whi h is a monotone Boolean formula over lab(T ).
The assertions appearing in an initial state are labeled in the same way as in the
previous se tion; that is, given an initial
S -state (A; T ) 2 (I ; T )S , an assertion a 2 A
W
is labeled with > if a 2 I S and with ft2T ja2tS g lab(t) otherwise.
De nition 3.20 (Pinpointing rule appli ation). Assume there is a labeled S -state
S = (A; T ), a rule R : (B0 ; S ) ! fB1 ; : : : ; Bm g, and a substitution  on var(B0 ). This
rule is pinpointing appli able to S with  if the following onditions hold: (i) S  T ,
(ii) B0   A, and (iii) for every i; 1  i  m, and every substitution 0 on var(B0 [ Bi)
extending  we have ins (Bi 0 ; A) 6= ;, where
=

^

b2B0

(b) ^

lab

^

s2S

lab

(s):

(3.4)

Given a set of labeled S -states M and a labeled S -state S = (A; T ) 2 M to whi h
the rule R is pinpointing appli able with substitution , the pinpointing appli ation of
R to S with  in M yields the new set of labeled states
M0 = (M n fSg) [ f(A d Bi; T ) j 1  i  mg;
where the formula is de ned as in Equation (3.4) and  is a substitution on the
variables o urring in R that extends  and maps the fresh variables of R to distin t
new onstants.
If M0 is obtained from M by the pinpointing appli ation of R, then we write
M !Rpin M0, or simply M !Spin M0 if the rule applied is not relevant. A set
of labeled S -states M is alled pinpointing saturated if there is no M0 su h that
M !Spin M0.

Consider a hain of pinpointing rule appli ations M0 !S pin : : : !S pin Mn su h
that M0 = S for an axiomatised input and Mn is pinpointing saturated. The
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label of an assertion in Mn expresses whi h axioms are needed to obtain said assertion.
Thus, we de ne the label of a lash as the onjun tion of the labels of all the assertions
appearing in it. Sin e it is enough to have just one lash per S -state S, the labels
of di erent lashes in S are ombined disjun tively. Finally, sin e we need a lash
in every S -state of Mn , the formulae obtained from the single S -states are again
onjoined.

De nition 3.21 (Clash set, lash formula). Let S = (A; T ) be a labeled S -state
and A0  A. Then A0 is a lash set in S if there is a lash C 2 C and a substitution

V
0
0
on var(C ) su h that A = C. The label of this lash set is given by A = a2A0 lab(a).
Let M = fS1 ; : : : ; Sn g be a set of labeled S -states. The lash formula indu ed by
M is de ned as
M=

^n

i=1 A0

_

lash set in

Si

A0

In the previous se tion we de ned the V -proje tion of a labeled S -state S = (A; T )
as V (S) = (AV ; TV ). We now extend this notion to sets of S -states M in the obvious
way: V (M) = fV (S) j S 2 Mg.

Lemma 3.22. Let M be a nite set of labeled S -states and V a propositional valuation.
Then V satis es M i V (M) is full of lashes.
Proof. We will prove the if dire tion rst. For that, assume that V (M) is full of
lashes. We know then that for every S -state Si 2 M the proje tion V (Si ) ontains
a lash. Thus, for every i there is a lash set Ai in Si su h that lab(a) is satis ed by V
for every assertion a 2 Ai . This means that V satis es Ai , and hen e V also satis es
the formula
_
A0 lash set in

A0 :

Si
Sin e this is true for every Si 2 M, the valuation V satis es also the lash formula
M.
Conversely, assume for the only if dire tion that V (M) is not full of lashes; i.e.,
there exists a Si 2 M su h that V (Si ) does not ontain a lash. For this to happen
it must be the ase that for every lash set A0 2 Si there is an assertion a 2 A0 su h
that V does not satisfy lab(a). Consequently, V does not satisfy the label A0 of any
of the lash sets A0 in Si , and thus this valuation annot satisfy the disjun tion of
su h labels. This shows that V does not satisfy the lash formula.
There is also a lose onne tion between the pinpointing saturatedness of a set of
labeled S -states and the saturatedness of its proje tion.

Lemma 3.23. Let M be a nite set of labeled S -states and V a propositional valuation.
If M is pinpointing saturated, then V (M) is saturated.
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Proof. Suppose that V (M) is not saturated; in other words, that there is an S -state
S = (A; T ) 2 M and a rule R : (B0 ; S ) ! fB1 ; : : : ; Bm g su h that R is appli able to
V (S) with substitution . We will show that R is pinpointing appli able to S with
the same substitution , and hen e M is not pinpointing saturated.
By De nition 3.6, sin e R is appli able to V (S) with substitution , we know that
(i) S  TV , (ii) B0   AV , and (iii) for every i; 1  i  m and every substitution
0 on var(B0 [ Bi ) extending , it holds that Bi 0 6 AV . Sin e S  TV  T and
B0   AV  A, the rst two onditions of the de nition of pinpointing appli ability
of rules (De nition 3.20) are satis ed. We need now only to show that the third
ondition is also satis ed. Consider an arbitrary but xed i and a substitution 0 on
0
var(B0 [ Bi ) extending . We must show that ins (Bi  ; A) 6= ;, where

=

^

b2B0

(b) ^

lab

^

s2S

lab

(s):

Noti e that S  TV and B0   AV imply that V satis es . Sin e Bi 0 6 AV , there
must exist a b 2 Bi su h that b0 2= AV . This means that either b0 2= A or V does
not satisfy lab(b0 ). In the rst ase, b0 is learly -insertable into A; in the se ond,
it holds that 6j= lab(b0 ) sin e V satis es , and thus b0 is again -insertable into
A. Hen e, ins (Bi 0 ; A) 6= ;, whi h implies that R is pinpointing appli able to S with
substitution .
Given a tableau that is orre t for a property P , its pinpointing extension is orre t
in the sense that the lash formula indu ed by the pinpointing saturated set omputed
by a terminating hain of pinpointing rule appli ations is indeed a pinpointing formula
for P and the input.

Theorem 3.24. Let P be a -property on axiomatised inputs over I and Padmis (T),
and S a orre t tableau for P . Then, for every axiomatised input = (I ; T ) over I
and Padmis (T) it holds that
For every hain of rule appli ations M0 !S pin : : : !S pin Mn su h that
M0 = S and Mn is pinpointing saturated, the lash formula Mn indu ed
by Mn is a pinpointing formula for P and .

We will prove this theorem by proje ting hains of pinpointing rule appli ations
to hains of tableau rule appli ations as in De nition 3.16. Unfortunately su h a
proje tion annot be done in a straightforward manner sin e in general a pinpointing
rule appli ation M !S pin M0 does not imply that V (M) !S V (M0 ). There are two
possible reasons for this. First, it ould be the ase that the assertions and axioms to
whi h the pinpointing rule was applied in M are not present in the proje tion V (M)
be ause V does not satisfy their labels. In that ase, it holds that V (M) = V (M0 ),
although M 6= M0 . The se ond reason is that a pinpointing rule appli ation of a
rule may hange the proje tion (that is, V (M) 6= V (M0 )), but this hange does not
orrespond to the appli ation of the rule to V (M). For example, onsider the rule al 9
and assume that we have an S -state ontaining the assertions (9r:C )(a) with label ax1
and r(a; b); C (b) with label ax2 . Clearly, the rule al 9 is pinpointing appli able, and
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its appli ation adds the new assertions r(a; ); C ( ) both labeled with ax1 , where is a
new onstant. Suppose now that V is a valuation that makes ax1 and ax2 true. Then
the V -proje tion of the S -state ontains the three assertions (9r:C )(a); r(a; b); C (b).
Thus, the existential rule is not appli able, whi h means that no new individual
an be introdu ed. To over ome the se ond reason, we de ne a modi ed version of
rule appli ation in whi h the third ondition for appli ability from De nition 3.16 is
removed.

De nition 3.25 (Modi ed rule appli ation). Given a S -state S = (A; T ), a
rule R : (B0 ; S ) ! fB1 ; : : : ; Bm g, and a substitution  on var(B0 ), we say that R is
m-appli able to S with  if (i) S  T , and (ii) B0   A. In this ase, we write
M !Sm M0 if S 2 M and M0 = (M n fSg) [ f(A [ Bi; T ) j 1  i  mg, where
 is a substitution on the variables o urring in R that extends  and maps the fresh
variables of R to distin t new onstants.
Modi ed rule appli ations are losely related to the \regular" rule appli ations as
presented in Se tion 3.3 on one side, and to pinpointing rule appli ations on the other.
In the following lemma, the term saturated refers to saturatedness with respe t to !S ,
as introdu ed in De nition 3.16.

Lemma 3.26. Let = (I ; T ) be an axiomatised input and M0 =

S.

 M and M !
 m M0 where M and M0 are saturated
1. Assume that M0 !
S
0
S
nite sets of S -states. Then M is full of lashes i M0 is full of lashes.
2. Assume that M and M0 are nite sets of labeled S -states, and V a propositional valuation. Then M !S pin M0 implies that either V (M) !S m V (M0 )
 pin M implies
or V (M) = V (M0 ). In parti ular, this shows that M0 !
S
V (M0 ) ! Sm V (M).

Proof. The rst statement of this lemma is a dire t onsequen e of Lemma 3.31 that
will be proved later in this se tion, and so we fo us this proof only on the se ond
statement.
Assume that M !S pin M0 ; that is, there is an S -state S = (A; T ) 2 M and a
rule R : (B0 ; S ) ! fB1 ; : : : ; Bm g su h that R is pinpointing appli able to S with some
substitution  and M0 = (M n fSg) [ f(A d Bi ; T ) j 1  i  mg where  and
are as in the de nition of pinpointing appli ation (De nition 3.20). Take an S -state
Si = (A d Bi ; T ) 2 M0 that was added by the appli ation of R. By the de nition
of -insertion, we know that (i) every assertion a 2 A n ins (Bi ; A) keeps its old label
lab(a), (ii) ea h newly added assertion in ins (Bi ; A) n A gets
as label, and (iii)
every assertion b 2 A \ ins (Bi ; A) modi es its label to _ lab(b). We will make a
ase analysis, depending on whether V satis es the formula or not.
If V satis es , then it holds that (A d Bi )V = AV [ Bi sin e the label of ea h of
the newly added assertions and ea h of the old assertions that got their label modi ed
is implied by and hen e also satis ed by V . This shows that V (M) !S m V (M0 )
sin e the onditions of m-appli ability follow dire tly from the fa t that V satis es .
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Consider now the ase where V does not satisfy . In this ase we have that
(A d Bi )V = AV sin e the label of every newly added assertion is and hen e not
satis ed by V , while the disjun tion with modifying the labels of the assertions in
A \ Bi  does not hange the evaluation of the new labels under V . It thus holds that
V (M) = V (M0 ).
If we have an axiomatised input = (I ; T ) and a sequen e of rule appli ations
S and M is pinpointing saturated, we want to show
n
that the lash formula = Mn is in fa t a pinpointing formula. This follows easily
from the following two lemmas.

M0 ! Spin Mn where M0 =

Lemma 3.27. If (I ; TV ) 2 P then V satis es .
Proof. Let N0 = (I ; TV )S . Sin e S is a orre t tableau, S must terminate on every
 N . By
input, and hen e there exists a saturated set of S -states N su h that N0 !
S
the same de nition of orre tness of S and the fa t that (I ; TV ) 2 P , we know that
N is full of lashes. By Part 2 of Lemma 3.26, we know that M0 ! Spin Mn implies
V (M0 ) !Sm V (Mn). Additionally, we know V (M0 ) = N0, and by Lemma 3.23 that
V (Mn) is saturated. Thus, using 1 of Lemma 3.26 and the fa t that N is full of
lashes, we an dedu e that V (Mn ) is also full of lashes. But then, by Lemma 3.22
we know that V satis es = Mn .

Lemma 3.28. If V satis es then (I ; TV ) 2 P .
Proof. Consider as in the previous lemma a hain of rule appli ations of the form
N0 ! S N where N0 = (I ; TV )S and N is saturated. As S is a orre t tableau for P ,
in order to show that (I ; TV ) 2 P , it suÆ es to prove that N is full of lashes. As
 m V (M ); V (M ) = N ,
in the proof of the previous lemma, we have that V (M0 ) !
n
0
0
S
and V (Mn ) is saturated. Sin e V satis es , by Lemma 3.22 we know that V (Mn ) is
full of lashes. By 1 of Lemma 3.26 this implies that N is also full of lashes.

We have now ompleted the proof of Theorem 3.24, ex ept for the rst statement
in Lemma 3.26. Before proving this result, we will introdu e the notion of a substate.
Intuitively, an S -state S is a substate of an S -state S0 if every assertion and axiom
in S appears also in S0 . However, we want to have a more general notion by allowing
di erent onstants to be used in the S -states as long as one an nd a renaming of
the onstants in S into the ones in S0 su h that the desired in lusion between their
sets of assertions holds.
De nition 3.29 (Substate). The S -state S = (A; T ) is a substate of S0 = (A0 ; T 0 ),
denoted as S  S0 i T  T 0 and there is a renaming fun tion f : ons(A) ! ons(A0 )
su h that if P (a1 ; : : : ; ak ) 2 A, then P (f (a1 ); : : : ; f (ak )) 2 A0 .
One important thing to noti e is that if we have a pair of S -states S = (A; T ) and
S0 = (A0 ; T 0 ) su h that S  S0 , then the following property holds: if there is a set B
of patterns and a substitution  on var(B ) su h that B  A, then the substitution
0 =  Æ f , where f is the renaming fun tion that yields S  S0 , satis es B0  A0 .
In parti ular, this fa t implies that S0 ontains a lash whenever S does.
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Lemma 3.30. Let N and N0 be sets of S -states, where N0 is saturated, and let
2 N and S0 2 N0. If S  S0 , then for every N !Rm N 0 there is S0 2 N 0 su h
that S0  S0 .
S

Proof. If N 0 is obtained by the appli ation of R to an S -state di erent from S in
N , then S 2 N 0 and thus nothing needs to be shown. Suppose then that the rule
0
R : (B0 ; S ) ! fB1 ; : : : ; Bm g is applied to S with some substitution  to obtain N ,
and let S = (A; T ) and S0 = (A0 ; T0 ). Sin e S  S0 , it holds that S  T  T0
and that there is a substitution 0 on var(B0 ) su h that B0 0  A0 . This all means
that onditions (i) and (ii) from the de nition of rule appli ability are satis ed for
S0 , R and 0 . Sin e N0 is saturated, R annot be appli able to S0 with 0 , and hen e
ondition (iii) annot hold. This means that there must exist an i; 1  i  m and a
substitution % on var(B0 [ Bi ) extending 0 su h that Bi %  A0 .
On the other hand, a substitution  extending  was used to onstru t the new
set N 0 of S -states through the appli ation of the rule R to S. Let S0 = (A [ Bi ; T ).
Sin e  maps the fresh variables of R to distin t new onstants, we an extend the
renaming fun tion f to f 0 : ons(A [ Bi ) ! ons(A0 ) by setting f 0 ((x)) = %(x) for
every fresh variable x of R appearing in Bi . This de nes a omplete renaming fun tion
f 0 for the onstants in A [ Bi  and by de nition this fun tion satis es  Æ f 0 = %.
We show now that S0  S0 by means of the new renaming fun tion f 0. Let
P (a1 ; : : : ; ak ) 2 A [ Bi . If this assertion belongs to A, then, sin e S  S0 with the
renaming fun tion f , it holds that P (f 0 (a1 ); : : : ; f 0 (ak )) = P (f (a1 ); : : : ; f (ak )) 2 A0 .
If P (a1 ; : : : ; ak ) 2 Bi , then P (a1 ; : : : ; ak ) = P ((x1 ); : : : ; (xk )) for some variables
x1 ; : : : ; xk 2 var(B0 [ Bi ). But sin e  Æ f 0 = %, we have
P (f 0 (a1 ); : : : ; f 0 (ak )) = P (%(x1 ); : : : ; %(xk )) 2 Bi %  A0 ;

whi h ompletes the proof that S0  S0 .
The following lemma generalises the rst part of Lemma 3.26.

Lemma 3.31. Let be an axiomatised input and M0 = S . If M and M0 are
 m M and M !

0
saturated sets of S -states su h that M0 !
S
0 S m M , then M is full of
0
lashes i M is full of lashes.
Proof. Re all that the appli ation of a rule to a set of S -states removes one of these
S -states and adds a nite number of S -states that extend the removed one. Thus, for
every S -state S 2 M0 there is an S -state S0 2 M0 su h that S0  S.
Consider the hain of (modi ed) rule appli ations

M0 !Sm M1 !Sm : : : !Sm Mn = M
that leads from M0 to M. Sin e M0 is saturated, we an use Lemma 3.30 to dedu e
that for every S 2 M0 there is an S -state S1 2 M1 su h that S1  S. By iterating
this argument, we obtain that, for every S 2 M0 there is an element Sn 2 M su h
that Sn  S.
Assume now that M is full of lashes; that is, every S -state in M ontains a lash
and take an arbitrary S 2 M0 . We must show that S ontains a lash. As shown in
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the previous paragraph, there is an element Sn 2 M su h that Sn  S. The fa t
that Sn ontains a lash implies that S ontains also a lash. This nishes the proof
of the only if dire tion. A symmetri argument an be used to prove the onverse
dire tion.
When proving the orre tness of the pinpointing extension of a tableau, we onsider
only terminating hains of pinpointing rule appli ations. Unfortunately, although a
orre t tableau needs to be terminating, this property not ne essarily transfer to its
pinpointing extension. The reason for this is that a rule may be pinpointing appli able
in ases where it is not appli able in the normal sense, as dis ussed before. Even if
we restri t ourselves to deterministi rules, the problem still appears, as shown in the
following example.

Example 3.32. Consider the tableau S with the following three rules13
R1
R2
R3

: (fP (x)g; fax1 g) ! fr(y; y; y); Q1 (y); Q2 (y)g;
: (fP (x)g; fax2 g) ! fr(y; y; y); Q1 (y); Q2 (y)g;
: (fQ1 (x); Q2 (y)g; ;) ! fr(x; y; z ); Q1 (y); Q2 (z )g;

where the fun tion S maps every input I 2 I to the set fP (a)g and every axiom from
T = fax1 ; ax2 g to the empty set, with Padmis (T) = P (T). For any axiomatised input
= (I ; T ), we have S = (fP (a)g; T ). Depending on the axioms appearing in T ,
the rules R1 and/or R2 may be appli able to this S -state, but R3 is not. Noti e that
R1 and R2 have the same right-hand side, and thus the appli ation of any of them to
S leads to the same S -state modulo the hosen new onstant name introdu ed for the
fresh variable y. Suppose we apply one of these rules and introdu e the new onstant
b. The resulting S -state is S = (A; T ) where
A = fP (a); Q1 (b); Q2 (b); r(b; b; b)g:

No rule is then appli able to S. In fa t, in order to apply any of the rules R1 ; R2 ,
the only way to satisfy Condition (ii) from the de nition of rule appli ation (De nition 3.6) is to use a substitution that maps the variable x to the onstant a. By
extending this substitution to map y to the onstant b, Condition (iii) from the same
de nition is violated sin e the assertions Q1 (b); Q2 (b) and r(b; b; b) already appear in
S, after being introdu ed by the rst rule appli ation. To satisfy Condition (ii) for rule
R3 , we must hoose the substitution  that maps both variables x and y to the onstant
b. If we extend  to map z to the same onstant b we then violate Condition (iii).
This all shows that S indeed terminates on every axiomatised input; in fa t, at most
one rule is appli able before rea hing a saturated S -state.
However, it is possible to onstru t an in nite hain of pinpointing rule appli ations
starting with S = (fP (a)g; fax1 ; ax2 g), where lab(P (a)) = >. We an rst apply rule
R1 to obtain the S -state S des ribed above, where all the assertion, with the ex eption
of P (a), are labeled with ax1 . At this point, rule R2 is pinpointing appli able sin e,
13 Sin e all the rules are deterministi and hen e there will always be only one S -state, we express
only this state, instead of the set ontaining it.
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although there is an extension of the substitution under whi h all the assertions exist
already in S, these assertions are labeled with the formula ax1 , whi h is not implied
by ax2 . The pinpointing appli ation of R2 to S adds the assertions Q1 ( ); Q2 ( ) and
r( ; ; ) all with label ax2 . It is now possible to apply the rule R3 to the resulting
S -state S0 with the substitution  mapping the variables x and y to the onstants b
and , respe tively. Sin e the S -state S0 does not ontain any assertion of the form
r(b; ; ), Condition (iii) annot be violated. This rule appli ation adds the assertions
r(b; ; d); Q2 (d) with label ax1 ^ ax2 . It is easy to see that the rule R3 an be now
repeatedly applied, produ ing this way a non-terminating hain of pinpointing rule
appli ations.

This example shows that the termination of a tableau S does not ne essarily imply
the termination of its pinpointing extension, even for the restri ted ase of tableaux
having only deterministi rules. In Chapter 6 we will show that it is in general undeidable whether the pinpointing extension of a tableau is terminating. Nonetheless,
we an still sear h for lasses of tableaux that have terminating extensions. Moreover,
as shown in Se tions 2.3.4 and 2.3.5, some tableau algorithms a tually require additional te hniques to ensure termination, and those te hniques need to be adapted to
pinpointing extensions as well in order to preserve orre tness. The next hapter deals
with termination of pinpointing extensions in both fronts. First it introdu es a lass
of terminating tableaux whose pinpointing extensions are always terminating. Afterwards, it de nes a general notion of blo king, taking as model the notion of equality
blo king from Se tion 2.3.5, and shows how it an be extended to produ e a orre t
and terminating pinpointing pro edure.
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Chapter 4
A Class of Terminating Tableaux
The pinpointing extension of general tableaux presented in the previous hapter requires a relaxation of the rule-appli ability onditions to ensure that all possible ways
in whi h a property an be dedu ed are dete ted in a single exe ution. Example 3.32
shows that these relaxed appli ability onditions may lead to a non-terminating proedure. This undesired behaviour may arise even in restri ted s enarios, as when only
deterministi rules are allowed. Sin e we are interested in des ribing a terminating
pro edure, we turn our attention to the auses of termination of known tableau algorithms, aiming towards a framework that not only ensures the termination of the
original tableau algorithms, but also transfers this result to their pinpointing extensions.
We identify tableaux that generate tree-like S -states as good andidates for termination. On one side, if we are able to bound the breadth and depth of these S -states,
there will be no way an in nite hain of rule appli ations an be generated. On the
other, even if we are unable to bound the depth of these trees, we an reuse the ideas
of blo king to avoid generating an in nite tree. The tree-like stru ture is important
for blo king for two reasons: rst, we need a notion of nodes to have one blo king
another, and se ond, the tree shape yields a natural ordering that allows us to forbid
mutual blo king by two nodes, whi h would lead to an in orre t pro edure. A tually,
we allow for a slightly more general s enario, in what we will all forest tableaux.
These tableaux, whi h are formally de ned in Se tion 4.1, may produ e several trees
that \grow" from an arbitrary graph-like stru ture. Using this notion, we rst present
additional onditions that bound the growth of the trees generated by these tableaux,
and show that they suÆ e for ensuring termination in Se tion 4.2. Finally, in Se tion 4.3, we introdu e a general notion of blo king analogous to equivalen e blo king
introdu ed in Chapter 2, and show how it an be used to ensure an answer in nite
time.
4.1

Forest Tableaux

One of the reasons why tableau algorithms for ertain DLs terminate is that they reate
a tree-like stru ture for whi h the out-degree and the depth of the tree are bounded
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by a fun tion of the size of the input formula. The nodes of these trees are labeled,
but the input determines a nite number of possible labels. A typi al example is the
tableau-based de ision pro edure for satis ability of ALC - on epts (see Chapter 2).
This algorithm generates sets of assertions of the form r(a; b) and C (a), where r is
a role and C is an ALC - on ept des ription. The tree stru ture is indu ed by role
assertions, and the nodes are labeled by sets of on epts, i.e., node a is labeled with
fC1; : : : ; Cng if C1 (a); : : : ; Cn(a) are all the on ept assertions involving a. The main
reasons why the algorithm terminates are:
 the depth of the tree stru ture is bounded by the size n of the input, i.e., the
maximal length m of hains r1 (a0 ; a1 ); r2 (a1 ; a2 ); : : : ; rm (am 1 ; am ) in a set of
assertions generated by the algorithm is bounded by n;

 the out-degree of the tree stru ture is bounded by n , i.e., the maximal number m
of assertions r1 (a0 ; a1 ); r2 (a0 ; a2 ); : : : ; rm (a0 ; am ) in a set of assertions generated
by the algorithm is bounded by n;

 for every assertion C (a) o urring in a set of assertions generated by the algo-

rithm, C is a sub-des ription of the input on ept des ription.
If we look at the algorithm that de ides onsisten y of ALC -ABoxes (Se tion 2.3.2)
then things are a bit more ompli ated: rather than a single tree one obtains a forest,
more pre isely, several trees growing out of the input ABox. But these trees satisfy
the restri tions mentioned above, whi h is enough to show termination.
Basi ally, we want to formalise this reason for termination within the general
framework of tableaux introdu ed in the previous hapter. However, to be as general
as possible, we do not want to restri t assertions to be built from unary predi ates
( on epts) and binary predi ates (roles) only. For this reason, we allow for predi ates
of arbitrary arity, but restri t our assertions su h that states (i.e., sets of assertions)
indu e graph-like stru tures. This general approa h allows us to model, among others,
the tableaux de ision algorithm for the n-ary DL GF 1 introdu ed in [LST99℄.
In order to have a graph-like stru ture, we must be able to distinguish between
nodes and edges. For this reason, we now assume that the signature  is partitioned
into the sets  and , where ea h predi ate name P 2  is equipped with an arity
n, while every predi ate name r 2  is equipped with a double arity 0 < m < n.
Stri tly speaking, the arity of r 2  is n; however, the rst m argument positions are
grouped together, as are the last n m. Intuitively, the elements of  orrespond to
DL on epts and form the nodes of the graph-like stru ture, whereas the elements of
 orrespond to DL roles and indu e the edges.
If a pattern/assertion p starts with a predi ate from  (), we say that p is a
b (p 2 b ). In our ALC
-pattern/assertion (-pattern/assertion), and write p 2 
example, the set  onsists of all ALC - on epts, whi h have arity 1, and  onsists
of all role names, whi h have double arity 1; 2. For the rest of this hapter, assertions
b
and patterns in b will be denoted using apital letters (P; Q; R; : : :), and those in 
using lower- ase letters (r; s; t; : : :). Given a predi ate p 2  with double arity m; n,
the sets of parents and des endants of the pattern r = p(x1 ; : : : ; xm ; xm+1 ; : : : ; xn ) are
given by r = fx1 ; : : : ; xm g and !
r = fxm+1 ; : : : ; xn g, respe tively.
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In the di erent tableau algorithms presented in Chapter 2 for de iding properties
in ALC , the nodes of the trees are de ned by the onstants o urring in the set of
assertions, and the on ept assertions give rise to the labels of these nodes. In the
general ase, nodes are not single onstants, but rather sets of assertions built over a
onne ted set of onstants.

De nition 4.1 (Conne ted). Let B be a set of -patterns (-assertions), and
2 var(B ) (a; b 2 ons(B )). We say that x and y (a and b) are B - onne ted,
denoted as x B y (a B b), if there are variables x0 ; x1 ; : : : ; xn 2 var(B ) ( onstants
b (respe tively assertions
a0 ; a1 ; : : : ; an 2 ons(B )) and patterns P1 ; : : : ; Pn 2 B \ 
b
P1 ; : : : ; Pn 2 B \ ) su h that x = x0 ; y = xn (a = a0 ; b = an ) and for every 1  i  n
it holds that fxi 1 ; xi g  var(Pi ) (fai 1 ; ai g  ons(Pi )).
We say that B is onne ted if, for every x; y 2 var(B ) (a; b 2 ons(B )), we have
x B y (a B b).

x; y

Conne ted sets of assertions an be viewed as bundles that join the onstants
ontained in them. Nodes will be formed by maximal onne ted sets of assertions
b will be treated as a (dire ted) edge that onne ts a node
from b . An assertion from 
ontaining its parent onstants with a node ontaining its des endant onstants.

De nition 4.2 (Graph stru ture). Let B be a set of assertions. A maximal onb is alled a node in B . An assertion r 2 B \ b is alled
ne ted subset N  B \ 
an edge in B if there are two nodes N1 and N2 in B su h that r  ons(N1 ) and
!
ons(N2 )  r . In this ase, we say that r onne ts N1 to N2 .
b is an edge. If B is a graph
The set B is a graph stru ture if every r 2 B \ 
stru ture, the orresponding B -graph GB ontains one vertex vN for every node N ,
and an edge (vN ; vM ) if there is an edge onne ting N to M .
The notion of a graph stru ture and of the orresponding graph an be extended to
states S = (B; T ) in the obvious way: S is a graph stru ture if B is one, and in this
ase GS := GB .
If a set of assertions B is a graph stru ture, then the set of nodes forms a partition of
b , and ea h of its elements either belongs to a node or is a (dire ted) edge. Observe,
B \
b may onne t a node with more than one su essor node.
however, that an edge r 2 
For example, onsider the set of assertions B = fP (a); Q(b); R( ); r(a; b; )g where
P; Q; R 2  are unary, and r 2  has double arity 1; 3. This set forms a graph
stru ture onsisting of the nodes N1 := P (a); N2 := Q(b); N3 := R( ) and the edge
r(a; b; ). This single edge onne ts N1 to both N2 and N3 . GB is then the graph
(fv1 ; v2 ; v3 g; f(v1 ; v2 ); (v1 ; v3 )g). This will reate no problem in our proofs, but must
be kept in mind when dealing with graph-stru tures and their orresponding graphs.
Re all that the tableau-based de ision pro edure for onsisten y of ALC -ABoxes
(Se tion 2.3.2) starts with an ABox, whi h an be viewed as a graph, but then extends
this ABox by trees that grow out of the nodes of this graph. The following de nition
introdu es forest tableaux, whi h show a similar behavior, but are based on the more
general notion of a graph stru ture introdu ed above.
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De nition 4.3 (Forest tableau). The tableau S = (; S ; R; C ) is alled a forest
tableau if for every axiomatised input and every S 2 S , the state S is a graph
b , and the following onditions
stru ture, every lash C 2 C is a onne ted subset of 
hold for every rule (B0 ; S ) ! fB1 ; : : : ; Bm g and every 1  i  m:

b , there exists a -pattern P
1. for every -pattern r 2 B0 \ 
!
r  var(P ) or r  var(P ).
b , there exists a -pattern P
2. for every -pattern r 2 Bi \ 
r  var(P ).

2 B0 \ b su h that

2 B0 \ b su h that

b , we have !r \ var(B0 ) = ;.
3. for every -pattern r 2 Bi \ 

b are distin t patterns, then !r \ !s = ;.
4. if r; s 2 Bi \ 

b , either
5. for every -pattern P 2 Bi \ 
b su h that var(P )  !r or var(P )  r ,
(i) there is a -pattern r 2 (B0 [ Bi) \ 
or
b with var(P )  var(Q).
(ii) there is a Q 2 B0 \ 
b 6= ;, then Bi \ b = ;.
6. if B0 \ 
7. B0 \ b is onne ted.

A few intuitive explanations for these onditions are in order. Condition 1 ensures
that every edge triggering a rule appli ation is onne ted to a node, whi h may be
either a parent or a des endant node of this edge. Condition 2 makes sure that for
every newly introdu ed edge, a parent node was present before the rule is applied.
This implies that a rule appli ation annot add new prede essors to a node, and that
newly introdu ed nodes are not dis onne ted from the rest of the graph stru ture.
Both of these properties are vital for obtaining forest-like stru tures. Condition 3
states that every newly generated edge has only new onstants in its des endant set.
In other words, new edges annot onne t old nodes, but only generate new nodes
as des endant. Condition 4 ensures that, even if several edges are added by a single
rule appli ation, these edges onne t di erent nodes with the parent node, avoiding
this way that a node is onne ted by multiple edges to a parent node. Condition 5
makes sure that we always have a onne ted graph. It states that, whenever a non-edge
assertion is added, it must either belong to an old node, or belong to a des endant node
added by the reation of a new edge within the same rule appli ation. Condition 6
states that the addition of new edges must only depend on the assertions belonging to
the parent nodes, but never on the presen e of other edges. In parti ular, this ensures
that ea h des endant is reated independently from its siblings, as long this is done in
distin t rule appli ations. Finally, Condition 7 ensures that the non-edge assertions
triggering a rule appli ation all belong to the same node.
The di erent (disjun tive) options stated in Conditions 1 and 5(i) require an additional explanation. They allow the tableau rules to propagate information not just
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to su essor nodes, but also to prede essor nodes in the trees. The main reason for
in luding this possibility in our framework is that it makes it general enough to deal
with onstru tors su h as inverse roles in DLs, and hen e model SI -TBoxes. The
pri e to pay for this de ision is twofold: on the one side, more ases must be analysed
in the proofs. On the other, the weaker version of blo king, subset blo king, will not
suÆ e to yield a orre t terminating algorithm (see Example 2.12) and we will have to
use an analogous to equivalen e blo king. Noti e nonetheless that if the use of subset
blo king leads to a orre t de ision pro edure, using instead equivalen e blo king will
still yield a orre t answer, though its eÆ ien y may be ompromised as the y les
will take longer to be dete ted.
Although this de nition may seem to omplex at rst sight, all the onditions are
lo al for ea h rule and only impose restri tions on their synta ti form; thus, they an
be easily veri ed to determine whether a given tableau belongs to the lass of forest
tableaux or not.
The following lemma shows that the S -states of a forest tableau form graph stru tures in whi h every node is onne ted to an initial node via a series of edges. We
show that it is a tually the ase even for modi ed rule appli ations, sin e we want to
use it also for the pinpointing extensions. Its proof is identi al to that of Lemma 4.7,
by simply deleting every referen e to the ordering relation used there. To avoid a
futile repetition of the lengthy proof, we do not present this proof here, but delay it
to the following se tion.
Lemma 4.4. Let S be a forest tableau, an axiomatised input, S0 !S m S1 !S m   
a sequen e of modi ed rule appli ations, and S0 2 S . Then, for every Si = (Ai ; T )
b , either ons(P )  ons(A0 ) or there are r 2 Ai \ b and Q 2 Ai \ b
and P 2 Ai \ 
su h that r  ons(Q), and ons(P )  !
r.
In fa t, due to Conditions 3 and 4 of De nition 4.3, we an dedu e that the r
des ribed by this lemma is unique for every given P . Thus, the S -states of a forest
tableau form indeed a forest stru ture as des ribed before.
Clearly, just ensuring that all states generated by a tableau have a forest-like
stru ture is not suÆ ient to yield termination. We must also ensure that the trees in
the forest annot grow inde nitely (i.e., that the overall number of nodes that an be
generated is bounded), and that the same is true for the nodes (i.e., that the number
of assertions making up a single node is bounded). To bound the number of possible
assertions, we restri t the set of predi ate names that an be used; this restri ted set
is alled a over.
De nition 4.5 (Cover). Let S = (; S ; R; C ) be a tableau and T a set of axioms.
A set   is alled a T - over if, for every rule R : (B0 ; S ) ! fB1 ; : : : ; Bn g su h
that S  T and B0 ontains only predi ates from , the sets Bi for i = 1; :::; n also
ontain only predi ates from .
The tableau S is overed if, for every axiomatised input = (I ; T ), there is a
nite T - over
su h that every S -state in S ontains only predi ates from .
in

Given su h a overed tableau, every state that an be rea hed from an initial state
S by applying rules from S ontains only predi ates from
. We will see that
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this ensures that nodes annot grow inde nitely.
To prevent the trees from growing inde nitely (i.e., to bound the number of nodes),
it is enough to enfor e nite bran hing and nite paths in the trees. Finite bran hing
a tually already follows from the onditions we have stated so far. Hen e, we need
only to make sure that paths annot get inde nitely long. The next se tion shows
how a partial order an be used to ensure this.
4.2

Ordered Tableaux

To bound the length of paths, we additionally require the predi ates o urring in rules
to be de reasing w.r.t. a given partial order, in su h a way that nodes farther away
from the root will have smaller predi ates than their prede essors. Given a stri t
partial order < on predi ates, we extend it to patterns (assertions) by de ning P < Q
if the predi ate of the pattern (assertion) P is smaller than the predi ate of the pattern
(assertion) Q.

De nition 4.6 (Ordered tableaux). A overed tableau S is alled an ordered
tableau if, for every axiomatised input , there is a stri t partial ordering < on
the predi ate names in \  su h that, for every rule (B0 ; S ) ! fB1 ; : : : ; Bn g, every
b , we have Q < P .
1  i  n, and every P 2 B0 \ b and Q 2 Bi \ 
For example, the tableau-based de ision pro edure for onsisten y of ALC -ABoxes
is an ordered tableau. It is overed sin e rule appli ation only adds on ept assertions
C (a) (role assertions r(a; b)) where C is a sub-des ription of a on ept des ription
o urring in the input ABox A0 (where r is a role o urring in the input ABox A0 ).
Thus one an take the set of sub-des riptions of on ept des riptions o urring in
A0 together with the roles o urring in A0 as a over. In addition, rule appli ation
only adds on ept assertions that either have a smaller role-depth (i.e., nesting of
existential and value-restri tions) than the one that triggered it, or are sub on epts
of it. Thus, ordering on ept des riptions by their role-depth and by the sub on ept
relation yields the desired partial order.
Ordered tableaux have the property that, if applied to an axiomatised input ,
none of the trees in the generated forest an have a depth greater than the ardinality
of the over . This easily follows from the next lemma.

Lemma 4.7. Let S be an ordered forest tableau, an axiomatised input, S0 2 S ,
and S0 !S m S1 !S m    a sequen e of modi ed rule appli ations. Then, for every
b , either ons(P )  ons(A0 ) or there are r 2 Ai \ b and
Si = (Ai ; T ) and P 2 Ai \ 
b su h that r  ons(Q), ons(P )  !r , and P < Q.
Q 2 Ai \ 
Proof. The proof is by indu tion on i. For S0 the result is trivial. Suppose now that
it holds for Si , and that the rule R : (B0 ; S ) ! fB1 ; : : : ; Bn g is applied to Si to
obtain Si+1 = (Ai+1 ; T ), where Ai+1 = Ai [ Bj  for some substitution  and some
b . If P 2 Ai , then by the indu tion hypothesis and the
j; 1  j  n. Let P 2 Ai+1 \ 
fa t that Ai  Ai+1 , the result holds. Otherwise, P was added by the appli ation of
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b with
. By Condition 5 of De nition 4.3, we have either (i) an r 2 (B0 [ Bj ) \ 
!
b with ons(P )  ons(Q).
ons(P )  r or ons(P )  r , or (ii) there is a Q 2 B0  \ 
We will analyse Case (ii) rst. Sin e the rule was applied with substitution ,
b . Sin e S is ordered, we also know that
we have B0   Ai , and thus Q 2 Ai \ 
P < Q. By the indu tion hypothesis, either ons(Q)  ons(A0 ), or r  ons(Q0 ),
!
0
0
ons(Q)  r , and Q < Q for assertions r; Q 2 Ai . In both ases, transitivity of <
and of  yield the desired result.
We fo us now on Case (i). Suppose rst that ons(P )  !
r . If r 2 Bj , then by
Condition 2 of De nition 4.3, there is a Q 2 B0   Ai su h that r  ons(Q). Sin e
S is ordered, we also have P < Q, whi h ompletes the proof for the ase where
!
ons(P )  r and r 2 Bj  .
Next, we onsider the ase where ons(P )  !
r and r 2 B0 . Then, by Condition 1
of De nition 4.3, there must exist a Q 2 B0  su h that r  ons(Q) or !
r  ons(Q).
In the former ase, the proof is analogous to the one for the rst part of this ase. In
the latter ase, we have ons(P )  !
r  ons(Q), whi h is an instan e of Case (ii).
Finally, suppose that ons(P )  r . We an assume without loss of generality
b su h that ons(P )  ons(Q). In fa t, if it existed, we
that there is no Q 2 B0  \ 
would be in Case (ii) analysed above. Consequently, r annot belong to Bi  sin e this
would violate Condition 2 of De nition 4.3. Hen e, r 2 B0  and there must exist a
b su h that r  ons(Q) or !r  ons(Q).
Q 2 B0  \ 
In the rst ase, we have ons(P )  r  ons(Q), whi h brings us ba k to Case (ii)
analysed above. In the other ase, we know that P < Q and Q 2 Ai . Thus, by the
indu tion hypothesis, the statement of the lemma holds for Q.
If ons(Q)  ons(A0 ), then|due to our assumption in this ase stating that
!r  ons(Q)|we also have
!r  ons(A0 ). This means that r was not added by any
previous rule appli ation as otherwise this would violate Condition 3 of De nition 4.3.
Thus, r must have been already present in A0 , whi h implies r  ons(A0 ). Sin e
ons(P )  r , it also holds that ons(P )  ons(A0 ).
Now, assume that ons(Q) 6 ons(A0 ). By the indu tion hypothesis, there exist
b and R 2 Ai \ b su h that s  ons(R); ons(Q)  !s , and Q < R.
s 2 Ai \ 
Sin e ons(Q) 6 ons(A0 ), we know that Q and s were added by a (previous) rule
appli ation. We laim that r = s. In fa t, we have ; 6= !
r  ons(Q)  !
s . If
we had r 6= s, then this would violate Condition 3 or 4 of De nition 4.3, where
Condition 3 overs the ase where r and s are introdu ed by di erent rule appli ations,
and Condition 4 overs the ase where these two assertions are added by the same
rule appli ation.
Overall, we thus know that ons(P )  r  ons(R) and P < R. Sin e R 2 Ai ,
by the indu tion hypothesis, we have on e again that either ons(R)  ons(A0 ) or
b and Q0 2 Ai \ b su h that r0  ons(Q0 ); ons(R)  !
there exist r0 2 Ai \ 
r0 , and
R < Q0 . In both ases, the fa t that ons(P )  ons(R) and P < R, together with
the transitivity of  and < , yields the desired result.
R

Noti e that in this proof, the existen e of the stated assertions r and Q does not
depend on the fa t that the tableau is ordered, or even overed. Those restri tions
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are only used for showing that indeed there is a de reasing sequen e of predi ates in
ea h Si . Hen e, removing all referen es to this ordering yields a proof for Lemma 4.4.
An easy onsequen e of Lemma 4.7 is that a path onsisting of m new edges in a
state generated by rule appli ations from a state in S implies a de reasing sequen e
w.r.t. < of the same length. Consequently, the length of su h paths is bounded by
the number of predi ate symbols o urring in the nite over .
 m S where S = (A ; T ) 2 S and S = (A; T ). Suppose
Proposition 4.8. Let S0 !
0
0
S
that A ontains edges r1 ; : : : ; rm and nodes N0 ; : : : ; Nm su h that for all i; 1  i  m,
ri 2= A0 and ri onne ts Ni 1 with Ni . Then, there exist assertions Q1 ; : : : ; Qm 2 A
su h that Q1 > Q2 > : : : > Qm .
Proof. Sin e ri onne ts Ni 1 with Ni for i = 1; : : : ; m, we know by De nition 4.2 that
ri  ons(Ni 1 ) and ons(Ni )  !
ri . This implies that ri  ri !1 for all i; 1 < i  m.
For ea h of the edges ri we have assumed that it is new, i.e., ri 2= A0 . Thus, ri
must have been added by some rule appli ation. Condition 3 of De nition 4.3 entails
then that, for every 1  i  m, !
ri \ ons(A0 ) = ;, and thus, for every 1 < i  m it
also holds that ri \ ons(A0 ) = ;, as ri  ri!1 .
Sin e rm was added by a rule appli ation, by Condition 2 of De nition 4.3, there
must be an assertion Qm 2 A \ b su h that rm  ons(Qm ). Hen e, it is the ase that
b and Qm 1 2 A \ b su h
ons(Qm ) 6 ons(A0 ). By Lemma 4.7, there exist r 2 A \ 
!
that r  ons(Qm 1 ); ons(Qm )  r , and Qm < Qm 1 . We have rm  rm !1 and
rm  ons(Qm )  !
r , whi h implies that rm !1 \ !
r 6= ;. However, Conditions 3 and 4
b n A0 must have disjoint sets of
of De nition 4.3 ensure that distin t assertions in 
des endants. Thus, we know that r = rm 1 .
We an now apply the same argument to rm 1 and Qm 1 and obtain an assertion
Qm 2 su h that rm 2  ons(Qm 2 ); ons(Qm 1 )  rm !2 , and Qm 1 < Qm 2 . By
iterating this argument, we thus obtain the desired des ending hain of assertions
Q1 > Q2 > : : : > Qm .

The following two remarks will be useful in the proof of the main theorem of this
se tion. First, re all that Condition 7 of De nition 4.3 ensures that the assertions
from b triggering a rule appli ation all belong to the same node.
Se ond, given a new node N (i.e., one that was not present in the initial state)
and an assertion P 2 N , Lemma 4.7 yields an edge r su h that ons(P )  !
r . Sin e
distin t edges have disjoint sets of des endants (Condition 4 of De nition 4.3) any
other assertion in Q 2 N also satis es ons(Q)  !
r . This shows that the onstants
o urring in a node all belong to the des endant set of the edge whose introdu tion
reated the node.
We are now ready to show termination of the pinpointing extension of any ordered
forest tableaux.

Theorem 4.9. If S is an ordered forest tableau, then its pinpointing extension terminates on every input.
Proof. Suppose that there is an input = (I ; T ) for whi h there is an in nite sequen e
of pinpointing rule appli ations S0 !S pin S1 !S pin : : :, with S0 2 S . Sin e S is a
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overed tableau, there is a nite T - over
su h that, for all i  0, the assertions
in Si use only predi ate symbols from . As noted above, for every node there is
a xed nite set of onstants that an o ur in the assertions of this node. This set
is either the set of onstants o urring in S0 (for an old node) or it onsists of the
des endants in the unique edge whose introdu tion reated the node (for a new node).
Together with the fa t that the T - over
is nite, this restri ts the assertions that
an o ur in the node to a xed nite set. Ea h of these assertion may repeatedly have
its label modi ed by appli ations of the pinpointing rules. However, every appli ation
of a rule makes the label more general in the sense that the new monotone Boolean
formula has more models than the previous one. Sin e these formulae are built over
a nite set of propositional variables, this an happen only nitely often. The same
argument shows that the label of a given edge an be hanged only nitely often.
Hen e, to get a non-terminating sequen e of rule appli ations, in nitely many new
nodes must be added. By Conditions 5 and 2 of De nition 4.3, ea h newly added node
b su h that the
N is reated as su essor of an existing node w.r.t. a unique edge r 2 
!
onstants in N are new onstants ontained in r . If in nitely many new nodes are
reated, then either there is a node that obtains in nitely many dire t su essors, or
an in nite hain of nodes is reated, where ea h is a su essor of the previous one.
Proposition 4.8 implies that the latter ase annot o ur. In fa t, given nodes
N0 ; N1 ; : : : ; Nm and edges r1 ; : : : ; rm su h that, for all i; 1  i  m, ri onne ts
b su h that
Ni 1 to Ni , Proposition 4.8 yields a sequen e of assertions Q1 ; : : : ; Qm 2 
Q1 > Q2 > : : : > Qm . However, the length of su h a des ending sequen e is
bounded by the ardinality of the nite T - over . Thus, it is not possible that an
in nite path is reated by a sequen e of rule appli ations.
Now, onsider the rst ase, i.e., assume that there is a node N for whi h in nitely
many su essors are reated. However, the onstants in N are from a xed nite set
of onstants C , and the predi ate symbols that an o ur in the applied rules must
all belong to the nite T - over . Thus, up to variable renaming, there are only
nitely many rules that an be applied to N , and there are only nitely many ways of
repla ing the variables in the left-hand side of rules by onstants from C . The fresh
variables in the right-hand side are always repla ed by distin t new onstants. Thus,
for a xed rule and a xed substitution  repla ing the variables in the left-hand side of
this rules by onstants from C , the assertions introdu ed by two di erent appli ations
of this rule using  only di er by a renaming of these new onstants. By the way
pinpointing rule appli ability is de ned, su h renamed variants an only be added as
long as their labels are not equivalent. But there are only nitely many labels up
to equivalen e. Thus, N an in fa t obtain only a nite number of su essors. This
nishes the proof that the pinpointing extension of an ordered forest tableau always
terminates.
Note that termination of the pinpointing extension implies termination of the
original tableau. In fa t, a non-terminating sequen e of rule appli ations for the
original tableau an easily be transformed into a non-terminating sequen e of rule
appli ations for its pinpointing extension.

Corollary 4.10. An ordered forest tableau terminates on every input.
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The de nition of forest tableaux imposes quite a number of restri tions to be
satis ed. Thus, it is natural to ask whether all these restri tions are indeed ne essary.
The answer is yes: if any of these restri tions is removed, then Theorem 4.9 no longer
holds. In fa t, it is possible to onstru t tableaux satisfying all other properties that
do not terminate. More interesting perhaps is that there are terminating tableaux
satisfying all other properties whose pinpointing extensions do not terminate. Here,
we illustrate this fa t with one example, where we remove Condition 6 of De nition 4.3.
Examples for the other onditions an be built in a similar way.

Example 4.11. Consider the tableau S that has the following four rules:
R1
R2
R3
R4

:
:
:
:

(fP (x)g; fax1 g) ! ffR(x); Q1 (x)gg;
(fP (x)g; fax2 g) ! ffR(x); Q2 (x)gg;
(fR(x)g; ;) ! ffr(x; y)g; fQ1 (x)g; fQ2 (x)gg;
(fP (x); r(x; y)g; ;) ! ffT (y); r(x; z )gg;

and where the fun tion S maps every input I 2 I to the singleton set ffP (a)gg, and
ea h axiom in T = fax1 ; ax2 g to the empty set.
It is easy to verify that S with the ordering T < Q2 < Q1 < R < P satis es all
the onditions of an ordered forest tableau, ex ept for Condition 6 of De nition 4.3
violated by the rule R4 .
For any axiomatised input = (I ; T ), we have S = f(fP (a)g; T )g, and thus
neither R3 nor R4 is appli able to S . Depending on whi h axioms are ontained in
T , the rules R1 and/or R2 may be appli able. However, their appli ation introdu es
Q1 (a) or Q2 (a) into the set of assertions, and thus the non-deterministi rule R3
is not appli able. Obviously, R4 be omes appli able only after R3 has been applied.
Consequently, S terminates on every axiomatised input .
It is possible, however, to onstru t an in nite hain of pinpointing rule appli ations starting with S = f(fP (a)g; fax 1 ; ax2 g)g where lab(P (a)) = >. In fa t, we
an rst apply the rule R1 . This adds the assertions R(a) and Q1 (a), both with label ax1 . An appli ation of the rule R2 adds the assertion Q2 (a) with label ax2 , and
modi es the label of the assertion R(a) to lab(R(a)) = ax1 _ ax2 . At this point, we
have rea hed an S -state S ontaining the assertions P (a), R(a), Q1 (a), Q2 (a) with
labels lab(P (a)) = >, lab(R(a)) = ax1 _ ax2 , lab(Q1 (a)) = ax1 , and lab(Q2 (a)) = ax2 .
The rule R3 is pinpointing appli able to this S -state. Indeed, although both Q1 (a)
and Q2 (a) are ontained in the assertion set of S, their labels are not implied by
lab(R(a)). The appli ation of R3 to S repla es S by three new S -states. One of these
new S -states ontains the assertion r(a; b) for a new onstant b. At this point, rule
R4 be omes appli able. Its appli ation adds the assertions T (b) and r (a; ) for a new
onstant . Sin e there is no assertion of the form T ( ), R4 be omes again appli able,
and its appli ation adds a new onstant d within an assertion r(a; d). It is easy to see
that we an now ontinue applying rule R4 inde nitely.

Finding a non-terminating tableau is an easier task. If we onsider the tableau that
has only the rule R4 and where every input I 2 I is mapped to ffP (a); r(a; b)gg, then
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this yields an example of a non-terminating tableau that satis es all the onditions of
an ordered forest tableau, ex ept for Condition 6.
4.3

Blo king in Forest Tableaux

The ordered forest tableaux introdu ed in the previous se tion an be used to model
tableau-based algorithms that try to generate a nite tree- or forest-shaped model. In
the presen e of so- alled general on ept in lusion axioms (GCIs) or transitive roles,
DLs lose the nite tree/forest model property, and thus these algorithms need no
longer terminate. Termination an be regained, however, by blo king the appli ation
of generating rules, i.e., rules that generate new nodes, in ase that the node to whi h
the rule is supposed to be applied has a prede essor node that has the same assertions.
A saturated and lash-free tableau an then be unraveled into an in nite tree/forest
model (see, e.g., [HS99℄).
In order to illustrate our general model of tableaux with blo king, we onsider
a non-terminating forest tableau that an be made terminating by blo king. Note
that the usual tableau-based algorithm for unsatis ability of ALC on epts w.r.t. SI TBoxes shows a similar behavior (see Se tion 2.3.5).
Example 4.12. Consider a forest tableau S with the following three (deterministi )
rules
R1
R2
R3

: (fC (x)g; ;) ! ffr(x; y); D(y)gg;
: (fD(x)g; ;) ! ffr(x; y); C (y)gg;
: (fC (x); r(y; x)g; ;) ! ff:D(y)gg;

and the lash fD(x); :D(x)g. In addition, we assume that the fun tion S maps every
input I 2 I to the singleton set ffC (a0 )gg and ea h axiom in T to the empty set.
It is easy to see that S does not terminate sin e it an produ e an in nite hain of
assertions of the form C (a0 ); r(a0 ; a1 ); D(a1 ); r(a1 ; a2 ); C (a2 ); : : :. If we apply rule R1
followed by R2 to S = f(fC (a0 )g; ;)g, then we obtain the S -state (A; ;) onsisting of
the assertions A := fC (a0 ); r(a0 ; a1 ); D(a1 ); r(a1 ; a2 ); C (a2 )g. At this point, blo king
should prevent the appli ation of R1 to the node a2 :14 it is the repeated appli ation of
R1 that auses the generation of the above in nite hain of assertions. The reason why
R1 an be blo ked is that the node a2 ontains the same assertions as its prede essor a0 :
both have an assertion for C (see Figure 4.1). Note, however, that the appli ation of
R3 to a2 , whi h adds the assertion :D (a1 ), should still be possible. In fa t, otherwise
the lash ould not be dete ted. After rule R3 has been applied to this S -state, we rea h
the S -state (A [ f:D(a1 )g; ;) depi ted in Figure 4.2, where the only appli able rule
is R1 , whi h is however blo ked. Thus, the blo king variant of the tableau terminates
with this blo king-saturated state.

The di eren e between the rules R1 and R3 that makes the latter appli able while
the former is blo ked is that an appli ation of R1 adds new onstants. Only this kind of
14 Sin e in this forest tableau the elements of  are all unary, nodes are uniquely identi ed by
onstants.
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Figure 4.1: Rule R1 is blo ked
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Figure 4.2: Blo king-saturated S -state

rules will be blo ked, while non-generating rules will always be appli able, regardless
of the relationships between the nodes at the S -state.
Before we an formalise our notion of tableaux with blo king, we need to introdu e
some notation. In the following we always assume that we have a forest tableau S .
Given an input , any S -state that an be generated from S by the appli ations of
the rules of S is alled an S -state for . We now assume that all the S -states that we
onsider are S -state for some input.
The rule (B0 ; S ) ! fB1 ; : : : ; Bm g is alled generating if there is an i; 1  i  m,
b 6= ;. Note that the de nition of forest tableaux implies that, if
su h that Bi \ 
su h a generating rule is appli able with substitution  in state S, then S ontains
a (unique) node N su h that B0   N . We an thus talk about the node to whi h a
generating rule is appli able and/or applied. Given an S -state S for the input , a
node N in S is new if it has been generated by the appli ation of a generating rule.
Note that this is the ase i ons(N ) \ ons( S ) = ;. Only new nodes will be allowed
to be blo ked.
Given two nodes N; N 0 , we say that they ontain the same assertions (written
N  N 0 ) if there is a bije tion f : ons(N ) ! ons(N 0 ) su h that P (a1 ; : : : ; an ) 2 N
i P (f (a1 ); : : : ; f (an )) 2 N 0 .

De nition 4.13 (Blo king). Given a forest tableau S , and an axiomatised input ,
let S be an S -state for . The blo king relation  between nodes of S is de ned as
follows:
N1  N2 i

N1  N2 ; N2 is a prede essor of N1 ; and N1 is a new node.

The node N is blo ked if either there is a node N 0 su h that N  N 0 , or the parent
node of N is blo ked. A non-generating rule is -appli able if it is appli able in the
sense of De nition 3.16; a generating rule is -appli able if it is appli able and the
node N to whi h it is appli able is not blo ked.
For sets of S -states M; M0 (S -states S; S0 ) we write M !/S M0 (S !/S S0 ) if
M !S M0 (S !S S0) using a rule that is -appli able. The set of S -states M is
-saturated if there is no M0 su h that M !/S M0 .

In Figures 4.1 and 4.2 the node a2 is blo ked by the node a0 , whi h we represent
with an un lled ir le. The notion of orre tness of blo king tableaux is analogous to
the one for general tableaux from the previous hapter.
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De nition 4.14 (Corre tness). Let P be a -property on axiomatised inputs for I
and Padmis (T), and S a forest tableau for I and Padmis (T). Then S is - orre t for
P if it terminates and is sound and omplete with respe t to -appli ation, i.e., the
following two onditions hold for every axiomatised input = (I ; T ):
1. there is no in nite hain of rule appli ations

S

= M0 !/S M1 !/S : : :;

2. for every hain of rule appli ations S = M0 !/S : : : !/S
-saturated we have that 2 P i Mn is full of lashes.

Mn su h that Mn is

In the DL literature, di erent forms of blo king have been used. The variant
that we model here is usually alled equality blo king [HS99℄ sin e it requires that
the blo ked and the blo king nodes have the same set of assertions. In subset blo king
[BBH96℄, it is only required that the blo king node has all the assertions of the blo ked
node, but not ne essarily vi e versa. Our reason for using equality blo king rather
than subset blo king is that it is more appropriate for DLs with inverse roles, and our
notion of forest tableaux an model tableau-based algorithms for DLs with inverse
roles. DLs that have both inverse roles and number restri tions require more omplex
notions of blo king, su h as pair-wise blo king [HST00℄, that look not just at one node
but at a node and its neighbors. Sin e our urrent notion of tableaux does not apture
rules that an identify distin t onstants to represent the same individual, as used in
tableau-based algorithms for DLs with number restri tions [HB91℄, we have de ided
not to model pair-wise blo king.
The notion of blo king introdu ed in De nition 4.13 ensures that every overed forest tableau terminates with respe t to -appli ation on all inputs. Instead of showing
this dire tly, we will prove that this is the ase even for its pinpointing extension. But
rst, we must adapt the notion of blo king to the pinpointing extension. Obviously,
this notion must take the labels of assertions into a ount as well.
Given an input , any S -state that an be generated from S by the appli ations of the rules of the pinpointing extension of S is alled a labeled S -state for
. Nodes of su h a labeled S -state will be alled labeled nodes. Given two su h
labeled nodes N; N 0 , we say that they ontain the same labeled assertions (written
N pin N 0 ) if there is a bije tion f : ons(N ) ! ons(N 0 ) su h that P (a1 ; : : : ; an ) 2 N
i P (f (a1 ); : : : ; f (an )) 2 N 0 , and the labels of these assertions, lab(P (a1 ; : : : ; an )) and
lab(P (f (a1 ); : : : ; f (an ))) are (propositionally) equivalent.
De nition 4.15 (Pinpointing blo king). Given a forest tableau S , and an axiomatised input , let S be a labeled S -state for . The blo king relation pin between
labeled nodes of S is de ned as follows:
N1 pin N2 i

N1 pin N2 ; N2 is a prede essor of N1 ; and N1 is a new node.

The node N is pinpointing blo ked if either there is a node N 0 su h that N pin N 0 ,
or the parent node of N is pinpointing blo ked.
We de ne the notions pin-appli able and pin-appli ation as well as !/S pin and
pin -saturated in the obvious way.
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Our approa h for proving termination of the pinpointing extension of a overed
forest tableau with respe t to pin-appli ation is similar to the one employed for
showing that ordered forest tableaux always terminate. Equipped with Lemma 4.4,
we an prove the desired termination result.

Theorem 4.16. Let S be a overed forest tableau. Then the pinpointing extension of
S terminates with respe t to pin-appli ation on every input.
Proof. Suppose that there is an input = (I ; T ) for whi h there is an in nite sequen e
of pinpointing rule appli ations S0 !S pin S1 !S pin    , where S0 2 S . Sin e S is a
overed tableau, there is a nite T - over
su h that the assertions in Si use only
predi ate symbols from , for every i  0. As already noted, every node has a xed
nite set of onstants that an appear in its assertions. By Lemma 4.4, this set is
either the set of onstants o urring in S0 (for an old node) or the des endants in the
unique edge by whi h the node was reated (for a new node). Sin e the T - over is
nite, the assertions that an o ur in a given node form a nite set. Ea h of these
assertions may repeatedly have its label modi ed by pinpointing rule appli ations;
however, every pinpointing rule appli ation produ es a more general label, in the
sense that the new monotone Boolean formula has more models than the previous
one. Sin e these formulas are built over a nite set of propositional variables, this an
happen only nitely often. Analogously, the label of a given edge an be hanged only
nitely often.
Hen e, to produ e a non-terminating sequen e of rule appli ations, in nitely many
new nodes must be added. Conditions 5 and 2 of De nition 4.3 ensure that every newly
b
added node N is reated as a su essor of an existing node with a unique edge r 2 
!
onne ting them, and all the onstants in N are new onstants appearing in r . If
in nitely many new nodes are reated, then either there is a node with in nitely
many dire t su essors, or an in nite hain of nodes, ea h one being a su essor of the
previous, is reated. The rst ase an be treated as in the proof of Theorem 4.9.
Thus, we on entrate on the se ond ase. The number of onstants o urring in
b . Taking into
a new node is bounded by the largest arity of a predi ate name r 2 
a ount that there are also only nitely many possible labels, this implies that there
an only be nitely many di erent labeled nodes, up to onstant renaming. Then, for
every hain of nodes N0 ; N1 ; : : : ; Nm that is suÆ iently long (i.e., where m is larger
than the maximal number of labeled nodes that are di erent up to onstant renaming),
there must exist 1  k < `  m su h that Nk pin N` , and thus N` is pinpointing
blo ked by Nk . Consequently, all the nodes Nr for r > ` are pinpointing blo ked,
whi h in parti ular means that Nm annot get a su essor node. Thus, the se ond
ase is not possible either, whi h ompletes the proof of the theorem.

As in the ase of ordered tableaux, termination of the pinpointing extension also
implies termination of the original tableau, as stated by the following orollary.

Corollary 4.17. Let S be a overed forest tableau. Then S terminates with respe t
to -appli ation on every input.
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Figure 4.3: Example of folding of an S -state

It is worth noti ing here that the tableau from Example 4.11 is also an instan e
of terminating tableaux whose pinpointing extension does not terminate, even when
using blo king. This is the ase sin e, for this parti ular example, the violation of
Condition 6 of De nition 4.3 leads to a node that has in nitely many dire t su essors,
hen e produ ing an in nite tree, even though its depth is nitely bounded.
We have seen that blo king an be used to regain termination of non-terminating
overed forest tableaux, and that this is also the ase for the pinpointing extension.
However, sin e blo king prevents the appli ation of rules that would be appli able
in the normal sense, the proof of orre tness of the pinpointing extension given in
Se tion 3.3 does not apply dire tly to the pinpointing extension of tableaux with
blo king. A new proof is hen e ne essary.
Our proof of orre tness will rely on the notion of the folded version of an S -state,
whi h is obtained by removing all blo ked nodes and adding new edges. Let S be
a forest tableau and S = (A; T ) an S -state for an input . Then S is a foreststru ture, i.e., it is a graph-stru ture onsisting of a set of tree-like stru tures growing
out of the original graph-stru ture indu ed by the input. If we remove all the blo ked
nodes that are des endants of other blo ked nodes, we obtain a new forest-stru ture
S0 = (A0 ; T ) in whi h blo ked nodes appear only as leafs in the trees. For every pair
of nodes N1 and N2 in S0 , if N1 is blo ked by N2 , then we know that N1  N2 , and
hen e there is a bije tion f : ons(N1 ) ! ons(N2 ) su h that P (a1 ; : : : ; an ) 2 N1 i
P (f (a1 ); : : : ; f (an )) 2 N2 . We modify the edge with destination N1 (i.e., the unique
b \ A0 with ons(N1 )  !r ) to r( r ; f (!r )) and then remove N1 .15
assertion r( r ; !
r)2
!
Sin e f ( r ) ontains only onstants from N2 , this new edge points to N2 , i.e., to the
node that blo ks N1 . By applying this modi ation for all the remaining blo ked
nodes, we obtain the folded version of S, whi h we denote by S . If M is a set
of S -states, then its folded version is M = fS j S 2 Mg. Figure 4.3 shows the
pro ess of folding an S -state. The tree in the left shows the tree shape of an S -state,
where the two nodes marked as are blo ked by the root node, and the nodes marked
as  are blo ked sin e their parent node is blo ked. When we remove the latter ones,
we obtain a tree where only leafs have blo ked nodes ( enter). Finally, these blo ked
nodes are removed, and the previous edges leading to them are modi ed to lead to
the root node that was blo king them, represented as dashed ar s on the right-most
graph.
Let us illustrate folding of S -states in a more on rete way, using the tableau of
Example 4.12. We have seen there that rule appli ation an be used to obtain the
15 We

denote as f (!
r ) the tuple obtained by applying the fun tion f to ea h element of !
r.
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where

A = fC (a0 ); r(a0 ; a1 ); D(a1 ); :D(a1 ); r(a1 ; a2 ); C (a2 )g:

The folded version of this S -state does not ontain the onstant a2 (sin e the blo ked
node fC (a2 )g has been removed), but it makes up for this by an edge from a1 to a0 ;
in other words, S = (A ; T ) with A = fC (a0 ); r(a0 ; a1 ); D(a1 ); :D(a1 ); r(a1 ; a0 )g.
The next lemma will allow us to reuse some of the results shown in Se tion 3.3,
by relating -saturatedness of a state to \normal" saturatedness of the orresponding
folded state.

Lemma 4.18. If S is -saturated, then S is saturated.
Proof. Let S = (A; T ); S = (A ; T ) and R : (B0 ; S ) ! fB1 ; : : : ; Bm g be appli able
to S with substitution . Assume rst that R is a generating rule, and let N be
the node in A to whi h this rule is applied, i.e., B0   N  A . Sin e folding
never modi es any nodes in the graph stru ture, ex ept from removing some, N is
also a node in S, i.e., B0   N  A. As S is -saturated, R is not -appli able to it.
This means that either N is blo ked, or there is a substitution  extending  su h that
Bi   A for some i; 1  i  m. Sin e folding removes all blo ked nodes and N belongs
to A , the rst ase annot o ur; thus, the se ond option must be the ase. We an
then Sonstru t a substitution 0 extending  su h that Bi 0  A as follows: for every
x2 m
j =0 var(Bj ), if  (x) is a onstant in a non-blo ked node of A, then we de ne
0
 (x) := (x); if (x) belongs to a node N1 blo ked by some non-blo ked node N2 ,
then in parti ular N1  N2 , and thus there exists a bije tion f : ons(N1 ) ! ons(N2 )
su h that P (a1 ; : : : ; an ) 2 N1 i P (f (a1 ); : : : ; f (an )) 2 N2 ; in this ase, we de ne
0 (x) = f ((x)). Be ause these bije tions are also used when de ning the folded
state, it is easy to see that Bi 0  A indeed holds. This ontradi ts our assumption
that R is appli able to S with substitution .
Suppose now that R is a non-generating rule. If B0   A, sin e -appli ability
oin ides with regular appli ability for non-generating rules, the proof is analogous to
the one for the previous ase. Thus, we an assume w.l.o.g. that B0  6 A. Then,
B0  must ontain edges r that were added by the folding pro ess; these edges are of
the form r = p( r ; fr (!
r )) where fr is the bije tion ensuring equivalen e between the
blo ked and the blo king nodes, and there are orresponding edges in A that have
blo ked nodes as destinations. Using the bije tions fr to rename onstants, we an
de ne a substitution 0 su h that B0 0  A. Note that this in lusion depends on
our use of equality blo king. In fa t, an assertion P  2 B0  may be an assertion in
a blo king node N , whose onstants are renamed in 0 su h that they belong to a
node N 0 blo ked by N . Thus, we need to know that all the assertions o urring in
the blo king node also o ur (appropriately renamed) in the blo ked node. This is
guaranteed by our de nition of .
Sin e S is -saturated, R is not appli able to S with substitution 0 , whi h implies
that there must exist an i; 1  i  m su h that Bi 0  A. We laim that Bi   A .
This is an easy onsequen e of the fa ts that (i) the assertions of non-blo ked nodes in
A are ontained also in A ; and (ii) the assertions of blo ked nodes in A are ontained
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in a renamed variant in the blo king node (i.e., the node to whi h the edge leading to
the blo ked node has been redire ted).
As we did for the ase without blo king in Se tion 3.3, we will use proje tions of
labeled S -states to show the orre tness of the pinpointing extension. The next lemma
states a lose onne tion between pinpointing -saturatedness of a set of labeled S states and -saturatedness of its proje tion.

Lemma 4.19. Let M be a nite set of labeled S -states and V a propositional valuation.
If M is pinpointing -saturated, then V (M) is -saturated.

Proof. Suppose that there is an S -state S = (A; T ) 2 M and a rule of the form
R : (B0 ; S ) ! fB1 ; : : : ; Bm g su h that R is -appli able to V (S) with substitution .
For non-generating rules, appli ability and -appli ability oin ide. Consequently, if
R in non-generating, then we an re-use the proof of Lemma 3.13, whi h shows the
result for the ase without blo king.
Thus, assume that R is a generating rule. We have that S  TV ; B0   AV , for
every i; 1  i  m and every substitution 0 on var(B0 [ Bi ) extending , it holds that
Bi 0 6 AV , and the node N 0 in V (S) to whi h the rule is applied is not blo ked.
We will show now that R is pinpointing -appli able to S with the same substitution . Sin e S  TV  T and B0   AV  A, the rst two onditions of
pinpointing appli ability are satis ed. For the third ondition, onsider an i and a
substitutionV0 on var(B0 [VBi ) extending . We must show that ins(Bi 0 ; A) 6= ;
where = b2B0 lab(b) ^ s2S lab(s). Note that S  TV and B0   AV imply that
V satis es . Sin e Bi0 6 AV , there is a b 2 Bi su h that b0 2= AV . Thus b0 2= A or
V does not satisfy lab(b0). In the rst ase, b0 is learly -insertable into A. In the
se ond ase, 6j= lab(b0 ) sin e V satis es , and thus b0 is again -insertable into
A.
We have shown up to now that R is pinpointing appli able to S with the substitution . It remains to show that the node N  A to whi h this rule is appli able
(i.e., the node satisfying B0   N  A) is not pinpointing blo ked. If N is not a
new node, then it annot be blo ked. Thus, we an restri t the attention to the ase
where N is a new node. Sin e B0   AV , we have B0   NV . Thus, the node N 0 in
V (S) to whi h the rule R is applied is a subset of NV .16 We know that this node is
not blo ked. Also note that, sin e this node belongs to V (S), the sequen e of edges in
S that leads to the node N is also ontained in V (S) and leads to this node. In fa t,
the label of an edge is always implied by the labels of assertions o urring in nodes or
as edges below this edge.
Assume that N is pinpointing blo ked. We on entrate on the ase where there is
a prede essor node M of N su h that M pin N . (The ase where the parent node of
N is blo ked an be redu ed to this ase by onsidering, instead of N , the (unique)
prede essor node N 0 of N that is blo ked, but whose parent node is not blo ked.) The
de nition of the relation pin implies that there is a bije tion f su h that, for every
assertion P (a1 ; : : : ; an ) 2 N 0  NV the assertion P (f (a1 ); : : : ; f (an )) 2 MV . The fa t
that the assertions in N 0 are onne ted implies that their f -images in MV are also
16 Note

that onne tedness of N need not imply onne tedness of NV  N .
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onne ted, and thus they belong to a node M 0  MV . This shows, however, that N 0
is blo ked by M 0 , whi h is a ontradi tion.
Noti e that if M !/S M0 , then it is also the ase that M !S M0 , and analogously
for pinpointing rule appli ation: if M !/S pin M0 , then M !S pin M0 . This, along with
(2) of Lemma 3.26, shows that M !/S pin M0 implies that either V (M) !S m V (M0 )
 / M implies V (M ) !
 m V (M).
or V (M) = V (M0 ). In parti ular, M0 !
0
S
S pin
One last observation before pro eeding to the proof of orre tness of the pinpointing extension is that the order in whi h rules are applied has no in uen e on the result
of a blo king tableau.
Lemma 4.20. Let be an axiomatised input, and M0 = S . If there are M and M0
 M and M !

0
0
su h that M0 !
S
0 S M and M; M are both -saturated, then M is
0
full of lashes i M is also full of lashes.
Proof. For every S -state S 2 M0 , there is an S -state S0 2 M0 su h that S0  S,
where the orresponding onstant renaming fun tion is the identity. Re all that folding
only hanges assertions involving blo ked nodes, and that only new nodes an be
blo ked. Consequently, we also have S0  S . Sin e S is saturated by Lemma 4.18,
Lemma 3.30 thus yields an S -state S0 2 M su h that S0  S .
Now, assume that M is full of lashes, i.e., every element of M ontains a lash. To
show that M0 is full of lashes, onsider S 2 M0 . Then there is an element S0 2 M
su h that S0  S . Sin e M is full of lashes, S0 ontains a lash, and thus S
also ontains a lash. Sin e S is obtained from S by removing blo ked nodes and
hanging some edges, and sin e lashes onsider only single nodes, this implies that
S also ontains a lash.
The other dire tion an be shown analogously.

Theorem 4.21 (Corre tness of pinpointing with blo king). Let S be a forest
tableau for I and Padmis (T) that is - orre t for the -property P . Then the following
holds for every axiomatised input = (I ; T ) over I and Padmis (T):
For every hain of rule appli ations M0 !/S pin : : : !/S pin Mn su h that
M0 = S and Mn is pinpointing -saturated, the lash formula Mn
indu ed by Mn is a pinpointing formula for P and .
/ M
Proof. Let = (I ; T ) be an axiomatised input, and assume that S = M0 !
n
S pin
with Mn pinpointing -saturated. To show that Mn is a pinpointing formula for P ,
we have to show that, for every propositional valuation V , it holds that (I ; TV ) 2 P
i V satis es Mn .
Let N0 = (I ; TV )S . Sin e S terminates w.r.t. -appli ation, there is a -saturated
 / N . Also, sin e M !
 / M , it must be the ase that
set N su h that N0 !
0
n
S
S pin
V (M0 ) ! Sm V (Mn ). Additionally, V (M0 ) = N0 and also V (Mn ) is -saturated.
Thus, Lemma 4.20 yields that N is full of lashes i V (Mn ) is full of lashes. By
the - orre tness of S for P , we have then that (I ; TV ) 2 P i N is full of lashes i
V (Mn) is full of lashes i V satis es Mn (Lemma 3.12).
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Our notion of - orre tness expli itly requires termination w.r.t. -appli ation.
For overed forest tableaux we have seen that this ondition is always satis ed.

Corollary 4.22. Let S be a overed forest tableau for I and Padmis (T) that is sound
and omplete w.r.t. -appli ation, i.e., for every hain of rule appli ations of the form
M0 !/S : : : !/S Mn su h that M0 = S and Mn is -saturated we have that 2 P i
Mn is full of lashes. Then the following holds for every axiomatised input = (I ; T )
over I and Padmis (T):
1. There is no in nite hain of rule appli ations

S

= M0 !/S pin M1 !/S pin : : :;

2. For every hain of rule appli ations S = M0 !/S pin : : : !/S pin Mn su h that
Mn is pinpointing -saturated, the lash formula Mn indu ed by Mn is a
pinpointing formula for P and .

In this hapter we presented some restri tions that for e a tableau to produ e
states that have a forest-like stru ture. If we additionally bound the set of predi ate
names that an be used in the onstru tion of states to be nite, we obtain forest
stru tures with nite bran hing. In order to ensure termination, we require also that
the stru tures have a nite depth. We showed two ways to a hieve this. The rst
one is by obtaining a partial ordering on the predi ate names su h that every rule
appli ation produ es only smaller assertions. The se ond method onsists on hanging
the appli ability onditions of rules in order to implement a blo king me hanism. The
blo king me hanism used in this work follows the ideas of what is alled equality
blo king in the DL literature, as it is triggered only if the blo king- and blo ked-nodes
have both equivalent assertions. The approa h followed learly shows that blo king
imposes additional diÆ ulties for de ning the pinpointing extension, and for proving
its orre tness.
In the following hapter we will leave behind the tableau-based approa h towards
de iding a property and fo us on another prominent method; namely, the automatabased approa h. We will show that it is possible to nd a pinpointing formula for
a property that is de ided by a so- alled axiomati automaton. Furthermore, sin e
de isions in this method are based on an emptiness test that an be performed in nite
time, we do not have to deal with the termination problems presented by the tableaux
approa h. Perhaps more interesting is that the extension for nding a pinpointing
formula is also terminating, and a tually requires only polynomial time on the size of
the original automaton.
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Chapter 5
Automata-based Pinpointing
In this hapter we leave behind the tableau-based approa h and fo us on automatabased de ision pro edures. In a nutshell, we will show that if we an de ide a property
P with an automata-based method, then we an also ompute a pinpointing formula
for P . As an additional advantage, we will show that the omputation of this pinpointing formula an be done in time polynomial in the size of the automaton that
de ides P .
The automata-based approa h di ers from the tableau-based in the way the de isions are made. Intuitively, we an think of the rule appli ation in general tableaux
as an attempt to build a model that veri es (or falsi es) the property being tested;
on the other hand, the iterative emptiness test used by the automata-based approa h
an be seen as an attempt to prove the (non-)existen e of su h a model, without
a tually building it. In other words, tableau-based de ision pro edures an be seen
as onstru tive proofs of the fa t that the given axiomatised input belongs to the
property, as opposed to the non- onstru tive proofs obtained by means of automata.
Consider for instan e unsatis ability of ALC on ept terms w.r.t. SI -TBoxes. An
axiomati input (C; T ) belongs to this -property if and only if there is no model I of
the TBox T su h that C I 6= ;. The tableau-based de ision pro edure tries to falsify
this ondition by for ing an interpretation to map the on ept term C to a non-empty
set, and then expanding it to satisfy all the onditions required from a model. Only
if this onstru tion terminates without nding a ontradi tion is the input reje ted
(see Se tion 2.3.5). The automata-based de ision pro edure for the same -property
redu es the problem to de iding the existen e of a run of a looping automaton whose
root is labeled with an initial state. But the emptiness test does not try to onstru t
su h a run; instead, it nds the set of all states that an serve as root for runs of the
automaton, and ompares it with the set of initial states (see Se tion 2.4.1). At no
point of this pro ess is the a tual onstru tion of a run attempted.
While a non- onstru tive approa h is ertainly enough for de iding a property,
where we want only to test whether a model exists, it is not ompletely obvious
how these ideas an generalise to the omputation of a pinpointing formula, or in
general MinAs and MaNAs for the axiomatised input and de ided property. Basi ally,
with a onstru tive approa h we an also highlight the spe i steps that need to
be exe uted for adding a spe i pie e to the model, as we did in the pinpointing
75
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extension of general tableaux (Chapter 3). Having a non- onstru tive proof disallows
the appli ation of this method. It is in that respe t that this hapter introdu es a
novel idea, showing that not only onstru tive de ision pro edures an be extended to
labeling methods that ultimately ompute a pinpointing formula. Our approa h makes
the assumptions that individual axioms have an in uen e in the onstru tion of the
automaton that is independent of the presen e or absen e of other axioms, and that
we an represent this in uen e by restri ting the transition relation and initial states
from a weaker automaton. Although these assumptions learly a e t the generality
of the method, we believe that they are reasonable, and still allow for de iding and
pinpointing several -properties of interest.
The hapter is divided as follows. We rst show how any automaton de iding a
-property an be transformed into a weighted automaton whose so- alled behaviour
orresponds to the pinpointing formula. We then present an iterative pro edure for
omputing the behaviour of weighted automata over any nite distributive latti e; the
automaton used for pinpointing being a spe ial ase overed by this algorithm. During
the development of our work, an alternative algorithm for omputing the behaviour
of weighted tree automata working on in nite trees was independently developed in
[DKR08℄. We devote the last se tion of this hapter to a omparison of the two
algorithms, with a spe ial emphasis on their appli ation to pinpointing.
5.1

Pinpointing Automata

As mentioned already in repeated opportunities, automata an also be used to deide properties in DLs and other logi s. In the ase of the algorithm presented in
Se tion 2.4.1, the -property under onsideration is unsatis ability of a on ept term
w.r.t. a general SI -TBox. Likewise, in Se tion 2.4.2, we de ide the -property of
axiomati unsatis ability of LTL formulae. The de ision pro edures onsisted on
sat
performing an emptiness test on the automaton Asat
C;T (see De nition 2.19) or A;R
(De nition 2.23). The property under onsideration holds if and only if the automaton
has no su essful run whose root is labeled with an initial state.
Contrary to the tableau-based approa h presented in Chapter 3, the axioms are
not used expli itly for de iding the property, but are only impli it in the onstru tion
of the automaton. For instan e, the TBox is used to de ne the transition relation of
the automaton Asat
C;T by restri ting the set of usable transitions to only those that were
ompatible with it. In the automaton Asat
;R , the LTL formulae in the set R restri t
the set of initial states. If the axiomatised input belongs to the property being de ided
by su h an automaton, it is impossible to distinguish the axioms that are relevant for
this fa t from those that are super uous, and thus, the only possible way to ompute
the set of MinAs and MaNAs is by trial and error, onstru ting one automaton for
ea h possible subset of axioms and performing the emptiness test on it.
In general, the automata-based approa h for de iding a property P onsists on
translating ea h axiomatised input = (I ; T ) into an automaton A su h that 2 P
if and only if A has no su essful runs. Sin e we want to nd out how the axioms
relate to ea h other with respe t to the -property under onsideration, we need to
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know how the absen e of some of the axioms in T would in uen e the onstru tion
of the automaton. We thus assume that for every T 0  T , the automaton A(I ;T 0 ) an
be onstru ted from A by appropriately restri ting its set of transitions and initial
states. To this end we will employ two so- alled restri ting fun tions.

De nition 5.1 (Restri ting fun tions, restri ted automaton). Let A be the
generalised Bu hi automaton A = (Q; ; I; F1 ; : : : ; Fn ) for arity k and = (I ; T ) an
axiomatised input. The fun tions res : T ! P (Qk+1 ) and I res : T ! P (Q) are
alled a transition restri ting fun tion and an initial restri ting fun tion, respe tively.
We extend these restri ting fun tions to be appli able over sets of axioms as follows:
res(T 0 ) :=
I res(T 0 ) :=

\

t2T 0

\

t2T 0

res(t) and
I res(t):

If T 0  T , then the T 0 -restri ted subautomaton of
generalised Bu hi automaton AjT 0 de ned as

A w.r.t. res and

I res is the

AjT 0 := (Q;  \ res(T 0); I \ I res(T 0); F1 ; : : : ; Fn ):
We will give the name of axiomati automata to generalised Bu hi tree automata
equipped with a transition- and an initial-restri ting fun tion.

De nition 5.2 (Axiomati automaton). Let A = (Q; ; I; F1 ; : : : ; Fn ) be a generalised Bu hi automaton for arity k, = (I ; T ) an axiomatised input, and the fun tions
res : T ! P (Qk+1 ) and I res : T ! P (Q) a transition and an initial restri ting
fun tion, respe tively. The tuple (A; res; I res) is alled an axiomati automaton for
.
An axiomati automaton is onsidered orre t for a property P if the restri ted
subautomata de ide P for the axiomatised input orresponding to ea h subset of
axioms.

De nition 5.3 (Corre tness). Given a -property P , (A; res; I res) is orre t for
w.r.t. P if for every T 0  T it is the ase that (I ; T 0 ) 2 P i the restri ted subautomaton AjT 0 has no su essful run r su h that r(") 2 I \ I res(T 0 ).
Consider again the automaton Asat
C;T de ned in Se tion 2.4.1. This automaton
orre tly de ides unsatis ability w.r.t. general SI -TBoxes but still la k appropriate
restri ting fun tions, a ne essary ondition in the de nition of axiomati automata.
It is easy to noti e that the only pla e where the axioms in uen e the onstru tion
of this automaton is in the transition relation , whi h is de ned as the set of all
tuples in Qk+1 that satisfy the Hintikka ondition and are ompatible with all the

78

CHAPTER 5.

AUTOMATA-BASED PINPOINTING

axioms in T . Thus, we an alternatively remove the se ond ondition in the de nition
of this transition relation, that is, the ondition of ompatibility with the TBox, and
obtain the same intended behaviour through the transition restri ting fun tion. Sin e
in this ase the axioms do not in uen e the set of initial states, we an set the fun tion
I resC;T as the onstant fun tion Q; i.e., the fun tion that maps every axiom in T to
the set of all states Q.

De nition 5.4 (Axiomati automaton for SI ). Let C be a on ept term, T
a general SI -TBox and k the number of existential restri tions in sub(C; T ). The
axiomati automaton (AC;T ; resC;T ; I resC;T ) has as its rst omponent the looping
automaton AC;T = (Q; ; I ) where

 Q is the set of all Hintikka sets for (C; T );
  is the set of all tuples (H0; H1; : : : ; Hk ) 2 Qk+1 satisfying the Hintikka
tion; and

ondi-

 I = fH 2 Q j C 2 H g.
The transition restri ting fun tion resC;T maps ea h axiom t 2 T to the set of all
tuples in  that are ompatible with t. The initial restri ting fun tion I resC;T maps
ea h axiom t 2 T to the set Q.

One an see that for T 0  T , the T 0 -restri ted subautomaton of AC;T is exa tly
the automaton Asat
C;T 0 . Thus, this onstru tion yields a orre t axiomati automaton
for unsatis ability of ALC on ept terms w.r.t. SI -TBoxes.

Theorem 5.5. Let C be an ALC on ept term and T a general SI -TBox. The axiomati automaton (AC;T ; resC;T ; I resC;T ) is orre t for (C; T ) w.r.t. unsatis ability.
To obtain an axiomati automaton for axiomati unsatis ability of LTL formulae,
we an follow a similar idea. Noti e that, in this ase, the axioms have no impa t on
the transition relation of the automaton Asat
;R , but rather in the set of initial states.
sat
Thus, we an weaken the de nition of A;R su h that its set of initial states is now
given by all elementary sets that ontain the stati formula . Sin e we do not want
axioms to a e t the transition relation of the restri ted automaton, we set, for every
2 R, the transition restri ting fun tion res;R( ) = . The initial restri ting
fun tion I res;R then maps every LTL formula 2 R to the set of elementary sets
ontaining .

De nition 5.6 (Axiomati automaton for LTL). Let  and R be an LTL formula
and a set of LTL formulae, respe tively, and let 1 U 1 ; : : : ; n U n be all the until
formulae in l(; R). The axiomati automaton (A;R; res;R ; I res;R ) has as its
rst omponent the generalised Bu hi automaton A;R := (Q; ; I; F1 ; : : : ; Fn ), where

 Q is the set of all elementary sets for (; R);
  onsists of all ompatible pairs (H; H 0 ) 2 Q  Q;
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 I := fH 2 Q j  2 H g;
 Fi := fH 2 Q j i 2 H or iU i 2= H g.
For every 2 R, the transition restri ting and initial restri ting fun tions are given
by res;R ( ) :=  and I res;R ( ) := fH 2 Q j 2 H g, respe tively.
Clearly, for every R0  R, the R0 -restri ted subautomaton of A;R is equivalent
to the automaton Asat
;R0 . This means that the axiomati automaton onstru ted this
way is orre t for (; R) w.r.t. axiomati unsatis ability.

Theorem 5.7. Let  and R be an LTL formula and a set of LTL formulae, respe tively. The axiomati automaton (A;R ; res;R; I res;R ) is orre t for (; R) w.r.t.
axiomati unsatis ability.
Given an axiomati automaton that orre tly de ides a -property, we will onstru t a weighted automaton whose so- alled behaviour orresponds to the pinpointing formula for this property. Weighted automata do not merely a ept or reje t
an input tree, but rather assign a value to it; these values ome from a distributive
latti e [Gra98℄.

De nition 5.8 (Distributive latti e). A distributive latti e is a partially ordered
set (S; S ) su h that in ma and suprema of arbitrary nite subsets of S always exist
and distribute over ea h other. The distributive latti e (S; S ) is alled nite if its
arrier set S is nite.
As we will see next, any weighted automaton uses as weights only nitely many
elements of the underlying distributive latti e. Sin e nitely generated distributive
latti es are nite [Gra98℄, the losure of this set under the latti e operations in mum
and supremum yields a nite distributive latti e. For this reason, we will in the
following assume without loss of generality that the weights of our weighted Bu hi
automaton ome from a nite distributive latti e (S; S ).
For the rest of this hapter, we will often simply use the arrier set S to denote
the distributive
lattiLe (S; S ). The in mum (supremum) of a subset T  S N
will be
N
denoted
L by t2T t ( t2T t). We will often ompute the in mum (supremum) i2I ti
( i2I ti ) over an in nite set of indi es I . However, the niteness of the latti e and the
idempoten y of the operators in mum and supremum ensure that the sets over whi h
the operators are a tually applied are nite, and hen e in mum and supremum are
well-de ned in this ase. For the in mum (supremum) of two elements, we will also
use the in x notation; i.e., write t1 t2 (t1  t2 ) to denote the in mum (supremum)
of the set ft1 ; t2 g. The least element of S (i.e., the in mum of the whole set S ) will
be denoted by 0, and the greatest element (i.e., the supremum of the whole set S ) by
the symbol 1.
It should be noted that our assumption that the weights ome from a nite distributive latti e is stronger than the one usually en ountered in the literature on
weighted automata. In fa t, for automata working on nite trees, it is suÆ ient to
assume that the weights ome from a so- alled semiring [Sei94℄. In order to have a

80

CHAPTER 5.

AUTOMATA-BASED PINPOINTING

well-de ned behaviour also for weighted automata working on in nite obje ts, the
existen e of in nite produ ts and sums is required [DR06, Rah07℄. The additional
properties imposed by our requirement to have a nite distributive latti e (in parti ular, the idempoten y of produ t and sum) will be used to show that we an a tually
ompute the behaviour of our weighted Bu hi automata (see Se tion 5.2).17 Sin e our
main goal in the use of weighted automata is to ompute a pinpointing formula, these
stronger assumption will not be problemati . As we will see later, the weights used for
omputing this formula a tually belong to a nitely generated free distributive latti e.

De nition 5.9 (Weighted Bu hi automaton). Let S be a nite distributive latti e.
A weighted generalised Bu hi automaton (WGBA) over S for arity k is a tuple of the
form A = (Q; in; wt; F1 ; : : : ; Fn ) where:

 Q is a nite set of states,
 in : Q ! S is the initial distribution,
 wt : Qk+1 ! S assigns weights to transitions, and
 F1 ; : : : ; Fn  Q are the sets of nal states.
A WGBA is alled weighted Bu hi automaton (WBA) if n = 1 and weighted looping
automaton (WLA) if n = 0.
A run of a WGBA A is a labeled tree r : K  ! Q. The weight of this run
!
N
is wt(r) = u2K  wt(r(u)). This run is su essful if for every path p and every
i; 1  i  n, there are in nitely many nodes u 2 p su h that r(u) 2 Fi . Let su A
denote the set of all su essful runs of A. The behaviour of the automaton A is

kAk :=

M

r2su A

(r("))

in

(r):

wt

For example, the Boolean semiring B = (f0; 1g; ^; _; 1; 0) is a nite distributive
latti e, where the partial order is de ned as 1 B 0. Note that we have de ned 1 to be
smaller than 0, and thus in this ontext onjun tion yields the supremum (i.e., is the
\addition" ) and disjun tion yields the in mum (i.e., is the \produ t" ). Likewise,
1 is the least element 0, and 0 is the greatest element 1. Any generalised Bu hi
tree automaton A = (Q; ; I; F1 ; : : : ; Fn ) an easily be transformed into a WGBA
Aw on B su h that the behaviour of Aw is 0 i A has a su essful run. In Aw , the
initial distribution maps initial states to 0 and all other states to 1; a tuple in Qk+1
re eives weight 0 if it belongs to , and weight 1 otherwise. We will now see that this
automaton behaves just as it was previously laimed.
17 Alternatively to the idempoten

y assumption, one an try to ensure onvergen e of these in nitary
operators with the help of a so- alled dis ounting fun tion [DK06, Man08, DSV08℄. Sin e we want
axioms to have the same in uen e over the result, regardless on where in the model they are used, we
will not follow these ideas.
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The emptiness test for Bu hi automata sket hed in Se tion 2.4 an be adapted
su h that it omputes the behaviour of Aw as follows. We will onstru t a fun tion
bad : Q ! f0; 1g su h that bad(q ) = 1 i
q is a bad state. The outer iteration of
the algorithm will update this fun tion at every step. In the beginning, no state is
known to be bad, and thus we start the iteration with bad0 (q) = 0 for all q 2 Q. Now
assume that the fun tion badi : Q ! f0; 1g, for i  0, has already been omputed.
For the next step of the iteration, we all the inner loop to update the set of adequate
states. In this loop, we are going to ompute the fun tion adqi : Q ! f0; 1g. Here,
i
adq (q ) = 1 means that q is not an adequate state, i.e., that it is not possible to
onstru t a run with q at the root where ea h path rea hes at least one nal state.
At the beginning we know nothing about the adequate states, so we set adqi0 (q) = 1
for all q 2 Q. Assume that we have already omputed adqin : Q ! f0; 1g. To know
whether a state should be ome adequate in the next step, we need to he k for ea h
transition starting from this state whether the nal states rea hed by the transition
are non-bad, and the non- nal states are already known to be adequate. Thus, we
have
i

adqn+1

(q ) =

^

(q;q1 ;:::;qk )2Qk+1

(q; q1 ; : : : ; qk ) _

wt

_

qj 2= F

i (q )
j

adqn

_

_

qj 2F

badi

(qj ):

(5.1)

The fun tion adqi is the limit of this inner iteration, whi h is rea hed after at most
jQj steps. With this fun tion, we de ne
badi+1

(q) = badi (q) _ adqi (q):

The fun tion bad is the limit of this outer iteration, whi h is also rea hed after at
most jQj steps. This omputation of the fun tion bad by two nested iterations basially simulates the omputation of all bad states in the emptiness test for Bu hi tree
automata that we sket hed in Se tion 2.4. It is thus easy to show that bad(q) = 1 i
q is a bad state, i.e., annot o ur as a label in a su essful run of A.
Given the de nition of Aw , it is easy to see that a run r : K  ! Q of Aw has
weight 0 i it is a run of A that starts with an initial state of A. Consequently, A has
a su essful run that starts with an initial state i

kAw k =

^

r2su Aw

in

(r(")) _ wt(r) = 0:

Putting these observations together, we thus have: the behaviour of Aw is 0 i A
has a su essful run that starts with an initial state i there is an initial state q (i.e.,
in(q ) = 0) that is not bad (i.e., bad(q ) = 0). This shows that the behaviour of Aw
V
is given by q2Q in(q) _ bad(q). Later, we will see that the behaviour of a WBA an
always be omputed by su h a pro edure with two nested iterations.
Starting from a orre t axiomati automaton, we an onstru t a weighted automaton whose behaviour orresponds exa tly to a pinpointing formula. Obviously,
the semiring used by this automaton needs to have monotoni Boolean formulae as
elements. We use the T -Boolean semiring. Re all that every axiom in T is labeled
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with a unique propositional variable, and lab(T ) represents the set of all the labels of
elements in T . The T -Boolean semiring is given by B T = (B^ (T ); ^; _; >; ?), where
B^ (T ) is the quotient set of all monotoni Boolean formulae over lab(T ) by the propositional equivalen e relation; in other words, two propositionally equivalent formulae
orrespond to the same element in B^ (T ). This semiring is indeed a distributive latti e,
where the partial order is de ned as   i !  is a valid propositional formula.
Furthermore, as T is a nite set of axioms, this latti e is also nite: it orresponds to
the free distributive latti e over the generators lab(T ). Note that, similar to the ase
of the Boolean semiring B de ned above, onjun tion is the semiring addition (i.e.,
yields the supremum ) and disjun tion is the semiring multipli ation (i.e., yields the
in mum ). Likewise, > is the least element 0 and ? is the greatest element 1.

De nition 5.10 (Pinpointing automaton). Let (A; res; I res) be an axiomati
automaton for the axiomatised input = (I ; T ), with A = (Q; ; I; F1 ; : : : ; Fn ). The
violating fun tions vio : Qk+1 ! B T and I vio : Q ! B T are given by
vio(q0 ; q1 ; : : : ; qk )

:=

I vio(q)

:=

_

ft2T j(q0 ;q1 ;:::;qk )2= res(t)g

_

ft2T jq2= I res(t)g

lab

(t); and

(t):

lab

The pinpointing automaton indu ed by (A; res; I res) w.r.t. T is the WGBA
(A; res; I res)pin over B T , given by (A; res; I res)pin = (Q; in; wt; F1 ; : : : ; Fn ), where
in

(q ) =

(q; q1 ; : : : ; qk ) =

wt

(

(

I vio(q)

>

if q 2 I
otherwise;

vio(q; q1 ; : : : ; qk )

>

if (q; q1 ; : : : ; qk ) 2 
otherwise.

Let r be a tree labeled with elements of Q. It is easy to see that if r orresponds to
a run of the automaton A, then its weight when seen as a run of (A; res; I res)pin is
W vio(r(!
u)); on the ontrary ase, its weight is wt(r) = >. Intuitively,
wt(r ) =
u2K
the violating fun tion vio expresses whi h axioms are not satis ed { or \violated" {
by a given transition. The weight of a run a umulates then all the axioms violated by
any of the transitions appearing as labels in this run. Additionally, the fun tion I vio
represents the axioms that are violated by the initial state of the run. Thus, removing
all the axioms appearing in these two formulae would yield a subset of axioms that
are not violated by this run. This means that, if the run is su essful and the root is
labeled with an initial state, due to orre tness, the property does not hold anymore
after the removal of those axioms. But di erent runs may lead to di erent sets of
axioms that need to be removed, and hen e we need the onjun tion of all of them to
obtain a pinpointing formula.
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Theorem 5.11. Let P be a -property, and = (I ; T ) an axiomatised input. If
the axiomati automaton (A; res; I res) is orre t for w.r.t. P , then the behaviour
k(A; res; I res)pink is a pinpointing formula for w.r.t. P .

Proof. We need to show that, for every valuation V  lab(T ), it holds that V satis es
k(A; res; I res)pink i (I ; TV ) 2 P . Let V  lab(T ) be an arbitrary valuation.
Suppose rst that (I ; TV ) 2= P . Sin e (A; res; I res) is orre t for w.r.t. P ,
there must be a su essful run r of AjTV with r(") 2 I \ I res(TV ). Consequently,
!
!
r(u) 2 res(TV ) holds for every u 2 K  , and thus V annot satisfy vio(r(u)), for
any u 2 K  . Sin e r is a su essful run of AjTV , it is also a su essful run of A, whi h
!
W
implies wt(r) = u2K  vio(r(u)). Thus, V does not satisfy wt(r). Sin e r(") 2 I , we
know that in(r(")) = I vio(r(")); additionally, r(") 2 I res(TV ) implies that V does not
satisfy I vio(r(")). Thus, V doesVnot satisfy in(r(")) _ wt(r). But then V also annot
satisfy the onjun tive formula r2su in(r(")) _ wt(r) = V
k(A; res; I res)pink.
pin
Conversely, if V does not satisfy k(A; res; I res) k = r2su in(r(")) _ wt(r), then
there must exist a su essful run r su h that V does not satisfy in(r(")) _ wt(r). This
!
implies that r(") 2 I \I res(TV ) and that r(u) 2 res(TV ) for all u 2 K  . Consequently,
r is a su essful run of AjTV with r(") 2 I \ I res(TV ), whi h shows (I ; TV ) 2
= P , by the
orre tness of the axiomati automaton.

This theorem shows that it suÆ es to ompute the behaviour of the pinpointing automaton (A; res; I res)pin indu ed by an axiomati automaton (A; res; I res)
in order to obtain a pinpointing formula for the property de ided by (A; res; I res).
When we began this work, we were unable to nd any algorithm for omputing the
behaviour of weighted automata in the literature and hen e had to develop our own,
whi h generalises the ideas used in the iterative emptiness test of unweighted automata (Se tion 2.4). During the development of our work, an alternative algorithm
for omputing the behaviour of weighted tree automata working on in nite trees has
independently been developed in [DKR08℄. It turns out, however, that using this algorithm in our pinpointing appli ation basi ally yields a so- alled bla k-box approa h
for pinpointing, in whi h the set of all MinAs is obtained by testing for emptiness
of the restri ted subautomaton de ned by ea h subset of axioms. The pinpointing
formula in disjun tive normal form is then obtained from this set as des ribed by the
Expression 3.2 in page 37. Instead, our algorithm tries to ompute the pinpointing
formula within a time bound proportional to the one required for a single emptiness
test. We des ribe this in more detail in the following se tions.
5.2

Computing the Behaviour of Weighted Automata

In this se tion, we rst show how the behaviour of a weighted Bu hi automaton
over a nite distributive latti e an be omputed by two nested iterations. We then
show how, if we restri t the dis ourse to WLAs, the pro edure an be simpli ed to
a single bottom-up iteration. Afterwards, we prove that for every WGBA one an
onstru t in polynomial time a WBA having the same behaviour, thus obtaining a
method for omputing the behaviour of WGBAs also in polynomial time. This latter
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redu tion follows the ideas that have previously been used for the ase of unweighted
automata [VW86℄.

5.2.1 Computing the Behaviour of a WBA
By de nition, the behaviour of a weighted Bu hi automaton is the addition of the
weights of all su essful runs, whi h themselves onsist of the produ t of the weights
of all transitions that they ontain, multiplied by the initial distribution of their root
labels. Trying to apply this de nition dire tly to the omputation of the behaviour
will unavoidably lead to failure given the potentially in nite number of su essful runs
and the in nite size of ea h of them. To over ome this problem, we will generalise
the iterative algorithm for de iding emptiness of Bu hi automata that was sket hed in
Se tion 2.4 and produ e a method that omputes the behaviour in a similar fashion.
To introdu e the ideas, we will onsider a Bu hi automaton as a WBA over the
Boolean semiring as des ribed in page 80. The two iterations des ribed there, namely
the one that omputes the fun tions adqi (Equation 5.1) and the one that omputes
the fun tion bad, will be generalised to monotone operators that an be applied to
arbitrary nite distributive latti es.
For the remaining of this se tion we will assume that we have an arbitrary but
xed WBA A = (Q; in; wt; F ) over the nite distributive latti e S . We will show that
A indu es a monotone operator Q : S Q ! S Q, where S Q is the set of all mappings
from Q to S , and that the behaviour of A an easily be obtained from the greatest
xpoint of this operator. The partial order S an be transferred to S Q in the usual
way, by applying it omponent-wise: if ; 0 2 S Q , then (  0 )(q) = (q)  0 (q) for
all q 2 Q. It is easy to see that (S Q ; S Q ) is again a nite distributive latti e. We will
use and  also to denote the in mum and supremum in S Q . The least (respe tively
greatest) element of S Q is the fun tion 0e (respe tively 1e) that maps every q 2 Q to 0
(respe tively 1).
To de ne this operator Q, we will follow the same ideas sket hed for the emptiness
test. Intuitively, an appli ation of this operator orresponds to one iteration in the
omputation of the fun tion bad. In the unweighted ase, at ea h of these steps, we
performed an inner iteration to ompute the auxiliary fun tion adq. Analogously,
in order to de ne the operator Q we need rst to introdu e an auxiliary operator
O : S Q ! S Q. We will fo us rst on this operator O, whi h will also be shown to
be monotone. The fun tion adq used in the unweighted ase a tually depends on
knowledge of the bad states that have been omputed so far; this dependen y extends
to the weighted ase, in order to allow a orre t iteration of operator Q (see page 89).
Thus, we a tually de ne one operator Of for ea h f 2 S Q. Following the idea of
Equation (5.1), the operator Of is de ned as follows for every  2 S Q and q 2 Q:

Of ()(q) =

M
(q;q1 ;:::;qk )2Qk+1

wt

(q; q1 ; : : : ; qk )

k
O
j =1

stepf

()(qj );

(5.2)
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(

f (q) if q 2 F
(q) otherwise.

In the inner iteration of the emptiness test, the fun tion adqi is omputed by
applying Equation 5.1 to a previously omputed fun tion adqin until this pro ess stabilizes; that is, until a xpoint has been found. This iteration is initialized with the
fun tion adqi0 that maps every state to 1. Sin e 1 is the least element of the latti e
B , the fun tion adqi0 is the least element of the latti e S Q . Thus, the limit of this
iteration, i.e., the fun tion adqi , is in fa t the least xpoint of the operator de ned
by Equation 5.1 on the latti e S Q. With the help of the next lemma, we will show
that the same idea holds in the operators Of ; that is, that one an ompute its least
xpoint by nitely many appli ations of the operator over the in mum of the latti e
SQ.
Lemma 5.12. For every f 2 S Q the operator Of is monotone, i.e.,  S Q 0 implies
Of () SQ Of (0).
Proof. Let ; 0 2 S Q be su h that  S Q 0 . This implies also stepf () S Q stepf (0 ).
Thus, we have for every q 2 Q:

Of ()(q) =
S

M
(q;q1 ;:::;qk )2Qk+1

M

(q;q1 ;:::;qk )2Qk+1

wt

(q; q1 ; : : : ; qk )

wt

(q; q1 ; : : : ; qk )

k
O
j =1

k
O
j =1

stepf

()(qj )

stepf

(0 )(qj ) = Of (0 ):

Sin e we know that S Q is nite, this in parti ular means that the operator Of is
ontinuous. By
L Tarski's xpoint theorem [Tar55℄, this implies that the least xpoint
(lfp) of Of is n0 Ofn (0e). Finiteness of S Q yields that this lfp is rea hed after nitely
many iterations; more pre isely, there exists L
a smallest m; 0  m  jS jjQj su h that
Ofm(0e) = Ofm+1 (0e), and for this m we have n0 Ofn(0e) = Ofm (0e). This gives us a
bound on the number of iterations that is exponential in the size of the automaton.
We will later show (see Theorem 5.18) that it is possible to improve this bound to a
polynomial number of iterations, measured in the number of states.
Re all our intuition for the auxiliary operator that is trying to nd the adequate
states. These states are those from whi h it is possible to onstru t a nite partial
run that nishes in nal states that are not known to be bad. In the general ase,
the operators O will help in omputing the weights of all su h runs, whi h in the end
will allow us to help the weights of all su essful runs, and hen e the behaviour of the
automaton. Next, we give a formal de nition of the notion of a nite partial run.
De nition 5.13 (Finite run). A nite tree is a nite set t  K  that is losed
under pre xes and su h that, if ui 2 t for some u 2 K  and i 2 K , then for all
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j; 1  j  k; uj 2 t. A node u 2 t is alled a leaf if there is no j; 1  j  k su h that
uj 2 t. The set of all leaf nodes of a tree t is denoted by lnode(t). The depth of a
nite tree t is the length of the largest word in t.
A nite run is a mapping r : t ! Q, where t is a nite tree. Given su h a run,
leaf (r ) denotes the set of all states appearing as labels of a leaf.
We denote as runs1 the set of all runs r of depth at least 1 su h that for every
node u 6= ", r(u) 2 F if and only if u is a leaf. Additionally, runs1 n denotes the set
of all runs in runs1 having depth at most n. For a state q 2 Q, we de ne the sets
n
n j r(") = qg.
runs1 (q ) = fr 2 runs1 j r (") = q g; analogously runs1 (q ) = fr 2 runs1
N
!
The weight of a nite run r : t ! Q is wt(r) = u2tnlnode(t) wt(r(u)).

When we are looking for the states that are adequate, we are a tually trying to
onstru t a run in runs1 that starts with ea h state. Re all from our intuition that
we rst all adequate any state q having a transition starting with it and leading
only to nal states. This ondition is analogous to having a nite run (of depth 1)
in runs1 (q). We then all adequate any other state p that has a transition leading to
adequate or nal states; i.e., to non- nal states having a run in runs1 starting with
them, or to nal states. Con atenating this transition with the runs in runs1 , we
obtain a new run in runs1 (p). This image is nonetheless in omplete, sin e we are not
really interested in any nite run nishing in nal states, but only those whose leaf
nodes have labels that are not bad. We an see this as multiplying the weight of this
run by the fun tion bad applied to ea h of the states labeling a leaf node. In the
general ase, onsiderNa given fun tion f : Q ! S . We de ne the f -weight of a run r
as wtf (r) = wt(r)
q2leaf (r) f (q ).
We will show that the lfp of the operator Of yields the addition of the f -weights
of all runs in runs1 (q) for every state q 2 Q with the help of the following lemma.

Lemma 5.14. For all n  0 and all q 2 Q, Ofn (0e)(q) =

L

wtf (r ).
n
r2runs
1 (q)

Proof. The proof is by L
indu tion on n. For n = 0, the result follows from the fa t that

0
e(q) = Ofn(0e)(q).
runs1 = ;, and hen e
0 wtf (r ) = 0 = 0
r2runs
1 (q)
Assume now that the identity holds for n. Given a tuple (q1 ; : : : ; qk ) 2 Qk , let
i1 ; : : : ; il be all the indi es su h that qij 2
= F for all j; 1  j  l and il+1 ; : : : ; ik those
indi es su h that qij 2 F for all j; l + 1  j  k. Appli ation of the de nitions of the
operators Of and stepf , respe tively, yields

Ofn+1(0e)(q) =
=

M
(q1 ;:::;qk )2Qk

M

(q1 ;:::;qk )2Qk

wt

wt

(q; q1 ; : : : ; qk )

(q; q1 ; : : : ; qk )

k
O
j =1

l
O
j =1

stepf

(Ofn (0e))(qj )

O e

n
f (0)(qij )

k
O
j =l+1

f (qij )

If 1  j  l, then we will abbreviate runs1 n (qij ) as rnnj and leaf (rj ) as lf j . In addition,
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we use the symbol F as an abbreviation for the produ t

M

Ofn+1(0e)(q) =
=

=
=
=
=

M
(q1 ;:::;qk )2Qk

M
(q1 ;:::;qk )2Qk

(q1 ;:::;qk )2Qk

r2runsn+1 (q)

(q; q1 ; : : : ; qk ) (

M
(r)

wt

wtf

l M
O
j =1 rj 2rnnj

l
O

r1 2rnn1 ;:::;rl 2rnnl j =1

(q1 ;:::;qk )2Qk r1 2rnn1 ;:::;rl 2rnnl
1
M

M

(q; q1 ; : : : ; qk ) (

M

r2runsn+1 (q)

j =l+1 f (qij ).

(q; q1 ; : : : ; qk ) (

wt

wt

M

wt

Nk

wt

O

p2leaf (r)

M

l
O

r1 2rnn1 ;:::;rl 2rnnl j =1

O

(q; q1 ; : : : ; qk )

qj 2= F

wtf

(rj )

(rj )

f (p)

(rj ))

(rj ))

wt

wt

wtf

We then have

O
p2lf j

O

p2lf j

(5.3)

F

(5.4)

F

f (p))
f (p)

(5.5)

F

F

(5.6)
(5.7)

(r):

1

Equation (5.3) applies the indu tion hypothesis. Identity (5.4) uses the fa t that S Q
is a distributive latti e, whi h allows us to move the addition out of the produ t,
while (5.5) uses the de nition of f -weight. Identity (5.6) uses again the distributivity
to multiply wt(q; q1 ; : : : ; qk ) inside the addition. Finally, Identity (5.7) simpli es the
two sums by onstru ting a run of larger depth. Instead of onsidering rst the
transition (q; q1 ; : : : ; qk ) and then runs of depth up to n starting with ea h qij , we
simply take the orresponding run of depth n + 1 starting at q. This run labels the
root with q and the su essor node i with qi. If qi is a nal state, then it remains as a
leaf, otherwise, below the node i we have the former run starting with qi. Thus, the
set of leafs of this larger run is the union of the sets of leafs of the runs rj s and the
set of those qis that are nal states. The last identity merely applies the de nition of
f -weight again.
The next theorem shows the relation between the f -weights of the runs in runs1
and the least xpoint of the operator Of .

Theorem 5.15. Let f 2 L
S Q and assume that 0 is the lfp of the operator Of . Then,
for every q 2 Q, 0 (q) = r2runs1 (q) wtf (r).
Proof. By Lemma 5.14 we know that

M
n0

Ofn(0e)(q) =
=

M M
n0 r2runsn (q)

M

r2runs1 (q)

wtf

1

wtf

(r):

(r)
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Tarski's xpoint theorem states that the least xpoint of
ompletes the proof of the theorem.

Of is Ln0 Ofn(0e), whi h

Before des ribing how the operators Of help in the omputation of the behaviour
of a weighted automaton, it is worth showing that the number of times it needs to be
applied before rea hing its lfp is bounded by the number of states of the automaton.
The notion of m- nalising automata will be useful for this.

De nition 5.16 (m- nalising). A WBA is m- nalising if for every fun tion f 2 S Q
and every partial run r in runs1 (q) there is a partial run sr in runs1 m (q) su h that
wtf (r ) S wtf (sr ).
We will rst show that every WBA is m- nalising for any m grater to the number
of non- nal states plus one, i.e. jQ n F j +1. Afterwards we will show how this property
yields a bound on the number of iterations needed to rea h the least xpoint of Of .

Theorem 5.17. Let
m- nalising.

A be a WBA with less than m 1 non-

nal states. Then

A is

Proof. Let f 2 S Q and onsider a run r 2 runs1 (q). If r 2 runs1 m (q), then we an
onsider sr = r, and hen e there is nothing to prove.
Otherwise, if r 2= runs1 m (q), then there must be a path in the tree of length greater
than m. As r 2 runs1 , in this path there is only one non-root node, namely the leaf
node, that is labeled with a nal state. Thus, there are at least m 1 nodes labeled
with non- nal states. Sin e there are less than m di erent non- nal states, there must
be two non-root nodes u 6= v in this path su h that r(u) = r(v). Sin e these nodes
are in the same path, we an assume w.l.o.g. that v = uv0 for some v0 2 K  n f"g. We
de ne a new run s as follows: for every node w if there is no w0 for whi h w = uw0 , set
s(w) := r(w), otherwise (that is, if w = uw0 for some w0 ) then set s(uw0 ) := s(vw0 ).
This onstru tion de nes an inje tive fun tion g from the nodes of s to the nodes of r
su h that, for every node w of s, we have s(w) = r(g(w)). Noti e that this fun tion is
not surje tive, sin e there is no w su h that g(w) = u. Thus, s has less nodes than r.
Additionally, s is in runs1 (q). Furthermore, every transition in s is also a transition
in r and for every w 2 leaf (s); g(w) 2 leaf (r). This implies that wtf (r) S wtf (s). If
m
s is still not in runs
1 , then we an repeat the same pro ess to produ e a smaller run
m
s0 with a smaller f -weight, until we nd one that is in runs
1 .

We pro eed now to show that if we have an m- nalising WBA, then the lfp is
found after at most m appli ations of the operator Of to the least element 0e. Due to
Theorem 5.17, this in parti ular shows that one needs polynomial time, measured on
the number of states of A to ompute this lfp.

Theorem 5.18. If A is m- nalising, then Ofm (0e) is the lfp of Of .

Proof. Let 0 be the lfp of Of . We know that 0 is the supremum of fOfn (0e) j n  0g;
thus, it is suÆ ient toL
show that Ofm (0e)(q)  0 (q) for all q 2 Q. By Theorem 5.15,
we know that 0 (q) = r2runs1 (q) wtf (r). Sin e A is m- nalising, we an repla e every
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2 runs1 m (q), obtaining a greater element in the
M

r 2 runs1 (q) by the orresponding sr

latti e. Thus,

0 (q)

S
S

whi h proves our laim.

r2runs1 (q)

wtf

M

m
s2runs
1 (q)

(sr )

wtf

(s) = Ofm (0e)(q);

The last two theorems tell us that, in order to ompute the lfp of an operator

Of , it suÆ es to apply this operator jQ n F j + 2 times. Sin e ea h of the iteration

steps also requires only polynomial time, measured as a fun tion of the number of
states Q, we know that the omputation of the lfp needs overall polynomial time in
the number of states. This bound is independent of the latti e used. As mentioned
before, this bound greatly improves the trivial one obtained from the niteness of S Q
that is exponential in the number of states of the automaton and also depends on the
size of the latti e S .
We fo us now on the outer iteration of the algorithm. For this we will de ne an
operator Q that will allow us to ompute the behaviour of A. This operator works
in a similar fashion as the iterative omputation of all bad states. Re all that in said
onstru tion, the set of bad states was updated to in lude all the states that were
dete ted not to be adequate. In our general ase, we have used the operator O as an
analogous of the omputation of adequate states. At ea h step of the outer iteration
for omputing the fun tion bad, we ompute a fun tion adqi that orresponds to the
least xpoint of the operator from Equation 5.1. This fun tion adqi was then used to
update the knowledge of the bad states. Following the same approa h, we de ne the
operator Q as follows: for all  2 S Q
Q() := lfp(O );
where lfp represents the least xpoint.
We show rst that the operator Q is also monotone and, due to the niteness of
Q
S , its greatest xpoint an be omputed by a repeated appli ation of the operator
to the greatest element of the latti e S Q.
Lemma 5.19. The operator Q is monotone.
Proof. Let ; 0 2 S Q su h that  S Q 0 . Noti e rst that, for every run r 2 runs1 ,
this implies that wt (r) S wt0 (r). From this we obtain, for every q 2 Q,
Q()(q) = lfpM
(O )(q)
=
wt (r )
(5.8)
r2runs1 (q)
M
wt 0 (r )
S
r2runs1 (q)
(5.9)
= lfp(O0 )(q)
0
= Q( (q);
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where Identities (5.8) and (5.9) follow from Theorem 5.15 and the inequality is a
onsequen e of the remark at the beginning of this proof.
Again, niteness of S Q implies that the operator
N Q is a tually ontinuous, and
thus Tarski's xpoint theorem says that Q has n0 Qn (1e) as its greatest xpoint
(gfp). It remains to show how this gfp an be used to ompute the behaviour of a given
WBA. Let su A (q) denote the set of all su essful runsLof A whose root is labelled
with q. Consider the fun tion k 2 S Q where k (q) := r2su A (q) wt(r). Given this
fun tion, we an obtain the behaviour of the WBA A as follows:
L
Lemma 5.20. kAk = q2Q in(q) k (q).
As it turns out, the fun tion k is in fa t the greatest xpoint of Q. In order
to prove this laim, we will introdu e some additional notation. We will use the
expression runsn , for n  1, to denote the set of all nite runs su h that every path
from the root to a leaf has exa tly n non-root nodes labeled with a nal state, the last
of whi h is the leaf.
Given a run r 2 runsn , its preamble is the unique nite run s 2 runs1 su h that,
for every node u, if s(u) is de ned, then s(u) = r(u). We will denote the preamble
of r by pre(r). Noti e that if r 2 runsn , for n  1, then its preamble always exists,
and an be onstru ted as follows: rst set pre(r)(") = r(") and pre(r)(i) = r(i) for
all i; 1  i  k. Then, for every node u for whi h pre(r)(u) is de ned, if r(u) 2 F ,
then u is a leaf of pre(r); otherwise, set pre(r)(ui) = r(ui) for all i; 1  i  k. This
onstru tion nishes sin e, in every path, we must nd at least one nal state, whi h
will be ome a leaf in pre(r); thus, it is also the ase that pre(r) 2 runs1 .
For a ( nite) run r and a node u in r, we will denote the subrun of r starting at
u as rju . More formally, rju is the run su h that, for every v 2 K  , if r(uv) is de ned,
then rju(v) = r(uv).
The following lemma relates the number of times n that the operator Q has been
applied to the greatest element 1e of S Q to the weights of the runs in runsn .
Lemma 5.21. For all n > 0 and q 2 Q it holds that

Qn(1e)(q) =

M

r2runsn (q)

(r):

wt

Proof. We prove this fa t also by indu tion on n. For n = 1 the result is a dire t
onsequen e of Theorem 5.15. Assume now that it holds for n. From Theorem 5.15
we know that

Qn+1 (1e)(q) =

(OQn (1e) )(q) =

lfp

M

r2runs1 (q)

Qn (1e) (r):

wt

Using rst the de nition of f -weights and then the indu tion hypothesis, we obtain

Qn+1(1e)(q) =
=

M

r2runs1 (q)

M

r2runs1 (q)

(r )

wt

(r)

wt

O

Qn(1e)(p)
p2leaf (r)
O M
p2leaf (r) s2runsn (p)

wt

(s):
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From this equation it then follows that

Qn+1(1e)(q) =
=

M

r2runs1 (q)

M

wt

(r)

M

u2lnode(r) s2runsn (r(u))

M

(s)

wt

O

wt(tju )
ft2runsn+1 (q)jpre(t)=rg u2lnode(r)
M
M
O
=
wt(r )
wt(tju )
r2runs1 (q) ft2runsn+1 (q)jpre(t)=rg
u2lnode(r)
M
M
=
wt(t)
r2runs1 (q) ft2runsn+1 (q)jpre(t)=rg
M
=
wt(s):
s2runsn+1 (q)

r2runs1 (q)

wt

(r)

O
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(5.10)
(5.11)
(5.12)
(5.13)
(5.14)

Identity (5.10) hanges the indi es to run over the set of leaf nodes, rather than by the
states that label them; the idempoten y of the operators  and implies that this
hange does not alter the result. For Identity (5.11) we use the distributivity of the
latti e. The de nition of distributivity says that, in order to ex hange the operators
 and , the now external addition needs to range over all fun tions mapping nodes
u 2 lnode(r) to runs s 2 runsn (r(u)). We noti e that ea h fun tion of this kind,
together with the run r 2 runs1 (q), de nes exa tly one nite run t 2 runsn+1 (q). We
thus use this t to represent the fun tion. Identity (5.12) is an easy onsequen e of
distributivity. For Identity (5.13), we then use the fa t that a run in runsn+1 an
be seen as its preamble (in runs1 ) on atenated at ea h of its leafs with a run in
runsn . Finally, for Identity (5.14) we noti e that the set of all runs in runsn+1 an be
partitioned by means of their preambles, whi h means that both sides of the identity
range over the same runs.
As it was the ase for the auxiliary operator O in the internal iteration, we an
bound the number of times that Q needs to be applied before rea hing the greatest
xpoint by the number of states of the automaton. We introdu e for this the notion
of m- ompleteness of automata.

De nition 5.22 (m- omplete). A WBA A is m- omplete if, for every partial run
r 2 runsm (q), there is a su essful run sr 2 su (q) su h that wt(r) S wt(sr ).
Using the fa t that is idempotent, it is easy to see that every WBA is m- omplete
for any m greater than the number of nal states jF j. The proof is similar to the one
given in [BHP08℄ for the fa t that a looping automaton has a run i it has a partial
run of depth greater than jQj. However we now need also to take into a ount whi h
states are nal, and whi h are not.

Theorem 5.23. Let A be a WBA with less than m nal states; then A is m- omplete.

Proof. Suppose that we have a partial run r : t ! Q in runsm (q). We will use this r
to onstru t a fun tion : K ! t indu tively. With this fun tion, we then onstru t
a su essful run sr by setting sr (u) := r( (u)). The intuitive meaning of (v) = w is
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that in the run sr , the node v will have the same label as the node w in r. We de ne
it as follows:

 (") := ",
 for a node v  i, if there is a prede essor w of (v)  i su h that (i) r( (v)  i) = r(w),
and (ii) r(w) 2 F , then set (v  i) := w; otherwise, set (v  i) := (v)  i.
Noti e that for every v 2 K , we have that (v) is not a leaf node of t. In fa t,

whenever we nd a nal state twi e in the same path, the mapping leads always to
the earliest one. Thus, rea hing a leaf would mean that we have a path rea hing m
nal states, where none of them repeats, ontradi ting the fa t that the automaton
has less than m nal states in total. Hen e, the fun tion is well de ned.
We now show that it is possible to onstru t a su essful run sr from r by de ning
sr (v) = r( (v)) for all v 2 K , and that wt(r) S wt(sr ). Our de nition of ensures
that, for every v 2 K and i 2 K it holds that sr (v  i) = r( (v)  i). Thus, for every
v 2 K , we have that (sr (v); sr (v1); : : : ; sr (vk)) = (r( (v)); r( (v)  1); : : : ; r( (v)  k)),
and hen e,
(sr (v); sr (v1); : : : ; sr (vk)) = wt(r( (v)); r( (v)  1); : : : ; r( (v)  k)):

wt

This implies that every fa tor in the produ t wt(sr ) is also a fa tor in the produ t
wt(r ). Sin e the produ t omputes the in mum, it holds that wt(r ) S wt(sr ).
It remains only to show that sr is su essful. Suppose on the ontrary that sr is
not su essful. Then, there must exist a path p and a node v 2 p su h that all its
su essors in p are labeled with non- nal states. In other words, for every w 2 K , if
v  w 2 p, then sr (v  w) 2= F . This implies, by our de nition of , that (v  w) = (v)  w,
for all v  w 2 p. Thus, r has an in nite path, whi h ontradi ts the assumption that
r 2 runsm .
The following theorem states that it is possible to ompute the mapping k for an
e of S Q
m- omplete automaton by applying the Q operator to the greatest element 1
at most m times.
Theorem 5.24. If A is an m- omplete WBA, then Qm (1e) = k .

L

Proof. Noti e rst that by Lemma 5.21, we know that Qm (1e)(q) = r2runsm (q) wt(r).
Sin e A is m- omplete, we an repla e ea h of these partial runs by a su essful run,
and thus,

Qm (1e)(q) S
S

M

r2runsm (q)

M

s2su (q)

wt

(sr )

(s) = k (q):

wt

To prove the inequality in the other dire tion, noti e that given a su essful run r, we
an trun ate it at every path when m nal states have been found. The result of this
is a nite run sin e otherwise, as the tree is nitely bran hing, Konig's Lemma would
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imply the existen e of an in nite path in this tree. Sin e bran hes are trun ated on e
we have found m nal states, an in nite path would be one on whi h less than m
nal states o ur, ontradi ting the fa t that r is a su essful run. Thus, the partial
run rm onstru ted this way belongs to runsm . Noti e that, for every node u of rm , it
holds that rm (u) = r(u). Hen e, we have that wt(r) S wt(rm ). This yields
 k (q ) =

M

r2su (q)

(r)

wt

S
S

M

r2su (q)

wt

M

s2runsm (q)

(rm )
(s) = Qm (1e)(q):

wt

Both inequalities together yield the desired result.
In parti ular, this theorem shows that the mapping k is indeed the gfp of Q.
Corollary 5.25. The mapping k is the greatest xpoint of Q.
Proof. Sin e S Q is nite, the gfp of Q is rea
N hed after nitely many iterations; more
pre isely, if n0 > jS jjQj , then this gfp is n0 Qn (1e) = Qn0 (1e). Obviously, we an
hoose n0 su h that n0 > jF j. Theorem 5.23 then says that the automaton is n0 omplete. Thus, by Theorem 5.24, it follows that Qn0 (1e) = k .

Overall, we have L
thus shown how to ompute the behaviour of a WBA. By
Lemma 5.20, kAk = q2Q in(q) k (q). The above orollary says that k is the
greatest xpoint of Q, and this xpoint an be omputed in mo := jF j + 1 iteration
steps sin e mo is larger than the number of nal states of the input WBA (Theorems 5.23 and 5.24). Ea h step of this outer iteration onsists of omputing the least
xpoint of the operator O , where  is the result of the previous step. This xpoint
an be omputed in mi = jQ n F j + 2 iteration steps sin e mi is larger than the number of non- nal states of the input WBA (Theorems 5.17 and 5.18). Su h an inner
iteration step requires a polynomial number of latti e operations (in the ardinality
jQj of Q).
Thus, to analyze the omplexity of our algorithm for omputing the behaviour
of a WBA, we need to know the omplexity of applying the latti e operations. If we
assume that this omplexity is onstant (i.e., the latti e S is assumed to be xed), then
we end up with an overall polynomial time omplexity. However, this is not always
a reasonable assumption. In fa t, we were able to restri t our attention to nite
distributive latti es by taking, for a given WBA, the distributive latti e generated by
the weights o urring in it (where these weights may ome from an underlying in nite
distributive latti e). Thus, the a tual nite distributive latti e used may depend on
the automaton. Let us assume that the latti e operations an be performed using
time polynomial in the size of any generating set. Sin e the size of this generating
set is itself polynomial in the number of states of the input WBA A, this assumption
implies that the latti e operations an be performed in time polynomial in the size of
the automaton. Thus, under this assumption, we have an overall polynomial bound
(measured in the number of states) for the omputation of the behaviour of a WBA.
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In the ase of pinpointing, we use the T -Boolean semiring B T , whi h is the free
distributive latti e generated by the set lab(T ). The latti e operations are onjun tion and disjun tion of monotone Boolean formulae. Re all that, stri tly speaking,
the latti e elements are monotone Boolean formulae modulo equivalen e, i.e., equivalen e lasses of monotone Boolean formulae. However, sin e equivalen e of monotone
Boolean formulae is known to be an NP- omplete problem [GJ79℄, we do not try to
ompute unique representatives of the equivalen e lasses. We an instead leave the
formulae as they are. Nevertheless, if we are not areful, then the omputed pinpointing formula may still be exponential in the size of the automaton, though we apply
only a polynomial number of onjun tion and disjun tion operations. The reason is
that we may have to reate opies of subformulae. However, this problem an easily be
avoided by employing stru ture sharing, i.e., using dire ted a y li graphs (DAGs) as
data stru ture for monotone Boolean formulae. This way, we an ompute in polynomial time (a DAG representation of) the pinpointing formula whose size is polynomial
in the size of the automaton.18
We have now shown that it is possible to ompute the behaviour of a WBA in
polynomial time measured on the number of states that it has. We have presented
two examples of axiomati automata: a looping automaton for de iding unsatis ability w.r.t. SI -TBoxes, and a generalised Bu hi automaton for de iding axiomati
satis ability w.r.t. sets of LTL formulae. The pinpointing automata indu ed by them
are thus a WLA and a WGBA, respe tively. We will show now that the iterative
algorithm for omputing the behaviour of WBAs an be used also for omputing behaviours of these other two kinds of automata. On one hand, we will see that a WLA
is in fa t a spe ial ase of a WBA, and hen e the algorithm works dire tly. For this
spe ial ase, though, the method an a tually be ollapsed to a simpler algorithm
where the inner iteration (that is, the omputation of the least xpoint of the operator O) is performed in a trivial step. On the other hand, we will show that for every
WGBA we an e e tively onstru t, in polynomial time, a WBA that has the same
behaviour, whi h allows us to reuse the algorithm so far des ribed also in this ase.

5.2.2 The Behaviour of WLA
Re all that a WLA is a WGBA that has no set of nal states. For a run to be
su essful in a WGBA, we require that every path in this run has in nitely many
nodes labeled with elements of Fi , for ea h set of nal states Fi . In the spe ial ase
of WLA, this ondition is trivially satis ed. Thus, every run of a weighted looping
automaton is su essful. Alternatively, we an see ea h WLA (Q; in; wt) as the WBA
(Q; in; wt; Q). For ing every state to be a nal state ensures that every run of this
automaton is also su essful, just as when there were no sets of nal states. Thus, the
same pro ess for omputing the behaviour of WBAs an be applied to WLAs. From
Theorem 5.17 we then have that the operators Of need to be applied at most twi e
before rea hing its least xpoint. In fa t, in the parti ular ase of WLAs, this bound
that the size of the automata we have onstru ted for SI and LTL is already exponential in
the size of the input. Thus, the pinpointing formula may still be exponential in the size of the input,
and omputing it may take exponential time in the same measure.
18 Note
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an be further improved to the point where the pro edure needs only one iteration,
due to a trivialisation of the operator Of , as we will now show.
Noti e rst that the operator Of depends on the set of nal states; more pre isely,
the fun tion stepf used in the de nition of Of , is divided in two ases, depending on
whether the input state is nal or not:
stepf

()(q) =

(

f (q) if q 2 F
(q) otherwise.

If all the states are nal, then no ase analysis is ne essary in stepf , and hen e
Q and all q 2 Q. This ollapses the operator O
stepf ( )(q ) = f (q ) for all  2 S
f
to

Of ()(q) =

M

(q;q1 ;:::;qk )2Qk+1

wt

(q; q1 ; : : : ; qk )

k
O
j =1

f (qj ):

Noti e that in this ase Of does not depend on the input , and hen e its only
xpoint is rea hed after exa tly one iteration. This allows us to a ordingly simplify
the operator Q in the following way:

Q()(q) =
=
=

(O )(q)

lfp

O (0e)(q)
M

(q;q1 ;:::;qk )2Qk+1

(q; q1 ; : : : ; qk )

wt

k
O
j =1

(qj ):

The behaviour of a WLA is then the gfp of this operator Q, whi h an be omputed by
a single iteration without any spe i all to Of . The inner iteration of the pro edure
for WBAs is repla ed in this spe ial ase by a dire t appli ation of the simpli ed
de nition of Q.
Let us apply this insight to the pinpointing automaton for SI of De nition 5.4.
This automaton has exponentially many states in the size n of the input (C; T ). Thus,
we need exponentially many appli ations of the operator Q. It is also easy to see that
the time required by ea h appli ation of Q is exponential in n.

Corollary 5.26. Let C be an ALC on ept des ription and T an SI -TBox. The pinpointing formula for (C; T ) w.r.t. unsatis ability an be omputed in time exponential
in the size of (C; T ).

Sin e even de iding satis ability of ALC on ept des riptions w.r.t. general SI TBoxes is known to be ExpTime-hard [S h94℄, this bound is optimal.
We look now to the more general ase of omputing the behaviour of WGBAs.

5.2.3 The Behaviour of WGBA
We have shown how to ompute the behaviour of a WBA in time polynomial in
the number of states. We will now give a polynomial redu tion in whi h, for every
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WGBA, we onstru t a WBA that has the exa t same behaviour, redu ing in this
way the problem of omputing the behaviour of WGBAs to the spe ial ase of WBAs
that we have already solved. For this redu tion we on e again generalise an idea that
has previously been presented for unweighted automata. Intuitively, the redu tion
onsists in reating several opies of the set of states, using one opy to test the Bu hi
ondition for a spe i set of nal states. When a nal state of the urrent set has
been found, we move to the next opy. Between two times that we return to test the
rst opy, we an be sure that nal states from all sets F1 ; : : : ; Fn have been found.
Thus, it is possible to ensure that the generalised Bu hi ondition is satis ed. For the
unweighted ase, this same idea was used to redu e the emptiness problem for GBAs
to the one for BAs [VW86℄. We formalise now this intuition.
Let A = (Q; in; wt; F0 ; : : : ; Fn 1 ), with n > 0, be a WGBA. We de ne the WBA
BA as the tuple BA = (Q0 ; in0; wt0 ; F 0), where
 Q0 = f(q; i) j q 2 Q; 0  i  n 1g,

 in0 (q; i) =

(

(q) if i = 0,
0
otherwise
in

8
>
<wt(q0 ; q1; : : : ; qk )
0
 wt ((q0 ; i); (q1 ; j ); : : : ; (qk ; j )) = >wt(q0 ; q1; : : : ; qk )
:0


F 0 = f(q; n

1) j q 2 Fn

if q0 2 Fi ; j = i + 1 mod n,
if q0 2= Fi , i = j
otherwise

g.
Noti e that the automaton BA has n  jQj states, where n is the number of sets of
nal states in A. Sin e there an potentially be 2jQj sets of nal states, this redu tion
is not polynomial when measured only in the number of states in A, but it is still
polynomial in the total size of the original automaton A.
De nition 5.27 (Support). Let A be a WGBA. The support of A, denoted as
supp(A), is the set of all runs r su h that in(r ("))
wt(r ) =
6 0.
1

The behaviour of a weighted automaton is, by de nition, the supremum (that is,
the addition) of the weights of all su essful runs multiplied by the initial distribution
of their root labels. Obviously, if a run r is su h that in(r(")) wt(r) = 0, i.e., if
r2
= supp(A), then it will not have any in uen e in the omputed behaviour, and an
hen e be ignored. Our proof of behaviour-equivalen e of A and BA will show that
there is a bije tion between their supports that is weight preserving.

Theorem 5.28. If A is a WGBA with at least one set of nal states and BA is
onstru ted as above, then kAk = kBA k.

Proof. We will introdu e a bije tive fun tion f : supp(A) ! supp(BA ) su h that, for
every run r 2 supp(A), it holds that (i) wt(r) = wt0 (f (r)) and (ii) r is su essful (w.r.t.
A) i f (r) is su essful (w.r.t. BA).
Let r be a run in supp(A). We de ne the run f (r) of BA re ursively as follows:
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 f (r)(") = (r("); 0);
 let u 2 K and f (r)(u) = (q; i). Then, for all 1  j  k,
(
(r(uj ); i)
if q 2= Fi ;
f (r)(uj ) =
(r(uj ); i + 1 mod n) if q 2 Fi :
Let u 2 K , and f (r)(u) = (q; i). Then r(u) = q. Furthermore, for all 1  j  k, it
holds that f (r)(uj ) = (r(uj ); i +1 mod n) if q 2 Fi and f (r)(uj ) = (r(uj ); i) otherwise.
Together with the de nition of wt0 , this implies
0 (f (r)(u); f (r)(u1); : : : ; f (r)(uk)) = wt(r(u); r(u1); : : : ; r(uk)):

wt

And thus, we have that wt(r) = wt0 (f (r)). Sin e we also have in0 (f (r)(")) = in(r(")),
the fa t that in(r(")) wt(r) 6= 0 also implies that in0 (f (r)(")) wt0 (f (r)) 6= 0. This
means that f is indeed a fun tion from supp(A) to supp(BA ).
It is easy to see that f is inje tive. We show now that it is also surje tive. Consider
a run s 2 supp(BA ). We need to show that there exists a run r 2 supp(A) su h
that s = f (r). We onstru t the run r 2 supp(A) as follows: for every u 2 K , if
s(u) = (q; i), then r(u) = q. We show now that s = f (r). First, sin e s 2 supp(BA ),
it holds that in0 (s(")) wt0 (s) 6= 0. This in parti ular means that in0 (s(")) 6= 0, and
thus, s(") = (q; 0) for some q 2 Q. Consider now a u 2 K and let s(u) = (q; i).
Hen e, also r(u) = q. Sin e wt0 (s(u); s(u1); : : : ; s(uk)) 6= 0, it must be the ase that
for all j; 1  j  k it holds that, if q 2= Fi , then s(uj ) = (qj ; i), and if q 2 Fi , then
s(uj ) = (qj ; i + 1 mod n), for some qj 2 Q. But then, s satis es the de nition of f (r),
whi h shows that f is surje tive.
It remains only to show that r is su essful (w.r.t. the WGBA A) i f (r) is
su essful (w.r.t. the WBA BA ). Suppose rst that f (r) is su essful. Then for every
path there are in nitely many nodes labeled with elements of the only set of nal states
F 0 = f(q; n 1) j q 2 Fn 1 g. But noti e that, a ording to the way f was de ned, if
f (r)(u) 2 F 0 , then f (r)(uj ) is of the form (qj ; 0) for all 1  j  k. All the following
nodes in the path will have labels of the form ( ; 0) until a state from F0 is found; at
whi h point, the labels will be hanged to the form ( ; 1), and so on. Thus, for ea h
u su h that f (r)(u) 2 F 0 there exist v0 ; v1 ; : : : ; vn 1 su h that for every i; 0  i < n,
there is a qi 2 Fi with f (r)(u  v0    vi ) = (qi ; i), and hen e r(u  v0    vi ) = qi 2 Fi .
This implies that r is su essful.
Conversely, assume that f (r) is not su essful. Then, there is a path u1 ; u2 ; : : :
and a l  0 su h that for all l0  l it holds that f (r)(ul0 ) 2= F 0 . Sin e the se ond
omponent an only in rease (modulo n) from a node in a path to the other, there
must be a 1  i0  n su h that f (r)(ul0 ) is of the form (ql0 ; i0 ) for all l0  l. But this
means that for all l0  l, r(ul0 ) 2= Fi0 . Thus, r is also not a su essful run.
From this bije tion between the runs in the supports, the equivalen e in the be-
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haviours an be dedu ed as follows.

kAk =
=
=
=

M

r su essful run of A

M

r su essful run of A

(r("))

wt

(r("))

wt

in

in

M

f (r) su essful run of BA

M

r su essful run of BA

(f (r))

(f (r)("))

in

0 (r("))

in

(r )

wt

(f (r))

wt

0 (r) = kBA k;

whi h on ludes our proof.
Given a WGBA with m states and n sets of nal states, this redu tion yields a
WBA with n  m states. As des ribed before, omputing the behaviour of a WBA
requires time polynomial in the size of its state set; in this ase, polynomial in n  m.
Thus, our method omputes the behaviour of a WGBA in time polynomial in the
overall number of states and sets of nal states that it ontains.
Let us apply this approa h for omputing the behaviour of a WGBA to the pinpointing automaton for LTL from De nition 5.6. This automaton has exponentially
many states in the size n of the input (; R) and linearly many set of nal states in n.
Thus, the WBA onstru ted from the WGBA is of size exponential in n. Overall, the
two nested iterations perform exponentially many steps, whi h leads to an algorithm
with a total running time that is exponential in the size of the input.

Corollary 5.29. Let  be an LTL formula and R a set of LTL formulae. A pinpointing formula for (; R) w.r.t. a-unsatis ability an be omputed in time exponential in
the size of (; R).
5.3

An Alternative Computation of the Behaviour

Independently from the development of the present dissertation, a di erent algorithm
for omputing the behaviour of WBAs over distributive latti es was developed by
Droste et al. [DKR08℄. We will rst sket h this alternative approa h and then ompare
it to ours, with spe ial attention to the appli ation in the pinpointing s enario.19 In
the following, we will all our method the iterative method and the one from [DKR08℄
the prime method.
The prime method is based on the following property of distributive latti es. Let
(S; S ) be a distributive latti e. An element p 2 S is alled meet prime if, for every
s1 ; s2 2 S , s1 s2 S p implies that either s1 S p or s2 S p. It is known that
19 We

present only a spe ial ase of the algorithm in [DKR08℄, where we allow only unlabeled trees
as inputs. Furthermore, we have ex hanged the use of join prime elements in [DKR08℄ with the use
of their meet prime ounterparts. This is justi ed by duality of distributive latti es, allows for an
easier understanding of how this method works in the pinpointing appli ation, and makes it easier to
ompare it with our approa h in this setting.
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any element s of S equals the in mum of all the meet prime elements greater than or
equal to s [Gra98℄. If one ould de ide, for a given meet prime element p, whether p is
greater than or equal to the behaviour of a weighted automaton, then this behaviour
ould be readily found from the outputs of su h de isions by omputing the in mum
of all those meet prime elements for whi h this de ision is answered positively.
In the prime method, this de ision problem is solved in the following way. Let
A = (Q; in; wt; F ) be the WBA over the distributive latti e (S; S ) for whi h we want
to ompute the behaviour, and let prime(S ) denote the set of all meet prime elements
of S . For every meet prime element p 2 prime(S ), onstru t the (unweighted) Bu hi
automaton Ap = (Q; ; I; F ) where:

  := f(q; q1 ; : : : ; qk ) 2 Qk+1 j wt(q; q1; : : : ; qk ) 6S pg;
 I := fq 2 Q j in(q) 6S pg.
It is easy to see that Ap a epts a non-empty language, i.e., there exists a su essful
run of Ap that starts with an initial state, i there is a su essful run r of A su h
that in(r(")) wt(r) 6S p. Equivalently, the language a epted by Ap is empty i , for
every su essful run r of A, it holds that in(r(")) wt(r) S p. But this means that
kAk S p. Thus, if we denote by L(Ap) the language a epted by the automaton Ap,
we have
O
kAk =
p:
fp2prime(S )jL(Ap )=;g

In the pinpointing appli ation, we use the latti e B T , where the meet prime elements are exa tly all onjun tions of propositional variables in lab(T ).20 There is then
a one-to-one orresponden e between the meet prime elements of B T and all subsets
of axioms appearing in the axiomati input for whi h the pinpointing formula is being
omputed. Take an arbitrary meet prime
element p and assume that it orresponds to
V
0
the set of axioms T  T , i.e., p = t2T 0 lab(t). The automaton Ap has a transition
(q; q1 ; : : : ; qk ) i
vio(q; q1 ; : : : ; qk ) = wt(q; q1 ; : : : ; qk ) 6B T p =

W

^

t2T 0

(t):

lab

Sin e vio(q; q1 ; : : : ; qk ) = ft2T j(q;q1 ;:::;qk )2= res(t)g lab(t), this means that for every
t 2 T 0 , (q; q1 ; : : : ; qk ) 2 res(t). But this holds i (q; q1 ; : : : ; qk ) is a transition of AjT 0
(see De nition 5.1). Analogously, it is easy to see that a state q is an initial state of
Ap i it is an initial state of AjT 0 . Thus, the automaton Ap is identi al to the T 0 restri ted subautomaton AjT 0 . Consequently, testing the automaton Ap for emptiness
is the same as testing AjT 0 for emptiness. This shows that the prime method a tually
orresponds to the nave bla k-box approa h of testing the -property for all possible
subsets of axioms. Unoptimized, this pro ess will thus always need an exponential
number of tests for omputing the pinpointing formula. However, this pro ess allows
all that the latti e B T uses disjun tion as its in mum operator, and onjun tion as the supremum. Thus, onjun tions of variables are the only elements of the latti e that annot be written as
the in mum (disjun tion) of other elements.
20 Re
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Figure 5.1: The looping automaton An from Example 5.30.
the use of all the optimizations appli able to bla k-box pinpointing algorithms, whi h
are independent of the pro edure used to de ide the underlying property. Noti e,
nonetheless, that nding all prime elements that are greater than or equal to the
behaviour is equivalent to nding all sets of axioms that ontain at least one MinA.
As a onsequen e of this, there are ases where an exponential number of emptiness
tests is ne essary, even when using bla k-box optimizations (see Chapter 6).
In the examples we have presented in this work (i.e., pinpointing unsatis ability in
SI and LTL), both the iterative and the prime method have an exponential running
time. For the iterative method, we have a bound that is polynomial in the number of
states of the onstru ted automata, but this number is itself exponential in the size
of the input. The prime method performs exponentially many emptiness tests, ea h
of whi h requires exponential time (sin e it is performed on an exponentially large
automaton). Although both approa hes result in an exponential-time algorithm in
these ases, the bound on the iterative method has the advantage of not depending on
the number of meet prime elements of the latti e, as opposed to the prime method.
In the ase of pinpointing, the latti e has always 2n meet prime elements, where n is
the number of input axioms. If the axiomati automaton de iding the property has a
number of states polynomial in the size of the input, then this exponential number of
tests will yield a suboptimal pro edure, as demonstrated by the following examples.

Example 5.30. Consider an input I and a set of axioms T = ft0 ; : : : ; tn 1 g, and
assume that the -property is de ned as follows: P1 := f(I ; T 0 ) j T 0  T ; jT 0 j > 0g.
Let ea h axiom ti be labelled
W with the propositional variable pi. Then a pinpointing
formula for P1 is given by 0i<n pi .
We an onstru t an axiomati automaton (An ; res; I res) for the axiomatised
input (I ; T ) as follows:

 An is the looping automaton for arity 1 An := (fq0 ; : : : ; qn 1g; ; fq0 g) depi ted
in Figure 5.1, where

  = f(qi; q(i+1) mod n) j 0  i < ng;
 for every 0  j  n 1; res(tj ) =  n f(qj ; q(j+1) mod n)g;
 for every t 2 T ; I res(t) = fq0g.

It is easy to see that this axiomati automaton is orre t for the property P1 . Sin e An
has n states and n transitions, the iterative method needs polynomial time to ompute
the behaviour of the pinpointing automaton indu ed by (An ; res; I res), measured in
the number of axioms n. On the other hand, the unoptimized prime method requires
2n emptiness tests.

5.3.

AN ALTERNATIVE COMPUTATION OF THE BEHAVIOUR

101

We will take advantage of this example to illustrate how the iterative method
omputes the behaviour of an automaton (whi h in this ase orresponds to the pinpointing formula). The axiomati automaton (An ; res; I res) indu es the pinpointing
automaton (A; res; I res)pin = (fq0 ; : : : ; qn 1 g; in; wt), where

 in(q0) = ? and in(qi) = > for all 0 < i < n; and
 wt(qi; qj ) equals pi if j = (i + 1) mod n, and > otherwise.

As this is a weighted looping automaton, the iterative method redu es to an iterated
appli ation of the simpli ed operator Q des ribed in Se tion 5.2.2. Noti e that, for
every state qi , there is exa tly one transition, namely (qi ; q(i+1) mod n ), having a weight
distin t from >. Hen e, for every fun tion  : Q ! B T we have:

Q()(qi ) =
=

^

0j<n

(qi ; qj ) _ (qj )

wt

(qi ; q(i+1) mod n ) _ (q(i+1) mod n ) = pi _ (q(i+1) mod n ):

wt

The pro ess starts with the fun tion 1e : Q ! B T that maps every state to ?; that
is, e1(qi ) = ? for all 0  i < n. After the rst appli ation of the operator Q, we have
Q(1e)(qi) = pi for all 0  i < n sin e pi _ ? is equivalent to pi. Analogously, after m
iterations we have, for all 0  i < n, that

Qm (1e)(qi ) =

_

0j<m

p(i+j ) mod n :

This pro ess reaW hes a xpoint when m = n, in whi h ase every state qi is mapped
to the formula 0j<n pj . Thus, the behaviour of (A; res; I res)pin is

k(A; res; I res)pink = V0i<n in(qi) _ Qn(1e)(qi)
= in(q0 ) _ Qn (1e)(q0 )
W
= Qn (1e)(q0 ) = 0j<n pj ;

whi h is a pinpointing formula.
We present a se ond example in whi h the original de ision pro edure requires
a generalised Bu hi a eptan e ondition. This additional example shows that the
exponential blowup in the exe ution time of the prime method when ompared to the
iterative method an appear also with properties for whi h the looping a eptan e
ondition is not suÆ ient.

Example 5.31. Let Q be an in nite set of states and let the set of inputs I be the
set of all generalised Bu hi automata using states from Q, and the set of axioms be
T := Qk+1 . That is, we use the transitions of the automata in I as axioms of our
property. We de ne the -property P2 as the set of all tuples of the form (A; ) where
A = (Q; ; I; F1 ; : : : ; Fn ) is a generalised Bu hi automaton in I, and   T, su h
that (Q;  n ; I; F1 ; : : : ; Fn ) has no su essful run r with r(") 2 I . Intuitively, the
axioms tell whi h transitions are disallowed in the input automaton A. The -property

102

CHAPTER 5.

AUTOMATA-BASED PINPOINTING

is satis ed whenever we remove enough transitions (by adding them to the axiom set)
to avoid any su essful run whose root is labelled with an initial state. It is easy to see
that the axiomati automaton (A; res; I res) where res(t) =  n ftg and I res(t) = Q
for all t 2  is orre t for the property P and the axiomatised input (A; ). As we
have seen, the iterative method requires time polynomial in the number of states jQj
of this axiomati automaton to ompute the pinpointing formula for this property. On
the other hand, the prime method needs 2jj emptiness tests, ea h polynomial in jQj.
We thus have a potentially exponential in rease in exe ution time, when ompared to
the iterative method.

One advantage of the prime method is that it an easily be generalised to more
omplex automata models. For instan e, it is shown in [DKR08℄ how the same idea
works in the presen e of a more omplex a eptan e ondition, known as the Muller
ondition. Also note that the prime method an possibly be optimized using the ideas
underlying the known optimizations of bla k-box pinpointing pro edures, not just in
the ase of applying it to pinpointing, but also in a more general setting.
In this hapter we have introdu ed a general method for omputing the pinpointing formula of any -property that an be de ided with an axiomati automaton using
a Bu hi a eptan e ondition. We do this through the onstru tion of the pinpointing
automaton indu ed by the original axiomati automaton. The pinpointing automaton
is a weighted automaton whose behaviour is a pinpointing formula. In order to e e tively ompute the formula, we developed an algorithm that omputes the behaviour
of weighted automata over nite distributive latti es. This method generalises the
ideas employed for the well-known iterative emptiness test on unweighted automata.
We also des ribed how this iterative method an be used, along with an adequate
data stru ture, to onstru t the pinpointing formula in time polynomial in the size
of the automaton. Sin e just de iding the emptiness of automata in general requires
polynomial time in the same measure, the iterative algorithm turns out to be optimal
from a omplexity point of view.
We instantiated our approa h by showing how it an be used to ompute a pinpointing formula for unsatis ability of ALC on ept terms w.r.t. general SI -TBoxes,
as well as for axiomati unsatis ability of LTL formulae. In both ases, the automaton onstru ted has size exponential in the number of axioms, and thus the algorithm
requires exponential time to ompute the pinpointing formula. This bound is optimal for unsatis ability of ALC on ept terms w.r.t. general SI -TBoxes, where the
underlying de ision problem is already ExpTime hard [S h94℄. On the other hand,
de iding axiomati unsatis ability of LTL formulae is in PSpa e [SC85℄, and it is
un lear whether the automata-based de ision pro edure yields an optimal time bound
or not.
In the next hapter we will look in detail at some omplexity results for pinpointing.
Although the fo us on this work has been on omputing a pinpointing formula, due
to the fa t that all MinAs and MaNAs an then be dedu ed from it, our omplexity
study will primarily look at the hardness of nding these sets of axioms, rather than
the mentioned formula.

Chapter 6
Complexity Results
So far in this work we have fo used on how to ompute a pinpointing formula for a
given property P by extending the pro edure used for de iding P . For the pinpointing
extension of general tableaux, we found a problem even for ensuring a nite exe ution
time. We had to settle for a sub lass of tableaux, laiming that it is impossible to
fully hara terize the set of all tableaux having a terminating pinpointing extension.
Even in the ases of termination, it is not lear how the labeling me hanism used
in the pinpointing extension a e ts the overall exe ution time. If we restri t the
dis ourse to ground tableaux (see De nition 3.5), then we know that the pinpointing
extension will generate the same set of assertions as the original tableau algorithm,
but may hange their labels exponentially often, in the number of axioms, as there are
exponentially many monotone Boolean formulae that an label ea h assertion. Thus,
the pinpointing extension of ground tableaux has an exe ution time exponential in
the number of axioms. This in parti ular means that the pinpointing extension of the
tableau for subsumption of HL on ept names requires exponential time, although
the underlying de ision pro edure terminates in polynomial time in the number of
axioms.
For the ase of automata-based de ision pro edures, we showed that the pinpointing formula an be omputed in time polynomial in the size of the automaton. Sin e merely de iding the property requires time polynomial in the same measure, this method is optimal with respe t to its underlying de ision pro edure. In
other words, if the axiomati automaton A is an optimal de ision pro edure for the
property P , then the pinpointing automaton indu ed by A omputes the pinpointing
formula in optimal time. For instan e, unsatis ability of ALC on ept terms w.r.t.
general SI -TBoxes is an ExpTime omplete problem, and the axiomati automaton
(AC;T ; resC;T ; I resC;T ) that de ides this property has size exponential in the number of axioms. Thus, a pinpointing formula an be omputed from its pinpointing
automaton in exponential time. But it might well be the ase that the automaton
used yields a suboptimal de ision pro edure. For instan e, the axiomati automaton
(A;R ; res;R ; I res;R ) has also size exponential in the number of axioms, but the
property it de ides, namely axiomati unsatis ability of LTL formulae, is known to
be in PSpa e [SC85℄. Using the pinpointing automaton to ompute the pinpointing
formula yields an exponential time algorithm. It is un lear whether this algorithm is
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optimal or not.
In this hapter we try to shine some light on the hardness of solving pinpointingrelated problems. We divide this study into two parts. First, we show omplexity
results that are independent of the method use for solving the problems. Afterwards,
we prove our laim from Chapter 3 that it is unde idable whether the pinpointing
extension of a terminating general tableau is also terminating.
6.1

Complexity of Pinpointing

We start our study of the omplexity of pinpointing by showing a trivial upper bound
obtained by the simplest bla k-box algorithm. Let P be a -property and = (I ; T )
an axiomatised input su h that 2 P . Given an arbitrary pro edure that de ides P ,
we an nd the set of all MinAs, all MaNAs and a pinpointing formula for P and ,
with a very nave bla k-box algorithm that onsists on applying the de ision pro edure
2jT j times. One simply tests, for ea h T 0  T , whether (I ; T 0 ) 2 P or not. From
the answers to these tests, the sets MINP ( ) and MAXP ( ) an readily be omputed,
and hen e also the pinpointing formula (see Page 37). This in parti ular means that,
if the de ision pro edure runs in at most exponential time, then MINP ( ) , MAXP ( )
and the pinpointing formula an be omputed in exponential time.21 Obviously, for
any -property whose de ision problem is ExpTime- omplete, su h as unsatis ability
of ALC on ept terms w.r.t. general TBoxes [S h91, BCM+ 03℄, this bound is tight.
We will see that even for problems in lower omplexity lasses, the bound is also
tight. Along with this, we will analyse the omplexity of other problems related to
pinpointing.
As we want to identify how mu h of the omplexity is due to pinpointing, as
opposed to the original de ision problem, our results will be based on subsumption of
HL on ept names. Sin e this property is de idable in polynomial time, any in rease
in omplexity that we en ounter an then be attributed to pinpointing.
This se tion is omposed of three parts. In the rst part we present omplexity
results related to the omputation of MinAs. Some of these results rst appeared
in [BPS07a℄, where it was also laimed, without proof, that their dual results hold
also for the omputation of MaNAs. In the se ond part we present proofs to this
laim. Finally, in Se tion 6.1.3, we show that there exist axiomatised inputs for whi h
the pinpointing formula has superpolynomial length, when measured in the number
of axioms. This in parti ular implies that su h a formula annot be written (nor
omputed) in polynomial time.

6.1.1 MinA Complexity
If we are only interested in nding one, arbitrary, MinA, then we an ompute it with a
bla k-box algorithm that alls the de ision pro edure only jT j times [BPS07a, Chi97,
KPSG06℄. The idea onsists in systemati ally trying to remove axioms while still
21 Noti e that this also implies that if the de ision pro edure is at least exponential, then pinpointingrelated problems are solvable without an in rement in the omplexity.
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belonging to the property. Suppose that we have some T 0  T su h that (I ; T 0 ) 2 P .
We then sele t an axiom t 2 T 0 that is going to be tested for removal. If the property
still follows on e t is removed, i.e., if (I ; T 0 n ftg) 2 P , then t is not ne essary for
the property to hold and hen e an be removed. This pro ess is then repeated with
T 0 n ftg. If, on the ontrary, (I ; T 0 n ftg) 2= P , then we know that t must belong
to all MinAs for T 0 , and we hen e ontinue the pro ess with the set T 0 , but never
testing t for removal again. In this way, every axiom is tested for removal exa tly
on e. It an be shown that the set of axioms resulting from this pro edure is indeed a
MinA. Thus, the omputation of one arbitrary MinA is in the same omplexity lass
as merely de iding the underlying property, as long as this latter problem is at least
polynomial. In the ase of subsumption of HL on ept names, this means that one
MinA an be omputed in polynomial time in the size of the TBox.
If we further assume that the axioms in the TBox are ordered, then we an nd
the lexi ographi al last MinA also in polynomial time. We say that a set of axioms
S is lexi ographi ally before another set S 0 i the rst element at whi h they disagree
is in S . If we test the axioms for removal in order, then the bla k-box algorithm
des ribed above yields the last lexi ographi al last MinA.22 Also the additive algorithm by Tamiz, Mardle and Jones [TMJ96℄ (see also [Chi97℄) yields as an output the
lexi ographi al last MinA in polynomial time.
Unfortunately, omputing one MinA, even the lexi ographi al last one, is usually
not enough. For instan e, if we are trying to understand why an axiomati input
belongs to a -property, then it would be desirable to obtain MinAs that have as
few axioms as possible, as larger sets of axioms are more diÆ ult to interpret. The
following theorem shows that de iding the existen e of a MinA whose ardinality is
bounded by a given natural number n is an NP- omplete problem (see [Sun09, BPS07a℄
for a proof). Hen e, it is hard to know whether a given MinA has minimal size or not.

Theorem 6.1. Given an HL TBox T ; on ept names A; B o urring in T , and a
natural number n, it is NP- omplete to de ide whether or not there is a MinA for T
w.r.t. A v B of ardinality  n.
Another property of interest when trying to understand a -property P is whether
a given axiom t is relevant for P ; that is, whether there is a MinA that ontains t.
This knowledge is helpful, for instan e, when trying to ompute the set of all MinAs.
In [KPHS07℄, the authors propose the use of Reiter's Hitting Set Tree algorithm [Rei87℄
as an improved bla k-box algorithm for produ ing the set of all MinAs. This idea has
sin e then been used and further optimised for spe i de ision problems [SHCH07,
BS08, SQJH08℄. Dete ting axioms that are relevant would allow us to further improve
this approa h using the set enumeration pro edure proposed by Rymon [Rym92℄. The
following theorem shows that de iding relevan e of axioms is also an NP-hard problem.

Theorem 6.2. Let T be a HL TBox, t 2 T , and A; B two on ept names appearing
in T . De iding whether there exists a MinA S for T w.r.t. A v B su h that t 2 S is
NP- omplete in the size of T .
22 This

strategy orresponds to the nave algorithm presented in [BPS07a, Sun09℄
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Proof. The problem is learly in NP as we need only polynomial time to test whether
a set of axioms S is a MinA, and whether t 2 S . The omplexity hardness an be
shown by a redu tion of the following NP- omplete problem [FGN90, EG95a℄: given
two sets of propositional variables H; M , a set T of de nite Horn lauses over H [ M
(i.e., formulae of the form v1 ^ : : : ^ vn ! w with w; vi 2 H [ M for all 1  i  n),
and a variable h 2 H , de ide whether there is a minimal H 0  H su h that h 2 H 0
and H 0 [ T j= M .
Given an instan e of this problem, we de ne a on ept name Pi for every hi 2 H
and Qi for every mi 2 M ; additionally, we use two new on ept names A; B . Our
TBox has an axiom of the form A v Pi for every hi 2 H , an axiom R1 u : : : u Rn v R
for every v1 ^ : : : ^ vn ! w 2 T , and additionally the axiom
Qi v B . It is easy
mi 2M
to see that, given a variable h0 2 H , there is a MinA for A v B ontaining A v P0 i
there is a minimal H 0 2 H su h that h0 2 H 0 and H 0 [ T j= M .

u

As it was already said, nding the lexi ographi al last MinA for subsumption of

HL on ept names requires only polynomial time. If, on the ontrary, we are interested

in nding the lexi ographi al rst MinA, then we en ounter another hard problem.

Theorem 6.3. Given an HL TBox T , on ept names A; B o urring in T and a
MinA S , it is oNP- omplete to tell whether S is the lexi ographi al rst MinA for T
w.r.t. A v B .
Proof. The problem is in oNP sin e if S is not the lexi ographi al rst, then we
an prove this by presenting a MinA that appears before S within this ordering. To
prove hardness, we will make a redu tion from the rst lexi ographi al minimal vertex
over problem. Given a graph G = (V; E ), a set C  V is alled a vertex over if
for every edge (u; v) 2 E either u 2 C or v 2 C . For a graph G and a minimal
vertex over D, it is oNP- omplete to de ide whether D is the rst lexi ographi al
minimal vertex over [JYP88℄. Alternatively, we an see this problem as de iding the
rst lexi ographi al hitting set from a olle tion of sets of ardinality at most two.
Suppose that V = fv1 ; : : : ; vn g and that E = fe1 ; : : : ; ek g where for every i; 1  i  k,
ei is of the form ei = fv; wg. We use a on ept name Pi for every element vi 2 V ,
a on ept name Qj for every edge in ej 2 E and the additional on ept names A; B ,
and de ne the TBox

T := fA v Pi j 1  i  ng [
fPi v vi2ej Qj j 1  i  ng [ fQ1 u : : : u Qk v B g:

u

Hen e, there are 2n + 1 axioms, whi h we order in the following way: for 1  m  n,

u

u
k

the m-th axiom is A v Pm and the n + m-th axiom is Pm v v 2e Qj , with Qk v B
j =1
i j
as the last axiom. If D is a minimal vertex over, then the set
S D = fA v P i ; P i v

u2 Q j v 2 Dg [ fu Q v Bg
k

vi ej

j

i

j =1

j
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is a MinA for T w.r.t. A v B . Additionally, if S is a MinA for T w.r.t. A v B , then
S satis es the following two properties: (i)

u

u Q v B 2 S, and (ii) A v P 2 S i
k

j =1

j

i

v vi2ej Qj 2 S for all 1  i  n. Thus, for every MinA S we an onstru t the
set D = fvi j A v Pi 2 S g, whi h is su h that S = SD . Furthermore, the way the
Pi

ordering was de ned ensures that a D is lexi ographi ally before D0 if and only if SD
is lexi ographi ally before SD0 . This means that D is the lexi ographi al rst minimal
vertex over i SD is the lexi ographi al rst MinA.
Sin e the de ision problems we have presented in this se tion depend, in a greater
or smaller degree, on the set of all MinAs, it ould be argued that their hardness is a
onsequen e of the fa t that an axiomati input an have exponentially many MinAs
(see [Sun09, BPS07a℄ for an example). We ould instead try to analyse the omplexity
of enumerating the set of all MinAs [JYP88℄. An algorithm that enumerates all MinAs
using time polynomial in the size of both the input and the output, that is, in the size
of the TBox and the number of MinAs, will be alled output polynomial. If we had an
output polynomial algorithm, then its exe ution time would be polynomial whenever
the axiomati input had only polynomially many MinAs.
We are interested in the enumeration omplexity of omputing the set of all MinAs
for an HL-TBox w.r.t. a given subsumption relation. Unfortunately, to the best of
our e orts we were unable to nd a tight bound on the omplexity of this problem.
Hen e, we settle here for weaker results, in whi h we allow additional expressivity in
the ontology. We will show that if we either allow a set of irrefutable axioms, or if we
extend the syntax of axioms to allow disjun tion in the left-hand size, then an output
polynomial algorithm omputing all MinAs is impossible.
Before proving this, we will present an auxiliary result showing that it is not possible to enumerate all the minimal valuations satisfying a monotone Boolean formula
with an output polynomial algorithm. A proof of this fa t an be found in the te hnial report [EG91℄; sin e this result is not in luded in the orresponding journal paper
[EG95b℄, we provide our own distin t proof for the sake of ompleteness.

Theorem 6.4. There is no output polynomial algorithm for omputing all minimal
satisfying valuations of monotone Boolean formulae, unless P=NP.
To prove this theorem, it is enough to show (see [KSS00℄) that the following de ision problem is NP-hard:

Lemma 6.5. Given a monotone Boolean formula  and a set M of minimal valuations satisfying , de iding whether there exists a minimal valuation V 2= M satisfying
 is NP-hard in the size of  and M.
Proof. The proof is by redu tion of the NP-hard hypergraph 2- oloring problem [GJ79℄:
given a olle tion H = fE1 ; : : : ; Em g of subsets of a set of verti es V , ea h of them of
size 3, is there a set C su h that C \ Ei 6= ; and (V n C ) \ Ei 6= ; for i = 1; : : : ; m.23
23 In

other words, both C and its omplement must be hitting sets for E1 ; : : : ; Em .
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Let V = fv1 ; : : : ; vn g and Ei = fvi1 ; vi2 ; vi3 g for all i = 1; : : : ; m. We represent
every vi 2 V by Wa propositional variable pi , and onstru t the monotone Boolean
formula  := _ m
i=1 i , where
=

m
^

i=1

pi1 _ pi2 _ pi3 and

i

= pi1 ^ pi2 ^ pi3

and the set

M := fVi := fpi1 ; pi2; pi3 g j 1  i  m and no stri t subset of Vi satis es g:
It is easy to see that the formula  as well as the set M an be onstru ted in
time polynomial in the size of V and H . Moreover, every valuation Vi 2 M satis es
the formula i , and hen e also . It is minimal sin e no stri t subset of Vi satis es

(i) any of the j (whi h require valuations of size at least 3 to be satis ed) nor (ii)
sin e otherwise the ondition in the de nition of M would be violated. This shows
that  and M indeed form an instan e of the problem onsidered in the lemma.
To omplete the proof of NP-hardness of this problem, it remains to be shown that
there is a minimal valuation V 62 M satisfying  i there is a set C  V su h that
C \ Ei 6= ; and (V n C ) \ Ei 6= ; for all 1  i  m.
We show rst the if dire tion. Let C be su h a set, whi h we assume without loss
of generality to be minimal with respe t to set in lusion. We de ne the valuation
VC := fpi j vi 2 C g and laim that it is the minimal valuation we are looking for. For
every 1  i  m, C \ Ei 6= ; implies that there is a 1  j  3 su h that vij 2 C , whi h
means that pij 2 VC . This shows that VC satis es and thus also . In addition,
sin e (V n C ) \ Ei 6= ;, there is a 1  k  3 su h that vik 2= C . Thus, VC is di erent
from all the valuations Vi 2 M, and it does not satisfy any of the formulae i .
To show that VC is minimal, assume that V 0  VC . Sin e C is minimal, the set
C 0 := fvi j pi 2 V 0 g  C is su h that there is a 1  i  m with C 0 \ Ei = ;. This
implies that V 0 does not satisfy pi1 _ pi2 _ pi3 , and hen e it does not satisfy . As
a subset of VC , it also does not satisfy any of the formulae i , and thus it does not
satisfy . This shows that VC is a minimal valuation satisfying  that does not belong
to M.
For the only-if dire tion, assume that there is a minimal valuation V 62 M satisfying
. This valuation annot satisfy any of the formulae i . Indeed, (i) for Vi 2 M this
would imply that V is a superset of one of the valuations in M, whi h ontradi ts
either the minimality of V or the fa t that it does not belong to M; (ii) for Vi 62 M
there would be a smaller valuation satisfying , whi h ontradi ts the minimality of
V.
Sin e V is a model of , it must thus satisfy . De ne the set CV := fvi j pi 2 Vg.
Sin e V satis es , for every 1  i  m there is a 1  j  3 su h that pij 2 V , and
thus vij 2 CV \ Ei . On the other hand, sin e V does not satisfy any of the formulae
= V , whi h
i , for every 1  i  m there must also be a 1  k  3 su h that pik 2
means that Ei 6 CV and hen e (V n C ) \ Ei 6= ;.
Theorem 6.4 follows from this lemma sin e an output polynomial algorithm whose
runtime is bounded by the polynomial P (jj; jMj) (where  is the input and M the
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output) ould be used to de ide the problem introdu ed in the lemma in polynomial
time as follows: given  and M, run the algorithm for time at most P (jj; jMj) and
he k whether the generated valuations are exa tly those in M.
Theorem 6.4 shows that an algorithm for omputing all MinAs based on omputing
the pinpointing formula and then produ ing its minimal satisfying valuations annot
be output polynomial. We would like to show that there is no algorithm of any
kind for omputing all MinAs that is output polynomial. Unfortunately, our e orts
towards this goal have been unfruitful. In this respe t, we had to settle with a weaker
result dealing with the enumeration of all MinAs in the presen e of an irrefutable
TBox. Assume that the TBox is formed by the disjoint union of a stati TBox Ts
whose axioms are irrefutable, and a refutable TBox Tr . We will denote this union as
T = (Ts ℄ Tr ). In this ontext, a MinA S for T w.r.t. A v B is a minimal subset of
Tr su h that A vTs[S B . In Chapter 3 we showed that this de nes a -property, and
hen e we an use the notions of MinA in it.

Theorem 6.6. There is no output polynomial algorithm that omputes, for a given
HL TBox T = (Ts ℄ Tr ) and on ept names A; B o urring in T , all MinAs for T
w.r.t. A v B , unless P=NP.
Proof. We show that the problem of omputing the minimal valuations of monotone
Boolean formulae an be redu ed in polynomial time to the problem of omputing
the MinAs of an HL TBox. Given a monotone Boolean formula , we introdu e one
on ept name B for every subformula of of , and one additional on ept name
A. We de ne TBoxes T for the subformulae of  by indu tion in a straightforward
manner: if = p is a propositional variable, then T := fA v Bp g; if = 1 ^ 2 ,
then T := fB 1 u B 2 v B g; if = 1 _ 2 , then T := fB 1 v B ; B 2 v B g.
Obviously, the size of T is linear in the size of . In T , we de lare the GCIs A v Bp
with p a propositional variable to be refutable, and the other GCIs to be irrefutable.
With this division of T into a stati and a refutable part, it is easy to see that there
is a one-to-one orresponden e between the minimal satisfying valuations of  and
the MinAs for T w.r.t. A v B . In parti ular, given a MinA S , the orresponding
valuation VS onsists of all p su h that A v Bp 2 S . Thus, if we ould ompute all
MinAs with an output polynomial algorithm, we ould do the same for all minimal
satisfying valuations.

This theorem shows that, in general, exponential time is ne essary for omputing
all the MinAs of a given axiomati input, even if there are only polynomially many
of them, when some of the axioms are allowed to be irrefutable. The reason why
irrefutable axioms are ne essary is to be able to adequately model the disjun tions
from whi h we are redu ing the problem. It seems reasonable, thus, that if we allow
the language to in lude the disjun tion onstru tor (t), then there will be no need for
a stati TBox. We will now show that it suÆ es to allow this onstru tor only on the
left-hand side of the axioms. More formally, we de ne the set of HLU on ept terms
as those that an be obtained from the set NC of on ept names using the onstru tors
u and t. A disjun tive TBox is a set of axioms of the form C v D where C is an
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HLU on ept term and D is an HL on ept term. The semanti s of this logi are

de ned in the obvious way.
Theorem 6.7. Let T be a disjun tive TBox and A; B two on ept names appearing
in T . There is no output polynomial algorithm for omputing all MinAs for T w.r.t.
A v B , unless P = NP .
Proof. The proof is very similar to that of Theorem 6.4 through Lemma 6.5. We will
redu e the hypergraph 2- oloring to the problem of de iding, given a set of MinAs M,
whether there is another MinA for our property that is not an element of M.
Let V = fv1 ; : : : ; vn g and Ei = fvi1 ; vi2 ; vi3 g for i; 1  i  m. We will simulate
ea h vi 2 V by a on ept name Pi . If we de ne the axiom tB as

u(p
m

t
m

t pi2 t pi3 ) t i=1(pi1 u pi2 u pi3) v B;
then we onstru t the disjun tive TBox T = fA v Pi j 1  i  ng [ ftB g, and the set
tB :=

i=1

i1

of MinAs

M := fVi := fA v Pij j 1  j  3g [ ftB g j 1  i  m and Vi is a MinAg:
Sin e the on ept name B appears only in the right-hand side of the axiom tB , any
MinA for T w.r.t. A v B must ontain this axiom. Thus, using an argument analogous
to the one of Lemma 6.5, we have that there is a MinA S 2= M for T w.r.t. A v B
if and only if there is a set C v V su h that C \ Ei 6= ; and (V n C ) \ Ei 6= ; for all
i; 1  i  m. From this result, our laim follows, using the same argument as in the
proof of Theorem 6.4.
Alternatively one may be interested in knowing how many MinAs there are, rather
than a tually obtaining ea h of them. For these kind of problems, where the interest
is in ounting the number of solutions, we have to analyse a di erent kind of omplexity. In the theory of ounting omplexity, given a de ision problem, one is not
only interested in whether there is a solution or not, but rather in how many solutions
exist. Clearly, the resour es ne essary for ounting the number of solutions ex eed
those needed for merely de iding the existen e of one sin e any number of solutions
greater to zero implies an aÆrmative answer to the de ision problem. In the rst papers introdu ing this omplexity measure, Valiant showed that there exist problems
de idable in polynomial time for whi h ounting the number of solutions is as hard as
for NP- omplete problems [Val79a, Val79b℄. Informally, the ounting omplexity lass
#P ontains all those problems for whi h a solution to its related de ision problem an
be veri ed in polynomial time. Thus, the ounting problem of every de ision problem
in NP belongs to #P.
Theorem 6.8. Given a HL TBox T and two on ept names A; B o urring in T ,
the problem of ounting the number of MinAs for T w.r.t. A v B is #P- omplete.
Proof. The problem is in #P sin e its underlying de ision problem, whether there
exist a MinA for T w.r.t. A v B is in NP.24 We show #P-hardness by a redu tion
24 A

tually, as it has already been said, it is in P.
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of the #P-hard minimal vertex over ounting problem [Val79b℄: given a set V and
 V  V , ount the number of minimal vertex overs. In other words, ounting
the number of minimal hitting sets of a olle tion of sets of ardinality at most two.
We use the same redu tion presented in the proof of Theorem 6.3, and show that
it is parsimonious; i.e. that is preserves the number of solutions. As shown in said
proof, a set C  V is a minimal set having at least one element of ea h e 2 E i
E

u

u
k

SC := fA v Pi; Pi v vi 2ej Qj j vi 2 C g [ fj=1 Qj v B g is a MinA for T w.r.t.
A v B . We have thus a one-to-one orresponden e between the number of vertex

overs and the number of MinAs. Hen e, ounting the number of MinAs is a #P-hard
problem.

Another interesting question regarding ounting is, given an axiom t, ompute the
number of MinAs that have t as an element. Solving this problem is relevant, for
example, when orre ting an unwanted onsequen e: those axioms that appear more
often as auses of the error are the most likely to be faulty, and their removal will also
eliminate the most MinAs possible. This idea has been proposed as an heuristi for
orre ting an error while minimizing the hanges in the set of axioms [S h05, SHCH07℄.
Unfortunately, this ounting problem is also #P-hard.

Theorem 6.9. Given an HL TBox T , an axiom t 2 T , and two on ept names A; B
o urring in T , the problem of ounting the number of MinAs for T w.r.t. A v B
ontaining t is #P- omplete.
Proof. This problem is in #P as its underlying de ision problem is in NP. We show
#P-hardness by giving a parsimonious redu tion of the problem from Theorem 6.8.
Given an HL TBox T and two on ept names A; B appearing in T , we de ne the new
HL TBox T 0 := T [ S0, where S0 = fA v C; B u C v Dg and C and D are on ept
names not o urring in T . Clearly, a set S  T is a MinA for T w.r.t. A v B i
S [ S0 is a MinA for T 0 w.r.t. A v D. Furthermore, every MinA for T 0 w.r.t. A v D
must ontain the axioms in S0 . Thus, there are exa tly as many MinAs for T w.r.t.
A v B as there are MinAs for T 0 w.r.t. A v D ontaining the axiom A v C , whi h
entails the hardness result.

With this result we nish our study of omplexity of problems related to nding
MinAs. In the following subse tion we will show that the same omplexity bounds
hold for the dual problems related to MaNAs.

6.1.2 MaNA Complexity
Finding minimal hitting sets has been useful, not only when trying to produ e the set
of all MaNAs from known MinAs and vi e versa, but also to prove the hardness of
MinA related problems in the previous subse tion. Given the dual nature of MinAs
and MaNAs, it is hardly surprising that the dual problem of hitting sets { that of
independent sets { will be equally helpful for showing the hardness of MaNA related
problems.
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Algorithm 1 Compute one MaNA for T = ft1 ; : : : ; tn g w.r.t. A v B .
1: if A 6vT B then
2: return no MaNA
3: S := ;
4: for 1  i  n do
5: if A 6vS[fti g B then
6:
S := S [ fti g
7: return S
Given a olle tion M of sets using elements from V , a set S  V is an independent
set i for every M 2 M it holds that M 6 S . Noti e that S is a (maximal) independent
set if and only if VnS is a (minimal) hitting set. Thus, all omplexity results known for
(minimal) hitting sets apply also, in their dual presentation, to (maximal) independent
sets, and likewise for the opposite dire tion. This is, nonetheless, not suÆ ient for
laiming that all the results from Se tion 6.1.1 hold also for MaNAs, sin e the properties onsidered hange with this polynomial redu tion.
Although not all of the algorithms known for omputing a single MinA an be
dualised, we an still ompute one MaNA { in fa t, the lexi ographi al rst MaNA {
with only a polynomial overhead, by dualising the naive algorithm presented in [Sun09,
BPS07a℄ in su h a way that adds axioms to the knowledge base, as long as the property
does not follow from the enlarged set. This dual version, for the ase of subsumption
w.r.t. HL-TBoxes, is shown in Algorithm 1. This algorithm requires polynomially
many subsumption tests. Furthermore, it is easy to see that its output orresponds
to the rst lexi ographi al MaNA.
If the sear h for a MaNA aims to avoiding an unwanted onsequen e, then we
are interested in nding the largest possible MaNA, that is, one with the greatest
ardinality, su h that the hanges to the knowledge base remain minimal. De iding
whether there is a MaNA of size greater than or equal to a given n is an NP- omplete
problem, though.

Theorem 6.10. Given an HL TBox T , on ept names A; B appearing in T and a
natural number n, it is NP- omplete to de ide the existen e of a MaNA for T w.r.t.
A v B of ardinality  n.
Proof. The problem is obviously in NP. For the hardness, we redu e the NP-hard
problem of maximal independent sets: given a olle tion of sets M = fS1 ; : : : ; Sk g and
a natural number n, de ide whether there is an independent set for M of ardinality
 n. For the redu tion, we use a on ept name P for every element p 2 Ski=1 Si
and additional on ept names A; B . We onsider that ea h set Si is of the form
Si = fsi1 ; : : : ; si`i g and onstru t the TBox:

T := fA v P j p 2 Ski=1 Sig[
`i
fj=1 Pij v B j 1  i  kg

u
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We will show that there is an independent set for M of size  n i there is a MaNA
for T w.r.t. A v B of size  n + k.
Assume rst that there is su h an independent set M . The sub-TBox
T 0 = fA v P j p 2 M g [ S
where

u
`i

S := fj=1 Pij v B j 1  i  kg

(6.1)

has jM j + k axioms and is su h that A 6vT 0 B .
Conversely, take a MaNA T 0 . Suppose that there is a i; 1  i  k su h that
`i
Pij v B 2= T 0 . Sin e T 0 is a MaNA, it holds that fA v Pij j 1  j  `i g  T 0 .
j =1
Take now any element from Si ; say pi1 . Then, the new sub-TBox

u

uP
`i

T 0 = (T 0 n fA v Pi1 g) [ f
i

j =1

ij

v Bg

is su h that (i) jTi0 j = jT 0 j, and (ii) A 6vTi0 B . The same pro ess an be applied again
to this set Ti0 , until we have onstru ted a set of axioms T 00 su h that A 6vT 00 B and
S  T 00, where S is the one of Equation (6.1). The set M = fp j A v P 2 T 00g is an
independent set for M, and jT 00 j = jM j + k.
Just as we were interested in the relevan e of an axiom when dealing with MinAs,
one might want to know whether a given axiom ne essarily appears in every MaNA, or
there is at least one that does not ontain it. We show that this problem is equivalent
to that of Theorem 6.2.

Theorem 6.11. Let T be a HL TBox, t 2 T and A; B on ept names in T . De iding
the existen e of a MaNA S for T w.r.t. A v B su h that t 2= S is NP- omplete on the
size of T .

Proof. Let S be a MaNA su h that t 2= S . Then, for S [ftg it holds that A vS[ftg B .
Thus, there is a MinA S 0 for A v B w.r.t. T su h that S 0  S [ ftg. But then, it
holds that t 2 S 0 sin e otherwise S 0  S , whi h would ontradi t the fa t that S 0 is a
MinA. Conversely, if S is a MinA su h that t 2 S , then the subsumption relation does
not hold for S n ftg. Hen e, there is a MaNA S 0 ontaining S n ftg. If t 2 S 0 , then
S  S 0, ontradi ting the de nition of MaNA. Hen e, there is a MinA ontaining t if
and only if there is a MaNA that does not ontain t.

To nish with the de ision omplexity results, we show oNP-hardness for the
problem of nding the lexi ographi al last MaNA. This follows easily from the hardness of nding the lexi ographi al last maximal independent set.

Theorem 6.12. Given an HL TBox T , on ept names A; B appearing in T and a
MaNA S , it is oNP- omplete to tell whether S is the lexi ographi al last MaNA for
T w.r.t. A v B .
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Proof. The problem is in oNP sin e we an verify a ounterexample in polynomial
time. For the hardness, we use the result from [JYP88℄ by whi h nding the lexi ographi al last maximal independent set is oNP-hard. We use the same redu tion from
the proof of Theorem 6.10 and order the axioms as follows: rst all the axioms of the
form A v P , and then all the other axioms. It is easy to see that M is the last lexi ographi al maximal independent set for M if and only if T 0 = fA v Pj j pj 2 M g [ S ,
with S as in Equation (6.1), is the last lexi ographi al MaNA for T w.r.t. A v B .

We fo us now on the omplexity of enumerating all MaNAs. For a xed natural
number n, onsider the HL TBox

Tn = fA v Pi; Pi v B j 1  i  ng:
Tn has 2n axioms, but for every set N  f1; : : : ; ng, the sub-TBox
fA v Pi j i 2 N g [ fPj v B j j 2= N g
is a MaNA for Tn w.r.t. A v B . Sin e ea h di erent N de nes a di erent MaNA, this

axiomati input has 2n MaNAs. This example shows that a given axiomati input
may have exponentially many MaNAs, measured on the number of axioms. We will
show that they annot be enumerated using an output polynomial algorithm, in the
presen e of an irrefutable TBox. As it was the ase for MinAs, we will show rst
an auxiliary result regarding the omputation of all maximal valuations falsifying a
monotone Boolean formula.

Lemma 6.13. Given a monotone Boolean formula  and a set M of maximal valuations falsifying , de iding whether there exists a maximal valuation V 2= M falsifying
 is NP-hard in the size of  and M.
Proof. For the proof, we on e again use the NP-hard hypergraph 2- oloring problem.
Our redu tion in this ase will be very similar to the one used in Lemma 6.5, taking
advantage of the duality of the problems. Let V = fv1 ; : : : ; vn g and Ei = fvi1 ; vi2 ; vi3 g
for all i = 1; : : : ; m. We represent every vi 2 V by a propositional variable pi , all P
the set of all propositional variables
representing a v 2 V . and onstru t the monotone
V
m
Boolean formula  := ^ i=1 i , where

=

m
_

i=1

pi1 ^ pi2 ^ pi3 and

i

= pi1 _ pi2 _ pi3

and the set

M := fVi := P n fpi1 ; pi2 ; pi3g j 1  i  m and no stri t superset of Vi falsi es g:
It is easy to see that the formula  as well as the set M an be onstru ted in
time polynomial in the size of V and H . Moreover, every valuation Vi 2 M falsi es
the formula i , and hen e also . It is maximal sin e no stri t superset of Vi falsi es

(i) any of the

j

(whi h require valuations of size at most n

3 to be falsi ed) nor
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(ii) sin e otherwise the ondition in the de nition of M would be violated. This
shows that  and M indeed form an instan e of the problem onsidered in the lemma.
To omplete the proof of NP-hardness of this problem, it remains to be shown that
there is a maximal valuation V 62 M falsifying  i there is a set C  V su h that
C \ Ei 6= ; and (V n C ) \ Ei 6= ; for all 1  i  m.
We show rst the if dire tion. Let C be su h a set, whi h we assume without loss
of generality to be minimal with respe t to set in lusion. We de ne the valuation
VC := P n fpi j vi 2 C g and laim that it is the maximal valuation we are looking
for. For every 1  i  m, C \ Ei 6= ; implies that there is a 1  j  3 su h that
vij 2 C , whi h means that pij 2
= VC . This shows that VC falsi es and thus also .
In addition, sin e (V n C ) \ Ei 6= ;, there is a 1  k  3 su h that vik 2 C . Thus, VC
is di erent from all the valuations Vi 2 M, and it satis es all of the formulae i .
To show that VC is maximal, assume that V 0  VC . Sin e C is minimal, the set
0
C := fvi j pi 2
= V 0 g  C is su h that there is a 1  i  m with C 0 \ Ei = ;. This
0
implies that V satis es pi1 ^ pi2 ^ pi3 , and hen e it also satis es . As a superset of
VC , it also satis es all of the formulae i , and thus it must satisfy . This shows that
VC is a maximal valuation falsifying  that does not belong to M.
For the only-if dire tion, assume that there is a maximal valuation V 62 M falsifying
. This valuation annot falsify any of the formulae i . Indeed, (i) for Vi 2 M this
would imply that V is a subset of one of the valuations in M, whi h ontradi ts either
the maximality of V or the fa t that it does not belong to M; (ii) for Vi 62 M there
would be a larger valuation falsifying , whi h ontradi ts the maximality of V .
Sin e V is not a model of , it must thus falsify . De ne for this valuation the
set CV := fvi j pi 2= Vg. Sin e V falsi es , for every 1  i  m there is a 1  j  3
su h that pij 2= V , and thus vij 2 CV \ Ei . On the other hand, sin e V does not falsify
any of the formulae i , for every 1  i  m there must also be a 1  l  3 su h that
pi;k 2 V , whi h means that Ei 6 CV and hen e (V n C ) \ Ei 6= ;.
From this lemma, we get the following theorem, whose proof is identi al to the
one for Theorem 6.4 presented in the previous subse tion.

Theorem 6.14. There is no output polynomial algorithm for omputing all maximal
falsifying valuations of monotone Boolean formulae, unless P=NP.
In the proof of Theorem 6.6, we presented a one to one orresponden e between
MinAs using an irrefutable TBox, and minimal valuations satisfying a Boolean formula. It is easy to see that the same redu tion yields also a bije tion between the set
of MaNAs for the same property and the maximal valuations falsifying the formula.
We thus obtain the next result.

Theorem 6.15. There is no output polynomial algorithm that omputes, for a given
on ept names A; B o urring in T , all MaNAs for T

HL TBox T = (Ts ℄ Tr ) and
w.r.t. A v B , unless P=NP.

Re all now that it is possible to simulate a monotone Boolean formula using a
disjun tive TBox. Thus, the dual result for Theorem 6.7 holds too.
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Theorem 6.16. Let T be a disjun tive TBox and A; B two on ept names appearing
in T . There is no output polynomial algorithm for omputing all MaNAs for T w.r.t.
A v B , unless P = NP .
Considering now the problem of ounting the number of solutions, we get the
two results that ounting the number of MaNAs and the number of all MaNAs not
ontaining a given axiom t are #P- omplete problems.

Theorem 6.17. Given a HL TBox T , two on ept names A; B appearing in T and
an axiom t 2 T , the following two problems are #P- omplete:
1. ounting the number of MaNAs for T w.r.t. A v B ;
2. ounting the number of MaNAs for T w.r.t. A v B not ontaining t.

S

Proof. For the rst point, onsider M = fS1 ; : : : ; Sk g and let s 2= ki=1 Si . Then,
M has as many maximal independent sets as M0 = fS1 [ fsg; : : : ; Sk [ fsg; fsgg; in
fa t, M is a maximal independent set of M i it is also a maximal independent set
of M0 . We onstru t a TBox T from M0 as in the proof of Theorem 6.10. Noti e
that su h a redu tion is not parsimonious; for every maximal independent set of M
there an be several MaNAs for T w.r.t. A v B . Let T 0 be a MaNA, and de ne
MT 0 = fp j A v P 2 T 0 g. If S , de ned by Equation (6.1), is a subset of T 0 , then
MT 0 is a maximal independent set for M0 ; otherwise, there is a set S 2 M0 su h
that S  MT 0 . In parti ular, the latter implies that A v Ps 2 T 0 , where Ps is the
on ept name representing the new element s used for de ning M0 . Thus, the number
of MaNAs for T w.r.t. A v B equals the number of maximal independent sets for M
plus the number of MaNAs that ontain the axiom A v Ps . Consider now the TBox

u

Ts = fA v Ps u P j p 2 Ski=1 Sig [ fj=1 Pij v B j 1  i  kg. All the MaNAs
for this TBox are MaNAs for T , and ontain A v Ps . Thus, if m1 is the number of
MaNAs for T w.r.t. A v B and m2 the number of MaNAs for Ts w.r.t. A v B , then
the number of maximal independent sets for M equals m1 m2 . Sin e both TBoxes
an be omputed in polynomial time on the size of M, the problem of ounting the
number of MaNAs for an HL-TBox w.r.t. a subsumption is #P-hard.
For the se ond part, given a TBox T , there are as many MaNAs for T w.r.t. A v B
as there are for T [ ftg w.r.t. A v B not ontaining the axiom t if t := A v B .
`i

With this we nish our analysis of the omplexity of nding MaNAs.

6.1.3 Pinpointing Complexity
All the omplexity results presented so far orrespond to nding the set of all MinAs,
or some of its properties, regardless of the method used. In this dissertation we
have fo used on an indire t method towards this goal, by nding rst a pinpointing
formula. As des ribed in Se tion 3.1, there is a dire t orresponden e between the
MinAs and the minimal valuations satisfying the pinpointing formula, by a bije tion
between the axioms in the input and the variables appearing in the formula. As
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it turns out, analogous omplexity results hold already for the problem of nding
minimal valuations satisfying a monotone Boolean formula or, as it is also alled in
the literature, nding the prime impli ants of a monotone Boolean formula.
It is worth noti ing that every valuation V an be seen as a monotone Boolean
formula onsisting of the onjun tion of the variables appearing in V . Likewise, a set
of valuations represents the disjun tion of all the valuations appearing in it; that is, a
formula in disjun tive normal form. It is easy to see that, given a monotone Boolean
formula , the set of all minimal valuations satisfying  is equivalent to the original
formula . Sin e the disjun tive normal form of a formula may be exponential in
the number of variables appearing in the formula, it follows that there an be exponentially many minimal valuations that satisfy a given monotone Boolean formula.
Additionally, there is no output polynomial algorithm that omputes all these minimal valuations (unless P=NP), as shown in [BPS07a, EG91℄ (see also Theorem 6.4),
and ounting how many of them exist is #P- omplete [Val79b℄. Analogous omplexity
results hold for the problem of nding maximal valuations not satisfying the formula.
These hardness results for monotone Boolean formulae open the question of how
hard it is to ompute the pinpointing formula per se. It ould still be the ase that
nding a pinpointing formula is a simple task, and the whole hardness of omputing
MinAs is pushed to the omputation of minimal valuations from it. Unfortunately,
known results in the area of monotone omplexity show us that this is not the ase.25
In essen e, Kar hmer and Wigderson [KW88, KW90℄ showed that there exist properties de idable in polynomial time whose pinpointing formula is superpolynomial
in length (see also Se tion 5 of [BS90℄). The problem they use for showing this result
is graph rea hability. Consider a set of verti es V = fv1 ; : : : ; vn g, and let the sets
I = T = f(v; w) j v; w 2 V g; that is, the inputs and axioms are pairs of verti es.
We see ea h axiom (v; w) as an edge between v and w. Thus, a set of axioms is a
graph. The -property we are interested in de iding is whether, given an axiomatised
input ((v; w); T ), w is rea hable from v in the graph T . Noti e that this is indeed a
-property that an be de ided in polynomial time. The pinpointing formula for this
property and the axiomatised input ((v1 ; vn ); T) is not representable in polynomial
length [KW88, KW90℄.
This -property is in fa t a spe ial ase of subsumption of HL on ept names, where
all the axioms are of the form C v D, with C; D on ept names. From this it follows
that there exist axiomatised inputs whose pinpointing formula w.r.t. subsumption has
superpolynomial length.

Theorem 6.18. Let NC be a set of on ept names, T = fC v D j C; D 2 NC g,
and A; B 2 NC . The pinpointing formula for ((A; B ); T ) w.r.t. subsumption annot be
represented in polynomial length in the size of T .
With this we on lude our study of the general omplexity of pinpointing, and turn
now our attention to proving our laim from Chapter 3 with respe t to unde idability
of termination of the pinpointing extension of general tableaux.
25 Monotone omplexity measures the length of a monotone Boolean formula omputing a given
fun tion.
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Unde idability of Tableaux Termination

We have now shown several results of the hardness of pinpointing-related problems,
independent of the method used for solving them. For the rest of this hapter, we
fo us our attention on e more on the tableau-based method. First of all, noti e that
we have always assumed that the original tableau terminates on every input (see
De nition 3.18) and have not dealt with any means to ensure this fa t. Even more,
we have shown in Example 3.32 that even if we an prove termination of a general
tableau, this will not ensure that its pinpointing extension will also run in nite time.
To deal with this problem, we introdu ed the on ept of ordered tableaux in Chapter 4
and showed that they, and their pinpointing extensions, are always terminating. It
is nonetheless very easy to see that this lass does not fully hara terize the lass of
all tableaux having a terminating pinpointing extension. Unfortunately, as we will
see now, it is unable to nd a method that de ides whether a given tableau has a
terminating pinpointing extension.
This se tion has the following stru ture. First, we will show that there is a tableau
S for whi h, given an axiomatised input , it is unde idable whether S terminates on
by a redu tion from the halting problem for Turing ma hines. We then show how
to modify the same ideas to show that there is a tableau S for whi h it is unde idable
whether its pinpointing extension terminates on a given axiomatised input . In the
end we show how this result relates to our problem of termination in general.

De nition 6.19 (Turing ma hine). A Turing ma hine (TM) is a quadruple of
the form M = (Q; ; Æ; q0 ) where Q is a nite set of states ,  is a nite set of
tape symbols ontaining the blank symbol t, q0 2 Q is the initial state and Æ is the
transition fun tion Æ : Q   ! (Q [ fyes; nog)    f ; g.
Given a TM M and an input !, the halting problem onsists on de iding whether
M halts on !; that is, whether a sequen e of omputations following the transition
relation over the input ! will rea h a state where no further step is possible. This
problem is well known to be unde idable [Tur36, Dav04℄; in other words, there is no
algorithm that an de ide whether M halts on ! for all possible TMs M and inputs
!. In fa t, the following stronger result an be shown: there is a TM M for whi h
the problem of de iding, given an input !, whether M halts on ! is unde idable.
The di eren e between these two problems is that in the rst one the TM is also
a part of the input for the de ision problem, while in the se ond one su h TM is
xed. Obviously, if there is no algorithm for de iding halting of inputs for a xed
TM, then there is also none that an de ide the problem for all possible TMs. We
require the stronger result sin e it is possible to think of general tableaux that are
not des ribable in a nite way, and hen e annot be onsidered part of the input of a
de ision pro edure.

6.2.1 Termination of Tableaux
We will onstru t, given a TM M , a tableau SM whose inputs will be analogous to
those of M and su h that SM terminates on an input ! if and only if M halts on
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!. Intuitively, the SM -states will represent on gurations on the tape of M during
the exe ution of the TM and thus a rule appli ation on SM will simulate the hanges
performed on the tape by an exe ution step on M .

We will rst use a predi ate symbol to represent ea h symbol in ; that is, for
every g 2 , in lude in the signature the unary predi ate symbol Tg . To show that
the symbol g appears on the tape in the urrent on guration, we simply use the
assertion Tg (a) for some onstant a. Sin e the order in whi h the symbols appear in
the tape is relevant for the exe ution of the ma hine, we have to represent su h an
order a ordingly in our tableau states. As SM -states are merely sets of assertions, we
will use predi ate symbols Fz for z 2 Z in our signature. Intuitively, an assertion of
the form Fz (a) states that onstant a is alloted in the tape position z . Su h a onstant
a works as the fusion point between the symbols in the tape and the position they
o upy. Thus, we will use distin t onstants at di erent positions.
On e we know the symbols appearing on the tape and their position, we still need
to represent the position of the head and the internal state of the ma hine. We do this
in the same way as when des ribing the tape. For ea h state q 2 Q, we add the unary
predi ate symbol Hq to the signature of our tableau. The assertion Hq (a) represents
then that the ma hine has the internal state q. To know the position to whi h the
head is pointing, we need to look into an assertion of the form Fz (a); this way we
know that the head is urrently reading the symbol on the z -th ell of the tape.
Example 6.20. In the initial on guration of the exe ution of a TM, the head is
lo ated in position 1 and the internal state is set to q0 . Suppose that the input is given
by the hain s  t. This on guration an be represented by the set of assertions

fF1 (a); F2 (b); Ts (a); Tt (b); Hq0 (a)g:

Sin e we want the evolution of the states of our tableau to simulate the transitions performed by the original TM, we need to de ne the tableau rules a ordingly.
Suppose, for example, that we have Æ(q0 ; s) = (q1 ; s0 ; !). Given the on guration of
Example 6.20, this ma hine would hange the tape to ontain the hain s0  t, with the
head pointing to the se ond ell and the internal state being q1 . Thus, we would like
our rule to hange the set of assertions a ordingly, leading to the set

fF1 ( ); F2 (b); Ts0 ( ); Tt (b); Hq1 (b)g:
It is very easy to add the required assertions with a rule appli ation. Unfortunately,
tableau rule appli ations only extend the sets of assertions, and never remove elements
from it. Sin e we have used distin t onstants for representing distin t positions (i.e.,
ells) of the tape, we an add an assertion spe ifying that a given onstant should not
be onsidered anymore as part of the des ription of a on guration of the TM. We
a hieve this with the aid of the additional unary predi ate ? in the signature of SM .
We an now des ribe the on guration after one exe ution step in M with the set of
assertions

fF1 (a); Ts (a); Hq0 (a); ?(a)g [ fF1 ( ); F2 (b); Ts0 ( ); Tt (b); Hq1 (b)g:
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The se ond set in this expression ontains all the elements representing the a tual
on guration of the ma hine, the rst set showing all the elements that are related to
the onstant a, whi h is dis arded by the assertion ?(a). This rst set an be thought
of as a trash tail representing the states and symbols that have been overridden during
the exe ution of M .
Suppose now that Æ(q1 ; t) = (q1 ; t; !). When the ma hine exe utes this transition,
the head ends up pointing at a ell that is empty and not represented in the SM state. Sin e we annot know beforehand how many tape ells will be used during the
exe ution of M , we annot represent all of them in the tableau state either. What we
need is a way of expanding the spa e on demand. In this example, we need to spe ify
that the third tape ell will also be used. Thus, we need to add an assertion of the
form F3 (d). Furthermore, we know that the tape is written with the blank symbol t
at that ell, so we also in lude the assertion Tt (d).
This approa h, nonetheless, requires us to know that there is no assertion of the
form F3 (x) before the rule an be applied; otherwise, this rule ould also be applied to
\add spa e" that is already in use. For example, one su h rule appli ation ould add
the new assertions F2 (e); Tt (e), whi h is an undesired behaviour. Our de nition of rule
appli ation does not allow to look for the (non-)existen e of an assertion of some shape;
nonetheless, we will be able to do su h a he k indire tly by using non-deterministi
rules. One of the non-deterministi options will try only to add an assertion Fn (y),
while the other will add both ne essary elements, namely Fn (y); Tt (y). The way rule
appli ation was de ned ensures that this rule is only appli able if there is no assertion
spe ifying the use of spa e in ell n already. We are now ready to onstru t our tableau
SM that simulates the TM M .

De nition 6.21 (Simulating tableau). Let M = (Q; ; Æ; q0 ) be a TM and let the
set of inputs I   and set of axioms T = ;. The tableau simulating M is the tableau
for I and T given by SM = (; S ; R; C ) where

  = fFz j z 2 Zg [ fTg j g 2 g [ fHq j q 2 Qg [ f?g, all of arity 1;
 for every w = g1    gk 2 I , we have
wS = fTgi (ai ); Fi (ai ) j 1  i  kg [ fHq0 (a1 )g;


for every pair (q; g) 2 Q  , if Æ(q; g) = (q0 ; g0 ; !), then the rules

(fFk (x); Tg (x); Hq (x); Fk+1 (y); Sg00 (y)g; ;)
(fFk (x); Tg (x); Hq (x)g; ;)

! ffFk (z); Tg0 (z); Hq0 (y); ?(x)gg
! ffFk+1 (z)g; fFk+1 (z); Tt (z)gg

are in R, and if Æ(q; g) = (q0 ; g0 ; ), then the rules

(fFk (x); Tg (x); Hq (x); Fk 1 (y); Sg00 (y)g; ;)
(fFk (x); Tg (x); Hq (x)g; ;)
are in R, for all k 2 Z; and

! ffFk (z); Tg0 (z); Hq0 (y); ?(x)gg
! ffFk 1 (z)g; fFk 1 (z); Tt (z)gg
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 C = ;.
Theorem 6.22. Let M be a TM, SM its simulating tableau and w an input for M .
Then, M halts on w if and only if SM terminates on the axiomatised input (w; ;).
Proof. At every SM -state, at most one rule is appli able, des ribed by the only assertion of the form Hq (a) su h that there is no assertion ?(a) in the same state. There
are two kinds of appli able rules: those that orrespond to a transition of the original
TM, whi h are deterministi , and the non-deterministi ones used to expand the des ription of the tape. If one of the former kind is applied, then the assertion ?(a) is
added, as well as a new assertion Hq0 (b), pointing to the new tape ell where the rule
applies. The new SM -state obtained this way represents the on guration on the tape
after the TM transition is applied. If the non-deterministi rule is applied, then we
obtain two new SM -states. The rst one, in whi h only an assertion Fk ( ) is added,
is already saturated, and hen e is irrelevant in the sear h of termination. The se ond
one hanges in no way the des ription of the tape, but allows the rule of the rst kind
to be triggered. Thus, every SM state represents a rea hable on guration of the TM
M over input w. Likewise, for every rea hable on guration, there is a SM -state that
represents it.
Corollary 6.23. There is a tableau S for whi h it is unde idable whether it terminates
over a given axiomatised input.
Noti e that the simulating tableau does not have any axioms in its inputs. This
means that the pinpointing extension of a simulating tableau orresponds to the same
original tableau. Hen e, we have also shown that there is a tableau for whi h it is
unde idable whether its pinpointing extension terminates on a given input w. But it
is still possible to ask about the pinpointing extension of terminating tableaux as we
do in the following subse tion.

6.2.2 Pinpointing Extensions of Terminating Tableaux
We will show now that there exists also a terminating tableau for whi h it is undeidable whether its pinpointing extension terminates on a given axiomatised input.
For this, we want now to onstru t a terminating tableau whose pinpointing extension
simulates the TM. One thing to noti e rst is that none of the rules of the tableau
simulating a TM des ribed before an be applied if there is no assertion of the form
Hq (x) representing the internal state of the ma hine. Thus, if we ould leave out all
these assertions, the TM behaviour will not be simulated by the tableau. The idea
is then to reate a tableau that starts with a state des ribing the whole input, but
not the initial internal state of the ma hine, whi h we know that must be q0 . This
tableau should then never add the assertion Hq0 (a1 ) to the states, ensuring that the
simulating rules are not triggered. Additional rules in this tableau should ensure that,
when exe uted in the normal way, it always terminates, but when exe uting its pinpointing extension, using some axioms, the assertion Hq0 (a1 ) is added and then the
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TM is simulated. This way, we will have a terminating tableau SM whose pinpointing
extension terminates on an input (w; T ) if and only if the TM M halts on input w.
To do this, we rst allow the set of axioms to be T = fax1 ; ax2 g, with all its subsets
0
being admissible. Then, we modify the tableau SM of De nition 6.21 to onstru t SM
0
in the following way. Add to the signature  the unary predi ate names P; P ; P1 ; P2 ;
and add to R the rules
(fP (x)g; fax1 g) ! ffP 0 (x); P1 (x)gg
(6.2)
0
(fP (x)g; fax2 g) ! ffP (x); P2 (x)gg
(6.3)
0
(fP (x)g; ;) ! ffHq (x)g; fP1 (x)g; fP2 (x)gg:
(6.4)
0

Furthermore, we modify the de nition of S to repla e Hq0 (a1 ) by P (a1 ) in wS .
The new tableau formed this way is learly terminating. At the initial state, none
of the rules for simulating the TM an be triggered, sin e Hq0 (a1 ) is not present. The
only way to add this assertion is to apply Rule (6.4), whi h in turn an only be applied
on e an assertion of the form P 0 (x) is present; that is, after applying either Rule (6.2)
or Rule (6.3). But on e any of these rules is applied, the appli ability onditions of
non-deterministi rules disallow the possibility of Rule (6.4) to be applied. Hen e,
after at most two rule appli ations (depending on the set of axioms given in the
0
axiomatised input), this tableau rea hes a saturated state. We thus on lude that SM
terminates on every axiomatised input.
0 is applied with an input
On the other hand, if the pinpointing extension of SM
ontaining both axioms ax1 and ax2 , then after the appli ation of both Rules (6.2)
and (6.3), Rule (6.4) be omes pinpointing appli able. This is the ase be ause the
label of the assertion P 0 (a1 ) at this point is ax1 _ ax2 , whi h does not imply the label
of any of the assertions P1 (a1 ) or P2 (a1 ), given by ax1 and ax2 , respe tively. After
0 states. Two of them, those orresponding
applying this rule, we obtain three SM
to the last two sets in the rule, are already saturated, but not the third one. The
0 -state now ontains the assertion Hq (a1 ), the only missing pie e to start the
third SM
0
simulation of the TM over the same input given. Thus the pinpointing extension of
0 terminates on an input (w; T) if and only if M halts on w, whi h gives us our
SM
desired unde idability result.

Corollary 6.24. There is a terminating tableau S for whi h it is unde idable, given
an axiomatised input , whether the pinpointing extension of S terminates on .
Noti e that this is not exa tly the result we are looking for. We would like to
be able to lassify all the tableaux whose pinpointing extension terminates on all
inputs. It ould be the ase, for example, that every terminating tableau for whi h
the unde idability result of Corollary 6.24 holds has also an axiomatised input for
whi h non-termination an be de ided. We ould then still be able to nd all the
tableaux we are interested in. This, unfortunately, is not the ase, given the fa t that
we an hoose the set of inputs over whi h the tableau an be applied. De ne then,
for a given tableau S over I and Padmis (T) and an axiomatised input = (I ; T ),
the restri ted tableau S over I0 = fIg and Padmis (T0 ) = fS 2 Padmis (T) j S  T g.
Then, S terminates on all axiomatised inputs if and only if S terminates on input .
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We have thus shown that it is impossible to fully hara terize the set of all tableaux
that have a terminating pinpointing extension. This obviously does not mean that
we annot nd other sub lasses, or even further extend the lass of ordered tableaux
introdu ed in Chapter 4, but that there is no way of des ribing all the elements of the
lass.
This nishes our study of the omplexity of pinpointing, and with it, the whole
body of this dissertation. This hapter has shown us that the problem of pinpointing,
with all the tasks that surround it, is in general a hard one. For the onstru tive
de ision pro edures, hara terised in this work by general tableaux, the pinpointing
extension follows a very intuitive onstru tion, as witnessed by the di erent times when
these ideas have appeared, presumably in an independent way. But our unde idability
results show that, although the pinpointing extension is simple, spe ial attention has to
be paid, lest we end up with an algorithm that runs inde nitely. But the problems are
not inherent to the tableau-based approa h. As our general omplexity results show, it
is simply not possible to design any algorithm that will behave ni ely omplexity-wise
for solving the problems of pinpointing (unless P=NP).
We based our omplexity results on the justi ation and diagnoses problems w.r.t.
HL knowledge bases. This was motivated by the polynomial omplexity of its de ision
problem. Unfortunately, this leaves some problems open. For one, the redu tions
presented rely on having a general HL-TBox. In des ription logi s, it is sometimes
the ase that the use of an a y li TBox allows for a lower omplexity bound. From
our present study, it is still un lear whether this is the ase for pinpointing in the logi
HL or not. Another interesting problem left open during this hapter is the exa t
omplexity of enumerating all MinAs (or MaNAs) if we do not allow for the more
general languages used in our proofs.
In the next and losing hapter we give our on lusions as well as some of the open
questions that were left by the present dissertation, in luding those des ribed above.
These open problems ould be used as starting points for further resear h in the area
of pinpointing.
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Chapter 7
Con lusions and Future Work
In this losing hapter we present rst a hroni al summary of the dissertation, inluding some on luding remarks and brief insights about the pro ess that led to some
of the results readily presented. This summary is followed by some ideas of possible
future work that an be built over the results in luded in this and other related works.
Some problems left open by this dissertation are also in luded.
7.1

A Chroni al Summary

In di erent areas, the need to understand the in uen e of portions of a theory over the
onsequen es it produ es has arisen as a natural problem with distin t appli ations.
This understanding is usually a hieved through the omputation of one or several
MinAs. There are essentially two methods to nd these sets, on e that a de ision
pro edure exists: one an either all the de ision pro edure as-is using di erent portions of the theory (the bla k-box approa h), or one an try to modify the original
algorithm in su h a way that a single exe ution shines some light on the in uen e
parti ular axioms have over the result (the glass-box approa h).
In this work we had a look at how a glass-box approa h works if our de ision
pro edure is either tableau- or automata-based. Although it is possible to think of
de ision algorithms that do not fall into any of these two ategories, these are in reality
very rarely found in logi , spe ially when dealing with monotone properties, whi h is
one of our most basi assumptions.
Very re ently, the problem of nding MinAs started to gain relevan e in the area
of Des ription Logi s, where it got the name of axiom pinpointing. The rst studies
of this problem in DLs produ ed a ustom modi ation of a tableau-based de ision
algorithm, whi h allowed to nd one or (a des ription of) all MinAs for the studied
onsequen e. All these ustom modi ations had several elements in ommon, mainly
by the tra ing me hanism they implemented. Nonetheless, it was not ompletely obvious how the same ideas would apply to di erent onstru tors and their asso iated
tableau rules. Hen e, ea h parti ular pinpointing extension had to be tested for orre tness individually. This motivated our quest for a general notion of tableau-based
axiom pinpointing, from whi h di erent instan es an be taken and known to be
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orre t without the hassle of solving similar problems on e and again.
In order to des ribe a general approa h to tableau-based pinpointing we fa ed rst
the task of formalising the notion of a tableau algorithm. Although the main ideas of
this lass of algorithms seem in general intuitive, there have been very few attempts
to formalise them. This orresponds perhaps to the fa t that the intuitive notion is
so vague as to allow for a perfe t formal tting: any de nition would either ex lude
relevant examples, or be too broad, allowing for te hniques that are not generally onsidered to be tableau-based. Our formalisation is no ex eption of this. In parti ular,
instan es of what we all ground tableau (e.g. the subsumption method for EL, or
the ongruen e losure algorithm) do not seem to be onsidered as tableau-based by
the ommunity. In the other dire tion, even trying to be as general as possible, our
urrent approa h annot deal with omplex blo king te hniques, like the ones used for
DLs with number restri tions to ensure termination of the pro ess.
With a general notion of tableau, we ould then pro eed to de ne their pinpointing
extensions in a way that would allow us to ompute all the MinAs for a property,
represented in a monotone Boolean formula. Our method follows the ideas previously
presented in the DL ommunity, but generalises them in a way that allows for distin t
kinds of rules and stru tures that have not previously been onsidered. For instan e,
our pinpointing extension an be used alongside with ternary predi ates, while DLs
deal usually only with unary ( on epts) and binary (roles) predi ates. There were
nonetheless unexpe ted problems during the development of our framework.
For one, we must speak of the problem of termination of the pinpointing extensions
of general tableau. In the original sour es motivating our generalisation, termination
of the pinpointing extension was disregarded as a trivial onsequen e of termination of
the original tableau algorithm. Intuitively, it indeed looks so, and in a rst approa h
we thought that termination of pinpointing extensions should as trivially follow in
the general ase. As we saw at the end of Chapter 3, this intuition was in orre t,
as multiple appli ations of rules, aused by the need to understand all auses for
the insertion of a given assertion, may result in a ombination that leads to nontermination. Su h a behaviour does not seem to o ur in the tableaux for DL.
To re over termination we looked again at su essful ases and distinguished, as
others have done before, the tree-shape of the reated stru tures as a ommon ause
for termination. That lead to the de nition of forest tableaux whi h, under some
additional assumptions, were shown to terminate. Even if they do not satisfy the
assumptions required for termination, we showed that equality blo king an be used
in this setting to obtain e e tive algorithms. Tree tableaux obviously onstitute a
very small sub lass of general tableaux, and its de nition may seem too omplex. In
reality, although several onditions are imposed to these tableaux, all of them are
synta ti al, on the shape of the rules. This might very well ex lude several other
terminating pinpointing extensions, but synta ti al restri tions have the advantage of
being easily veri ed for any given tableau. Other notions of terminating tableaux may
possibly be de ned, but we showed that it is impossible to fully hara terise this lass.
While resear hing in this topi , we slowly be ame aware of the fa t that the same
ideas had appeared often in other areas. Parti ulary surprising is the fa t that all
glass-box methods found followed the same pattern: the implementation of a tra ing
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te hnique over a onstru tive algorithm. Here the term onstru tive refers to the fa t
that these algorithms use rules and axioms to onstru t some kind of model from
whi h the property an be readily de ided. The tra ing te hnique onsists on adding
a label to ea h pie e of this model, whi h expresses the auses for its addition. This
label is modi ed if more auses be ome known.
Automata-based de ision pro edures are not onstru tive. In their most basi
formulation, we onstru t an automaton based on the input of the problem. The
input is reje ted if and only if this automaton has a su essful run with the root label
belonging to the set of initial states. Nonetheless, trying to build a su essful run leads,
in the best ase, to a non-deterministi pro edure. This an be improved for automata,
by means of an iterative emptiness test, that runs in (deterministi ) polynomial time
in the size of the automaton. Su h a test tells us only whether the language a epted
by the automaton is empty or not, but tells us nothing about how this language (or,
more orre tly, the a epting runs) looks like. Hen e, although we an orre tly de ide
a property, it is not simple to tra e the reasons of this de ision ba k to the original
axioms. This diÆ ulty is further augmented by the fa t that the fun tion mapping
inputs to automata may a tually be arbitrary, holding no regularities with respe t to
the axioms employed.
Given the prominen e of automata-based de ision pro edures in DLs for showing
omplexity, and their pra ti al use in some temporal logi s, where they have been
su essfully implemented, it seemed only natural to try to nd a way to ompute
the pinpointing formula from an automata-based de ider. The rst step was to for e
a regularity that ould allow us to reason about parti ular axioms. This was done
through the de nition of axiomati automata, whi h states that the addition of new
axioms an only restri t the set of su essful runs and initial states. The only step
left onsisted in nding a way to modify the original automaton, or its emptiness
test, to ompute a monotone Boolean formula, rather than just a yes/no answer.
Weighted automata ame out as a dire t solution: they extend automata theory to
the omputation of values of a semiring. We showed how to transform an axiomati
automaton into a weighted automaton whose behaviour orresponds to the pinpointing
formula. At this time we were surprised not to nd any algorithm for omputing the
behaviour of weighted automata of the kind we were dealing with, and so, developed
one of our own by generalising the well-known iterative emptiness test. One thing
to noti e is that the emptiness test relies heavily on the distributivity of the logi al
operators over ea h other. For the general ase, su h distributivity ould not lose its
importan e, and hen e our algorithm ould only work on distributive semirings. As
every distributive semiring is in fa t a latti e, our formulation requiring weights to
belong to a distributive latti e is in fa t the weakest we ould allow in our setting.
With this restri tion, we were able to prove the orre tness of an algorithm that nds
the behaviour using time polynomial in the size of the original automaton.
By the time we were nishing our resear h on the omputation of behaviour of
automata, we be ame aware of a di erent method, developed independently, for solving the same task. However, when we analysed how this method redu es to the ase
of pinpointing, whi h was the main on ern of our study, we found out that the alternative method is equivalent to the most nave bla k-box approa h, in whi h every
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possible set of axioms is tested for the property, and then the minimal ones are taken
as MinAs. With that in mind, we onstru ted some examples where our method
performs exponentially faster than the other one.
Up to this point, ex ept for the upper-bound obtained by pinpointing automata,
there was no lear understanding of the omplexity of nding MinAs, or their asso iated problems. We went on to show that, in general, pinpointing is a hard problem.
Although in the logi HL nding one arbitrary MinA is feasible, as well as nding the
last lexi ographi al one, this positive tra k disappears on e we want to nd additional
properties that shine some light over the set of all MinAs. Their dual properties are
also hard for the set of MaNAs. Furthermore, even the most ompa t representation of these sets as a monotone Boolean formula may be superpolynomial in length.
Noti e that this result does not violate the one saying that automata ompute the
pinpointing formula in polynomial time in the size of the automaton, as we employed
a di erent representation formalism, namely stru ture sharing, to obtain the feasible
time-bound.
7.2

Future Work

One of the main motivations for this work, as has been previously repeated, was the
sear h for a general des ription of the glass-box strategies used for pinpointing in
Des ription Logi s. Our framework is, not surprisingly, general enough to be applied
to other settings. One obvious example is the use of the temporal logi LTL as an
example for the need of generalised Bu hi automata, in Chapter 5. This suggests that
there is still a wide range of related problems that an be studied. We present here
some of these problems, in most ases a ompanied by some thoughts on how an
they be approa hed.
The rst and most obvious problem on erns a better understanding of the pinpointing extension of general tableaux, spe ially regarding their exe ution time. We
know that in general it is impossible even to ensure a nite exe ution time; but even
when the pinpointing extension is known to terminate, there is no appropriate bound
on the number of rule appli ations that are ne essary before a saturated state is
rea hed. In the ase of ground tableaux, it is easy to see that an exponential blowup
in the number of rule appli ations annot be avoided in the general ase. This follows
from the fa t that rule appli ations may modify the label of a single assertion from
the least- to the most-general monotone Boolean formula in exponentially many steps.
Conversely, it is a very simple exer ise to show that su h an exponential blowup yields
an upper bound on the exe ution time of the pinpointing extension. We will return to
this later on, when we speak about latti es. On e we introdu e variables, though, this
ount be omes mu h more ompli ated. Rule appli ations an still modify the label of
a single assertion at most exponentially many times, but additional rule appli ations
may ause the in lusion of new assertions that would never appear during the regular
tableau exe ution. It is not lear how many of these new assertions will be introdu ed,
even for ordered forest tableaux.
Continuing in the omplexity line of thought, we have left some unsolved prob-
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lems in this work. With respe t to the omplexity of enumerating all MinAs and/or
MaNAs, our hardness results are weaker than desired, as we assumed that a portion
of the ontology is omposed of axioms that annot be refuted for the omputation
of justi ations or diagnoses. It is not very lear how to remove this generalisation.
In fa t, it seems that allowing an irrefutable set of axioms suÆ es to show hardness:
in [Bie08℄ it was shown that there is no output polynomial algorithm for enumerating
all MinAs even if the refutable axioms and the subsumption being justi ed are all of
the form > v A, where A is a on ept name.26 Most of our MinA-related omplexity results rely on a redu tion from the minimal hitting set problem. Unfortunately
the exa t enumeration omplexity of the hitting set problem is a long-standing open
problem. In Se tion 6.1.1 we have shown that enumerating all MinAs is at least as
hard as enumerating all minimal hitting sets. Our laim is that a redu tion in the
other dire tion is not possible, ruling out the equivalen e of both problems.
Another problem that was left unsolved is the omplexity of pinpointing on a y li
TBoxes. All our hardness results for HL depend on the use of a set of GCIs that does
not satisfy the a y li ity assumption. In DL, reasoning under a y li TBoxes an
sometimes lead to a lower omplexity lass, as attested by the logi s ALC and SI . It
ould still be the ase that feasibility an be regained in HL in this restri ted setting.
Likewise, our automata-based approa h an be used to prove an exponential upper
bound for pinpointing in SI with a y li TBoxes, but it is not lear that the bound
is tight. For de iding a property, we have shown that a (non-deterministi ) top-down
emptiness test an sometimes be used to nd a tighter upper bound [BHP08℄. It is,
however, un lear how the same ideas ould be applied to pinpointing as the top-down
approa h yields the information of only one su essful run, while pinpointing needs to
be able to reason about all of them.
One an also onsider nding approximate solutions to some of the problems.
Consider for instan e the problem of nding the MinA with the least axioms; this is an
important problem as small MinAs are usually easier to understand. We have shown
that nding the smallest MinA is an NP-hard problem, but it is perhaps possible
to onstru t a pro edure that approximates its solution. Su h a pro edure should
ompute in polynomial time a MinA whose size is guaranteed to diverge only slightly
from the optimal. Alternatively, sto hasti methods an be used to nd MinAs having
a high probability of being optimal. Other problems whose approximation ould be
of interest in lude omputing the lexi ographi al rst MinA or the total number of
MinAs.
For our automata-based approa h to pinpointing, we had rst to identify ontributions of individual axioms to the property under onsideration. To this end, we
de ned mappings that yield, for every axiom t, those initial states and transitions
that are allowed by the use of t in the ontology. A more general framework ould
also allow axioms to in uen e the a eptan e ondition of the axiomati automaton.
Su h a generalisation was in part left out of this work due to our la k to on eive
any s enario that ould motivate its appli ation. Another possible generalisation of
the redu tion presented in [Bie08℄ shows hardness for the DL EL, that is, with the help
of existential restri tions. It is nonetheless not hard to adapt the same redu tion to the logi HL,
thus obtaining a result more akin to those in this dissertation.
26 In reality,
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the automata-based framework onsists in in luding more general lasses of automata.
For instan e, it seems likely that an algorithm similar to ours an be used to ompute
the behaviour of weighted parity automata. Apparently, if the automaton is su h that
the a eptan e ondition an be tested lo ally, by the onstru tion and on atenation
of nite runs, its behaviour an be omputed by an iterative algorithm akin to the
one presented in Chapter 5.
Pinpointing, as des ribed in this dissertation, reates a bije tion between axioms
and a set of propositional variables that will be used to des ribe the pinpointing
formula. As the automata-based approa h tea hes us, the propositional variables and
all the monotone Boolean formulas onstru ted over them are in fa t elements from a
free distributive latti e. One an thus think of applying the same ideas using di erent
latti es: we map ea h axiom to an element of the latti e; this mapping is then used to
onstru t a weighted automaton whose behaviour yields a desired value. Preliminary
work on this topi has shown that it may be ne essary to restri t the mapping to obtain
meaningful results. Of ourse, su h a s enario is not limited to the automata approa h,
as it is also possible to on eive the development of weighted tableaux from the same
line of thought. So far as weighted tableaux follow the same ideas of pinpointing
extensions, all our results an be reused; for example, one an show that for ground
tableaux, the weighted extension will have an overhead exe ution time proportional
to the longest hain of the form 0 < s1 < : : : < sn < 1. Unfortunately, the negative
results and in parti ular all the problems related to termination, would be still present
in this setting.
One possible appli ation of the weighted s enarios just des ribed orresponds to
reasoning under vagueness. Indeed, some of the norms used in the de nition of fuzzy
onstru tors generate distributive latti es. If instead one was interested in reasoning
with probabilities, then more work needs to be done. For some appli ations, one is
interested in knowing whether one an onstru t a model for a property with probability 1. In this parti ular ase, it would suÆ e to use the so- alled probability semiring,
that in fa t omputes the maximum probability of sequen es of independent events.
But the probability semiring is not distributive, and hen e it is not lear whether the
weighted approa h an orre tly be applied to it. Evenmore, if one wanted to a tually
ompute the probability of a property to follow, one would instead need to reason
with measures, whi h are more omplex algebrai stru tures.
Modern reasoners for DLs, whi h are tableau-based, rely on heavy optimizations to
produ e an answer in a timely manner. Our des ription of the pinpointing extension
requires several of these optimizations to be shut o ; otherwise, orre tness annot be
guaranteed. This is perhaps one of the reasons why in re ent time mu h attention has
been paid to bla k-box pinpointing. A study of new optimization strategies that an
also be applied for pinpointing would very likely improve the pra ti ality of the task.
As it an be seen, there is still mu h work that an be built over the results and
ideas of this dissertation. This is hardly surprising, sin e the problems of nding
justi ations and diagnoses are relevant in several elds, as attested by the se tion on
related work. This makes the sear h of general methods, that an be shared between
di erent elds, and possibly using distin t de ision pro edures, more relevant.
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