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Abstract

Generalizations of a collection of concepts can be computed by the least
common subsumer (lcs) which is a useful inference for building knowledge
bases. For general FLy-TBoxes the lcs need not exist. In this thesis, we
devise a condition to check whether a concept is the lcs of two concepts
w.r.t. a general FLy-TBox. We also define the characterizations for the
existence of the lcs. Last, we show that if the lcs exists, then we can
compute the lcs and the upper bound for the role-depth of the lcs.
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1 INTRODUCTION

1 Introduction

Nowadays, ontologies have become popular resources to store knowledge bases across domain ar-
eas and to describe controlled vocabularies. Moreover, ontologies are good to support automated
reasoning which is able to exploit implicit information. Since the standardization of web ontology
language (OWL) ([Gro04],[Grol2]) was designed, many knowledge engineers build and maintain
their applications by enriching their data vocabularies to describe more notions from their applica-
tion domain in a precise way.

The formalism underlying OWL are Description Logics (DLs) [BCM™03|. Description Logics
(DLs) are introduced as a decidable fragment of First Order Logic (FOL). The basic vocabularies of
DL are comprised of unary predicates called concept names and binary predicates called role names.
Using a point of view of programming languages, a concept name can be described as a class of
objects and a role name represents a relation between two objects. For instance, we have Composer
or Painter as a concept whose the objects may be people who work as a composer or a painter,
respectively. On the other side, compose or draw describe relations between a person, which is
a composer or a painter, with a type of art he composes. To give brief explanations about what
constructors used in DLs, we use a very basic DL, namely ALC, whose constructors are commonly
used in FOL. They are conjunction (M), disjunction (L), negation (—), existential restrictions (3),
and value restrictions (V). We take one example using these constructors by considering some

concept and role names mentioned before, such as
Composer M = Painter M 3.compose(Song U Poem) M Ygender.Male,

where Song, Poem, and Male are concept names and gender is a role name. The logical statement
above describes a set of objects which are composers, but not painters, who compose a song or a
poem, and all of them are male. Next, the set of all objects in a specific domain is denoted by the
top concept T. Conversely, the empty set is represented by the bottom concept L.

In Description Logic (DL) system [BCM™03], such a knowledge is captured by three compo-
nents. First, we have a description language that defines the formal syntax and semantics. Second,
we have a knowledge base that consists of TBox and ABoxz. TBoxes defines the terminologies occur
in an application domain. It contains a set of implication between DL-concepts. A general TBox
allows complex concepts to occur on the right- and the left-hand side of implication. An ABox
captures facts in the form of an individual of a DL-concept and a relationship between individuals
in a specific "world" of a knowledge base. Last, the system has a reasoning component that derives
implicit facts from the represented knowledge.

In DLs, the classical standard inferences, like subsumption and instance checking, are already
well-investigated. Subsumption is the reasoning task to check whether a sub-/superconcept rela-
tionship holds between the pair of concepts, whilst the instance checking determines for a given
individual whether it belongs to a given concept with respect to a given knowledge base. The
non-standard inferences that describe the generalization of a given pair of concepts or a single indi-
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vidual are called least common subsumer (lcs) and most specific concept (msc). Intuitively, the lcs
yields a concept which captures all commonalities of pairs of input concepts such that this concept
is the least common among other concepts that subsume the input concepts. This is also defined
analogously for msc, but only to generalize an individual into a concept. Therefore, we are able
to see that the computation for the lcs and msc are based on subsumption and instance checking,
respectively.

In practice, the lcs and msc support building and maintaining the knowledge base. A knowledge
engineer can gain more benefits to define a relevant concept that generalizes a pair of concept or an
individual. For instance, the resulted lcs- or msc-concept can be processed and investigated by the
knowledge engineer, if necessary, to be added thereafter in a knowledge base as new information.
One of the applications where non-standard inferences services, such as lcs or msc, can greatly
enhance the usability of DL-systems was already well-investigated in the domain area of process
engineering [BT0I].

Unfortunately, neither the lcs nor the msc need to exist, if compute w.r.t. general TBoxes in
some description logics, for instance ££ [Baa03]. As we know that £L is also one of inexpressive de-
scripton logics that only has a few number of constructors. Here we are interested to investigate the
existence of lcs in the other lightweight DLs, which is F L. This specific DL only allows the occur-
rence of top concept, conjunction over complex concepts, and value restrictions. For DL FLq, the
computational worst-case complexity for standard inferences, such as subsumption, reaches the class
ExpTime or worse [BBLO5|. Even though FLy is a fragment of ALC and both of them share the same
complexity class for deciding subsumption, the investigation to look for a well-behaved approach for
the characterizations of the subsumption in FLg is still required. So far, the characterizations for
subsumption in F L itself have been approached by automata theory ([BCM™03|,[Penl5]), deciding
inclusion between two models of input concepts [Penl5], and structural algorithmic solutions that
construct models by non-deterministic construction rules ([HST99|,[Penl5].

Some related works on computing the least common subsumer, which consider the presence of
value restrictions, have been devised previously through various kinds of methods. For instance,
[K98| devised an automata-based algorithm for computing the lcs in ALN that allows value re-
strictions with other constructors. Moreover, a description-graph approach was also employed for
unfoldable TBoxes in [BTK03|, where an lcs computation algorithm for the DL FL£{ was devised.
This DL augments FLq with transitive roles.

Another related works to compute the lcs, which consider value restrictions combined with
additional constructors, such as primitive negation, existential restrictions, or number restrictions,
are also probed in [BK98] and [KMO00]. Here they use a graph-based approach, where concept
descriptions are represented in a description graph. However, all literatures that are mentioned
previously did not include general FLy-TBoxes during the computation.

Now, let us consider the following motivating example. Let T, be a cyclic FLy-TBox and
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consists of the following axioms:

Aq C B, M By
Ay C B M By
BiMBy C Vr.BiMVr.By
BinBs C Vr.ByMVr.Bs

Then, we want to compute the lcs of concepts A1 and As. With respect to 7Te,, the lcs of A7 and Ao
does not exist because the cyclic definitions of A; and As allow us to always have infinite number
of common subsumers of A; and A; without having the least one. However, if we extend 7., with
an additional axiom By C Vr.Bq, then the lcs of A7 and Ay w.r.t. 7., exists, which is Bj.

In this thesis, we are about to handle three following problems whose the solutions will be
described in different further sections. Now, let C, D be FLy-concepts and T be a general FLy-
TBox.

Problems:
I. Let E be an FLy-concept. Is concept E the lcs of C' and D w.r.t. T7
IT. Does the Ics of C' and D w.r.t. T exist?
III. If the lcs of C' and D w.r.t. T exists, then what is the lcs? And how big is the size of the lcs?

In order to provide solutions for the problems above, we will present characterizations for the
existence of the lcs w.r.t. general FLy-TBoxes. We will also compute the lcs and the size of the lcs
if it exists.

This thesis is organized as follows: First, we introduce basic notions in Description Logic FLg
and least common subsumer (Ics) in Section 2. Two primary means to characterize the existence of
the lecs, which are functional models and simulation relation, will be described in Section 3 and 4,
respectively. Afterwards, we show characterizations to decide whether a concept is the lcs of two
input concepts w.r.t. a TBox to address Problem I above. The next contribution of this thesis,
presented in Section 6, is to characterize the existence of the lcs as questioned in Problem II above.
Then, we address Problem III that considers if the lcs of input concepts w.r.t. a TBox exists, then
we compute the lcs and measure how big the lcs is. This computation is described in Section 7. We

end this thesis with some conclusions and future works.
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2 Description Logic FL, and Least Common Subsumer

The main description logic in this thesis, namely FLq, will be discussed from its very basic notions
in terms of syntactical and semantical notations in the first subsection. Next, the non-standard
inference in terminological knowledge, which is least common subsumer will be explained in more
detail in the second subsection. Last, we show how to normalize our general F Ly-TBox to a specific
normal form, called plane-axiom-normal-form (PANF). Eventually, we will have an assumptions how
our input concepts and TBox should look like for the problem of existence of the lcs and computing

the lcs, if it exists.

2.1 Description Logic FL,

In this thesis, we restrict all notions and definitions to the description logic FLq. Let No and Ng
be a set of concept names and a set of role names, respectively. In the following, we use A, B € N¢
for concept names and r,s € Ng for role names. FLg-concepts are built inductively by using the

following structures:
CD:=T|A|CnD]|Vr.C

In order to define the formal semantics of FLg, the notion of an interpretation is introduced.
An interpretation T = (AT, -T) consists of a non-empty domain (AT) and -Z as a function which
interprets AZ C AT and rZ C AT x AZ. The mapping - is extended to FLy-concepts which is
defined in Table[dl

H Name Syntax Semantic H
Top T AT
Conjunction c¢nbD ctnD?
Value Restriction ~ Vr.C' {d € AT [Ve € AT : (d,e) € rT implies e € CT}

Table 1: Syntax and Semantics of Description Logic FLq

A general TBox is a finite set of General Concept Inclusions (GCIs) of the form C C D. An
interpretation T satisfies C T D iff CT C DZ. T is called a model of T iff it satisfies all GCIs in
the TBox.

Any FLp-concept is written in the form Vri.Vro---Vr, A where A is a concept name and
r; € Npg, for all 1 < ¢ < n. We shall abbreviate the prefix "Vry.Vry---Vr," by "Vw" where the
word w =772 ...7 and w € Np. For the case n = 0, we write "Ve.A" to replace "A". Therefore,
we consider a normal form for a given concept and TBox to simplify the structural approach used
during computing generalizations. This normal form is called concept-conjunction-normal-form
(CCNF) [Penld]. A concept is in CCNF iff it is of the form
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Ywi. A1 M. .. O Vw,. Ay,

where A; € N¢ and w; € Nj, forall 1 <4 <n.
The following rules written in Table [2] are applied exhaustively during the normalization to
CCNF, both for a concept and a given TBox.

Rules General Form CCNF
NF1 cnT ~ C
NF2 Tnc ~ C
NF3 Yw. T ~ T
NF4 | Vw.(CiN...NCL) ~ Yw.CiN...MVw.Cp

Table 2: CCNF Normalization Rules for TBoxes

It is easy to see that every CCNF concept resulted by one of the normalization rules is still
equivalent to the general one, i.e. they have the same extension in any interpretation. The termi-
nological reasoning task called subsumption is used to check whether a concept generalizes another

concept with respect to TBox 7. Formally, it is defined as follows:

Definition 2.1. (Subsumption and Equivalence)

Let T be a TBox and C, D be FLy-concepts. C is subsumed by D w.r.t. T (denoted by C Ty D)
iff T C D* for all models T of T.

Two concepts C' and D are equivalent w.r.t. T iff C T+ D and D Cy C.

2.2 Least Common Subsumer

As previously mentioned, subsumption is an important basic inference to compute the least common

subsumer (lcs) w.r.t. general FLy-TBoxes. Now we have the definition of lcs as follows:

Definition 2.2. (Least Common Subsumer)
Let T be a general FLy-TBox and C, D be FLy-concepts. An FLg-concept E is the least common
subsumer (lcs) of C and D w.r.t. T lest(C, D) iff:

e CCrEFand DE E

e For each concept F such that C T F and D Cr F, then E Cy F.

Since we are dealing with general TBoxes, the occurrence of a cyclic definition should be
considered. This cyclic definition can affect the common subsumer of input concepts to not be
expressed as a finite concept. To avoid this problem, it is possible to limit the role-depth of the
computed concept which leads us to compute the role-depth bounded least common subsumer (k-
lcs). Suppose a concept C' is of the form Vw;.A; M...MVw,.A,. The notion of role-depth (rd(C))

of concept C' is defined as follows:
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rd(C) = max({|w;| | Yw;.4; is a conjunct in C and 1 < i < n})

Definition 2.3. (k-lics)
Let T be an FLy TBox, k € N, and C, D be FLy-concepts. The FLqy-concept K is the role-depth
bounded least common subsumer of C and D w.r.t. T (k-les7(C, D)) iff

o rd(K) < k;
e CCyr Kand D Cy K;

e For each FLy concept K' with rd(K') < k it holds that C Ty K’ and D Ty K’ implies K Cr
K’

If we take the example of Ty in Introduction, then the 0-lcst. (C, D) is By, the 1-lcst, (C, D) is
B; MVr.By, and the 2-lest., (C, D) is By MVr.By NVrr.By.

2.3 Normalizing FL)-TBoxes into PANF

In order to simplify the structural investigation for the model we use during computing the existence
of lcs, we normalize our TBox to a specific structure called plane-axiom-normal-form (PANF). We
will see that by considering our TBox in PANF, then we may reduce the decision problem for the
existence of the lcs of concepts descriptions w.r.t. a TBox to a decision problem for the existence
of the lcs of two concept names w.r.t. a TBox.

First of all, we consider to identify which basic elements that are presents in the given FLy-

concepts or TBoxes. This set of basic elements is called as a signature adopted from [Penl5.

Definition 2.4. (Signature)

For FLy-concepts C' and D, the set of all occurring concept names and role names is called the
signature sig(C), sig(D), respectively. The definition of a signature can also be extended to a GCI
or even a TBox as follows:

e sig(C T D) := sig(C) U sig(D)

e sig(T) = U sig(C C D)
CCD

For the sake of convenience, sig can also be extended to accept multiple arguments, i.e., sig(X1,..., X,) :=
n

U sig(X;), where any X; is either an FLy-TBoxz, an FLg-concept, or a a GCI.
i=1

In the following for given input concepts C, D and a general FLy-TBox T, we always assume
that sig(C), sig(D) C sig(T).

Now let us recall that an FLg-concept is in CCNF iff it is of the form

le.Al M...1 anAn

10
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where w; € Nj and A; € Ng, for all 1 < i < n. An FLy-TBox T is in PANF iff all left- and
right-hand sides of all GCIs in 7 are in CCNF and every value restriction Vw.A, occurring in
T, has |w| < 1 [Penl5]. This transformation firstly requires our TBox in CCNF and introduces
new concept names to abbreviate complex value restrictions. It results in PANF by applying the

following rules to the GCIs in 7 exhaustively. The rules below are the additional ones from Table

Rules CCNF PANF
NF5 CinvVrw.ANCaED ~ CiNMVr.BNC2: CE D,YVw.AC B,BC Yw.A
NF6 D C CiVrw.AMCy ~ DCCinNVr.BNCe,YVw.AC B,BLC Vw.A

Table 3: PANF Normalization Rules for TBoxes

By introducing fresh concept names and new GCls to the TBox, then equivalence between the
original TBox 7 and the new TBox T w.rt. all interpretations does not make sense here because
there will be concept names A € szg(%) \ sig(T) that are not mapped to a subset of the domain of
the interpretations of 7. Therefore, it is more sensible to say that models of the original TBox can
be extended to be a model of the new TBox since sig(T) C sig(T) such that a model of 7 should
also be a model of 7. In order to generalize this idea, please consider the following definition about
a conservative extension adopted from [Penl5].

Definition 2.5. (Conservative Extension)

Given general FLo TBoxes T and 7A', we say that T is a conservative extension of T if
e sig(T) C sig(T),
e cvery model 0f7A' is a model of T, and

e For every model Iy of T there exists a model T of7A' such that the extensions of the concept
names and role names from sig(T) coincide in Ty and Iy, i.e.,

— ATr = A%z for all concept names A € sig(T), and

— 11 =r22 for all role names r € sig(T).

Now let us consider the following lemma which states the list of properties for a PANF TBox
taken from [Penl5].

Lemma 2.6. Let T be a general FLy-TBox, T be the PANF TBox of T, and C, D be F Ly-concepts.
1. T is a conservative extension of T
2. CC7 D iff C C% D holds for any concept descriptions with sig(C), sig(D) C sig(T).

8. If T is in CCNF, then T is transformed into T using the rules of Table@

11
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e with a linear number of rule applications in the size of T, and
o T is polynomial in the size of T.

4. Let T' = TU{Ac C C,D C Ap} with two fresh concept names Ac, Ap not occurring in
sig(C), sig(D), and sig(T). It holds that

CCrDiff Ac T Ap

The lemma above shows that for every general FLo-TBox T, there exists a PANF TBox T
obtained from 7 through the normalization rules written in Table Furthermore, Claim 2 of
the lemma above convinces us that the subsumption between two concepts still holds although the
corresponding original TBox is already extended to a PANF TBox. Then, by introducing Claim
4 of the lemma above, it shows us that deciding subsumption between concept description w.r.t.
a general TBox 7T coincides with deciding subsumption between two fresh concept names, not
occurring in 7, w.r.t. the PANF TBox of 7.

Based on Lemma [2.6] we can derive more characterizations for the existence of the lcs of input
concepts. First, we show that the lcs7(C, D) is equal to the lcs7(C, D), where T is the PANF of
T. Second, we show that deciding the existence of the lcs of concept descriptions w.r.t. a TBox T
are the same as deciding the existence of the lcs of two fresh concept names w.r.t. a conservative

extension of 7.

Lemma 2.7. Let 71 be a general FLy-TBoz, Tz is the PANF of T1, and C, D be FLy-concepts
which are built only from N¢c and Ng. It holds that

1. If E is the lest; (C, D), then E is the lesT, (C, D),

2. Let Ac and Ap be fresh concept names not occurring in No and sig(Tr) such that
T :={Ac T C,Ap T D} UTy. It holds that

E is the lest, (C, D) iff E is the lest/(Ac, Ap)

Proof:

1. Let E be the lcst, (C, D) By Definition we know that
CCy, E,DCy E and for all F' € ¢s7,(C, D), we have E Cp, F.
Since 73 is a conservative extension of 77, by Claim 2 of Lemma@, we have
CCy E,DCq, E and for all F' € ¢s7;(C, D), we have E Cp, F.

which implies that E is the lesr, (C, D).

12
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2. “=" If F is the lest, (C, D) , then by Definition we know that
CCr E,DCp, E and for all F € ¢s7;(C,D), we have E Cp; F.
Since T is a conservative extension of 77, by Claim 2 of Lemma we have
C Cr E, DCqy E and for all F € cs7—1/(C, D), we have E Cr F.
Since Ac Cry C and Ap C7 D, we also have
Ac Ty B, Ap Cyy E and for all F' € csTl/(Ac,AD), we have ' T F.

It implies that E is the les7/(Ac, Ap).

“< Now, if E is not the lcs; (C, D), then one of the three properties of Definition [2.2| may
not be satisfied.

e CILp E.

It means that there is a model Z of 77 such that
c*t ¢ E*. (1)

Since T/ is a conservative extension of 77, there is a model Z’ of 7/ such that
VA € N¢, we have AT = AT, Ag =% =7, and ET = ET. Together with
we have Ac L7y E. Clearly, we have E is not the lest (Ac, Ap).

e DIZy, E.
Using the same argument as C' Z; E.

e Assume that C Ty E and D Ty E, but 3F € cs7; (C, D) such that E L, F.
Since 7T is a conservative extension of 71, sig(E), sig(F) C sig(T1), and by Claim 2
of Lemma we have E [Z77 F. Therefore, E is not the lcs7/(Ac, Ap).

O

We have introduced another normal form for FLy-TBoxes, namely PANF, as well as defined
additional properties to decide the existence of the lcs of input concepts. However, the normalization
of TBoxes into PANF introduces new concept names. The question is whether the lcs w.r.t. PANF
TBoxes can be expressed without these additional concept names.

The answer is definitely yes. It can be solved by replacing these additional concept names,
occurring in the lcs-concept, with complex concepts that use these concept names on the right- and
the left-side of GClIs of the PANF TBox. This is the reason why we introduce two GClIs for a new
concept name B in both sides when defining PANF as presented in Table [3] Now we are ready to
find the upper bound for the role-depth of the lcs of input concept names w.r.t. a PANF TBox, if
the lcs exists. This also means that in the following our TBoxes are only written in PANF.

From now on, by Lemma we can assume that the inputs for deciding the existence of
the les and computing the lcs, if it exists, are two concept names occurring in a TBox in PANF

without loss of generality. This also enables us to reduce all three research questions mentioned

13
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in Introduction to the problems with the same questions, but the TBox 7 is in PANF and the
concepts C' and D are concept names occurring in 7.

Before showing the characterization for the existence of least common subsumer, we need a
basic means to characterize it. Those will be discussed in the next section, namely functional model

of a concept w.r.t. a TBox and the graph of a functional model.

14
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3 Functional Models and Graph Models

Here we describe two models for F L, namely functional model and graph model. According to its
structure, the first one has infinite number of domain elements, meanwhile the second one is the
finite type of functional model. It will be shown that even though they have different structures,

they are actually semantically equivalent.

3.1 Functional Model of a Concept w.r.t. a TBox

In the previous section, we have introduced the description logic F Ly and least common subsumer
as non-standard inferences we can apply for input concepts w.r.t. a given TBox. As mentioned
previously that computing subsumption is a basic inference for the existence of least common
subsumer. However, to check subsumption relationship, firstly we need to have an appropriate
tree-model structure that represents a given concept w.r.t. general FLy-TBox. Beforehand, we
consider a set of value restrictions which concept C entails through general FLy-TBox. This will
be represented in two different sets which are L+(C) and L1 (C, A), where A € Ne¢.

Definition 3.1. (L7 (C) and L1(C, A)) [Penl5|
Let T be a TBox, C be an FLg-concept, and A € No. The set of value restrictions entailed by an

FLo-concept C' is represented into two different sets as follows:
1. Ly(C) :={(w,A) | C Cy Vw.A}.
2. Lr(CoA) = {w | (w, 4) € Ly (C)}.

The definition above states that Ly (C) is the set of pairs (w, A), where w € Nj; and A € N¢,
such that C Ty Vw.A. Meanwhile, L (C, A) merely extracts the set of words w from L+ (C).

In general, L7(C) can be directly seen as a complete n-ary tree, where n = | Ng|, whose nodes
are words over N and each node or element is labeled by a set of concept names. This leads us to
an idea to make a tree-like representation of Ly (C'), so called functional model, where every node

w € N, of the tree, has exactly one successor for every role name in Ng.

Definition 3.2. (Functional Model of a Concept w.r.t. a TBoz) [Penld|
An interpretation T = (A%, -Z) is a functional model of C w.r.t. T iff it satisfies the following
properties:
1. AT = N3 and Vr € Ng, then (u,v) € v iff v = ur.
This property represents the tree-structure of this model, such that each element has exactly n-
successors wheren = | Ng |. For eachr € Ng, each element is only mapped to one r-successor

element. If T only satisfies this first property, then it is called a functional interpretation.

2. Let T be a functional interpretation. YC T D € T, it holds that CT C DZ.
It explicitly means that if T should satisfy all GCIs in T, then it is called a functional model
of TBox.

15
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3. Let T be a functional model of T and ¢ € C*.
The tree-like model contains an initial element denoted by the empty word € meaning that T
satisfies C' at the root of the tree. It also implies that T is a functional model of C' w.r.t. 7.

It is easy to see that two functional interpretations Z;,Z, over the same set of role names
always have the same domain and are structurally identical w.r.t. the interpretation of role names.
Due to that, we can easily apply intersection and subset operator to each interpretation Z;,Zs that
are described in the following definition.

Definition 3.3. (Intersection, Union, and Subset over Functional Interpretations)

For functional interpretations I, and Iy over the same domain N, we have
1. An intersection 1y NIy of functional interpretations I; and Ly over the domain Ny, such that

(a) For all A € N¢, we have AT1"2 = ATy 0 ATz [Penl5);
(b) For any FLg-concept C,we have CT1"2 = CT1 0 CT2 [Penl5);

2. A union Iy UZy of functional interpretations I, and Ly over the domain N§, such that

a) For all A € N¢, we have ATV — ATy A2
( ) Y )

b) For any FLg-concept C,we have CTVL — 0Ty C22
( Y

3. Ty C Iy iff VA € Ng¢, it holds that AT+ C ATz [Penl5).

Now, given a functional interpretation Z, it is more convenient to only have an interpretation
Zc,, so called least functional model, that contains exactly the minimal information a functional
interpretation Z must contain for all value restrictions in order to be a model of TBox and ¢ € CZ.

This type of interpretation is obtained in the following way.

Definition 3.4. (Least Functional Model of Concept w.r.t. TBoz) [Penld|
Let Lo 1 be the set of all functional models of C w.r.t. T. The functional model
Ier = N T
J€le, T

is the least functional model (LFM) of C w.rt. T s.t. Zor C J for all J € o T.

Since the lcs of two given concepts is the most specific subsumer, the LEMs of input concepts
are intuitively more suitable to be a basic representation during computing the existence of lcs. It
is due to the fact that the LFMs of input concepts also contain the most specific information from
the input concepts w.r.t. a given TBox.

The next lemma, taken from [Penl5], consists of claims which state important properties of
a functional model of TBox T as well as shows the correlation between the set L1(C) and the
least functional model Z¢ 7. Last, this lemma also says that for deciding subsumption between two
concepts C' and D, it is enough to decide the inclusion between the LFMs of C' and D.
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Lemma 3.5.
1. Let T be a functional model of TBox T, it holds for any u € N, € Ng, and A € N¢ that
u € (Vr.A)T iff ur € (Ve.A)T
2. Let Iy and Iy be functional models of TBox T over the same domain Nf. The intersection
T1 NIy is again a functional model of T.

8. For any FLqg-concept C and any concept name A € N¢, it holds that
L7 (C, A) = AfeT,
4. Let C and D be FLy-concepts. It holds that

CCrDiffIpr CleT

Now we are interested to take a subtree, from a given functional interpretation Z, which is

rooted in an element of 7.

Definition 3.6. (subtree of a functional interpretation) Let T be a functional interpretation. The
subtree (Z,u) of T rooted in u € AT is defined as follows:

o AT .— {we Nj|uw e AT}
o 1@ .= 4T for all v € Npg.

o AW =Ly e Nj | uw € AT}, for all A € Ng;

We show that a subtree of a functional model of a TBox is also a model of the TBox.

Lemma 3.7. Let T be a functional model of TBox T. The subtree (Z,u) of Z is a model of T .

Proof: Let EC F € T be a GCI and v € AZ® . Assume that v € EZ%), We have to show that
ve FZW Wlo.g F and F are defined in the following PANF form:

E = AnN.. . NVA,OVr.BiM...MVr..By
F = A/n...nA, nvr.BiN...N0vr, B,

where A;, A, B;, and Bé/ € N¢ and rj,rg, € Ng,forall 1 <i<k,1<7<m,1<j<¢ and
1<j <n.

If v e EEY then v € A™™ and uv € (Vr;.B;)E™, forall 1 <i<kandall1<j<¢ By
Deﬁnition we know that uv € AT and regarding the tree-structure of a functional interpretation,

17
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we have vr; € B](-I’“) which implies that uvr; € BjI and wv € (Vrj.Bj)I, forall 1 <7<k and all
1 < j < /. It means that uv € EZ.

Now, since Z is a functional model of 7, we have uv € FZT such that uv € A,/L.,I and uv €
(Vr;,.B;-,I) which implies that uvr’j’ € B;/I, for all 1 < ¢ < m and 1 < 5/ < n. Because v and
vr;, are domain elements of AZ%) we have v € AE,I’U) and ’U’I“;»/ € B§,I’u) which also follows that
v E (Vr;,.Bj/)(I’“) by the structure of a functional interpretation, for all 1 <7 <mand 1 < j' < n.
Therefore, it holds that v € F(Z:),

O

For any subtree, we are interested to only label elements up to a certain depth £ € N. We call
this special subtree as the f-subtree (Z*,u) of (Z,u). In general, the (-subtree (Z*,u) of (Z,u) only
labels elements w of (Z,u) where |w| < £.

Definition 3.8. (¢-subtree of (Z,u))
Let (Z,u) be a subtree of a functional interpretation T and ¢ € N. (Z*,u) is the {-subtree of (I, u)
which is defined as follows:

° A(Ié7u) — A(I’u);

o p(Thu) = & for all m € Ng;

e AT = (e AT | (jw| < €}, for all A€ N¢.

Next, the f-subtree (Z¢, u) of (Z, u) can be translated into a complex concept called /- characteristic
concept.

Definition 3.9. (FLy-characteristic concept)
Let (Z,u) be a subtree of functional model of TBox T rooted in u € AT. The k-characteristic
concept X¥(Z,u), where k € N, is defined as follows:

XF(T,u) =T Wvw.A|we ATY we N}, jw| < k,we AT}

The definition above also explicitly results in the k-characteristic concept in CCNF. In order
to make this definition well-defined, one should observe that by only using finite number of concept
and role names occurring in a TBox and for each k& > 0, there are only, up to equivalence, finitely
many k-characteristic concepts of an interpretation rooted in a domain element. Now, we have

to show another property that reveals a relationship between (Z¥,u) and the LFM of a concept
K = X*(Z,u) w.r.t. the empty TBox.

Lemma 3.10. Let (Z¥,u) be the k-subtree of (Z,u) and K = X*(Z,u). It holds that

(Ikvu) = IK,@'

18
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Proof:
We only need to prove that for all w € Ny, and all A € N¢,

we AT iff o e ATxo

“= Let w € AT Tt follows that luw| < k and w € AT, Let us compute K = X*(Z,u). By
definition of k-characteristic concept and since |w| < k, we also have Vw.A as a subconcept
that occurs in K, such that w € ATx.¢ by definition of interpretation of an FLy-concept.

“e Let w € ATx0. By definition of interpretation of an FLg-concept, we know that there is
Vw.A as a subconcept in K. Since K = X*(Z,u) and rd(K) < k, we know that |w| < k which
implies that uw € AT ),

O

Previously, we defined the LFM of a concept C' w.r.t. a TBox T by looking for the least
model w.r.t. subset relationship (Definition . Next, we show an alternative way to compute the
LFM in stepwise with the inputs are only 7 and set of concept names N¢ 7 occurring in 7. This
computation results in a functional interpretation whose all elements are also assigned by a set of

concept names. We will show that the resulting functional interpretation is equal to the LEM.

Definition 3.11. Let 7 be a TBox in PANF and C € N¢ 7. We define an infinite sequence of
functional interpretations

Ve Vo Ve
inductively as follows
AYer .= {c| C Ty A} for all A € Ne
and for all n > 0 we define

AYer .= {wr € Ngx | |lw| =n — 1,7 € Ng( |:| B) C7 Vr.A} for all A € N¢
weBYC. T BENg

Please note that the yg,,ygjj,ygm ... are functional interpretation and thus the domain
elements and interpretation of role names are fized. Furthermore, we define the infinite union as a

functional interpretation as follows:
o0
Yo = U Yér
n=0

Please note that every functional interpretation yéﬂ- assigns elements w, where |w| = 1, to
each concept name. This gives us the following property of Vo 1 that for each w € Ng, with
|w] =n, and A € N, we have
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w e AYeT iff w e AYer
Now, we show that Ve 7 is a model of T.
Lemma 3.12. Yc 7 is a model of T.

Proof:

It has to be shown that V¢ 7 satisfies all the GCIsin 7. Let L T R € T be a GCl in 7. Since T

is in PANF, we assume that L and R have the following form:

L:P1m'~-|_|anv7“1.A1|_|~-~|_|V’I“m.Am and

R=PN---01P, OV A -0V, AL
where

Pl,...,PmP{,...,P,’L,andAl,...,Am7A’1,... !

s Lim/

are concept names and rq, ..., m, 7y, ..., 7, are role names for some n,n’,m,m’ > 0.

r'm

Let w € Nj. We have to show that w € LY implies w € RY4-7. Let n = |w| and

M = |_| B

weBYC. T BeNg

By induction on n we show that

M C4 A for some A € Ng implies that A is a conjunct in M.

n =0: It follows that w = ¢. By definition we have ¢ € BYer iff ¢ C+ B. Therefore, yields

C Cy M. Consequently, M Ty A for a concept name A € N¢g implies also C' Ty A.
follows that ¢ € AY®7 and A is a conjunct in M.

n—n+1: Assume w = w'r and with |w'| = n. Let

o= [1 Baag= [] B
weBYC.T BeN¢ wEByéP},BENC

It

By definition of ngg-l and w = w'r with |w’| = n it holds that Q' T Vr.QQ. Obviously, Q' Cy

Vr.Q and Q C A implies Q' E Vr.A. By definition of ngg—l it follows that w = w'r € AY
and therefore A is a conjunct in Q.

Suppose L C R € T and w € LY 7. By assumption on the form of L we have

we (P M- Pn)yC,T and w € (Vry. Ay M- ﬂvrm.Am)yC,T.

20
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Since |w| = n the definition of Ve 7 yields
we (P M---MNP,)YeT and wry € (Al)yg}l’ ey Wy € (Am)yg#.
It follows that the concept names Py, ..., P, are conjuncts in M (see ) Obviously, it holds that
MCrPn---NP,.

Since |w| =n and wry € (Al)yg#,...,wrm € (Am)yg#, the definition of yg# and implies
M CyrVri Ay, ... M Cr Vrg,. A,

Thus, we have M T+ L. Since L E R € T we have also
MCrVri AL, M Cr v, AL

for all value restrictions in R (see ) Consequently, by definition of yg# it follows that

wry € (A’l)yg?l, cowrh € (Al )ngrT1 (5)

And likewise we have that M T+ L and L C R € T implies
METplla"'7METPV/L’

for all concept names on top level of R. Consequently, the names Pf,..., P/, are conjuncts in M
as shown above. Thus, we have
we (PjM...NP.,)Yer,

By construction of V¢ 7 and we obtain that
/ ' Vo, T / AV, / A \Ye.r
we(P{N...NP.,) and wr] € (A7) soe W € (Amy) .
It is implied that w € RYo.T,

Finally, we can show that V¢ 1 is actually the LFM Z¢ 7.
Lemma 3.13. yc)T = IC,T

Proof:
Lemma [3.12] implies that Yo, 7 is a functional model of C' w.r.t. 7. It is implied that Zc 7 € Vo, 7
It remains to be shown that

w e AYST implies w € ATeT
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for all w € Nj; and all A € N¢. The proof is by induction on n = |wl.

n =0 : In this case w = . By definition of Yo 7 we have that ¢ € AYS.7 implies € € AYe.7 which
implies C C7 A. Since Z¢ 7 is a model of 7 and € € CZe.7 it follows that e € ATe.T.

n—mn+1 Assume w = w'r with |w’| = n and w'r € AYe7T. The definition of Ve 7 yields

n+1
w'r € AYeT . Let Q = JL_l . Obviously, w' € QY2 7. The definition of yg#,
w'eBYC. T BeNg

|w'r|=n+1and w'r € AYeT imply that Q C+ Vr.A. The induction hypothesis applied to
w' and w' € QYT yields w' QT 7. Since Zc, 7 is a model of T we get w'r € AZe.T | which

finishes the proof.
O

As a consequence of the lemma above, we can show the following property of Z¢ .

Lemma 3.14. Let Zc 1 be the LFM of a concept C w.r.t. o TBox T, w € Ng, r € Ng, and
A € N¢. It holds that

wr € ATeT iff ( [l B)CyVr.A
weB%C, T BeENc

The lemma above shows us that for each r-successor wr of w € ATS.T | where w € N%, the
conjunction of all concept names labeling w entails Vr.A, where A € Ng and wr € AZe.7. Next,
we see the finite type of LFMs described in the next subsection. Lemma also states that by
assuming our input is a TBox 7 in PANF and a concept name C occurring in 7, the stepwise
construction of V¢ 7 implicitly only gives a local information for each element w of V¢ 7, to the
r-successor of it, for all » € Ngr. In the other words, by using the entailment property described in
Lemma all elements w of V¢ 7 only know a concept name that labels the r-successor of w, for
all r € Ng. It also means that all elements w can not access the information about the label of all

elements which are the descendants of the r-successor of w, for all r € Ng.

3.2 Graph of Functional Model

Now, given the LFM Z¢ 1 of a concept C w.r.t. a TBox T, then we can view 7 as a function that
assigns a set of concept names N 7 occurring in 7 to each element w € AZ. Formally, for all
w € AT = N}, where Z is the LFM of a concept C' w.r.t. a TBox T, we have a function

Ior(w) = {A€ No7|we Ao},

However, the LFMs still has infinite number of domain elements. Therefore, it brings us to an
idea to have the LFMs that only has a finite number of domain elements and we change the form
of this infinite model in a cyclic fashion, so-called graph model.

To start running this idea, we should consider that an LFM may have infinitely many domain

elements with the same non-empty label. Hence, we need to recognize those recurring labels and
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block the corresponding nodes to enable us to not create multiple same subtrees afterwards. Firstly

we need to define an equivalence relation ~z, . on Nj based on Z¢, 7.

Definition 3.15. Given the LFM I 7. An equivalence relation ~z. . on ATe.T = N}, is defined

as follows:
For all u,v € A*C7: w g, v iff Lo (u) = Zo,7(v)

Note that for any w € N}, it holds that Z¢ 7(w) € N¢ 7. Using Lemma it can be shown
that the equivalence relation ~z,, , is preserved when we go one step further down in the tree.
Lemma 3.16. For all r € Ng, it holds that

If u~zo v, then ur ~z, , vr

Proof:
We have ur € AZe.T

iff ( [ B) C7 Vr.A (by Lemmal[3.14
weBTC.T BeNg

iff ( [ B) Cr Vr.A (with u ~z , v)
UGBIC~T,B€NC '

iff vr € AZ¢.7 (by Lemma [3.14))

It follows that ur ~z. - vr.

Thus, we can construct an equivalence class of a word.

Definition 3.17. (Equivalence Class of Words) Let Zo 1 be the LFM of a concept w.r.t. a TBox
and v € ATe7T . The equivalence class of words u is defined as follows:

] 7er = {v € AT [ w0}

It is easy to see that for each LFM Z¢ 7, the equivalence relation ~z. , leads to a partition of
the domain of Z¢, 7 into finitely many equivalence classes, i.e., ~z, , has finite index. It is also due
to that there are only finitely many sets of value restrictions which are assigned to each domain
element of Z¢ 7.

Now we are ready to build the graph model of the LFM of a concept w.r.t. a TBox. Let
us take the LFM Z¢ 7 of concept C' w.r.t. TBox 7 as an input, we construct the graph model

JoT = (AJe.T . ;) of T whose the domain elements are the equivalence classes of words.

Definition 3.18. (Graph Model of a Concept w.r.t. a TBox)
Let I be the LFM of a concept C w.r.t. a TBozx T and ~z,, be an equivalence relation on
ATe.T | The corresponding graph model Jo 7 of Cw.rt. T is defined as follows:
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o AJoT = {[u]™Feru € Nj};
o rJoT = {([u]~For [v]™Zer) | I € [u]™Fer, and ' € ] Ter with (u',0v') € rieT},
for all r € Ng;

o AJem .= {[u|~*eT |u e ATeTY for all A € Ne.

Please note that for the context of graph models, [u]7*c.7 is already viewed as an element of
model, no longer as a class of words. Obviously, Jc 7 is finite since there are only finitely many

equivalence class. We show some properties of Jc 7 that directly follow from the definition.
Lemma 3.19. Let Zc.7 and Jo, be defined as above.
1. For each w € N}, and r € Ng it holds that ([w]~*o.7 , [wr]~*e.7) € rJoT,

2. For each [u]~*e.m € ATOT and eachr € Ny there exists evactly one element [v]~%c.7 € AJe.T
such that ([u]~e.T [v]~Te.T) € rdoT,

3. Letw € Nj

(a) w' € ATeT iff [w]~Fe.T € ATCT for all A € No and all w' € [w]~%e.T
(b) w' € (Vr.A)TeT iff [w]~*e.T € (Vr.A)7eT for all A€ No, r € Ng and allw' € [w]~%c.T.

Proof:

1. Let w € N} and r € Ng. Since Z¢, 7 is a functional interpretation we have (w,wr) € rfe.7.
The definition of J¢ 7 implies that ([w]~%e.7, [wr]~*e.7) € rJe.T.

2. Let [u]~%c.7 € AJe.7. Assume to the contrary that there are two different elements [v]~7e.7 |
[v'|~%e.m € AJe.T such that

[v]™*eT # '] e (6)

and ([u]~7e.7, [v]~e.7) € reT and ([u]~*o.7, [p']“#e.7) € rIe.T. By definition of Jc 7 there
are x,y € [u]~*c7 such that zr € [v]”*c¢.7 and yr € [v']"#¢.7. Thus, we have x ~z. . ¥

which implies xr ~z. , yr using Lemma Obviously, xr ~z. , yr is a contradiction to
3. It follows directly using the definition of J¢ 1.
O

The lemma above states that for all w € Nj, all r € Ng, and the r-successor wr of w, their
equivalence classes [w]~* .7 and [wr]~*.T are also a pair of elements connected via role r in Jo 7.
In addition, every element [u]~*¢.7 of Jc 7 only has exactly one r-successor, which is [v]~%¢.7, for
all r € Ng. It indicates that the graph model is also functional. Now, let us consider the following

example of computing a graph model.
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Example 3.20.

Ti:
{A C Vr.BNVvr.A;
A LC Vs.BlMVs.As
A C Vs.A
Ay C Vr.A}

Let C=A. The LFM I¢ 1, is computed as follows:

{A}
1077‘1 .
{B7 Al}

{BvAZ}

0 {A} {A} 0

From the structure of Zc7; described above, we obtain equivalence classes of words as follows:

- e]™Fen = {e,rs,sr,. ..}

where for all w € [e], we have Ic,1; (w) = {A}

~ [r]7Fen = {r,rsr,srr, ...}
where for all w € [r], we have Zo, 1, (w) = {B, A1}

— [s]7*en = {s,rs8, 878, ...}
where for all w € [s], we have Ic 1, (w) = {B, A2}

= [rr]7Fem = {rr, ss,rrr,rrs, ssr, sss, ...}

where for all w € [rr], we have Lo 1, (w) =0

The corresponding graph model Jco 1, of C w.r.t. T1 is computed as follows:
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{A}

Definition [3.18]still provides an input for computing the graph model in the form of the LFM of
a concept w.r.t. a TBox, which is in infinite type. In order to ensure that any algorithm computing
a graph model terminates and only deals with finite inputs, now we have to consider that the inputs
are only a TBox 7 in PANF and a concept name C' € N¢ 7. Recall that for building equivalence
classes, we have to enumerate all possible sets of concept names from N¢ 7 for each element of
w € AT, where Zc,7 and the number of possible sets of concept name to enumerate is finite and
bounded by 2V¢. 7. We call every X € 2N0.7 as a label set because it is a candidate of set of concept
names that will label an element in Z¢ 7. Now, in order to have a computable algorithm for a graph

model, let us define another finite interpretation based on subsets of N¢ 7.
Definition 3.21. Given C and T as above we define an interpretation jcg— as follows:
o AJo .—9Ner,

o AJoT .— {X | Ae X} forall A € Ng;

e 17T = {(X,Y)|Y ={Be Nor| (|_|X) Ty Vr.B}} for all r € Np.

Note that for a concept name B € N¢ and X € 2V¢.7 we have that <|_|X> C+ Vr.B implies

B € N¢, 7. We may call for each (X,Y) € rJeT Y is reachable from X iff Y = {B € Ng,1 |
<|—|X) Cy Vr.B}. The interpretation (/7\(7’7- is computable because for a given X € 2V¢.7 the set

{B € N¢ 1| (|_|X) Cy Vr.B} is computable using a decision procedure for subsumption in F L.

Next, we define a total function pc 7 : A7eT — AJe.T as follows: For each [u]~*e.T € AdeT

we define
pe,r([u]~er) == {B € N¢ | [u]FeT € BIoT}.
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It follows that
pe,7([u]~*e7) € 27 and pc 7 ([u] e 7) = Io7(u).

The image set of uc 7, denoted by puc (A7), is given by
{X e AdeT | pe.7(0) = X for some 0 € ATCTY,

Note that in general pc 7(AJ¢T) C AJer = 9Ner | Tt might be the case that the image set of

pe,7 and 2Ne.T are not equal.

Example 3.22. Consider the TBox T = {ACVr.B,BC A} and let C = A and Ng = {r}. There

are only two equivalence classes of ~z. -, namely
[e]"*eT = {e} and [r]"*oT = {r,rr,rrrrrrr, Lt

And we have
pe,r([e]™*e7) = {A} and po,r([r]"*e7) = {A, B}.

Furthermore,
NC,T(AJC'T) = {{A}7 {A’ B}} and 2N T = {@, {A}’ {B}v {A’ B}}

Using Lemma , we will see the following properties relating Jc, 1, jcg—, and pe 7.
Lemma 3.23. Let Jc,7, jc,’r and pc, T be as above.
1. If (01,02) € 1707, then (uc,7(01), pc,7(02)) € 19T for all v € Ng.

2. If (X,Y) € rJeT and por([u]~*em) = X for some [u]~*c.m € ATeT | then

po,7([ur]~*em) =Y for all r € Ng.

Proof:

1. Let (01,02) € r7¢7 for some r € Ng. According to Point 1 of Lemma and Point 2 of
Lemma [3.19] there exists w € Nj, such that

o1 = [w]NIC,T

o9 = [wr|~*e.T,
It follows that (w,wr) € r¥e:7 for the LFM Z¢ 7 and
po7(o1) ={B € No | we BT}

pe,7(02) = {B € No | wr € B¥¢7}.
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It now follows from Lemma that
perton) = (8 Nor | (Mhucir(on)) £r vy,
which yields (uc,7(01), pc,7(02)) € 1907
2. Let (X,Y) € rJeT and po7([u]™*e7) = X for some [u]~*e.m € AJe.T . Tt follows that
X ={Be N¢|ue BT}, (7)

because u € BZc.T iff [u]~*e.m € BIe.T for all concept names B € N¢. Since (X,Y) € pdoT

we have
Y = {BeNer| (|_|X) Cr Vr.B). (8)

Point 1 of Lemma(3.19|implies that ([u]~c.7, [ur]~*e.7) € r7e.7. We have B € pc 7 ([ur]~%o.7)
for some B € N¢

iff [ur]~*e.T € BJeT

iff ur € BZ¢.7 (by definition of Jc 1)

iff (HX) C7 Vr.B (by Lemma [3.14and (7))

iff B€ N¢,7and BeY (by (8)).
Thus, po,7([ur]~ 7)) =Y as required.

O

The lemma above shows us that for all pairs of elements (o1, 02) connected via a role r € Ng in

Jc,7, a total function pc 7 preserves the resulting image sets X and Y of 01 and o9, respectively,

as a pair of element connected via r in fcg—. We can now give characterization of the image set
po,7(A7eT) that allows us to effectively compute it.

Lemma 3.24. Let Ic 1, Jo,T, jc;r and pc,T be as above and let
X.={B € N¢,7|CLCy B}

1. It holds that pc,7([e] 0 7) = X..

2. Let Y € 2Nem . It holds that Y € pc,7(A7CT) iff there exist n > 0, sets Xo, ... X, € 2Ne.T

and role names ry,...,r, such that the following holds

e Xo=X, and X,, =Y and
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o (X, Xit1) € rfﬁT foralli=0,...,n—1.
Proof:
1. Let B € N¢. We have B € uc r([g]”7T)

iff [g]~%e.m € BIoT

iff ¢ € BTe.

iff C Cy Ve.B (property of the LFM)

iff B € N¢7and B € X, (as defined above).

2. “= Let Y € 2Ve.7 and assume Y € pc7(A76T). The definition of uc 7 ensures that

there is an element w € Nj such that
Y = por(fw] 7).
Obviously, since w € N, there exists an n > 0 and role names 71, ..., 7, such that
W="Ty---Ty

In case n = 0 we assume w = €. The definition of Z¢ 7 implies that

(e,71) € mIeT . (r1- a1, w) € 1, TOT
Point 1 of Lemma [3.19] yields
([e]"Zer, ] %) e mTeT . ([ry - rpei] e, [w] o) € rpy e,

Let

Xo := pe,7([e]7FeT)
Xy = pe,([r] o)

X1 = MC,T([Tl o] O

X, = peo,7([w]™FeT).

The first claim implies that Xg = X, and we have X,, = Y. Using the first claim of
Lemma it follows that (X;, X;11) € r;117¢7 for all i = 0,...,n — 1. Thus, the

sequence X, ..., X, is as required.
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“e= LetY € 2Yo.7 n > 0 such that there are sequences X, ..., X, € 2Ve7 and ry,..., 7, €

Ng such that
e Xog=X.and X,, =Y and

o (X;,X,11)€ T;7+c1,7 foralli=0,...,n— 1.

We have to show that Y € puc 7(A7¢7T). According to the first claim we have

Xo = per([] 7).

The second claim of Lemma implies that

Xo = po7([]7FeT)
Xy = po,7([ri] o)

Xp—1=po,7([ri--rn_1]"7e7)

Xn = por([w]™e7).
Consequently, X,, =Y € puc 7(A7T).

O

The Lemma above shows us a computable way to have a graph model. First, we determine

which set X € 2V¢.7 that labels the element € of J¢ 7. The label set of the element is denoted by X..

Starting from this label set, we look for another label sets that label all elements [u] ™7 € Jo T,

such that all these label sets are reachable from X.. The reachability property can be seen obviously

from the Point 2 of Lemma[3.24] Each label set is reachable from another label set via arole r; € Ng.
As a consequence from Lemma [3:24] we get the following lemma.

Lemma 3.25. Given C and T the image set pc 7 (A7T) is effectively computable.

Proof. According to Lemma [3.24] the set X. is computable. Furthermore, the finite interpretation
jc,T is also computable. Lemma implies that the image set consists of all sets in 2.7 that
are reachable from X, in jc,T. Thus, the image set is computable using reachability checks from
X. in Jor- 0

Finally, the graph model Jc 7 can be obtained from jcj. We define an interpretation Z¢ 1
as follows:
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AZC.T .— AjC,T N MC,T(AJC,T).

)

AZeT = ATeT A o 7 (ATCT) for all A € N

rZeT = pIOT A (e (ATCT) X e (ATETY) for all r € Np.

Since jC,T and pc,7(A7¢7T) are computable it follows that Zo 7 is also computable. From
Lemma and Lemma it follows that Jc 7 and Z¢ 7 are isomorphic, where the function
e, AJeT jc,T is an isomorphism. Thus, the interpretations Jc, 7 and Z¢ 1 are identical
up to renaming of domain elements.

In the following, if the equivalence class of words is clear from the context, then we shall omit
the superscript index Z¢ 7 to simplify the notation. Next, we want to unravel Jc 7 to re-obtain
the LEM Z¢ 7. In order to show it, we need to define a functional interpretation in the form of the
tree-unraveling of Jc 7. Therefore, firstly, we introduce the notion of a finite path occurring in a
graph model. Let Jc 7 be a graph model. A finite path m = [ug|r1 [u1]ra[us]rs . .. 7 [uy] occurring
in Jo 7 consists of domain elements [u;—1] and [u;] that are connected via r;, where r; € N, for
all 1 <4 <mn. Next, let w=ry...7r,, then we can simply abbreviate the definition of a finite path
before as follows m = [e]w[uy,,]. To simplify the writing of elements in J¢ 7, except the root element
[€], we alternatively use a notation o.

Definition 3.26. (Tree-unraveling of Jo,1) Let Jo.1 be the graph model of the least functional
model L of a concept w.r.t. a TBox T. The tree-unraveling i’cj of Jo, 7 is defined as follows:

o Ao = {we N}, | Jo € ATeT such that Ir = [elwo in T}
o rloT = {(w,wr) | I(o,0’) € r7eT such that Im; = [elwo A Ime = [e|lwo’ in To1};

o Ao = {w | 3o € AIeT with o € ATCT such that In = [e|lwo in Jo 7}

Next, we show that actually fcj is equal to the least functional model Z¢ 1.

Lemma 3.27. Let fc,’r is the tree-unraveling of Jo, 7 and Jo,1 is the graph-model of the LFM
Ze,1 of a concept w.r.t a TBox T. It holds that fC,T =ZcT

Proof:
It remains to prove the following claim that for all w € Nj and A € N¢, we have

w e ALeT iff w € ATeT

“=m If w € ATeT then 3o € ATeT with ¢ € AJeT such that Im = [elwo in Jeo 7. By Point 3
of Lemma we know that o = [w]~?e.7 and it implies that w € ATC.T,
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“e If w € ATeT, then [w]~*e.7 € A7 by Point 3 of Lemma It also means that there

exists a path m = [e]w[w] in J¢ 7 and by definition of tree-unraveling, we have w € AZeT

O

Now, given the intersection model Z¢.7 N Zp 7 of the LFMs of C and D w.r.t. TBox T, we

are also interested to make the corresponding graph model of Z¢ 7 NZp 7. The idea to make this

type of model for Z¢ 7 N Zp 7 is firstly by making the graph models Jc 7 and Jp 7. Next, we

compute the product Jo 7 x Jp,7 of Jo,7 and Jp 7. Last, we take the subgraph of Jc.7 x Jp, 7

that only contains elements reachable from the pair of the root elements ([ec], [ep]) of two input
graph models.

Definition 3.28. (Product of Graph Model)
Let Jo, 7 and Jp,7 be the graph models of C' and D w.r.t. T, respectively. The product Jo, X Ip, 7
of graph models Jo, and Jp,7 is computed as follows:

o ATeTXIoT = {([ul, b)) | [u] € AT Af] € AT,

o 1o xTo i {(u), o), ([ ) | (il wa)) € 707 A ([, o)) € 1727,
for allr € Ng;

o ATeTXIDT = {([u],[v]) | [u] € ATeT A[v] € ATPTY ) for all A € Ne.

Now we want to take the subgraph of Jc 7 x Jp,7 whose all elements are only reachable from
([ec], [ep]). Tt is defined as follows.

Definition 3.29. (Subgraph of Product of Graph Models)

Let Jo, 7 X Ip,1 be the product of Jo,.7 and Jp 7. The subgraph G of the product of graph models
is defined in the following:

o AY :={([u],[v]) € ATe.T*ID>.T | Ju € N}, such that In = ([ec], [ep])w([u][v]) in
Jer < Ip,1}i

e 19 := A9 NrJeT*IDT | for all v € Ng;

o AY := A9 N ATeTxIDT | for all A € Ne.

In the following we only consider the notation G for the subgraph of Jc 7 x Jp,7 that are
only reachable from ([e¢], [ep]). To unravel G, we also do the same construction for unraveling the
graph model J¢ 7 of the LFM Z¢ 7 as written in Lemma@ It also results in the tree-unraveling
of G that is equal to Zc 7+ NZIp 7.

Next, we will show that for any graph models J¢ 7 of the LEM Z¢o 7 of a concept w.r.t. a
TBox T, it holds that they are semantically equivalent by means of a special type of relation that
will be explained in the next section. This relation is also able to characterize more properties of
all the FLp-models described above.
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4 Simulation between Functional Interpretations

Now we want to devise a procedure to compute generalizations in FLy-TBox by using the same
setting as defined in description logic ££ [ZT13]. One of the notions adopted from the charac-
terization of lcs in £L is a simulation relation that can be used later to characterize properties of
functional models or terminological reasonings in description logic FLg. The following definitions

about simulation is introduced as a binary relation between two interpretations in general.

Definition 4.1. (Simulation between interpretations)
Let T, and I, be interpretations, d € AT, and e € AT2. S € AT1d) x AT2:) s called a simulation
from (Zy,d) to (Za,e) iff the following properties are satisfied:

1. (d,e) € S;
2. For all (d1,e1) € S and all A € N¢, it holds that dy € AToD) implies e, € AT2:€)

3. For all role names r € Np and all (d1,e;) € S and doy € ATV with (dy,ds) € r@v9) | there
exists eo € AT28) such that (e1,e2) € rZ2:€) gnd (da,e2) € S.

(Z1,d) is simulated by (Zz,e) (denoted by (Z1,d) < (Zz,e)) iff there exists a simulation S C
AT1d) 5 AT2:€) - Note that the symbol "<" is reflexive and transitive. If (Z;,d) < (Zy,e) and
(Zo,e) < (Zh,d), then (Z1,d) and (Zs,e€)) are simulation-equivalent (denoted by (Z1,d) =~ (Zs,e€)).
Since every functional interpretation and graph model are also interpretations, the definitions above
are also applied analogously to them.

Now we can characterize some properties of functional interpretations using a simulation.
Mostly, the following proof procedures, which are to employ a simulation for the characterization
of subsumption and other reasoning tasks, are adopted from [LW10] and [LPW10|. First, we show
that simulation is able to characterize whether an element belongs to a concept in a given model.

Lemma 4.2. Let T be a functional model of T. An element u € CT iff (Zcr,ec) < (Z,u).
Proof:

“<" As defined in Deﬁnitionit holds that C' € Z¢ 7 (ec). Now, w.l.o.g., we have
C:Al I_I...I‘IAnl_Ile.BlI‘I...I_IVwm.Bm

where A; € Ng, w; eNjg,Bj € Ng,foralll<i<nand1<j<m.

Since (Z¢,7),ec) S (Z,u) and ec € A%C’T, we know that u € AZ, for all 1 <i < n. Now, it

remains to show that u € (Vw;.B;)%, for all 1 < j < m. Let ec € (Vw;.B;)*¢7. By Lemma
we have w; € B]-IC’T. It follows that there exists v € AZ such that v € BJZ by Property
2 of Definition Since (Z¢,7) and (Z,u) are over the same set of role names Ng, we know
that |w;| = |v] — |u| or v = ww; and it implies that u € (Vw,;.B;). Finally it holds that
u € CT.
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“=" Let u € CZ. We build a relation S € AZe.m x AZw) by setting for all v € ATC.T | we have
(v,v) € S. Assume v € AZ¢.7. By Claim 3 of Lemma we have v € Ly(C, A) and thus
C C7 Yv.A. Since T is a functional model of T, it follows u € (Vv.A)% from u € C%. By
Claim 1 of Lemmaand Deﬁnition it implies v € A@®_ Obviously, the relation S just
satisfied Property 2 of Definition
Let (v,vr) € rf¢7. Assume vr € BZ¢7. Using the same proof derivation as the case
v € ATeT | we obtain vr € B&%, Obviously, (v,vr) € 7% and (vr,vr) € S. It follows that

S is a simulation and regarding the setting of S, we have (g,¢) € S.

O

Next, the subsumption relationship can also be characterized with the help of a simulation.
Lemma 4.3. CCr D iff Zpr.ep) S (Ze7,e0).
Proof:

“= Let C Ty D. It follows e € DIeT from e € CTeT. As an immediate consequence of
Lemma [£.2] we have (Zp,7,ep) < (Zo,7.ec).

“e” Let u € CT. Tt implies that (Zo,7,e0) S (Z,u). Together with (Zp.1,ep) < (Ze,7,ec) and
transitivity of "<", we get (Zp,7,ep) S (Z,u) and again by Lemma we obtain u € D

O
Last, as mentioned in the previous chapter that we want to show that for any graph models J
of the LFM Z of a concept w.r.t. a TBox, it holds that J and Z are semantically-equivalent. This

is described in the following lemma.

Lemma 4.4. Let T be the LFM of a concept w.r.t. a TBox T and J be the graph model of Z. It
holds that J ~T.

Proof:

“=" Let us build a relation S; € AY x AZ by setting {(0,w)} € S; iff there exists a path
7 = [eJwo in J. Now assume that o € A7. We have to show that w € AZ. Since there exists

a path m = [gjwo in J, we know that [¢] € (Vw.A)7. As a direct consequence we know that
e € (Vw.A)T and w € AT.

Now assume that (o,0’) € r7 and ¢’ € BY. By using the same argument as the case o € A7
we obtain wr € BE, wr is the r-successor of w, where r € Ng, and (¢/,wr) € S;. Moreover,

it is also easy to see that ([¢],&) € S; and thus S; is a simulation.

“<": Let us build a relation S € A% x A7 by setting {(w, o)} € Sy iff there exists a path m = [g]wo
in 7. We have to show that 0 € A7 and assume that w € AZ. It implies that ¢ € (Vw.A)T.
Since € € [¢], where [¢] is an element of J, it implies that [¢] € (Vw.A)7. According to the
path 7 = [gJwo in J, we have o € A7.

34



4 SIMULATION BETWEEN FUNCTIONAL INTERPRETATIONS

O

The lemma above is also applied analogously with the same proof construction to check whether

G is simulation-equivalent to Zc,7NZp 7. As a conclusion for this section, we can note that a simu-

lation is able to identify many properties of models for FLj and even to compute the subsumption

relationship between FLy-concept descriptions. Next, we start providing a solution for Problem

I mentioned in Introduction that whether a concept is the least common subsumer of two input
concepts.
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5 Conditions Whether a Concept is the Least Common Subsumer

Let us recall that Problem I is as follows:
I. Let C, D, and E be FLy-concepts and T be a TBox. Is concept E the lesr(C, D)?

As written in the end of Section 2, we may assume that C' and D are concept names occurring
in 7 and T is a PANF TBox. To address this question, we need to investigate that the set of
les-candidates for C' and D w.r.t. T consists of all k — les7(C, D), for all k > 0. First of all, we
show that the k-characteristic concept of Zo 7 NZp 7 is the k-lcsT(C, D).

Lemma 5.1. Let ke N
1. X¥(Ze,r NIp1,e) € cs7(C, D).
2. Let E be a concept with the role-depth rd(E) < k and C Ty E and D Cr E.
It holds that X*(Zc, 7+ NZIp r,e) CT E.
Proof:
1. We prove it by induction on k.

e For k =0:

By definition of k-characteristic concept, we know that
XZer NIpr.e) =1 {Ve.A|ece AZoTNInT)

Assume X*(Zo+NZIp1,€) = Ve. A1 ... MVe. A,. For all A;, where 1 < i < n, we have
e € AJemNIp.7 By Claim 3 of Deﬁnition we have e € A7 and e € A7, for all
1 <i<n. By Lemma[d.3] we get C Ty A; and D Cy A;, for all 1 < i < n. Therefore,

CCr X°(Ze,r NIpT,€)
DCy XO(IC)T NZIpT,¢€)

e For k > 0:

By using the definition of k-characteristic concept,

X*¥(Zor NIpgie)i= XY TorNIpr,e)nl ]
{Vw.A | w e NE,A € N¢, |w| =kwe€ AIC,TI’WID,T}

By induction hypothesis, we know that
XN Zor NIpT,e) € csr(C, D) (9)

It remains to show that {Vw.A | w € N, A € N¢, |w| = k,w € ATe.7MIp.7} is also a
common subsumer of C' and D w.r.t. 7. We know that w € AZe.7"Zp.7 which implies

that e € (Vw.A)Ze.7MIp. 7 As a direct consequence,
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e € (Vw.A)feT and € € (Vw.A)Lo.™
By Lemma [4.2] and it is implied that
C CyVw.A and D C+ Vw.A
Together with El, we have X*(Zc.+ NZIp 7,¢) € cs1(C, D)
2. Again, we prove it by induction on k as the role-depth of concept E

e rd(E)=0.
Let E be a conjunction over concept names l_(LAZ-. Since E € csy(C, D), then by Lemma
1>

we have ec € ET¢7 and ep € EZp.7. It implies e¢ € Afc’77 ep € AiID’T, and thus
Ic,7"Ip, T . oy 0
e €A, , for all 7. By Definitions and we get X°(ZerNIp1,e) T E.

o rd(E)=1Fk>0.
Let E be in the following CCNF form:

E=[Nvw.A|veNg | <k AecNe}nl {vwB|we N, |w =k Be Ne}

By induction hypothesis, we know that
X* YT NIpre) Er | oA v e N o] < k, A € Ne). (10)

Since E € ¢s7(C, D), we have
[ {vw.B | w e Nj;,|w| = k, B € N¢} € csr(C, D)
Let Vw.B € {Vw.B | w € N, |w| = k, B € Nc}. Then, it implies that
C CyVw.B and D C Vw.B

Since |w| = k and by definition of characteristic concepts, we know that Vw.B is a
conjunct in X*(Zor NZIp7,¢). If we add {Vw.B | w € N, |w| = k, B € N¢} in[10[as
a conjunct on the left- and right-hand sides of T, then we obtain Xk(IC’T NZIprT,¢€)
Cr E.

O

Lemma implies that the set of k-characteristic concepts of the intersection of LEMs Z¢ 7N
Ip,T,¢ is the possible candidate for the lesy(C, D). It is stated formally in the following corollary.

Corollary 5.2. The lcs exists if and only if there is a k € N such that for all | € N,
k-lest(C, D) T l-les(C, D).

Next, we show that the LEM of the lesy(C, D) and the intersection model Zer N Zp r are

simulation-equivalent.
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Lemma 5.3. Let E be a concept.
E is the lest(C, D) iff (Ze,r NIp,T1,€) ~ (TgT,€).

Proof:
The structure of LFMs is a special type of the structure of canonical models in £L. It is indicated
by the fact that for all »r € Ng, each element of LFMs only has 1 r-successor. The modest structure
for the functional model also leads us to easily prove this lemma by adopting the similar proof
procedure for Lemma 12 in [ZT13] which states that the canonical model of lcs in ££ is simulation-
equivalent to the product model of two input concepts.
O
Since the LFM of the lcs of input concepts and the intersection model of input concepts are
over the same domain elements N}, we can say that these two models are exactly the same. It is
shown in the following lemma which also provides a condition whether a concept is the lcs of two

concept names w.r.t. a TBox or not.
Lemma 5.4. Let E be a concept. E is the lest(C, D) iff Zer NIpr =Tg 7.

Proof:
By Corollary we know that the les7(C, D) exists iff there is a k, such that X*(Zec.r NZp.7,¢)
is the lcs7(C, D). Let K = X*(Zc. 7+ NZp,7,€). Therefore, it brings us to the following claim.

K =lest(C, D) iff IerNIpT =1k T

“<" Let F be a common subsumer of C' and D w.r.t. 7. We want to show that FF C+ K.
By Claim 5 of Lemma [3.5] we know that Zr+ C Zo,7 and Zrr € Ip 7. It implies that
Ir7 € Zo,s NIp,7. By our assumption we know that Zr+ C Zg 7 which implies that
FCr K.

“=" Let X*(Zo.7 NIp.1,¢) = lest(C, D). By Definition we can define that the intersection
model Zc N Zp 1 is the union of all /-subtree of the intersection model, where ¢ € N. Now
let XE(IQT NIp,T, ¢) and we know that ((IC,T N ID77—)£, €)= IX"’(IC,TOID,T,EMD'

oo

e NIpT = U IXt(Zo,rNTp,7,6),0 (11)
=0

Forall £ =0,1,2,..., by Corollary we have X*(Zc+NIp1,¢) T XY (ZerNIpT,e). It
implies that ¢ € (X*(Ze,7 NZp 7,¢)) X Fem7Zp, 797 It is followed that Ix*(ZTorNTp 7o) T
is a functional model of XZ(IC,T NZpT,€) w.r.t. empty TBox. Formally, we can write it as

follows

IX“(ZC.TFWID,TJE)?@ < IXk(IC,TﬁID,TaE)7T
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oo
By " we have U Txe¢(zo rnzp.7.e),0 € Ix*(ZornZp r.e),7- BY the transitivity of “=", we

=0 ’ ‘ ’ ’
obtain

Lo NIp 1 C Ixk(ZernIp o), T (12)
Moreover, it is known that X*(Zc7 N Zp.T1,¢) is the k-lesr(C, D). Therefore, we have

Ix*(ZornZore)7 © Lo, 7NIp 7. Together With we obtain Zo.7NIp, 7 = Ixk(To 1 NTp 1), T

O

The lemma above convinces us that if the lcs exists, then the intersection model Z¢+NZp 7 is
actually the LFM of the les-concept of input concepts C' and D w.r.t. 7. Next, let us consider the
following example to compute whether a concept is the lcs based on Lemma [5.4] where the TBox

taken from Introduction.
Example 5.5.

1. Let Top be a TBox consisting the following GCls.

{A; c By N By,
Ao c By N B,
BiMBy, C Vr.BMNVr.Bs,
BiMBs; T Vr.BirVrBs)

Let C = Ay and D = Ay. Now, we compute the lcst. (C, D).

o Build the LFMs Ic, 7., and Ip 1.,

{Al,Bl,BQ} {Bl,BZ} {BlvBZ}

Y

{A2, B1, B3} {B1, B3} {B1, B3}

e Compute the intersection model Zc.7., NIp 1., of Zc 1., and Ip 7., and construct the
LFM of ByMVr.By € cst,,(C, D).

Y

{B1} {By} {B1}
Ier.,NIpT,: @ - >@ - >@ " > ...
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{B1} {B1} 0
Tanvr. A, Ton - @ . >@ L >@ T ...

Please note that the intersection model is not equal to the LFM of By MVr.By w.r.t. Teg.
Therefore, By MYr.By is not the lest.,, (C, D).

2. Let Tepo be an extended TBox of Te, consisting the following GCls:

{A c By M By,
Ag c By N B,
B,MB, C Vr.ByMVr.B,
BiMBs C Vr.B;MVrBs,
By C Vr.By}

Let C = Ay and D = Ay. Now, we compute the lcsT.,,(C, D).

e Build the LFMsZ¢c 1., andIp 1., that are structurally equivalent to Zc, 1., andIp 1.,,,
respectively.

o Compute the intersection Zc,1.,,NIp 7.,, 0f Lc T2, and Ip 1., that is structurally equiv-
alent to Zo,1,, NIp 1., Unlike the previous example, we have By as the lcs,,,(C, D)
since 1,702 NID Teoz = LBy, Tewss €

So far, the condition to check whether a concept is the lcs only considers a functional model
with infinite domain elements. Now we show another solution for addressing Problem I by means
of graph models such that the problem in Problem I is decidable. First, we have to find a relation
between the fact we have in Lemma [5.4]and a condition that G is simulation-equivalent to the graph
model of the LEM of the lcs.

Lemma 5.6. Let C,D, and E be FLg-concepts and T be a TBox.
(Ze,r NIpT,e) = Ze1.¢) iff (G, ([]) ~ (TE,T,[EE]) over the same set of role names.

Proof:

“= Let (Ze.r NIp.T1,€) = (Zp.1,¢). For all w € ATe.7NIo. 7 = ATET | we have
w € ATe.T o7 iff w € ATET  for all A € N¢

Let us build a relation S; € A9[ED) x AWET:[ED by setting (o, [u]) € Sy iff there exists w € N},
such that there are paths m; = [¢Jwo in G and 7 = [eg]w[u] in Jg 7. Assume that o € AY,
we want to show that [u] € A757. If o € A9, then it implies that ¢ € ATe.7NID.7 . Let

o = ([v1], [v2]). It means that
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[TPARIN
<=

[v1] € ATeT and [vy] € ATP.T

Since there is a path m = [¢]lwo in G and Jo7 N Jp,7, it also means that there are path
73 = [ec]w[v1] in Jo,7 and my = [eplwlve] and Jp 7. Because Jeo, 7 and Jp 7 are models of
T, we know that

[ec] € (Vw.A)7eT and [ep] € (Vw.A)IP.T
It is also followed that
ec € (Vw.A)reT and ep € (Vw.A)T-T
By the definition of intersection of functional models, then we also have
e € (Vw.A)te.7MIp.T
By our assumption, we have Zc.7 N Zp.7 = Zg, 7. It implies directly that
e € (Yw.A)le.T

By Definition we know that [eg] € (Vw.A)7®.7 and since Jg 7 is a model of T and
there is a path 7 = [eg]w[u] in Jg 7, finally we have [u] € A7 7. We just showed that S;
satisfying Property 2 of Definition

Now assume that we have (0,0’) € 79 and ¢/ € BY. By using the same argument as the
case 0 € AY, then obtain [u/] € AYE7T with [u'] € A727 and ([u], [«']) € r7&7. Therefore,
(o', [w']) € S1. Tt is easy to see that ([e,eg]) € S1 and thus S; is a simulation.

Now, we build a relation Sy C AWET:[E) x A(9:[D) | By using the same setting as Sy, we can
prove that So is a simulation. Together with S, we obtain (G, [¢]) ~ (J&, 7, [eE])-

Let (G,[e]) ~ (Jg,7) and Zor N Ipr and Zg 1 be the tree-unraveling of G and Jg 7,
respectively. Since each functional is simulation equivalent with their graph model, we also
have Ze.r N Ipr =~ Zg 7. It implies that E is the lesy(C, D) by Lemma and thus
IC,T OID,T = IE‘,T by Lemma@ O

As a consequence, we have the following lemma to show that the problem in Problem I is

decidable.

Lemma 5.7. Let E be a concept. E is the les7(C,D) iff G ~ T, 1.

Proof:
A consequence of Lemma, and
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Now, we are able to see that there is a relationship between the relational symbol “~" and “="

when they are employed to show a relationship between Z¢ + N Zp 7 and Zg 7 as well as to their

) W_”

corresponding graph models. Even though “~” is weaker than , but a simulation equivalence
“~” is more helpful and suitable to decide whether a concept is the lcs of two concept names w.r.t.
a TBox when we work on the graph models since they only have finitely many number of domain
elements. Finally, by using Corollary we can derive characterizations for the existence of the

les w.r.t. FLg-TBoxes from Lemma [5.4] and Lemma [5.6] as stated in the following corollary.
Corollary 5.8.

1. The lesT(C, D) exists iff there is a k € N such that (Zc.7 NIp,T,¢€) is equal to the LFM of
Xk(Ic7TﬂID7T,€) w.r.t. T.

2. The lest(C, D) exists iff there is a k € N such that G is simulation-equivalent to the graph
model of the LFM of X*(Zc.7 NIp1,€) w.rt. T.

However, this corollary does not show any decision procedure to compute the lcs7(C, D) since
there are infinitely many & to check whether the lcs exists in finite time. The following section will

describe how to make the claims above decidable as well as to provide a solution for Problem II.
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6 Characterizations for the Existence of the Least Common Subsumer

Problem II is written as follows:
II. Let C and D be FLy-concepts and T be a TBox. Does the lcs1(C, D) exist?

As mentioned previously that we may assume that C, D are concept names occurring in a PANF
TBox 7. We start answering this question by continuing the solution provided in Lemma to
check whether the lcs7(C, D) exists. First, to simplify the notation, in the following we write X*
to abbreviate the k-characteristic concept of the intersection model Zc, 7 NZp 7. Let us recall that

Point 1 of Lemma [5.§ may also be written in the following lemma.

Lemma 6.1. The lesT(C, D) exists iff there is a k € N such that
IersNIpT = IXk’T.

Next, we show a property of the LEM of X*.
Lemma 6.2. Let Zxx g be the LEM of X* w.r.t. 9 TBox for some k € N. It holds that

w e ATxET iff w e ATx*0 ) for all w € N}, with |w| < k and all A € Ne.

Proof:
By Definition @ Txr g is a subinterpretation of Zy« 7, which means that Zxx g C Zx» 7. It also
implies that for all w € Nj, with |w| < k and all A € N¢ we have w € Afxk0 implies w € ATxk.T,

Now it remains to show that
For all w € N}, with |w| <k and all A € No we have w € ATxk7 implies w € ATx*.0
We can show the claim above by induction on |w| < k.

e Let lw| =0
It means that w = e. If ¢ € AZx*7 then X* Ty A. Since Ze,r NIp,7 is a model of T
and ¢ € (X*)ZemM o7 o ¢ ATe7NIn.T follows. Therefore, by definition of k-characteristic

concept, A is on the top level of X* as a conjunct, which means that e € Alxro,

o Let 0 < |w| <k
Let w = w'r for 7 € Ng and w’ € Nj, and w € A*x*7. Since |w'| < |w|, we know that

w' € (Vr.A)*x*7. By induction hypothesis, we know that
T T
For all B; € N¢, where 1 < i < n, we have w’ € B, 5T implies w' € B, xk.0

Now assume
w g Afxko (13)

then w' & Vr.ATx*0. It means that w’ € (Vr.A)%x*7 because the presence of 7. Therefore,
By M...NB, Cy Vr.A. By Lemma [3.10, we also have
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w' € BZ-IC’TOID'T7 foralll <i<n.

But then, Zo+ N Zp 7 is also a model of T, which implies that w’ € (Vr.A)Ze.7" 0.7 and
w € ATe77Ip,7 By Lemma and definition of k-characteristic concept, it turns out that
we have w € ATx*.0, which is a contradiction to our assumption .

O

As what we did to construct LFMs and graph models in stepwise, here we also define a new
functional interpretation which is an extended version of a given Zxx g. This is called extended
k-subtree. The following definition can make us understand on how to build Zx« + in a graded way

with the input is Zx« g.

Definition 6.3. (Eztended k-subtree)
Let Txr g be the LF'M of XF w.r.t. the empty TBox for some k € N. We define an infinite sequence

of functional interpretations.

inductively as follows
Ty =Txry (14)

and for all n > 0 we define

AT AT Glwr e N |n—1=Jw|—k( || B)YCrvrA),forall Ac No (15)
weBIn—1 BeNg

Finally, we define the extended k-subtree

ka’@ = Ufg (16)
£=0

From the definition above, we have a property for the extended k-subtree described in the
following lemma.
Lemma 6.4. Let w € N}, and A € N¢. If |w| < k, then it holds that
we ATxka iffw e ATxko,
And if |lw| > k, then it holds that
w e Alxko iff we Af",
where n = |w| — k.

Proof: This is explicitly written in the definition of extended k-subtree (Definition [6.3]).
Next, we need to show that ka,(z) is a model of T.
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Lemma 6.5. fij is a model of T.

Proof:
It has to be shown that kaﬂ satisfies all the GCIsin 7. Let LC R € 7T be a GClin 7. Since T
is in PANF, we assume that L and R have the following form:

L=PnN.. NP, NOVr A N...0Vr,. Ay (17)

R=PnN...0P,OvV.A 0.0V, Al (18)

where PZ-,PZ-'/,A]-7A;-, are concept names and r;,7; are role names for all 1 <4 < n, 1 < j < m,
1<id <n/,and 1 <5 <m.
Let w € Nj. We have to show that w € L*x*.0 implies w € R*x*9. We distinguishes the two

cases |w| < k and |w| > k.

e For |w| < k
Assume w € L*x*0. Consequently with ,

f ~
w € P, X590 and w € (Vrj.Aj)IX’“vw, foralll1<i<mand1<j<m.
The assumption |w| < k implies |wr;| < k for all 1 < j < m. With Lemma it follows that
ka [ ka 0 . .
w e P, ‘andwrjEAj Poforalll<i<nand1<j<m.
Lemma [6.2] now yields
Ixk, T Ixk 1 . :
we P " andwrjeAj Moforalll<i<nand 1< j<m.

Thus, w € L¥x*7 and since Ixr 7 is a model of T it follows w € R%x*7 By assumption on
the form of R we get

T I
w E B/Xk‘T and wr; € Aj,Xk’T, forall1 <4 <n'and1<j <m/.
Again using Lemma and Lemma [6.4] we obtain

T T
w € Pi,xk’w and wrj € Aj/xk’m, forall1 <7 <n'and1<j <m.
kaw kaw -/ / -/ /
we P, " andwrj/EAj, Poforalll <d <nfand 1 <5 <m'.

and thus w € Rfxk.0,
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e For |w| > k.
Let n = |w| — k and

M .= |_| (19)

weBIn BEN:

By induction on n we show that

M C+ A for some A € N¢ implies that A is a conjunct in M.

— Forn =0:
It follows that |w| = k and Zo = Ixrp. With Lemma w € M*x*0 implies w €
M*x*7 and because M C+ A and Ixw 7 it follows that w € AlxF 7. Lemma
implies w € AZx*0 and therefore w € Afo, which implies that A is a conjunct in M by
definition of M (see (19)).

-n—n+1:

Assume w = w'r and with n = |w'| —k and n 4+ 1 = |w| — k. Let

Q = [ and Q := [

w'€BIn,BENC weBIn+1, BENG
By definition of an and w = w'r with n + 1 = |w| — k it holds that Q' Ty Vr.Q.
Obviously, Q' C+ Vr.QQ and VQ C+ A implies Q' Ty Vr.A. By definition of fn—i—l it
follows that w = w'r € AZ»+1 and therefore A is a conjunct in Q.
Suppose LE R €T and w € Lixko, By assumption on the form of L l) we have

7 7
wE P X0 and wrj € A]—Xk’m, foralll1<i<nand1<j<m.
Lemma [6.4] and n = |w| — k with |w| > k yields
w E PZI and wr; € AJZ"“, foralll1<i<nand1<j<m.

It follows that the concept names P;, for all 1 < i < n are conjuncts in M (see )
Obviously, it holds that

MCy P foralll <i<n.

Since n = |w| — k and wr; € AJI.’““”7 for all 1 < j < m, the definition of an and
implies

M ErVr;Aj, foralll1 <j <m.
Thus we have M C+ L. Since L C R € T we have also
M Cr V’/‘;,.A;/

for all value restrictions in R (see ) Consequently by definition of an it follows
that R
wr;, € Aﬁ"‘“,for alll1 < j' <m/ (20)

46



6 CHARACTERIZATIONS FOR THE EXISTENCE OF THE LEAST COMMON SUBSUMER

And likewise we have that M T+ L and L C R € T implies
MCy P, forall<i <n

for all concept names on top level of R. Consequently the names P}, for all 1 <37’ <n/,
are conjuncts in M as shown above. Thus we have w € PZ,/I Together with and
Lemma it is implied that w € RExk0,

Last, we show that actually ka’@ is equal to Iy« 7.
Lemma 6.6. kaﬂ) =Txwk -

Proof:

Lemma implies that ka,@ is a functional model of X* and 7. Since ka;f is the LFM of X*
and T, by DeﬁnitionIkaT - ka@. It remains to be shown that kaﬂ CZxrg. Let A€ Ng
and w € Ni. We have to show that

w € ATx*0 implies w € ATx*.7

Due to Lemma and this holds if |w| < k. We have to prove this also for the case |w| < k.
The proof is by induction on n with n = |w| — k.

e n=1: Assume w = w'r with [w’| = k. Due to Lemma [6.4) and |w’| — k = 1 we have that
w'r € A%x*0 implies w'r € A1, By definition of Z; and w = w'r it follows that

QCrvrAwithQ= [1 B
w’€BTo,BEN¢
Since w' € Qfo and Ty = ka’@, Lemma and |w'| = k imply that w’ € Q*x*.7. Since
TIx« 7 is amodel of T, Q Cr Vr.A and v’ € QFxk.7 yield w'r € AlxkT

e n — n+1 Assume w = w'r for some r € N and w’ € Nj withn := |w'|-k and n+1 = |w|-k.
Due to Lemma and n + 1 = |w| — k we have that w € A%x*.0 implies w € AT+, By

definition of fn+1 and w = w’'r it follows that

QCrvrAwithe= [1 B
w'€BIn BEN¢
Since w’ € an and n = |w'| — k, Lemma implies that w’ € Q%x*o. Note that Q is a
conjunction of concept names. Therefore the induction hypothesis for w’ implies w’ € QFx+.7.

Since Zxx 7 is a model of T, Q E7 Vr.A and v’ € QFx*7 imply that w'r € ATxk.7.

O
We have defined the notion of extended k-subtree which turns out, has the same structure as

the LFM of X* w.r.t. 7. We continue our investigation to decide the existence of lcs by considering
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Example According to that example, the lcsT. ., (C, D) is captured through the equality between
the intersection model Z¢ 1., N Zp,7.,, and the LFM of a concept A w.r.t. Tezo.

Still on the same example, in particular for the TBox Tcs, the lest, (C, D) is not captured
through the equality between the intersection model Z¢ 7., NZp 7., and the LFM of AMVr.A w.r.t.
Tes- The equality for the label of w, both in Z¢ 1., NZp .., and Zg 1. _,, where E = lcst._,(C, D),
for all w € N} leads us to formalize this consideration in a general way through the following
definition.

Definition 6.7. Let Z be a functional model of a TBox and w € AT = Ny and Q = [ B.

weBT,
BeN¢

w 1s label synchronous in T iff
(Z,w) =Zq1

The use of the word “synchronous” in the definition above means that there is a sameness
or synchronization between the label of an element w of (Z¢,7 NZp,7) and the label of the root
element eg in Zg 7. We simply call an element that does not satisfy this definition is called as an
label-asynchronous element. This definition also states that if an element w is label-synchronous,
then (Z¢,7NZp,7,w) represents the LEFM of a concept w.r.t 7. It is obvious to see that the concept
is the concept QQ = [ B.

weBIC,T”ID,T,

BeN¢
The next lemmas states the properties of label-synchronous elements. First, we show that the

r-successor of a label-synchronous element is also label-synchronous for all » € Ng.

Lemma 6.8. Let Z be a functional model of a TBox and w € AT = Nj,. If w is label-synchronous

i I, then all its successors are label-synchronous.

Proof:
If w is label-synchronous, then there is a concept @) = [ B such that
weBTc, 7D, T
BeN¢
(Ze,r NIp7,w) = (Zg,7)s (21)

which implies that wr € AZe.70Zp.7w) iff r ¢ AZe.7 for all r € Ng. Therefore, for all successors

of w, we have

o= Il a4 =11 a4 (22)
erA:cv;mID$T, TEAAIJf[?vT,
€Nc €Nc

By definition of we have Q Cr Vr.QQ". We have to show that wr is label-synchronous, which
means that it is enough to show that (Zc+ NZIp 7, wr) = Lo 7.

It is clear that (Zo, 7 NZp 7, wr) is a functional model of concept Q" w.r.t. 7. Since Zg 1
is the LFM of concept Q" w.r.t. 7, we have Zo/ + C (Ze,7 N Zp,7,wr). It remains to show that
(Ze g NIp7,wr) C Lo 7 or for all z € AZe.m0Ip,7wr) where & € N}, and all A € N¢, we have
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x € AZeT o, mwr) implies o € AT/,
We show the claim above by induction on |z|.

o |z|=0
By , we know that for all A € N¢, e € AZe.70Ip.7wr) implies ¢ € AT’ 7.

o |z|>0
Now let z = z'r, x € AZe7NIn,Twr) and ¢/ e Pi( , where P, € Ng¢, for all
1 <4 < n. By induction hypothesis, we know that =’ € PZ-IQ/’T. Now assume that ¢ ATe’.7
which implies Q' Z7 Vx.A by definition Moreover,

Zc,7NIp,7,wr)

Since Q T Vr.QQ', it is also followed that Q Z7 Vrz.A. (23)

By , we know that for all A € N¢, & € AZe. 7o, 7%) implies # € AT 7 and by definition
we have @) C Vrz.A, which is a contradiction to our assumption . Therefore z €
Alar T,

O
Then, let us show that all elements with the depth > k in Zxx 5 are label-synchronous in
IX]C’T.
Lemma 6.9. Let k € N. For all w € N}, with |w| > k it holds that w is label-synchronous in
IX)C,T.
Proof:
Let w € N}, with |w| > k. We show that w is label-synchronous in kavg). Let

Q= I (24)

weB X*.0 BeNg

We have to show that (ka’@,w) = Zg 7. It can be shown that ¢ € Q(ix’“,w’w). By Lemma
ka’@ is a model of T and by Lemma (ka’@, w) is also a model of T. It follows that (ka’@, w)
is a functional model of @ w.r.t. 7. Therefore, Zg 7 C (ka,a), w). It remains to be shown that
(kaym,’ll}) CZg 7. Let A€ No and u € Nj;. We show by induction on |u| that u € Ak o)
implies u € AT@.7.
o |u/=0
Let n = |w| — k. Lemma [6.4] implies that Q (see (24)) satisfies
Q= [l B
weBIn ,BENG
u=c¢E¢€ ATk gw) implies w € Aixk,ﬂ, which implies w € AZn and A is a conjunct in Q.
Since u = ¢ € Q.7 it follows that u = ¢ € ATe 7.
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e |u/ >0
Let u = u'r for some r € Ng and ' € N} and let n = |wu'| — k. We have to show that
u'r € AT implies u'r € ATe T,
/ Tr grw) : ’ Zon : : ’ 7
u'r € AxE0e™ implies wu'r € A7x*0. Lemma implies that wu'r € A*m+1 because
n = |wu'| — k and therefore n + 1 = |wu/| — k. By definition Z,,41 and since wu'r € AL+ we

have

M C7 Vr.A with M = [l B.
wu'€BIn BENc

It follows that wu’ € MZn implies wu' € Mff’w by Lemma and n = |wu'| — k. Conse-
quently, by definition ofka,@, we get v/ € MZxk0") Since |v/| < |u| and M is a conjunction
of concept names the induction hypothesis yields ' € MZe.7. Because Zg 7 is a model of T
and M C Vr.A holds, it follows that u'r € AZe.7. Since by assumption we have u = u/r this

finishes the proof of the induction step.

O
Furthermore, the equality between Zo,7 N Zp 7 and Zy« 7 is also influenced by the fact that if all
elements w € N}, with |w| > k are label-synchronous in Z¢, 7 N Zp 7.

Lemma 6.10. If there exists a k € N such that for all w € N}, with |w| > k the element w is
label-synchronous in Zo,7 N1Ip 7, then it holds that Zo.+ NIp 1 = Lx* 7.

Proof:
Since X* is the k-lcs7(C, D), it implies that Ixr 7 € Zc7 NIp,7. Now, it remains to show that
for all w € Nj, and all A € N¢, we have

w e AZe. T In T implies w € ATxkT,

By Lemma and we directly have
For all w € N}, with |w| < k and all A € No,w € AZe.7I0.7 implies w € ATx*.7,

Now it remains to show that for all w € Nj with |w| > k and all A € N¢, w € AZe.7"Zp.7 implies
w € ATx*7. Here we also assume that w is label-synchronous and we proof by induction on n,

where n = |w| — k.

en=0
It means that |w| = k and by Lemma [6.9| w is label-synchronous. Then, by Lemma and
we know that w € AZe.77Ip.7 implies w € ATx*.7 for all A € N¢.

en—>n+1
Let w = w'r, where r € Ng, w' € N}, and w € ATe.7NIp.7 | Let w' € BiIC'TﬁID’T, where
B; € Ng, for all 1 < i < n and by our assumption w’ is label-synchronous. By Definition [6.7]

we know that
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(ICTﬁIDT7U)/) =7g. 7, where Q = B M...M B,
) ) Q,

By Lemma it also implies that w € A7®.7 and Q Ty Vr.A. By induction hypothesis, we
7

know that w’ € B; **7 for all 1 < i < n. This means that w' € (Vr.A)"x*.7 and w € ATx*7

follows.

As a consequence of Lemma and we have the following lemma;:

Lemma 6.11. Let k > 0. Zo7 NZp 1 = Ixk 7 iff for all w € Nj, with |w| > k, it holds that w is
label-synchronous in Lo,y N1Ip.7 and Ixk 7.

Proof: A consequence of Lemma[6.9] and [6.10]
O
Now, let G be the graph model of Zc, 7 NZp 7 and Z¢, 7 NZp, 1 be the tree-unraveling of G. By
Lemma @ we know that G and Z¢ 7 N Zp,7 are simulation-equivalent. Obviously, some elements
of G may be also label-synchronous or label-asynchronous. It is written formally in the following
definition.

Definition 6.12. Let [w] € AY and Q = [ . B. [w] is label-synchronous in G iff
[w]eBY,
BeN¢

(g, [w]) = (JQ,Tv [5])
As a consequence, we also have the following properties for all elements that are label-synchronous

ingG.
Lemma 6.13.

1. w € N}, is label-synchronous in Lo NZIp 7 iff [w|~* .7 € G is label-synchronous in G.

2. If [w]™*e7 € G is label-synchronous in G, then all its successors are also label-synchronous

mng.

Proof:

1. w € Ny is label-synchronous in Zg+ N Zp 7

iff (Zor NZIp.r,w)=Zg7, where Q = I_II B (Definition ip
weB™,
BeeNc

[w]eB?,
BENC

iff [w]™*e.T € G is label-synchronous in G (By Definition [6.12]).

iff (G, [w]) ~ (Jo,T,[€]), where Q = H:2 (By Lemma and (3.19).
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2. If [w]™*e.7 € G is label-synchronous in G, then w € Z¢ 7+ N Zp 7 is also label-synchronous
in Zc,7 N Zp, by Lemma For the r-successor wr of w, for all » € Ng, wr is also
label-synchronous in Z¢,+ N Zp 7 by Lemma As a consequence, the r-successor [wr] of
[w], for all r € Npg, is also label-synchronous in G by O

If G has a cycle that contains an element [u] which is label-asynchronous, then its successor [v]
is label-synchronous, then there will be a path in that cycle, starting from [v] that goes back to [u],
which is a contradiction for the lemma above because [u] is also a descendant of [v] and [u] has to
be a label-synchronous element which is a contradiction for Lemma [6.8] It means that whenever
we have a cycle in G that contains a label-asynchronous element, then all elements in the cycle are
also label-asynchronous. This leads to the following characterization defined as the main theorem

for the existence of the lcs.

Theorem 6.14. Let G be the graph model of e+ NZIp 1.

The les(C, D) exists iff all cycles in G only contains label-synchronous elements.
Proof:

“=: If all cycles in G only contains label-synchronous elements, then if we unravel G, then we
obtain Ze 7 N Zp 7 and all paths in Zo 7 N Zp 7+ have a finite prefix of label-asynchronous
elements. Let m — 1 be the length of the maximal finite prefix of label-asynchronous elements
in Zc,7NZp,7 and from position m on only contains label-synchronous elements. It means that
for all w € N}, with |w| > m, w is label-synchronous and it holds that Zc 7+ NZp .7 = Zxm 7
by Lemma Therefore, the lcs(C, D) exists.

“=7: If the lcs7(C, D) exists, then there is a k € N such that Zo.7 N Ip 7 = Zxr 7. By Lemma
it means that for all w € N, with |w| > k, it holds that w is label-synchronous in Zxx
and Zc.7NZIp,7. By Lemma@, we know that Zc 7NZp 7 is the tree-unraveling of G. Then,
in order to show that all cycles in G only contains label-synchronous elements, we prove it by
contradiction. Assume there is a cycle that contains label-asynchronous elements, it implies
that all elements in this cycle are label-asynchronous. If we unravel G, then we will obtain
an infinite path, starting from e, that only contains label-asynchronous elements. It implies
that all elements w € Nj;, with |w| > k, are also label-asynchronous which is a contradiction
to Lemma .17} O

Since we know the number of cycles in G is finite and it is enough to check whether all cycles in
each cycle are label-synchronous, the theorem above provides us a decision procedure to solve the
problem for the existence of the lcs in a finite time. The theorem above also implicitly addresses
the claim in Corollary to know how to obtain the depth k of the graph model, such that the lcs
exists. It gives rise to a practical solution for obtaining the number k that we can use to measure
the size or the role-depth of the lcs as well as to provide a solution for Problem III in Introduction.
It is described in a more detail in the next section.
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7 Upper Bound for the Role-Depth of the Least Common Subsumer

Let us recall Problem III in Introduction:
ITI. If the les7(C, D) exists, then what is the les? And how big is the size of the les?

The problem above can be handled by the following lemma.

Lemma 7.1. Let G be the graph of the intersection model Zc, 7 NIp.7, n = ‘Ag’, and Nc,1 be the

set of concept names occurring in the TBox T. It holds that
1. If the lesT(C, D) eists, then (G, [g]) ~ (Txn+1 7, [€])-
2. rd(lesT(C, D)) < 22%INeTl+1

Proof:

1. Since G is the graph model of Z¢7 N Zp 7 and both of them are simulation-equivalent, we

can compute the n + 1-characteristic concept X" ! of Zc.7+ N Zp 7. We choose the number

n + 1 because if we unravel G to obtain Zc 7 N Zp 7, then all finite paths of Zc+ NZp 7,

with the length n + 1, contain repeated elements. It is due to the fact that there are only n

elements in G. It also means that all elements on the depth n+1 in Z¢ 7+ NZp 7 occur in the

cycles of G. Since the les(C, D) exists, we also know that all elements on the depth n+ 1 in

Zo,7 NZIp 7 are label-synchronous. By Lemma [6.11] it implies that Zc+ NZp 7 = Txn+1 7

Finally, by Lemma we can infer that (G, [e]) ~ (Txn+1, 7, [€]).

2. We have assumed that C' and D are concept names occurring in 7. Because the elements

of Jo7 and Jp, v are sets of concept names occurring in 7, it implies that the num-

ber of elements in Jo+ and Jp,+ are bounded by 2N 71 respectively. Next, we com-

pute the product of Jo 7 and Jp 7 to obtain the subgraph G where all elements of G are
reachable from ([e]~c.7, [e]™*2.7). It implies that |AY| < 2lNe.rl x 2lNe7l By Claim 1
of Lemma we have to go one step further down in Z¢ 7 N Zp 7 in order to guaran-
tee that (G, [e]) =~ (Txn+17,[e]) and X" is the lesy(C, D). Therefore, it implies that

rd(lesT(C, D)) < 22%INerl+1,

By considering two claims in this lemma, we finally have two answers for Problem III that X" is

the les7(C, D) and the upper bound for the role-depth of les(C, D) is 22%INe.7I+1,
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8 Conclusions and Future Works

8.1 Conclusions

In this thesis, we studied a problem for the existence of the lcs w.r.t. general FLj,-TBoxes. Ac-
cordingly, we presented characterizations for the existence of the lcs. Additionally, we devised a
decision procedure to find the role-depth bounded lcs or the lcs, if it exists. In order to support the
characterization for the existence and design a decision procedure to compute the lcs, the necessary
notions are needed.

We assume that the inputs for all problems for the existence of the lcs and computing the
les, if it exists are two concept names occurring in a TBox in PANF. We begin by computing
the least functional models (LFMs) of input concepts w.r.t. a given TBox with infinitely many
domain elements [Penld|, which eventually can be alternatively replaced by a graph model that
only has finite number of domain elements. Since we follow the conditional setting for the existence
of the les in ££ [ZT13)|, we also introduced a special relation, namely simulation between functional
interpretations or graph models. The subsumption problem w.r.t. general FLy-TBoxes, which is a
basic inference for computing the lcs, can be characterized by means of a simulation.

Now we are ready to answer the three research questions mentioned in Introduction. Again,
we always assume that the input concepts C and D are concept names occurring in a PANF TBox
T. The first question is described and handled as follows:

I. Let F be an FLy-concept. Is concept E the lcs of C and D w.r.t. T7

We provide two approaches, which are actually semantically equivalent, for the problem above

by means of LEMs and simulation as follows:

e An equality relationship between Z¢+ N Zp 7 and Iy, provides us a characterization that
E is the lest(C, D).

o A simulation-equivalence between the corresponding graph models G and Jg 7 of Zc,.7NZp 7
and Zg 1, respectively, serves more conditions for the existence of lcs. Since only dealing with
finite number of domain elements, this characterization offers any graph algorithm to make
this problem decidable.

The approaches above provide us characterizations to address Problem II:
IT. Does the Ics of C and D w.r.t. T exist?

The answer to check whether tbe lesy(C, D) exists is by looking for a k& € N such that Z¢ 7 N
Ip,7 is equal to Zxk 7, where X* is the k-characteristic concept of Ze,r NIp, 7. However, this
characterization does not give us a decision problem since there are infinitely many k& to check in

finite time. Finally, the practical solution for the question above is by checking whether all cycles
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in the graph model G of Zo, 7+ NZp 7 only contains label-synchronous elements. It convinces us to
see that the problem for existence of the les(C, D) is decidable. Then, it leads us to supply an
algorithm to compute the les7(C, D) and the size of the lcs, if the lcs exists, as well as to asnwer

the last research question.
ITI. If the les7(C, D) exists, then what is the les? and how big is the size of the les?

In order to solve this problem, we traverse the graph model G until we stop at a depth k such
that all elements on this depth occur in the cycles of G and are label-synchronous. If this condition
holds, then we know that the lcs(C, D) exists. Last, we show that the size of the lcs can be
measured by the role-depth of the lcs that is always bounded by 22*IVe. 7141 where Nc,7 is the set

of all concept names occurring in 7.

8.2 Future Works

As motivated in [PT11], the implementation for the results above by making a practical algorithm
integrated with existing tools in OWL will be a promising work in the future. Moreover, on the
theoretical side, the complexity problem for computing the upper bound of the role-depth of the
lcs still be an open problem, which also leads us to investigate on how big the size of the lcs is in
the size of input concepts and a given TBox. We also consider to compute generalizations with the
same setting described in this thesis for a more expressive description logic language, such as FLE.
It was already initiated in [FRR99] which can be a basic foundation for deciding the existence of
Ics, even though that work did not take any general FLE-TBoxes into account.

Another computation of non-standard inferences, which is characterizing the existence of the
most specific concept of an individual w.r.t. general FLy-TBoxes can be interestingly investigated
in the future. It is due to the presence of cyclic ABoxes, in particular role assertions, that induces
the occurrences of existential restrictions in a computed msc-concept, if it exists. Therefore, an
alternative type of FLy-model, which is not functional anymore, has to be explored thoroughly in
this work.
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