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ABSTRACT
In this paper we propose a formalism for symbolic negotia-

tion. We regard symbolic negotiation as cooperative prob-

lem solving (CPS), which is based on symbolic reasoning and

is extended with negotiation-specific rules. The underlying

CPS formalism was previously presented in [3]. Here we ex-

tend the results and position symbolic negotiation according

to other distributed problem solving mechanisms.

Categories and Subject Descriptors
I.2.11 [Distributed Artificial Intelligence]: Multiagent sys-

tems; I.2.3 [Deduction and Theorem Proving]: Deduction;

F.4.1 [Mathematical Logic]: Computational logic

General Terms
Algorithms, Theory

Keywords
Symbolic reasoning, partial deduction, cooperative problem

solving, negotiation

1. INTRODUCTION
Symbolic negotiation is regarded in the field of computer

science as a process, where parties try to reach an agree-

ment on the high-level means for achieving their goals by

applying symbolic reasoning techniques. Formalisation of

symbolic negotiation could contribute both to the studies of

human behaviour and multi-agent systems. In the former

field the rational part of human reasoning could be mod-

elled, while in the latter field self-organising systems with

adaptive behaviour could be implemented.

Previously, Küngas and Matskin proposed [2] that sym-

bolic negotiation could be formalised as partial deduction

(PD) for linear logic (LL). In [3] a formalisation of PD for

LL was presented and its soundness and completeness was
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proved. The paper regarded symbolic negotiation as inter-

leaved cooperative problem solving (CPS) and plan modi-

fication. However, the paper formalised only the CPS part

of the process. In this paper we extend the proposed CPS

formalism with plan modification operators and then anal-

yse symbolic negotiaton as a whole. We also formalise the

coalition formation process and analyse its effect to CPS and

symbolic negotiation. Anyway, due to the limited space we

do not present proofs for propositions and theorems in this

paper.

We would like to underline that from a computational

point of view, we can regard CPS as AI planning and sym-

bolic negotiation as plan reuse/repair. It has been shown [5]

that from problem solving point of view in general neither

planning from scratch nor plan repair has an advantage over

each-other. Therefore we expect both CPS and symbolic ne-

gotiation to be computationally equivalent. Moreover, both

CPS and symbolic negotiation lead to the same results as

we prove in this paper.

However, compared to CPS, symbolic negotiation pro-

vides a more human-like way of problem solving, which can

be more naturally followed by human participants. In ad-

dition, symbolic negotiation may encode a sort of search

heuristics, which would make CPS computationally less de-

manding. These heuristics, however, are not discussed in

this paper.

2. LINEAR LOGIC AND PARTIAL DEDUC-
TION

2.1 Linear logic
LL is a refinement of classical logic introduced by J.-Y. Gi-

rard to provide means for keeping track of “resources”. In

LL two assumptions of a propositional constant A are distin-

guished from a single assumption of A. This does not apply

in classical logic, since there the truth value of a fact does

not depend on the number of copies of the fact. Indeed, LL

is not about truth, it is about computation.

We consider the !-Horn fragment of LL (HLL) [1] con-

sisting of multiplicative conjunction (⊗), linear implication

(�) and “of course” operator (!). In terms of resource ac-

quisition the logical expression A⊗ B � C ⊗D means that

resources C and D are obtainable only if both A and B are

obtainable. After the sequent has been applied, A and B
are consumed and C and D are produced.

While implication A � B as a computability statement

clause in HLL could be applied only once, !(A � B) may

be used an unbounded number of times. When A � B is
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applied, then literal A becomes deleted from and B inserted

to the current set of literals. If there is no literal A available,

then the clause cannot be applied. In HLL ! cannot be

applied to formulae other than linear implications.

In order to explain HLL and demonstrate some other

features of LL, not presented in HLL, let us consider the

following LL sequent from [4]—(D ⊗ D ⊗ D ⊗ D ⊗ D) �
(H⊗C⊗ (O&S)⊗!F ⊗ (P ⊕ I)), which encodes a fixed price

menu in a fast-food restaurant: for 5 dollars (D) you can get

an hamburger (H), a coke (C), either onion soup O or salad

S depending, which one you select, all the french fries (F )

you can eat plus a pie (P ) or an ice cream (I) depending on

availability (restaurant owner selects for you). The formula

!F here means that we can use or generate a resource F as

much as we want—the amount of the resource is unbounded.

2.2 Partial deduction
Here we describe basic definitions required to understand

PD. Most of the definitions in this section are from [3], where

they were used to define a CPS formalism. The presented

rules have to read in bottom-up manner.

Definition 1. Resultant is a linear implication

� I �λa1,...,an.f O, n ≥ 0,

where f is a term representing a function, which generates

O from I by applying potentially composite functions over

a1, . . . , an.

Definition 2. Forward chaining PD step Rf (Li) is de-

fined as a rule

B ⊗ C � G

A⊗ C � G
Rf (Li)

where Li is a labeling of linear implication � A �Li
B.

A, B, C and G are multiplicative conjunctions.

Definition 3. Backward chaining PD step Rb(Li) is de-

fined as a rule

S � A⊗C

S � B ⊗C
Rb(Li)

where Li is a labeling of linear implication � A �Li
B.

A, B, C and S are multiplicative conjunctions.

PD steps Rf (Li) and Rb(Li), respectively, apply Li in

forward and backward chaining manner.

3. AGENTS AND COALITION FORMATION

3.1 Agent representation
An agent is presented with the following HLL sequent:

Γ;S � G,

where Γ is a set of agent capabilities, S is the initial state

and G is the goal state of the agent. Both S and G are

multiplicative conjunctions of HLL formulae.

Every element of Γ is a linear implication � I � O, where

I and O are formulae which are, respectively, consumed and

generated when a particular capability is applied. It has

to be mentioned that a capability can be applied only, if

conjuncts in I form a subset of conjuncts in S. It should be

also underlined that in order to achieve their goals, agents

have to construct (and then execute) the following plan from

the elements of Γ:

� S � G.

Each agent is assumed to have a single task only. When-

ever in an application an agent is supposed to have sev-

eral task, it would be modelled in our framework as several

agents, each having a single task.

Definition 4. Agent’s task is a resultant in PD.

Modifications of an agent’s task are derived through PD.

We consider all possible derivations of a task as instances of

the same task. Moreover, we constrain an agent to consider

only one derivation at time during distributed CPS. This

would ensure that instances of the same task would not be

solved concurrently.

Definition 5. Resource is a formula of HLL.

3.2 Agent coalitions
The purpose of agent coalition formation in our formal-

ism is to merge several tasks into a larger one. Then agents

become able to perform tasks, which they would not have

been able to perform individually. Thereby coalition for-

mation could be seen as a way to optimize problem solving

globally.

Definition 6. Agent coalition C is a structure 〈A, T ,R,
�, []〉, where A is a set of participanting agents, T is a coali-

tion task and R is a set of resources shared between agents.

� is a mapping from agents to resources (� : A×A → R∗),

which one agent would deliver to another if a solution for

a coalition task is found. Finally, [] is a mapping from a

coalition task to agents in the coalition ([] : T → A+), which

agreed to solve the task together by sharing their resources.

We interpret a coalition as an agreement between agents

to solve their tasks together. In a coalition agents can also

exchange resources directly between themselves. Addition-

ally it should be emphasised that we model tasks as (com-

posite) actions consuming and producing resources. Coali-

tions are formed by applying rule merge.

Definition 7 (Coalition formation rule). Coalition

formation rule merge is defined as follows:

� A⊗B � C ⊗D

� A � C � B � D
merge

Rule merge combines 2 tasks X and Y to create a task

with the intended meaning: “task X could be performed

by one agent, if another agent performs task Y ” and vice

versa. From a distributed theorem proving point of view

it means that tasks X and Y are combined together and

their search spaces are merged. If a coalition includes all

agents of a system, then problem solving is seen as solving a

single task in a distributed manner. This contrasts with our

general case, where multiple tasks are solved concurrently

in a distributed way.

Proposition 1. Solution of a coalition task T , which was

achieved through PD, solves the tasks of all coalition mem-

bers [T ].
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Definition 8 (Soundness of coal. formation). If a

solution of coalition task T solves the tasks of all participat-

ing agents [T ], then coalition formation is sound.

Proposition 2. Coalition formation is sound with re-

spect to PD.

Coalition formation could be seen from problem solving

point of view as merging several tasks into one. Thus instead

of solving multiple tasks concurrently, with coalitions we

would solve a composed task.

Proposition 3. If a set of tasks included in a coalition

task is solvable through PD independently, then so is the

composed coalition task.

Definition 9 (Completeness of coal. formation).

If agents’ tasks were solvable individually and their coalition

task is solvable as well, then coalition formation is complete.

Proposition 4. Coalition formation is complete with re-

spect to PD.

Definition 10. A coalition task is implicitly solved, if no

PD steps are required to solve the coalition task.

4. SYMBOLIC NEGOTIATION
In this section we define the symbolic negotiation pro-

cess with respect to PD. We define also symbolic negoti-

ation rules for operating over forward (Θf ) and backward

chaining (Θb). Additionally some other negotiation-specific

definitions are given. Finally, we prove that symbolic nego-

tiation is sound and complete.

Definition 11. Negotiation rule Θf (ak/ai) is defined as
the the following operational rule:

� ((((I \O(ai)) ∪ I(ai)) \ I(ak)) ∪ O(ak))
�a1,...,ai−1,ak,ai+1,...,an O

� I �a1,...,ai−1,ai,ai+1,...,an O
I(ak) ⊆ I(ai) O(ai) ⊆ O(ak)

Θf (ak/ai)

Definition 12. Negotiation rule Θb(ak/ai) is defined as
the following operational rule:

� I �a1,...,ai−1,ak,ai+1,...,an

((((O \ I(ai)) ∪O(ai)) \O(ak)) ∪ I(ak))

� I �a1,...,ai−1,ai,ai+1,...,an O
I(ak) ⊆ I(ai) O(ai) ⊆ O(ak)

Θb(ak/ai)

I(a) and O(a) in the preceding rules represent respec-

tively resources required to apply and achieved by applying

capability a. I represents resources available for solving a

task while O represents resources, which must be achieved

by the task. The preceding negotiation rules replace one

PD step application in a task derivation with another. Rule

Θf (ak/ai) replaces forward chaining steps while Θb(ak/ai)
replaces backward chaining steps. The symbolic negotiation

rules replace a capability in the derivation with another ca-

pability which consumed the same amount or less and gen-

erated the same amount or more resources than the previous

capability. Therefore negotiation rules allow to optimise a

task of agent X by agent Y . This means that some PD steps

of agent X in its task are substituted by Y , if associated ca-

pabilities are more efficient in terms of resource consumption

and generation.

Definition 13 (Symbolic negotiation). Symbolic ne-

gotiation is PD with coalition formation and symbolic nego-

tiation rules.

Definition 14 (CPS). Cooperative problem solving is

PD with coalition formation.

Definition 15 (Computational equivalence). Two

processes are computationally equivalent with respect to PD,

if they would construct the same set of resultants.

Theorem 1. CPS and symbolic negotiation are compu-

tationally equivalent.

According to Theorem 1 symbolic negotiation could be

view as a special case of CPS, where PD is guided at oper-

ational level.

Definition 16. Symbolic negotiation is sound, if it is

sound with respect to PD, and all resultants achieved through

symbolic negotiation are achievable through CPS.

Definition 17. Symbolic negotiation is complete, if it

is complete with respect to PD, and all resultants achieved

through CPS are achievable through symbolic negotiation.

Theorem 2 (Soundness of symbolic negotiation).

Symbolic negotiation is sound.

Theorem 3 (Completeness of symb. negotiation).

Symbolic negotiation is complete.

Soundness and completeness of our CPS formalism are

directly derived from Proposition 2, Proposition 4 and com-

pleteness/soundness results of PD presented in [3].
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