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ABSTRACT
Deliberation scheduling is the process of scheduling decision
procedures to maximize overall performance. In this paper,
we present novel mathematical programming algorithms for
scheduling deliberations, and illustrate them through sev-
eral increasingly complex classes of deliberation scheduling
problems. In comparison to previous work, our algorithms
are able to optimally or near-optimally solve deliberation
scheduling problems for decision procedures that have more
general performance profiles, and are applicable in complex
domains with uncertainty. We also illustrate that, thanks to
the mathematical programming formulation, our algorithms
can be easily extended to model additional system aspects.

Categories and Subject Descriptors
I.2.8 [ARTIFICIAL INTELLIGENCE]: Problem Solv-
ing, Control Methods, and Search

General Terms
Algorithms

Keywords
Deliberation scheduling, control of reasoning, piecewise lin-
ear approximation, linear programming, mixed integer lin-
ear programming

1. MOTIVATION AND INTRODUCTION
Many complex problems are too difficult for autonomous

agents to solve within deadlines. For example, an autonomous
aircraft flying a prolonged mission might not have time to
prepare a plan that specifies actions and reactions for all pos-
sible contingencies over the entire mission before it starts
to execute the plan. In this situation, if the problem can
be divided into multiple independent sub-problems (such as
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takeoff, ingress, rescue, egress, and landing), which we call
phases, then the agent might do better to focus only on
near-term phases. Then, while executing the plan for ear-
lier phases, the agent could use available computational time
during execution to reconsider aspects of the problem and
improve its solutions for current and future phases. This
assertion is not surprising. The challenge, though, is in au-
tomating the process of allocating computational time to
appropriate phases given the uncertainty and complexity of
the problem domain.

Deliberation scheduling is the process of scheduling de-
cision procedures to maximize overall performance. Boddy
and Dean proposed an optimal deliberation scheduling algo-
rithm for a subclass of problems with piecewise linear con-
cave value functions [2, 1]. Horvitz considered likelihood
of future instances, and explored policies for proactive al-
location of idle time for these potential problems in several
settings [6]. Goldman, Musliner, and Krebsbach proposed a
greedy deliberation scheduling algorithm and compared its
performance with the optimal algorithm using Markov De-
cision Process models [5, 7]. However, these approaches are
either only applicable in restricted subclasses of deliberation
scheduling problems (e.g., for limited types of performance
profiles for decision procedures), or ignore some aspects of
systems (e.g., uncertainty, or deliberation cost).

Our work is directed at addressing these shortcomings.
Our formulation of the deliberation scheduling problem as a
mathematical program—as a linear program (LP) or mixed-
integer linear program (MILP)—makes it much easier to
work with a wide variety of performance profiles. It also
allows us to explicitly model the costs of deliberation both
before mission execution (where more deliberation allows an
agent to prepare for more contingencies but delays the start
of the mission) and during mission execution (where recon-
sidering plans can improve performance but can also distract
when responding to emergent situations). Our mathemati-
cal programming approach is unique among proposed solu-
tions to deliberation scheduling in its ability to work with
a richer set of performance profiles, and to simultaneously
solve the coupled problems of deciding both when to deliber-
ate given its cost, and which decision procedures to execute
during deliberation intervals.

Furthermore, our mathematical programming approach
provides a domain-independent framework on which we can
easily make simplifying transformations or impose additional
constraints. For example, as we will show, a deliberation
scheduling problem where the mission quality is the multi-
plication of individual phase qualities (i.e., a nonlinear ob-
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Figure 1: Deterministic phase transitions in two sit-
uations: simultaneous planning and execution (left)
and interleaved planning and execution (right).

jective function) can be easily transformed into a problem
where the mission quality can be represented as the sum
of individual phase qualities (i.e., a linear objective func-
tion). A mathematical programming formulation also makes
it possible to model additional system features. In this pa-
per, we demonstrate this capability by modeling the fact
that an autonomous agent should control which phases it
will face in the future while scheduling deliberation.

The rest of the paper is organized as follows. Section 2 de-
scribes a basic mathematical programming formulation and
introduces transformation and approximation techniques.
Section 3 extends the formulation to suit domains involv-
ing uncertainty, and Section 4 makes further extensions by
assuming that phase transitions are controllable by the au-
tonomous agent. We present empirical results in Section 5,
where we evaluate the efficiency and optimality of our ap-
proach. Finally, Section 6 summarizes the contributions of
the work presented and outlines future directions.

2. DETERMINISTIC PHASE TRANSITIONS
We begin our examination of deliberation scheduling tech-

niques by assuming that transitions among phases are deter-
ministic —a mission can be represented as a chain of phases
as shown in Figure 1. The left side of the figure depicts
the case where deliberation and execution can occur simul-
taneously, such that deliberation about future phases can
be done during execution of the current phase. The right
side of the figure shows interleaved planning and execution,
where an interval for deliberation is followed by an interval
for execution, which in turn is followed by time for delibera-
tion, and so on. In this paper, we describe and illustrate our
algorithms on interleaved planning and execution. However,
our algorithms, with slight modification, can also be applied
for agents that simultaneously plan and execute.

Let τ0 be the computational time that the autonomous
agent initially has when the problem is presented, and τi

(i ≥ 1) be additional computational time that the agent can
have after finishing the previous phase and before beginning
the execution of phasei. Let us temporarily assume that τi

is specified a priori ; we will relax this assumption shortly.

The deliberation scheduling problem is then to schedule de-
cision procedures within these available computational time
intervals so that the expected quality of mission solution is
maximized. A straightforward strategy is to allocate τi to
decisioni (where decisioni represents the decision procedure
for phasei), but this myopic approach is usually suboptimal
since it might be fruitful to use some of the time to get a
head start on decision procedures for future phases.

In deliberation scheduling, a common construct is the ex-
pected value of computation (EVC) function (also called
performance profile) [1, 2, 5, 6, 7]. An EVC (performance
profile) of an anytime algorithm is the expected quality of
the solution as a function of the algorithm’s run time. In
this paper, we use this construct as well.

Let ti denote the total amount of computational time
scheduled for decision procedure decisioni, and let Vi(t)
denote the EVC function of decisioni. The deliberation
scheduling problem with deterministic phase transitions can
then be represented in the following mathematical formula-
tion:

max f(v0, v1, . . . , vn)

˛

˛

˛

˛

˛

˛

Pk
i=0

ti ≤Pk
i=0

τi

vi = Vi(ti)
ti ≥ 0

(1)

where ∀k ∈ {0, 1, . . . , n} :
Pk

i=0
ti ≤ Pk

i=0
τi indicates the

fact that the amount of scheduled computational time can
never exceed the amount of available computational time. vi

is the expected quality of the solution to phasei, and the ob-
jective function f(v0, v1, . . . , vn) specifies how the expected
qualities of individual phase solutions determine the overall
quality of the mission.

In this paper, we concentrate on the linear objective func-
tion f(v0, v1, . . . , vn) =

P

i vi, which fits many real-world
domains where the quality of a mission is the accumulative
quality through all its phases. An intuitive example is that
of an autonomous delivery robot making several rounds of
deliveries: its total quality is the sum of the qualities of
individual package deliveries.

Notice that many nonlinear objective functions can be lin-
earized (but not necessarily as

P

i vi) through mathematical
reformulation, and thus the techniques presented in this pa-
per are also applicable in those domains. We now introduce
linearization methods for two typical prototypes of nonlinear
objective functions.

• Objective function f(v0, v1, . . . , vn) = min vi

A popular objective function in real-world domains is
that the quality of a mission is the minimum quality
of individual phases. This nonlinear objective function
min vi can be reformulated as a linear objective func-
tion v with additional linear constraints ∀i : v ≤ vi.
That is, Eq.1 becomes

max v

˛

˛

˛

˛

˛

˛

˛

˛

Pk
i=0

ti ≤Pk
i=0

τi

vi = Vi(ti)
v ≤ vi

ti ≥ 0

• Objective function f(v0, v1, . . . , vn) =
Q

i vi

This objective function is usually used for domains
where the probability of successfully completing a mis-
sion is the multiplication of the probabilities of success-
fully completing each phase. By using a logarithmic
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Figure 2: A continuous concave function (left), and
its piecewise linear approximation (right).

transformation (εi = ln vi), Eq.1 can be transformed
to:

max e
P

i εi

˛

˛

˛

˛

˛

˛

Pk
i=0

ti ≤Pk
i=0

τi

εi = V ′
i (ti)

ti ≥ 0

where V ′
i (t) ≡ lnVi(t).

Notice that ex is a monotonically increasing function,
maximizing e

P

i εi is equivalent to maximizing
P

i εi,
and so the objective function is linearized (while non-
linearity is moved to EVC functions).

We have introduced linearization methods for some non-
linear objective functions, but we have not fully addressed
the difficulty in solving Eq.1, in which the constraint vi =
Vi(ti) might be nonlinear. Nonlinear optimization prob-
lems are generally intractable; in the following discussion,
we present approximation techniques used for linearization
in several settings.

• Linear EVC function

If Vi(t) are linear functions of t for any i, then vi =
Vi(ti) are trivial linear constraints, and deliberation
scheduling problems can be formulated as linear pro-
grams which are solvable in polynomial time.

• Continuous concave EVC function

For many anytime algorithms, the rate of refinement of
the solution slows down with increasing computational
activity, i.e., Vi(t) is a continuous concave function.
It is well established that a continuous concave func-
tion can be approximated as a piecewise linear con-
cave function [8]. Using a sufficiently large number
of pieces, such approximation usually performs well.
Figure 2 shows an example of approximating function
V (t) = 0.5×(1−e−0.5t) with a piecewise linear concave
function that is composed of eight linear pieces.

Considering that deliberation scheduling often occurs
online, we adopt a simple but fast algorithm to con-
struct piecewise linear functions, which, at each time
step, myopically adds a linear piece that will reduce
approximation error most. Our empirical results show
that this myopic algorithm can, in general, approxi-
mate a function within several milliseconds, and thus
is well suited for online applications.
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Figure 3: A general nonlinear function (left), and
its discrete function (right).

Let Vi,j(t) = av
i,j×t+bvi,j be the linear function used to

represent the jth segment of the piecewise linear con-
cave curve, then function Vi(t) can be approximated
as Vi(t) = minj a

v
i,j × t + bvi,j . That is, the constraint

vi = Vi(ti) in Eq.1 becomes vi = minj a
v
i,j × ti + bvi,j ,

and the deliberation scheduling problem can be formu-
lated into the following linear program:

max
X

i

vi

˛

˛

˛

˛

˛

˛

Pk
i=0

ti ≤Pk
i=0

τi

vi ≤ av
i,j × ti + bvi,j

ti ≥ 0
(2)

A linear program can be solved fast (i.e., in polynomial
time), which explains why much previous work focused
on continuous concave EVC functions and there exist
fast algorithms for such problems [2].

• General nonlinear EVC function

In the previous discussion, we have approximated de-
liberation scheduling problems with decreasing return
rate EVC functions into linear programs. Now, we
consider more general nonlinear EVC functions, and
use discretization to remove nonlinearity in such func-
tions [8]. Figure 3 shows an example of discretization.

Let T v
i,j and Vi,j represent the jth time point and

its corresponding value on the discretized function of
Vi(t), and let binary variable δv

i,j represent whether
time point T v

i,j is selected. The problem can then be
formulated as:

max
X

i

vi

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

Pk
i=0

ti ≤Pk
i=0

τi

ti =
P

j T
v
i,j × δv

i,j

vi =
P

j Vi,j × δv
i,j

P

j δ
v
i,j = 1

ti ≥ 0
δv

i,j ∈ {0, 1}

(3)

P

j δ
v
i,j = 1 says that a certain amount of computa-

tional time is scheduled for decision procedure decisioni.
The constraints ti =

P

j T
v
i,j × δv

i,j and vi =
P

j Vi,j ×
δv

i,j model the EVC function Vi(t) through binary vari-
able δv

i,j .

Recall that for the phases with continuous concave
EVC functions, we can approximate them into piece-
wise linear functions. That is, we only need to dis-
cretize non-concave EVC functions, which reduces the
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number of binary variables used in mixed integer lin-
ear programs and thus improves the computational ef-
ficiency.

In the discussion so far, it is assumed that τi is known a
priori, but in many real-world domains, τi is associated with
a cost function Ci(τi) rather than being pre-specified. An
autonomous agent thus also needs to determine the intervals
of computational time it should use for improving solutions
of its decision procedures.

Using our mathematical programming formulation, it is
easy to make this extension. That is,

max
X

i

(vi − ci)

˛

˛

˛

˛

˛

˛

˛

˛

˛

Pk
i=0

ti ≤Pk
i=0

τi

vi = Vi(ti)
ci = Ci(τi)
τi ≥ 0
ti ≥ 0

(4)

Notice that the deliberation cost functions Ci(τ ) are anal-
ogous to the EVC functions Vi(t); we can use the approxi-
mation techniques described previously to linearize the con-
straint ci = Ci(τi) as well. That is, when Ci(τ ) is a con-
tinuous convex function (i.e., increasing cost rate), we can
approximate it as a piecewise linear convex function. When
Ci(τ ) is a general nonlinear function, we can discretize it
and build a mixed integer linear program.

We conclude this section by illustrating our algorithm on
a simple (randomly generated) example, and more empir-
ical results will be shown in Section 5. In this example,
there are four phases phasei∈{0,1,2,3}. The EVC functions
are continuous concave functions:

V0(t) = 3.1319 × (1− e−0.8233t)
V1(t) = 4.0886 × (1− e−0.3603t)
V2(t) = 0.2965 × (1− e−0.8393t)
V3(t) = 2.3293 × (1− e−0.3057t)

The deliberation cost functions are continuous convex func-
tions:

C0(τ ) = 0.2037 × (τ − 1)1.5115 when τ ≥ 1
C1(τ ) = 0.4808 × τ 1.1843 when τ ≥ 0
C2(τ ) = 0.4038 × (τ − 3)1.8348 when τ ≥ 3
C3(τ ) = 0.2129 × (τ − 1)1.9415 when τ ≥ 1

and Ci(τ ) = 0 otherwise

Approximating each Vi(t) and Ci(τ ) as a piecewise linear
function with 20 pieces, this deliberation scheduling problem
can then be formulated as a linear program. With the LP
solver cplex (www.ilog.com), the mission’s expected quality
is 5.40 and solving the LP takes 0.021 seconds.

The deliberation schedule is shown in Figure 4. In detail,
the agent spends 4.068 time units on its decision procedures

τ
0
= 4.068 D

0
D

1

τ
1
=0.6844 D

1

τ
2
= 3.194 D

2
D

3

τ
3
= 1.445 D

3

Figure 4: Deliberation schedule where Di represents
the decision procedure for phasei.
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Figure 5: Uncertain phase transitions.

of phase0 and phase1 before it starts to execute the mis-
sion. After phase0 is completed, it uses 0.6844 additional
time units to improve the solution to phase1. Since phase2
has a much lower expected quality than phase3, most of
the available computational time before executing phase2
is used for the decision procedure of phase3. The resulting
schedule achieves 20% higher expected quality than using a
myopic algorithm that only runs the decision procedure of
phasei right before that phase.

3. UNCERTAIN PHASE TRANSITIONS
We now consider more general deliberation scheduling

problems where phase transitions are uncertain. In this
paper, we focus on situations where phase transitions can
be represented as a tree. Figure 5 shows one such problem.
When the agent leaves a phase, it will reach one of the subse-
quent phases with some probability. The study of uncertain
phase transitions is similar to Horvitz’s previous work [6], in
which future instances are nondeterministic. Our algorithms
explore further by explicitly taking into account deliberation
costs and more general EVC functions.

Let pi,j represent the transition probability from phasei

to phasej, and then the probability of reaching phasej in
the mission, denoted as Pj , can be computed from pi,j × Pi

where P0 = 1.
Let Ai denote the set composed of phasei and its ancestor

phases, and let Di denote the set composed of phasei and its
descendant phases. Since computational time scheduled for
decision procedure decisioni can be from any phase in Ai,
ti =

P

k∈Ai
ψk,i where ψk,i is the period of computational

time that is located at phasek and will be used for phasei’s
decision procedure. The deliberation scheduling problem
with uncertain phase transitions then becomes

max
X

i

Pi × (vi − ci)

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

ti =
P

k∈Ai
ψk,i

τk ≥
P

i∈Dk
ψk,i

vi = Vi(ti)
ci = Ci(τi)
τi ≥ 0
ti ≥ 0
ψk,i ≥ 0

(5)

where the constraints ∀k : τk ≥
P

i∈Dk
ψk,i guarantee that
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Figure 6: Controllable phase transitions.

the amount of scheduled computational time cannot exceed
the amount of available computational time at any point
within the mission.

The constraints ti =
P

k∈Ai
ψk,i and τk ≥

P

i∈Dk
ψk,i do

not introduce nonlinearities. That is, using the techniques
described in Section 2, Eq.5 can be approximated into a
linear program whenever, for any phasei, Vi(t) is a con-
tinuous concave function and Ci(τ ) is a continuous convex
function. Eq.5 can be approximated into a mixed integer lin-
ear program whenever some phases have general nonlinear
functions Vi(t) or Ci(τ ). Then, it is trivial to derive delib-
eration schedules from ψk,i after solving the linear program
or mixed integer linear program.

4. CONTROLLABLE PHASE TRANSITIONS
In this section, we further extend our mathematical pro-

gramming formulation to model another important aspect
of deliberation scheduling problems. Recall that in the pre-
vious sections it is assumed that transition probabilities (ei-
ther deterministic or uncertain) among phases are specified
a priori. However, in many situations, phase transitions
might be controllable by agents themselves. For example,
an autonomous aircraft needs to determine which route it
wants to take when there exist multiple options for reaching
a destination. That is, action choices of the agent determine
(possibly stochastically) which phases will be reached next.
Figure 6 shows one such problem.

With this extension, deliberation scheduling problems be-
come more complex because an agent not only needs to con-
trol its reasoning, but also needs to find a policy that maps
each phase to its action. A straightforward strategy for solv-
ing such problems is to enumerate all possible policies and
then, for each policy, use the algorithms presented in the
previous sections. However, when the number of policies is
large, this simple strategy might become infeasible. In this
section, we propose an alternative approach based upon a
mathematical programming formulation.

Let pi,a,j represent the probability that the agent reaches
phasej if it executes action a in phasei, let αi represent the
probability that the agent is initially in phasei (i.e., α0 = 1,
αi≥1 = 0), and let xi,a represent the expected number of
times that action a is executed at phasei. We can then for-

mulate deliberation scheduling problems with controllable
phase transitions into:

max
X

i

xi × (vi − ci)

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

P

a xj,a = αj +
P

i

P

a pi,a,j × xi,a

xi =
P

a xi,a

ti =
P

k∈Ai
ψk,i

τk ≥
P

i∈Dk
ψk,i

vi = Vi(ti)
ci = Ci(τi)
τi ≥ 0
ti ≥ 0
ψk,i ≥ 0
xi,a ≥ 0

(6)

where xi =
P

a xi,a is the total expected number of times
phasei is visited. In this paper, it is assumed that the struc-
ture of phase transitions can be represented as a tree (and
thus a phase cannot be visited more than once during the
mission), and so xi also represents the probability of visiting
phasei.

The constraint
P

a xj,a = αj+
P

i

P

a pi,a,j×xi,a indicates
that the expected number of times phasej is visited must
equal the initial probability distribution at phasej plus the
expected number of times phasej is entered via all possible
transitions [4, 10].

The objective function
P

i xi × (vi − ci) in Eq.6, which
represents the total expected quality, is a quadratic function
(since xi, vi and ci are all variables). In general, quadratic
optimization problems are difficult to solve. In the rest of
this section, we will show how to reformulate Eq.6 into a
mixed integer linear program with the discretization approx-
imation technique.

EVC function-related parameters T v
i,j , Vi,j and δv

i,j were
defined in Section 2. We now define deliberation cost function-
related parameters T c

i,j , Ci,j and δc
i,j similarly, i.e., T c

i,j and

Ci,j represent the jth time point and its corresponding value
on the discretized function of Ci(τ ) respectively, and binary
variable δc

i,j represents whether time point T c
i,j is selected,

and so Eq.6 can be approximated as the following mixed
integer linear program.

max
X

i

X

j

(χv
i,j × Vi,j − χc

i,j × Ci,j)

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

P

a xj,a = αj +
P

i

P

a pi,a,j × xi,a

xi =
P

a xi,a

ti =
P

k∈Ai
ψk,i

τk ≥
P

i∈Dk
ψk,i

ti =
P

j T
v
i,j × δv

i,j
P

j δ
v
i,j = 1

P

j χ
v
i,j = xi

χv
i,j ≤ δv

i,j

τi =
P

j T
c
i,j × δc

i,j
P

j δ
c
i,j = 1

P

j χ
c
i,j = xi

χc
i,j ≤ δc

i,j

ψk,i ≥ 0
τi ≥ 0, ti ≥ 0
xi,a ≥ 0
χv

i,j ≥ 0, χc
i,j ≥ 0

δv
i,j ∈ {0, 1}, δc

i,j ∈ {0, 1}

(7)

The constraints
P

j δ
v
i,j = 1 (where δv

i,j are binary vari-
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ables) and χv
i,j ≤ δv

i,j (χv
i,j ≥ 0) indicate that, for each

phasei, there exists at most one nonzero variable χv
i,j , and

the constraint
P

j χ
v
i,j = xi says that this nonzero vari-

able must equal xi. All these constraints work together to
guarantee χv

i,j = xi × δv
i,j . In a similar way, we can have

χc
i,j = xi × δc

i,j .
Now, we can linearize the quadratic objective function in

Eq.6. That is,
P

i xi × (vi − ci)
� P

i

P

j(xi × Vi,j × δv
i,j − xi ×Ci,j × δc

i,j)
=

P

i

P

j(χ
v
i,j × Vi,j − χc

i,j × Ci,j)

which is the linear objective function (where Vi,j and Ci,j

are constants) used in Eq.7.
ψk,i in the solution of Eq.7 represents the deliberation

schedule, and the policy that maps each phase to its action
can be derived from xi,a: at phasei, action a is executed
with probability πi,a =

xi,a
P

a xi,a
.

5. EMPIRICAL RESULTS
It is important to remember that the run time of the delib-

eration scheduling algorithm itself consumes computational
time that could otherwise be used for deliberation. In other
words, if an agent spends too much time scheduling delib-
erations, then it might have too little time to actually de-
liberate. In this section, we give a preliminary empirical
evaluation of the efficiency and optimality of our algorithms.

In our simulation, we use continuous concave functions
Vi(t) = M×(1−e−K×t) to evaluate the LP-based algorithm,
and use general nonlinear functions Vi(t) = Q

1+e−J×(t−D)
to

evaluate the MILP-based algorithm. In both cases, con-
tinuous convex functions Ci(τ ) = C × τN are used as our
deliberation cost functions. The results shown in this paper
are based upon the following parameters: M ∼ [0.5, 5.0],
K ∼ [0.05, 0.5], Q ∼ [0.5, 5.0], J ∼ [1.0, 2.0], D ∼ [1.0, 3.0],
C ∼ [0.05, 0.5], and N ∼ [1.3, 1.6], where x ∼ [L, U ] rep-
resents that x is uniformly distributed in the range [L, U ].
These parameter distributions are chosen to avoid overly-
simple problems, such as the problem where the delibera-
tion costs are so high that it is obvious that none of delib-
erations should be done. We run our simulation with cplex
9.1 LP/MILP solver (www.ilog.com) on a Pentium IV ma-
chine. Each data point is the average value from 100 runs,
and curves are smoothed to improve readability.

Figure 7 shows the scalability of our algorithms in solving
deliberation scheduling problems with deterministic phase
transitions, where m in the figure denotes the number of
pieces for each function if using piecewise linear approxima-
tion, and denotes the number of points for each function if
using discretization. The y-axis of the figure specifies the to-
tal amount of runtime, including the time for making piece-
wise linear approximation or discretization, and the time
for constructing and solving an LP/MILP. We can see that,
although slower than the myopic algorithm that attempts
to maximize Vi(t) − Ci(t) at each individual phase with-
out worrying about future phases, our algorithms compute
near-optimal solutions reasonably fast, especially when m is
small, and their solutions significantly outperform that of
the myopic algorithm as shown in Figure 8.

Not surprisingly, using a small m will reduce the approx-
imation accuracy, and thus impair optimality. In Figure 8,
we evaluate the optimality of our algorithms with various
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Figure 7: Scalability of the LP-based algorithm
(top) and the MILP-based algorithm (bottom) for
deterministic phase transitions.
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Figure 8: Optimality of the LP-based algorithm
(top) and the MILP-based algorithm (bottom) for
deterministic phase transitions.

m, the myopic algorithm, and a simple deliberation-before-
mission (DBM) algorithm where all deliberations are done
before starting the mission (i.e., τ0 ≥ 0 and τi∈{1,2,...} ≡ 0).
Since, to the best of our knowledge, there are no existing
algorithms that are able to compute optimal deliberation
schedules in our experimental settings, we use the solution
of our algorithms with a large m (i.e., m = 100, which usu-
ally makes the approximation error less than 1%) as the
baseline. These empirical results show that, with m = 20,
our algorithms are close to optimal. It is also shown that our
algorithms, even with a small m (such as m=5), outperform
the myopic algorithm and the DBM algorithm.

When testing our algorithms in problems with uncertain
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Figure 9: Scalability of the LP-based algorithm
(top) and the MILP-based algorithm (bottom) for
uncertain phase transitions.

phase transitions, we assume that the phase transitions can
be represented as a complete binary tree. When the agent
leaves a phase with 2 children, it will reach its left child
and its right child with probability ρ and 1−ρ, respectively,
where ρ is uniformly distributed in the range [0, 1.0]. Fig-
ure 9 shows the scalability of our algorithms, which is similar
to Figure 7.1

It might be interesting to see that the myopic algorithm
also performs pretty well in Figure 10. This is because, for
uncertain phase transitions, the time spent on a future phase
is less valuable since it is possible that the agent will never
reach that future phase. In other words, in such cases, the
agent is more intent to act myopically. However, it is im-
portant to emphasize that the myopic algorithm does not
provide any quality guarantee. In Figure 11, we can see
that the myopic algorithm might return unsatisfactory re-
sults sometimes (e.g., less than 60% of the optimal quality).
In contrast, the performance of our algorithms is much more
stable.

Finally, we evaluate our algorithm in solving problems
with controllable phase transitions. It is again assumed that
the phase transitions can be represented as a complete bi-
nary tree. At each phase with two children, there are two
possible actions a1 and a2. a1 moves the agent to the left
child with probability 0.9 and to the right child with prob-
ability 0.1, and a2 achieves the opposite effect. Note that
problems with controllable phase transitions are in general
much more complex than those with deterministic or uncer-
tain phase transitions. When the number of phases is large,
the MILP-based algorithm might need a pretty long time to
compute an optimal deliberation schedule. However, state-
of-the-art MILP solvers (such as cplex) are usually able to

1It should be noted that, for uncertain phase transitions, if
neither EVC functions nor deliberation cost functions can
be approximated into piecewise linear constraints, it might
take a pretty long time to compute an optimal schedule.
However, state-of-the-art MILP solvers are usually able to
find a good result within limited time.
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Figure 10: Optimality of the LP-based algorithm
(top) and the MILP-based algorithm (bottom) for
uncertain phase transitions.
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Figure 11: Histograms of ratios of the computed
quality to the optimal quality for the LP-based al-
gorithm with m = 5 (top) and the myopic algorithm
(bottom) in problems with uncertain phase transi-
tions.

return a good solution using much less time. Thus, for on-
line applications, we can adopt a two-step algorithm. That
is, we first derive a policy by solving Eq.7 with limited time.
With the policy, the problem is reduced to an easier one with
deterministic/uncertain phase transitions, and then we can
solve the reduced problem again and return a deliberation
schedule. As shown in Figure 12, this two-step algorithm
is usually able to compute a good schedule within a short
time, which makes it applicable in computational-time lim-
ited domains.
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Figure 12: Anytime performance of the two-step al-
gorithm for controllable phase transitions (30 phases
and m = 10).

6. CONCLUSION AND FUTURE WORK
In this paper, we have presented mathematical program-

ming formulations for deliberation scheduling problems in
computational time-limited domains, and have illustrated
them through several increasingly complex classes of delib-
eration scheduling problems. In comparison with previous
work, our algorithms are able to solve deliberation schedul-
ing problems in more general settings, and are applicable in
complex domains with uncertainty.

The key contribution of this work has been to integrate a
variety of established ideas in mathematical programming
into a novel approach for solving deliberation scheduling
problems. Because most interesting deliberation scheduling
problems involve nonlinear constraints, a fundamental tech-
nical hurdle that had to be overcome in this work has been
to identify transformations that approximate these nonlin-
ear constraints with linear constraints. The deliberation
scheduling problems are then solved with existing highly-
optimized LP/MILP techniques, rather than building algo-
rithms from scratch that work on the original formulation.
By linking deliberation scheduling with LP/MILP, this work
lays the foundation for further efforts of exploiting sophisti-
cated techniques in state-of-art LP/MILP solvers [3, 9] for
deliberation scheduling problems.

The deliberation scheduling framework studied in this work
can be extended to suit more general problems. First, in
real-time domains with a large number of phases, a com-
plete mathematical formulation might be too complex to
be solvable under time constraints. Considering the fact
that probabilities of reaching phases in the far future are of-
ten low due to uncertainties, we can restrict the number of
phases to be put into the mathematical formulation. As time
passes, deliberation scheduling can be repeated if necessary.
Second, recall that this work makes a simplifying assump-
tion that the quality of a phase is only determined by the
computational time scheduled for it. This is not always true
in real-world problems. For example, phasei might also gain
utility when allocating time on another (relevant) phasej

because phasei and phasej might have some similar sub-

problems. Thanks to the mathematical formulation, it is
often easy to model such relations (e.g., vi = Vi(ti + tj)).
Finally, with techniques of limiting look-ahead and model-
ing inter-influence between phases, we might be able to solve
deliberation scheduling problems with loops in phase transi-
tions by unrolling the graph to make it acyclic (such that a
phase can be repeated in the graph). In the future, we will
dig deeper in these directions.

This work, like much previous research, assumes that the
agent has required knowledge (such as performance profiles)
a priori. We will look into the problem where an agent
needs to acquire such information in practice, and study
how the accuracy of the information affects the system per-
formance. Additionally, in recent years, multi-agent deliber-
ation scheduling problems have been of increasing interest,
in which an agent can compute ways to improve solutions
to its own problems, or joint problems with other agents.
Extending our algorithm to multi-agent domains is thus an-
other promising future direction.
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