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1. INTRODUCTION

Markov decision process (MDP) provides a framework for
computing optimal policies for individual agents operating
in uncertain environments. However, extending single-agent
MDP techniques to multiagent problems is not straightfor-
ward. Previous complexity analyses have shown that the
general decentralized Markov decision process (Dec-MDP) is
NEXP-complete, which means that optimally solving a Dec-
MDP is extremely difficult. The class of problems studied
in this paper is a subclass of Dec-MDP in which two or more
cooperative agents are tied together through the rewards of
completing joint tasks but the actions taken by one agent do
not impact other agents’ transitions. Although this reduces
the complexity class to NP-complete [4], efficiently solving
such transition independent Dec-MDPs is still nontrivial.

Optimal algorithms, such as the coverage-set algorithm [2],
slow down dramatically as the size of the problem increases.
Approximation algorithms, such as the JESP algorithm [5],
can quickly find a locally optimal joint policy, but the so-
lutions usually lack quality guarantees. Other collaborative
multiagent research often makes the simplifying assumption
that each agent has the same (complete) world view. Thus,
there remains a critical need for new algorithms that can ef-
ficiently build optimal or near-optimal policies for transition
independent Dec-MDPs. In this paper, we present a novel
mathematical programming algorithm for this purpose.
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2. MDPSAND LINEAR PROGRAMMING

A classical MDP can be defined as a four-tuple (S, A, P, R),
where S is a finite state space, A is a finite action space,
P = {pi,a,;} is the state transition probability where p; q,;
is the probability that the agent reaches state j if it executes
action a in state i, and R = {r; .} is the reward function
where 7;,, is the reward that the agent receives if it executes
action a in state 1.

One approach to solving MDPs is based upon linear pro-
gramming (LP) [1]. Let z;,, represent the expected number
of times action a is executed in state i. Then the objec-
tive function ). 3" @i 4 X i q represents the total expected
reward. Now, consider the linear program shown in Eq.1.
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where «; is the probability that the system is initially in
state j. The constraint Y ®ja = o + Y, >, Piaj X Tia
indicates that the expected number of times state j is vis-
ited must equal the initial probability distribution at state
j plus the expected number of times state j is entered via
all possible transitions.

If we solve Eq.1, it is trivial to derive the optimal policy.
Specifically, assigning a probability of executing action a in

state ¢ as w4 = Zx"f will maximize the total expected

L Ti,a

reward.

3. ALGORITHM

In the class of problems studied in this paper, multiple
cooperative agents aim to maximize their total expected re-
ward in a stochastic environment where actions taken by one
agent cannot impact other agents’ transitions. Each agent
can fully observe its own local state but can only have a
partial view of the global environment. An agent receives
rewards by completing its individual tasks. Agents can also
work together to complete joint tasks. The accomplishment
of a joint task needs participation from multiple agents.
That is, if every (relevant) agent completes its subtask of
the joint task, then the group receives a joint reward; oth-
erwise they get zero reward for that joint task. Since agents
might not be able to complete all available tasks due to lim-
itations (such as time), they need to determine the subset
of tasks they should pursue, and align their policies.

Let pi, j, Tiw, and «f', respectively, represent the tran-
sition probabilities, rewards (or costs) for individual activi-
ties, and initial probability distribution for agent m, let pzla’k
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represent the probability that agent m completes its subtask
of joint task k£ when executing action a in state i, and let
RF represent the reward for accomplishing joint task k (i.e.,
R* > 0). Our problem can then be formulated as

k k
maxg g g xﬂxrﬁla—&—g PP xR
m 1 a k

daTia=0f + 2;; 20 Pilay X T, 2)
p:”“ =3 2Pl Xl
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where z77, is the expected number of times that action a is
executed in state i for agent m. p™* = D pﬁ;k X iy 1s
the expected number of times agent m completes its subtask
of joint task k. Note that it is generally not difficult to
restrict an autonomous agent from completing a particular
task more than once, either through an additional bit in
the state representation or through a fixed acyclic ordering
for completing the tasks, and so p™* can also represent the
probability of agent m completing its subtask of joint task k.
Pk = IL,. p™* is the probability that the group successfully
completes joint task k.

The term >, > . >, i, X i, in the objective func-
tion of Eq.2 is the total expected reward (or cost) of in-
dividual activities, and the term ), p® x R¥ is the total
expected reward from accomplishing joint tasks. The con-
straint >z, = o' + >, >, Pia; X Tiy is a multiagent
version of the constraint in Eq.1.

It is important to emphasize that, unlike an LP formu-
lation (e.g., Eq.1), Eq.2 uses nonlinear constraints to rep-
resent cooperative activities of agents (instead of using the
joint state space) and thus avoids exponential increase in the
size of the mathematical formulation. In the following two
subsections, we present discretization and piecewise linear
approximation techniques, and then reformulate Eq.2 into a
mixed integer linear program (MILP) that can be efficiently
solved by state-of-art algorithms [3].

3.1 Discretization

We now introduce a discretization technique that, although
it cannot eliminate the nonlinearities in Eq.2 by itself, paves
the way for using piecewise linear approximation technique
presented in Section 3.2.

Let H denote an ordered set of constants (named thresholds)

in which 0 < hi < hy < ...<h; <... < 1, and define bi-
nary variables ©F. Then, with additional constraints Eq.3,

2 > ef
PNCHE! (3)
of € {0,1}

the objective function of Eq.2 can be approximated as

ZZZxTaxrfaJrZZhX@ﬁka (4)

k heH

The constraint % > OF is equivalent to ©F = 0 when
p* < h, and ©F € {0,1} when p* > h. The constraint
> ©F < 1 guarantees that, for each joint task k, there is
at most one nonzero integer in the set {©F | h € H}. These
two constraints work together to make >, yh X oF < ok
Since rewards of joint tasks are always positive, >, .y h X
O©F equals the largest h in the set {h | h € Hand h <

nonlinear constraint piecewise linear constraint
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Figure 1: An example of piecewise linear approxi-
mation (h = 0.3, two agents).

p*} when Eq.4 is maximized. That is, >,y h x O can
nicely approximate p* when the maximum gap between two
adjacent thresholds in H is sufficiently small.

3.2 PiecewiseLinear Approximation

With the discretization technique, we are ready to remove
the nonlinearities. Note that, in our new formulation (i.e.,
adding Eq.3 into Eq.2, and replacing Eq.2’s objective func-
tion with Eq.4), p* are trivial variables, which can be taken

k
away by combining constraints p* =[], p"™" and e > ok

i o Oy p™P k
into a new constraint ~#——o > OF.

m,k

In general, the nonlinear constraint H"+ > OF can
be closely approximated with a sufficient number of linear
constraints. Figure 1 shows a simple example where a non-

1 2
linear constraint 25— > O, (h = 0.3) is approximated by
five linear constraints.

Explicitly, for M agents, we can build a piecewise linear

matrix for threshold h as:

r—+ ... -1 ... _1 1
ot x M o' X M oM x M
Ay — A S S,
h = ol xM o' XM oMxM
L oL xM o X M oMM |

,0M) represents a point on the function
m,k
I, 0o" =h! % > OF can then be approximated as

Ap x PF > 0F, where 7% = (pbF, ... pMF).

3.3 MILP-HCSAIgorithm

Using the approximation techniques presented above, a
transition-independent Dec-MDP problem can then be for-
mulated as the following mixed integer linear program.

maxZZZm?fa X rzla+22h x OF x RF
m i a k heH
doaTia =0 + 33 Play X Ty
Pt =30, it Xl (5)
Ah X ?k > @ﬁ
PONCHES
xie >0
ey € {0,1}

In this work, we use a greedy algorithm to find n points o;
for Ah.

where 07 = (ot,...
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We can then use state-of-art MILP solvers for it, and de-
rive a joint policy in a similar way to that described in Sec-
tion 2. That is, agen}nm executes action a at state ¢ with
>a JEZT;L )

Not surprisingly, with the approximation techniques, our
MILP-based algorithm cannot guarantee optimal solutions.
However, we can prove that, in the worst case, the algorithm
suffers a loss of 3, (e + g) x R* from the optimal total ex-
pected reward, where g denotes the maximum error caused
by the discretization, which can be reduced by increasing
the size of H, and e denotes the maximum error caused by
the piecewise linear approximation, which can be reduced
by using more points p; in Aj.

To further improve performance, we integrate the MILP
algorithm with hill-climbing search, and iterate MILP and
hill-climbing search with gradually increasing approximation
accuracy. The details are presented in Algorithm 1.

probability 7", =

Algorithm 1 MILP algorithm integrated with hill-climbing
search (MILP-HCS)
1: Initialize approximation accuracy parameters e, g, and
randomly choose a joint policy randomSol

2: initSol «— HillClimbSearch(problem, randomSol)

3: repeat

4:  milp «— CreateMILP(problem, e, g)

5. nearOptimalSol — SolveMILP (milp, initSol)

6:  sol « HillClimbSearch(problem, nearOptimalSol)
7 initSol «— sol

8: e, g < ImproveAccuracy(e, g)

9: until computational time uses up or user interrupts
10: return sol

4. EMPIRICAL RESULTS

In this section, we give a preliminary empirical evalua-
tion of our algorithm through comparing its performance
with two other well-known approaches: the coverage-set al-
gorithm [2] and the random restart JESP algorithm [5].

We evaluate these algorithms on problem instances with
two cooperative agents where each autonomous agent has
a ordered set of 40 tasks, half of which (randomly chosen)
are its individual tasks and the others are its subtasks for
joint tasks. The rewards for the individual tasks are evenly
distributed in the range [0, 1] and the rewards for the joint
tasks are evenly distributed in the range [0,3]. The coop-
erative agents try to maximize their total expected reward
within 20 time steps. The state for each agent is composed
of its current task and the remaining time before the dead-
line. At each state, each agent can choose to execute the
current task or to skip it. If the agent chooses to skip, then
it moves to the next task immediately. The uncertainty in
the problem is in the time required to execute the tasks. In
this paper, we assume that, if an agent decides to execute a
task, it has 25% probability of accomplishing it within one,
two, three, and four time steps respectively.

We ran experiments on a Pentium IV machine, and used
cplex 9.1 (www.ilog.com) as our MILP solver. The empirical
results shown in Figure 2 were collected from 100 randomly
generated test problems. Figure 2 illustrates anytime per-
formance of these three algorithms, in which we can see that
MILP-HCS is able to find good solutions much faster than
the other two algorithms.
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Figure 2: Anytime performance of three algorithms.

5. CONCLUSION

We have described a novel MILP-HCS algorithm for solv-
ing transition-independent Dec-MDPs, and shown through
experiments that this algorithm is able to find a satisfactory
solution much faster than previous approaches. This work
links transition-independent Dec-MDPs with mixed integer
linear programming, and lays the foundation for further ef-
forts of exploiting established MILP techniques.
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