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ABSTRACT

This paper compares the sequential and simultaneous auctions for
the following scenario. There are multiple similar objects for sale,
each object is sold in a separate auction, and each bidder needs
only one object. We use English auction rules and first determine
equilibrium bidding strategies for the simultaneous and sequential
cases. We do this for both common and private value objects by
treating a bidder’s information about these values as uncertain. We
then consider the case where the private and common values have
a uniform distribution and compare the two mechanisms in terms
of three key properties: a bidder’s ex-ante expected profit, the auc-
tioneer’s expected cumulative revenue, and the total expected sur-
plus. For both common and private value objects, our study shows
the following result. The expected cumulative revenue and the ex-
pected total surplus is higher for the sequential mechanism. How-
ever, a bidder’s exante expected profit depends on the number of
objects being auctioned and the number of participating bidders,
and it is sometimes higher for the sequential mechanism and some-
times for the simultaneous one.

Categories and Subject Descriptors

1.2.11 [Distributed Avrtificial Intelligence]: Multiagent Systems;
K.4.4 [Computers and Society]: Electronic Commerce

General Terms
Algorithms, Design, Economics

Keywords

Game-theory, Auctions, Multi-object auctions.

1. INTRODUCTION

Multiple objects can be auctioned using a number of mechanisms.
Now the bidding behaviour is different for different mechanisms.
So the outcome of such auctions (i.e., who wins and at what price)
is also different for different mechanisms. Hence, the auctioneer
and the bidding agents want to know which mechanism will be
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the most beneficial to them. To this end, we study and compare
two different mechanisms: sequential and simultaneous. To date,
considerable research effort has been devoted to the study of these
mechanisms. But the main limitation of existing work is that it has
studied sequential and simultaneous auctions in isolation and so
far there has been very little work on the comparison of these two
mechanisms in terms of their outcomes. Our objective is therefore
to provide a comparative analysis of sequential (SEQ) and simulta-
neous (SIM) auctions in an incomplete information setting. We do
this for both common value (CV) and private value (PV) objects.
For both CV and PV objects, our study shows the following result.
The expected cumulative surplus and the auctioneer’s cumulative
revenue is higher for the SEQ mechanism. However, the mecha-
nism that generates a higher ex-ante expected profit for the bidders
depends on the number of objects being auctioned and the number
of participating bidders, and it is sometimes higher for SEQ mech-
anism and sometimes for the SIM one.

Section 2 determines equilibrium for the SEQ and SIM mecha-
nisms. Section 3 compares the outcomes for the two mechanisms.
Section 4 concludes.

2. EQUILIBRIUM BIDDING STRATEGIES

Equilibrium bidding strategies for a single object with both com-
mon and private values have been obtained in [4]. We therefore
briefly summarize its key results and then determine the equilib-
rium for our m objects case.

2.1 Single object

We first describe the CV case. For a single object with CV V7, the
equilibrium obtained in [4] is as follows. Let f™ denote the first
order statistic of the surplus for the n bidders and s™ the second
order statistic. Then the bidder with the highest surplus wins and
the winner’s expected profit is EP,(n) = E(f") — E(s™). The
expected surplusis ES(n) = E(V1). Finally, the expected revenue
is ER(n) = ES(n) — EPy(n).

On the other hand, for PV objects [6], the winner’s expected
profit is EP.,(n) = E(f") — E(3"). The expected surplus is
ES(n) = E(f") and the expected revenue is ER(n) = E(5")
where f" and 5" denote the first and second order statistic for the
private value of the object.

2.2 Multiple sequential auctions

The m similar objects are sold in m separate English auctions con-
ducted sequentially one after another. Each bidder needs only one
object and draws its CV/PV for an auction just before that auction
begins. Since a bidder needs only one object, it participates in the
series of auctions until it wins an object. After that, it does not take
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part in any of the remaining auctions®. In our model, there is a sin-
gle probability distribution function for the CVs and PVs of all the
objects and each bidder receives its signals for an object before the
auction for that object begins (like in [5, 1]).

The English auction rules are as follows. The auctioneer con-
tinuously raises the price, and bidders publicly reveal when they
withdraw from the auction. Bidders who drop out from an auction
cannot re-enter that auction. A bidder’s strategy for the jth (for
1 < j < m — 1) auction depends on its expected profit from the
(m — 7) future auctions. Since the mth auction is the last one, a
bidder’s strategy for this auction is the same as the single object
case. But the bidding behaviour for the first (m — 1) auctions is
different from the single object case.

We first obtain the equilibrium bids for CV objects and then ex-
tend it to PVs. For the former case, a bidder’s strategy for an in-
dividual auction depends on its probability of winning any one of
the remaining auctions that are yet to be conducted. If the number
of bidders for the first auction is n, then let 3(y, 7, m, n) denote a
bidder’s ex-ante probability of winning the yth (for j < y < m)
auction in the series from the jth to the mth auction before the jth
one begins. This probability is:

Bly,jym,n) = [MZj(1—1/(n—y+k+1))] x
(1/(n—y+1))

For CV objects, let EP,(j, m,n) denote the winner’s expected
profit for the jth auction in a series of m auctions with n bidders
for the first one. Also, let a(j, m,n) denote a bidder’s ex-ante
expected profit for winning any one auction in the series from the
jth (for 1 < j < m) to the mth auction where

E;n:jﬁ(y7j, m, n)EPw (97 m, n)

For CV objects, the n-tuple of strategies (B(-),..., B(-)) with
B(-) defined below constitutes a symmetric equilibrium for the jth
(for 1 < j < m) auction at a stage where k bidders have dropped
out (see [3] for details):

a(j,m,n) =

Bi(zi) = BE(vilSi = zij) —
a(j +1,m,n)
; n—j+1—k
B](zi5;b1, ..., bk) = WE(WHSU = Tij)
1 k—1
e > E(vi| By(@isibi, ... by) =byt1)
y=0
—Oé(] + ]_,m,’l’b)

where x;; is bidder ¢’s surplus for the jth object.

Let FR(j, m,n) denote the expected revenue from the jth auc-
tion in a series of m CV auctions with n bidders for the first one.
Also, let ES(j, m,n) denote the expected surplus for the jth auc-
tion. Then for the jth (for 1 < 5 < m) auction, the winner’s ex-
pected profit (E P (3, m, n)), the expected surplus (ES(j, m, n)),
and the expected revenue (F'R(j, m,n)) are:

EPy(j,m,n) = BE(f"7*) - EB(s" 7T +
a(j+1,m,n)
EP,(m,m,n) E(f" ™ — E(s"
ES(j,m,n) = E(Vj)
ER(j,m,n) = ES(j,m,n)— EPy(j,m,n)

1'Ifhis model is an extension of [1]: [1] analyses a sequence of two
private value auctions while we analyse n > 2 auctions for com-
mon and private values.

We now find the cumulative revenue, the cumulative surplus, and a
bidder’s ex-ante expected profit from all m auctions. For n. > m,
let Xseq(m,n) denote the cumulative revenue and Yieq(m,n) a
bidder’s exante profit from all m auctions where Xseq(m,n) =
YT ER(j,m,n) and Yseq(m,n) = a(1,m,n). In general (i.e.,
n > m or n < m), the cumulative revenue (ECRseq(m, n)) is as
follows:

0 ifn=00rn=1
Xseq(m,n) ifn>m
Xseqg(n —1,n) ifn<m

ECRseq(m,n) =

This is because if n < m, then the number of bidders for the first
n — 1 auctions is at least 2. For the nth auction there is only one
bidder and so it wins the object for nothing resulting in a revenue
of zero. For all the remaining m — n auctions, there are no bidders
and so the revenue is zero again.

Let EEP..q(m,n) denote a bidder’s ex-ante expected profit for
all the m auctions where

Yieq(m, n ifn>m
EEPseq(m7n) = gezgn i7n)
Bin L) E(V) ifn<m

This is because if (n < m) for the first n — 1 auctions there are at
least two bidders. But for the nth auction, since there is only one
bidder, it gets the object for nothing. For this auction, the winner’s
expected profit is the expectation of the CV. Since the CVs of all
the objects are drawn from a single distribution function (F'), we
drop the subscript in E(V').

Finally, the expected cumulative surplus is:

mEWV) ifn>m

ECSseq(m7 n) = TLE(V) ifn <m

\We now turn to PV objects. For these objects, we denote the first

and second order statistic of the PV for the jth auction as fn_”l
and 3777+ respectively. For these objects, a bidder’s bid for an
auction is obtained by subtracting its ex-ante expected profit for the
future auctions from its bid for the current one. Hence, for the jth
auction, the winner’s expected profit (denoted £ Py, (j, m,n)) is:

ﬁw(j,m,n) = E(?n7j+1)_
EPy(m,m,n) = E(f" ") -

EGE") +a(j + 1,m,n)
E(§n7m+1)

where @(j, m, n) is a bidder’s ex-ante expected profit for winning
any one auction in the series from the jth (for 1 < j < m) to the
mth auction and is:

E;n:]'/g(y7 ja m, n)ﬁw (y, m, ’I"L)

The expected revenue and the expected surplus are:

a(j,m,n) =

Vi 'ER(j,m,n) = EE"*Y)—a(i+1,m,n)
ER(m,m,n) = EG"™")
ViLiES(j,m,n) = ER(j,m,n)+ EPuy(j,m,n)

For n > m, let Xseq(m,n) denote the expected cumulative
revenue for all the m objects and Y ¢, (m, n) a bidder’s ex-ante
expected profit from all the m auctions where X scq (m, n) is equal
to XL, ER(j,m,n) and Y seq(m,n) = @(1,m,n). In general,
(i.e., for n > m orn < m), the cumulative revenue is:

0_ ifn=0,orn=1
ifn>m

ECRSE‘Z (m7 n) = Xseq(m, T'L)
Xseq(n—l,n) |le§m
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and a bidder’s ex-ante expected profit (EEPseq(m, n)) is:
E(f) ifn=1
EEPacy(m,n) — %SEQE? ni’ ifn>m
Bn,L,n,n)E(f) ifn<m
Finally, the expected cumulative surplus is:

mo ity

- : N
ECSseq(m,n) = 31:1 E(fn—j+1) !fn >m
Zj=1 E(f ) ifn<m

2.3 Multiple simultaneous auctions

As before, we have m > 1 similar objects, n risk-neutral bid-
ders, and each bidder needs only one object. Given this, the SIM
auctions game is played as follows. The m objects are sold in m
different auctions conducted simultaneously and independently of
each other. Each bidder randomly selects one of the m auctions
and bids in it. It is obvious that after a bidder selects an auction, its
equilibrium bids are the same as that for a single object.

This game has been analysed in [2] for private value objects for
the limiting case where both m and n tend to infinity. The analysis
is done by assuming complete information. Here, we extend this
analysis to a more realistic case where both m and n are finite, the
objects are either CV or PV, and there is uncertainty about these
values. For this SIM auctions game, the equilibrium outcome de-
pends on how the n bidders arrive at the m auctions. We let 77
denote the number of different ways in which n bidders can be dis-
tributed between m auctions where

1 ifn=0orm=1
" =4 $7_C(n, k) ifm =2
Y _oCn, )T ~%  ifm > 2

For m SIM auctions, the probability that & bidders arrive at an auc-
tion (P(m, k)) is:

P(m,k) = (C(n,k)T7N)/T,

Consider any one auction. The number of bidders for this auction
can vary between 0 and n. If no bidders arrive at the auction, the
object remains unsold. If only one bidder arrives, it gets the object
for nothing. If £ > 2 bidders arrive, then the expected revenue is
greater than zero.

Consider CV objects. For these objects, the expected cumulative
revenue from all the m auctions (EC Rsim (m,n)) is:

ECRsim(m,n) = Xi_oP(m,k)[ER(k)+
ECRgsim(m —1,n — k)]

Also, for an individual auction, the winner’s expected profit is:
EPy(m,n) = P(m,)[E(V)+
ShoaP(m,R)E(fY) - B(s")]
and hence a bidder’s ex-ante expected profit (£ E Ps;m (m,n)) is:
EEPsim(m,n) = P(m,1)[E(V)]+
SioP(m, k)(L/R)E(f*) - B(s")]
Finally, the total expected surplus (denoted EC'Syirm, (m,n)) is:

ECSsim(m,n) = Sg1P(m,k)[ES(k)+

Now consider PV objects. For these objects, the expected cumula-
tive revenue is:
ECRsim(m,n) = Si_oP(m,k)[ER(k)+
ECRsim(m —1,n— k)]

Also, for an auction, the winner’s expected profit is:

EPu(m,n) = Pm,D)EF)+

n —k —
Siea P(m, K)E(f) — E(")]
and hence a bidder’s ex-ante expected profit is:
EEPin(mn) = P(m,DEF)+
Sk=oP(m, k)(1/k)[E(f
Finally, the total expected surplus is:

k

) — E(s")]

ECSsim(m,n) = g P(m,k)[ES(k)+
msim(m - 17” - k)]

3. A COMPARISON OF THE TWO AUC-
TION MECHANISMS

We now compare the two mechanisms in terms of three key proper-
ties: the expected cumulative revenue, the expected cumulative sur-
plus, and a bidder’s ex-ante expected profit. To do this, we consider
the uniform distribution function for both PVs and CVs. For this
distribution, our study shows that from an auctioneer’s perspective,
the SEQ mechanism is better because it generates a higher revenue.
From a global perspective too, the SEQ mechanism is better (be-
cause it generates a higher expected cumuative surplus). However,
from a bidder’s perspective, the ex-ante expected profit depends on
the number of participating bidders and the number of objects be-
ing auctioned, and it is sometimes higher for the SEQ mechanism
and sometimes for the SIM one.

4. CONCLUSIONS

This paper analyses two key auction mechanisms for multiple ob-
jects: sequential and the simultaneous. This analysis is done for
both common and private value objects by treating a bidder’s in-
formation about these values as uncertain. We used the English
auction rules and determined equilibrium for the two mechanisms.
We then considered the case where the private and common values
have a uniform distribution and compared the mechanisms in terms
of their expected cumulative revenues, their expected cumulative
surplus, and a bidder’s ex-ante expected payoff. For both common
and private values, our study shows that, the sequential mechanism
is better both from the auctioneer’s and also from a global perspec-
tive. However, from a bidder’s perspective, the choice of a mecha-
nism depends on the number of objects and the number of bidders.
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