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Abstract. We study propagation of a global constraint that ensures
that each row of a matrix of decision variables satisfies a Regular con-
straint, and each column satisfies a Gcc constraint. On the negative side,
we prove that propagation is NP-hard even under some strong restric-
tions (e.g. just 2 values, just 4 states in the automaton, just 5 columns to
the matrix, or restricting to limited classes of automata). We also prove
that propagation is W[2]-hard when the problem is parameterized by the
number of rows in the matrix. On the positive side, we identify several
cases where propagation is fixed parameter tractable.

1 Introduction

Constraints are often applied to the rows and columns of a matrix of decision
variables [6–8, 17]. For example, the RegularGcc constraint posts a Regu-

lar constraint on each row of such a matrix, and a Gcc constraint on each
column [1]. The Regular constraints ensure that each row is a sequence of val-
ues accepted by a deterministic finite automaton (DFA). The Gcc constraints
enforce upper and lower bound on the occurrences of given values down each
column. This modelling pattern occurs in nurse scheduling problems. The row
constraints ensure shift rules (e.g. two days off after a night shift) whilst the
column constraints ensure that sufficient staff are on duty in each shift. This
modelling pattern also occurs in call center rostering and related problems.

In this paper, we investigate the computational complexity of propagating the
RegularGcc constraint. We provide a detailed picture of the conditions under
which propagation is (in)tractable [2–4]. The RegularGcc constraint imposes
a special structure on the problem. Such structure in constraints can have a
positive impact on the complexity of propagation (e.g. by using the structure
of the automaton, the Regular constraint can be propagated in linear time
[14, 16]). In our investigation of the complexity of propagating RegularGcc,
we will make use of structural properties of the constraint. In particular, we will
identify tractable cases by bounding certain structural properties.

2 Background

Constraint Satisfaction Problem A constraint satisfaction problem consists of a
set of variablesX = (x1, . . . , xn), each with a domain of valuesD = (D1, . . . , Dn),
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and a set of constraints specifying allowed combinations of values for given sub-
sets of variables. A solution is an assignment of values to the variables satisfying
the constraints. A common method to find a solution of a constraint satisfaction
problem is backtracking search. Constraint solvers typically prune the backtrack-
ing search space by enforcing a local consistency property like domain consis-
tency. A constraint is domain consistent (DC ) iff when a variable is assigned
any of the values in its domain, there exist compatible values in the domains of
all the other variables of the constraint. Such combination of values is called a
support. A constraint is bound consistent (BC ) iff when a variable is assigned
the minimum or maximum value in its domain, there exist compatible values
between the minimum and maximum domain value for all the other variables.
Such combination of values is called a bound support.

Global Constraints. An automaton A = 〈Σ,Q, q0, F, δ〉 consists of an alphabet
Σ, a set of statesQ, an initial state q0, a set of accepting states F , and a transition
relation δ defining the possible next states from a state given a symbol.A is deter-
ministic (DFA) if there is only one possible next state, non-deterministic (NFA)
otherwise. A string s is recognized by A iff starting from the state q0 we can reach
an accepting state using the transition relation δ. Both DFAs and NFAs recog-
nize precisely regular languages. The constraint Regular(A, (X1, . . . , Xn)) is
satisfied iff X1 to Xn is a string accepted by A [14].

The Stretch((x1, . . . , xn),A, [ls1 , . . . , l|Σ|], [us1 , . . . , u|Σ|]) constraint, where
si ∈ Σ, is a special case of the Regular constraint [9]. The automaton A
defines possible combinations of two consecutive symbols. Parameters lsi and
usi restrict the length of a stretch of symbol si in a sequence from below and
from above, respectively. The Gcc((x1, . . . , xn), [l1, . . . , lm], [u1, . . . , um]) con-
straint ensures that the value i, i = 1, . . . ,m occurs between li and ui times
in x1 to xn. The Sequence constraint is a conjunction of overlapping Among

constraints. The Among(l, u, (x1, . . . , xk), v) constraint holds iff l ≤ |{i|xi ∈
v}| ≤ u. Sequence(l, u, k, (x1, x2, . . . , xn), v) holds iff for 1 ≤ i ≤ n − k + 1,
Among(l, u, (Xi, Xi+1, . . . , Xi+k−1), v) holds.

We define the XY constraint over a matrix of variables M with R rows and
C columns where X and Y are two global constraints. XY(M) holds iff X holds
on each row of M and Y holds on each column of M .

Parameterized Complexity. A problem is fixed parameter tractable (FPT) to
compute in a parameter k if it can be solved in O(f(k)nc) time where f is
any computable function, c is a constant, and n is the size of the input. Above
FPT, there exists a hierarchy of fixed-parameter intractable problem classes:
FPT ⊆ W[1] ⊆ W[2] ⊆ . . .. The clique problem is W[1]-complete with respect
to the size of the clique, whilst the dominating set problem is W[2]-complete
with respect to the size of the dominating set. W[t] is characterized by the depth
t of unbounded fan-in gates in a Boolean circuit specifying the problem. There is
considerable evidence to suggest that such problem classes are intractable. For
example, the halting problem for non-deterministic Turing machines is W[1]-
complete with respect to the length of the accepting computation.



208 R. de Haan, N. Narodytska, and T. Walsh

3 Intractable Cases

We first prove that propagating the RegularGcc matrix constraint is NP-hard
even under strong conditions. For example, it is NP-hard to enforce even a weak
level of local consistency like bound consistency with just a few values.

Theorem 1. Enforcing BC on RegularGcc is NP-hard with just 3 values,
Regular constraints given by a DFA of size 4, and Gcc constraints specifying
only an upper bound on the number of occurrences of one particular value.

Proof: Reduction from 3-SAT. Let ϕ = γ1 ∧ · · · ∧ γC be a 3-CNF formula over
Boolean variables p1, . . . , pR. We construct an R×C matrix M of decision vari-
ables taking their values from {−1, 0, 1}, where each row 1 ≤ r ≤ R corresponds
to a propositional variable pr and each column 1 ≤ c ≤ C corresponds to a clause
γc. To initialize the domain of variables in the matrix, we do the following for
each clause γi = li1∨ li2∨ li3. We set Mr,i = 0 for all propositions pr not occurring
in γi. For j ∈ {1, 2, 3} we set Mi,k ∈ {0, 1} if lij = pk and we set Mi,k ∈ {0,−1}
if lij = ¬pk. On each column we put the Gcc constraint that states that the value
0 occurs at most R− 1 times. On each row we put the Regular constraint that
states that besides 0’s either only 1’s or only −1’s occur. Figure 1 demonstrates
that this Regular constraint can be enforced by a DFA of size 4. This instance
of RegularGcc has a solution iff ϕ is satisfiable.

q0

start

q1

q2 q3

0
1

−1

0, 1
−1

−1, 0
1

−1, 0, 1

Fig. 1. Deterministic finite automaton used in the proof of Theorem 1

(⇒) We create a satisfying assignment I for ϕ as follows. For each pr, if in
row r occurs at least one 1, we let I(pr) = 
, otherwise we let I(pr) = ⊥ (the
choice of I(pr) when only 0’s occur in row r is arbitrary). Since in each column
c there occur only R− 1 many 0’s, we know that there exists some pi for which
Mi,c �= 0. By construction of M, this can only happen if I(lcj) = 
 for some
j ∈ {1, 2, 3}. Therefore I satisfies γc.

(⇐) Let I be an assignment satisfying ϕ. We can instantiate M as follows.
For each clause γc = lc1 ∨ lc2 ∨ lc3, for j ∈ {1, 2, 3} we do the following. If lcj = pk
and I(pk) = 
, we let Mk,c = 1. If lcj = ¬pk and I(pk) = ⊥, we let Mk,c = −1.
Otherwise, we let Mk,c = 0. Since I is functional each Regular constraint on
the rows is satisfied. Also, since at least one literal is satisfied in each clause,
each column contains at least one value that is not 0, so the Gcc constraints
are satisfied. �
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In fact, we can strengthen the first condition to show that enforcing BC on
RegularGcc is intractable with a matrix containing just 2 values.

Theorem 2. Enforcing BC on RegularGcc is NP-hard with just 2 values.

Proof: Reduction from the Exact Cover By 3-Set problem. We are given F =
{S1, . . . , Sn} with |Si| = 3,

⋃
i Si = U , |U | = 3m. We ask if there exists some

subset C ⊆ F with |C| = m and U =
⋃

c∈C c. W.l.o.g. we assume U contains
the integers 1 to 3m. We construct a n× (n + 3m) matrix of decision variables
ranging over {0, 1}. The first n columns will indicate which Sj is included in
the cover. The first n columns have a Gcc constraint to ensures at most one
1 in each column. The next 3m columns represent the elements of the chosen
set Sj . The Regular constraint on each row reads in the first n values. It only
accepts those sequences that contain a single 1 in the first n values. Suppose
there is a 1 at the jth position for j ≤ n. Then this row represents the set Sj .
Suppose Sj = {p, q, r}. Then the automaton only accepts those sequences with 1
at positions j, n+p, n+q and n+r and 0 everywhere else. To ensure that the m
sets form a cover, we have aGcc constraint on the final 3m columns that ensures
that it contains exactly one occurrence of 1. A solution of this RegularGcc

constraint represents an exact cover. �
These NP-hardness results hold for very restricted cases, involving only few

values or automata with only a few states.

4 Special Cases

We will consider three special cases of the RegularGcc constraint which turn
up frequently in scheduling and rostering problems. These three special cases
restrict the Regular constraints to a limited class of automaton. We con-
sider these special cases of the RegularGcc constraint in an attempt to find
tractable cases. As we will see, however, just restricting the Regular constraints
on the rows to these special cases does not yield tractability.

The first special case is the StretchGcc constraint in which the Regular

constraint on each row encodes a Stretch constraint [9]. This constrains the
length of any sequence of consecutive values (e.g. no more than 3 night shifts in a
row), as well as the permitted transitions (e.g. a night shift can only be followed
by a rest period). Unfortunately, propagation of StretchGcc is intractable
even under strong conditions. For example, it is NP-hard to enforce a weak level
of local consistency like bound consistency with just 3 values.

Theorem 3. Enforcing BC on StretchGcc is NP-hard with just 3 values.

Proof: Reduction from the Exact Cover problem. We are given F =
{S1, . . . , Sn} with

⋃
i Si = U . We ask if there is some subset C ⊆ F with⋃

c∈C c = U and c ∩ c′ = ∅ for all distinct c, c′ ∈ C. W.l.o.g. we assume that U
contains the integers 1 to |U |. We construct a |F | × |U | matrix M, of decision
variables taking their value in {−1, 0, 1}. For each row 1 ≤ r ≤ |F | and each
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value 1 ≤ i ≤ |U | we do the following. If i ∈ Sr, we let Mr,i ∈ {0, 1}. If i �∈ Sr, we
let Mr,i ∈ {−1, 0}. On each column we put the Gcc constraint that states that
the value 1 occurs exactly once. On each row we put the Stretch constraint
stating that each stretch of 0’s must have a length of at least |U |. We show that
this instance of StretchGcc has a solution iff there exists an exact cover.

(⇒) Take a solution for our instance. We let C be the set of all Ur for which
row r in the solution contains only −1’s and 1’s. Obviously C ⊆ F . In order
to show that

⋃
c∈C = U , it suffices to show that U ⊆ ⋃

c∈C . Take an arbitrary
i ∈ U . Since our solution contains at least one 1 in each column, we know there
is some c ∈ C such that i ∈ c. We also show that all distinct c, c′ ∈ C are
disjoint. Take arbitrary c, c′ ∈ C such that c �= c′. Assume j ∈ c∩ c′. This means
that column j in the solution would contain two 1’s, which contradicts the Gcc

constraints on the columns.
(⇐) Let C ⊆ F be an exact cover. We fill M as follows. For each row 1 ≤

r ≤ |F |, we do the following. If Sr ∈ C, fill the row with −1’s and 1’s (this can
be done only in one way). Otherwise, fill row r with only 0’s. Obviously, the
Stretch constraints on the rows are satisfied. Also, since C is an exact cover,
we know that for each 1 ≤ i ≤ |U | there is exactly one row r such that Mr,i = 1.
Thus the Gcc constraints on the columns are satisfied. �
The second special case we consider is the SlideGcc constraint, in which the
Regular row constraints encode Slide meta constraints [2]. This constrains
all subwords of a particular length k to instances of a given k-ary constraint
(e.g. directly after two night shifts there must be either a small shift or a rest
period). Such Slide constraints can be encoded using Regular constraints with
automata whose number of states depends only on k. Unfortunately, SlideGcc

propagation is again intractable even under strong conditions.

Corollary 1. Enforcing BC on SlideGcc is NP-hard, already for Slide con-
straints based on constraints of arity 2 and just 3 values.

Proof: (Sketch.) The reduction from the proof of Theorem 3 can be adapted for
SlideGcc by putting on each row a Regular constraint accepting only words
that contain either only 0’s or only −1’s and 1’s. This can be expressed using a
Slide constraint with arity 2. �
The third special case of RegularGcc we consider is the SequenceGcc con-
straint in which the Regular constraint on each row encodes a Sequence

constraint [13]. This constrains the repetition of values within a sliding window
(e.g. there are at least 2 days off in any 7 day period, and at most 3 night
shifts in any 7 day period). Enforcing domain or bound consistency on the Se-

quenceGcc constraint is NP-hard even if the matrix has just a few columns.
For the sake of presentation, we firstly give an intractability proof for domain
consistency, and then extend this proof to bound consistency.

Theorem 4. Enforcing DC on SequenceGcc is NP-hard with just 5 columns.

Proof: Reduction from the 3D Matching problem. Given three pair-wise disjoint
sets W , Z, Y of equal size q and a set M ⊆ W ×Z×Y , |M | = m, we ask if there
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exists M ′ ⊆ M such that |M ′| = q and no two different elements of M ′ agree
in any coordinate. Assume M = {s1, . . . , sm}. We create a m × 5 matrix M
of decision variables taking their value in {0, t, w1, . . . , wq, z1, . . . , zq, y1, . . . , yq}.
For each (wi, zi, yi) = si we let Mi,1 ∈ {0, wi}, Mi,2 ∈ {0, t}, Mi,3 ∈ {0, zi},
Mi,4 ∈ {0, t}, and Mi,5 ∈ {0, yi}. We constrain each row i with the constraint
Sequence(Mi, 1, 2, 2, {0}), stating that in each sequence of length 2, at least
one 0 occurs. On columns 1 (resp. 3 and 5) we put the Gcc constraint stating
that each value in W (resp. Z and Y ) occurs at least once, and that at least
m− q many 0’s occur. On columns 2 and 4 we put the Gcc constraint stating
that at least q many t’s occur, and at least m − q many 0’s. This instance of
SequenceGcc has a solution iff there exists a matching.

(⇒) Take a solution for SequenceGcc. We know column 2 contains exactly
m− q many t’s, and q many 0’s. For each occurrence of a t in column 2 at row
i, columns 1 and 3 contain a 0 at row i (by the Sequence constraint). Then,
by the Gcc constraint, for all rows j where column 2 contains a 0, columns 1
and 3 contain a non-0 at row j, and thus (by Sequence) column 4 contains a
0 at row j. By a similar argument, we know that in the remaining rows column
4 contains t’s. Continuing this argument for column 5, we know that in the
solution there are q many rows taking values (wi, 0, zi, 0, yi) and m − q rows
taking values (0, t, 0, t, 0). By the Gcc constraints, we know that each value
w ∈ W occurs exactly once, as well as each value z ∈ Z and each y ∈ Y .
Since the possible values were chosen by taking elements from M , we know that
M ′ = {si | Mi �= (0, t, 0, t, 0)} is a 3D matching.

(⇐) Let M ′ ⊆ M be a 3D matching. We can fill M as follows. For each
(wi, zi, yi) = si ∈ M ′, we let Mi = (wi, 0, zi, 0, yi). For each si ∈ M\M ′ we let
Mi = (0, t, 0, t, 0). Obviously each row satisfies the Sequence constraint. Since
|M ′| = q and each value w ∈ W occurs exactly once in the first coordinate of
M ′ (and similarly for values z ∈ Z and the second coordinate, and y ∈ Y and
the third coordinate), we have that each column satisfies the corresponding Gcc

constraint. �

Theorem 5. Enforcing BC on SequenceGcc is NP-hard with just 5 columns.

Proof: The proof is similar to the proof of Theorem 4. Let cwi (resp.
czi, cyi) be the number of occurrences of the value wi (resp. zi, yi) in
M . For each value wi (resp. zi, yi) we create cwi − 1 (resp. czi − 1,
cyi − 1) clones of it. We now define the total order on values as U =

[−w1
q , . . . ,−w

cwq−1
q , . . . ,−w1

1, . . . ,−wcw1−1
1 ,−z1q , . . . ,−z

czq−1
q , . . . ,−z11 , . . . ,

−zcz1−1
1 ,−y1q , . . . ,−y

cyq−1
q , . . . ,−y11, . . . ,−ycy1−1

1 , 0, t, y1, . . . , yq, z1, . . . , zq, w1,
. . . , wq]. We create the matrix M in a similar fashion as in the proof
for Theorem 4, with the difference that for each (wi, zi, yi) = si we let
Mi,1 ∈ [−w1

i , . . . ,−wcwi−1
i , . . . , wi], Mi,3 ∈ [−z1i , . . . ,−zczi−1

i , . . . , zi],

Mi,5 ∈ [−y1i , . . . ,−ycyi−1
i , . . . , yi], and Mi,2 ∈ [0, t] and Mi,4 ∈ [0, t]. We

adapt the constraint on rows to Sequence(Mi, 1, 2, 2, [−w1
q , 0]), stating

that in each sequence of length 2, at least one value in [−w1
q , 0] occurs.

On columns 1 (resp. 3 and 5) we replace the Gcc constraint with one
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stating that each value in {−w1
q , . . . ,−w

cwq−1
q , . . . ,−w1

1, . . . ,−wcw1−1
1 } ∪

W (resp. {−z1q , . . . ,−z
czq−1
q , . . . ,−z11 , . . . ,−zcz1−1

1 } ∪ Z and

{−y1q , . . . ,−y
cyq−1
q , . . . ,−y11, . . . ,−ycy1−1

1 } ∪ Y ) occurs at least once. We
do not change the Gcc constraints on columns 2 and 4. We show that this
instance of SequenceGcc has a solution iff there exists a 3D matching.

(⇒) By reasoning similar to the proof of Theorem 4 (replacing ‘0’ with ‘a
value in [−w1

q , 0]’ when reasoning about columns 1, 3 and 5), we know that in the
solution there are q many rows taking values (wi, 0, zi, 0, yi), possibly containing
clones, and m−q rows taking values (n, t, n′, t, n′′) where n, n′, n′′ are either 0 or
some clone w′

i, z
′
i, or y

′
i (respectively). Furthermore, by theGcc constraint on the

odd columns, we know that each value in {−w1
q , . . . ,−w

cwq−1
q , wq} must occur

exactly once. Since these values occur only in the domains of Mi,1 for the cwq

many si ∈ M that contain wq, we know that each of theseMi,1 must take a value

in {−w1
q , . . . ,−w

cwq−1
q , wq}. Then, by the Gcc constraint on the odd columns,

we know that each value in {−w1
q−1, . . . ,−w

cwq−1−1
q−1 , wq−1} must occur exactly

once. These values occur only in the domains of Mi,1 for the si ∈ M that contain
wq−1 or wq. However, theMi,1 for the si ∈ M that containwq must take values in

{−w1
q , . . . ,−w

cwq−1
q , wq}. Therefore, the Mi,1 for the si ∈ M that contain wq−1

must take a value in {−w1
q−1, . . . ,−w

cwq−1−1
q−1 , wq−1}. Repeating this argument

recursively until reaching the value t, we can restrict the effective domain of the
odd positions ofMi for si = (wi, zi, yi) ∈ M to Mi,1 ∈ {−w1

i , . . . ,−wcwi−1
i , wi},

Mi,3 ∈ {−z1i , . . . ,−zczi−1
i , zi}, and Mi,5 ∈ {−y1i , . . . ,−ycyi−1

i , yi}. Therefore,
we know that each row Mi for si = (wi, zi, yi) ∈ M either has the values
(wi, 0, zi, 0, yi) or the values (w′

i, t, z
′
i, t, y

′
i) for some clones w′

i, z
′
i, y

′
i of wi, zi, yi.

Now, by the Gcc constraints, we know that each value w ∈ W occurs exactly
once, as well as each value z ∈ Z and each y ∈ Y . Since the possible values
were chosen by taking elements from M , we know that M ′ = {si | Mi =
(w, 0, z, 0, y), w ∈ W, z ∈ Z, y ∈ Y } is a 3D matching.

(⇐) Let M ′ ⊆ M be a 3D matching. We can fill M as follows. For each
(wi, zi, yi) = si ∈ M ′, we let Mi = (wi, 0, zi, 0, yi). For each (wi, zi, yi) = si ∈
M\M ′ we let Mi = (w′

i, t, z
′
i, t, y

′
i) for some clones w′

i, z
′
i, y

′
i of wi, zi, yi that

have not been used before in the process of filling M. We know there are enough
different clones for this procedure. It is easy to verify that this instantiation of
M satisfies all the constraints. �

5 Fixed Parameter Tractable Cases

We have seen that propagating the RegularGcc matrix constraint is NP-hard
even under the strong restriction that either the number of values or the number
of columns is bounded. We now identify three cases where we obtain tractability
by bounding two parameters simultaneously. The three cases bound either the
number of rows and the size of the automaton, or the number of columns and the
product of the upper or lower bounds on the occurrences of values on a column.
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Theorem 6. Enforcing DC on RegularGcc is fixed parameter tractable in
k = R + |Q|, where R is the number of rows and |Q| the maximum number of
states in any row automaton.

Proof: This follows observing that Gcc over a sequence of a fixed size can be
encoded in a DFA with polynomially many states, then swapping the rows with
the columns, and appealing to Lemma 1 in the Appendix. �

Theorem 7. Enforcing DC on RegularGcc is fixed parameter tractable in
k = C +B, where C is the number of columns, and B is the maximum product
of upper bounds specified on one column.

Proof: Let u1, . . . , uk be the upper bounds enforced in a given column on values
v1, . . . , vk. Note that in the column constraints, for each value either both a
lower and upper bound is specified, or neither. We can enforce the cardinality
constraints consisting of the lower and upper bounds with a Regular constraint
of size u1 · . . . ·uk = O(B). The result now follows directly from Lemma 1 in the
Appendix. �

Theorem 8. Enforcing DC on RegularGcc is fixed parameter tractable in
k = C+B, where C is the number of columns, and B is the maximum product of
lower bounds specified on one column, and the Gcc constraints in RegularGcc

only have lower bounds.

Proof: Let l1, . . . , lk be the lower bounds enforced in a given column on values
v1, . . . , vk. We can enforce the cardinality constraints consisting of only these
lower bounds with a Regular constraint of size l1 · . . . · lk = O(B). The result
now follows directly from Lemma 1 in the Appendix. �

We have shown that propagation of RegularGcc is tractable if certain com-
binations of parameters of the problem are bounded like the number of rows and
the size of the automaton. On the other hand, just bounding the number of rows
on its own does not ensure tractability.

Theorem 9. Enforcing BC on RegularGcc is W[2]-hard in k = R the num-
ber of rows with just 2 values.

Proof: We reduce from p-Hitting-Set. Let H = (V,E) a hypergraph, where
V = {v1, . . . , v|V |} and E = {e1, . . . , e|E|}. We ask if there is a hitting set
S ⊆ V in H of cardinality k. We construct an instance M of RegularGcc with
|V |+ |E| columns and k rows on the alphabet {0, 1}. The Regular constraint
accepts |V | different words w1, . . . , w|V | of length |V |+ |E|. For any word wv, the
vth value is 1, and the remainder of the first |V | values is 0. Also, for any word
wv and any 1 ≤ j ≤ |E|, the jth value of wv is 1 if v ∈ ej , and is 0 otherwise. The
Gcc constraints we put on the columns are as follows. In the first |V | columns
we require exactly one 1. In the remaining columns, we require at least one 1.
In this reduction, each row corresponds to one vertex that is being chosen for
inclusion in the hitting set, and each column after the first |V | to one hyperedge.
The Gcc constraints on the first |V | columns ensure that no vertex is chosen in
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two rows. The constraints on the last |E| columns ensure that each hyperedge
contains a vertex chosen for the hitting set. If there is a hyperedge all vertices
of which are not included in the hitting set, the column corresponding to this
hyperedge will contain 0’s only, violating the Gcc constraint of that column. We
show that there exists a hitting set S in H of cardinality k iff the RegularGcc

matrix constraint has a solution.
(⇒) Assume there exists a hitting set S in H of size k. We construct an

assignment to RegularGcc by matching one vertex v ∈ S with each row (in
any manner). If row i is matched to vertex v, we assign word wv to row i. The
fact that S contains k different vertices v ensures that k different words wv are
used. Also, since S is a hitting set, we know that for each hyperedge ej there is
at least one v ∈ ej ∩S, and so each of the last |E| columns contains at least one
1. Thus the Gcc constraints are satisfied.

(⇐) Suppose the RegularGcc matrix constraint has a solution. We con-
struct a hitting set S by taking all v such that wv is a row in the solution. By
the Gcc constraints we know that the solution contains k different words wv, so
S is of size k. Now, to derive the contrary, assume there exists a hyperedge ej ∈ E
such that S ∩ ej = ∅. Then the column corresponding to ej (column |V | + j)
contains only 0’s. This violates Gcc on this column, which is a contradiction. �

6 A Practical Application

We illustrate the usefulness of the tractable cases identified here. In order to do
so, we will describe a nurse scheduling problem that can be modelled (partially)
using one of the identified tractable cases of RegularGcc constraints.

Often, medical staff in a hospital are divided into different departments of
some bounded size. The schedules of individual departments are mainly con-
strained by factors independent of other departments (e.g. the minimum number
of staff on duty during different time shifts). Of course, there might be constraints
expressing dependencies between schedules of different departments. Such con-
straints, however, are often more complicated than simple number restrictions
on the staff on duty (e.g. for certain interdepartmental tasks, staff of different
departments with particular skills needs to be on duty at the same time). As a
result, these additional constraints need to be expressed by means of constraints
separate to the RegularGcc constraints anyway.

Concretely, we describe an example that corresponds to the result in Theorem
6, where the number of rows and the size of the row automata are bounded.
Consider a hospital that can grow arbitrarily large in size, but where the different
departments have a fixed maximum size. Since the departments typically have
independent requirements on the number of staff on duty, the nurse scheduling
problem can be divided into subproblems for every department, expressible by
separate RegularGcc constraints with a bounded number of rows. Also, shift
rules typically express constraints on a bounded time window of n days (e.g.
weekly or monthly requirements). Then, with row automata of size O(n · s), for
s the number of different shifts, we can express any requirement on (fixed or
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moving) time windows of n (or less) days, (e.g. minimum and maximum number
of working shifts in each calender month, a day off after two night shifts in a
row, never more than 5 working days in a row, for every 3 consecutive weekends
at least one should be off duty).

Because the maximum time window n and the number of shifts s are typically
fixed, we can use instances of the RegularGcc constraint with bounded row
automaton size and a bounded number of rows to solve rostering problems like
the example sketched above. Theorem 6 then tells us that propagation for such
instances of the RegularGcc constraint is tractable.

7 Symmetry Breaking

A technique often used to reduce the number of isomorphic solutions and to
increase propagation for a given constraint satisfaction problem is the introduc-
tion of symmetry breaking constraints [5, 15, 18]. Such constraints eliminate
symmetrical solutions. One symmetry breaking constraint that is useful in the
case of RegularGcc requires the rows of the matrix to be lexicographically
ordered (with respect to a given ordering on the domain values). Since the col-
umn constraints only impose bounds on the number of occurrences of values,
swapping rows in any solution results in another solution, symmetric to the first
solution. Additional symmetric solutions are often irrelevant, for instance when
modelling nurse scheduling problems. Requiring the rows to be ordered elimi-
nates such symmetric solutions, and the constraints that impose this requirement
can increase propagation.

The complexity analysis of propagation of the RegularGcc constraint pre-
sented above can be extended to the case where one constraint enforces simulta-
neously the RegularGcc constraint and such symmetry breaking constraints
[11]. The general NP-hardness and the W[2]-hardness results above can di-
rectly be extended to hold for this combined setting as well. The fixed-parameter
tractability results can also be extended to the symmetry breaking setting. For
the result of Theorem 6, this can be done without modifying the parameter,
by constructing an automaton, enforcing lexicographic row ordering, running
over the matrix column per column. For the other fixed-parameter tractability
results, this can be done when the parameter also includes the maximum do-
main size, by constructing such an automaton running over the matrix row per
row. Further research is needed to extend the complexity analysis of propagating
RegularGcc for combinations with other symmetry breaking constraints.

8 Conclusions

The RegularGcc constraint is useful to model a range of scheduling and ros-
tering problems. We have provided a detailed picture of the conditions under
which propagation of the RegularGcc constraint on a matrix of decision vari-
ables is tractable. On the negative side, we proved that it is NP-hard to enforce
even a weak level of consistency like bound consistency with just 2 values, just
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4 states in the automaton, or just 5 columns to the matrix. On the positive
side, we proved that it is fixed parameter tractable to enforce domain consis-
tency when we bound the number of rows and the size of the automaton, or
the number of columns and the product of the upper or lower bounds on the
occurrences of values on a column. We note that such FPT results have found
practical application recently. For example, Katsirelos, Narodytska and Walsh
recently used such a FPT result to break all row and column symmetry [12].
Even more recently, Yip and Van Hentenryck have converted such a FPT result
into an effective constraint propagator [19]. In future work, we therefore intend
to convert the FPT results identified here into practical algorithms for solving
rostering and scheduling problems.

Appendix: Regular2 Constraint

Some of our fixed parameter tractability results exploit a mapping the Reg-

ularGcc constraint onto a closely related global constraint. The Regular
2

constraint posts Regular constraints on every row and column of a matrix
model. When we bound the number of columns and the number of states in the
column automaton of such a constraint, propagation is polynomial.

Lemma 1. Enforcing DC on Regular
2 is fixed parameter tractable in k =

C + |Q′|, where C is the number of columns, and |Q′| is the (maximum) size of
the column automata.

Proof: This proof is similar to Observation 2 in [10]. W.l.o.g. we assume that all
row constraints are the same, and all column constraints are the same. Let |Q|
be the size of the row automaton. We can encode the matrix constraint on an
R×C matrix M in a single DFA on the matrix stretched out to a single sequence
of variables M1,1, . . . ,M1,C ,M2,1, . . . ,MR,C . The state set of the automaton is
{1, . . . , C}×Q× (Q′)C . In each state, the automaton keeps track of the column
it is in, the current state q′ ∈ Q′ for each column c, and the current state q ∈ Q
in the current row. The size of the automaton is O(C · |Q| ·2C·log |Q′|). Enforcing
DC on a Regular constraint takes time polynomial in the size of the automaton
[14, 16], so our algorithm runs in fixed parameter tractable time. �
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