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Abstract. Anytime heuristic search algorithms are widely applied where
best-first search algorithms such as A* require large or often unaccept-
able amounts of time and memory. Anytime algorithms produce a solu-
tion quickly and iteratively improve the solution quality. In this paper, we
propose novel anytime heuristic search algorithms with a common under-
lying strategy called Column Search. The proposed algorithms are com-
plete and guarantee to produce an optimal solution. Experimental results
on sliding-tile puzzle problem, traveling salesman problem, and robotic
arm trajectory planning problem show the efficacy of proposed methods
compared to state-of-the-art anytime heuristic search algorithms.
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1 Introduction

Heuristic search is a generic problem solving technique studied in Artificial Intel-
ligence (AI). A* [8] is the most well-known heuristic search algorithm which has
been widely used to solve several problems involving path planning and com-
binatorial optimization. It explores the state space with the help of two lists:
OpenList and ClosedList which contain the nodes to be expanded and the nodes
that are already expanded respectively. Initially, OpenList comprises of the start
node. Each node has a g-value denoting its distance from the start node and an
h-value that estimates its distance to a goal node. The promise of a node n called
as f-value equals g(n) + h(n). Most promising node from the OpenList is ex-
panded and added to ClosedList by A* till a goal node is found. A* is an optimal
algorithm that expands minimum number of nodes to find an optimal solution,
when admissible heuristics are used. However, on large problems, the number of
nodes which need to be expanded may be exponential in nature, which makes
A* ineffective to use in such cases.

Anytime search algorithms are pursued to address this issue. They quickly gen-
erate a solution and then produce improved quality solutions with the progress of
time. Several anytime algorithms were proposed based on A*. Anytime Weighted
A* [6l7] uses weighted heuristics while evaluating f-values of nodes, which helps in
converging to suboptimal solutions quickly, and the search is continued to produce
results in an anytime manner. Anytime Restricted A* (ARA*) [I1] follows simi-
lar concept but decreases weights after each iteration to improve the performance.
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Anytime Nonparametric A* (ANA*) [I5] improvises on ARA* by analyzing the
theory behind the greedy approach followed by ARA* and gets rid of the weight-
parameter tuning.

On the other hand, algorithms that do not rely on heuristic manipulation
(via weights, like above) such as depth-first branch and bound (DFBB) [I0]
are also used as anytime algorithms. Beam search [4] is another such simple
algorithm that is widely used which gives an approximate solution. It expands
beam-width number of most promising nodes at each level (depth of the search
tree) until a solution is found or the depth limit of the search tree is reached,
where beam-width is taken as the input parameter. However, it is not complete.
Beam-stack search [17] is proposed to complete beam search which also gives
anytime performance. It uses a novel data structure called beam-stack to keep
track of the nodes being expanded and the ones to be expanded by chronological
backtracking, and also works within the given beam-width.

Anytime Window A* (AWA*) [2] is another recent anytime algorithm which
uses a window based cutoff for the nodes to be present in open list. It ensures
completeness by maintaining a suspend list for nodes that are being removed
from open list which are considered for expansion (brought back to open list) at a
later point in time. Later, Memory-bounded Anytime Window A* (MAWA*) [14]
was proposed based on AWA* and Memory-bounded A* (MA*) [5] to be able
to work in restricted memory conditions.

In this paper, we propose a novel yet simple anytime heuristic search algo-
rithm called Anytime Column Search (ACS) that is complete, which takes the
column-width as parameter. We also explore several non-parametric versions of
the proposed algorithm. The basic idea is to explore column-width number of
most promising nodes at each level and put them in closed list, and repeat this
until the open lists of all levels become empty. The concept is intuitive and au-
gurs well with anytime objectives such as finding initial solution quickly and
improving it with the progress of time.

ACS is similar to beam search up-to an extent, however, we choose a dif-
ferent name from ‘beam’ as it is traditionally related (and hence expected) to
be working within the given beam-width. While beam search can be highly
non-monotonic [I], ACS promises to recover from such effect faced in its first
iteration as it continues the search in an admissible manner. Most importantly,
it does not involve any re-expansions of the same node, which distinguishes it
from algorithms such as naive iterative beam search and complete anytime beam
search. For example, complete anytime beam search [16] adopts iterative weaken-
ing strategy, restarting beam search with weaker pruning rules in each iteration,
which results in node re-expansions.

Apart from the anytime performance, ACS also has an unique ability of re-
porting solutions at regular intervals (due to bounded number of node expansions
in each iteration). This feature can also be exploited for using it in a contract
search environment [3]. Since it looks at nodes at all levels in each iteration, it
can be expected to return best possible solution in a given iteration with the
corresponding bound on the number of node expansions.
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Therest of the paper is organized as follows: In Section2, we present the proposed
methods which includes Anytime Column Search and its non-parametric variants.
In Section Bl we present the experimental results of proposed algorithms obtained
on the benchmark problems of three different domains compared with various state-
of-the-art anytime heuristic search algorithms. We conclude in Section [

2 Proposed Methods

In this section, we present the proposed anytime heuristic search algorithms.
Firstly, we present the Anytime Column Search (ACS) algorithm which takes
column-width w as parameter. Later, we describe its non-parametric variants.

2.1 Anytime Column Search (ACS)

Anytime Column Search is a simple and complete anytime heuristic search al-
gorithm. It takes column-width w as parameter and expands w most promising
nodes of OpenList at each level in each iteration and puts them in ClosedList
until a goal node is found. Visually, the set of nodes expanded in each iteration
form a column (see Figure[l). One may also look at it as a sliding window moving
from left to right.
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Fig. 1. Progress of ACSz on a typical search tree

When using admissible heuristics, the best solution obtained in anytime man-
ner can be used as cutoff as the search progresses (admissible pruning). We de-
note ACS instance with column-width w as ACS,,. Figure [l shows the progress
of ACSs on a typical search tree. Four columns, each of width 2, are shown which
are explored from left to right. No edge goes from a given column to any column
on its left side on a search tree as the right-side columns appear only after the
complete exploration of the left-side columns and no node is re-expanded.

ACS; is particularly interesting for the following reason: Anytime algorithms
are aimed at achieving two main targets, a quick solution, and frequent improved
solutions with the progress of time. In this scenario, ACS; appears to be a simple
base level anytime algorithm which promises both the initial quick solution and
frequent solution improvements (even attempted to be regular in time) which
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looks at the states of all levels in each iteration (hence appearing to be more
informed and calculated while trying to produce the next solution in anytime
manner).

Algorithm 1. Anytime Column Search (ACS)

1: INPUT :: A search graph G, a start node s, and column-width w.
2: BestSol < 00; g(s) < 0; Calculate f(s); Level(s) < 0;
OpenList(0) « {s}; OpenList(i) < ¢,Vi(0 < i < MAX DEPTH);
ClosedList < ¢;

3: while 3¢ OpenList(i) # ¢ do

4: fori=0to MAX_ DEPTH —1do

5: for w number of times do

6 if OpenList(i) = ¢ then

7 break;

8 end if

9: n < least f-valued node from OpenList(i); (for minimization problem)
10: if IsGoal(n) then

11: if BestSol > f(n) then

12: BestSol < f(n); Goal + n;

13: end if

14: Move n from OpenList(i) to ClosedList;
15: continue;

16: end if

17: GenerateChildren(n);

18: Move n from OpenList(i) to ClosedList;
19: end for
20:  end for

21: end while
22: return BestSol, Goal;

ACS Details: Algorithm [ presents the proposed method ACS. It maintains
different OpenLists for nodes at different levels. As long as there exists a non-
empty list, it expands w most promising nodes at each level from depth 0 till
the maximum allowed depth. It does not assume that the heuristic being used is
admissible. When admissible heuristics are being used, one can perform a check
after line 9 as to whether the f-value of node being explored is less than the
best solution or not. If the f-value is greater than or equal to that of current best
solution (in case of a minimization problem), the node can be pruned admissibly,
and the search can be moved to next level.

GenerateChildren routine (Algorithm [2]) generates all successors of the input
node and checks for their existence already in doing so. If a successor exists
with a better path from start node already, then it is not disturbed. When using
admissible heuristics, f-value of a child can be checked against BestSol before it
is inserted into the corresponding OpenList and the child node can be pruned
admissibly if the f-value exceeds BestSol.
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Algorithm 2. GenerateChildren

1: INPUT :: Node n whose children are to be generated, and the lists.
2: if Level(n) = MAX DEPTH — 1 then

3:  return;

4: end if

5: for each successor n’ of n do

6: if n is not OpenLists and ClosedLists then
7 Level(n') «+ Level(n) + 1;

8: Insert n' to OpenList(Level(n'));

9: else if g(n’) < its previous g-value then

10: Update Level(n'), g(n'), f(n');

11: Insert n' to OpenList(Level(n'));

12:  end if

13: end for

Theorem 1. ACS is complete and guarantees terminating with an optimal so-
lution, provided MAX DEPTH is at least as large as the number of nodes on
a minimum-length optimal solution path and the search is not constrained by the
memory available.

Proof. The complete search graph is explored in a column by column manner
up-to the maximum depth limit given. Pruning of nodes is only done when using
admissible heuristics where the f-values of corresponding nodes are found out to
be greater than or equal to that of best solution obtained, which is admissible.
Therefore, no potential node exists which is left unexpanded, that can lead to a
better solution than that of the final solution. O

Lemma 1. ACS does not re-expand any node unless a better path has been found
from the start node to that node.

Note that, the node expansions in the first iteration are same as that of beam
search with beam-width w. In that sense, the ACS algorithm can be viewed as
another way of making beam search anytime and complete.

Another point to note is that, the ACS algorithm takes column-width w as
parameter, and its anytime performance will depend on this input parameter.
We present the comparison of ACS instances with different column-widths in
Section Bl Column-width can be chosen such that the solutions are reported
at required intervals (assuming that goal nodes are found as higher depths are
explored, an estimate of the intervals at which a better solution can be expected
may be calculated for a particular column-width).

In this paper, we also present non-parametric versions of ACS using simple
modifications which are explained next.

2.2 Anytime Column Progressive Search (ACPS)

ACS algorithm expands w nodes from OpenList at each level in each iteration,
where w is taken as input parameter. The idea in Anytime Column Progressive
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Search (ACPS) is to progressively increase w from an initial value of 1 by a value
of 1 in each iteration. It means that the column-width in ‘" iteration in case
of ACPS is ¢ (in contrast to column-width being w in all iterations in case of

ACS). The algorithm is clearly a non-parametric version of ACS.

2.3 Anytime Column Scaling Search (ACSS)

Instead of increasing column-width by 1 in each iteration, one may greedily reset
the column-width to 1 whenever a solution is found, in the hope of obtaining
a better solution with lower number of node expansions next time. We call the
algorithm with this idea as Anytime Column Scaling Search (ACSS). It increases
its column-width by 1 in each iteration as long as better solution is not obtained
and resets the column-width to 1 whenever a better solution is found. Such a
reset technique was also used in [I3] on top of Anytime Window A*.

2.4 Anytime Column Adaptive Search (ACAS)

Another way of handling column-width is as follows: Initialize column-width to
1; do not change the column-width as long as better solutions are found with
that column-width; when a better solution is not found in an iteration using
the column-width, increase it by 1. We call the algorithm with this strategy as
Anytime Column Adaptive Search (ACAS). The motivation is that, perhaps it is
necessary to expand at-least the current number of nodes to get an improved so-
lution, while also hoping that it is sufficient. When it is found to be not sufficient
(better solution is not found), the column-width is increased.

Next, we present the experimental analysis of proposed methods and their
comparison with some of the state-of-the-art anytime heuristic search algorithms.

3 Experimental Results

In this section, we present the experimental results comparing the proposed
algorithms against several existing anytime algorithms, namely, Depth-first
Branch and Bound (DFBB) [10], Beam-Stack search [I7], Anytime Window A*
(AWA*) [2], Anytime Repairing A* (ARA*) [11], and Anytime Non-parametric
A* (ANA*) [15]. All the experiments have been performed on a Dell Precision
T7500 Tower Workstation with Intel Xeon 5600 Series at 3.47-GHz x 12 and
192-GB RAM. We display the results in terms of a metric called % Optimal
Closeness, which is defined as (for a minimization problem, this metric suggests
how close the obtained solution is to an optimal solution):
% Optimal Closeness = (Optimal sol./Obtained sol.) x 100.

3.1 Sliding-Tile Puzzle Problem

For our experiments, we have considered all 50 24-puzzle instances from Korf
et al. [9, Table II] which are referred to with the same index number by which
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they were presented, prefixed with K. Manhattan distance heuristic is used as
the heuristic estimation function (which underestimates the actual distance to
goal). All algorithms are allowed to explore up-to a maximum depth of 1000.

a) ACS with different column-widths (Avg. of all 50) b) Different versions of ACS (Avg. of all 50)
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Fig. 2. Comparison of anytime performance of proposed algorithms against each other
on the (Sliding-tile) 24-Puzzle instances

Figure 2] presents the comparison of anytime performances of proposed algo-
rithms against each other on the 24-Puzzle instances. This is presented to show
the effect of column-width parameter on the performance of ACS as well as to
find the best working algorithm for the 24-puzzle domain. From the plots, one
can see that ACSigp outperforms the other instances. Also note that, perfor-
mances with column-widths > 10 are very similar which may be due to the low
branching factor of the puzzle problem.

Average of all 50 benchmarks
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Fig. 3. Comparison of anytime performance of ACS19o with some of the existing any-
time algorithms on the (Sliding-tile) 24-Puzzle instances. DFBB could not come up
with any solution on any of the instances.
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Figure [3] presents the comparison of anytime performance of ACS;p9 with
some of the state-of-the-art anytime algorithms on the (Sliding-tile) 24-Puzzle
instances. At initial stages, ACS outperforms beam stack search and is com-
parable to AWA* (up-to 1000 Sec.), and at the later stages beam stack search
becomes good but ACS remains comparable. Note that, beam stack search is
affected by the initial lag due to time taken by beam search with such large
beam-width, which is the first step of beam-stack search. When lower beam-
widths are used to plug the initial lag of Beam-stack search, it resulted in the
degradation of its anytime performance through out the 1 hour window.

Table 1. Comparison of different algorithms on the 50 (Sliding-tile) 24-Puzzle
benchmarks

Top Count vs. Time (Mins.)

Algorithm 1 2 4 8 121624324864
ACS100 22252218119 10 14 19 17
BeamStack-500 0 0 1 19 30 34 33 29 23 24
ANA* 76 431000 21
AWA* 19 19 23 12 11 10 10 11 12 14
DFBB 00 0O0OO0OOOO0OO0OTO O

Table [1 presents the comparison of different algorithms on Puzzle problem
based on the Top count. Top count indicates the number of times an algorithm
has produced the best solution in the corresponding column (time) over all 50
24-Puzzle benchmarks of [9]. This measure gives a complementary picture to the
plots showing the average values by showing the number of instances on which
an algorithm has been found better than others (at different time instants). Note
that, the average value of an algorithm may become high if it outperforms other
algorithms significantly on a corner case whereas it may be bad in a number
of other cases. Such cases can be detected via Top Count. Note that, on any
instance, multiple algorithms may produce the best solution in a given time.
On two instances, none of the algorithms could produce a solution in 1 Minute
within the depth of 1000. Clearly, beam stack search outperforms all the other
algorithms in this domain once it starts producing the solutions (after 4 Mins.).
However, using lower beam-width values to produce the first solution quickly
has degraded its anytime performance over the whole window, in which cases
ACS came out on top.

3.2 Traveling Salesman Problem

We chose the first 50 symmetric TSPs (when sorted in increasing order of their
sizes) from the traveling salesman problem library (TSPLIB) [12] for our ex-
periments. These range from burmal4 to gr202 where the numerical postfixes
denote the size of the TSPs. Minimum spanning tree (MST) heuristic is used as
the heuristic estimation function (which is an under-estimating heuristic). In the
initial state, some city c is chosen as the starting point and in each successive
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state the next city n to be visited is chosen (which is not already visited) till all
cities are visited.

TSP was often looked as a tree search problem, however, careful examination
suggests that if two states denote paths from ¢ to n through a same set of cities
S, then only the best of the two need to be pursued further and the other one
can be admissibly pruned. This change resulted in tremendous improvement in
terms of search state space as well as the anytime performance and the time
taken for termination for all heuristic search algorithms. The results obtained
with this procedure are presented here. Note that, this may also be looked as
a graph search state-space with the state being represented by {c,n, S} rather
than the traditional way of using the path as the signature of a state (which can
just be maintained as an attribute in the current states).

a) ACS with different column-widths (Avg. of 50 TSPs) b) Different versions of ACS (Avg. of 50 TSPs)
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Fig. 4. Comparison of anytime performance of proposed algorithms against each other
on various TSP instances

Figure [ presents the comparison of anytime performance of proposed algo-
rithms against each other on various TSP instances. This is presented to show
the effect of column-width parameter on the performance of ACS as well as to
find the best working algorithm for the TSP domain. It is interesting to note
that ACS; outperforms the instances with greater column-widths which shows
that in certain cases it is indeed sufficient to expand one column at a time to
achieve good anytime performance. From the plots, one can see that all the al-
gorithms are quite effective, and hence we choose ACPS which is the simplest
non-parametric algorithm for comparison with the other algorithms.

Figure [fl presents the comparison of anytime performance of ACPS with some
of the state-of-the-art anytime algorithms on the TSP instances. Note that,
its performance is superior than that of the other algorithms. Only AWA* and
Beam-stack search give comparable performances of which Beam-stack algorithm
suffers from the initial lag which is explained in Section B.Il Note that, using
larger beam-width for beam-stack algorithm resulted in unacceptable amount of
lag at the beginning (delay in producing its first solution).

Table [2] presents the comparison of different algorithms on TSP instances
based on the Top count. Top count (whose significance is explained in Section B.T])
indicates the number of times an algorithm has produced the best solution in
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Average of first 50 symmetric TSPs
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Fig.5. Comparison of anytime performance of ACPS and the existing search algo-
rithms on various TSP instances

Table 2. Comparison of different algorithms on the 50 TSP benchmarks

Top Count vs. Time (Mins.)

Algorithm 1 2 4 8 121624324864
ACPS 35 32 35 36 40 41 41 41 42 42
BeamStack-100 21 22 26 26 26 27 28 27 27 27
ANA* 13 11 13 13 12 12 12 13 13 13
AWA* 28 3227 29 29 28 27 27 31 30
DFBB § 10 10 11 11 11 11 11 11 12

the corresponding column (time) over the 50 TSP benchmarks considered. Note
that, on any instance, multiple algorithms may produce the best solution in a
given time. Performance of ACPS is clearly better than that of all the other
algorithms.

3.3 Robotic-Arm Trajectory Planning

We consider both the 6-degree-of-freedom (DOF) arm instances and the 20-
DOF arm instances which are available in Likhachev’s software libraryﬂ, with
fixed base in a 2D environment with obstacles. The objective is to move the
end-effector from its initial location to a goal location while avoiding obstacles.
An action is defined as a change of a global angle of any particular joint. Cost
of each action is taken as one. The environment is discretized into a 50x50 2D
grid. Joint angles are discretized so as to never move the end-effector by more
than one cell on the 50x50 grid in a single action. The heuristic is calculated as
the shortest distance from the current location of the end-effector to the goal
location that avoids obstacles (which is an underestimating heuristic).

http://www.cs.cmu.edu/ maxim/software.html
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a) 6-DOF (Instance 1) b) 6-DOF (Instance 2)
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Fig. 6. Comparison of anytime performance of ACPS and the existing search algo-
rithms on various robotic-arm trajectory planning benchmarks

We compared our algorithm ACPS (which gave the best performance in ACS
family methods) with the anytime algorithms: ARA*, ANA* and AWA*, of
which ARA* and ANA* implementations came with the software to which we
added our implementations of ACS family algorithms and AWA* for comparison.
Figure[@ shows the results obtained on the four robotic-arm instances considered
(a total of only 5 benchmarks were available out of which the results of a 6-DOF
instance are not presented here due to space constraints, which were observed to
be similar). Here, the actual cost of the solution is used in the plots instead of
% Optimal Closeness as the optimal solutions are not available for all instances
to compute the closeness. The parameters of ARA*: ¢y and Ae are tuned for
best performance. Ae is set to 0.2 as recommended in [11] and € is tested with
various values € [2, 100], out of which the best performance was found at 5, which
is used in the plots. Clearly, the performance of ACPS is either comparable or
better than that of the other algorithms in this case as well.

4 Conclusion

In this paper, we present a simple and efficient anytime heuristic search algorithm
called Anytime Column Search (ACS). ACS takes column-width as parameter
for its working and guarantees to find optimal solution. Non-parametric versions
of ACS are also presented which also demonstrates how it can be easily tuned
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as per the working domain. Experimental results on Sliding-tile puzzle problem,
Traveling salesman problem (TSP), and Robotic arm trajectory planning demon-
strate that the anytime performance of the proposed methods is either superior
or comparable to that of state-of-the-art anytime heuristic search algorithms.

Acknowledgement. S. G. Vadlamudi thanks SAP Labs India for their support
through Doctoral Fellowship.
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