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Abstract. In this paper, we propose Rule Description Logic (RDL) for enhanc-
ing Description Logic (DL) with nonmonotonic recursive rules, like those in An-
swer Set Programming (ASP). We define the world view semantics for RDL and
show that it is faithful with respect to both DL and ASP. More importantly, we
show that the full language of RDL is decidable.

1 Introduction

In the last two decades, the integration of Description Logics (DL) and nonmonotonic
formalisms and/or rule-based formalisms has been one of the major challenging tasks
in the area of knowledge representation [1–11]. Recently, research on this topic has be-
come even more attractive due to the success of applying description logics to Semantic
Web [12] and the urgent task in it of adding rules onto the ontology layer.

Meanwhile, Answer Set Programming (ASP) has emerged as a promising paradigm
for nonmonotonic rule-based reasoning due to its declarative semantics and compu-
tational advantages [13–15]. In fact, ASP is exactly a representative approach that
combines nonmonotonic reasoning and recursive rule-based reasoning in a simple and
natural way.

Under this backdrop, we consider the task of enhancing Description Logics with non-
monotonic recursive rules, like those in Answer Set Programming. By nonmonotonic,
we mean, syntactically, the negation-as-failure operator might be used in rules, and se-
mantically, some consequences might not be preserved when adding new knowledge.
By recursive, we mean iterative reasoning procedure will be applied on rules.

As argued in [7], work in this aspect should satisfy the following criteria:

– Faithfulness. The integration of DL and ASP should preserve the semantics of both
formalisms.

– Tightness. Both the DL and the ASP component should be able to contribute to the
consequences of the other.

– Flexibility. The integration should be flexible to the Closed/Open World Assump-
tion.

– Decidability. The integration should be decidable.

In addition, we believe that a direct semantics is essential for the integration (of DL and
ASP) in order to capture its underlying intuitions.
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Although it looks natural, these criteria are hard to be achieved at the same time.
As far as we know, none of the existing work satisfies all the above criteria. For in-
stance, some of them are not tight as one component is building upon another. More
importantly, many of the existing approaches are not decidable for their full language.
Usually, a strong syntactic condition called safety needs to be assumed in order to obtain
decidability. This, indeed, loses the most favorable feature of Description Logic.

In this paper, we propose a novel formalism, called Rule Description Logic (RDL
for short), whose syntax is extended from description logic with the rules of the form

C0 ← C1, . . . , Cm, notCm+1, . . . , notCn,

where 0 ≤ m ≤ n, and all Ci(0 ≤ i ≤ n) are ⊥ or concepts in description logic.
We define a world view semantics for RDL based on a fixed-point definition, similar to
Reiter’s default logic [16]. Roughly speaking, a world view of an RDL rule base is a
collection of interpretations, representing a possible set of models that an agent believes
by the given rule base.

We show that RDL satisfies all the criteria mentioned previously. We prove that the
world view semantics is faithful in the sense that restricting an RDL rule base to a
knowledge base in DL (a logic program in ASP), the world views of the rule base
coincide with the models of the knowledge base (the answer sets of the program, resp.).
More importantly, we prove the bounded model property for RDL. As a consequence,
the full language of RDL (i.e., no further syntactic restriction required) is decidable.

The rest of the paper is organized as follows. The following section briefly introduces
the basic description logic ALC. Next, section 3 presents the syntax as well as the
semantics of RDL and addresses some basic related issues. Section 4 proves that RDL is
faithful with respect to both DL and ASP, while section 5 proves that RDL is decidable.
Then, section 6 discusses some related works. Finally, section 7 concludes the paper
with some remarks.

2 The Description Logic ALC
In this paper, we focus on the basic description logic ALC, which includes and only
includes the basic concept constructors of conjunction, disjunction, negation and exis-
tential and universal quantifications [17]. The syntax ofALC is defined over a set NC of
concept names, a set NR of role names, a set NI of individual names and the connectives
� (tautology),⊥ (falsity), ¬ (negation), � (conjunction), � (disjunction), ∃ (existential
quantification) and ∀ (universal quantification). In ALC, concepts are defined recur-
sively as follows:

� | ⊥ | A | ¬C | C �D | C �D | ∀R.C | ∃R.C,

where A ∈ NC and R ∈ NR.
The semantics of ALC is defined in terms of an interpretation I = (ΔI , .I), where

ΔI is the domain that contains a non-empty set of elements, and .I is the interpretation
function that maps each concept name A ∈ NC to a subset AI of ΔI , each role name
R ∈ NR to a binary relation RI on ΔI , and each individual name a ∈ NI to an element
aI in ΔI . The interpretation function is extended to all concepts recursively as follows:
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– �I = ΔI .
– ⊥I = ∅.
– (¬C)I = ΔI \CI .
– (C �D)I = CI ∩DI .
– (C �D)I = CI ∪DI .
– (∀R.C)I = {a ∈ ΔI | ∀b. if (a, b) ∈ RI , then b ∈ CI}.
– (∃R.C)I = {a ∈ ΔI | ∃b.(a, b) ∈ RI and b ∈ CI}.

We say that an interpretation I satisfies a concept C, or I is a model of C, iff CI �= ∅.
A TBox is a finite set of general concept implications of the form C � D, where C

and D are concepts. In addition, we write C ≡ D as a shorthand of C � D and D � C.
An ABox is a finite set of concept assertions of the form C(a) and role assertions of the
form R(a, b), where a and b are individual names, R is a role name and C is a concept.
A (DL) knowledge base (KB) is a pair (T ,A), where T is a TBox and A is an ABox.

An interpretation I satisfies a general concept implication C � D if CI ⊆ DI ;
I satisfies a concept assertion C(a) if a ∈ CI ; I satisfies a role assertion R(a, b) if
(a, b) ∈ RI . Then, I satisfies, or I is a model of, a TBox T if it satisfies all general
concept implications in T , an ABox A if it satisfies all (concept and role) assertions in
A and a DL knowledge base (T ,A) if it satisfies both T and A.

3 RDL: Syntax and Semantics

This section presents the syntax as well as the semantics of RDL, which can be re-
garded as an integration of Description Logic and Answer Set Programming. However,
although Description Logic (i.e. ALC) is fully embraced, RDL only contains a frag-
ment of Answer Set Programming. Nevertheless, as we will argue later, this fragment
is indeed adequate for the task of enhancing DL with rules.

The syntax of RDL is extended fromALC by adding rules of the form

C0 ← C1, . . . , Cm, notCm+1, . . . , notCn, (1)

where 0 ≤ m ≤ n, and Ci(0 ≤ i ≤ n) is a concept or ⊥. Roughly speaking, this
represents a nonmonotonic recursive rule that applies on all individuals.

An RBox1 is a finite set of rules of form (1). An (RDL) rule base (RB) is a triple
(R, T ,A), where R is an RBox and (T ,A) is a standard DL knowledge base. In par-
ticular, a knowledge base can be considered as a rule base with empty RBox.

The semantics of RDL is defined in terms of collections of interpretations instead
of interpretations by fixing a domain and the interpretations on individuals. Let Δ be
a non-empty set of elements, called a domain. A collection of interpretations on Δ
(collection for short if clear from the context) is a non-empty set of interpretations that
share the same domain Δ and map each individual a ∈ NI to the same element in Δ.
In other words, each collection W is associated with a domain Δ and a mapping M
from all individuals to elements in Δ, which are recognized by all interpretations in the

1 Although this term appeared elsewhere in the literature, we use it in RDL for convenience. The
syntactic and semantic meanings are different from other approaches.
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collection. For convenience, we use ΔW to denote the domain and MW to denote the
individual mapping.

Let Γ = (R, T ,A) be a rule base and W a collection. We define an operator
Γ (W) by the maximal collection (in the sense of set inclusion) satisfying the following
conditions.

1. Γ (W) has the same domain and the same individual mapping asW .
2. Every interpretation in Γ (W) is a model of the knowledge base (T ,A).
3. For each rule r in R of the form (1) and each d in ΔW , if

(a) for all i(1 ≤ i ≤ m), and all I ∈ Γ (W), d ∈ CI
i and

(b) for all j, (m+ 1 ≤ j ≤ n), there exists J ∈ W such that d �∈ CJ
j ,

then d ∈ CI
0 for all I ∈ Γ (W).

We say that a collectionW is a world view2 of a rule base Γ iffW is a fixed point of
the operator Γ , i.e. Γ (W) =W . In this case, we say thatW is a world view of Γ with
respect to ΔW and MW .

The world view semantics for RDL follows some basic ideas of the well-known
semantics for default logic [16]. First of all, both semantics define an operator Γ , and
take the fixed point of Γ into account. Secondly, all the (nonmonotonic recursive) rules
need to be satisfied by fixing their negation-as-failure part with the original candidate.
However, in Reiter’s semantics [16], Γ is defined on propositional deductive closures,
while in the world view semantics, it is defined on collections of interpretations.

Similar to ASP, a rule base may have zero, one or more world views. Intuitively, each
world view represents an agent’s view of all the possible models by given the rule base.
A world view of a rule base may consist of a single or multiple interpretations. Each
interpretation represents a possible world that the agent believes in this view.

Example 1. (Originated from [2]) Consider the following example of reasoning about
exceptions: “Usually, mammals live on lands. However, whales are mammals but not
living on lands.” Formalized in RDL, this can be represented as

∃live.Land←Mammal, not¬∃live.Land, (2)

Whale �Mammal � ¬∃live.Land, (3)

where (2) forms the RBox, and (3) forms the TBox of this rule base.
Suppose that the ABox is

{Mammal(snoopy)}. (4)

Fix a domain Δ = {d1} and an individual mapping M such that M(snoopy) = d1.
Then, the rule base Γ1 = {(2), (3), (4)} has the following world view with respect to
Δ and M :

W1 = {{Mammal(d1), Land(d1), live(d1, d1)}}.3

2 This term is borrowed from [18].
3 Note that Mammal(d1) and Land(d1) appear at the same time since there is no common-

sense restriction in the rule base that these two concepts are disjoint.
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To verify this, firstly it is obvious that the interpretation inW1 satisfies the knowledge
base {(3), (4)}. Secondly,W1 itself satisfies condition 3 in the definition of the operator
Γ . Hence,W1 ⊆ Γ (W1). To showW1 = Γ (W1), it suffices to prove that for anyW ′

1

such thatW1 ⊂ W ′
1, if all the interpretations in it satisfy the knowledge base {(3), (4)},

then it does not satisfy condition 3. This is indeed the case since ∃live.Land(d1) must
hold according to condition 3.

It can be checked thatW1 is the unique world view of Γ1 w.r.t Δ andM . For instance,
consider the collection

{{Whale(d1),Mammal(d1)}}.

Although the interpretation in this collection satisfies the TBox, and itself satisfies con-
dition 1-3 of the operator Γ , it is not a maximal one since

{{Whale(d1),Mammal(d1)},
{Whale(d1),Mammal(d1), Land(d1)}}

also satisfies conditions 1-3 of the operator Γ .
Now, suppose that the ABox is

{Whale(mobydick)}. (5)

Fix a domain Δ′ = {d2} and an individual mapping M ′ such that M ′(mobydick) =
d2. It can be checked that the unique extension of {(2), (3), (5)} with respect to Δ′ and
M ′ is

{{Whale(d2),Mammal(d2), Land(d2)},
{Whale(d2),Mammal(d2)},
{Whale(d2),Mammal(d2), live(d2, d2)}}.

Semantically, a major difference between Description Logic (DL) and Rule Description
Logic (RDL) is that the semantics for former is defined in terms of interpretations, while
the semantics for the latter is defined in terms of collections (of interpretations). It is
necessary to consider collections instead of interpretations for RDL. Consider a simple
rule base Γ , whose RBox consists of the following two rules:

A1 �A2 ← notB

B ← notA1 � A2.

Given a domain Δ = {d}, Γ has two world views with respect to Δ:

{{A1(d)}, {A2(d)}, {A1(d), A2(d)}},
{{B(d)}},

where the first world view contains three interpretations and the second one contains
only a unique interpretation. One can observe that the relationship between {A1(d)}
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and {A2(d)} is different from the relationship between {A1(d)} and {B(d)}. To con-
clude, {A1(d)} and {A2(d)} are complementary in the sense that these two interpreta-
tions complement each other according to the rule base, while {A1(d)} and {B(d)} are
contradictory in the sense that one contradicts to another according to the rule base.

The reason why collections are needed instead of interpretations can also be evi-
denced from propositional default logic [16], which can be regarded as a natural com-
bination of classical logic and answer set programming in the propositional case. Notice
that the extensions in default logic are propositional theories, which indeed correspond
to a collection of propositional interpretations (assignments) but not merely interpreta-
tions (assignments). Lifting this idea for integrating DL and ASP, it is natural to consider
world views in our task as collections rather than interpretations.

4 RDL vs DL/ASP

Since RDL claims to be an approach to enhance Description Logics with rules in An-
swer Set Programming, it is important to investigate the relationship between RDL
and DL as well as the relationship between RDL and ASP. One important measure is
so-called faithfulness [7]. That is, when restricting the syntax of RDL with DL (ASP
resp.), does the semantics of RDL coincide with the semantics of DL (ASP resp.)? An-
other measure is expressiveness, i.e., does RDL have the full expressive power of DL
(ASP resp.)?

This section answers the first question positively. We show that RDL is indeed faith-
ful with respect to both DL and ASP. For the second question, it can be observed that
RDL embraces the full expressive power of DL, but only contains a conservative frag-
ment of ASP.

The relationship between RDL and DL is illustrated by the following theorem.

Theorem 1 (RDL vs DL). Let Γ be a rule base with empty RBox, i.e. Γ = (R, T ,A),
where R = ∅. Let Δ be a domain and M an individual mapping on Δ. Then, Γ has a
unique world view with respect to Δ and M , which is the collection of all models of the
knowledge base (T ,A) sharing the domain Δ and the individual mapping M .

Theorem 1 shows that, fixing a domain and an individual mapping, the unique world
view of a knowledge base contains and only contains all models of it. Hence, RDL is
faithful with respect to DL. On the other hand, from Theorem 1, it can be observed that
RDL embraces the full expressive power of DL in the sense that, given any knowledge
base, its models (under the context of DL) are exactly captured by its unique world view
(under the context of RDL).

To compare RDL and ASP,4 we need to figure out the syntactic intersection of these
two approaches. A simple idea is to eliminate all the compositional connectives¬, �, �,
∃ and ∀ and to eliminate TBox in RDL. In fact, this fragment of RDL only allows atomic
concepts; it allows neither roles nor compounded concepts. Moreover, TBox assertions
are forbidden. This fragment can be straightforwardly transformed to a fragment of
first-order ASP, which only allows unary predicates and rules of the following form.

4 In this paper, we consider the recent generalization of the first-order answer set semantics
[14, 15], which is defined over arbitrary structures rather than the Herbrand structure [13].
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A0(x)← A1(x), . . . , Am(x), notAm+1(x), . . . , notAn(x), (6)

where 0 ≤ m ≤ n, x is a variable and Ai(0 ≤ i ≤ n) is a unary predicate or ⊥. This
fragment of ASP is indeed a very small fragment of ASP since it only allows unary
predicates and all atoms in a rule must share the same variable.

Theorem 2 (RDL vs. ASP). Let Γ be a rule base that only allows atomic concepts
and has no TBox. Let ΠΓ be the answer set program obtained from Γ by translating
each rule r in Γ of form (1) to a rule of form (6). Then, every world view of Π has and
only has a unique interpretation, which is an answer set of ΠΓ . Conversely, an answer
set of ΠΓ itself composes a world view of Γ .

Theorem 2 shows that, by restricting to the common syntax of RDL and ASP, the world
views (under the context of RDL) exactly correspond to the answer sets (under the
context of ASP) in the sense that every world view contains and only contains a unique
interpretation, which corresponds to an answer set. Hence, RDL is faithful with respect
to ASP.

It can be observed that RDL does not fully embrace the expressive power of ASP.
A simple observation is that roles (i.e. binary predicates) cannot be minimized in RDL,
i.e., the head of all rules cannot be roles. Also, RDL does not allow predicates with arity
more than 2.

However, we argue that rules of the form (1) in RDL are adequate enough from a
Description Logic point of view. This is due to the fact that DLs only allow assertions
like C � D in TBox. More expressive forms of assertions, e.g. R1 � R2, are not
allowed in DLs either. In fact, syntactically, the rule form in RDL (i.e. form (1)) is very
similar to a general concept implication in standard DL, except that the negation-as-
failure operator is introduced. Nevertheless, their semantically meanings are essentially
different.

Also, it can be observed from Theorems 1 and 2 that, semantically, the DL and the
ASP components are actually corresponding to two dimensions of RDL. More pre-
cisely, the DL component is corresponding to the interrelationships among interpre-
tations in a particular world view, while the ASP component is corresponding to the
interrelationships among different world views.

5 Decidability of RDL

Different from standard DLs, there are more typical decision problems in RDL as mod-
els are generalized to world views. For instance, the problem of checking whether a
concept is satisfiable by all interpretations in some world views of an RDL rule base is
different from the problem of checking whether it is satisfiable by some interpretations
in all world views.

The decidability of all kinds of decision problems follows from the bounded model
property of RDL.

Theorem 3 (Bounded model property). If a rule base has a world view, then it has a
world view whose domain size is bounded.
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Proof. In particular, we show that there is a world view whose domain size is less than
O(22

n

), where n is the length of the rule base. As the full proof is rather tedious, here
we only outline the basic ideas due to a space limit.

We can assume that the individual set is empty and all the rules in RBox only contain
atomic concepts. Suppose that Γ = (R, T , ∅), whereR only contains atomic concepts.
Let cl(Γ ) be the smallest set of concepts that contains all sub-concepts occurring in Γ ,
and is closed under single negation. Given a subset S ⊆ cl(Γ ), we use iS to denote the
index of S, and Ind to denote the set of all indices (with respect to Γ ).

Suppose that I is an interpretation whose domain is Δ. Construct a mapping fI from
Δ to Ind (with respect to I) such that for all d ∈ Δ, fI(d) = iS , where S = {C | C ∈
cl(Γ ), d ∈ CI}. By f(I), we denote the set of indices mapped from all elements in Δ,
i.e., f(I) = {fI(d) | d ∈ Δ}.

LetW be a collection with the domain Δ. Let F be a set of indices and i an index. By
P(W), we denote the set {(F, i) |∃I ∈ W , d ∈ Δ such that f(I) = F and fI(d) = i}.
Then,P(W) is a finite set of pairs of the form (F, i). By Ind(W), we denote the power
set of P(W). We construct a mapping f (with respect toW) from Δ to Ind(W) that
for all d ∈ Δ, f(d) = {(F, i) | I ∈ W , f(I) = F, fI(d) = i}.

Let Δ′ = {f(d) | d ∈ Δ}. Clearly, for every d′ ∈ Δ′, there exists d ∈ Δ such
that f(d) = d′. Given an interpretation I ∈ W , construct a new interpretation I ′ (with
respect toW) as follows:

– the domain of I ′ is Δ′;
– for each atomic concept A and each d ∈ Δ, if d ∈ AI , then f(d) ∈ AI′

;
– for each atomic role R and each two d1, d2 ∈ Δ, if (d1, d2) ∈ RI , then (f(d1),
f(d2)) ∈ RI′

.

By induction on the structure of C, it can be proved that:

Claim. For any d ∈ Δ, I ∈ W and C ∈ cl(Γ ), d ∈ CI iff f(d) ∈ CI′
.

Now suppose that a collectionW is a world view of Γ . Then, we show that the collec-
tionW ′ = {I ′ | I ∈ W} is a world view of Γ as well. Firstly,W ′ ⊆ Γ (W ′) sinceW ′

itself satisfies conditions 1-3 in the definition of the operator Γ according to Claim 1.
Hence, Γ (W ′) = W ′. Otherwise,W ′ ⊂ Γ (W ′). Suppose that J ′ is in Γ (W ′) but

not inW ′. We construct a new interpretation J as follows:

– the domain of J is Δ,
– for each atomic concept A and each d ∈ Δ, if f(d) ∈ AJ ′

, then d ∈ AJ .
– for each atomic role R and each pair (d1, d2) ∈ Δ ×Δ, if (f(d1), f(d2)) ∈ RJ ′

,
then (d1, d2) ∈ RJ .

Again, by induction, it can be proved that:

Claim. For any d ∈ Δ, J ∈ W∗ \W and C ∈ cl(Γ ), d ∈ CJ iff f(d) ∈ CJ ′
.

Let W∗ = W ∪ {J | J ′ ∈ Γ (W ′) \ W ′}. Then, W ⊂ W∗. Clearly, W∗ satisfies
conditions 1-2 in the definition of the operator Γ with respect toW . We now show that
it satisfies condition 3 as well. Let d ∈ Δ and r a rule in Γ of form (1). Suppose that
d ∈ CI

i for all i(1 ≤ i ≤ m) and all I ∈ W∗, and d �∈ CJ
j for all j(m + 1 ≤ j ≤ n)
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and all J ∈ W . Then, by Claims 1 and 2, f(d) ∈ CI′
i for all i(1 ≤ i ≤ m) and

all I ′ ∈ Γ (W ′), and d �∈ CJ ′
j for all j(m + 1 ≤ j ≤ n) and all J ′ ∈ W ′. Hence,

f(d) ∈ CI′
0 for all I ′ ∈ Γ (W ′). Again, by Claims 1 and 2, d ∈ CI

0 for all I ∈ W∗.
This shows thatW∗ ⊆ Γ (W). Therefore,W ⊂W∗ ⊆ Γ (W), a contradiction.

We end up this proof by noticing that Δ′ is bounded since the sizes of cl(Γ ), P (W)
and Ind(W) are no more than O(n), O(2n) and O(22

n

), respectively.

As a consequence, the decidability of the existence checking problem follows directly
from Theorem 3.

Corollary 1. Checking whether a rule base has a world view is decidable.

6 Discussions and Related Work

Discussions. The criteria mentioned in the introduction section are regarded to be im-
portant for the task of integrating DL and ASP. RDL indeed satisfies all these criteria.
First of all, the world view semantics for RDL is a direct semantics, which is very
similar to Reiter’s semantics for default logic. Also, RDL is highly tight since con-
cepts (predicates) in the DL component and those in the ASP component are not distin-
guished. Thirdly, RDL is faithful with respect to both DL and ASP, as shown in Section
4. Also, as proved in Section 5, the full language of RDL is decidable.

Finally, it can be observed that RDL is flexible to the Closed/Open World Assump-
tion. The world view semantics for RDL does not force the Closed World Assumption.
For instance, only from the rule base with a single concept assertion Person(Mike),
one cannot derive that Mike is innocent. For employing Closed world Assumption
for a particular concept C, one can simply add a rule C ← not¬C to the RBox. For
instance, together with the Closed World Assumption on the concept Innocent (i.e.
Innocent ← not¬Innocent), from the concept assertion Person(Mike), one can
actually derive that Mike is innocent since the unique world view (w.r.t. a domain d and
an individual mapping from Mike to d) of the rule base is {Person(d), Innocent(d)}.

Related Work. As mentioned in the introduction section, the tasks of enhancing de-
scription logics with nonmonotonic formalisms and/or with rules have attracted many
attentions in the literature. In this section, we briefly review some of the related work.
Due to a space limit, we are not able to discuss all in very detail, and we leave this task
to our full version.

Perhaps the closest work to RDL is other approaches of integrating DL and ASP.
As far as we are concerned, there are five representative approaches in this category,
the tight hybrid approach DL+log [8], the loose hybrid approach DL-programs [9], the
embedding approach to MKNF+ [7], the embedding approach to QEL [10], and the
grounding approach disjunctive DL-programs [11].

Rosati [8] proposed a hybrid approach, called DL+log, which is extended from DL
by adding disjunctive rules of the following form

p1; . . . ; pn ← pn+1, . . . , pm, not pm+1, . . . , not pl,

where pi(1 ≤ i ≤ l) is a first-order atom. Predicates in DL+log are distinguished by
DL-predicates and non-DL-predicates, and the former cannot occur in the scope of not .
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DL+log is a tight and faithful integration. However, it is not flexible since the Closed
World Assumption cannot be applied on DL-predicates. In addition, the full language of
DL+log is not decidable. In order to achieve decidability, a notion called weak-safety,
similar to safety, is required.

Different from the above, Eiter et al. [9] proposed another hybrid approach, called dl-
programs. The key idea is to allow the query results of DL knowledge bases as so-called
dl-atoms in the bodies of a standard rule in ASP. The semantics is then defined based
on grounding on the Herbrand base. This approach is faithful, flexible and decidable.
However, it is not tight since the ASP component is building upon the DL component.
This approach is significantly different from RDL. Firstly, RDL does not distinguish DL
predicates and ASP predicates, which are indeed highly interactive in RDL. Secondly,
the semantics of RDL is defined not only on Herbrand structures but, in general, on
arbitrary ones. Last but not least, the elements in an RDL rule are regular concepts in
DL but not atoms/literals.

An alternative direction of combing DLs and ASP is to define a “indirect” semantics
of the integration by embedding it into another host language. One predominant work
in this category is to use MKNF+ as the host langauge [7]. The rules are of the form

Kh1 ∨ . . . ∨ Khl ← Kb1, . . . , Kbm, not bm+1, . . . , not bn,

where all hi, bj are first-order atoms. The semantics is defined via an embedding to
the logic of MKNF [19]. As shown in [7], this approach is faithful, tight and flexible.
However, its full language is not decidable. Again, a similar notion of safety is required
to obtain decidability.

Another embedding approach is to use Quantified Equilibrium Logic (QEL) as the
host language [10], which is demonstrated to be powerful enough to capture some other
integrations, such as DL+log [8]. However, more detailed analysis, e.g. the decidability
issue, are missing.

Lukasiewicz [11] proposed an alternative approach, called disjunctive dl-programs,
by grounding on finite domains. However, as pointed out in [7], although this approach
is faithful w.r.t. ASP, it seems not faithful w.r.t. the standard semantics of DL, and it
seems only capable of reasoning about positive atoms. Moreover, the grounding-based
semantics is defined only over Herbrand structures rather than arbitrary ones.

To conclude, comparing RDL with the above approaches for enhancing DLs with
rules in ASP, there are several major issues worthy to be highlighted. Syntactically,
RDL uses concepts instead of atoms/literals in the rules. Semantically, RDL employs
collections instead of interpretations. Most importantly, the full language of RDL is
decidable, and no strong syntactic restrictions (e.g. safety) are forced. To sum up, RDL
satisfies all the desirable criteria as listed in the introduction section.

7 Conclusion

In this paper, we introduced a novel formalism, called Rule Description Logic (RDL), to
enhance Description Logic with nonmonotonic recursive rules in Answer Set
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Programming. RDL embraces the full expressive power of DL as well as a conservative
but powerful fragment of ASP. We showed that RDL is faithful w.r.t. both DL and ASP
(see Theorems 1 and 2). Moreover, we proved the bounded model property of RDL
(see Theorem 3), which indicates that RDL, not only its subclasses but its full language,
preserves the most important feature of Description Logic - decidability. To the best of
our knowledge, RDL is the first approach that meets all the criteria mentioned in the
introduction section for the promising task of integrating DLs and ASP.

This work is only a first step. For future work, one task is to consider alternative
Description Logics, such as SHIQ and DL-lite. Another task worth pursuing is to
further extend the syntax as well as the semantics of RDL, e.g. to disjunctive rules.
Certainly, it is also important to work out the exact upper/lower bounds of the related
decision problems in RDL. Last but not least, the implementation task of RDL is crucial
for its applications.
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