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Abstract. Automated reasoning systems which build on resolution or
superposition typically operate on formulas in clause normal form (CNF).
It is well-known that standard CNF translation of a first-order formula
may result in an exponential number of clauses. In order to prevent this
effect, renaming techniques have been introduced that replace subformu-
las by atoms over fresh predicates and introduce definitions accordingly.
This paper presents generalized renaming. Given a formula and a set of
subformulas to be renamed, it is suggested to use one atom to replace
all instances of a generalization of a given subformula. A generalized re-
naming algorithm and an implementation as part of the SPASS theorem
prover are described. The new renaming algorithm is faster than the pre-
vious one implemented in SPASS. Experiments on the TPTP show that
generalized renaming significantly reduces the number of clauses and the
average time taken to solve the problems afterward.

1 Introduction

Most automated reasoning systems operate on formulas in clause normal form
(CNF). Many problem formulations, however, are given in full propositional
or first-order logic. While every first-order formula can be translated into an
equisatisfiable formula in CNF [2], the conversion leads to an exponential blow-
up of the formula in the worst case. An obvious example is this formula in
disjunctive normal form (DNF),

(X1/\Y1)\/(X2/\Y2)\/"'\/(Xn/\yn),

with O (n) literals, for which the CNF variant obtained by exhaustive application
of distributivity laws has O (2") literals.

A well-established workaround to this problem is formula renaming. Originally
due to Tseitin [I0], the idea is to introduce new predicate symbols to replace
parts of the formula that might be “problematic”, i.e. that might be eventually
responsible for exponential blow-up of the result. These replacements avoid the
repeated application of distributivity laws. For example, a renamed variant of
the above formula is,

(RiV - VRIA(RL & (XyAYD)) A A (R (Xu AYn)).

In this manner, the maximum number of new symbols introduced is in O (n),
and the CNF translation also becomes linear in the size of the formula. It is
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worth noting that renaming generates fewer clauses, without having an impact
on the individual clause size. Because of the introduction of new symbols, for-
mula renaming does not preserve logical equivalence. However, it is satisfiability-
preserving; meaning that the resulting formula is satisfiable if and only if the
original formula is satisfiable. This is not a problem in the context of automated
theorem proving; CNF translation employs Skolemization and therefore is itself
only satisfiability-preserving.

Existing work differs as to the criteria for choosing positions to rename. [§]
suggests the replacement of every subformula, while [4] suggests only those re-
placements that would decrease the size of the CNF result. [7] shows an efficient
method to find these “beneficial” replacements, which involves a linear-time com-
putation of numbers and some arithmetic manipulation.

For first-order formulas, the authors of [7] mention the benefit of renaming
several “compatible” subformulas using the same symbol. Two formulas 1, @9 are
compatible if they are both instances of a common formula . We call such a ¢ a
generalization of 1 and 5. For k compatible subformulas with a generalization
, we need only define one symbol with the “general” definition ¢, as opposed
to k symbols that standard renaming would introduce. As an example, standard
renaming of the formula,

(PV(Q1(a1) AQ2(a1))) A+ A (PV(Q1(an) A Q2 (an))),
would yield the following formula of 4n clauses,

(PVR)AN(PVR)A---AN(PVR,)
A Ry 4 Q1 (a1) A Q2 (ar)
AL

A Ry < Q1 (an) A Q2 (an) .

Renaming of the compatible subformulas of the form @1 (a;) A Q2 (a;) using one
symbol yields a formula for which the CNF has only n + 3 clauses,

(PV R(a1))A(PVR(a2))A---A(PV R(ay))
AVz[R(z) < Q1(2) A Q2 (2)].

This inspires what we denote by generalized formula renaming. We assume the
input to be a formula v, and a set IT of beneficial positions for renaming in .
For every beneficial position determined by the system, we would also like to
rename all other compatible positions in 1 using the same predicate symbol.

Generalized renaming has several potential benefits. For redundant formulas,
the clause set can be significantly reduced. New symbols are introduced min-
imally, and therefore there are fewer definition clauses. The individual clauses
are also shortened by the replacements. Moreover, generalized renaming has the
advantage of preserving structural information, which we will later show can
have a significant effect on the time taken to find a proof.



Computing Tiny Clause Normal Forms 111

This work is the first to study the generalized renaming problem. We present
a formal generalized renaming algorithm with proof of correctness, and exper-
iments based on our implementation of the algorithm as part of the SPASS
automated theorem prover. Our tests show that generalized renaming is able to
reduce the number of clauses in the CNF result by up to 92.9%, when compared
to a standard renaming procedure where compatible subformulas are not con-
sidered. This significant reduction in size also reduces the time taken for CNF
translation, and allows for potential reduction of the total run time of the prover.
We will show cases where the performance of the prover is significantly enhanced
with generalized renaming, and discuss the general effect of this approach on au-
tomated theorem proving.

We begin by fixing the notation and going over the necessary background in
Section [2I Section Bl formally defines the problem and presents the algorithm.
We show our experiments and results in Section [, concluding with a discussion.
All relevant proofs can be found in a technical report on [IJ.

2 Background

We rely mostly on the notation used in [7]. We assume a first-order language over
a signature X = (F,R), where F and R are the sets of function and predicate
symbols respectively. The arity of function (predicate) symbol f (P) is given by
arity (f) (arity (P)), with f/n denoting arity (f) = n. Additionally, we assume
an infinite set X of variable symbols disjoint from the symbols in Y. Terms,
formulas, atoms, literals and clauses are defined in the usual way. A formula is
in clause normal form if it is a conjunction of clauses. The set of positions of a
term ¢ (formula ¢) is defined by: (1) € € pos (t) for any t, where t|. = ¢, (2) if
tle = f(t1,...,t,) for f € F, then 7.i is a position in ¢ for all i = 1,...,n, such
that t|r.; = t;, (3) € € pos () for any ¢, where ¢|c = ¢, (4) if ¢|r = f (t1,...,tn)
for f € F, then m.i is a position in ¢ for alli = 1,. .., n, such that t¢|,; = ;, (5)
if p|x = P (t1,...,tn) for P € R, then . is a position in ¢ for alli =1,...,n,
such that ¢|r; = t;, (6) if v|r = 1 ® @2 for ©® € {V,A,—, <}, then 7.1 and
7.2 are positions in ¢ such that p|r1 = @1,¢|r2 = @2, and (7) if ¢l = Qzy’
for Q € {V,3}, or ¢|r = —¢’, then 7.1 is a position in ¢ such that ¢|,1 = ¢'.

We assume a prefiz order < on positions, with a corresponding strict ordering
<. Two positions 71, mo are parallel, denoted by 7y || 2, if they are incomparable
by <. In additional, there is the total lexicographic ordering <;.,. The size of
a formula |p| = |pos (¢)|. The top symbol of a term ¢ (formula ¢) is given by
topsymbol (t) (topsymbol (p)). For a term ¢ (formula ¢), the function wvars (t)
(vars (¢)) returns a set of variables that occur in ¢ (). Similarly, freevars (p) is
the set of free variables of ¢.

The polarity of a position 7 in a formula ¢ is denoted by pol (¢, 7). Substitu-
tions are defined in the usual way. We denote the identity substitution by o;. The
composition of two substitutions o, T is denoted by o o 7. We denote the most
general unifier by mgu (t1,t2). For two formulas @1, pa, subinst (p1,p2): =
{7 | Y2|= = @10 for some substitution o} . The application of a substitution o
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is extended to terms by the rule f (t1,...,tn) 0 (tla t,o) for all f € F
with arity n. It is extended to formulas by (1) P (tl, e ) o= P(t10o,...,ty0)
for every P € P, (2) (mp)o = —(pa), (3) (¢1© <p2) o = @10 ® a0 for
© € {V,A, =, ¢}, and (4) (ngp) o= Qy[(¢{r— y}) o] for Q € {V,3}, where
y is a fresh variable not in the domain or range of o or freevars (p). An injective
substitution o for which xoc € X for all x € X is called a wvariable renam-
ing. Syntactic equality on terms is defined in the usual way. For formulas, we
define syntactic equality up to the names of quantified variables. Namely, for
Q € {3,V}, Qzp1 = Quyo if and only if p1 {x — 2z} = @3 {y — z} for a fresh z.
In all other cases, it is defined in the usual way.
We define formula renaming for first-order logic as in [7].

Definition 1. (Formula Renaming) Let 1, ¢ be first-order formulas, and © a
non-term position such that | = @. Let freevars (¢) = {z1,...,2n}, and R a
fresh predicate symbol of arity n. A formula renaming of ¢ at 7 is the first-order
formula ¥ [7/R (x1,...,x,)] A def (w, ¢, R), where the formula def (7,1, R) is a
polarity-dependent definition of the new predicate R, defined as:

Va1, ..., &n [R(z1,...,2n) = Y]] if pol(,7) =1,
def(m,,R): = (Vx1,..., %0 [Y|x = R(x1,...,24)] if pol(yp,7) = -1, (1)
Ver, .o, X [R(Z1, ..., Z0n) < Y]] if pol(v,7) =0

The formula def (7,1, R) defines the renaming predicate R in terms of ¥|, = ¢,
according to the polarity of ¢ in 1. This polarity-dependent definition is a well-
known optimization, first suggested by [B], eliminating implications that are not
useful for inferences. However, Equation [Il assumes that R is to be defined in
terms of a subformula ¢ of . In case of generalized renaming, we would like to
define a renaming predicate R in terms of a generalization @, where ¢ does not
generally occur in 1. We overload the function def (7, ¢, R) with the following
variant.

Va1, ..o, Zn [R(T1,...,20) = ] ifp=1,
def(¢,p, R) = A Vx1,..., %0 [0 = R(z1,...,2,)] ifp=—1, (2)
Va1, ... &y [R(z1,...,2,) < @] ifp=0,

where freevars (¢) = {x1,...,2,} and p € {—1,0,1}. In this context, p refers to
the polarity of the instances of ¢. Because different instances of the same gener-
alization may occur with different polarities in v, we use one “general” polarity
which is compatible with all these instances. For a formula v, the polarity of
IT C pos (¢¥) in v, pol (v, IT) = p if pol (Y,w) = p for all 7 € I, pol (v, II) =0
otherwise.

For two formulas 1 and @2, we define the notion of generalization and com-
patibility as follows. A generalization of w1 and ¢ is a formula ¢ such that for
some substitutions 01,02, po1 = @1 and poy = @o. The set of all generaliza-
tions of ¢1 and @9 is denoted by GEN (1, p2). Two formulas ¢1 and @2 are
compatible, denoted by @1 ~ @, if GEN (1, ¢2) # 0.
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In order to minimize the introduction of new variables, and consequently
the arity of renaming predicates, we are interested in minimal generalizations.
A generalization ¢ € GEN (@1, ¢2) is called minimal if for all generalizations
¢ € GEN (i1, p2), there exists some o such that ¢ = ¢'c. It is clear to see that
minimal generalizations are equal up to variable renaming.

We extend the notion of generalization to sets of positions. Let ¢ be a formula
and IT C pos (¢). A generalization of IT in 1 is a formula ¢ such that for all
7 € II, there is some o such that ¢|, = ¢o. The set of all generalizations of
IT in 9 is denoted by GEN (¢, IT). A generalization ¢ € GEN (¢, IT) is called
minimal if for every ¢’ € GEN (¢, IT) there is some o such that ¢ = ¢’o.

Clearly, compatibility is an equivalence relation. For generalized renaming of
compatible subformulas, we will cluster subformulas into equivalence classes with
respect to compatibility. We denote these by compatibility classes. For a formula
¥, the compatibility relation ~y on pos (1) is an equivalence relation given by
m1 ~y e if and only if 9|r, ~ ©|r,. The equivalence class of m € pos (1)) with
respect to ~y, is denoted by [w]w. The quotient set of pos (¥) by ~y is given by

Qu = {Il, | 7€ pos (1)}

3 Generalized Formula Renaming

The input to the renaming algorithm is a formula ¢ and a set of positions
IT C pos (1) to be renamed in 3. Consider the formula,

Y=V, y[P(z) & (Q(2) & ( (y) < (Q(y) < (P (b) < Q(0)))))]
A ((P(a1) & Q(a1)) A-- A (P (an) < Q (an)))

We assume that 7 = {111122,1111222, 11112222}, since renaming at these po-
sitions eventually reduces the number of clauses in the CNF transformation. A
standard renaming of ¢ at IT is the formula,

W] [ﬂ—Z/RZ (1’1,.. )]Adef(ﬂz,¢, )Lr €I
where {z1,...,z,} are the free Varlables of 9|.,. Applying standard renaming
in our example yields the following formula,

Y,y [P (z) < (Q(z) ¢ Rz ()]
AVz Ry (z) & (P (2) < Ry (2))]
AVz Ry (z) ¢ (Q () < Ro)]

A [Ro < (P (b) < Q(0))]

A (P(ar) & Q(ar)) A--- A(P(an) < Q(an))

for which the CNF translation has 2n + 16 clauses. Individual renaming of any
of the subformulas P (a;) + @ (a;) does not reduce the number of clauses due
to the need to introduce clauses for the definitions. However, we notice that the
atom Ry is used to rename a compatible subformula P (b) <+ @Q (b), and can be
used to rename all subformulas P (a;) <> @ (a;) as well, without the introduction
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of more definitions. Now, P (b) <> Q (b), P (a1) + Q(a1),...,P(an) < Q (an)
are instances of P (x) <> @ (z). We use this generalization to define the predicate
Ry, which is now assigned an arity of 1. This generalized renaming yields,

2,y [P (2) < (Q () & Rz (y))]
AVéﬂ[Rz(ff)H( (z) < Ry (2))]
AVz By (z) < (Q () < Ro (b))]
AVz[Ro (z) ¢ (P (2) < Q(2))]

/\Ro(a1)/\"'/\Ro(an)

for which the CNF translation has n + 16 clauses.
Formally, we define generalized renaming as follows.

Definition 2. (Generalized Formula Renaming) Let ¢ be a formula and II C
pos (1) be a set of non-term positions in . Then (¢, IT) is a formula renaming
pair. Let sortje,; (IT) = [my,...,m,] be a list of the elements in II, sorted in
descending lexicographic order. A generalized renaming of II in v is given by
rename (Y, sortie,; (II)), where,

rename (1, NIL

)=
rename (Y, [m; | II]) = rename (rename (3, ;) , IT)
)=

U [wl/Ri @) ol| A def (pipi R)

rename (1, T; Cini
i STy,

where pi € GEN (wa [ﬂ—i}w>7 ’l/}‘ﬂg = 9020—5 freevars (901) = {xla"'axm}7 bi =

pol (7,[1, [m]w) and R; is a fresh predicate symbol of arity m.

Let sgr,¥cr be the CNF translations of ¢ produced by standard and gener-
alized renaming respectively. It is worth mentioning that whenever there is no
redundancy to be exploited in the input formula v, i.e. whenever [7], = {7}
for all m € II, generalized renaming reduces to standard renaming of ¢ at all
positions 7 € I, and 1¥sg = YgR-

In general, 1)gr contains at most as many clauses as 1sg. It is possible, how-
ever, that generalized renaming results in more clauses than standard renam-
ing by the above definition. When compatible instances of different polarities
are included in the renaming, a definition may expand into a full equivalence
where only an implication would suffice in the standard version. For exam-

ple, if only position 7 = 1 is beneficial in ¢ := ¢o; A ~¢poa, standard re-
naming would yield A A —¢oo AVaq,..., 2, [A — ¢o1] for some atom A, where
freevars (po1) = {x1,...,2n}. Generalized renaming includes the compatible

subformula ¢o, yielding Boy A =Boa AVyi1,...,ym [B < ¢] for some atom B,
where freevars (¢) = {y1,...,Ym}, doubling the size of the definition. If we are
interested in minimizing the number of clauses, generalized renaming may be
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restricted to include only those compatible instances that will not expand the
definition. Both types of generalized renaming are included in our SPASS imple-
mentation.

3.1 A Generalized Renaming Algorithm

Detecting compatible subformulas and constructing the appropriate definitions
involves a process of repeated generalization. There are several issues to note
here. First, every replacement of the form ¢ [r/R (z1,...,%n) 0] requires the
computation of the substitution o. There are |¢| such substitutions in the worst
case, each of size O (|1|), which means that computing them requires quadratic
time. To avoid this, we note that an upper replacement in the formula hides the
effect of all lower replacements. Therefore, we need only perform those replace-
ments at top-most renaming positions. A top-most position in v with respect to
IT C pos (v) is a position 7 such that for all 7’ € II, #’ > 7 or 7’ || w. Top-most
renaming positions are the top-most positions in I7. The sum of sizes of formulas
at top-most renaming positions is at most linear.

However, nested renamings cause one renaming predicate to appear in the
definition of another, which can be seen in our example, where Ry (b) occurs
in the definition of R; (x). This requires renaming steps to be performed in a
bottom-up manner, as indicated in the definition. Compatibility checks on sub-
formulas of a certain size can only be performed once all deeper subformulas
(of smaller size) have been renamed. In order to employ top-most replacement,
the definitions have to be constructed in such a way that is independent from
the replacement steps. We will later show that, since dependencies between def-
initions correspond to similar dependencies between subformulas, we can use
formula structure to compute the definitions correctly in a bottom-up manner,
independent from the replacements.

We now present an algorithm for generalized renaming on a formula renaming
pair (¢, IT). Our algorithm performs replacements and generation of definitions
in two separate stages.

The first step is to cluster subformulas of ¢ into compatibility classes. The
procedure described in COMPUTE-COMPATIBILITY performs this task. The result
is a mapping M from subformulas to their respective generalizations.

CoMPUTE-COMPATIBILITY relies on a process of repeated generalization. For
this purpose, GENERALIZE describes a minimal generalization procedure for two
input formulas 1, 2. Temporary substitutions are kept in o1, o2. A list L is used
to keep track of bound variables, to prevent generalization above a bound vari-
able position. It can be shown that the generalization returned by GENERALIZE
is minimal.

At this point, every position 7 € pos (¢) is assigned a minimal generalization
p € GEN (w, [W]w) Every such ¢ is assigned the polarity pol (1/1, [ﬂw), and ¢
is marked for renaming if and only if [r],, N 1T # 0.
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Let ¢1,..., @, be the set of constructed generalizations, where for 1 <1 < n,
i € GEN ([m] ) for some 7;, and ¢; is assigned polarity p; and renaming

predicate R;. Because of possible nested renamings, R; cannot be defined directly
in terms of ;. In order to define R; correctly, we need to detect what we call
direct dependencies of p; on ¢;, where j # i, 1 < j < n, and ¢; is marked for
renaming. A direct dependency is the case where ¢;|. = ¢;0 for some 7, ¢ such
that @;|r = @ro’ for no p; marked for renaming, 1 < k < mn, k # i # j and
7' < m. For every direct dependency ¢;|r = ¢,0, ¢; should be replaced at m
with R; (1,...,%m) 0, where freevars (¢;) = {z1,..., Tm}

1 Procedure: CoMPUTE-COMPATIBILITY ({1, IT) , )

Input: A formula renaming pair (¢, IT) and a position © € pos ().
Result: A mapping M from subformulas of ¢|» to the respective

generalizations.
2 if ¢|r is a formula then
3 if Y|~ is not an atom then
4 Recursively compute compatibility for subformulas of .
5 end
6 for all generalizations ¢ computed so far do
7 Set (¢, 01,02) to GENERALIZE (¢|~, 0, 0, 0, 0).
8 if ¢ # 1 then
9 Set M (Y]x) to .
10 if the polarity assigned to o is different from pol (b, 7) then assign
 a polarity 0.
11 if (r € II) then mark ¢ for renaming.
12 break.
13 end
14 end
15 if no generalization has been found for ¢¥|, then
16 Construct a new generalization ¢ = ¥|r.
17 Assign ¢ the polarity pol (v, ).
18 if m € II then mark ¢ for renaming.
19 Set M (Y]x) to .
20 end

21 end
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1 Procedure: GENERALIZE (1, p2,01,02, L)

Input: Formulas or terms @1, @2, substitutions o1, 02, and a list L of variables.
Output: (p,01,02) where ¢; = po; for i € {1,2} if p1 ~ @2, (L, NIL, NIL)
otherwise.
2 if topsymbol (v1) = topsymbol (v2) then
3 switch topsymbol (p1) do
4 case predicate/function symbol P where o1 = P (t1,...,tn) and
w2 =P (s1,...,8n)

5 Create list A[1,...,n].
6 fori=1 ton do
7 Set (t,o1,02) to GENERALIZE (s, 83,01, 02, ).
8 if ¢= 1 then return (L, NIL, NIL).
9 Ali] + t.
10 end
11 return (P (A[1],...,A[n]),o01,02).
12 case negation symbol —
13 Set (p,01,02) to GENERALIZE (1|1, 2|1, 01,02, L).
14 if ¢ =1 then return (L, NIL, NIL).
15 return {(—p, 01, 02).
16 case ® € {V,A\, =, <}
17 Set (p1,01,02) to GENERALIZE (1|1, ¢2|1, 01,02, L).
18 Set (ph,01,02) to GENERALIZE (1|2, ¢2|2, 01,02, L).
19 if ¢} or ¢4 is L then return (L, NIL,NIL).
20 return (¢} © ph,01,02).
21 case Q € {V,3} where v; = Qz;pj
22 Rename z; in ¢} to x ¢ vars (¢;) U dom (0;) Urange (0;). Add = to L.
23 Set (¢, 01,02) to GENERALIZE (], 5, 01,02, L).
24 if ¢ =1 then return (L, NIL, NIL).
25 return (Qzyp,o01,02).
26 case variable  return (x,07,071).
27 endsw
28 else if @1, 2 are terms such that no x € L occurs in @; then
29 if there is a variable x such that xo; = ¢; then return (z,01,02).
30 else
31 Let x be a fresh variable not in ¢;, dom (0;) , range (o;).
32 i — o U{x— @;}.
33 return (z,01,02).
34 end

35 else return (L,NIL,NIL).// formulas with different top symbols
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Instead of searching for these dependencies in a naive way, we notice that
for generalizations ¢1, 2 of |y, ¥|x ns respectively, v1|r, = a0 for some o.
This is due to the property of coverage. A formula ¢ covers another formula
if for every formula ¢’ and substitution o such that ¢ = ¢'o, |subinst (¥, )| =
|subinst (1, ¢")|. Coverage can be shown to hold for generalizations constructed
by our procedure (see technical report). Therefore, we may solve the dependen-
cies by constructing definitions in a bottom-up manner, guided by the structure
of . At every position 7 in a bottom-up traversal of ¢, let ¢ be the generalization
assigned to ¥|,. We compute the definition clef¥7 for ¢, as well as a representa-
tive rep,,. If o is marked for renaming, rep, is simply the renaming atom for .
Otherwise, it is identical to def,. The definition def, can be easily computed
using rep,,,, where ¢’ are the generalizations of the immediate subformulas of
Bl

Using our previous example, let ¢1 = Q (z),p2 = P(x) + Q (), and @3 =
Q () < (P (y) < Q (y)) be generalizations constructed for n + 3 and n + 1 and
1 instance(s) in 1, respectively. Because ¢ is an atom unmarked for renaming,
def ,, = rep,, = ¢1. Now, g is marked for renaming with renaming predicate
symbol Ry, and so def,, = P(z) < Q(x), and rep,, = Ro(z). Similarly,
(3 is marked for renaming with predicate symbol Ry, and rep,, = Ri(z). We
construct def ,. = rep,,, < (rep,, {x — b}), because w3 = 1 > o {x — b}.

Finally, REPLACE-TOPMOST performs top-most replacement, by traversing
1 in a top-down manner. If the current position 7 is a renaming position, it
is replaced by the corresponding renaming atom. Otherwise, recursive calls are
made to the immediate subformulas 7.1 and 7.2, if any.

4 Experiments

The generalized formula renaming algorithm is implemented as part of SPASS
version 3.8 [II]. The TPTP problem library [9], version 5.4.0, was used for test-
ing. Tests were run on a cluster of computing nodes with quad-core processors
2x Intel Xeon E5620 @ 2.40GHz, and 48GB RAM. The input set of beneficial re-
naming positions II is computed using the same method in SPASS 3.7, suggested
in [7].

The first experiment compared generalized renaming to standard renaming on
all 7807 problems given in full first-order logic, from 36 different domains. In this
experiment, only the CNF translation was performed, and the number of clauses
and time taken for CNF translation was compared. For the second experiment,
we considered the subset of these problems for which CNF translation finished
within the given time limit, and generalized renaming was able to reduce the
number of clauses by at least 5%. These are 528 problems from 16 different
domains.

The CNF translation results can be found on the SPASS homepage [I].
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Procedure: GENERATE-DEFINITIONS (¢, )

Input: A formula ¢ and position m € pos (¢).
Output: A conjunction § of definition formulas for all generalizations of
subformulas at or below 9|r.

Set § to T.
Let ¢ be the generalization assigned to ¥|x.
if ¢ is not yet defined then
switch topsymbol (1|r) do
case negation symbol —
Set 0 to GENERATE-DEFINITIONS (¢, 7.1).
Set 1 to the generalization of (¢|r.1).
Set def , to — (repW) o, where p = —p10.
case one of {V,3}
Set 0 to GENERATE-DEFINITIONS (¢, 7.1).
Set 1 to the generalization of (¢|r.1).
Set def , to Qx (repm) o, where p = Qx [p10].
case ©® € {V, A\, =, <}
Set § to
GENERATE-DEFINITIONS (¢, 7.1) A GENERATE-DEFINITIONS (1, 7.2).
Set ; to the generalization of (¢|r.;) for ¢ € {1,2}.
Set def , to (repw) 010 (repw) o2 for ¢ = Y101 © P202.
otherwise Set def , to ¢. // predicate symbol
endsw
if ¢ is marked for renaming then
Set rep,, to R(x1,...,2n), where freevars (¢) = {z1,...,o,} and R/n is
a new predicate symbol.
Set & to § A def (defy,,p, R), where p is the polarity assigned to .
else Set rep, to def .
Mark ¢ as defined.
end
return 6.
Procedure: REPLACE-TOPMOST (¢, )

Input: A formula ¢ and position 7.
Result: Every renaming position in |, is replaced by the corresponding
renaming predicate.

if Y|~ is a non-atomic formula then
Let ¢ be the generalization assigned to v|x.
if ¢ is marked for renaming then set ¥ to ¢ [TI'/ (repw) U] for Y|r = po.
else recursively perform top-most replacement on subformulas of ¥|.
end
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4.1 Comparing the Size of CNF

In this experiment, we performed CNF translation on 7807 TPTP problems using
both standard renaming (SR), and generalized renaming (GR). The respective
number of clauses and time taken for CNF translation were compared. The
number of problems for which both versions terminated within the time limit of
one hour is 7231, leaving 576 particularly large problems. This is partly due to
the fact that the SPASS 3.8 implementation is not targeted towards very large
input files in general.

Fewer Clauses: Generalized renaming reduces the number of clauses in the CNF
result for 1983 (27.4%) of the problems. Clause reduction may be as high as
93%, as in problem ALG207-+1. In this problem, 147 occurrences of subformulas
of the form (op (z1,y1) = 2z1) V -+ V op (z7,y7) = 27 are replaced by instances
of SkPO (x1,¥1, 21, - -, %7, Y7, 27), reducing the number of clauses from 1098 to
only 78. Average clause reduction over each problem domain also proves signifi-
cant, reaching 15.4% for some domains (Table[Ta)). For 528 problems, there is at
least 5% reduction in the number of clauses. We focus on these problems in our
theorem proving experiment in the next section. Table [Ih] shows clause reduc-
tion for hard problems. For some of the hardest TPTP problems (with rating
1.0), generalized renaming was able to reduce the number of clauses by up to
87%. Although this reduction in size does not yet enable SPASS to solve these
problems, the significant reduction in size means that generalized renaming is
able to discover a hidden structure in these problems. Developing new reasoning
mechanisms for the abbreviated structure is a new approach towards tackling
these problems in the future (see our discussion on theorem proving mechanisms
in the next section).

Less CNF Translation Time: On average, generalized renaming does not require
more time for CNF translation. In fact, while the average improvement in CNF
translation time is 0.6%, the time taken for CNF translation is significantly re-
duced in many cases. Naturally, this depends on the structure of the problem,
the applicability of generalized renaming, compared to the overhead required
for compatibility computation. Both the maximum improvement and deterio-
ration in CNF translation time are around 30%, for problems CSR086+2 and
CSR104+-2 respectively.

4.2 Comparing Theorem Proving Time

For this experiment, SPASS was run on all 528 problems for which there was at
least 5% clause reduction, to test if this significant size improvement corresponds
to an improvement in proof times. For these problems, there was 30.9% average
clause reduction, and 37.8% average reduction in CNF translation time. The
time limit was set to 1 day. The total run time of the prover was compared.

For the problems solved by both versions, generalized renaming is able to
outperform standard renaming, as shown in Table[Il The time taken for theorem
proving is improved by 59.62%.
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Table 1. Some of the best results according to problem domain/difficulty

(a) Problem domains with signifi- (b) Hard problems with significant clause
cant clause reduction. reduction.
DomaIN CLAUSES CNF PrROBLEM  RATING MAXIMUM
SAVED TIME CouNT CLAUSES SAVED
SAVED

32 1.0 86.9%
SWV 15.40% 93.14% 9 [0.9,1.0] 21.7%
LCL 15.22% 16.28% 21 [0.8, 0‘9[ 23.8%
ALG 12.72% 3.87% 28 [0.7,0.8 85.5%
CcOoOM 3.35% 4.32% 27 [0.6,0.7] 85.7%
MSC 2.93% 6% 62 [0.5,0.6] 67.6%

Table 2. Problems where SPASS terminates within the time limit of 1 day, using both
renaming versions. Generalized renaming significantly outperforms standard renaming
with respect to theorem proving.

ProBLEM  AVERAGE CNF SizeE AVERAGE TIME TIME
CouNT IMPROVEMENT
SR GR SR GR
381 287.88 194.90 294.39 118.88 59.62%

However, the effect of generalized renaming on the time taken to find a
proof for a specific problem is rather complex. Generalized renaming has two
main effects on the resulting clause set. First, generalization results in clauses
with more variables. This has many consequences. For one, ground clauses pro-
duced by standard renaming may correspond to non-ground ones produced
by generalized renaming, which means that certain mechanisms such as split-
ting or reduction may no longer be possible. An example of this is problem
ALGO091+1, where generalized renaming succeeds in reducing the number of
clauses by 90.5%. However, the CNF result after generalized renaming contains
the clause (op (u,u) = v V SkPO (w, z,y,v,u)). This clause cannot be split, be-
cause of the shared variables between the two literals. It corresponds, however,
to several ground clauses in the standard renaming version, each of which can
be split. In this case, splitting is essential to finding the proof. A mechanism of
splitting together with instantiation is needed, as suggested in [6]. However, this
has not yet been implemented.

It may also happen that some reductions performed using standard renaming
are not performed in the generalized version. For example, for ALG047+1 a
ground reduction turns into an instance of contextual rewriting after translation
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with generalized renaming. As this instance of contextual rewriting is currently
not implemented in SPASS, the problem can no longer be solved.

Second, the ordering of literals within a clause in one version may be different
from that within the corresponding clause in the other version, due to the reduc-
tion in size of literals at renaming positions. This means that some inferences
may no longer be possible, and vice versa, because the maximal literal in the
clause is different. When a renaming predicate SkP is introduced with an equiva-
lence formula as a definition SkP < ¢, there are essentially two proof directions
for the prover to take. One direction is to apply inferences involving SkP in order
to expand the definition, i.e. revert the renaming. The other direction involves in-
ferences that do not revert the renaming, but use information about SkP to find
the proof. It is clear that these two proof attempts are complementary. While the
first direction is suited for some problems, the second may be better-suited for
a different class of problems. An example of this is problem NLP160-+1, where
the prover sidetracks to irrelevant inferences involving the renaming predicate
SkP2, marked as maximal in the respective clauses. By enforcing an ordering in
which SkP2 is no longer maximal, the problem is solved.

Third, the change in the individual clause size and depth means that clauses
are selected in different order by the prover. It may happen that useful clauses
are only considered much later (or vice versa). In short, slight changes in the
shape of the input clause set may lead the prover down a very different path. The
outcome depends mostly on the problem, but also on the approach/heuristics
used by the prover.

Based on the above, we have implemented two additional settings in our gener-
alized renaming technique. The first setting, denoted by GC, prevents generalized
renaming of closed subformulas (i.e. subformulas with no free variables). For any
set of pairwise-compatible subformulas with no free variables, each subformula
is renamed separately, i.e. only if its renaming is beneficial with respect to the
number of clauses. This setting is well-suited for a number of TPTP problems
where ground reductions are particularly helpful in finding a proof.

The second setting, denoted by GMX, enforces proof attempts that do not ex-
pand renaming predicate definitions. When enabled, renaming predicates whose
definitions are expanded from an implication into a full equivalence by general-
ized renaming are assigned a minimal ordering with respect to other predicates.

Testing each setting individually against standard renaming on all 528 prob-
lems, we get the results shown in Table Bl Although SR manages to solve the
highest number of problems in total, it solves fewer problems than the three
versions of generalized renaming combined. This is because the different flavors
of generalized renaming are suited for different types of input problems. For ex-
ample, the 391 problems solved by plain GR are not the same as those solved by
GC. These initial results suggest that a more robust renaming procedure should
combine all these different versions.

By running a simple portfolio of GC for 30 seconds, GMX for 10 seconds and
plain generalized renaming for the rest of the timeout of 1 day, we obtain the
results summarized in Tables @l and Bl Out of the problems solved by standard
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Table 3. Performance of standard renaming along with three versions of generalized
renaming.

Solved Unsolved

SR 414 114

Prain GR 391 137
GC 391 137

GMX 402 126

Table 4. Problems where SPASS terminates within the time limit of 1 day, using both
renaming versions with GC and GMX settings. The generalized renaming ensemble
significantly outperforms simple standard renaming.

PROBLEM AVERAGE TIME TIME
CouNT IMPROVEMENT

SR GR/GC/GMX
409 28177  145.42 48.4%

Table 5. Problems where SPASS terminates within the time limit of 1 day, using both
renaming versions with GC and GMX settings. SPASS does not terminate using simple

SR.

PROBLEM TiME PrROBLEM TIME
(GR/GC/GMX) (GR/GC/GMX)
LCL649+1.010 22.51 LCL659+1.020 0.3
LCL659+1.005 0.07 LCL660+1.005 1439.17
LCL659+1.010 0.17 LCL660+1.010 15080.06
LCL659+1.015 0.24 SWV024+1 2359.38

renaming, generalized renaming only fails to solve one problem, LCL684+-1.005.
This problem is solved by the standard procedure in 30.14 seconds. On the
other hand, our technique is able to solve 8 problems that cannot be solved
using standard renaming. Out of 528 problems, 110 remain unsolved by both
procedures.

5 Conclusion

This paper provides a formal definition, algorithm and implementation for the
generalized renaming problem. Given a formula 1), our goal is to obtain a shorter
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CNF result, by renaming 1 to an equisatisfiable variant 1)’. Instead of renaming
every subformula of ¥, we assume a set I of renaming positions is given as
input. We rename 1 at all the given renaming positions, as well as positions of
compatible subformulas, which can be renamed at no additional cost. We define
compatible formulas as formulas that are instances of a common formula. Of
course, our generalized renaming technique is also applicable to the translation
of propositional formulas and SAT solving [3]. This is also an interesting starting
point for further experiments, because in SAT solving the strengthening of the
polarity of a definition often speeds up a subsequent solver run.

Our experiments show that generalized renaming reduces the number of CNF
clauses by up to 92.9%. For some problem domains, the average clause reduction
is as high as 15.4%. The time taken for CNF transformation is also significantly
reduced in the average case. More importantly, generalized renaming works for
some cases for which the standard renaming procedure fails. Although the time
taken to find a proof is improved by up to 59.62% in the general case, the effect
of introducing more variables is rather complex and may lead to an increase in
time. With the introduction of some new mechanisms, however, our technique is
able to outperform the standard procedure, with a time improvement of 48.4%.

Limitations and Future Work. Technically, logical operators may have arbitrary
number of arguments. Suppose some subformula ¢ is to be renamed in ¢ =
P1L N ANDi ANdiv1 N+ N ¢, represented as one conjunction operator with n
arguments. If ; A¢;11 ~ ¢, this is not detected by our algorithm; the conjunction
¢; N ¢;11 does not exist from a technical point of view. In order to handle such
cases, compatibility computation should rely on a more sophisticated pattern-
matching procedure on term trees, instead of subformula checks. The algorithm
also not aware of associativity/commutativity. If some subformula ¢ of ¢ :=
1A (P2 A ¢3) is to be renamed and ¢ ~ @1 A ¢2, this compatible instance is not
found in . Since this is an NP problem, an efficient implementation modulo
associativity /commutativity must resort to heuristics or approximations that
provide accurate results without compromising efficiency.

As discussed in Section 2] there is potential to find more proofs/model by
adapting the inference and reduction mechanisms in SPASS to the structure of
the clauses generated by generalized renaming. For example, new variants of con-
textual rewriting can be implemented and dedicated to the renaming predicates
introduced by generalized renaming.
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