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Abstract. A novel approach is described for the combination of uni-
fication algorithms for two equational theories F1 and E2 which share
function symbols. We are able to identify a set of restrictions and a com-
bination method such that if the restrictions are satisfied the method
produces a unification algorithm for the union of non-disjoint equational
theories. Furthermore, we identify a class of theories satisfying the re-
strictions. The critical characteristics of the class is the hierarchical orga-
nization and the shared symbols being restricted to “inner constructors”.

1 Introduction

Unification (or equation solving) is a fundamental problem in science and has
been studied in different forms for thousands of years. In computer science, the
concept of unification was popularized by Robinson with his resolution rule of
inference for proving valid formulas in first-order predicate calculus. Since then,
unification has been studied very extensively in theoretical computer science
and artificial intelligence. Unification is extensively used in automated reasoning
systems and other tools, such as cryptographic protocol analysis tools.

Even though the unification problem over a general first-order theory is un-
decidable, the problem is decidable for many first-order theories and numer-
ous algorithms have been proposed. A critical question in the search for such
methods is how to obtain a unification algorithm for the combination of non-
disjoint equational theories when there exists unification algorithms for the con-
stituent theories. The problem is known to be difficult and can easily be seen
to be undecidable in the general case. Therefore, previous work has focused on
identifying specific conditions and methods in which the problem is decidable.
We continue the investigation in this paper, building on previous combination
results, [B 11, 18] and [I3]. We are able to develop a novel approach to the
non-disjoint combination problem. The approach is based on a new set of re-
strictions and combination method such that if the restrictions are satisfied the
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method produces an algorithm for the unification problem in the union of non-
disjoint equational theories. Furthermore, we identify a set of properties on the
constituent theories, F1 and F», such that theories characterized by these prop-
erties satisfy the restrictions and thus the combination algorithm is valid for
these theories. The main properties of this class are: a hierarchical organization
of E1 and Fs, Ry is a left-linear, convergent rewrite system corresponding to F1,
and the shared symbols are “inner constructors” of R; which are not equated
in EQ.

Due to space constraints we do not attempt to give a complete review of
the related work in this active research field but rather point the reader to
a non-exhaustive list of related and important works. Combination methods
for theories with disjoint signatures have been investigated in [22] 21], solved
in general in [I9] and extended in [5] [0]. Combination methods for theories
with non-disjoint signatures is an active area. Some excellent work in this area
includes [I1], (18] [8, [7, [3].

2 Preliminaries

We use the standard notation of equational unification [6] and term rewriting
systems [4]. The set of X-terms, denoted by T'(X, X), is built over the signature
X and the (countably infinite) set of variables X'. The terms ¢|, and t[u], denote
respectively the subterm of ¢ at the position p, and the term t having u as
subterm at position p. The symbol of ¢ occurring at the position p (resp. the top
symbol of t) is written ¢(p) (resp. t(¢)). A Y-rooted term is a term whose top
symbol is in X. The set of variables of a term ¢ is denoted by Var(t). A term is
ground if it contains no variables. A term ¢ is linear if each variable of ¢ occurs
only once in t. A X-substitution ¢ is an endomorphism of T'(X, X') denoted by

{z1— t1,...,2, — t,} if there are only finitely many variables z1, ..., z, not
mapped to themselves. We call domain of o the set of variables {z1,...,z,} and
range of o the set of terms {t¢1,...,%,}. Application of a substitution o to a term

t (resp. a substitution ¢) may be written to (resp. ¢o).

An alien subterm of a X; ~\ X 5)-rooted term t (resp. X-rooted term) is
a Xy-rooted subterm (resp. Xy \ X oy-rooted subterm) of ¢ such that all its
superterms are X \ X gy-rooted (resp. Ys-rooted).

Given a first-order signature X, and a set E of Y-axioms (i.e., pairs of X-
terms, denoted by I = r), the equational theory =g is the congruence closure
of E under the law of substitutivity. By a slight abuse of terminology, F will
be often called an equational theory. An axiom [ = r is variable-preserving if
Var(l) = Var(r). An axiom | = r is linear (resp. collapse-free) if [ and r are lin-
ear (resp. non-variable terms). An equational theory is variable-preserving (resp.
linear/collapse-free) if all its axioms are variable-preserving (resp. linear/collapse-
free). An equational theory F is finite if for each term ¢, there are finitely many
terms s such that ¢t =g s.

A Y-equation is a pair of X-terms denoted by s =’ t. An E-unification prob-
lem is a set of X-equations, S = {s; =" t1,...,8mn =" tm}. The set of variables
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of § is denoted by Var(S). Given a signature X’ C X, S|y denotes the set of
X’-equations occurring in S.

A solution to S, called an E-unifier, is a substitution o such that s;c =5 t;o
for all 1 < i < m. A substitution o is more general modulo E than 6 on a set of
variables V', denoted as o gg 0, if there is a substitution 7 such that ror =g z6
for all x € V. Two substitutions 6; and 6, are equivalent modulo E on a set of
variables V, denoted as 6, =% 6,, if and only if 20, =p 20, for all z € V. A
Complete Set of E-Unifiers of S is a set of substitutions denoted by CSUg(S)
such that each o € CSUE(S) is an E-unifier of S, and for each E-unifier 6 of S,
there exists 0 € CSUE(S) such that o gg‘”(s) 0.

A set of equations S is said to be in standard form over a signature X' if and
only if every equation in S is of the form = =" ¢, where z is a variable and ¢ is
one of the following: (a) a variable different from z, (b) a constant, or (c) a term
of depth 1 that contains no constants. It is not generally difficult to decompose
equations of a given problem into simpler standard forms.

Definition 1. A set of equations is said to be in dag-solved form (or d-solved
form) if and only if they can be arranged as a list x1 =" t1, ..., T, = t, where
(a) each left-hand side x; is a distinct variable, and (b)) V1 < i< j <n:x; does
not occur in t; ([16]). Each x; in this case is called a solved variable. A set of
equations S are said to be in X-solved form if and only if it is in standard form
and S|x is in dag-solved form.

Definition 2. A theory E is subterm collapse-free if and only if for all terms t
it is not the case that t =5 u where u is a strict subterm of t.

Definition 3. We say there exists a cycle in a unification problem if it contains
a set of equations U;L:_ll {z; =" ti[xi1]} U{xn =7 ta]z1]} where ty, ..., t, are
non-variable terms and x4, ..., x, are distinct variables.

The following is a well know property of subterm collapse-free theories (see [10]).

Proposition 1. If E is subterm collapse-free, then any E-unification problem
containing a cycle has no solution.

Definition 4. For a convergent rewrite system R we define a constructor of R
to be a function symbol f which does not appear at the root on the left-hand side
of any rewrite rule of R. We define an inner constructor to be a constructor f
the satisfies the following additional restrictions:

(i) [ does not appear on the left-hand side on any rule in R.
(ii) [ does not appear as the root symbol on the right-hand side of any rule
in R.
(iii) there are no function symbols below f on the right-hand side of any rule
in R.

We consider two equational theories F; and E5 built over the signatures X1 and
Yo. Let X1 9) = 21N Y5, Here we will use some notations and methods already
developed in the combination literature (See [5]).
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The elements of X; are called i-symbols. A term ¢ is called an i-term if its
root symbol is an i-symbol or ¢ is a variable. Notice, that the shared symbols
are both 1 and 2 symbols. We say that a X;-term and a X;-equation are i-pure.

We also use the notion of an alien subterm. An alien subterm of a 1-term (2-
term), ¢, is a non-variable subterm s that is a 2-term (1-term). A decomposition
algorithm can be defined that uses variable abstraction ([5]) to replace any alien
subterm u in a term t by a fresh variable 2 and adds the equation z =" u. By
first converting a unification problem into standard form we have also applied
variable abstraction on the entire unification problem. Decomposition problems
usually employ a splitting procedure to split non-pure equations, s =’ t into
two pure equations =’ ¢t and & =’ s where x is a new variable. An equation
between two variables is always 1 and 2-pure.

We call a term (e.g., a variable) fresh if it is created by applying an inference
rule (or a unification algorithm) and did not previously exist.

3 Combination Procedure

We want to investigate conditions to build an E; U Es-unification algorithm by
using two algorithms A, and A, solving two different kinds of F7 U Es-unification
problems. Consider an F; U Es-unification problem P in standard form. The
approach taken is as follows:

1. Run A; on the Xy \ X 9)-equations of P. Let P’ denote the resulting set
of equations.

2. Run As on the Xs-equations of P’.

3. Collect the resulting problems that are in dag-solved forms.

As in disjoint combination [5], we perform a variable identification step before
applying A; and A, in order to guess a priori all possible identifications of
variables occurring in P. Hence, we apply A; and As not only on P but on
all possible unification problems obtained from P by identifying some variables.
In Section B:2] we show why the classical variable identification introduced for
disjoint combination is sufficient in our non-disjoint setting.

For this approach to work we need to place some restrictions on the theo-
ries and algorithms. These restrictions are introduced next, in Section Bl The
combination algorithm, denoted by €, is formally presented in Figure 2l The
correctness of € is proved in Section B3l After introducing the combination al-
gorithm and proving its correctness based on the following restrictions we show,
in Section @ how these restrictions can be satisfied by a class of equational
theories.

3.1 Restrictions

We present a set of “restrictions” or assumptions on the theories and correspond-
ing algorithms. Let X, and X5 be finite signatures and let X be a countably
infinite set of variables. Consider two subterm collapse-free equational theories
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E; over the set of terms T'(X1,X) and likewise Fy over T(Xs, X) such that
YinNt, = 2(1’2) #* 0.

Restriction 1. (Algorithm Ay) Let P be a set of X1 ~\ X1 9)-equations. Algo-
rithm Ay computes a set of problems {Qk}rex such that

Ukex CSUR,uE, (Qk) is a CSUg,uk,(P) and for each k € K :

(i) Qu consists of (X1 \ X1 2))-equations and X oy-equations.
(i) Qg is in standard form and (X1 ~ X 2))-solved form.
(iii) No fresh variable occurring in a nonvariable Xy o)-term in Q. can appear
as solved in Qy,.

Note that A; is a special type of algorithm that returns a “partial” solution
to an Fy U Es-unification problem. A; is needed to solve some portion of the
problem, namely the X1 \ X, 9)-pure, but a standard Ej-unification algorithm
is not sufficient, even for Xy \ Xy o)-pure Ey U Eo problems. A standard Fj-
unification algorithm may return an error even though a solution exists.

Ezample 1. Let Ey := {h(a,z,y) = g(x xy), h(b,z,y) = g(y*x)} and let E be
the commutative theory for *. Then, h(a,a,z) =" h(b,a,b) is not solvable in E;
but is in F4 U Es.

Restriction [l ensures that completeness is not lost by ensuring that a CSU for
all the partial solutions is a C'SU for the original problem. To explain Restriction
1(iii), let us note that A; may generate fresh ¥, oy-equations, e.g. z =’ f(z,y)
where f € X 5, together with some X1 \ X1 2)-equations, e.g. x =" s,y=""t.
If A, later generates =’ y, then this may lead to the reapplication of A;, to
solve z =7 5,2 =" t. If x and y are from the initial set of variables, this problem
can be discarded without loss of generality, since the variable identification per-
formed initially generates another unification problem where x and y are already
identified. The problem remains if = or y are fresh variables. In order to avoid
it, we introduce Restriction 1(iii), where only the occurrences of fresh variables
are restricted (see also Example HJ).

Restriction 2. (Algorithm As)
Algorithm Ay computes a finite complete set of 2-pure unifiers of 2-pure EyUFE5-
unification problems.

Ezample 2. Consider By = {r(f(z)) = r(g9(x))} and Es = {r(g(z)) = r(h(z))}
and the unification problem r(f(z)) =* 7(h(z)). The problem in standard form
consists of the equations {x; =7 r(z2), 1 =’ r(x3), z2 =" f(z), 3 =" h(x)},
which is already in X; ~\ X 9)-solved form. Thus the problem to be solved by
Ay is the 2-pure problem {z; =’ r(x3), z1 =’ r(x3), x3 = h(z)}, which ad-
mits the Ey U Eg-unifiers o1 = {z1 — r(f(x)),z2 — f(z),z3 — h(z)} and
o2 = {x1 = r(h(z)),z2 — h(x),z3 — h(z)}. Notice that the solution oy fails
Restriction [2 because it is not 2-pure. Since we require that As be able to solve
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2-pure FE; U Es-unification problems with only 2-pure solutions, this theory is
beyond the scope of our algorithm €. In Section [ we give a family of theories
that satisfy this restriction.

We restrict A to compute only 2-pure substitutions. This is used to avoid pos-
sible reapplications of A; after As.

Restriction 3. (Errors)

(i) A X1~ X 1,2)-rooted term cannot be E1 U Ea-equal to a Xa-rooted term.
(it) E1UEy is subterm collapse-free. Therefore, an E1U Es-unification problem
including a cycle has no solution.

Ezample 3. Consider E; = {f(x) = 0} and E2 = {g(x) = 0}. Restriction[is not
satisfied since f(x) =g,uE, 0 where f € X\ X1 ) and 0 € Y. Hence, checking
the unifiability of f(z) :;Jsz g(z) is beyond the scope of our combination
algorithm .

The failure rules associated with Restriction Bl are given in Figure [1l

An Example Theory. We present a theory, called £4¢, for which we applied
our approach [I3] and show that £4¢ satisfies the restrictions 1, 2 and 3. The
axioms of £ are as follows:

exp(exp(z,y), z) = exp(z,y ®z) (1) (z@yYy)®2z=2® (y®2) (3)
exp(x xy,z) = exp(x,z) xexp(y,z) (2) z®@®y=y®@x (4)

Here, Eac = E1 U E> where E; consists of axioms (1) and (2) and E» axioms
(3) and (4). Also, Xy = {exp,*, ®}. Xy = {®}. In other words, £y U E3 involves
AC operator ®. The theory £4¢ has the following AC-convergent system [13]:

exp(exp(x,y), z) = exp(z,y @ 2)
exp(z xy,z) — exp(x, z) * exp(y, 2)

Note that X1 \ X 2y = {exp, *}. In [13], we develop a procedure A; (called 2Ry
in [13]) that returns a {exp, *}-solved form. Furthermore, it is shown in [I3] that
A1 terminates and that it is sound and complete. This implies that A; satisfies
Restriction 1(i). The second part of the restriction, is satisfied by the checking of
Ay which does not have any rule as defined. £4¢ satisfies also Restriction 2 and
3, where As is the standard AC-unification algorithm. This is a consequence of
results showing the fact that ® is an inner constructor with respect to the AC-
convergent rewrite system associated with axioms (1) and (2) above. Therefore,
we get the following result.

Proposition 2. £4¢ satisfies Restriction 1, Restriction 2 and Restriction 3.

We will use this theory to illustrate more results in the paper.
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Conflict: If s(e) € X1 \ X(1,2) and t(e) € 2.
{v="5v="t}UP — Fail

Cycle: If P contains a cycle
P — Fail

Fig. 1. Failure rules

Some of the steps below are non-deterministic, hence lead to computation paths.
Throughout each path, the failure rules of Figure [Il are applied eagerly after each
step. Let V = Var(P).

Step 0: Variable Identification

Guess a partition on )V and set variables in each subset equal to each other. This
requires adding fresh equations of type u =" w, where u,w € V and u and w belong
to the same subset in the partition. Let us denote the enumeration of the partitions
of V as mi,ma,...,mm. Once a partition is selected, the unification problem P is
modified by adding the fresh equations between variables to the unification problem.
We denote the modified problems by P7i 1 < i < m.

Step 1: Run A,

We apply A to the Xy \ X1 2)-equations of P™¢. If A, fails for all 7;, report failure
and stop. Otherwise, we now have a modified, by A1, set of unification problems
from P, P, ... PJi for n > 1, such that all the X1 \ X1 2)-equations in each P;”,
are in (X1 \ X(1,2))-solved form.

Step 2: Run A,

Run Algorithm Az on the 2-pure equations of each 73;” If A2 equates variables in V
not equated by m;; discard that particular ”P;” If none of the remaining P, ... PJ
exit with success, return failure. Otherwise, return success.

Fig. 2. €: Unification Algorithm for the combined theory Ei U E»

3.2 Variable Identification

We are concerned with the fact that some variables from P could be equated by
A, and then cause reapplication of the inference rules of A;. The way to avoid
ping-ponging between the two unification algorithms is to guess, right at the
beginning, a successful partition of the set of variables of P in a way that variables
contained in each subset of each partition are set equal to each other. That is,
we perform wvariable identification on Var(P). For variable identification, we
initially consider the set of all variables Var(P) in the problem. However, some
improvements are possible depending on syntactic properties of the equational
theory considered, as is done in [I3].

Let us assume that A; creates fresh variables that could cause the need for
reapplication of the rules of A; during the application of algorithm As. We call
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such variables “Ping-Pong Variables” as it implies back-and-forth mechanism
between the algorithms.

Example 4. Consider again the theory £4¢ and suppose that z is a fresh variable
created by A; such that z =7 exp(z1,y1), and x2 =’ y2 ® 2. Now if this could
happen the AC-unification algorithm (A3) could equate z, by using the equation
Zo =’ Yo ® 2, to another variable, say x3, such that x5 =" x4 * x5, resulting in
the equation exp(x1,y1) =" 24 * 5. Since this fresh equation would cause failure
in the AC algorithm we would need to “ping-pong” back to A; to handle the
fresh equation. The process could continue to repeat. Therefore, we ensure these
variables don’t occur in the following results.

Definition 5. (Ping-Pong Variable) A variable x is a ping-pong variable if

1. x is a fresh variable created by A .

2. Ay did not create an equation x =" 1, where y is a variable from the initial
standard form problem.

3. x occurs in x =" t where t is a X1 XY (1,2)-rooted term.

4. x occurs in a Xy y-rooted term generated by Aj.

Lemma 1. Let P be a modified problem produced by € in step (2) (i.e., an
output of A1) and assume that z is fresh variable created by A;. If As equates z to
another variable y and that equality converts a subset of P into non-(X1\ X 2))-
solved form, then either z is a ping-pong variable or P is not unifiable.

Proof. Let z be the fresh variable created by A; and assume that Ay creates the
equality z = y, where due to the equality a subset of equations, p € P, is not in
dag-solved form. Now, if p = {&1 =" t1, ..., Ty = L} is not in solved form
then one of the following situations must be present; (1) the left hand sides are
not all distinct, (2) there exists a cycle in the equations. To create situation (1)
the equality z = y needs to create duplicate left hand sides. This implies that
r;=z="t;and z; =y =" t;. If 2 is equated to another variable by Az it must
occur in the 2-pure equations. Since z cannot be both equal to a X'y \ X(; )-term
and a X(; 5)-term, an error by Restriction [ z must be contained in a Xy 5)-
rooted term. Thus, z is a ping-pong variable. Situation (2) implies there is a
cycle between X1 \ X1 9)-equations, a failure condition. a

Based on Restriction [[l of A; we get the following result.

Lemma 2. Let Q be a X1 \ X1 9)-solved form, computed by A1. There are no
ping-pong variables in Q.

Ezample 5. In [13] it is shown that PR; does not produce equations of the form
z =" exp(z,y) or z =" = xy, where z is a fresh variable occurring in a ®-rooted
equation.

Algorithm A could still create different subsets of equated variables from V.
Because V is finite we easily get the following result.
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Lemma 3. For each possible set of equalities T of the variables in V by the
algorithm Ag there exists a partition m; on V that corresponds to T when the
variables in each subset of m; are equated.

Therefore, we can “guess” a (or generate all the) partition(s) of V. For each
partition we can modify the original unification problem by pre-equating the
variables in the subsets of the partition, thus guessing the action of A,. Because
there exists a partition for each action of A3 on V), including not equating any of
the variables, we only have to apply A; once. This is because if for any particular
partition, say 7;, algorithm As equates two variables in V not equated by m; we
can discard that particular modified unification problem because we know there
exists a partition that does correctly correspond to the action of As.

3.3 Termination, Soundness and Completeness

Given two theories Fy and Fs, with corresponding algorithms A; and As, satis-
fying Restrictions [[] through [Bl we show € is terminating, sound and complete.

Theorem 1. € terminates.

Proof. We assume that the algorithms A; and Ay terminate. There is a finite
number of partitions of V, thus only a finite number of P™:. Since A; terminates
and is finitary, there are only a finite number of P]T-” problems produced. O

Lemma 4. Let P be an E1 U Es-unification problem and o an E1 U Es-unifier
of P. Then, there exists a partition m; of V, and an index j, such that o is an
E1 U Es-unifier of P;r

Proof. ¢ naturally induces a partition of the set of variables from P, i.e., if
z,y € V and xo =g, g, yo then z and y are in the same subset of the partition.
Denote this partition as m;. Then we can modify P to P™ and o remains a
unifier of P™i. O

We want to prove that if a problem is unifiable there exists at least one partial
solved form produced from A; such that if € returns success after running A,
that solved form is still intact.

Lemma 5. Let 0 be an E1 U FEs-unifier of an Fy U Es-unification problem P.
There exist a partition 7;, a Xy ~ X(1,9)-solved form P" obtained by applying
Ay on P™i, a Xg-solved form P" obtained by applying As on 77(22 such that
77(21\2(1 o U P" is in a dag-solved form for which the related substitution o
satisfies o Sg%(EPz) 0.

Proof. By assumption, A; and As transform an E7 U FEs-unification problem into
an equivalent set of F7 U Es-unification problems. Moreover, the failure rules are
also sound and complete. It remains to show that the final problems (different
from Fail) are indeed dag-solved forms. The algorithm A, will apply to 77|’ =
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and may possibly add to 77|’ T fresh equations between variables. But these

additional equations cannot convert P" G into a non-solved form according

)

to Lemma [l and Lemma [2l Therefore, all final problems P" different from Fail

are such that P/ is in solved form and P/ is in solved form. Such a
[Z1N2(1,2) [ X2

final problem P” is necessarily in dag-solved form, for otherwise a failure rule

would apply. a

Theorem 2. Let Ay and Az be algorithms satisfying Restrictions [l through [3.
The algorithm € is sound and complete, which means that Fy U Es-unification
1s finitary.

Proof. The soundness directly follows from the fact that each time an Fy U Fo-
unification problem P is transformed into P’ by €, then any F; U Es-unifier of
P’ is an E; U Es-unifier of P. The completeness is proved by Lemma O

4 A Class of Hierarchically Combinable Theories

In this section we consider a class of hierarchically defined theories. We investi-
gate the problem of satisfying Restrictions [l through Restriction Bl The class of
theories is defined by the following set of properties. The two key properties being
the hierarchical organization and the shared symbols being inner constructors.
We assume that Fy and Fo are subterm collapse-free. The class is then defined
by the following properties.

1. Properties of E:
Ry is a left-linear, convergent term rewrite system corresponding to Fj.
2. Properties of Fo:
FEs is a linear, finite equational theory.
3. Properties of the shared symbols:
If f € Xa,2),then fis an inner constructor of R;.
If f and ¢ are inner constructors of Rj, then f-rooted terms cannot be
equated to g-rooted terms in Fj.

The £¢ theory, is an example of a theory that is contained in the above defined
class. The convergent rewrite theory associated with the first two axioms is left-
linear and ® is an inner constructor. The lower theory is the AC-theory for ®.
By assuming these properties, we can show that an Es-unification algorithm
is sufficient to satisfy Restriction Bl Moreover, these properties are sufficient to
satisfy Restriction Bl With respect to Restriction [Il it is possible to build a
complete “syntactic” method to generate the partial solved forms of A;.

4.1 Satisfying Restriction 1

The first and critical step to satisfying Restriction [ is the construction of an
inference system G such that the standard forms of leaves in the search tree
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generated by G are the X ~\ Xy 2)-solved forms corresponding to a complete
set of F1 U Es-unifiers of the input problem, thus satisfying the majority of
Restriction [Il Another way to view the inference system G is as a method for
reducing Fy U Es-unification problems to a set of Es-unification problems.

We still have to identify examples of theories for which G can be turned into
a terminating algorithm. Moreover, the computed X1 \ X' 2y-solved forms must
satisfy Restriction [ (iii) to avoid ping-pong variables when running €. Before
presenting the procedure we need some results on the relation between R; and
E5. Immediate from the properties we have the following.

Lemma 6. Let sy, s, and t be terms such that sy <—p, so —>p, t. Then there
exists a term t' such that s; —p t' <=7, t.

Lemma 7. — 5 o <«—7%, is terminating if and only if — p is terminating.

Proof. The “only if” part is trivial. The “if” part is a consequence of the fact
that (— g, o +—7}, )" C—%, o ¢+, according to Lemma [6 o

Lemma 8. R; is convergent modulo Es. That is, for any s,t
S§ =R,UE, t if and only if s IR, =B, tiR,

Proof. The result is a consequence of [I5], Theorem 3.5. There a set of restrictions
is given on a rewrite theory and equational theory. The key restrictions of [15]
are:
(1) Ry be left-linear. (2) Critical pairs of Ry are joinable modulo Es. (3) Critical
pairs of Ry and Fj are joinable modulo FEs. (4) — g, © %, is Noetherian.
(1) is satisfied by assumption. (2) is a consequence of Ry being a convergent
system. (3) is a consequence of the fact that the only shared symbols are inner-
constructors of R;. Since inner-constructors don’t appear on the left-hand sides
of the rules in R, there is no overlap between the left hand sides of R; with
either side of the identities in Fs. Finally, (4) follows from Lemma[7l O

We modify the general syntactic F-unification procedure G, presented in [6],
which consists of a set of non-deterministic inference rules. This procedure is
based on the methods developed in [14] 20]. The modifications are to the rules (i)
and (ii). The resulting system is presented in Figure[Bl Note that in constructing
this procedure one could also start with another general E-unification method
such as [14, 17, [12]. The algorithm could also be constructed from scratch as
in [13].

Let e[u] denote an equation with subterm w, let P and S denote sets of equa-
tions. Initially P is a set of X1 \ X1 )-equations and S is empty. A computation
path in the modified G (from now just called G) is a sequence of rule starting
from an initial system P : () and ending in a system P : S such that no additional
rules from G can be applied and S is in solved form.

We start by showing that the Ry portion of any 7 U FEs proof corresponds to
a computation path in G. Note, in our procedure G, we introduce fresh variables
by considering the fresh variants of rules in R;. These variables can be seen
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(i) LP {e[u]juP:S — {I="wu, e[r]JUP:S
Where:
— wu is a non-variable X1 \ Y1 g)-rooted subterm.
— | — r is a fresh variant of a rule in R;.
— The root symbol of [ and u are identical and I =° w is not subject to another
rule before being subjected to decomposition.
(i) Trivial {s='s}juP:S — P:S
(iiil) Decomposition

{f(ur,... un) =" f(vr,...,00)} U P: S
— {w =?U1,,,,,un :?vn}UP:S

Where f [SPRIN 2(1’2).
(iv) Orient {t="z}UP:S — {x="t}UP:S
(v) Variable Elimination {z="t}UP:S — P[t/z]: S[t/z]U{z =t}

Fig. 3. Unification procedure G

as existentially quantified variables [I6]. Hence, an equation 2 =’ ¢ can be re-
moved from a solved form when z is existentially quantified, and so existentially
quantified variables do not appear in the domain of unifiers.

Lemma 9. Let s = ¢ be a X1 ~ XY (1,2)-equation. For each Ey U Ex-unifier
0 of s =" t such that 0 is Ri-normalized and s0,t0 are ground terms, there
exists a sequence of LP applications in G that correspond to the Ry steps in
s0 —%, (s0) Lr, =g, (t0) Lr, %, t0 such that 0 is an Ey U Ex-unifier of any
unification problem in this sequence.

Proof. For an Rj-normalized 6, a ground term sf and any R;-rewrite sequence
s) —%, s reducing sf to the Rj-normal form s', there exists a rewrite proof
s —* s’ such that no rewrite step can take place at a term introduced by
any substitution. This is known as a “basic” rewrite proof (see [6], Section 4).
According to the assumption and Lemma [§ we have s —7% s, t0 —%,
t', and s’ =g, t’ where s’ and ¢’ are respectively the R;-normal forms of sf and
t0. We examine s —7%, s, as tf —7}, 1’ follows analogously. If s —7 s’ is
a basic rewrite proof then the result follows from a simple induction argument
on the length of the derivation. If there are no rewrite steps, s = s’, then no
LP step is required as it is already in normal form and FEs-unifiable. Otherwise,
we get a set of rewrite steps of the form
s0 =5, 222, 51[r10]p, = s2 = ... = sy SLIIUN Splrnblp, =8
l1—7r1 I —Tn

Since at each reduction the redex is not contained in 6, each reduction corre-
sponds to an application of LP at the same position. That is, for any (k)" step

. .0 . . .
of the rewrite proof s 1L> sk[rkB)p, = sk+1 there exists a LP application
k—Tk

such that {s"[u],, =’ t} UP;S =rp {lx =" u, §"[rk]p, =’ t} UP;S where
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§"0 = sj,. Furthermore since uf = si|,, = 110 and (s"[u]p, )0 —r, (5" [Tk]p, )0, 0
is a By U Ex-unifier of {ly =" u, "[rg]p, =" t}. o

Let us denote a system P; S resulting from an exhaustive application of the rules
in G as a G-normal form.

Lemma 10. Let P be a set of X1 \ X 2)-equations. If 0 is an E1 U Eqx-unifier
of P, then there exists a sequence, P;) =* P’; S, in G such that P';S is in
normal form w.r.t G and 0 is an Ey U Ey-unifier of P’ U S.

Proof. We can modify the same proof strategy used in [6] (Lemma 4.9) but mod-
ified due to Lemma [@ and the fact that our procedure stops before considering
E5. Let 0 be a Rj-normal solution to P. For all u =7 v € P, If u =g, g, v0
then by Lemma [ uf | g, =g, v0 |g,. By Lemma [ there exists a P’; S having
the same solution, obtained by a sequence of LP applications, P; S =rp P’; S,
such that P’; S is a Ri;-normal form. In addition, since the LP rule doesn’t add
equations to S, S = 0. Thus, S is in solved form.

Now if uf = v is in Ry-normal form. Then, only rules (ii)-(v) can be applied.
In this case the problem reduces to syntactic unification. In [6] a complexity
measure is defined and it is shown that the syntactic unification rules will trans-
form the system into a system lower in the complexity measure and having the
same solution. In addition, it is also shown that any equation introduced into .S
maintains a solved form. O

We can characterize the normal forms produced in G by the following result.

Lemma 11. The standard form of any G-normal form is a X1 ~ X1 2y-solved
form.

Proof. Consider the equations s =’ t such that s(e), t(e) € X U (X1 \ X(1,2)).
When these equations occur in a G-normal form, P;.S, they occur necessarily in
S. Otherwise, one of the rules of G could be applied contradicting the assumption
that P; S is a G-normal form. A G-normal form, P; S, can be converted to a X3 \
2(1,2)-solved form by converting the system into standard form. The equations
in S will clearly be in X \ X g)-solved form and the equations in P will be
converted to X1 \ X(; o)-solved form due to variable abstraction. In addition the
conversion maintains unifiability. a

Lemma 12. Let P be a set of X1 \ X1 9)-equations. Then, the normal forms
computed by G are equivalent to X1 \ Xy oy-solved forms {Qx}rer such that

U CSUEluEQ(Qk) 15 a CSUEluEz(P)
keK

In addition, Qy, consists of (X1 \ X1 2))-equations and X, 2)-equations.

Proof. 1f P is E1U Es-unifiable the result follows from Lemma [I0land Lemma [T1]
If the problem is not Fy U FEs-unifiable then there are two possibilities. First, no
X1\ X1 2)-solved form exist, in which case the result follows. Second, there exist
one of more G-normal forms. But since all the conversions maintain unifiability,
the resulting solved forms will not be Fs-unifiable. Lastly, since R; can only
introduce X7 symbols the last result follows. O
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4.2 Satisfying Restriction 2

We prove that an Es-unification algorithm is sufficient to solve 2-pure problems
modulo F7 U Es, the restriction on As. To state this result, let us consider some
technical concepts introduced initially for disjoint combination [5]. We define the
following bijection between the set of (E; U E3)-equivalence classes of terms and
a set of variables, so-called abstraction variables. This is helpful to obtain the
proof of next lemma which states that variable abstractions are not affected by
rewrite steps at any position in a term.

Let & and Y be disjoint sets of variables that are countably infinite. Let
T(X1 U X5, X) be the set of Xy U Xa-terms over X. We define a bijection ¢ :

T(X U Xy, X)/=E1UE2 — Y and denote t the ¢-abstraction of ¢ defined as
follows:

Ift € X, then t* = t. If t = f(t1,...,t,) and f € Xy, then t¢ =
@2, ..., t?). Otherwise, t* = ¢([t|z,um,), where [t]gpuE, denotes the

equivalence class of t modulo Ey U Es.
Note that third case applies to X1 ~\ X1 g)-rooted terms and ¢-abstractions
of 2-terms are 2-pure terms.

Lemma 13. For any terms s and t, if s +—p,uE, t, then s* =g, t%.

Proof. Note that if s is X'} \ X4 9)-rooted (resp Xa-rooted), then s <— g, up, t
implies that ¢ is Xy \ X1 )-rooted (resp. Xs-rooted), due to the form of rules
in R; and equalities in Fs, plus the subterm collapse-freeness of F; and Fs.

Let s <—g,uE, t and assume that the «— g, uE,-step is applied at a position
pin s. Let us first consider that s is Xs-rooted. There are two cases to consider:
1. p is not in an alien subterm. We can only apply <—g, at p according to our
assumptions on F; and FEs. Then there exists an equation I = r in F5 and a
substitution o such that s[lo)], +— s[ro], = t. Consider the ¢-abstraction s® of
s. Note that p is still a non-variable position in s and we can find substitution
o’ such that s®[lo"], «+— g, s®[ro’], = t®. Thus we get s? +—p, t%.
2. p is in an alien subterm occurring at position q. A <—g,ug,-step is applied
at p, which implies that s|, =g,um, tlp, and so s|; =g,up, t|q;- Hence the
alien subterms s|, and t|, are abstracted to the same variable by ¢, that is
(sl4)? = (t|4)?. Following the definition of ¢-abstraction, we get s = t%.

If s is X1 \ X1 2)-Tooted, then ¢ is X1 \ Xy 9)-rooted. Hence, s =%, and so
s¢ =g, e,

Finally, if s is a variable, then there is no ¢ such that s «—g,ug, t. O

Lemma 14. FEs-unification is sound and complete for solving 2-pure Ey1 U Fso-
unification problems.

Proof. Consider an E; U Es-unifier o of s =" ¢ where s and ¢ are 2-pure. By
induction and Lemma [[3] so =g,uF, to implies s0® =g, to® where in fact o is
an instance of o®. a

Hence, an Fs-unification algorithm provides an algorithm As satisfying Restric-
tion [2 since it computes a complete set of 2-pure unifiers.
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4.3 Satisfying Restriction 3
We first show that the assumptions imply the first part of Restriction 3.

Lemma 15. A X \ Yy 5)-rooted term cannot be Eq U Ez-equal to a X2-rooted
term.

Proof. If a X1 \ XY (1,2)-rooted term is K1 U Ez-equal to a Ys-rooted term, then
Lemma [[3] contradicts the fact that E5 is subterm collapse-free. a

The following lemma is useful to show that F; U Es is subterm collapse-free.

Lemma 16. For any term t and any strict subterm u of t, if t —)El t' then

t' £g, u.

Proof Sketch. If ¢ —>}J%1 t', then t’ # wu for any strict subterm u of ¢, otherwise
it would contradict the fact that E; is subterm collapse-free. To prove that
t' #g, u, let us first introduce the notion of layer defined via the bijection ¢ used
to define ¢-abstraction in Section A I-layer (resp. 2-layer) of a term s is a
1-pure (resp. 2-pure) term which is obtained from any X1 \ X1 9)-rooted (resp.
Yy-rooted) subterm s’ of s having no direct X; \ X1 )-rooted (resp. Ys-rooted)
superterm, by replacing each alien subterm s” of s’ by the variable ¢([s"|r,uE, ),
where [s”]|g,uE, denotes the equivalence class of s” modulo Fy U FE>. We are now
ready to state the following facts:

(1) According to the form of rules in Ry, we can show that ¢’ and ¢ have neces-
sarily different 1-layers. Then, this can be extended to any subterm of ¢, since F;
is subterm collapse-free: ' and any subterm of ¢ have different 1-layers. Hence,
t’ and u have necessarily different 1-layers.

(2) Since FE5 is subterm collapse-free, Eo is a set of equalities between non-
variable 2-pure terms having the same set of variables. Therefore, t' =g, u
implies that ¢ and u have the same 1-layers.

Consequently, it is not possible to have ¢’ =g, w. a

Theorem 3. E; U E5 is subterm collapse-free.

Proof. Assume that t =g,ug, u for a strict subterm u of £. We can assume that
w is in Ry-normal form. By Lemma8 we have that t | g, =g, u. If t g, = t, then
we get t =g, u, which contradicts the fact that Esy is subterm collapse-free. If
t |r,# t, then we get a contradiction by Lemma O

4.4 Unifiability of Partial Solved Forms

Theorem 4. E;U Es-unifiability of X1\ X1 2y-solved forms is decidable if gen-
eral Es-unification is decidable.

Proof. We use the notion of unification with (linear) constant restriction [5]
and the fact that Fs-unification with linear constant restriction corresponds to
general Ep-unification. A X\ X 9)-solved form can be decomposed into P; UPs
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where P; denotes the solved form containing only X1\ X1 )-equations between a
variable and a non-variable. Let o1 be the idempotent substitution corresponding
to the solved form P;. This substitution defines a constant restriction: If x is in
the domain of o1, then « must be considered as a (free) constant in Fs. If x is in
the domain of o7 and y occurs in xoq, then the constant  must not occur in the
solution of y in Fs. Let < be a linear constant restriction satisfying the above
constant restriction. We are now ready to state that P; UPs is Fq U Fs-unifiable
iff Py is Fs-unifiable with the linear constant restriction <: (<) We can that
show that for any Fs-unifier oo of P, satisfying the linear constant restriction
<, 01 0 09 is an Fq U Es-unifier of Py U Ps. (=) If 0 is an E; U Es-unifier of
P1 U Py, then ¢? is an Fs-unifier of Py. Moreover, o satisfies a linear constant
restriction extending the restriction given by ;. Otherwise, it would be possible
to contradict Restriction Bl a

As a consequence, we can consider in our assumptions a general Fs-unifiability
algorithm (that is, Ee-unifiability with free symbols) instead of an Fs-unification
algorithm to get an F; U Es-unifiability algorithm.

4.5 Inner Constructor Definitions and Undecidable Results

Suppose we weaken Definition @], such that inner constructors can appear on the
left hand side and have constants below them. The following convergent system,
RY, satisfying the new definition, where + is the inner constructor:

B(xl * T2, T3 * .’L'4) — f(b+ a/vg(xlvx?vx?nx‘l))
f(a + b,g(x1,$2,$3,$4)) — B(xlaxi’)) * B(x23x4)

Now let our second theory, E¥, be the commutative theory for +. Then R} U
E3-unification is undecidable due to the undecidability result for the theory of
Synchronous Distributivity, B(u* v,z xy) — B(u,x) * B(v,y), presented in [2].

5 Conclusion and Perspective

Building on previous combination results [5 [IT}[I8], and our own earlier work [13],
we are able to identify a set of restrictions and a combination method such that
if the restrictions are satisfied the method produces a unification algorithm in
the union of non-disjoint equational theories. Furthermore, we identify a class
of theories that satisfy the restrictions and thus the combination problem for
these theories is decidable. The theory £4¢, which is of interested in the area
of cryptographic protocol analysis, is also presented as a theory for which the
method is applicable.

Another candidate theory where the approach may be applicable is a par-
tial theory of Cipher Block Chaining, also of interest in cryptographic proto-
col analysis and studied in [I]. The theory has the axiom: be(cons(z,Y),z) =
cons(h(zx, z),bc(Y, h(z, z))) which can be oriented from left to right. Notice that
the symbol h in a left to right orientation would be an inner constructor.
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The symbol h could then be given some equational properties, like AC, which
would be a natural extension. The AC' theory for h would form the lower theory
FE5. The combination method would then be applicable for obtaining an unifi-
cation algorithm for this AC-cipher block chaining theory. Interestingly, the full
theory studied in [I], includes the additional axiom bc(nil, z) = nil. Although
this would violate the restriction on subterm collapse-free theories, it may still
be possible to extend the combination result to this and similar cases by first
“removing” the collapsing conditions by a closure method.

With respect to efficiency, it should be possible to improve the algorithm by
cutting down on the number of partitions. The first example of this can be seen
in [13] where only a particular subset of the variables are needed to form the par-
titions and thus the number of partitions is reduced. This type of improvement
may be possible in many cases. More efficient methods for enumerating these
types of partitions could be developed, where the fact that these partitions will
correspond to equalities between variables is taken into account. Some efficiency
can be obtained if the enumeration is done by enumerating the more “granular”
(less variables equated) partitions first and then preceding down the lattice of
partitions to partitions where more variables are equated. If a unifier is found
for one particular partition, all partitions that are both comparable and lower
in the lattice are unifiable but with less general unifiers. Therefore, paths in
the lattice of partitions could be pruned. Finally, it may also be possible to ap-
ply a deterministic approach. Rather than guessing a priori all possible variable
identifications, allow the algorithms to ping-pong but provide a measure that is
reduced at each application of an algorithm.
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