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Abstract. Non-standard reasoning in Description Logics (DLs)

constructing—a concept. This is the main reason why we tefer

comprises computing a Least Common Subsumer (LCS), a Cbncepuch reasoning asonstructive reasoningBy contrast, “standard”

Difference, a Concept Unifier, or an Interpolant Concepthame
a few. Although some reasoning services have been unifieddjr
(e.g, LCS and Most Specific Concept), the definition of non-stathda
problems and the computation that solve them are very diftdrom
each other. We propose to unify the definitions of non-stahdar-
vices as special Second-order sentences in DLs; when thgosol
concepts are optimal with respect to some preferences, airfixp
replaces the Second-order quantification. Moreover, wpqs® to
combine the well-known Tableaux calculi for DLs with ruldsat
compute substitutions of Concept Variables. We prove soessland
completeness of the combined calculus and we give a sufficten
dition for termination, which covers some non-trivial casse

1

During the last years, several highly optimized reasoningires
have been developed for classical deductive reasoning wsth
as subsumption/classification, consistency checking rastdmce re-
trieval. At the same time, non-standard reasoning taske baen
proposed in the DLs literature as an answer to new issuetedela
to knowledge-based domains, especially in retrieval stenaon-
tology design and maintenance and automated negotiatelavéht
reasoning tasks we may cite are: explanation [19], intettpmi [24],
concept abduction [11], concept contraction [10], conceyfication
[3], concept difference [26], concept similarity [7], capt rewriting
[2], negotiation [22], least common subsumer [5], most gjmeoon-
cept [1] and knowledge base completion [4].

For each of the above mentioned tasks a specific algorithpiic a
proach has been proposed and very often only for a parti¢zdane-
times simple) DL. Although the need for such reasoning tédesls
been widely recognized, there is not yet a unified view—astlea
from an algorithmic perspective. Indeed, some of the aboea-m
tioned tasks share some properties from a computationat bi
view and sometimes are very related to each other. Moreowest
of the problems in the cited reasoning tasks have the forimd'F
one or more concept(s) such that{sentence involving” }” and
we are really interested in exhibiting such a concept, reitguoving
its existence. In other words, many of the above mentionasore
ing tasks, known as non-standard reasoning, deal with fipdior
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reasoning is about checking some property (true or falsef) sis
subsumption or satisfiability; and even query answeringlmame-
duced to instance checking.

In this paper we propose a new second-order framework and a re
lated calculus able to express, in a uniform way, many of twe
mentioned constructive reasoning tasks. In particular eidas
fixed-point reasoning tasks those constructive reasorssigstthat
rely on specific optimality criteria to build up the obje&iconcept.
In addition to the theoretical result of unifying severasening ser-
vices, the practical importance of this unification is thaidves the
way to the construction obne system that can solve, with slight
adaptations, all the above mentioned non-standard reastasks.

The remainder of the paper is structured as follows: in 8e@i
we introduce the framework and its formal semantics. Secids
devoted to the reformulation of some relevant constructasoning
tasks in terms of second order formulas. In Section 4 we §psath
a reformulation for fixed-point reasoning tasks. The gdreigulus
is presented in Section 5, before the conclusive section.

2 Semantics

We denote byDL a generic DL. Only in order to exemplify our
framework, consider the presentation of the BHZ Q.

Let N, be a set of role names. general roleR can be either a
role nameP € N,., or its inverse, denoted by ~. We admit a set of
role axioms formed by: (1) aole hierarchyH, which is a set of role
inclusions of the formR; C R», and (2) a set of transitivity axioms
for roles, Tr ans(R). We denote by_* the transitive-reflexive clo-
sure of HU{R™ C ST | SC R € H}. Arole S issimpleif itis
not transitive, and for n& such thatR °”* S, R is transitive.

Let N. be a set of concept names, and letdetc N.. Generic
concept” can be described by the following syntax:

C — T|L|A|2nS.C|<nS.C|CiNCy|~C (1)

We consider the other well-known constructs as abbreviatio; L

Cy = =(—(C1) M =(C2)),3IR.C =>1R.C,YVR.C = <O0R.-C.
For computability reasons [16], only ihnR.C, VR.C the roleR can

be a general role.g., also a transitive role, or a super-role of a tran-
sitive role), while in other restriction® must be asimplerole.

Every DL is equipped with a model-theoretic semantics. Agai
exemplifying our discussion fa§HZ Q, aninterpretationZ is a pair
(A7, .7y whereA” is a set of individuals, and is an interpretation
function mappingT into AZ, L into @, each concept namé € N,
into a subset oAZ, and each role nam® < N,. into a subset of



AT x AT, and extended to concept and role expressions as follow:
(letg{. ..} denote the cardinality of a set):

-t = Af-AT )
>nRCT = {ae AT |t{be AT |(a,b) € R*,be CT} >n}
<nRCT = {ae AT |#{be AT |(a,b) € R*,be CT} < n}

cinc)t = (@) n(C)*
(P = {(ba) € AT x AT | (a,b) € P} ®3)

As usual, we denote by’ C D the proposition “for every inter-
pretationZ (satisfying role axioms)CZ C DZ”. We also denote
non-subsumptioby C' [Z D, meaning the proposition “there exists
an interpretatiorf satisfying role axioms such thatZ ¢ DZ”. Ob-
serve thatC’ C D, C' Z D are propositions (true or false), so they
can be combined by, Vv in a propositional formul&'. For instance,
strict subsumptiobetweenC' and D (C C D) is expressed by the
formula(C C D) A (D [Z C). We sayl is true iff the composition
of truth values of subsumptions and non-subsumptions ytale.

2.1 Second-order Concept Expressions

In order to write second-order formulas, we need a ldgt =
{Xo, X1, X2,...} of concept variables, which we can quantify over.
A concept terms a concept formed according to the rules in (1)
plus the ruleC — X for X € N,. For example,A M X, M
V(P7).(X1M3Q.X2) is a concept term. We stress the fact that con-
cept terms could be defined starting from the syntax of evér{z,
not justSHZ Q. We denote byDL x the language of concept terms
obtained frontD L by adding concept variables.
We useGeneral Semantidd5]—also known as Henkin structures
[28]—for interpreting concept variables. In such a sentantvari-
ables denoting unary predicates can be interpreted ordpime sub-

setsamong all the ones in the powerset of the don%’frﬁ—instead,
in Standard Semantics a concept variable could be intexgbest any
subset ofAZ. Note that Baader and Narendran [3] use Standard
mantics in their paper on concept unification.

Adapting General Semantics to our problem, the structureome
sider is exactly the sets interpreting concept®ifi. That is, the in-
terpretationX” of a concept variabléd must coincide with the in-
terpretation£” of some concepEl € DL. Moreover, since we are
interested in particular existential second-order foamulwe limit
our definition to such formulas.

Definition 1 (General Semantics)LetC,,...,Cp,D1,...,Dp €

DL be concept terms containing concept variabhas X1, ..., Xy,

and letT" be a conjunction of concept subsumptions and non-
subsumptions, of the form

(01 C D1)/\- . ~/\(Cg C Dz)/\(Cz+1 Z Dz+1)/\' . -/\(Cm Z Dm)
(4)

for1 < ¢ < m.We say thatl" is satisfiable irDL iff there exist a set

of n + 1 DL concepts€ = (Ey, ..., E,) such that, extending the

semantics (2)—(3) for each interpretatidn with: (X;)? = (E;)*

fori =0,...,n, it holds that both

1. forj = 1,...,¢, and every interpretatioff, (C;)* C (D;)* and
A

2. forj = £+1,...,m, there is an interpretatior? s.t. (C;)
(Dj)*.

Z

Otherwise ' is said to beunsatisfiable iDL . If I is satisfiable in
DL then we call€ a solution for I" and we define :

SOL(T) = {€ = (Ey, ..., Ey) | £ is asolution forl"}

gs the set of solutions fdr. Moreover, we say that the formula

®)
isfalse inDL if SOL(T") = ¢ (i.e, I' is unsatisfiable), else it isue

IXo---3X,.T

From now on, whei® contains only one concept variable, so that so-
lution tuples€ amount to a single concept, we wrfe= E instead
of £ = (Eo) to improve readability.

Note that we consider only a particular form of closed seeond
order formulas in DLs. because we are not interested in Skeomter
DLs by themselves, but only in their use to express and cosnet
“constructive” reasoning services presented in next 8ecti

3 Constructive Reasoning

Hereafter we show how to model some constructive reasoasigt
as second-order concept expressions. We introduce ttenraftsig-
nature of a concepthat is used in the following Constructive Rea-
soning tasks. Given a conceptwe define:

sign(C)n, = {A] A € N, A appears syntactically i@}
sign(C)n,, = {P | P € N,, P appears syntactically i@'}
sign(C) = sign(C)n, U sign(C)n,.

3.1 Interpolation

Interpolation has been proposed in DLs for different puegoSiven
two concepts” and D such that”' C D holds, Schlobach [24] uses
an interpolant to explain such a subsumption. Koaeal. [17] use
the notion of interpolation for a TBoX in order toforgetpart of the
vocabulary adopted i and reason on a smaller ontology. Seyn
al. [25] need the computation of an interpolant between two eptsc
to rewrite a query in terms of DBox predicates.

seDefinition 2 (Interpolation) Given two concepté’ and D in DL,

such thatC' C D, an interpolant ofC and D is a concept/ such
that:

e sign(l) C sign(C) N sign(D);
e bothC C Iandl C D.

Given two concept€” and D such thatC' C D, the correspond-
ing interpolant satisfies the formu(@ C X) A (X C D) of the
form (4), whenX is interpreted, in General Semantics, in the DL
which is the restriction oD L to sign(C') U sign(D).

3.2 Concept Unification

Concept Unification [3] between two conceptsand D arises when
one wants to rewrite some concept names occurring end D in
order to make the relatiof' = D true.

Definition 3 LetC and D be two concepts ifvL such thatC' # D.
We define the two set8® = {AY | i = 1,...,l} and &P
{AP | j = 1,...,m} such thatx® C sign(C)n, and X" C

sign(D)n,. A Unification Problem is finding the set of rewriting

rulesM: A — C;...; AC — C, AP — Dy;.. ;AR — D,
such that
sign(Ci) € sign(C) U sign(D), withi =1,...,1
sign(D;)  C  sign(C)Usign(D), withj =1,...,m
C =M D



The Unification problem is solvable iff the following fornau(of the ~ 4.1.3 Concept Abduction

form (5)) is true inDL: Originally introduced in [11], Abduction in DLs has been oge

A7, .. AP AP, AD(CED)A(DEC) nized as an interesting reasoning service for a set of vasisks
treating X<, X” as concept variables which are interpreted in thel® 10, 18, 20, 25]. Here we focus on Concept Abduction [11] bu
DL which is the restriction 0D to sign(C') U sign(D). the formalization can be easily extended to other abdugtieee-

dures [13]. Concept Abduction is a straight adaptation @fpBsi-

4 Optimality in Constructive Reasoning tional Abduction.

Definition 6 (Concept Abduction) Let C, D, be two concepts in
DL, bothC and D satisfiable. AConcept Abduction ProbledCAP)
stinding aconcep € DLsuchthaCNH Z 1,andCMH C D.

In many non-standard reasoning task§ L (I") has a preference re-
lation < between solutions. As an example, we know that a concep
D € DL is a Common Subsumer of two concepts, C> € DL if

(Cy C D) and(C2 E D), or, recalling Def.1, ifD is a solution of ~ Every solutionHI of a CAP satisfies the formula
T'res = (C1 E X) A (Cy C X). The LCS of(Cy, Cs is the least

element VE/.r.t[ of S)OL((FLCS) a)nd is unigue up to equivalence [9]. Papp = (CNXZ LA(CAXLD)
We generalize this idea as follows. The preference relation for evaluating solutions is sulmion-

Definition 4 (OSP) An Optimal Solution Problem (OSP)is apair ~ Maximality, since less specific solutions should be preteroe-
(T, <), whereT is a formula of the form (4) anek is a preorder ~ C3US€ they hypothesize the least. According to the propoagte-
over SOL(I"). A solution toP is a concept tuple such that both ~ WOrk, we can model Subsumption-maximal Concept Abduct®n a

€ € SOL(T) and there is no othef’ € SOL(I') with & < &. ABD = ((CNXIZ L) A (CNX E D), 7). Note that a greatest
) e ) solution of ABD w.r.t. Jis D, if C' 1 D is a satisfiable concept (if
To clarify the above definition, consider the LCS problem wehe i is not, thenABD has no solution at all [11, Prop.1]).

Ci = AN3IR.T andC; = BN 3IRVR™.A, for the simple DL
FL™ET. Solutions td” = (A N3R. T C X) A (B NMdRVR™.AC 4.1.4 Concept Contraction
X) areSOL(I') = {T,A,3R.T,AN3R.T}, up to equivalence.

The preference relation for LCS is obviousty(strict subsumption). ~ Gardenfors [14] distinguishes three main kinds of beliedrges:
(i) expansion (ii) revision (iii) contraction Given two concepts”

andD such thatC M D £ 1, Concept Contraction is the DL-based
version of contraction.
We now show how the above framework can capture five non-

. ; . Definition 7 (Concept Contraction) Let C, D be two satisfiable
standard reasoning tasks, going from the most renowneae tiaittty . . S
o L concepts inDL. A Concept Contraction Proble(CCP) is finding
recent—and less well-known—ones. Aiming at a fixpoint compu

; ) . ir of K) (Gi , Ki hthat = G N K,
tation for solving each of the problems below, we also point @ a pair of concepts (&, K) (Give up, Keep) such that = ¢

. dK M DK L WecalK tractionof ding toD.
greatest element.é., a least preferred one) w.r& which could be an z e callX"a contractionof ¢* according to
used to start the iteration of an inflationary operator. Every solution(G, K') of a CCP satisfies the formula of the form (4)

4.1 Non-standard services in DLs as OSPs

4.1.1 Least Common Subsumer Peonrr =(CEXoNX)A(XoNXL EOIA(XaNDE L)

Common subsumers @, C» satisfy the formula of the form (4) Following an information minimal criterion [14], such stibns can
TLes = (Cy T X) A (Cy T X). Then, the LCS problem can be be compared b{Z, preferring the ones whod€'s are subsumption-
expressed by the OSBC'S = ((C1 T X) A (C2 T X),C). We minimal, since they are the solutions keeping the most. Asra c
note thatT is always a solution which is a greatest element w.t. ~ S€duénce, we can define Subsumption-minimal Concept Gtinfia
Such a formulation of LCS was already proposed by Doeini 8SCONTR = (I'contr, C2), Where; compares by only the
al. [12], in a less general way, for a sub-languageS@{Z Q. That second t_alement of each pair qf solution con_cepts. Nott_a tgeea_at-
formalization becomes a special case of the one we propase he €St solution o conrr Wrt. Cis (C, T), that is the solution which
since other non-standard reasoning tasks are not congigfetbat ~ 91ves up the most (the whol& is contracted tor).
aper. o
pap 4.1.5 DL-based Negotiation

4.1.2 Concept Difference The main aim of a negotiation process is to find an agreement be

Following the algebraic approaches adopted in classiéalrimation ~ tween two competing parties. Both agreement and requiresfrem

retrieval, Concept Difference [26] was introduced as a wagnea-  the two parties can be represented as (a conjunction ofppt&{22].
sure concept similarity. In general, when the negotiation starts, the parties reménts are

o in conflict with each other. Hence, in order to reach an agez¢m
Definition 5 Let C ,and D be tWO, concgpts such tha’ T they have to relax their original requirements, until thepch an
D. The Concept Difference’ — D is defined bymarc{B €  zgreement. However, in every negotiation scenario eadly pas
DL suchthatD 1 B = C}. also somestrict requirementswhich cannot be negotiated and must
We can define the following formula of the form (4): be enforced in the final agreement. Consider two competiegtag

c andd, whose strict requirements are, respectivllyand.S,, with
Porrr = (CEDAX)A(DNXLC) S.MSy [Z 1 (otherwise no agreement can be reached). Every agree-

Such a definition causes Concept Difference to be modeletleas t ment A should enforce strict requirements, while being always fea
OSPDIFF = (I'prrr,3). We recall that, is spite of its name, a sible,i.e., it must be a solution of
Concept Difference problem may have several solutions. [26je

that a greatest solution fatp;rr w.r.t. Jis C' itself. Pnpe = (X ES)AN(XESa) AN(XE L)



Moreover, we are usually interested in those agreemernitfysag
some economical properties, such as Pareto optirfalltyen, we
may define a preference relation between concepId(I'nec)
<NEc Using the notion of utility function. Given two computable
utility functionsuc, uq : DL — [0, 1] let

A<nvpe A it uc(A) - ug(A) > ue(A") - uqg(A)

It can be shown that a least concept Wkl e¢ is a Pareto optimal
agreement, so we can defiléEG = (I'nea, <nEc). Usually
[22, 23] the utility functions are non-increasing over swhgtion,
i.e, if A1 C Ax—meaning that agreement; decides strictly more
features tham,—thenu (A1) > u(A2), where equality means that
the features additionally decided by are irrelevant for the agent.
Note that a greatest solutionBfv g W.r.t. <y gq iS S. M .Sq, since

it barely enforces strict requirements of both parties auitideciding
any of the features that would increase: uq.

4.2 Optimality by fixpoint

Optimal solutions w.r.t. a preorder might be reached byattrg an
inflationary operator. We now specialize the definition dfationary
operators and fixpoints to our setting.

Definition 8 (Inflationary operators and fixpoints) Given an OSP
P = (T, <), we say that the operatdrp : SOL(I') — SOL(T")
(for better) isinflationaryif for every€ € SOL(T"), it holds that
bp (&) < £ if £is not a least element &%, bp (£) = £ otherwise.
In the latter case, we say thétis a fixpoint ofbp.

Intuitively, bp (£) is a solution better tha# w.r.t. <, if such a solu-
tion exists, otherwise a fixpoint has been reached, and sfixghaant

is a solution tdP. Being bp inflationary, a fixpoint is always reached
by the following induction: starting from a solutich let

&o

Ei1

&
bp (&) fori=0,1,2,...

Then, there exists a limit ordinal such that€, is a fixpoint of bp.
For each of the previous five non-standard reasoning serwee
highlighted a greatest solutiafi € SOL(T") which this iteration
can start from. Obviously, wher is well-founded (in particular,
whenSOL(T") is finite) the fixpoint is reached in a finite number of
steps. However, also when afteliterationsE,, is not a fixpoint,&,
can be considered as an approximation of an optimal solwusione
Eit1 < & foreveryi =0,...,n.

5 Defining bp through a Calculus

In this section we first set up a calculus that computes aisalaf

Definition 9 (Substitutions) Let {i1,...,ix} € {0,1,...,n} be
a set of distinct indexesX;,, ..., X;, be concept variables, and
D;,,...,D;, € (SHIQ)x be conceptterms.

1. Asubstitutiono is a set of pairs{[X;, /Di, ], ..., [Xi,/Di,]}.
A substitution isgroundif every D;; contains no variablesie.,
D;; € SHIQ.

. LetC € (SHZIQ)x be a concept term, we defingC) as
0(Xi) = Dy, 0(=X;) = =(c(Dy)),0(A) = A, o(C1 M Ca)
o(C1) Mo(C2), 0(xnR.C) =xnR.c(C) for=e {, >}.

. For concept term€’, D, we define alse(C' T D) = o(C) C
o(D),o(C £ D) =0(C) £ o(D), and for a boolean conjunc-
tion I' of the form (4),0(T") is the result of applying to every
subsumption and non-subsumption statement.

By using substitutions, a formula of the form (5) is true adauag to
Def.1 if and only if there exists a ground substitution makihtrue,
as formalized by the theorem below.

Theorem 1 A formula3Xo ---3X,.I" is true in SHZQ iff there
exists a ground substitutios = {[Xo/Eo],...,[Xn/Ex]} with
Eo,...,E, € SHZQ, such that(T") is true.

Observe that since is ground, and substitutes every variable in
I, o(T) is just a boolean combination of [non-]subsumptions in
SHZQ. Observe also that BtandardSemantics is adopted for con-
cept variables [3] instead of Def.1—that is, X can be any sub-
set of AT—then the “only if” part of the above theorem no longer
holds, since there can be statements for which is not express-
ible in the targe®D L, yielding no substitution. For example, formula
IX.(AC X)AN(BLC X)A (T IZ X)is false in a DL without
(disjunction), but it would be true in Standard Semantiast et for
everyZ, XT = AT U BZ.

We present now a simple calculus, obtained by combining Ana-
lytic Tableaux for ordinary concept constructors, and stligons
for concept variables. Then we prove its soundness and edeapl
ness. Again, we present the calculus for the&HZ Q, but only for
sake of clarity; the same framework could be adopted forrdithes.
We borrow Tableaux rules (T-rules; see below) from wellskno
results of Tobies [27]. Since inverse roles are preseStHL O, we
usepairwise blockingor individuals [27, p.125].

TABLEAUX RULES (T-rules)

All rules are applicable only 1t 1s not blocked For each:
1,...,n, L; is a branch inr;. Rules above the separating line have
precedence over rules below it.

MN-rule :if CND e Li(x),
then add bothC' andD to £;(x)

formulasT" of the form (4), and prove its soundness and complete-

ness. We do not attempt to prove termination, since someaftibve
problems are known to be undecidalgey, unification inSHZ [29].

U-rule :if CUD € Li(x),
then add eitherC or D to £;(x)

Then we show for each of the previous OSPs how the preference r

lation can be embedded inside a formiilaextendingl’. Hence, an
implementation of such a calculus would provide a unifornthod
for solving all the above non-standard reasoning problems.

We stress the fact that well-known decidability results GEBi [8]
and Rabin [21] about Monadic Second-order Logic do not apply
our case, since they refer to Standard Semantics.

6 An agreement is Pareto-optimal if no agent can improve itisyuvithout
worsening the other agent’s utility.

V-rule :if VR.C € L;(z), and there exists an individuglsuch that
y is an R-successor of,
then addC to £;(y)

<-rule :if <nS.C € Li(xz)withn > 1, and
there aren > n S-neighbors (say)u, . . .
Ce Ei(yj)forj =1,...,m,
v,z € {y1,...,ym} With y being anS-successor of
and noty # z

, Ym OF 2 with



then (1) addf;(y) to Li(z),
(2) for everyR € Li(z,y) if zis a predecessor afthen
addR™ to L;(z, z) else addR to L;(z, z),
3) letL;(z,y) =0, and
(4) for all u with u # y, setu # z
Vi-rule :if VS.C' € Li(x), with Trans(R) and R C* S, there
exists an individuay such thaty is an R-successor at,
andvVR.C ¢ L;(y),
then addvR.C'to L;(y)

choose-rule :if < nS.D € L;(z), withe {>, <} and there is
an S-neighboy of x
then add eitherD or —D to £L;(y)

3-rule :if IR.C € L;(z), andz has noR-successoy with C' €
Li(y),
then pick up a new individualy, add R to L£(x,y), and let
Li(y) :==A{C}
>-rule :if >nS.C € L;(z), and x has notn S-neighbors

Yiy---,Yn Withye #y; for1 <4 < j < n,
then create n new successorsyi,...,yn Of xz with

Li(z,ye) = {S}, Li(y) := {C}, andy, # y;, for

1<l4<j<n

A branch/ is closed if, for some individuat, either L € £(x),
or{A,~A} C L(x) for some concept namé, or<n S.C € L(z)
andz has in£ m S-neighborsyi, . . ., ym With m > n, with C' €
L(y;) andy; # y; for 1 < i < j < m. We call such a situation a
clash A tableau is closed if all its branches are closed. A brasch i
openif it is not closed, and no T-rule can be applied to it. A tablea
is open if it has at least one open branch.

In order to prove a formula of the form (5), each [non-] subpum
tion in I is associated with a tableau. For a sente@geC D,
the calculus aims at closing the tableguthat starts with the sin-
gle branch

Li(ai) = {Ci, D} (6)

with a,; being an individual. For a senten¢g Z D;, the calculus,

of-rule :apply[X/Y1 NY2]to (r1,...,Tm, o), whereYy, Y, de-
note concept variables not appearingi, . . ., Tm, o)

Note that T-rules are applied separately to each branch af ea
tableau, while S-rules are applied to all branches of aletax at
the same time.

An S-ruler is o-blockedfor X € L;(x) in (r1,...,7m,0) if
{(T1,...,Tm,0) derives from somér{, ..., ,,,c’), in which there
is some individualz’ such that: ()X’ € Lj(z'), (i) L:i(z)
L;(z"), (iii) for every R-successoy of z in £;, there exists ami?-
successoy’ of z’ in £ such thatC;(y) = L (y"), (iv) for every S,
the number of differen5-neighbors ofx in £; is the same as the
number of differentS-neighbors of:’ in £}, and (v) Ruler has been
applied toL; in {11, ..., T/, 0o’).

It is well-known [27] that T-rules are sound and compléte,

C C D s true if and only if the tableau of the form (6) closes. We
now extend this property to our combined calculus.

Theorem 2 (Soundness)LetT be as in (4). If the calculus of T- and
S-rules, starting with each; as in (6) ando = (), yields a system
(T1,...,7m, o) inwhich eachr; is closed fori = 1, ..., ¢, and each
T; is open forj = £+ 1,...,m, then there exists a substitutieri
such thatz’(T") is true.

Proof.Let o’ be o in which every remaining unsubstituted concept
variable is substituted with a different concept namenever
appearing inI". Since T-rules are sound, each closed tableau
fori = 1,...,¢ is a proof thato(C;) T o(D;), and the same
is also a proof foro’(C;) C o'(D;). Moreover, since T-rules
are complete, each open tableaufor j = ¢+ 1,...,m is a
proof thato(C;) ¥ o(D;), and the same remains a proof for
a'(C;) Z o'(Dy), since remaining variables are substituted by
unconstrained concept names. ad

Theorem 3 (Completeness)LetT be as in (4). If there exists a sub-
stitutiono such thato (T") is true, then there is a way of applying T-
and S-rules that yields a system, . . ., 7m, o) in which eachr; is

starting with; as before, aims at obtaining an open tableau. Weglosed fori = 1, ..., ¢, and eachr; is open forj = £ +1,...,m.

call systenthen + 1-tuple (71, . .., 7m, o), made of the: tableaux
and the substitution on the variables. The system alwaydssta

Proof. Since S-rules mimicSHZQ syntax (1), every ground

with & = (. Substitution rules (S-rules) are presented below. Wesubstitutiono can be reconstructed by repeated applications of

denote the application of the substitutiénto (4, ...
O(t1,...,Tm, o) and its result ig0(71), . ..

s Tm, 0) Dy
,0(mn),0 U o).

SUBSTITUTION RULES (S-rules)
All rules are applicable only i is open and the substitution is

S-rules. If one decides to apply all these S-rules at once, on
gets a system{7{,..., T, c’) in which eachr; has one branch
Li(a;) = {0(Cs),0(=D;)}, ando’ = o. Now since T-rules are
sound and complete, their application yields closed taixea for
i=1,...,¢, and open tableaux; for j = ¢+ 1,...,m. ad

not o-blocked Rules above the separating line have precedence over

rules below it.

oT-rule :apply[X/T]to (r,..
oN-rule :apply[X/A]to (ri,...

.,Tm70'>
 Tm, O)

o—-rule : apply [X/-Y] to (m1,...,7m,0), WhereY denotes a
concept variable not appearing{y, ..., 7m, o)

o=-rule : apply [X/>mR.Y] to (r1,...,Tm,0), WhereY de-
notes a concept variable not appearingf, . .., 7m, o), and if
m > 1thenR is a simple role

o<-rule :apply[X/<nR.Y]|to(r1,...,Tm,0), whereY denotes
a concept variable not appearing(in, . . ., 7m, o), and ifn. > 0
thenR is a simple role

Soundness and completeness of the above calculus, togéther
undecidability results for specific problems such as urtificain
SHZ [29], imply that (i) there are infinitely many instances iniain
the calculus does not terminate, (ii) there is no algorittomletely
identifying [non-]terminating cases. However, for specifiasses of
formulas of the form (5), a termination proof can be devisadie
basis ofo-blocking[12], which prevents the application of S-rules.

We now show how to definebp when P
LCS,DIFF,ABD,CONTR,NEG. The idea is to add to
I'p the conditions enforcing a better solution, yielding a new
formulal'p. In all casespp has the following form:

&' € SOL(I'ry,) if such ang’ exists
£ otherwise

bp () = {



and the conditions added op enforce thatt’ <p £. To shorten
formulas, we use the abbreviatiGh= D for (C C D) A (D C C),
andC C D tomean(C C D) A (D Z C). In all the problems
below, but for Concept Contractio#,is just the singletorE.

Ies = (CLCX)A(C2C X)A(XCE)

Ipipr = (DOX=C)A(EC X)

Iigp = (COXZLA(CNXCD)A(EC X)
ToonNTR C=(XoNX1))A(X1MDEZ L)A (X1 C Ey)

(given& = (Eo, Ev))

For DL-based Negotiation, we exploit the property thatitig$ are
non-increasing over strict subsumptiare., £’ = E implies that
uz (E') > uz(E), forx = ¢, d.

IType = (XESH)A(XCESHA(XCE)

In order to avoid adding insignificant details & (that would imply

u(E") = u(FE), with no real improvement towards an optimum), we
should delve into the details af For instance, if each agent assigns a

worthws, . .., w, to some conceptB:, . .., P,, andu is defined by
uw(E) =Y pep w(Ps) [22], then itis sufficient to add to the above
formula the conjunctX C (Upgp, Ps), expressing thaX should
subsume at least one preferred condgphot yet subsumed b¥.

Observe that the number of occurrences of variables in efable o
above formulag is a small constant (6 in the worst cas@,o y7r,
considering equivalence as two axioms), while the proofrafacid-
ability of unification inSHZ [29] requires a large number of variable
occurrences in (the analogous bf)Hence deciding the satisfiability
of the above formulas is an open problem.

6 Conclusion and Future Directions

This paper proposed an innovative approach exploiting ¢henon-
alities shared by several non-standard reasoning servideks to
model them according to a unified framework. It is notewortttngt
such a uniform view involves both the definition and the cotapian
of the investigated tasks: on the one hand we propose a umiqdel
to express the services as special Second-order senteridks;ion
the other hand we provide a calculus for solving them acogrtth
a unified algorithmic approach. The unification potentiathaf pro-
posed framework is shown in the paper w.r.t. several namdstal
reasoning tasks apparently far from each other like Intatjom,
Concept Unification, LCS, Concept Difference, Concept Adtidun,
Concept Contraction and Negotiation. We note that the freonkeis
easily extensible for the computation of further reasonasks, like
the Most Specific Concept and Knowledge Base Completionny s
ply allowing formulas involving an ABox or a TBox in the defiiun
model. The framework underlines how most non-standardicesv
share the property of being devoted to the exhibition of anmare
concepts and therefore names them “constructive reasoashg”.
Furthermore, constructive reasoning problems whoseisnlobeys
to some optimality criteria, are more specifically modeléed“Op-
timal Solution Problem”. The proposed unification effortlveie fi-
nally capitalized by the construction of a unique systene &dkolve
any non-standard reasoning task; the design and the imptation
of such a system will be object of our future research work.
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