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Abstract. Computation of theMost Probable ExplanatioMPE)
when probabilistic knowledge is expressed as a factoretlitiis
tion is a classical Al reasoning problem: completédences avail-
able about the values of some of the variables which are wbder
and the problem consists in finding the most probable assghof
the remaining variables given the evidence. However, apitmg the
choice of the variables to observe (the sample) in order tdmise
the MPE probability is a less classical and more difficultigbean.
In this article we tackle this question of optimal samplingstruc-
tured problems under limited budget, within the framewof -
den Markov Random Fields (HMRF). Thalueof a sample (which
we seek to optimise) is the expectation, over all possibigaa out-
puts (observations), of the MPE probability. The contiids of this
article are: i) an original probabilistic model for optingmpling in
HMRF ii) computational complexity results about this prerol, lead-
ing in particular to approximability/inapproximabilitgsults and iii)
an exact solution algorithm and two approximate solutigoathms
of decreasing time complexity, which we empirically evaéuan a
problem of spatial sampling for occurrence map restoration

1 INTRODUCTION

The computation of thenost probable assignmeota subset of vari-

ables given complete evidence on the complement of that Iset w

probabilistic knowledge is expressed as a factored digtab is a
classical (but still difficult) generic Al reasoning probie[17]. In
the graphical modelsommunity it corresponds to thdost Proba-

ble Explanation(MPE) problem: the values of a subset of the vari-
ables are observed and the most probable value of the remaini

ones is computed. It is also known as the computation ofvtaei-

mum a Posterior{MAP) problem in image analysis, when variables
are organised as pixels and one seeks for image restordtien g

noisy observations. In many real-life situations, the $etamiables
on which information is acquired is not fixed, even thougtsiz® is
limited by a budget constraint. The question is then to $ekes set
in order to achieve a high confidence in the values of the neimmzi
variables, i.e. high MPE/MAP value. The variable assignnvéth

highest probability is a restoration of the set of unobsgmariables.
The optimisation of the sample set is a less classical aneé wlifi-

cult problem than MPE/MAP, especially when observatioesaisy
and costly. A generic formulation as well as a study of its pata-
tional complexity and development of solution algorithms atill

to be done. In this article we tackle this question of optiisen-
pling under limited budget for MPE/MAP maximisation, withihe
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framework of Hidden Markov Random Fields (HMRF) [4, 9, 14]. A
HMRF is a non-oriented graphical model, classically useiinage
restoration, where variables are of two types: hidden bgta(to re-
construct) and observed variables (which are noisy obgensof
the hidden variables). The sampling set must be chosen atheng
set of observed variables. Thalue of a sample (which we seek to
optimise) is defined as the expectation, over all possildeiations
of the sample set, of the conditional probability of the nmstbable
hidden variables assignment. The advantage is that smectithe
sample set and restoration of the unobserved variableshrevad
using the same criterion. We describe an original frameviariop-
timal sampling in HMRF aiming at MPE/MAP restoration (Secti
2). Then we establish computational complexity resultsualois
problem, leading in particular to approximability/inapgimability
results (Section 3). An exact solution algorithm and tworaginate
solution algorithms of decreasing complexity are propgS8=ttion
4). We empirically evaluate their performance on the pnobdé spa-
tial sampling for occurrence map restoration: the grapheHMRF
is a regular grid and all variables are binary (presencefates and
detection of the phenomenon). Since false negative olismmgaare
possible, observations are noisy (Section 5).

2 OPTIMAL SAMPLING FOR HMRF
RESTORATION

2.1 Hidden Markov Random Fields

Markov Random Fields (MRF) are a family of undirectgdbabilis-

tic graphical modelq12] allowing to concisely model probability
distributions over factored state spaces where depereteheitween
variables ardocal. The dependence structure is represented by a
graph,G = (V, E), with n vertices representing variables and edges
help showing the conditional dependence between the Vesiadny
variable inV is conditionally independent of other variables given
those sharing an edge with it.

If a positive factored probability distribution exhibitsich inde-
pendence property, it can be expressed as a product ofyeaditjue
functions i.e. functions of subsets of variables which indices form
cliques of the grapld’ (Hammersley-Clifford theorem) [4]:

Definition 1 (Markov Random Fields) Let X = {Xi,...,X,}
be random variables taking values {, ...,k — 1} each and let
P be a probability distribution oveft = {0, ...,k — 1}". Let also
G = (V, E) with |V| = n andC be the set ofliquesof graphG.

P is aMarkov Random Fieldlefined by G, X, ¥) if ¥ is a set of
positive functionsl = {t. }cec, Ye(ze) > 0, V., such that:

P(X =) = Py(a) = % [T veex, @
ceC



whereZ is a normalising constant ensuring th&tsums to 1.

(Here and in the followingy A C V/, notationz 4 represent§z;, i €
A})

Now, let us consider the case where the variat{eare not ob-
served directly, but random variablgs= {Y1,...,Y,} taking val-
ues iny = Y x ... x Y, are observed instead, and edchis
conditionally independent of all other variables giv&n. The con-
ditional parameterised probability is known and takes tiling
form (with® = {6.,...,0,} a set of parameters):

P(Y =y|X =) = Po(ylz) = [ [ Po,(vilzs), Vo, V. (2)
ieV

A Hidden Markov Random Field (HMRHF3 defined by the tuple
(G, Xx,Y,¥,0). A typical problem in the HMRF framework is to
“restore” the hidden variables valu¢s;} given the observed vari-
ables valuegy;} [9, 14].

However, observations may be incomplete, for example i€obs
ing requires to consume limited resources (time, peopte). ¢h the
following, we will be interested in the problem of choosingam-

ple i.e. a subsetr C V of sites which will be actually observed in

order to restore the hidden field The result of a sample is a a
sample output,. Fromy,, we can define gosterior probability
conditioned on a sample output

Definition 2 (Posterior probability) Let Pg(z) and Po(y|z) be
defined from a HMRRG = (V,E),X,),¥,0). Letc C V be

a sample and;, be a sample outpout. Then, the posterior probabil-

ity conditionned on sample outpys is defined as:

Py o(z|ys) x Po(ys|z)Py(x),Vz € X. 3)

2.2 Decision-theoretic HMRF sample optimisation

So, the problem we face is that of, given a HMRF and limited-sam

pling resource, choosing a good sampl& V. This choice should
be based on the posterior probability distribution overdkid vari-

ables,Py o(z|y-), defined in equation (3). However, since the sam-

ple outputy, resulting from a sample is unknown when the choice
of o is made, the “quality” of the sample, denot&@d (o), has to
be computed as the expectation of the information valuastieg
from all potential sample outputs. In fact, we will consi@eslightly
generalised measure, in order to account for possiblyrdiftecosts
associated to the different sample locations. So, the idectsite-
rion will include an additive sample cost function,: 2V — R™:
(o) = >;c. vis Where they; are positive.

Definition 3 (Decision-theoretic sample quality measure)

Us,e(0) = =v(0) + Y _ Pu,e(ys)Va,0(0,y0),

Yo

4)

whereVy o measures how informativBy e (x |y ) is.

X according toPy,e (z]y- ). This maximisation problem is known as
theMost Probable Explanatioproblem (MPE). In image analysis, it
is also known as thMaximum a Posteriori (MAP)criterion [14]. It
has the advantage to be associated with a restoration pracéte
assignment maximising the conditional distribution isiraed).

Definition 4 (Most Probable Explanation (MPE) criterion)
5)

V‘Ii\:Ié)JE(Uv yv) = max P‘P,@)(x|y<7)7 VYo
rzeX
The MPE criterion involves a maximisation oveand in this way
provides a way to compute a restoratiefi! ”?, of the hidden pro-
cess:

7P (y,) = arg max Pu.o (ely.),

(6)
VHMEE (o,y.) is thus the probability of the most likely restoration,

2MPE(y_), of the hidden process given the observations.

Several other choices can be classically madeVfpi: the en-
tropy criterion[6] or the Maximum Posterior Marginals (MPMri-
terion [4]. Note that the solution algorithms which we wiliopose
in the following can be easily adapted to the MPM criteriovere
though the theoretic complexity class of the problem wowdiiffer-
ent. Regarding entropy, this criterion is not associatet wirestora-
tion procedure.

Now, we are able to describe the HMRF sample optimisatiobpro
lem. It consists in finding a sampts” C W C V, of size bounded
by a constanti’, which maximised/3’6”, associated t6/3"8” .
The setiV C V is the subset of sites which we are allowed to sam-
ple (sites inV’ \ W are not accessible to sampling).

Definition 5 (Decision-theoretic sample optimisation prolem)

Let HMRF (G = (V,E),X,Y,¥,0) be given, together with an
integerK > 0, a setiW C V of sites available for sample and costs
v > 0,Vi € W. Then, the HMRF sample optimisation problem
O(U4'EF) is defined as:

MPE (O')

max Uqh@

Findo™ = arg
CW,ol<K

O

In the following section, we will study the computationalnco
plexity of this problem, as well as its approximability pespes in
the “small sample” case. For this, it is useful to note #igts” (o)
takes the following form, which can be easily shown, usingegipns
(5) and (4) and applying Bayes’ theorem:

Proposition 1 (MPE sample value criterion)

B (0) = (0 + S ma Pl ) Pet).

®)

MPE

In the following, we not&)y 6" (¢, ¥») = max. Pe (Yo |z) Py (z).

3 COMPUTATIONAL COMPLEXITY
CONSIDERATIONS

7(c) measures the “cost” of, and its unit is homogeneous to 3 1 Tree representation of the MPE sample

Vw,e(0,ys,). The sample quality measure (4) corresponds to a

decision-theoretic information valuziterion [11], often used when
the sampling problem precedes an actual decision choidehwitil-
ity depends on the hidden state of the process. This kindteficm
is thus used in problems of fault diagnosis and repair, tieteand
eradication of invasive species, etc...

In this article, our goal is to find the sample set which magesi
(in expectation) the probability of th@ost probable assignmenf

optimisation problem

Solving the sample optimisation problem (7) intuitively @mts to
explore the three-level tree shown in Figure 1. The top lisve| V|-
depth binary tree, where vertices correspond to the veriicél’

3 In thegraphical modelgommunity, “MAP” stands for a more general prob-
lem, where one is looking for a maximum probability assigntraf a sub-
set of variables, given partial assignmenbf the remaining variables [17].



and outgoing edges determine whether the vertex is selettethe
sample or not. A branch in the top tree thus represents a sampl
Then, from each valid branch (i.e. containing at méStselected
vertices), a secondary tree (is the size of the domains of th&) of
depth|o| < K isissued, where a branch is an assignmentinally,
ak-ary tree § is the size of the domains of th&;) of depth|V| is
issued from any branch corresponding to a valid assignifeent, ).
A branch of this third level tree corresponds to an assighimen

O-
/ \
Selection
of o

Sum over
ally,

Computation

of Q(o, y )

Figure 1. Tree representation of the MPE sample optimisation proplem
withW =V,|V|=4,K=2andl =k = 2.

It is easy to see that for any valid assignménty, ), ™77 (y,)

andQy'6” (0, y») can be computed through exploration of the bot-
tom max-tree. Then, ona@y/ 6% (o, y-) is known for all valid as-
signments U6 " (o) can be computed for any valid sample, by
exploring the second level sum-tree. Finally, can be obtained
through exploration of the upper-level max-tree.

Using this tree description of the problem, we can show that t
sample optimisation problem (7) belofigs NPP?"" . However, the
computational complexity of the sampling problem depemishe
size of the intermediate “sum tree”, which dependsfonWe are
now going to show that, wheR is "small”, i.e. independent of the
problem instance size, the decision problem associatéa:teample
optimisation problem i&lP-complete.

3.2 Small sample optimisation problem

The computation oZ in Py (x) is a difficult problem #P-hard),
necessary to compute the valuelaf's” (o). However, this compu-
tation becomes unnecessary when cost funct/mmnull and we are
only interested in finding the best sample, not its exactevaur-
thermoreZ only has to be computed once for a givérand does not
have to be recomputed wheror y, changes. From now on we will
assume that the partition functidhis known.

Definition 6 (Decision problem associated t6/3'5 %) Let us de-
fineD(U'E"), the decision problem associatedfg’ s :
Input:

¢ HMRF (G = (V, E), X,), ¥,0), whereZ is known,

4 See below for a definition of the complexity claBB and a proof of this
statement

e ) C W C V isthe subset of sites available for sample < |W|
is a fixed upper bound on the sample sizés an additive cost
function,u > 0.

Question Does there exist C W, |o| < K s.t.U3'§% (o) > p?

Proposition 2 (NP-hardness ofD(U\{Y{gE))
The decision probler®(Ug'57) is NP-hard.

Proof: We show that the decision Broblem forAW 2-SaT [8] can

be polynomially reduced t®(U3'5*). Let¢ = {Cl.} be a set of
2-clauses over boolean varlabl{e;sl, ...,xn} andv be a positive
integer. We defingtS ATy (z) = |{Clx c s Tscope(cly) = Cli}l.

The decision problem for kx 2-SaT is the following:

“Givenv > 0, ismax, #SATy(z) > v?”

Let us define the corresponding probl@Ug’5 ")

o V={1,...,n},C={(,37) € V*3Cl € ¢, Scope(Cly)

(4,5)}
o i(xi, ;) = exp(mij;),V(i,j) € C, where
(4,7) and(zi, z;) = Cli}.

mi; = {Cly, € ¢, Scope(Cly,) =
e K=0,W=V,y=0, O arbitrary andu = ¢"/Z.
Then, we can easily check that:

as:

MPE

Uso (0) > pe max #SATy(z) > v, 9)
sincelUy'6%(0) = % exp (max #SAT¢(x)) .

From this, it results that Mx 2-SAT can be polynomially reduced
to D(U4'5F), which is thusNP-hard. O

Now, we are going to show that the decision problemifgf”
belongs td\NP when the sample size bound is “small”, where “small”
means “independent of the problem instance size”.

Proposition 3 (D(Uy'&") isin NP)

When K is independent of the problem instance size, the decision
problem associated to the sample optimisation proble(tj’5 ")
belongs ta\P .

Proof: To show the result, it is enough to exhibit a certificate for
D(U4'5F) of polynomial size and which can be checked in polyno-

mial time. Note that to comput&y'5” (o), we have to sum oveét”!

terms, one for each,. Thus, a certificate foP(Ug'5 ") will be a

tuple (o, =" :clw) wherez’ = arg max, Po(y’|z)Py(z) =

PP (y), it v’ €{0,...,1—1}"listhej!" possible value of, .
Sincez’ is a Iength|-V| vector of integers betweemandk — 1
ando is a binary vector of W| bits, the certificate size is bounded
by |[W| 4 1¥|V|log, k, polynomial in the size of the problem (i

is not allowed to vary with the problem instance size).

Now, computing/g'&” (o) for a given certificate requires to sum
1! terms which are products ¢fiW| + |C|) terms, then adding/V |
terms to the result. SaP(I¥ (|V| + |C|)) elementary operations
(additions, multiplications) have to be performed. |

From propositions 2 and 3, we get:
Proposition 4 (D(Uy'5) is NP-complete)

WhenK is fixed, the decision problem associated to the sample op-
timisation problenD(U3'57) is NP-complete.



3.3 Approximability of the small sample
optimisation problem

If furthermore the HMRF is pairwis@iv,e,o = k36 -

Proof: Let us define

The NP-completeness of the decision problem being established,

the next question that can be raised concerns the approiityab
of the optimisation problem. Once again, building on appra«
bility/inapproximability results concerning Mk 2-SAT, we obtain
corresponding results about the HMRF sample optimisatiohlpm
O(U'E") (Definition 5).

First, recall thatNPO is the class of optimisation problems analo-
gous toNP [2]. The results of the preceding section imply that:

Proposition 5 (NPO-completeness)

The optimisation problen®(Uy'§") is NPO-complete whelZ is
known,y = 0 and K is not allowed to vary with the problem instance
size.

Proof: O(U3'&") belongs toNPO since i) an instance is recog-
nisable in polynomial time, ii) valid solutions are polynomially
recognisable and iii{/3’5” (o) can be computed in polynomial

time (if Z is known). Now, hardness is a direct consequence of the

fact thatD(U§'5) is NP-hard. O
Recall that A x is the set of optimisation problems belonging to
NPO which admit a polynomial-time approximation algorithm hvit
approximation ratio bounded by a constant 1 (i.e. % <r)
[2]. A natural question is to ask whether the optimisatioabbem
O(U4'EF) belongs to Ax. Unfortunately, we will show now that
it is not the case. Thus, it does not admit a polynomial-timpyeraxi-
mation algorithm with constant approximation ratio, usl&= NP.

Proposition 6 (Non approximability)
O(U'E¥) does not belong téPX.

Proof: Assume that)(Uy’5) is polynomially approximable with

constant ratig. Then, in particular/;'5” (0) is approximable with
ratio p. But then, using the same kind of transformation frgrf AT
to Ug’5%(0) as in Proposition 2, we can associate to anyA2-S
formulaqﬁ a pairwise HMRHG, X, ), ¥, ©), such that

UYEF () = o exp(max #S AT, (x)).

Now, assume thal/ = L exp(#SAT, (%)) is a p-approximation
of U'EX(0). Then, U > 1UEF (0) & exp(#SATy(7)) >
lzexp(maxx #SAT,(x)) & #SAT(Z) > max, #SATy(z) —
ogp

So, any polynomial-time approximation algorithm fog’5” (0)
with constant ratiop provides an approximation for MK 2-Sat
with absolute precisiottog p. But, [10] has shown that Mx 2-SaT
is not absolutely approximable. SO/;'5” (0) does not admit a
polynomial-time approximation algorithm with constantioaand, a
fortiori, O(Uy'&") does not belong to Ax. i

EventhougtO(U4'E7) does not belong to AX, we still can show
the following positive approximability result:

Proposition 7 (Ug'& " (o) approximation)
Let us consider a HMREG = (V, E), X,Y, ¥, 0), with binary
variables and null cost function (Z known) ands C V. Further-
more, assume’, (yi|z:) > 0,Vi,z;,yi. Then,Ug'E¥ (o) can be
approximated in polynomial time with anstance-dependentp-
proximation ratiopw,e,. = kg, Where

Hcec maxg, Po(c) Hiea maxa,,y; P, (yilwi)
Hcec ming, Ye(c) H'LEJ ming, .y, P, (ys|:)

Rv,0,0 =

>

i€o

>

ceC

2,0,0,4, () <10g Pe (yi|i) — min log Po(yz|x1)>

Za‘L

—+

<log Ye(xe) — m1,n log wc(xlc)) .

The subscripts off will be omitted for sake of simplicity. Then,
we use approximability results for ?WGHTED MAX SAT [1, 7],
which provide approximation ratios applicable fo Note ¢(z) =
% exp(/(2)), thenQY/ L (o, ) o max, q(a). |

If fis p-approximable, there is a polynomial time algorithm re-
turning for any instance an approximate solutiosuch thatf (z*) <
pf(Z). Now,

q(z”) _ exp(f(z

) o ep(f(E")

_ — ex * lfp b
@~ op(f@) exp(f(z*))7 p(f(=))%, but
e < S <rr;axlogPe(yil-’vz) wmin 1ogPo<yz|xz>>
i€o ‘ 1’ g
+ Z (n;ax log e(xc) — min log wc(x;))
ceC N e
< log(kw,0,0).

1— l
S0,q(z") is approximable withsy, & . And since this ratio is inde-

pendent ofy,, it also holds forQMPE(a, yo) andUy 5% (o).

In the case of binary variables (and arbitrary constrairtk)
provided a constant approximation ragie= 1.2987 for WEIGHTED
MAX SAT. When furthermore constraints are pairwigejs de-
creased top 1.0741 [7]. These two ratios translate to the
instance-dependent ones mentioned in the proposition. ad

3.4 Large sample optimisation problem

We have shown that when the sample size bound is indepentlent o

the problem sizeQ(Ug'5F) belongs toNPO . In this section we
are going to show that, in the general case, the decisionlgob
D(U4'5F) is much harder: it iPP-hard and this complexity bound
is likely to be a strict lower bound.
Recall first thatPP is the probabilistic complexity class which
emblematic complete problem isAMSAT:

Ja} Is|{z,z ¢} > 27712

In other terms, one asks whether more than half of the assigtsm
satisfy ¢. Then, using reduction from MiSAT to D(U3'EF), we
show the following proposition:

Let ¢ be a 3-CNF ovefzx, ...

Proposition 8 (PP-hardness of D(U3'E7))
D(UYEF), whereZ is assumed to be knownfP-hard.

Sketch of proof: Assuming thaty = Cl1 A ... A Cl,, is a 3-CNF
JVIPE):

over{Xi,...,Xn}, we consider the foIIowmg proble®(Uy &
oV {1,...,n}, W vV, X {0,1}", C
{Scope(Cli)}k=1... m andE is defined accordingly,

i ¢Scope(clk)(xScope(Clk)) =1if T Scope(Cly,) ': Clk and2in71
elseVk =1,...,m,



271—1
Z

o K =n, Py,(yslzi) = 1if z; = y; and 0 elsey =
v(o) =0,Yo C V.

1
Note thatU\i/V{(}—)DE(V) = E E H wScope(Clk)(xScope(Clk))'
z Cly,

But, chk Y3cope(Cly) (Tscope(ciy,)) = Lif z |= ¢ and is less than
27"~ !else. So,

N | =

Ugio " (V) = %(I{x,x = 6} +s) With 0 < & <

So. vy = 6}l < USEE(V) < L(lw.y 6} + 1)

and|{y,y = ¢} > 2" & UER(V) > L
SinceUg'&” is increasing with inclusion, we get the result. 0

4 SAMPLING OPTIMISATION ALGORITHMS

4.3

Belief propagation (BP) algorithms [20] use message pgssp:
dates to compute approximate marginal probabilitigs:;) for all
vertices of a Markov Random Field7, X', ¥). The belief propaga-
tion approximation for the sample optimisation problemsists in:

“Belief propagation” algorithm

e Computing BP approximate marginals(z;) for the MRF
(G, x,¥)and

e choosing the most “uncertain” sites belonging & to sample,
i.e. the sites with the smaller valuesabx,, b;(z;).

Note that this approximation algorithm does not take intcoant
sample outputs for choosing the sample. Thus, its time cexitplis
roughly independent oK.

5 EXPERIMENTS

We have tested the performance of the exact variable eltroma

From now on, we limit ourselves to the case where the cost-funcalgorithm as well as the greedy and belief propagation élyos

tion v is null. This allows to avoid to computg (sample values are
thus determined up to a constant coefficient). However,ahely of

on a “map reconstruction problem” over a regular grid. Namel
we considered a pairwise HMRF as represented in Figure B, wit

variable eliminationsubroutines which are used in the “exact” and X; = ), = {0, 1}. The singleton potential values are specified on

“greedy” algorithm also apply to the computationdfand the “be-
lief propagation” algorithm does not require to kndfv

4.1

In the exact approach, we use a classicariable elimi-
nation algorithm (e.g. [12]) to compute the MPE solution
MPE(y,) = arg maxa Po (yo|z) [.cc ¥e(zc). Then, an optimal
samplec™(K) = argmax,cw, . j<x U6 (o) is computed re-
cursively, requiring to compute™ ' (y,, ) for all valid pairs(o, y. ).
Thus, it is easy to see that the time complexity of the algorit
grows exponentially with the sample size boukid(note that since

US'EF is increasing with inclusiorjg™ (K)| = K).

“Exact” variable elimination

4.2

The greedy algorithm is a variation of the exact algorithrvrich a
suboptimal sample is built incrementally:

“Greedy” algorithm

e First, an optimal sample of size 1 is computed by the exacilvir
elimination method.

e Then, given a current sampeof size|o| < K, all samplesr; =
o U{i}, € W\ o are evaluated exactly andis replaced with the
best augmented sample.

e When the sample size has reacliégthe corresponding “greedy”
suboptimal sample¢ is returned.

Applying the greedy algorithm allows to replac | factor
(linked to the exhaustive exploration §#, |o| = K}) with a poly-

the figure. The pair potential function are independentard have
valueexp(1) = e for assignment$l, 1) and(0, 0) and 1 otherwise.
The sizes of the grid problems increase frdm 2to 6 x 6.

Figure 2. HMRF examples (fron8 x 2to 6 x 6 grids). White dots:
1;(1) = 0.3. Grey dotsz); (1) = 1. Black dotsxp; (1) = 3.4;(0) = 1, Vi

We have computed the exact values of (i) optimal sariple(ii)
“greedy” sample,V¢ and (i) “belief propagation” sampley 2%,
for sample size bounds 1 to 4, for the eight subproblems ef3siz2
to 6 x 6. The value ratio%f andV—B*P, as well as the logarithms of
the execution times of all three methods are shown in Figuikoge
that the exact method did not solve the<x 6 problem after 9 days
(exp(13) seconds).

nomial one (the number of samples evaluated by the greedy alg Eventhough the greedy algorithm is far faster than the exaet
rithm is less thalW | K). Of course, the greedy algorithm still takes (up to 10 times faster foll = 2, 100 times faster fof{ = 3 and

exponential time to run: the variable elimination algamitbakes ex-
ponential time to run and, for a given the set{y. } also has expo-
nential size.

Now, one could ask whether the greedy algorithm providesitisu
on the loss of quality of the solution returned. Indeed, asi$sub-

500 times faster fodlX = 4), we observed that the computed so-
lutions are quite close to optimality for all configuratiofat least
90% of the optimal). The computational gain when runninglibe
lief propagation algorithm is from 10 to 50, compared to theegly
algorithm. However, the ratio to optimality decreases Wwe30%.

modular set function§l16] are concerned, the existence of such a Now, for larger problems, the exact optimal solution is ofit o

bound on the quality of greedy solutions is known. Howeveene
thoughUy'5 is an increasing set functioit,is not submodular in
the general caséNe will not develop here on this negative result.

reach, and the greedy algorithm itself is limited in sizee da its
exponential time complexity. The belief propagation aidpon com-
plexity is only limited by the number of updates allocated és
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Figure 3. Top: Ratio of values, greedy (left), belief propagationlt).
Middle and bottom right: Log-times of greedy, belief proptign and exact
algorithms. Bottom left: relative increase of optimal w@lurt sample size.

time complexity is independent oR. The largest part of the time
needed to executBP is devoted to the final exact computation of
the returned solution value.

6 CONCLUDING REMARKS, RELATED AND
FUTURE WORK

In this article, we propose an approach for optimal samphirgiruc-
tured problems under limited budget, within the framewof -
den Markov Random Fields (HMRF). Thalue of a sample is the
expectation, over all possible observation outputs, oMRE& proba-
bility. We have obtained computational complexity resalteut this
problem, leading in particular to approximability/inapgimability
results. We have designed exact and approximate solutionitdms
for this problem, which we have empirically evaluated on@bpem
of spatial sampling for occurrence map restoration.

Several recent works have addressed the question of decisio
theoretic observation selection in graphical models. Hale con-
sidered reliable observations and simple problem strast@chain
model, naive Bayes model or polytree). They have provided-co
plexity results and exact and approximate solution algor#. In
this work, rewards ardocal. [18, 19] have considered the noisy
observations case, with simple problem structures (hiddarkov
chains, tree-shaped Bayesian networks) and easily cobiputzal
rewards. On their side, [15] have considered general Bayeaset-
works and noisy observations, but with a very specific ang &as
compute non-local reward function.

The originality of our work is to consider a general HMRF miode
structure, noisy observations and a non-trivialjyPthard) com-
putable global reward function (based on MPE). Furthermume
focus on sample size, rather than on problem structure,dardo
exhibit “easier” sub-classes and to provide approximihigsults.

Future works will be turned towards the searchddaptive sam-
pling policies breaking the sample set choice into successive steps,
where the next sample is chosen on the basis of the outputeof p
vious samples. This generalised problem is likely toR&PACE-
complete. The similarities of this problem with tiRartially Ob-
served Markov Decision Procesg&$ are worth exploring in order
to design exact and approximate solution algorithms. Itiq4ar,
simulation-basedreinforcement Learningpproximate solution al-
gorithms [3] will be investigated for this problem. Thesevelepe-
ments will be exploited to solve optimal spatial samplinglpems
in ecology/epidemiology.
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