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Abstract. Interval temporal logics formalize reasoning about in-
terval structures over (usually) linearly ordered domaivisere time
intervals are the primitive ontological entities and troffformulae
is defined relative to time intervals, rather than time pmitt this
paper, we introduce and study Metric Propositional Neighbod
Logic (MPNL) over natural numbers. MPNL features two motikedi
referring, respectively, to an interval that is “met by” th@rent one
and to an interval that “meets” the current one, plus an itgfiaet
of length constraints, regarded as atomic propositionspttstrain
the lengths of intervals. We argue that MPNL can be succkgsfu
used in different areas of artificial intelligence to combualitative
and quantitative interval temporal reasoning, thus piiagic viable
alternative to well-established logical frameworks sustDaration
Calculus. We show that MPNL is decidable in double expomlénti
time and expressively complete with respect to a well-ddfisb-
fragment of the two-variable fragmeRO? [N, =, <, s] of first-order
logic for linear orders with successor function, interptebver nat-

semantics, is Propositional Neighborhood Logic (PNL)eipteted
over various classes of interval structures (all, densg:déscrete lin-
ear orders, integers, natural numbers) [15]. PNL is a fragroeHS
with only two modalities, corresponding to Allen’s relatBmeets
andmet by
In this paper, we consider a proper extension of PNL over-natu

ral numbers, called/etric PNL (MPNL), that features a family of
special atomic propositions representing integer comssrgequali-
ties and inequalities) on the length of the intervals oveicivithey
are evaluated. The right-neighborhood fragment of MPNL teas
cently been introduced and studied in [8] — the main precun§o
this paper, which extends and strengthens it substantMmNL is
particularly suitable for quantitative interval reasapimnd thus it
emerges as a viable alternative to existing logical sysfemguan-
titative temporal reasoning. Various metric extensiorngdiot-based
temporal logics have been proposed in the literature. Thelpde
Timed Propositional Temporal Logic (TPTL) [2], two-sorteakt-

ural numbers. Moreover, we show that MPNL can be extended imric temporal logics [19], Quantitative Monadic Logic of @r17],

a natural way to cover fuIFO2[N, =, <, s], but, unexpectedly, the
latter (and hence the former) turns out to be undecidable.

1 Introduction

Interval temporal logics provide a natural framework fomporal
reasoning about interval structures over linearly (oriply) ordered
domains. They take time intervals as the primitive ontatabéntities
and define truth of formulae relative to time intervals, eatthan
time points. Interval logics feature modal operators tlutespond
to various relations between pairs of intervals. In paféiguhe well-
known logic HS [16] features a set of modal operators thatandik
possible to express all Allen’s interval relations [1].
Interval-based formalisms have been extensively usedriousa
areas of Al, such as, for instance, planning and plan vatidatheo-
ries of action and change, natural language processingcargdraint
satisfaction problems. However, most of them make sever&stic
and semantic restrictions that considerably weaken thpiressive
power. Interval temporal logics relax these restrictiahgs allowing
one to cope with much more complex application domains aed sc
narios. Unfortunately, many of them, including HS and thgamity
of its fragments, turn out to be undecidable (a comprehensiv-
vey can be found in [6]). One of the few cases of decidablevate
logic with truly interval semantics, i.e., not reduciblegoint-based
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and Metric Temporal Logic [21]. Little work in that respe@sbeen
done in the interval logic setting. Among the few contribag, we
mention the extension of Allen’s Interval Algebra with a ioot of
distance developed in [18]. The most important quantitsitiverval
temporal logic is Duration Calculus (DC) [11], which is quéxpres-
sive, but generally undecidable. A number of variants aadrfrents

of DC have been proposed to model and to reason about real-tim
processes and systems [4, 11, 12]. Many of them recoveratatid

ity by imposing semantic restrictions, such as liteality principle,
that essentially reduce the interval system to a pointdase.

The main results of the present paper are: (i) decidabitith@m-
plexity of the satisfiability problem for MPNL; (ii) expreise com-
pleteness of MPNL with respect to a well-defined subfragnuént
FO?|N, =, <, s]; (iii) an extension of MPNL which is expressively
complete with respect to fuFO?[N, =, <, s] and a proof of their
undecidability.

2 MPNL over Natural Numbers

Given a linearly ordered domaih = (D, <), interpreted as the set
of natural number®! or any finite subset of it, anpn-stric) interval
overD is any ordered paif;, j] such that < j. Aninterval structure

is a pair(D, I(D)), wherel(D) is the set of all intervals oved. An
interval modelis a tupleM = (D,I(D), V), where (D, (D)) is

an interval structure antl’ : I(D) — 247 is a valuation function
assigning to every interval the set of atomic propositidret hold
over it. We define the standadistancefunctiond : N x N — N as
0(i,7) = |i — 7] (notice that natural numbers appear both as points in
the interval structure and as interval lengths). As a maftéact, all



results we will provide may be suitably rephrased for anycfiom §
satisfying the standard properties of distance over afioeger.

To add a metric dimension to PNL, we introduce a set of special

proposition letters referring to the length of the curret¢ival. They
can be viewed as a metric generalization of the modal constah

PNL that ‘identifies’ intervals of the fornfi, 7] [15]. Formally, for

everyk € NandC € {<, <, =, >, >}, we define the length
constraintlenck. Theformulaeof MPNL, denoted byp, 1, ..., are

generated by the following grammar:

pu=lenck [p|l @@V |Orp| Cip.

Fori € r,l, we write O;p for =<;—¢. Given an interval model
M = (D,I(D),V) and an intervali, j] over it, the semantics of
MPNL-formulae is given by the clauses:
M, [i, 7] IF lenck iff 6(2, )Ck;

,[4, 4] Ik piff p € V([i,4]), foranyp € AP;
j] Ik = iff itis not the case thab/, [i, 5] IF v;
Fl - v riff M, [i, 5] I 4 or M, [i, 5] I+ 7
j] Ik O iff there existsh > j such thatM, [4, A] IF 4;
M, [4, 7] IF O iff there existsh < 4 such thatM, [k, i] I+ 2.
A MPNL-formula ¢ is satisfiableif there exist a model\/ and an
interval b, e] over it such thaf\/, [b, e] IF . We can limit ourselves
to consider only length constraints of the foten—, as all the re-
maining ones can be defined in terms of them.

3 MPNL at Work

Finding an appropriate balancing between expressive pamdr
computational complexity is a challenge for every knowkedepre-
sentation and reasoning formalism. Interval temporaldegire not
an exception in this respect. We believe that MPNL offers adgo
compromise between the two requirements. In the following,
show that MPNL makes it possible to encodeefric versionof)
basic operators of point-based linear temporal logic (Lak)well
as interval modalities corresponding to Allen’s relatignsaddition,
we show that it allows one to express limited forms of fuzgme

First, MPNL is expressive enough to encode the stirhetimes
in the future(resp.,sometimes in the pgstperator of LTL:

Or(lenso A Or(len=g A p)).

Moreover, length constraints allow one to define a metrisioerof
theuntil (resp.,sincg operator. For instance, the conditiop:is true
at a point in the future at distance from the current interval and,
until that point,q is true (pointwis€)can be expressed as follows:

Or(len=k A Cr(len—o Ap)) A Or(lenck — <r(len=o A q)).

MPNL can also be used to constrain interval length and toesgor
metric versions of basic interval relations. First, we camstrain
the length of the intervals over which a given property hdawde
at least (resp., at most, exacthy) As an example, the next formula
constraing to hold only over intervals of length with & < 1 < k':

(b)

where theuniversal modality[G] (for all intervals) is defined as
in [15]. By exploiting such a capability, a metric versionalf, but
one (the during relation), Allen’s relations can be expressed. As an
example, we can state thagi holds only over intervals of length
with k <1 < k’, and anyp-interval begins a-interval as follows:

[Gl(p — len>k Alencyr),

k’l
(b)) AG) N\ (p Alenzi — ©1On(lensi A q)).

i=k

As another example, a metric version of Allen’s relatimmtainscan
be expressed by pairing (bl) with:

(Gl A\ (pAlenzi = \/ (010, (lensj A O (leny A g)))).

i=k J#0,j+35" <i

The relationships between the satisfiability problem folLRiXd
the consistency problem for Allen’s Interval Networks héeen in-
vestigated in some detail in [9, 22].

Finally, MPNL allows one to express some form of ‘fuzziness
an example, the conditionp is true over the current interval ang
is true over some interval close to, iivhere by ‘close’ we mean that
the right endpoint of the-interval is at distance at moktfrom the
left endpoint of the-interval, can be expressed as follows:

P A\ (<>r<>l(|en<k A\ <>l<>rq) V <>r(|en<k A Orq))

MPNL capabilities suffice to cope with various applicatioo- d
mains. As a source of illustration, we show how to expressesom
basic safety requirements of the classigas-burner examplé for-
malization of such an example in DC can be found in [11]). bet t
propositional letteGas (resp.,Flame, Leak) be used to state that
gas is flowing (resp., burning, leaking), e.8/, [i, j] IF Gas means
that gas is flowing over the intervél j]. The formula

[G](Leak < Gas N —Flame)

states thaf.eak holds over an interval if and only if gas is flowing
and not burning over that interval. The conditioit:rfever happens
that gas is leaking for more thaintime units can be expressed as:

[G](—(lensk A Leak)).

Similarly, the condition:the gas burner will not leak uninterruptedly
for k time units after the last leakagean be formalized as:

[G](Leak — =< (lenck A OyLeak)).

We conclude the section by mentioning two application dowai
where MPNL features are well-suited, namely, medical diride
and ambient intelligence. In the former area [23], eventh wura-
tion, e.g., funning a fever, possibly paired with metric constraints,
e.g., if a patient is running a fever for more thantime units, then
administrate him/her drud’, are quite common. In general, many
relevant phenomena are inherently interval-based asdhermo gen-
eral rules to deduce their occurrence from point-based @amuse
of temporal logic in ambient intelligence, specifically hretarea of
Smart Homes [3, 14], has been advocated by Combi et al. in [13]
MPNL can be successfully used to express safety requirement
ferring to situations that can be properly modeled only ime of
time intervals, e.g.,being in the kitchen

4 Decidability of MPNL

In this section, we use a model-theoretic argument to shaivtte
satisfiability problem for MPNL has a bounded-model properith
respect to finitely presentable ultimately periodic modalwd it is
therefore decidable. For lack of space, we only sketch thefprof
the main technical results. From now on,¢ebe any MPNL-formula
and letAP be the set of proposition letters of the language.

Definition 1 The closureof ¢ is the setC'L(y) of all subformu-
lae of ¢ and their negations (we identify— with ¢). Let® €
{<r, €1, 0,,0;}. The set oftemporal requestSom C'L(y) is the

setTF(p) = {O¢ | Qv € CLP}IUV{-Ov | ~OY €
CL(p)}-



Definition 2 A ¢-atomis a setA C CL(y) such that for every
P € CL(p), Y € Aiff —p ¢ A and for everyy: V 2 € CL(yp),
1 Ve € Aiff ip1 € Aoryps € A.

We denote the set of ali-atoms byA.. One can easily prove that
[CL(9)| < 2lel, ITF()| < 2(|¢l — 1), and|A,| < 2!¥I. We now
introduce a suitable labeling of interval structures based-atoms.

Definition 3 A (p-)labeled interval structuréLIS for short) is a
structureL = (D, I(D), £), where(D, I(D)) is the interval structure
over natural numbers (or over a finite subset of it) abd I(D) —
A, is alabeling functionsuch that for every pair of neighboring in-
tervals[i, 5], [4,h] € I(D), if O, € L([3,7]), theny € L([j, h]),
and if0;¢ € L([y, h]), theny € L([i, 5]).

Notice that every interval modél/ induces a LIS, whose labeling
function is the valuation functiony € L([4, 5]) iff M, [i,j] IF ¢.

Thus, LIS can be thought of agiasi-modeldor ¢, in which the
truth of formulae containing neithe®,., <; nor length constraints
is determined by the labeling (due to the definitionspeftom and
LIS). To obtain a model, we must also guarantee that the tiuthe
other formulae is in accordance with the labeling. To thid,eme
introduce the notion of fulfilling LIS.

Definition 4 A LISL = (D, (D), £) is fulfilling iff:

e for every length constrainen—, € C'L(y) and interval[s, j] €
I(D), len=x € L([¢,7]) iff 6(z,5) = k;

o for every temporal formule,.¢ (resp.,&19) in T F () and inter-
val [z, 5] € I(D), if O (resp., <) in L([i, 5]), then there exists
h > j (resp.,h < @) such thaty € L([j, h]) (resp.,L([h, ])).

Clearly, every interval model is a fulfilling LIS. Convergelev-
ery fulfilling LIS L (D,I(D), £) can be transformed into a

model M (L) by defining the valuation in accordance with the la-

beling. Then, one can prove that for everyc C'L(y) and interval
[i,7] € I(D), v € L([z,7]) iff M(L),[s,j] E ¢ by aroutine induc-
tion on.

Definition 5 Given a LISL = (D, I(D), £) and an intervalfé, j] €
I(D), the set ofleft (resp.,right) temporal requestat i (resp.,7),
denoted byREQ™ (i) (resp.,REQT(4)), is the set of temporal for-
mulae of the form$; ¢, Oy (resp.,< -, Or¢) in T'F(¢) belonging
to the labeling of any interval beginning in(resp., ending iry). For
anyh € D, we writeREQ(h) for REQ*(h) U REQ(h),

We denote byR EQ(y) the set of all possible sets of temporal re-
quests ove€'L(y). Letm be@ andk be the maximum among
the natural numbers occurring in the length constraints.iRor ex-
ample, ifp = r(lenss A p — Oi(lenss A q)), thenm = 2 and
k = 5. Itis easy to show thaREQ(p)| = 2™. Moreover, given any
set of temporal requesBEQ* (5) (resp.,REQ™ (1)), it can be eas-
ily proved that all of them can be satisfied using at madiifferent
points greater thay (resp., less that).

Now, consider any MPNL-formule such thatp is satisfiable on
a finite model. We have to show that we can restrict our atiart
models with a bounded dimension.

Definition 6 Given any LISL = (D,I(D), L), we say that ak-
sequence il is a sequence df consecutive points iD. Given ak-
sequence in L, its sequence of requesisEQ (o) is defined as the
k-sequence of temporal requests at the points.iWe say that € L
starts ak-sequences if the temporal requests at...,i +k — 1

form an occurrence aREQ (o). Moreover, the sequence of requests
REQ(o) is said to beabundanin L (on an interval[s, j]) iff it has
atleast2 - (m? +m) - [REQ(¢p)| + 1 disjoint occurrences iD (in

the interval[z, j]).

Lemma7 LetL = (D,I(D), L) be any LIS such thaREQ(c)
is abundant in it. Then, there exists an indgsuch that for each
elementR € {REQ(d) | iq < d < iq+1}, Wherei, andiq11 begin
the g-th and theg + 1-th occurrence ob, respectivelyR occurs at
leastm? + m times beforé, and at leastn? + m times aftefi 1.

Lemma8 LetL = (D,I(D), £) be a fulfiling LIS that satisfies
. Suppose that there exists an abundartequence of requests
REQ(0) and letq be the index whose existence is guaranteed by
Lemma 7. Then, there exists a fulfilling IS= (D, (D), £) that
satisfiesp such thatD = D \ {iq,...,iq+1 — 1}.

Proof. [sketch] LetL = (D, I(ID), £) be a fulfilling LIS satisfyingp
atsomdb, e], REQ (o) be an abundarit-sequence ill., andg be the
index identified by Lemma 7. Moreover, 1€~ = {iq,...,iq+1 —

1} andD’ = D\ D~. We denote byi(D') the set of all intervals
over D’. We have the problem of suitably re-defining the evaluation
of all intervals onD’ in a way preserving the temporal requests at all
points inD’ and still satisfyingp.

First, we consider all pointg < i, and for each of them, for all
suchthab < p < k—1, we putl’'([d, iq+1 + p]) = L([d,iq + p])-

In such a way, we guarantee that the intervals whose lengtbéen
shortened as an effect of the elimination of the point®in have a
correct labeling in terms of all length constraints of thenfelen_,
and—len_,/, with ¥’ < k. Moreover, since the requests (in both di-
rections) inL atiq+1 + p are equal to the requestsiatt- p, this op-
eration is safe with respect to universal and existent@lirements.
Finally, since the lengths of intervals beginning befirand ending
afteriq1 + k — 1 are greater thah both inL and inL/, there is no
need to change their labeling.

The structurdl’ = (D', I(D"), £') defined so far is obviously a
LIS, but it is not necessarily a fulfilling one. The removal tok
points in the seD~ may generatdefectsthat is, situations in which
there exist a poind < iq4 (resp.,d > iq+1 + k) and a formula of the
type<rep (resp. <1p) belonging toREQ(d), such that) was satis-
fied on[d, d'] (resp.,[d’,d]), withd’ € D~,in L and it is not inL/.

To repair these defects, one can simply redefine the labéfseat
vals starting (resp., ending) dtand ending (resp., starting) at some
(eliminated)d’ using them? + m ‘copies’ of d’ following (resp.,
preceding)i,+1 in D’. This construction is similar to the one used
in [8] to show that the right-neighborhood fragment of MPNash
the small-model property. If we repeat such a procedurecserfily
many times, we obtain a finite sequence of LIS, the last onehaftw

is the required.. [ |

The lemma above guarantees that we can eliminate sequeinees o
quests that occur ‘sufficiently many’ times in a LIS, withdspoil-
ing’ the LIS. This eventually allows us to prove the followismall-
model theorem for finite satisfiability of MPNL.

Theorem 9 (Small-Model Theorem) If ¢ is any finitely satisfi-

able formula of MPNL, then there exists a fulfilling, finiteSlL =

(D, I(D), £) that satisfiesp such thai D| < |[REQ(¢)|*-(2- (m?+
m)- |[REQ(p)|+1) - k+k—1.

To deal with formulae that are satisfiable only over infinitedals,
we need to provide these models with a finite (periodic) regméa-
tion, and to bound the lengths of their prefix and period.



Definition 10 A LISL = (D, I(ID), £) is ultimately periodi¢ with
prefix L, period P, andthresholdk if, for every interval, j],

o ifi > L,thenl([i,j]) = L([i + P,j + P));

e if j > Landd(y,) > k, thenl([s, 5]) = L([s, j + P)).

It is worth noticing that, in every ultimately periodic LIS,

REQ(i) = REQ(i + P), fori > L, and that every ultimately peri-
odic LIS is finitely presentable: it suffices to define its It only
on the intervalgi, j] such thay < L+ P+maxz(k, P); thereafter, it
can be uniquely extended by periodicity. Furthermore, weidan-
tify a finite LIS with an ultimately periodic one with a peridel = 0.

Lemmall LetL = (N,I(N), £) be an infinite fulfilling LIS over
N that satisfies a formula on [b, e] for someb, e € N. Then, there
exists an infinite ultimately periodic fuffilling LIE = (N, I(N), £)
overN that satisfiesp on [b, e].

Proof. [sketch] Let[b, e] be an interval such that € L([b, e]). We
define the seREQ;, (L) as the subset dREQ(¢) containing all
and only the sets of requests that occur infinitely ofteh.itWe can
choose two pointd, M, with L + k < M, such thatL, M are the
least points irN that satisfy the following conditions: () > e; (ii)
for each pointr > L, REQ(r) € REQ:ns(L); (iii) every set of
requestsRk € REQ;, (L) occurs at least:? 4+ m times beforeL
and it occurs at least® 4 m times betweerd, and M (iv) for each
pointi < L and any formula®,y € REQ(i), v is satisfied over

some intervalz, j], with j < M; and (v) thek-sequences of requests

starting atL and atM are the same.

We putP = M — L. We can build an infinite ultimately periodic

structureLL over the natural numbers with prefix, period P, and
thresholdk. To this end, for all pointgl < M, we putREQ(d) =
REQ(d) and, for all pointsM + n, with 0 < n < P, we put
REQ(M +n) = REQ(L + n) (by condition (v), this is already

the case witt) < n < k). The labeling is defined as follows. For

all intervals[i, §] such thatj < M, we putZ([i, j]) = £([4,7]). As
for any interval[s, j], with M < j < M + P, (a) ifi > M, we put
L([i,5]) = L([i — P,j — P]), (b) if i < M, we must distinguish
three cases: (b1) (i, j) < k, then we putl([i,j]) = L([i, ])
(as REQ(i) has not been modified anlEQ(j) = REQ(j) by
condition (v)); (b2) ifk < 6(3,7) < k + P, we putL([i,j]) =
L([¢, h]) for someh such thatREQ(j) = REQ(h) andd(i, h) >
k, where the existence of such ans guaranteed by condition (ii)
(infact, if M < j < M + K, we can takér = j5); (b3) if 6(z,5) >
k + P, we putL([i,j]) = L£([i,5 — P]). This construction labels
all subintervals in0, M + P] in such a way thal is a LIS, but
not necessarily a fulfilling one. As a matter of fact, thereyraaist
pointsL < ¢ < M such that a formula>,¢) € REQ(i) is not

fulfilled anymore inL. To fix such defects, one can proceed as in the

proof of Lemma 8, exploiting conditions @)v). Finally, L can be

extended ovel(N) in a unique, ultimately periodic and “fulfiliness-

preserving” way. |

Theorem 12 (Small Periodic Model Theorem) If o is any satisfi-
able formula of MPNL, then there exists a fulfilling, ultiralgtperi-
odic LIS satisfyingp such that both the length of the prefix and the
length P of the period are less or equal tREQ(o)|* - (2 - (m? +
m) - |REQ(p)|+1) -k+k—1.

Proof. Existence of an ultimately periodic fulfilling LIS is guaran

teed by Lemma 11. The bound on the prefix and of the period can b,

proved by exploiting Lemma 8.

Corollary 13 The satisfiability problem for MPNL, interpreted over
N, is decidable.

The results of this section immediately give a double expene
tial time nondeterministic procedure for checking the sSebility
of any MPNL-formulay. Such a procedure nondeterministically
checks models whose size is in genatdR!#'*), where|y| is the
length of the formula to be checked for satisfiability. It Haeen
shown in [8] that, in the case in whidhis represented in binary, the
right-neighborhood fragment of MPNL is complete for EXPSRA
This means that, in the general case, the complexity for ML
located somewhere in between EXPSPACE and 2NEXPTIME (the
exact complexity is still an open problem). It is worth naiig that,
wheneverk is a constant, it does not influence the complexity class
and thus, since we have a NTIME(') procedure for satisfiabil-
ity and a NEXPTIME-hardness result [10], we can concludd tha
MPNL is NEXPTIME-complete. Similarly, whek is expressed in
unary, the value of increases linearly with the length of the formula
and thus NTIME?))=NTIME(2!*!*); therefore, as in the previous
case, MPNL is NEXPTIME-complete.

5 Expressive Completeness and Undecidable
Extensions

Let us denote by F&)=] the fragment of first-order logic with equal-
ity whose language contains only two distinct variables;cam fur-
ther assume w.l.0.g. that the arity of every relation in thesidered
vocabulary is exactly 2 (since atoms in the two-variablgrnant can
involve at most two distinct variables). We denote its folaeuby
a, (3, ... For example, the formuldz (P (z) — Vy3IzQ(z,y)) be-
longs to FG[=], while the formulavz(P(z) — Yy32(Q(z,y) A
Q(z,7))) does not. The logidO?[N, =, <] is the extension of
FO?[=], interpreted over natural numbers, over a purely relationa
vocabulary{=, <, P, @, ...} including equality and a distinguished
binary relation< interpreted as the standard linear ordering. De-
cidability (NEXPTIME-completeness) aFO?[N, =, <] has been
shown in [20]. In [7], it has been shown thRO?[N, =, <] is ex-
pressively complete with respectNL. Here, we will extend such
a result to the language of MPNL. For the comparison of thege |
ics suitable truth-preserving model transformations leetwinterval
models and relational models have been defined.

Given an interval modeM = (D, I(D), V), the corresponding
relational modeh (M) is a pair(D, V,,(nr)), Where for allp € AP,
Voony(P) = {(i,j) € D x D : [i,5] € Vau(p)}. To define the
inverse mapping from relational models to interval onesassociate
two proposition letter< andp= of the interval logic with every
binary relationP. Thus, given a relational mod®ll = (D, V), the
corresponding interval modé€(M) is a structurgD, [(D), Ve ()
such that for any binary relatioR and any intervals, j], we have
that[i, j] € Ve (p°) iff (i,5) € Var(P) andli, 5] € Ve ()
iff (j,7) € Vm(P). We compare the expressive power of an interval
modal logic and a first-order logic by means of effective stations
of both formulae and models.

Let us consider the extension BO?[N, =, <] with the successor
function s, denoted byFO?[N, =, <, s]. The terms of the language
FO?|N, =, <, 5] are of the types®(z), wherez € {z, y} ands"(z)
denotesz, whenk = 0, ands(s(...s(z)...)), whenk > 0. More-

N——

k
over, letFO?|N, =, <, s] be the fragment oFO?|N, =, <, s] with
fhe following restriction: if both variables andy occur in the scope
of an occurrence of a binary relation, other tharand <, then the



Table 1. Translation clauses froRO2[N, =, <, s] to MPNL.
[z, yl(s"(2) = s™(2)) = T (2 € {z,y}), ifk=m |7z, y](x Vﬂ)—T[%y]( )V Tz, y](8)
=1 (ze{zy}), fk#m |7[z,y](F2p) = Or(rly,z](B)) V Br-Ou(7[2,9](8))
Tl yl(s"(2) < s™(2)) = L (2 € {x,y}), ifk>m |T[z,y](3y ) Cu(rly, z](B)) V O n(7[z, y](B))
=T (z€{z,y}), ifk<m |T[z,y](P ( k(z),s™(x))) = 010 (leni A Or(lenem_k A pS)),  ifk <m
[z, y](s* (z) = s™(y) = L, if k<m = 010, (lenz A Op(len—g A p= A p2)), if k =m
= len—x_m, if k>m =010 (lenzm A Or(lenok—m A p2)), ifk>m
Tlz,y)(s*(x) < s™(y)) =T, if k <m |T[z,y](P(s*(y),s™())) = Or(lenz A Or(lenem_ A D)), ifk<m
= lensk_m, if k>m = Or(len=k A O (len—o /\pS /\pz)), ifk=m
Tz, y)(s™(y) < s"(x))= L, if k <m = Or(lenzm A Or(lenzi_m A p2)), ifk>m
= len<k—m, it k> m |7[z,y](P(z,y)) = p=
Tl y](-a) = -7[z, y(e) 7z, y](P(y,z)) = p~

successor functiom cannot occur in the scope of that occurrence. ¢ A7, [4, 5] I- OFFep iff M, [i, 5 + K] IF ;

As an example, each of the formulaé(z) = s™(y),s"(z) <
s™(y), P(s*(z),s™(z)), P(z,y) belongs toFO?|N, =, <, s], but

none of P(z, s(y)) and P(s(x), y) does. By using 2-pebble games

and a standard model-theoretic argument, one can show that:
FO’IN, =, <] < FON, =, <, s] < FO’[N, =, <, 5.

In the following, we show (i) that MPNI= FOZ2[N, =, <, s], (ii)
that there is a natural extension of MPNL, denoted here by MPN
which is functionally complete foFO?[N, =, <, s, and (i) that,
perhaps unexpectedlfO*[N, =, <, s], and, therefore, MPNL,
are already undecidable, which means that the decidabégylt
from [20] cannot be extended by adding one successor functio

First of all, consider the following standard translati§#:.,,, of
MPNL-formulae intaFO2[N, =, <, s]:

o M,[i,j] Ik OfFyiff (i + k < jand M, [i + k,j] - ) or
(G +k>jandM,[j,i + k] I ¥).
We denote the resulting language as MPNLLt is not difficult
to see that the standard translatiéft}, , of MPNL-formulae into
FO?|N, =, <, s] can be extended to MPNL, as well as the inverse
translatlon by adding suitable clauses to the ones of Table

Theorem 16 FO?[N, =, <, s]= MPNL™.
UnfortunatelyFO?[N, =, <, s] turns out to be undecidable.

Theorem 17 The satisfiability problem folfO*[N, =, <, 5], and,
consequently, that for MPNL, are undecidable.

Proof. [sketch] We use a reduction from the tiling problem for the
second octant of the integer plane, that is, the problemtabésh-

STy y(p) =z <y A ST, ,(p), ing whether a given finite set of tile typds = {t¢1,...,tx} can tile
) . O ={(i,7) : 4,7 € NAO <14 < j}. Using Konig's lemma, one can
2 _ . ) )
wherez, y are the two first-order variables FO7[N, =, <, 5], and: prove that a tiling system tilg® if and only if it tiles arbitrarily large
ST (p) - P(z,y) squares if and only if it tile® x N if and only if it tilesZ x Z. The un-
ST%’y(Ien ) sk(x’) . decidability of the first one immediately follows from thdtthe last
ST%’y( \/:zk/;) _ oy ()Z/v ST (%) one [5]. The reduction consists of three main steps: (i) treeding
STf’y(f ) _ ﬁS?Iﬁ ? ) Y of an infinite chain to be used to represent the tiles, (ii)eheod-
STgf’y(in) _ 3y(y < < s AST () ing of the above-neighbor relation by means of a relatiorotkghby
z,y - y T . . . .

STy ,(Orp) = Fz(y <z AST, .(0). Corr, and (i) the encoding of the right-neighbor relation, bgans

It can be proved by structural induction that a formylaf MPNL
is satisfied on an interval mod@l/ at an intervalfz, j] if and only
if ST () is satisfied by substituting with ¢ and y with j on
the modek)(M). The inverse translation from FO?[N, =, <, s] to
MPNL is given in Table 1. We have the following lemma.

Lemma 14 For every FOZN, =, <, s]-formula a(z,y), every
FOZ|N, =, <,s]-modelM = (N, Vi), and every pairi,j <

of the successor function. Pairs of successive points adascells
to arrange the tiling: each pair of point of the type + 1 is used
either to represent a part of the plane or to separate tweecatige
rows of the octant, each one represented by a relation difdtén
the former case, the pair is labeled with the relafiale, in the latter
case, it is labeled with the relation The encoding is given by the
following formulae:

N, with i < J, it holds that: () M = af(i, ) if and only if 2,y Apeap(P(@,y) < P,(y’x)) @
C(M),[i,5] - 7lz,y](a), and (i) M = a(j,) if and only if Vo, y(y = s(@) < +(z,y) V Tile(z,y)) @
CM), [4, 5] IF Ty, z](c). Va,y(«(z,y) — —Tile(z,y) 3
As a consequence, for eveRO?[N, =, <, s]-formula a(z, y) and y = s(x) A x(z,y) AVeIy(y = s(z)) )
everyFOZ[N, =, <, s]-modelM = (N, Vm), M | VaVya(z,y) Jz(x = s(y) A Tile(y, z) A *(s(y), s(x))) (5)
if and only if {(M) IF 7[z,y](e) A Tly, z](c), which implies the 2
following theorem. Jy(y = s°(z) A Id(x,y)) (6)
) 3 Va,y(Id(z,y) — *(y, 5(y))) @)
Theorem 15 FO;[N, =, <, s]= MPNL. Vo, y(Id(z,y) — +(z, 5(z))) ®)
A natural way to extend MPNL to cover the entF®*[N, =, <,s] Ve, y(x(z,y) — Jy(s(z) < y A Ld(z, y))) 9)

would be to add diamond modalities that shift respectiviedyliegin-
ning, or the end, of the current interval to the right by a pribed
distance, viz:

The above formulae define the infinite chains ®fle- and Id-
intervals. To complete the encoding, we introduce someliatxi



proposition letters, namely,d., Td,, andIdg, and we force them
to respectively hold over all (and only) the strict intes/@nding,
beginning, and strictly contained in dd-interval.

vV, y(Id(z,y) — Ide(s(x),y)) (10)
Va,y(Tde(z,y) A s(x) <y — Tde(s(x),y)) (11)
Va,y(ld(z,s(y)) — Idy(z,y)) 12)

Va,y(Tdy(z, s(y)) Ao <y — Idy(z,y)) (13)
Va,y((Ide(z, s(y)) vV Ida(z, 5(y))) Az <y — Ida(z,y)) (14)
Va, y((Tdy(z,y) V Tde(x,y) V Tda(z,y)) — ~Id(z,y)) (15)
vx?y/\u,ue{b,d,e},u#u(m(x7y) - ﬂm(%y)) (16)
Va,y(ld(z,y) — Corr(s(z), s(y))) an
Vz,y(Corr(z,y) — Tile(x, s(x)) A Tile(y, s(y))) (18)
Ve, y(Corr(z,y) A *(s(z), s> (z)) — (19)

Tile(y, s(y)) A Tile(s(y), s* () A #(s*(x), 5°()))
vz, y(Corr(z,y) A = * (s(x), 82(30)) — Corr(s(z),s(y)))

(20)
Vz,y(Id(z,y) — —Corr(z,y)) (21)
Va,y(Tile(z,y) — 22)
Vrer T(@,y) A /\T,T/ET,T;éT/ ~(T(z,y) NT'(x,y)))
Va,y(T(z,y) A Tile(s(x), s(y)) —
VT/ET,right(T):left(T’) T'(s(2),5(y))) @3)
Va,y(Corr(z,y) N T(x,s(x)) — (24)

VT’ET,up(T):down(T’) T'(y,s(y)))

Given any set of tile§’, the conjunction of the above formulae is
satisfiable if and only i7" can tile©. The undecidability of the sat-
isfiability problem forFO?[N, =, <, s] immediately follows. [ |

6 Concluding Remarks

The main results of the paper are the decidability of MPN& eit-
pressive equivalence to the fragm@t®?2[N, =, <, s] of FO?[N, =,
<, 5], and the undecidability aFO?[N, =, <, s]. These results to-
gether position MPNL very close to the decidability/undiediility
border and it would be interesting to know whether it can bther
extended, syntactically or semantically, in a natural vy pre-
serving decidability. In particular, the decidability afth MPNL in-
terpreted over the integers and the extension of MPNL wiilomal
constraints for interval lengths, interpreted over thratl numbers,
is natural to expect. Efficient model-checking for MPNL orural
numbers is another technical challenge ahead.
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