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Abstract. Constraint sets can become inconsistent in different con-
texts. We are interested in identifying minimal sets of constraints that
have to be adapted or deleted in order to restore consistency. In this
paper we sketch a highly efficient divide-and-conquer based diagno-
sis approach which identifies minimal sets of faulty constraints in a
given over-constrained problem. This approach is specifically appli-
cable in scenarios where the efficient identification of leading (pre-
ferred) diagnoses is crucial.

1 Introduction

There are many scenarios where constraint sets can become over-
constrained. For example, when implementing a configuration
knowledge base, constraints can become inconsistent with a given
set of test cases [1]. Alternatively, when interacting with a configu-
rator application [2], the given customer requirements can become
inconsistent with the configuration knowledge base. In both situa-
tions there is a need of an intelligent assistance functionality that
actively supports users (end users or knowledge engineers). A wide-
spread approach to support users in the identification of minimal sets
of faulty constraints is to combine conflict detection (see, e.g., [3])
with a corresponding hitting set algorithm [4].

In their original form these algorithms are applied for the calcula-
tion of minimal cardinality diagnoses which are typically determined
with breadth-first search. Further diagnosis algorithms have been de-
veloped that follow a best-first search regime where the expansion of
the hitting set search tree is guided by failure probabilities of com-
ponents. Another example for such an approach is presented in [2]
where similarity metrics are used to guide the (best-first) search for
a preferred (plausible) minimal diagnosis (including repairs). Both,
simple breadth-first search and best-first search diagnosis approaches
are predominantly relying on the calculation of conflict sets [3].

The determination of a minimal diagnosis of cardinality n requires
the identification of at least n minimal conflict sets. In this paper we
introduce a diagnosis approach that allows to determine one minimal
diagnosis at a time with the same computational effort related to the
calculation of one conflict set at a time. The approach supports the
identification of preferred diagnoses given predefined preferences re-
garding a set of decision alternatives. It is not restricted to constraint-
based systems but it is also applicable, for example, in the context of
SAT solving and reasoning with description logics.

2 Example Domain

Since we exploit configuration problems for the discussion of our
diagnosis approach, we first introduce a formal definition of a con-
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figuration task. This definition is based on the definition of [1] but is
given in the context of a basic constraint satisfaction problem (CSP).

Definition 1 (Configuration Task). A configuration task can be
defined as a CSP (V, D, C). V = {v1, v2, . . . , vn} represents a set of
finite domain variables. D = {dom(v1), dom(v2), . . . , dom(vn)} rep-
resents a set of variable domains dom(vi) where dom(vi) represents
the domain of the variable vi. C = CKB ∪ CR where CKB = {c1,
c2, . . . , cq} is a set of domain specific constraints (the configuration
knowledge base) that restrict the possible combinations of values as-
signed to the variables in V. CR = {cq+1, cq+2, . . . , ct} is a set of
customer requirements also represented as constraints.

A simplified example of a configuration task in the automotive do-
main is the following. In this example, type represents the car type,
pdc is the parc distance control functionality, fuel represents the fuel
consumption per 100 kilometers, a skibag allows the ski stowage in-
side the car, and 4-wheel represents the corresponding actuation type.
These variables describe the potential set of requirements that can be
specified by the user. The possible combinations of these require-
ments are defined by a set of constraints which are denoted as con-
figuration knowledge base, CKB = {c1, c2, c3, c4}. Furthermore, we
assume the set of customer requirements CR = {c5, c6, c7}.
• V = {type, pdc, fuel, skibag, 4-wheel}
• D = {dom(type)={city, limo, combi, xdrive}, dom(pdc)= {yes,

no}, dom(fuel) = {4l, 6l, 10l}, dom(skibag)={yes, no}, dom(4-
wheel)={yes, no}

• CKB = {c1: 4-wheel = yes⇒ type = xdrive, c2: skibag = yes⇒
type 6= city, c3: fuel = 4l ⇒ type = city, c4: fuel = 6l ⇒ type 6=
xdrive}

• CR = {c5: type = combi, c6: fuel = 4l, c7: 4-wheel = yes}
On the basis of this configuration task definition, we can now intro-
duce the definition of a concrete configuration.

Definition 2 (Configuration). A configuration for a given config-
uration task (V, D, C) is an instantiation I = {v1=ins1, v2=ins2, . . . ,
vn=insn} where insk ∈ dom(vk).

A configuration is consistent if the assignments in I are consistent
with the ci ∈ C. Furthermore, a configuration is complete if all vari-
ables in V are instantiated. Finally, a configuration is valid if it is
consistent and complete.

3 Diagnosing Over-Constrained Problems
For the configuration task introduced in Section 2 we are not able
to find a solution, for example, a combi-type car does not support a
fuel consumption of 4l per 100 kilometers. Consequently, we want
to identify minimal sets of constraints (ci ∈ CR) which have to be
deleted (adapted) in order to be able to identify a solution (restore
the consistency). Since both, the notion of a (minimal) conflict and
the notion of a (minimal) diagnosis will be used in the following, we
provide the corresponding definitions here.



Definition 3 (Conflict Set). A conflict set is a set CS ⊆ CR s.t.
CKB ∪ CS is inconsistent. A conflict set CS is a minimal if there
does not exist a conflict set CS’ with CS’ ⊂ CS.

In our working example we can identify three minimal conflict
sets which are CS1={c5,c6}, CS2={c5,c7}, and CS3={c6,c7}.

Definition 4 (CR Diagnosis Problem). A customer requirements
diagnosis (CR diagnosis) problem is defined as a tuple (CKB , CR)
where CR is the set of given customer requirements and CKB repre-
sents the constraints part of the configuration knowledge base.

The definition of a CR diagnosis that corresponds to a given CR
Diagnosis Problem is the following (see Definition 5).

Definition 5 (CR Diagnosis). A CR diagnosis for a CR diagnosis
problem (CKB , CR) is a set ∆ ⊆ CR, s.t., CKB ∪ (CR - ∆) is con-
sistent. ∆ is minimal if there does not exist a diagnosis ∆’ ⊂ ∆ s.t.
CKB ∪ (CR - ∆’) is consistent.

The HSDAG algorithm for determining minimal diagnoses is dis-
cussed in detail in [4] (the calculation of diagnoses for our working
example is shown in Figure 1).

Figure 1. HSDAG (Hitting Set Directed Acyclic Graph) [4] for the CR
diagnosis problem (CR={c5, c6, c7}, CKB={c1, c2, c3, c4}). The sets {c5,

c6}, {c6, c7}, and {c5, c7} are the minimal diagnoses – the conflict sets
CS1, CS2, and CS3 are determined on the basis of QUICKXPLAIN [3].

4 Calculating Preferred Diagnoses
Preferred Diagnoses. Users prefer to keep the important require-

ments and to change or delete the less important ones [3]. For the
characterization of a preferred diagnosis we will rely on the defini-
tion of a total ordering of a set of constraints in C (respectively CR).
The following definition of a lexicographical ordering (Definition 6)
is based on the definition of total orderings for constraints that has
been applied in [3] for the determination of preferred conflict sets.

Definition 6 (Total Lexicographical Ordering). Given a total or-
der < on C, we enumerate the constraints in C in increasing < order
c1.. cn starting with the least important ones (i.e., ci < cj ⇒ i < j).
We compare two subsets X and Y of C lexicographically: X <lex Y
iff ∃k: ck ∈ Y - X and X ∩ {ck+1, ..., ct} = Y ∩ {ck+1, ..., ct}.

Based on this definition of a lexicographical ordering, we can now
introduce the definition of a preferred diagnosis.

Definition 7 (Preferred Diagnosis). A minimal diagnosis ∆ for a
given CR requirements diagnosis problem (CR, CKB) is a preferred
diagnosis for (CR, CKB) iff there does not exist another minimal
diagnosis ∆′ with ∆′ <lex ∆.

In our working example we assumed the ordering (c5 < c6 < c7),
i.e., the most important requirement is c7 (the 4-wheel functionality).
If we change the ordering to (c7 < c6 < c5), our approach would
then determine {c6, c7} as the preferred minimal diagnosis (see the
following paragraph).

Diagnosis Approach. For the following discussions we introduce
the set AC = CKB ∪ CR which represents the union of customer re-
quirements (CR) and the configuration knowledge base (CKB). The
basic idea of our approach is the following. In our working example,
the set of customer requirements CR = {c5, c6, c7} includes at least
one minimal diagnosis since CKB is consistent and CKB ∪ CR is

Figure 2. FASTDIAG execution trace for the CR diagnosis problem
(CR={c5, c6, c7}, CKB={c1, c2, c3, c4}).

inconsistent. In the worst case CR itself represents the minimal di-
agnosis which would mean that all constraints in CR are part of the
diagnosis, i.e., each ci ∈ CR represents a singleton conflict. In our
case CR obviously does not represent a minimal diagnosis – the set
of diagnoses in our working example is {∆1 = {c5, c6}, ∆2 = {c5,
c7}, ∆3 = {c6, c7}} (see Section 3). The next step is to divide the
set of customer requirements CR = {c5, c6, c7} into the two sets C1

= {c5} and C2 = {c6, c7} and to check whether AC - C1 is already
consistent. If this is the case, we can omit the set C2 since at least one
minimal diagnosis can already be identified in C1. In our case, AC
- {c5} is inconsistent, which means that we have to consider further
elements from C2. Therefore, C2 = {c6, c7} is divided into the sets
{c6} and {c7}. In the next step we can check whether AC – (C1 ∪
{c6}) is consistent – now this is the case which means that we do not
have to further take into account {c7} for determining the diagnosis.
Since {c5} does not include a diagnosis but {c5} ∪ {c6} includes a
diagnosis, we can deduce that {c6} must be part of the diagnosis. The
final step is to check whether AC – {c6} leads to a diagnosis without
including {c5}. We see that AC – {c6} is inconsistent, i.e., ∆ = {c5,
c6} is a minimal diagnosis for the CR diagnosis problem (CR = {c5,
c6, c7}, CKB = {c1, . . . , c4}). A discussion of the underlying algo-
rithm (FASTDIAG) is provided in an extended version of this paper –
an execution trace for our example is given in Figure 2.

A detailed performance analysis of our diagnosis algorithm
(FASTDIAG) is omitted due to space limitations. The major prop-
erties of FASTDIAG are the following:

• Runtime: FASTDIAG is able to determine minimal diagnoses with
a logarithmic number of consistency checks. In the worst case it
needs 2d·log2(n

d
)+2d consistency checks, where d is the minimal

diagnoses set size and n is the number of constraints (in C).
• Applicability: the algorithm clearly outperforms existing diagno-

sis approaches in terms of runtime and prediction quality. Thus it
is a new and valuable alternative especially for interactive settings.

• Minimality: the algorithm guarantees the calculation of minimal
diagnoses only.

• Completeness: the algorithm is able to determine all minimal di-
agnoses that exist for the given diagnosis problem.
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