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Abstract. In this paper we present a rigorous definition of classi-
fication in a common family of models for the mammalian vision
system, and provide a formal analysis of classification power in this
family. We characterize the power of a single unit, and subsequently
demonstrate how to reduce a network of arbitrary topology and size
to such a single unit. We finally show how such a network, via a re-
duction to a single unit, is equivalent to a simple 3 layer feed forward
network of threshold units.

1 INTRODUCTION

The goal of this paper is to demonstrate the usefulness of formal
analysis of cortex models and biologically inspired vision systems in
particular. If such models aspire to be not only devices of utility but
also accurate descriptions of cortical computation, then foundational
insight into their computational mechanisms is a necessary step to-
wards a full understanding of the cortex.

With our maturing understanding of cortical computation in mam-
mals, particularly in the visual cortex, there have been developed a
number of biologically inspired vision systems, e.g. K. Fukushima
[3], M. Riesenhuber and T. Poggio [2],G. Wallis and E. T. Rolls
[1] and D. George and J. Hawkins [4]. We consider the model
of D. George and J. Hawkins, called Hierarchical Temporal Mem-
ory (HTM), first outlined in the 2004 book “OnIntelligence” by J.
Hawkins as a biological model of cortex. This model is particularly
interesting to study, not only because of the significant empirical
performance it has demonstrated [4] or because it subsumes simi-
lar models [5], but also because it is being developed actively and
enjoys a growing community of developers using a general purpose
computing platform based on it2.

2 HIERARCHICAL TEMPORAL MEMORY

In this paper we consider fully trained HTM networks ready for clas-
sification tasks, for more information on how learning, prediction and
other features work, please consult [5, 4, 6].

A HTM network is a tree of nodes where the input is fed into the
leaf nodes and the result is outputted from the top node. The leaf
nodes are given non-overlapping sections of the total network input,
and the internal nodes are given input from their children.

A leaf node has a finite list of vectors from its input space, called
spatial patterns, and these are partitioned into groups called temporal
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groups.3 Given some input x, the output of the node is a vector with
a score for each of its temporal groups, where the score of a group
is the maximum score among all spatial patterns in that group. The
score of each individual spatial pattern is a simple matching score
between the pattern and the input x.

An internal node also has in finite list of vectors called coincidence
vectors. These are as long as the number of children of the node, and
each position in a coincidence vector references a temporal group in
the corresponding child node. So for example if a node has a coinci-
dence vector (2, 4, 6), then the node has three children and this spe-
cific coincidence is referencing the second, fourth and sixth temporal
group in the children respectively. As in the leaf nodes, these coin-
cidence vectors are partitioned in to temporal groups and the score
of each group is the maximum score among all coincidence vectors
in that group. The score of each coincidence is calculated by tak-
ing the product of the scores of the temporal groups in the children
referenced by the coincidence.
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Figure 1. A simple three layer HTM network.

Before summarizing this into precise definitions we establish con-
vention for rest of the paper. We consistently use boldface style vec-
tors and regular style scalars, so let x = (x1, ..., xn) ∈ Rn and
y = (y1, ..., ym) ∈ Rm. Vector concatenation of y onto x is de-
noted x⊕y, that is x⊕y = (x1, ..., xn, y1, ..., ym). We may project
out a contiguous section, or just one position, of a vector by writing
x[i, j] = (xi, ..., xj) or x[i] = xi respectively. We use the standard

3 These names (spatial pattern, temporal group, coincidence) are due to how
this information is learned during training, and while this is not relevant
in this presentation, we choose to use the original names for the sake of
consistency.



norm, that is ||x||2 =
Pn

i=1(x[i])2. Finally, a cover for some set T
is a family of sets {T1, ..., Tp} such that T = ∪iTi, and this cover is
called a partitioning if Ti ∩ Tj = ∅ for i 6= j.

Definition 1 (Leaf Node). A leaf node is defined as G =
(l, r, σ,S, T ) where; 1 ≤ l ≤ r and (l, r) is called the receptive
field; σ ∈ R is called the spread; S ⊂ Rr−l+1 is finite and called
the spatial set; T = {T1, ..., Tp} is a partitioning of S, and the parti-
tions are called temporal groups. We may indicate the receptive field
of a node by writing Gl,r . For any x ∈ Rd where d ≥ r we define

G(x) = (z1(x[l, r]), ..., zp(x[l, r])) ,

where

zi(u) = max
c∈Ti


e
− ||u−c||2

2σ2

ff
.

Definition 2 (Internal Node). A network with receptive field (l, r)
is inductively defined to be either a leaf node Gl,r , or as H =`
H1

r1,r2 , ...,H
n
r2n−1,r2n , C, T

´
where; H1

r1,r2 , ...,H
n
r2n−1,r2n are

networks such that l = r1 < ... < r2n = r and r3 − r2 = ... =
r2n − r2n−1 = 1; C ⊆ {(c1, ..., cn) | 1 ≤ ci ≤ di} is called
the coincidence set and di is the number of temporal groups in Hi;
T = {T1, ..., Tp} is a partitioning of C, and the partitions are called
temporal groups. For any x ∈ Rd where d ≥ r we define

H(x) = (z1(x), ..., zp(x)) ,

where

zi(x) = max
c∈Ti

(
nY

j=1

Hj(x)[c[j]]

)
.

3 CLASSIFICATION
It turns out that convex polytypes4 are essential for characterizing
leaf node classification, and a convenient way of representing a con-
vex polytype is by keeping the coefficients of the bounding hyper-
planes in matrix form.

Definition 3. A cover {T1, ..., Tp} for Rn is said to be a finite union
of convex polytypes when for each i = 1, ..., p there exist m × n
matrices Ai

1, ..., A
i
ki

and vectors bi
1, ...,b

i
ki
∈ Rn such that

x ∈ Ti ⇔ Ai
jx ≤ bi

j for some j = 1, ..., ki.

In order to state the key result about leaf node classification, we
also need to consider how a network assigns category labels to dif-
ferent points in the input space.

Definition 4. For any n,m > 0, a function f : Rn →
P({`1, ..., `m}) is called a classification in dimension n of size m
when for each `i there exists an x ∈ Rn such that `i ∈ f(x). Given
classification f , we define Rn

`i
= {x ∈ Rn | `i ∈ f(x)}, and

Rn
f = {Rn

`1 , ...,R
n
`m}, which is a cover for Rn.

For any network Hl,r with n temporal groups we define the clas-
sification fH : Rr−l+1 → P({`1, ..., `n}) by

fH(x) =


`i | i ∈ argmax

1≤j≤n
{H(x)[j]}

ff
.

4 A polytype is a n-dimensional generalization of the two dimensional poly-
gon, and a convex polytype is one which defines a convex set. They are
often defined as intersections of a finite number of half-spaces, which again
are characterized by hyperplanes.

Theorem 5. Rn
fG is a finite unions of convex polytypes for any leaf

node G1,n.

The second key result establishes how a network may be reduced
to an equivalent singel leaf node.

Theorem 6. For any network Hl,r where all leaf nodes have the
same spread σ, there exists a leaf node GH with spread σ and recep-
tive field (l, r) such that for any x ∈ Rd where d ≥ r − l + 1 we
have

H(x) = GH(x).

Finally we show that a finite union of convex polytypes cover may
be captured quite naturally using a 3 layer feed-forward network of
linear threshold units. This means that since a full network may be
reduced to a singel unit as mentioned in Theorem 6, and by Theorem
5 such a unit naturally induces a finite union of convex polytypes
cover on its input space, by Theorem 7 this singel unit has an equiv-
alent feed-forward network classifying it.

Theorem 7. For any finite union of convex polytypes cover
{T1, ..., Tp} for Rn there exists 3 layer feed-forward neural network
classifying it.

4 DISCUSSION
The flavor of networks considered here by no means represent the
full range of networks that one can have in the HTM model. The
model has matured significantly, although the fundamental concept
of hierarchical temporal and spatial pooling remains the same. Re-
quiring all leaf nodes to share the same spread is not such a severe
restriction as it may seem because

• If all leaf nodes receive input from the same domain (e.g. bottom
nodes in a vision network) we expect that they should learn and
be exposed to the same low level spatial patterns (e.g. horizontal,
vertical, diagonal lines and shapes) and thus have the same spread.

• The spread is a hand tuned parameter which cannot be learned, so
it is in practice often left the same across all nodes.

• A common technique in training such networks is what is called
node cloning, which means that you only train a single node pr.
network level, and then just replicate that node when you do clas-
sification.
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