A much better polynomial time approximation of
consistency in the LR calculus

Dominik Liicke ! and Till Mossakowski 2

Abstract. In the area of qualitative spatial reasoning, the
LR calculus is a quite simple constraint calculus that forms
the core of several orientation calculi like the Dipole cal-
culi and the OPR.A; calculus by introducing the left-right-
dichotomy.

For many qualitative spatial calculi, algebraic closure is ap-
plied as the standard polynomial time “decision” procedure.
For a long time it was believed that this can decide the consis-
tency of scenarios of the quite simple and basic LR calculus
(a refinement of Ligozat’s flip-flop calculus). However, in [§]
it was shown that algebraic closure is a quite bad approxi-
mation of consistency of LR scenarios: scenarios in the base
relations “Left” and “Right” are always algebraically closed,
no matter if those scenarios are consistent or not. So alge-
braic closure is completely useless here. Furthermore, in [15]
it was proved that the consistency problem for any calculus
with relative orientation containing the relations “Left” and
“Right” is NP-hard.

In this paper we propose a new and better polynomial
time approximation procedure for this NP-hard problem. It
is based on the angles of triangles in the Euclidean plane. LR
scenarios are translated to sets of linear inequalities over the
real numbers. We evaluate the quality of this procedure by
comparing it both to the old approximation using algebraic
closure and to the (exact but exponential time) Buchberger
algorithm for Grobner bases (used as a decision method).

1 Introduction

Since the work of Allen [1] on temporal intervals, constraint
calculi have been used to model a variety of aspects of space
and time in a way that is both qualitative (and thus closer
to natural language than quantitative representations) and
computationally efficient (by appropriately restricting the vo-
cabulary of rich mathematical theories about space and time).
For example, the well-known region connection calculus [9] al-
lows for reasoning about regions in space. Applications include
geographic information systems, human-machine interaction,
and robot navigation.

Directions in the (Euclidean) plane are described by orien-
tation calculi. These directions can be given with respect to a
global reference frame like for the Cardinal directions algebra.
The Cardinal directions calculus features the (absolute) ori-
entations North, South, East, and West. On the other hand a
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(relative) reference frame can be given locally at any object of
the calculus, like e.g. for the Flip-Flop calculus [7], where the
reference frame is given by an oriented line from a start to an
end point. The LR-calculus [13] is a refinement of Flip-Flop
curing its shortcomings.

These Relative orientation calculi are quite important ex-
amples of qualitative calculi, because relative orientation is
very natural in many real world applications. Just consider
the situation that you want to describe the way to some point
of interest in your home-town. You will tell your addressee to
turn left or right at some crossing with respect to their current
orientation. You will neither tell them to change the direction
to e.g. North, nor will you tell them to turn by a certain
amount of degrees. If you describe the layout of some point
of interest, you will most certainly use the same qualitative
relations either. But how can we make a machine, e.g. a robot,
decide efficiently that a qualitative description is consistent?

This is where the reasoning facilities of the qualitative cal-
culi are needed. Efficient reasoning in them mainly relies on
the algebraic closure algorithm. Using relational composition
and converse, it refines (basic) constraint networks in poly-
nomial time. If algebraic closure detects an inconsistency, the
original network is surely inconsistent. If no inconsistency is
detected, for some calculi, this implies consistency of the orig-
inal network — but not for all calculi. For the cardinal direc-
tion calculus, it can be easily shown that algebraic closure
indeed decides consistency for scenarios. However, in [8] we
have shown that the consistency of LR-scenarios cannot be
decided by applying the algebraic closure method. This re-
sult naturally carries over to the Flip-Flop calculus. To cure
the lack of a decision procedure, in [8] we have tried a fac-
torization method along globally consistent 7-point scenarios.
However, there we admit that global consistency is not the
same as consistency; indeed, it turns out to be a notion that
is too strong.

Wolter and Lee [15] give a new explanation of this phe-
nomenon: through a reduction to oriented matroids, they
prove that deciding consistency for scenarios in the LR cal-
culus is NP-hard. Assuming the generally believed hypothesis
that P # NP, this explains why algebraic closure (a polyno-
mial procedure) does not decide consistency of scenarios: all
what we can hope for are polynomial approzimations of con-
sistency. Here, we develop a polynomial approximation that
improves on algebraic closure. Of course, we cannot do this by
staying at the level of abstract relation algebras (where alge-
braic closure operates). Rather, we have to take properties of
the “natural” domain of the calculus at hand into account. Our



new approach to approximate the consistency of LR-scenarios
is based on the properties of triangles in the Euclidean plane,
which are formalized algebraically as a set of linear inequal-
ities. Our notion of triangle consistency can be decided in
polynomial time; this essentially follows from the solvability
of the corresponding inequalities in polynomial time [2]. First
experiments showed that triangle consistency approximates
consistency of LR scenarios much better than algebraic clo-
sure does. We focus on comparing our approach to algebraic
closure, since tool-support is available for that method, which
is still lacking for e.g. neighborhood-based reasoning. Further
experiments gave some evidence that the approach is quite
well suited for approximating the consistency of LR scenar-
ios. This approximation procedure also naturally applies to
the DR.A-calculi, another family of calculi dealing with rela-
tive orientation, as well as to OPRA:3.

2 Qualitative Calculi

Qualitative calculi are employed for representing knowledge
about a domain using a finite set of labels, so-called base rela-
tions. Base relations partition the domain into discrete parts.
One example is distinguishing points on the time line by bi-
nary relations such as “before” ,“after” and “same”. A qual-
itative representation only captures membership of domain
objects in these parts. For example, it can be represented
that time point A occurs before B, but not how much earlier
nor at which absolute time. Thus, a qualitative representation
abstracts, which is particularly helpful when dealing with in-
finite domains like time and space that possess an internal
structure like for example R™.

In order to ensure that any constellation of domain objects
is captured by exactly one qualitative relation, a special prop-
erty is commonly required:

Definition 1. Let B = {By,..., B} be a set of n-ary rela-
tions over a domain D. These relations are said to be jointly
ezhaustive and pairwise disjoint (JEPD), if they satisfy the
properties

1. Vi, je{l,...,
2. D" =J,

k} withi#j : BBNnB; =0

For representing uncertain knowledge within a qualitative
calculus, e.g., to represent that objects 1, z2,...,x, are ei-
ther related by relation B; or by relation B;, general relations
are introduced.

Definition 2. Let B = {By,..., Bk} be a set of n-ary rela-
tions over a domain D. The set of general relations Rp (or
simply R) is the powerset P(B). The semantics of a relation
R € Rp is defined as follows:

R(z1,...,%n) & 3B; € R.Bi(z1,...,%n)

In a set of base relations that is JEPD, the empty rela-
tion @ € Rp is called the impossible relation. Reasoning with
qualitative information takes place on the symbolic level of
relations R, so we need special operators that allow us to
manipulate qualitative knowledge. These operators constitute
the algebraic structure of a qualitative calculus.

3 The OPRA, calculi with n > 1 encode more information than
just the left-right-dichotomy and some information about the po-
sition of points on a line and therefore need more refined decision
procedures.

2.1 Algebraic Structure of Qualitative
Calculi

The most fundamental operators in a qualitative calculus are
those for relating qualitative relations in accordance to their
set-theoretic disjunctive semantics. So, for R, S € R, inter-
section (N) and union (U) are defined canonically. The set of
general relations is closed under these operators. Set-theoretic
operators are independent of the calculus at hand, further op-
erators are defined using the calculus semantics.

Qualitative calculi need to provide operators for interrelat-
ing relations that are declared to hold for the same set of
objects but differ in the order of arguments. Put differently,
we need operators which allow us to change perspective. For
binary relations this operation is just forming the converse
relation.

Definition 3. Permutation operators for ternary calculi:

INV(R) {(y,z,2) | (z,y,2) € R} (inverse)

SC(R) = { (x z y) | (z,y,2) € R} (shortcut)
SCI(R) = {(z,z,y)]|(z,y,2) € R} (inverse shortcut)
HM(R) = {(%2)|(@y2)€R} (homing)

HMI(R) = {(zvy,2)]|(z,y,2) € R} (inverse homing)

If the set of relations is closed under INV, SC and HM,
then SCI and HMI can be defined as compositions of the
respective operations (ref. to [3]). A restriction to few opera-
tions particularly eases definition of higher arity calculi.

Definition 4 ([3]). Let Ri, Ra,..., R, € R be a sequence
of n general relations in an n-ary qualitative calculus over the
domain D. Then the operation

o(Ri,...,Rn) :={(z1,...,zn) €D" | Ju e D,

(z1,...,Zn-1,u) € R1,(x1,...,Tn_2,u,Tn) € Ra,

J(u,z9...,xn) € Ry}

is called n-ary composition.

Note that for n = 2 one obtains the classical composition
operation for binary calculi (cp. [11]) which is usually noted
as infix operator. Nevertheless different kinds of binary com-
positions have been used for ternary calculi, too, as e.g. for
the LR-calculus.

2.2 Strong and Weak Operations

Permutation and composition operators define relations. Per
se it is unclear whether the relations obtained by application
of an operation are expressible in the calculus, i.e. whether
the set of general relations Rp is closed under an operation.
Indeed, for some calculi the set of relations is not closed, there
even exist calculi for which no closed set of finite size can
exist, e.g. the composition operation in Freksa’s double cross
calculus [12].

Definition 5. Let an n-ary qualitative calculus with relations
Ri over domain D and an m-ary operation ¢ : B™ — P(D")
be given. If the set of relations is closed under ¢, i.e. for VB €
B™ 3R € R d)(é) = Upecp B, then the operation ¢ is
called strong.



In qualitative reasoning we must restrict ourselves to a finite
set of relations. Therefore, if some operation is not strong
in the sense of Def. 5, an upper approximation of the true
operation is used instead.

Definition 6. Given a qualitative calculus with n-ary rela-
tions Rp over domain D and an operation ¢ : B™ — P(D"),
then the operator

¢*:Bm*>R5
¢*(B17...,Bk):: {R€B|Rﬁ¢(317,3k)#®}

is called a weak operation, namely the weak approximation of

.

Note that the weak approximation of an operation is iden-
tical to the original operation if and only if the original oper-
ation is strong. Further note that any calculus is closed under
weak operations. Applying weak operations can lead to a loss
of information which may be critical in certain reasoning pro-
cesses. In the literature the weak composition operation is
usually denoted by o.

Definition 7. We call an m-ary relation R over R" convex, if
{y| R(z1,-- s Zm-1,9),(@1,...,Tm-1,y) € R"} is a convex
subset of R".

3 Constraint Based Qualitative Reasoning

Qualitative reasoning is concerned with solving constraint sat-
isfaction problems (CSPs) in which constraints are expressed
using relations of the calculus. Definitions from the field of
CSP are carried over to qualitative reasoning (cp. [4]).

Definition 8. Let R be the general relations of a qualita-
tive calculus over the domain D. A qualitative constraint is a
formula R(X1,...,Xn) (also written X1 ...X,_1 RX,) with
variables X; taking values from the domain and R € R. A
constraint network is a set of constraints. A constraint net-
work is said to be a scenario if it gives base relations for all
relations R(X1,...,X,) and the base relations obtained for
different permutations of variables X1, ..., X, must be agree-
able wrt. the permutation operations.

One key problem is to decide whether a given CSP has a
solution or not. This can be a very hard problem. Infinity of
the domain underlying qualitative CSPs inhibits searching for
an agreeable valuation of the variables.

Definition 9. A constraint network is called consistent if a
valuation of all variables exists, such that all constraints are
fulfilled. A constraint network is called n-consistent (n € N) if
every solution for n—1 variables can be extended to a solution
with n variables involving any further variable. A constraint
network is called strongly n-consistent, if it is m-consistent
for all m < n. A CSP in n-variables is globally consistent, if
it is strongly n-consistent.

A fundamental technique for deciding consistency in a clas-
sical CSP is to enforce k-consistency by restricting the do-
main of variables in the CSP to mutually agreeable values.
Backtracking search can then identify a consistent variable
assignment. If the domain of some variable gets restricted to
down to zero size while enforcing k-consistency, the CSP is

not consistent. This procedure except for backtracking search
(which is not applicable in infinite domains) is also applied
to qualitative CSPs [11]. For a JEPD calculus with n-ary re-
lations any qualitative CSP is strongly n-consistent unless it
contains a constraint with the empty relation. So the first step
in checking consistency would be to test n 4 1-consistency. In
the case of a calculus with binary relations this would mean
analyzing 3-consistency, also called path-consistency. This is
the aim of the algebraic closure algorithm which exploits that
composition lists all 3-consistent scenarios.

Definition 10. A CSP over binary relations is called alge-
braically closed if for all variables X1, X2, X3 and all relations
R1, R2, R3 the constraint relations

Ri(X1,X2), R2(X2,X3), R3(X1,Xs)

imply Rs C R; ¢ Rz. To enforce algebraic closure, the op-
eration R3 := R3 N R1 © Rz (as well as a similar operation
for converses) is applied for all variables until a fixed-point is
reached.

Enforcing algebraic closure preserves consistency, i.e., if the
empty relation is obtained during refinement, then the quali-
tative CSP is inconsistent. However, algebraic closure does not
mandatorily decide consistency: a CSP may be algebraically
closed but inconsistent — even if composition is strong [10].

Algebraic closure has also been adapted to ternary calculi
using binary composition [6]. Binary composition of ternary
relations involves 4 variables, it may not be able to represent
all 4-consistent scenarios though. Scenarios with 4 variables
are specified by 4 ternary relations. However, binary composi-
tion R1¢Rs = R3 only involves 3 ternary relations. Therefore,
using n-ary composition in reasoning with n-ary relations is
more natural (cp. [3]).

4 The LR-calculus

In this section we introduce the LR-calculus [13], a coarse
relative orientation calculus. We use it as our starting point
to develop new decision procedures for relative orientation
calculi. This calculus defines nine base relations which are
depicted in Fig. 1. The LR-calculus deals with the relative
position of a point C' with respect to the oriented line from
point A to point B, if A # B. The point C' can be to the left of
(1), to the right of (r) the line, or it can be on a line collinear
to the given one and in front of (f) B, between A and B with
the relation (7) or behind (b) A; furthermore, it can be on the
start-point A (s) or an the end-point B (e). If A = B, then we
can distinguish between the relations Tri, expressing that A =
C and Dou, meaning A # C. Freksa’s double cross calculus
DCC is a refinement of the LR-calculus and, henceforth, our
findings for the LR-calculus can be directly applied to the
DCC-calculus as well.

5 Algebraic Closure is no Decision
Procedure for LR

In [8] we have shown that algebraic closure does not decide
consistency for the LR-calculus, i.e., not every algebraically
closed scenario is consistent. We recall the most crucial re-
sults, for the proofs refer to the particular paper. The most
staggering result is:
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Figure 1. The nine base relations of the LR-calculus; tri
designates the case of A = B = C, whereas dou stands for

A=B#C.

Proposition 11. All scenarios only containing the relations
I and r are algebraically closed wrt. the LR-calculus with bi-
nary composition, as soon as they agree on the permutation
operations.

This result almost disqualifies algebraic closure as a decision
procedure for LR. Moreover, neither classical binary nor for
ternary algebraic closure can decide consistency for LR.

Theorem 12. Classical algebraic closure does not enforce
scenario consistency for the LR-calculus.

Proof. In [8] the scenario

SCEN := {(ABrC),(AEr D),(DBr A),

(DCr A),(DCr B),(DEr B),
(DELC),(EBr A),(EC T A),
(ECr B)}

was used, which is algebraically closed wrt. the LR-
composition (binary and ternary) but not realizable in the
domain, to show this theorem. O

Theorem 13. Algebraic closure wrt. ternary composition
does not enforce scenario consistency for the LR-calculus.

A next approach to get a decision procedure was to stick to
global consistency, as e.g. used in [4], and to factorize scenarios
along certain globally consistent sub-scenarios. This approach
turned out to be fruitless. Prop. 15 shows that that approach
is a mere approximation, too.

Proposition 14. For CSPs over convex {LR,DCC}-
relations strong 7-consistency decides global consistency.

Proposition 15. For the LR-calculus not every consistent
scenario s globally consistent.

6 Triangle Consistency: A New
Approximation of Consistency for LR

Our approach is inspired by the simple observation that if

(n—1)
2

given n points in the Euclidean plane and all n undi-

rected lines connecting each point with every other point in
such a configuration, the connecting lines between arbitrary
3 points form a (possibly degenerated, if all points lie on the

same line) triangle. Because of that for any such triple of
points and their connecting lines, all well-known properties of
triangles need to be fulfilled. “Left” and “Right” can be dis-
tinguished by the orientation (read sectors of a circle) of the
involved angles (ref. to. Fig. 2). We currently restrict ourselves
to the interesting cases of the relations [ and r for which alge-
braic closure performs very badly, as we have seen in section
5. This means that we will not have to deal with any degen-
erate triangles. Our approach works for all base-relations of
the LR-calculus, but the restriction to the “interesting” cases
is necessary due to space limitations. The extension to all
base-relations is performed by just adding inequalities for the
properties of degenerate triangles in a straightforward way.
In our new approach, we translate any £R-scenario (which
has to contain base relations between all permutation of all
triples of distinct points) into a set of inequalities over trian-
gles in the Euclidean plane. We normalize all angles to the
interval (—, 7) to simplify later calculations. Let 3 points A,
B and C in relation (A B r C) be given. For such a relation,
we get a scenario in the plane as in Fig 2. We can derive that

B

Figure 2. (A B r C) in the plane

the angle from C to B at A, which we call CAB, is in the
open interval (0,7). The derivation for (A B [ C) is similar
and yields angles in the interval (—m,0). Further, by a simple
geometrical argument, we can show, that:

Lemma 16. For a non-degenerate triangle in the Fuclidean
plane with points A, B, C, if any of the angles BAC, ACB
and CBA is in the interval (0,7), so are all of the others.
The same is true for angles from the interval (—m,0).

With this and the well-known properties of triangles in the
plane, we can derive our system of inequalities INEQNB(BAC')
for any arbitrary angle BAC which is depicted in Fig. 3.

To the inequalities INEQNB(BAC), we add the ones derived
from lemma 16

0<BAC<m7& 0<ACB<n<0<(CAB <.

With them, we obtain the set INEQN(BAC) for any angle
BAC'. Such sets of inequalities are generated for each triple
of points in an LR-scenario. By INEQN we denote the set of
all inequalities for such a scenario.

Definition 17. We call an LR-scenario triangle consistent,
if there is at least one solution for all of its inequalities INEQN.

The “compression” of knowledge is done at this point by
not considering any lengths of lines. Considering them would
yield non-linear inequalities/equations that cannot be solved
efficiently. We want to use as little knowledge in this approach
as possible to make it computationally efficient:



Distinction [ /r

0< BAC <7 if (AB1C)

—m < BAC <0 if (ABr C)

Opposite angles

BAC = —-CAB

Sum of angles

BAC+CBA+ ACB=n if (AB1C)

BAC+CBA+ ACB=-7n if(ABrCC)
(AB1C)

BAC +CAD =BAD +2- -7 if { (AC 1 D)
(ABr D)
(ABrC)

BAC +CAD =BAD —2-7 if { (AC r D)
(ABl D)

BAC+ CAD = BAD otherwise

Figure 3. INEQNB(BAC)

Theorem 18. Systems of linear inequalities can be decided
in polynomial time.

Proof. This follows from [2]. O

Triangle consistency yields a decision procedure consisting
of just two steps:

1. Translate the £LR-scenario to a system of linear inequali-
ties (this is just a substitution in the number of relations
contained in the scenario and can clearly be performed in
linear time),

2. Check the solvability of the system with a standard polyno-
mial algorithm. (In fact, also the simplex can be applied in
this step, it has exponential worst-case running time, but
often performs very well.)

With Thm. 18 we obtain:

Proposition 19. Triangle consistency has polynomial Tun-
ning time.

Each geometric realization of an LR scenario obviously
leads to a system of angles for the involved point triples; it is
easy to show that such a system of angles is a solution for the
inequalities INEQN. We thus arrive at:

Proposition 20. Consistency implies triangle consistency.

By Prop. 19 and the fact that deciding consistency is NP-
hard, we obtain that under the assumption P # NP, the con-
verse implication (triangle consistency implies consistency)
does not hold. However, we have not found a counterexample
yet.

7 Experiments

We have conducted intensive experiments evaluating the qual-
ity of our approach of triangle consistency. A big issue about
doing experiments with relative orientation calculi is the in-
finite size of their domain. It is basically impossible to list
all possible quantitative positions of points in the Euclidean
plane. But for restricted numbers of points an upper bound
for the number of qualitatively different configurations can
be derived. This still leaves the problem that for a certain
number of points (6 in our case) the memory consumption

of a program listing those different configurations becomes
excessive, as well as the running time.

We have implemented a prototype solver in Haskell for
deciding whether a given LR-scenario is triangle consistent.
This tool can generate all complete LR-scenarios in n-points
and calculate the corresponding set of inequalities INEQN. As
the reasoning engine this tool currently uses the Yices SMT-
solver [5]. We decided to use an external possibly not com-
pletely optimal reasoning engine for the prototype to over-
come the issue of programming bugs and intensive debugging.
However, the performance of the actual equation solver dom-
inates the running time. Further, we have written a Haskell
program that enumerates n-point LR-scenarios using a grid
of m x m points. This program starts with a specified value of
mo and calculates all possible LR-scenarios, then it increases
the current bound and calculates again. This is continued un-
til the user requests to terminate it. If the list of scenarios
from run [ and ! 4+ 1 differ, the new list of scenarios is dis-
played, otherwise a message, that the scenarios are the same.
To list all 5 point scenarios completely, it turned out, that a
grid of 8 x 8 points already is sufficient, which can be shown
by an involved geometric argument. Unfortunately, for sce-
narios in 6 points we neither had the computation power nor
the memory to enumerate all possible configurations. With 5
points, we can define one point being the intersection point by
the lines given by the 4 other points as a worst-case scenario
for our grid-method. But with 6 points, we can already define
2 points as being such intersection points. We conjecture that
this fact has a bad impact on the required grid-size.

We also have used the Grobner reasoner that is available in
SparQ [14]. It led to the same set of consistent scenarios. How-
ever, the exponential runtime of both the grid method and the
Grobner reasoner prevented a computation of all consistent 6
point scenarios. For algebraic closure, we used the tool SparQ
[14]. To examine scenarios with more than 5 points, we imple-
mented a Haskell program that constructs algebraically closed
scenarios in up to n points (where n is a given parameter).
We let the program run for several days with the parameter n
set up to 9 (examining thousands of scenarios). Unfortunately
in many cases the Grébner reasoner was not able to decide
consistency, but if it was it gave the same answer as triangle
consistency. Candidates for failure of the triangle consistency
remained problems where the Grébner reasoner could not de-
cide consistency, but triangle consistency was fulfilled. We
double checked dozens of such scenarios by hand, and could
deem all of them being consistent.

Since we were able to enumerate all consistent all 5-point
scenarios in the relations ! and r*, we can quantify how well
our method performs on them. We could identify 1955 consis-
tent LR-scenarios (Scon) of this kind, algebraic closure with
binary composition yields 3095 scenarios (spin) while ternary
algebraic closure leads to 2355 scenarios (ster). We found ex-
actly 1955 triangle consistent scenarios (sa), and when in-
specting them, we found out that scon, = sa. These num-
bers are depicted in Fig. 4. Please note that the numbers of
the scenarios are given modulo swapping of the names of the

4 Smaller scenarios are not really interesting, since we can already
detect inconsistencies with algebraic closure with ternary compo-
sition for 4 point scenarios, all smaller ones do not need additional
consideration, since they are at most base relations. The 14 sce-
narios in 4 points are detected by our method.



points. As noted above, we could not identify all consistent 6
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Figure 4. Comparison of algebraic closure with triangle

consistency

point scenarios, mainly because of hardware restrictions. But
we were still be able to identify a subset of consistent LR-
scenarios. So far we were able to classify 429449 scenarios with
our approach, of which 4698 are deemed triangle consistent.
Not all of them are in the list of our pre-calculated scenar-
ios, but we have to remember that that list is incomplete. We
took samples from the list of triangle consistent scenarios that
were not in the pre-calculated list, and it turned out that we
could find a realization for all of them. Many of those samples
had a cloud of points lying close together, with at least one
point lying very far away from the others. This is a case that
could not be found with our grid method in limits that yield
a feasible computation time.

Algebraic closure (binary as well as ternary) failed badly
when we had scenarios with one more point than the number
of points captured by the composition table; this is fortunately
not true for triangle consistency.

All of these experimental results imply that triangle con-
sistency approximates better than binary as well as ternary
algebraic closure. Compared to Tarski’s quantifier elimination
and Grobner Reasoning, it has a much better running time,
since it is a polynomial time algorithm. Since we are only us-
ing a prototype implementation of our algorithm and since
the used Grobner reasoner can detect patterns in the equa-
tions that imply that it cannot decide consistency, quantify-
ing the running time of the programs is in vain. Indeed, the
Grobner reasoner integrated into SparQ often fails to deter-
mine consistency for scenarios if the number of points grows.
Sometimes it even gives up for quite small scenarios. For sce-
narios in more than nine or ten points the Grébner reasoner
gives up more often than it can decide. By contrast, trian-
gle consistency works well with scenarios consisting of dozens
of points, which is a size that is quite realistic for e.g. robot
navigation applications.

8 Conclusion/Outlook

We have approximated the NP-hard problem of deciding con-
sistency of scenarios in the LR calculus. Algebraic closure
is a tool that has severe limits: for the L£R-calculus it ap-
proximates consistency in its intended domain (the Euclidean
plane) only quite badly. Information provided by the the re-
lations of the relative orientation calculi can be described al-
gebraically by non-linear inequalities. Such systems of non-
linear inequalities over R can of course be decided by Tarski’s

quantifier elimination. Groébner reasoning is another applica-
ble procedure, but the running time of both of them is ex-
ponential and far too slow for many real world applications,
e.g. in mobile robots. In fact, we need a reasoning procedure
that is computationally feasible and as accurate as possible.
In designing such a procedure, the incorporation of proper-
ties of the domain of the calculus at hand for simplifying the
problem seems to be a sane way to go. Currently, our method
of triangle consistency outperforms algebraic closure by far
on LR-scenarios, at least for scenarios of reasonable size. It
would be interesting to study the performance of our method
on really big scenarios, but a lot of computing power is needed
for that.

Future work will extend triangle consistency to the DR.A-
calculus, which feels very natural, since DRA is defined using
LR-relations.
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