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Abstract. Constraint Satisfaction Problems (CSPs) are well known
models used in Artificial Intelligence. In order to represent real world
systems, CSPs have been extended to Dynamic CSPs (DCSPs),
which support adding and removing constraints at runtime. Some ap-
proaches to the NP-complete problem of solving CSPs use filtering
techniques such as arc consistency, which also have been adapted to
handle DCSPs with binary constraints. However, there exists only
one algorithm targeting non-binary DCSPs (DnGAC4). In this pa-
per we present a new algorithm DnSTR for maintaining arc consis-
tency in DCSPs with non-binary constraints. Our algorithm is based
on Simple Tabular Reduction for Table Constraints, a technique that
dynamically maintains the tables of supports within the constraints.
Initial results show that our algorithm outperforms DnGAC4 both for
addition and removal of constraints.

1 INTRODUCTION

One of the many interesting topics in Artificial Intelligence is the use
of Constraint Programming to solve combinatorial problems. Those
problems are usually modeled as Constraint Satisfaction Problems
(CSPs), where the number of constraints in the system is known
beforehand. However, many problems involve dynamic behaviours:
user requirements may for example evolve during interactive design,
or the set of tasks to be performed in a scheduling problem may
be modified due to external factors. Dynamic Constraint Satisfaction
Problems (DCSPs) have thus been introduced to permit the addition
and removal (or retraction) of constraints at runtime.

The task of finding solutions in CSPs is NP-complete, and thus
solvers usually apply filtering techniques to reduce the search space
and simplify the problem. Filtering techniques can also be used in in-
teractive problems, such as product configuration, in order to reduce
the set of values available for each variable. The most used tech-
niques are the ones achieving arc consistency.

There has been a considerable amount of work in designing arc
consistency algorithms for CSPs with binary constraints. Among
them are the well-known AC3 [10], AC4 [12] and AC6 [6]. Most
authors have generally not extended their work to achieve arc con-
sistency on non-binary problems, as any non-binary CSP can poten-
tially always be transformed into an equivalent binary CSP, although
it is sometimes impracticable [1]. However, non-binary constraints
have been proved to be practically relevant (e.g. in configurators or
database systems), and dedicated algorithms are essential to handle
them.
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Among existing algorithms for non-binary CSPs are GAC3 [11]
and GAC4 [13]. These algorithms are extensions of binary algo-
rithms, and are much more expensive than their counterparts. Indeed,
the best worst-case time complexity with such generic algorithms
is exponential in the greatest constraint arity. Other algorithms have
then been designed to achieve arc consistency for specific problems,
containing only table constraints for instance. This is the case for
Simple Tabular Reduction (STR) [15, 9], which can achieve arc con-
sistency in linear time in the size of the table.

Arc consistency algorithms are well suited for growing constraint
problems, and thus can easily handle the addition of constraints in
a problem. However, this is not true for constraint retraction. The
problem is still arc consistent, but some solutions may be lost as
result of the retraction, and thus the system has to find out which
values should be restored, in order to achieve maximal arc consis-
tency. Several techniques have been proposed to maintain arc consis-
tency in binary Dynamic CSPs. The most recent ones are DnAC4 [4],
DnACS6 [8], and AC|DC and its extensions [3, 14, 2]. Those algo-
rithms are based on static arc consistency algorithms, respectively
AC4, AC6 and AC3. For non-binary DCSPs, however, DnGAC4 [5]
is currently the only algorithm that has been extended to handle them.
This algorithm is an extension of DnAC4, and has thus the same time
complexity as GAC4.

In this paper we propose a new algorithm DnSTR for solving Dy-
namic CSPs with non-binary constraints, described as (extensional)
table constraints. Table constraints are commonly used in applica-
tions where databases are involved, for example product configura-
tion systems. Our algorithm is based on STR, one of the most effi-
cient approaches for maintaining arc consistency on table constraints,
instead of the generic GAC4 algorithm.

The paper is organized as follows. Section 2 recalls the definitions
of Dynamic CSPs and arc consistency, then presents GAC4 and the
most used method for maintaining arc consistency in DCSPs. The
algorithm DnSTR is described in detail in Section 3, and is analyzed
in Section 4. Finally, an experimental study is presented in Section 5,
while Section 6 gives a summary along with some final remarks.

2 DEFINITIONS AND PRELIMINARIES

We will now define what a CSP and a Dynamic CSP are, as well
as the concept of arc consistency. We will then introduce the current
algorithms for solving non-binary CSPs, and the method to maintain
arc consistency in DCSPs.

2.1 Dynamic Constraint Satisfaction Problems

A Constraint Satisfaction Problem (CSP) is a triple P = (X, D, C)
where: X = (z1,z2,...,Tn) is an n-tuple of variables, D =



(D(z1), D(22), ..., D(zy)) is an n-tuple of domains, representing,
for each variable x;, the set of possible values it can take, and
C = (c1,c¢2,...,ct) is a t-tuple of constraints restricting the values
that the variables can simultaneously take. A constraint ¢ involves a
subset scp(c) of variables from X and can be defined by the set of all
tuples of values allowed (extensional table constraint) or by a relation
between variables (in intension). Solving a CSP consists in assigning
a value to each variable such that all constraints are satisfied. The
example of a CSP can be seen in Figure 1.
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Figure 1. Example of CSP. Each node represents a variable whose domain
is explicitly indicated. The constraints are defined in extension to specify the
set of allowed tuples.

A Dynamic Constraint Satisfaction Problem (DCSP) is a sequence
of CSPs Py, P1, ..., Pm Where each problem results from an addition
or removal of a constraint ¢ in its predecessor. More precisely, if
P = <X, D, Cl>, then P 1 = <X, D, Ci+1> where Ci+1 = Ci*ec.

2.2 Arc consistency

Constraint satisfaction problems on finite domains are typically
solved using a form of search. However, since finding solutions in
a CSP is an NP-complete task, filtering techniques can be used to
simplify the problem during search. The most used algorithms are
the ones achieving arc consistency.

Definition 1 For a constraint c on (1, ...,%;,...,Tp), a tuple T =
(d1y ...y di, ..., dp) is a support of c if it is an allowed tuple (T €
¢) and Vz; € scp(c),7(zi) = di € D(x;). A pair (zi,ds;) is
said to be arc consistent iff, for each ¢ € C constraining x;, there
exists a support T € c¢ such as T(x;) = dz,. A problem Py, is arc
consistent iff Va; € X,Vdy, € D(x;), (xi,ds,;) are arc consistent.
Py, is maximally arc consistent if enlarging the domain of any of its
variables makes it not arc consistent.

2.3 Arc consistency in DCSPs

Maintaining arc consistency in Dynamic CSPs is equivalent to
making the problem P; maximally arc consistent, provided that
Po, ..., P;—1 are maximally arc consistent. Handling constraint ad-
dition is fairly straightforward: the new problem can indeed be made
maximally arc consistent just by applying GAC algorithms again.
However, the task of removing a constraint is a bit different. In fact,
when removing a constraint, the problem stays arc consistent, but not
necessary maximally arc consistent. This is due to the fact that some
solutions can be lost, and formerly inconsistent values may need to
be restored to re-establish maximal arc consistency.

Existing algorithms for arc consistency in DCSPs are working in
three phases during constraint removal: first the values deleted by
the removed constraints are restored (initialization phase); then those

restorations are propagated to other variables connected through ex-
isting constraints (propagation phase); finally, the values are filtered
again (filtering phase). The last phase ensures that all wrongly re-
stored values are removed. The latest and most efficient algorithms
for binary constraints are AC|DC-2i and AC3.1|DC-2i [2].

2.4 CSPs with non-binary constraints

Enforcing arc consistency on CSPs with non-binary constraints is
NP-complete [7], and the best worst-time complexity obtained by
generic algorithms such as GAC4 is O(erd"), with e the number
of constraints, 7 the greatest constraint arity and d the greatest do-
main size. Many other algorithms have been designed to enforce arc
consistency in a more efficient way for specific problems, for exam-
ple non-binary CSPs with table constraints. Tables can actually be
considered as the most explicit way to represent constraints, as in
theory any constraints in intension can be transformed into a table
constraint. However, this may in practice lead to time and space ex-
plosion when solving the problem.

Among the work on table constraints, one particular method of
interest is Simple Tabular Reduction (STR) [15, 9]. This algorithm
differs from previous methods as it dynamically maintains the tables
in order only to go through the supporting tuples when enforcing
arc consistency. More precisely, when the domain of a variable is
reduced, each table constraining that variable is updated, by remov-
ing all invalid tuples. The variables’ values that are not arc consis-
tent are then removed from their domain. STR uses arrays of indexes
to avoid moving tuples in memory, and is enforcing arc consistency
in O(er(d + t')), where t’ is the maximum size of the current ta-
bles. Worst-case space complexity of STR is O(e(n + rt)), with ¢
the greatest original table size. STR has been shown to be one of
the most efficient approaches when dealing with table constraints. A
more detailed description of STR can be found in [9].

3 THE ALGORITHM DnSTR

In this section, we will describe our new DnSTR algorithm. This
algorithm can be used to solve DCSPs with table constraints. It re-
lies on a timeline of events, which is composed by timestamps. Each
timestamp ¢t is defined by two integers (dp, [t), which represent the
depth of the timestamp (the depth is increased every time a constraint
is added) and the local time at a given depth. The timestamps can
also be compared: Vi1, t2 : t1 < t2 < (t1.dp < t2.dp V (t1.dp =
to.dp N t1.0t < tz.lt)).

Like the other algorithms targeting DCSPs, DnSTR is working
in three phases (as described in Section 2.3). However, the filtering
phase in DnSTR is performed incrementally during constraint retrac-
tion, in order to keep the timeline consistent and use it to restore only
specific tuples. Indeed, during constraint retraction, wrongly restored
tuples need to be put back at the depth they would have been deleted
at if the removed constraint had never been added to the problem.
Thanks to this mechanism, when a value is restored at a certain depth,
only tuples at this same depth have to be restored during propagation
(except if the constraint associated to those tuples was added later, in
which case the depth considered is this constraint addition’s depth).

The algorithm works with the following data structures:

e A global depth counter gdepth, as well as an array lastLTime
that for each depth dp associates the last local time [¢ in the current
timeline.

e Two justifications arrays justif, and justif . that, for each pair
(z, dz), keep track of when and by which constraint the value d



has been removed from z’s domain. Each constraint is also asso-
ciated with the time of addition, recorded in the array time..

e As we already pointed out, the algorithm DnSTR is based on Sim-
ple Tabular Reduction. It thus shares similar data structures for
each table constraint, including an initial set of tuples c.table, the
index of the first tuple in the current table c.first (i.e. the table
of valid tuples), an array c.next that links lists of tuples (by their
indexes), and two arrays c.removedHead and c.removedTail that
give the index of the first and last invalid tuples at each depth. Note
that c.next[i] = —1 if 4 is the position of the last tuple, either in
the current table if ¢ is a valid tuple or in the removed list if 7 has
been removed. For each constraint ¢, we also store the index of the
last restored tuple in c.restoredTail, and an array c.removed; that
records the removal time (or timestamp) of each tuple.

3.1 Constraint addition

Adding a constraint to the DCSP is done by filtering the system
through the function ADDCONSTRAINT described in Algorithm 1.

Algorithm 1: ADDCONSTRAINT(c: Constraint): Bool

1 addcto C';

2 gdepth = gdepth + 1; lastLTime[gdepth] = 0;
3 timec[c] = (gdepth,0) ;

4 revise[gdepth] = {c};

s return FILTER(revise, D, (gdepth, 0)) ;

Algorithm 2: FILTER(revise, values: Arrays, (dp;, [t;): Time): Bool

1 while revise[dp;] # 0 do

2 select and remove ¢ from revise[dp;];

3 changed = 0;

4 if not GACSTRDYN(¢, changed, (dp;, lt;), values) then
5 | return false;

6 foreach (z, jt,) € changed do

7 Crevise = {¢r € C'sit.

cr # ¢,z € sep(er), timecer] < (dpi, Uti)}s
8 if jt..dp > dp, then

9 | add crevise to revise[jty,.dpl;

10 else

1 | add crevise to revise[dp;];

2 return true;

The revise structure contains for each depth the constraints to eval-
uate at filtering. FILTER iterates over the constraints to revise at the
given depth (the latest for constraint addition) and applies a modi-
fied version of STR (Algorithm 3), where only the elements in the
list values are taken into account (values represents the full domain
D for constraint addition, but only the restored values for constraint
retraction). GACSTRDYN also differs from [9] as it handles the re-
stored tuples (for constraint retraction) and the update of the justifi-
cations. Those are computed at lines 30-31, except if the pair (x, d,)
had been removed by the same constraint at a later stage (line 29) —
in which case another support for (z, d) is still valid at this time but
will be removed later in time. ISVALID also differs as it checks the
value’s justification time, while REMOVETUPLE is identical to the
one described in [9], and is thus not shown. FILTER then updates re-
vise with potentially affected constraints. The timestamp parameter
(dpi, It;) is used to specify when the filtering occurs (line 7), so that
the constraints added affer that time are not filtered yet (but will be
later, at the incremental filtering used during constraint retraction). If
x was changed at a later depth (lines 8-9), the constraint to revise is
inserted at that specific depth jt.dp instead of the current one.

Algorithm 3: GACSTRDYN(c: Constraint, changed: Set, (dp;, It;):
Time, values: Array): Bool

1 Seup = 0;

2 foreach x € scp(c) do

3 gacValues%m] =0;

4 if values[z] # NIL then

5 | addzto Ssup ;

6 prev = —1;

7 curr = c.first;

8 while curr # —1do

9 T = c.table[curr];

10 nextT = c.next[curr]; rTail = c.restoredTuil,

1 if ISVALID(c, T, (dp;, It;)) then

12 foreach x € S, do

13 if (7[z] ¢ gacValues[z] and 7[z] € values[z]) then

14 add 7(z] to gacV alues[z];

15 if |gacValues[z]| = |values[z]| then

16 | remove z from Ssup;

17 prev = curr;

18 else

19 c.removeds[curr] = (dp;, lt;) ;

20 if c.restoredTail = curr then c.restoredTail = prev;

21 L REMOVETUPLE(c, prev, curr, dp;);

2 if curr = rTail then break;

23 | curr = nextT;

24 foreach z € S, do

25 foreach d,, € values[z] do

26 ifd, ¢ gacValues[z] then

27 remove d, from values[z];

28 if | D[z]| # |values|z]| then remove d, from D[x];

29 if not (justif [z, d;] = c and justif [z, dg] > (dps, It;))
then

30 Justif [z, dz] = ¢

31 Justif, = (dps, It;);

32 add (z, justif [z, dg]) to changed ;

33 | if |[D[z]| = O then return false;

34 lastLTimeldp;] = lt; +1;
35 return true;

Algorithm 4: 1sVALID(c: Constraint, 7: Tuple, (dp;, It;): Time): Bool

1 foreach = € scp(c) do
2 if (7[z] ¢ D[z]) and (justif [z, 7[z]] < (dp;,[t;)) then
3 | return false;

4 return true;

Algorithm 5: REMOVECONSTRAINT(c: Constraint): Bool

// Initialization phase
restored Values = 0 ;
foreach = € scp(c) do
foreach d, € Dg[z] \ D[z] do
if justif .[z, ds] = c then
add d, to D[z] ;
L add d, to restored Values[z] ;
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Remove ¢ from C ;

// Propagation phase

revise = () ;

ter = PROPAGATE(restored Values, revise, time.[c].depth);

© o«

// Filtering phase
10 for dp; < time.[c].dp to gdepth do
1 | FILTER(revise, restored Values, (dp;, lastLTime[dp;]));

// Cleaning phase
12 foreach c; € tcr do

13| cj.restoredlail = —1;

14 foreach x € restoredValues do

15 foreach d,, € restored Values[xz] do
16 Justif [x,dy] = NIL;

17 Justif [z, ds) = NIL ;

18 restored Values[z] = NIL ;

19 return true;




Algorithm 6: PROPAGATE(restored Values: Set, revise: Array ,
dprem: Int): Set

1 restore =0 ;
2 foreach x € restoredValues do
3 | UPDATELISTS(z, restored Values[z], revise, restore, dprem)

4 while restore # 0 do

5 select and remove (¢, min RestoredTimes) from restore;
6 newRestored = (); add c to ter

7 foreach (dp, It) € minRestoredTimes do

8 curr = c.removedHead[dp] ; prev = —1;

9 rtail = c.removedT ail[dp] ;

10 if c.restoredTail = —1 then c.restoredTail = rtail ;

11 RESTORETUPLES(c, dp) ;

12 while curr # —1 do

13 nextT = c.next[curr];

14 if c.removed[curr] < (dp, It) then

15 if c.restoredTail = curr then

16 | c.restoredTail = prev;

17 REMOVETUPLE(c, prev, curr, dp);

18 else

19 T = c.table[curr]; jTimes = 0 ;

20 foreach = € scp(c) do

21 if 7[z] ¢ Dl[x] then

2 if justif [z, T[x]] # c then

23 | add justif [z, T[z]] to jTimes ;
24 else

25 add 7[z] to D[z] ;

26 add 7[z] to new Restored[z] ;
27 if jTimes # () then

28 L add cto revise[min(jTimes)] ;

29 | c.removedi[curr] = NIL ; prev = curr;
30 if curr = rTail then break;

31 | curr = nextT);

32 foreach (z € newRestored) do

33 UPDATELISTS(z, new Restored[z], dprem , revise, restore) ;
34 L add new Restored[z] to restored Values|z] ;

35 return tcr;

Algorithm 7: UPDATELISTS(x: Var, restored_x: Set, dprem: Int,
revise, restore: Arrays)

1 foreach c, € C constraining x do

2 if (3d, € restored_x s.t. justif [z, dz].dp < time.[cg].dp) then
3 | add ¢, to revise[max(timec|cz].dp, dprem)] :
4 jtimes = {max(justif [z, d;], timec[cz]) s.t. dy €
restored-z and justif .[x,dz] # ¢z }:
5 add {t € jtimess.t.t = min(¢; € jtimes,t1.dp = t.dp)} to

restore[cg] ;

3.2 Constraint removal

Constraint retraction is performed by the function REMOVECON-
STRAINT (Algorithm 5).

During the initialization stage, all pairs (z, d;) that were removed
by the retracted constraints are restored. Notice that all restored val-
ues are placed in a list restored Values so that only those values are
considered in the filtering stage.

During the propagation stage in function PROPAGATE, tuples from
constraints connected to restored variables are restored. The list min-
RestoredTimes contains the minimum times (dp, [t) for each depth
where tuples need to be restored. After tuples have been restored
for a specific depth (line 11), the ones that have been deleted before
the time (dp, {t) considered are immediately removed (lines 14-17).
For each tuple, only values that had been deleted by the current con-
straint are restored. The function RESTORETUPLES(c, t) is identical
to the one described in [9]. In case another constraint has made a tu-
ple invalid, the table is added to revise at the time when a value first
invalidated the tuple (line 27-28). Thanks to the strictly maintained
timeline, only the tuples that have been removed after a pair (x, dz)
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Figure 2. Removing constraint ¢3 in the CSP example from Figure 1.
Associated timestamps are written as “3.1” for (dp = 3, It = 1) next to each
added constraint and removed tuple. Justifications (constraint and time) are
also shown next to each deleted value. Plain circles show the values and
tuples restored since the previous phase, while dashed circles represent
values and tuples re-filtered.

and in the same depth need to be restored. This is done through the
update of restore in function UPDATELISTS: depending whether the
value d, was deleted before the constraint ¢, was added, the justi-
fication time or the constraint addition time is retrieved (line 4) and
the minimum for each depth is added to restore (line 5). The array
revise is also updated at the beginning of the propagation and af-
ter each restoration to include constraints that were added after the
restored values were deleted (line 2-3 in UPDATELISTS). Note that
the PROPAGATE algorithm returns the set fcr of table constraints that
have been modified during restoration.

Finally, filtration is performed on the constraints in revise (line
12-13 in REMOVECONSTRAINT). This is done incrementally so that
constraints are evaluated in the same order as they were added, keep-
ing the new problem’s timeline consistent with what it would be if
the retracted constraint had never been added. Although it may in-
troduce redundancy in the constraint evaluation process, this type of
filtering is necessary to guarantee that all invalid tuples restored in
the propagation stage are put back at the correct depth.



3.3 Example

An example of constraint removal can be seen in Figure 2, after
adding all constraints in the CSP from Figure 1.It is interesting to
note that although the last tuple of table c; is restored, it is poten-
tially invalid, as (x5, 1) has been removed by c4: (x5, 1) is thus not
restored, and the table c; is put in revise for the filtering phase. The
two tables ¢4 and c5 are also added to revise, as the restored (x2, 0)
and (x4, 1) had been deleted before the addition of those tables: they
might be deleted again in the filtering stage.

4 ANALYSIS

In this section, we will discuss the correctness of DnSTR, and de-
scribe the time and space complexity of the algorithm.

4.1 Correctness

During constraint addition, the filtering depth is the global depth
gdepth, and the whole domain values are checked when using the
STR algorithm. As the second check in ISVALID is always true, the
STR algorithm used is equivalent to the original algorithm. All con-
straints to revise are put back in revise[gdepth] in FILTER as the
check of line 8 is always false with dp; = gdepth, so the correctness
directly comes from the correctness of STR.

For constraint removal, let us consider a problem P,,, resulting of
the addition of (co, ..., cn), and where we are removing constraint
c;. Before the removal of c¢;, problem P,, is arc consistent, so for
all P; with j < n, all justifications arrays are coherent with the
actual timeline, all tuples have been removed at the correct depth and
always at a local time greater than any justification of deleted value
that might have caused its removal.

First, consider that ¢; was added at t; = (d;, 0), and ¢; + to is the
first time that a value from a variable z ¢ scp(c;) has been removed.

Additions of constraints

120 \ —+—DnGAC4 [

\ DnSTR
e '_\\ —
80

\i—-ﬁﬂ_‘\‘__“‘_ \
20 M
] T T T T T T T T T T T
08 0.82 0.84 0.86 0.88 09 09z 0.94
& Removals of constraints
s A A
A A N A —
NN [E—
35
; WA\

Figure 3. Runtime (in ms) as a function of pp forr = 8

All the removal of values before ¢; +t¢ are caused by c;, and so those
values are directly restored during the initialization phase, thanks to
having c; as justification constraint. For each constraint, the tuples
impacted by a value removed at ¢, are tuples deleted at a later time
t > t,. Moreover, the only impacted tuples are the ones deleted in
the same depth, as P; was made consistent before any new constraint
addition (and change of depth), except if they are from a constraint
c; added after c;, as they may have been removed because of values
deleted in [t;,t; + to[ at d; > d;. All those tuples are considered for
restoration in UPDATELISTS (line 4-5) and restored in PROPAGATE
(line 11). All values supported by those restored tuples of any table ¢
and which had been removed by c are restored in PROPAGATE (line
25-26). The propagation of these restorations (via the restore list)
ensures that a superset of all impacted values is restored.

We need now to make sure that all restored tuples that are removed
during the filtering phase are put back at the correct depth and time.
The incremental filtering is performed chronologically, so constraints
just need to be added in revise at the correct depth. The local time is
always increased during filtering using STR, so any removed tuple
will always be placed after the first value responsible for its deletion.
There are two cases when table constraints must be revised. The first
one occurs when invalid tuples are restored. The tuples must then be
placed at the earliest time when one of its value were deleted from its
domain. This is taken care of in PROPAGATE (line 28). In the second
case, a value restored during propagation may actually have to be
deleted by another constraint that had been added later (line 2-3 in
UPDATELISTS).

Finally, justifications need to be maintained throughout the filter-
ing process. When a restored value (z, d.) is filtered by a constraint
cm at t, its justification constraint is obviously c¢,,. However, if d,
had been removed (prior to restoration) because of ¢, but at a later
time t2 > t1, it means that there is still another supporting tuple
for (z, d;) valid at ¢; (that will be removed only at ¢2), and thus the
justification time should stay equal to t2 (GACSTRDYN line 29).
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Figure 4. Runtime (in ms) as a function of pp forr =9



Table 1. Memory consumption for RCSP (8, 20, 3, 100, p2 )(in MB)

p2 082 084 086 088 09 092 0.94
DnSTR4 8.3 8.2 7.6 74 73 6.7 5.1
STR 32 3 2.7 25 25 1.7 1.1

DnGAC4 125 123 104 8 7.1 6.9 5.7

4.2 Time and space complexity

The worst-case time complexity of the STR is O(er(d + t')) (the
number of constraints e is added because the whole constraint system
is considered). In the case of DnSTR, the worst-case time complexity
of the initialization phase and the propagation phase is O (er (d+t")),
where t represents the size of the removed tuples list. However, the
incremental filtering in the filtering phase may introduce a factor e, as
the filtering could occur in the worst case as many times as there are
constraints (or depths). The worst-case time complexity for DnSTR
is thus O(e*r(d 4 t')).

The space complexity of STR is O(e(n+rt)). For DnSTR, justifi-
cations arrays are in O(nd). For each constraint, as for STR, rable is
in O(rt) and next in O(t). The arrays removedHead and removedTail
are each in O(e), as they can be filled for each depth, and removed;
is in O(t), which makes a worst-case space complexity of O(e + rt)
for each constraint, and O(nd + e(e + rt)) for DnSTR.

5 EXPERIMENTAL RESULTS

In order to evaluate the practical behaviour of the proposed al-
gorithm, we have implemented DnSTR in C# and compared it to
DnGAC4 and the classic STR (where backtracking is used to re-
move constraints). The experiments were conducted using Random
CSPs with model B [16]. Each instance is characterized by a tuple
(r,n,d, m, p2) where r is the arity of each constraint, n the number
of variables, d the uniform domain size, m the number of constraints
and p» the tightness of the each constraint. The tightness defines the
number ¢ = (1—p2)d" of allowed tuples in each constraint. For each
arity r € {8, 9}, we did the experiments with 10 instances of RCSP
(r,20, 3,100, p2), where p2 € [0.8 — 0.94]. The constraints were
first added one by one (inconsistent systems were discarded). In or-
der to see some real change in the variables’ domain with such a low
density (a more suitable density for a problem with arity 8 requires
much more constraints), 10% random unary constraints were then
added. Then 10% of all the constraints were removed. This protocol
was applied 10 times per instance. The mean values of the runtime
for adding and removing constraints are shown in Figures 3 and 4.
The experiments show that when adding a constraint, STR and
DynSTR are almost identical and faster than DnGAC4. This is not
surprising, as the STR algorithm, also used in DnSTR, has been
shown more efficient than GAC4 in [9]. For constraint removal,
DnSTR outperforms both STR and DnGAC4. The results for the STR
algorihms are not shown, as it performs more than 20 times worse
than DnGAC4. The poor performance of STR can be explained by
the sometimes important amount of work it has to perform again af-
ter backtracking all the way to the removed constraint. DnGAC4 per-
forms better than the classic STR, as it only checks restored values
and updates justifications arrays. However, DnSTR beats DnGAC4
again, thanks to the interaction with the dynamic tables of valid tu-
ples and the maintained timeline. It is worth pointing that the over-
head of the incremental filtering necessary for preserving the timeline
does not seem to have such an important impact on performance.

We also measured the memory consumption of DnSTR, STR and
DnGAC4 with RCSP (8, 20, 3, 100, p2). To use as much memory as
possible, we added all the constraints and assigned values to random
variables until the problem stopped being consistent. Table 1 shows
the mean memory consumption of the algorithms for different values
of the tightness p2, just before the system became inconsistent. As
we can see, the memory consumption between DnGAC4 and DnSTR
is close, also DnSTR performs a bit better, while STR uses much less
memory, as it has much less data structures to maintain.

6 CONCLUSION

In this paper, we propose a new algorithm (DnSTR) to solve Dy-
namic CSPs with non-binary constraints, described as (extensional)
table constraints. Table constraints are commonly used in applica-
tions where databases are involved, for example product configura-
tion systems. Our algorithm uses a timeline to record when and why
values from domains have been removed. This timeline allows to
decide the consequences of retracting constraints. While similar al-
gorithms are based on the generic GAC4 algorithm, our algorithm
is based on Simple Tabular Reduction for table constraints. We have
presented benchmarks for our algorithm that show that DnSTR as a
result performs better than the only other existing algorithm for such
problems, DnGAC4.

Before concluding, it is worth noting that DnSTR uses the same
justifications data structures as the best algorithms for DCSPs with
binary constraints (AC|DC-2i and AC3.1|DC-2i [2]). This allows to
adapt our approach easily to deal with binary constraints defined in
intension.
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