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Abstract. In this paper we look at regular path temporal logic,
RPTL, a modal logic which combines the ability to quantify over (fi-
nite) paths described by regular expressions (a property which char-
acterises PDL) with the addition of temporal operators. Theformu-
lation of RPTL was inspired by agent programming verification con-
siderations. In this paper we prove the decidabilty of RPTL and es-
tablish complexity bounds on the satisfiability problem forRPTL by
translating it into the theory of alternating tree automataon infinite
trees.

1 RPTL

1.1 Introduction

In this paper we look at regular path temporal logic abbreviated as
RPTL, a modal logic which combines the ability to quantify over
(finite) paths described by regular expressions (a propertywhich
characterises PDL) with the addition of temporal operators. RPTL
is based on aspects of Claßen and Lakemeyer’s situation calculus
variant ESG, as described in [3], and was initially adapted from ESG
by Alechina and Logan2. Their motivation was to enable the formu-
lation and verification of properties that arise during the executions
of agent programs, in particular those properties which hold prior to
the termination of a program.

In order to describe this initial motivation in more detail we need
to take a brief detour into agent programming territory. In the 2007
paperA Logic of Agent Programs[1], Alechina et al., were able to de-
fine a sound and complete logic for reasoning about agent programs
written in the agent programming language SimpleAPL – a language
which allows for the implementation of software agents withbeliefs,
goals, and plans. SimpleAPL’s operational semantics are defined in
terms of a transition system, with each transition corresponding to a
single execution step between agent configurations.

The sound and complete logic which Alechina et al., defined
and into which they translated SimpleAPL programs was based
on PDL. In [1] they were able to prove correspondence theorems
which allowed them to formally specify various properties of Sim-
pleAPL programs under different execution strategies. While this en-
abled them to express, for example, goal achievement at the end of
some/every program execution, they were unable to check forprop-
erties which held while the program was executing.

This signalled the usefulness of expressions such as〈|π|〉Fp
where 〈|π|〉 stands for ‘there exists a path described by a regular
expressionπ’ andFp stands for ‘somewhere on this path,p holds’.
However in PDL we are limited to using existential modalities in ex-
pressions of the form〈π〉φ - there is a path described byπ and at the
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last state of this pathφ holds, and in CTL we can use them in expres-
sions of the formEFp - there exists some path and somewhere on
this pathp holds, without being able to say that this path is described
by π. And this led to the adaption and simplification of ESG which
resulted in RPTL.

RPTL is very similar to both PDL and CTL, the obvious ques-
tion was how it stood in relation to both of these logics. Initially an
attempt was made to translate RPTL into PDL to show that it was
a fragment of that logic. However, there seems to be no obvious or
straightforward way of doing so. However, PDL can be easily embed-
ded into RPTL (see below). This gives us an EXPTIME lower bound
on the complexity of the satisfiability problem for RPTL. RPTL does
not contain CTL, unlike RCTL which is an extension of CTL with
regular expressions [2], and ECTL which is also an extensionof CTL
[4].

The central aim of this report is to prove the decidability ofRPTL.
We achieve this by translating each formula of RPTL into an alternat-
ing tree automaton on infinite trees (ATA) and making use of the fact
that the non emptiness problem for ATA is in EXPTIME. The trans-
lations are based on Thomas Wilke’s translation of theµ-calculus
into ATA in [8] (also see [7] for another translation this time of CTL
into alternating tree automata). So that RPTL is a fragment of Lµ,
though a direct translation from RPTL toLµ is difficult.

As with PDL we can add tests to our RPTL program expressions.
For the sake of simplification we do not add them, but the prooffor
RPTL with tests is a straightforward extension of the current proof.

RPTL is related to Process Logic. Process Logics also allow us
to quantify over paths and to talk about what happens during them
– see especially Vardi and Wolper’s YAPL [6] and PL [5] both of
which extend PDL by allowing us to talk about what happens within
a path. However these logics tend to be slightly too strong for our
purposes with higher complexity than is desirable.

As for the rest of this paper. We start in Section 1.2. with a def-
inition of the syntax and semantics of RPTL and in Section 1.3we
give a definition of ATA’s and MAR’s. In Section 2.1 we give a basic
outline of the proof of decidability given in the rest of the paper.

1.2 Syntax and Semantics of RPTL

RPTL has four temporal operators, two of them are unary next op-
erators corresponding to the next operators of CTL but labelled with
a regular expression,[|π|]X, 〈|π|〉X, the other two are ternary ‘un-
tiltil’ (three place until) operators, box untiltil[|π|]UT and diamond
untiltil 〈|π|〉UT . The intuition behind untiltilpUqT r, for some triple
of proposition variables,p, q, r, is that given a pathx = (w0, ..., wk)
we want to determine whether either the propositionp holds in the
pathx until q for the subpathx1 = (w0, ..., wk−1), orp holds at each
point inx1 andr holds atwk. We introduce the untiltil because it is a
natural generalisation of the until temporal operator for finite paths,



where we know that there is an end point, and because it simplifies
the proof of decidability.

Definition 1 Given a fixed, infinite, set of proposition symbols,Φ =
{p, q, ...}, we can inductively define the set of RPTL formulae as
follows:

• ⊥, p ∈ Φ are both formulae of RPTL,
• if φ, ψ are formulae of RPTL then so are¬φ and(φ ∧ ψ),
• if φ, ψ and χ are formulae of RPTL andπ is a program ex-

pression, as defined below, then[|π|]Xφ, 〈|π|〉Xφ, [|π|]φUψT χ,
〈|π|〉φUψT χ are also formulae of RPTL.

Assuming a fixed set of basic programsΨ0 = {a, b, ...} we in-
ductively construct the set of program expressions,Ψ, used in the
previous definition, in the following manner:

• each basic programa ∈ Ψ0 is a program,
• if α andβ are programs, then so too areα ∪ β, α;β, andα∗.

Definition 2 Let M be a structure,M = (W,τ, κ), thenM is a
model for RPTL if:

• W is a set of states,
• τ (a) ⊆ (W ×W ) gives us the set of state transitions fora ∈ Ψ0.

We can extend this inductively to give us a set of pathsτ (π) ⊆
(W ×W )∗ corresponding to any program expressionπ in M :

– τ (π1 ∪ π2) = {z : z ∈ τ (π1) ∪ τ (π2)},

– τ (π1;π2) = {z1 ◦ z2 : z1 ∈ τ (π1), z2 ∈ τ (π2)}, where◦ is
a concatenation of paths operator,

– τ (π∗

1) is the set of all paths consisting of zero or finitely many
concatenations of paths inτ (π1).

• κ(p) ⊆ W is a function that for eachp ∈ Φ gives us the set of
states inW at whichp holds. We can extendκ to map formulaeφ
to sets of statesκ(φ) inW in the usual way.

Assume statew ∈W and thatφ,ψ, andχ are RPTL formulae and
π is a program expression. The relation|= of a formula being true in
a state of a model is defined inductively as follows:

• (M, w) |= p iff w ∈ κ(p),
• (M, w) |= ¬φ iff M, w 6|= φ
• M, w |= (φ ∧ ψ) iff M, s |= φ andM, w |= ψ,
• (M, w) |= [|π|]Xφ iff for all paths x = (w0, ..., wl) ∈ τ (π)

wherew0 = w we have thatM, w1 |= φ,
• (M, w) |= 〈|π|〉Xφ iff there exists a pathx = (w0, ..., wl) ∈
τ (π) such thatw0 = w andM, w1 |= φ,

• (M, w) |= [|π|]φUψT χ iff for all pathsx = (w0, ..., wl) ∈ τ (π)
such thatw0 = w we have that either

1. for some initial prefix(w0, ..., wk) of xwe have thatM, wk |=
ψ andM, wi |= φ for i < k < l, or

2. M, wi |= φ for all i < l andM, wl |= χ.

• (M, w) |= 〈|π|〉φUψT χ iff there exists a pathx =
(w0, ..., wl) ∈ τ (π) wherew0 = w such that either

1. for some initial prefix(w0, ..., wk) of x we have that and
M, wk |= ψ andM, wi |= φ for i < k < l, or

2. M, wi |= φ for all i < l andM, wl |= χ.

It is clear from the preceding definitions that we have the following
equivalences:

• [|π|]Xp ≡ ¬〈|π|〉X¬p,
• 〈|π|〉Xp ≡ ¬[|π|]X¬p,
• [|π|]pUqT r ≡ ¬〈|π|〉¬qU(¬p ∧ ¬q)T ¬r,
• 〈|π|〉pUqT r ≡ ¬[|π|]¬qU(¬p ∧ ¬q)T ¬r,

We can easily define a binary until operatorU corresponding to
the temporal until operator, using the untiltil operator, so that for ex-
ample[|π|]pUq is shorthand for[|π|]pUqT q. We can then define the
F operator by translating formulae such as〈|π|〉Fp as〈|π|〉⊤Up.

The embedding of PDL into RPTL is also straightforward, so for
example formulae of the form〈π〉p can be written as〈π〉⊤U⊥T p.

1.3 Alternating Tree Automata

Definition 3 An alternating tree automaton (ATA) is a tupleA =
(S, sI , δ,Ψ,Ω) such thatS is a finite set of states,sI ∈ S is an
initial state,δ is a transition function defined below,Π is a finite set
of path labels, andΩ : S → ω is a function that assigns a whole
number priority to each state

We define the transition function as follows:

Definition 4 The transition functionδ maps each states ∈ S to a
transition condition overS, where the set of all transition conditions
overS is defined by:

• 0 and 1 are transition conditions overS,
• p and¬p are transition conditions overS for everyp ∈ Φ,
• s, [a]s, and〈a〉s are transition conditions overS, for everys ∈ S

anda ∈ Ψ,
• s ∧ s′ ands ∨ s′ are transition conditions overS, for s, s′ ∈ S.

Note that we are dealing exclusively with ATA which accept infi-
nite trees (although they will also accept finite trees too).We have a
notion of run specific to ATA’s:

Definition 5 A run of A on a pointed Kripke structure3 (M, w)
whereM = (W,τ, κ), is a (W × S)-vertex-labeled treer =
(V r, Er, λr) such that the rootρr is labeled(w0, sI) by the function
λr and for every vertexv with label (w, s) assigned byλr the fol-
lowing conditions are satisfied, we write this asλ when no confusion
is possible. In the following definition we will use the notation ∆r(v)
to refer to theE-successors of the vertexv inW , and∆a(v) to refer
to thea− successors ofv in M :

• δ(s) 6= 0,
• if δ(s) = q, thenw ∈ κ(q), and ifδ(s) = ¬q, thenw /∈ κ(q),
• if δ(s) = s′, then there existsv′ ∈ ∆r(v) such thatλ(v′) =

(w, s′),
• if δ(s) = 〈a〉s′, then there existsv′ ∈ ∆r(v) such thatsr(v′) =
s′ andwr(v′) ∈ ∆a(w),

• if δ(s) = [a]s′, then for everyw′ ∈ ∆a(w) there existsv′ ∈
∆r(v) such thatλ(v′) = (w′, s′),

• if δ(s) = s′ ∨ s′′, then there existv′, v′′ ∈ ∆r(v) such that
λ(v′) = (w, s′) or λ(v′′) = (w, s′′),

• if δ(s) = s′ ∧ s′′, then there existv′, v′′ ∈ ∆r(v) such that
λ(v′) = (w, s′) andλ(v′′) = (w, s′′) .

We will only be interested in minimal run trees in the paper, in
which case the conditions for any vertexv with label (w, s) are al-
tered as follows:

3 A pointed Kripke structure is a pair(M, w), whereM = (W, τ, κ), and
w ∈ W .



• δ(s) 6= 0,
• if δ(s) = q, thenw ∈ κ(q), and ifδ(s) = ¬q, thenw /∈ κ(q),
• if δ(s) = s′, then there existsv′ ∈ ∆r(v) such thatλ(v′) =

(w, s′), and there is only one such successor,
• if δ(s) = 〈a〉s′, then there existsv′ ∈ ∆r(v) such thatsr(v′) =
s′ andwr(v′) ∈ ∆a(w), and there is only one such successor,

• if δ(s) = [a]s′, then for everyw′ ∈ ∆a(w) there existsv′ ∈
∆r(v) such thatλ(v′) = (w′, s′), and for eachw′ ∈ ∆a(w)
there is exactly one succesor labelled with(w′, s′).

• if δ(s) = s′ ∨ s′′, then there existv′, v′′ ∈ ∆r(v) such that
λ(v′) = (w, s′) or λ(v′′) = (w, s′′), and there is only one such
successor,

• if δ(s) = s′ ∧ s′′, then there existv′, v′′ ∈ ∆r(v) such that
λ(v′) = (w, s′) andλ(v′′) = (w, s′′), and we assume that there
are exactly two such successors.

For each vertexv = (w, s) of r, we usevW to denote the first
component ofv andvS to refer to the second component ofv, so that
vW = w andvS = s.

Also with minimal run treesr we impose the condition that for any
vertexu with state components if u has an edge leading from it, then
the transition conditionδ(s) contains one or more states.

Note that in the rest of this paper we will allow as transitioncon-
ditions basic multi-modal formulae overΨ0,Φ, andS. This does not
lead to an increase in expressive power, see [8].

We call an infinite branchb of r accepting if the largest value in
X, the set of whole numbersn such thatn is allocated to the state
component of a vertexv ∈ W byΩ for an infinite number of vertices,
is even. A runr is accepting if all infinite branches are accepting. (If
there are no infinite branches then the run is trivially accepting).

We use the acronym MAR to refer to a minimal accepting run.
We denote the set of pointed Kripke structures accepted by anATA

A by ‖A‖.
And finally we have:

Definition 6 Given an ATAA we can derive the transition graph
G(A) of A namely the directed graph whose vertex set is the set
of states ofA where we add an edge between statess and s′ iff s′

appears inδ(s).

2 The Decidability of RPTL

We can ‘translate’ any formula of RPTL into an ATA enabling usto
prove the decidability of RPTL. In other words for any formulaφ of
RPTL we can find an ATAA(φ) such that for any pointed Kripke
structure(M, w), (M, w) |= φ iff (M, w) ∈ ‖A(φ)‖.

2.1 Outline of Proof

We start off by translating limited fragments of the language
into ATA’s. So that for formulae of the form[|π|]Xp, 〈|π|〉Xp,
[|π|]pUqT r, and 〈|π|〉pUqT r, where π is a regular expression
and p, q and r are propositional variables, we define correspond-
ing ATA’s of the form D[|π|]Xp,D〈|π|〉Xp, D[|π|]pUqT r, and
D〈|π|〉pUqT r. So that for all pointed Kripke structures(M, w),
a RPTL formula satisfies(M, w) iff (M, w) belongs to its corre-
sponding ATA, e.g., for each pointed Kripke structure(M, w) ∈
D[|π|]Xp iff (M, w) ∈ ‖D[|π|]Xp‖.

In Section 2.2 we define ATA’sD[|π|]Xp andD〈|π|〉Xp such that
the translation is clearly correct.

In Section 2.3 we define a new kind of ATA, the Double Alternat-
ing Tree Automaton (DATA). DATA’s keep track of a so called final
state, and also have two states corresponding to a pair of proposi-
tional variablesp, q.

We then construct for any regular expressionπ and pair of
propositional variablesp, q, a DATA D[|π|]−pUq such that for
any pointed Kripke structure(M, w) whereM = (W, τ, κ), the
DATA D[|π|]−pUq enables us to keep a track of all paths inx =
(w0, ..., wk) ∈ τ (π) – or at least their first and last points – such that
eitherwi |= p∧¬q for all i < k orwj |= ¬p∧¬q andwi |= p∧¬q.

This will enable us to define, given one extra propositional variable
r, an ATA D[|π|]pUqT r for which given any pointed Kripke struc-
ture (M, w) satisfies the RPTL expression[|π|]pUqT r if and only
if (M, w) ∈ ‖D[|π|]pUqT r‖, thereby relating an untiltil formula of
the form[|π|]pUqT r to a corresponding ATAD[|π|]pUqT r.

In Section 2.4 we state a corresponding theorem for untiltil
formulae of the form〈|π|〉pUqT r and their corresponding ATA’s
D〈|π|〉pUqT r.

Finally in Section 2.5 we put the results from the previous few
sections together. For any formulaφ of RPTL we can find an equiva-
lent formulaφ′ of RCT L We then define an ATAA(φ) which is the
translation ofφ′. Since negation of ATA’s can lead to an exponential
blowup, we are careful to define a special ATAN (φ) which we use
in the definition ofA(φ).

2.2 D[|π|]Xp,D〈|π|〉Xp

We first define a functionζ that takes a formula of the form[|π|]Xs,
or 〈|π|〉Xs, wheres ∈ S∪Φ and returns a basic multi-modal formula
overS andΨ0 andΦ.

Definition 7 For any regular expressionπ we defineζ([|π|]Xs) as
follows (by induction onπ):

• ζ([|a|]Xs) = [a]s,
• ζ([|π1;π2|]Xs) = ζ([|π1|]Xs) where(π1 6= ε andε is the empty

string),
• ζ([|π1 ∪ π2|]Xs) = ζ([|π1|]Xs) ∧ ζ([|π2|]Xs),
• ζ([|π∗

1 |]Xs) = s ∧ ζ([|π1|]Xs).

Similarly for any regular expressionπ we defineζ(〈|π|〉Xs) as
follows (by induction onπ):

• ζ(〈|a|〉Xs) = 〈a〉s,
• ζ(〈|π1;π2|〉Xs) = ζ(〈|π1|〉Xs) where(π1 6= ε),
• ζ(〈|π1 ∪ π2|〉Xs) = ζ(〈|π1|〉Xs) ∨ ζ(〈|π2|〉Xs),
• ζ(〈|π∗

1 |〉Xs) = s ∨ ζ(〈|π1|〉Xs).

It’s clear that for any pointed Kripke structure(M, w0) we have

(M, w0) |= [|π|]Xp iff (M, w0) |= ζ([|π|]Xp),

and
(M, w0) |= 〈|π|〉Xp iff (M, w0) |= ζ(〈|π|〉Xp).

Then it is easy to construct the ATAD[|π|]Xp = (S, sI , δ,Ω).
LetS = {s, sp}, sI = s, andΩ(s) = Ω(sp) = 1. We defineδ(s) =
ζ([|π|]Xsp) andδ(sp) = p. The only difference in the definition of
D〈|π|〉Xp = (S, sI , δ,Ω) is thatδ(s) = ζ(〈|π|〉Xsp).

Lemma 1 LetD[|π|]Xp = (S, sI , δ,Ω) be an ATA, wherep ∈ Φ,
and(M, w) be a pointed Kripke structure withw0 = w then:

(M, w0) |= [|π|]Xp if and only if(M, w0) ∈ ‖D[|π|]Xp‖.



Proof. omitted due to limited space 2

Similarly the following lemma also holds:

Lemma 2 LetD〈|π|〉Xp = (S, sI , δ,Ω) be an ATA, wherep ∈ Φ,
and(M, w) be a pointed Kripke structure withw0 = w then:

(M, w0) |= 〈|π|〉Xp if and only if(M, w0) ∈ ‖D〈|π|〉Xp‖.

2.3 D[|π|]pUqT r

We will define a new kind of alternating tree automaton, the double-
alternating tree automaton.

Definition 8 A Double-alternating tree automaton (DATA) for
any pair of proposition symbolsp, q is a tuple D(p, q) =
(R, rI , rf , rp, r¬p, rq, r¬q, δ,Ω) whereR is a disjoint pair of finite
sets of statesR = (R1, R2) ; rI = (r1I , r

2

I) is a pair of states, where
r1I ∈ R1 is the initial state of the automaton, andr2I ∈ R2 is a spe-
cial marked state;rf = (r1f , r

2

f ) is a pair of states, wherer1f ∈ R1

andr2f ∈ R2 are marked states.
We also single out four more statesrp, r¬p, rq, r¬q ∈ R1. Addi-

tionally δ is a transition function that maps each stater ∈ R1 ∪ R2

to a complex transition condition overR1 ∪ R2. Finally Ω : (R1 ∪
R2) → ω is a function that assigns a whole number priority to each
state inR1 ∪R2.

A run of the DATAD(p, q) on a pointed Kripke Structure(M, w)
is simply a run of the ATAA(p, q) = (R1∪R2, r1I , δ,Ω) on(M, w).

DATA’s are mere notational conveniences and we can view a
DATA D = (R, rI , rf , rp, r¬p, rq, r¬q, δ,Ω) as essentially being
a ATA, F(D) = (S, sI , δ

′,Ω′) where eachs ∈ S is a tuple
(s′, sp, s¬p, sq, s¬q, sf ), wheres′ ∈ R1∪R2, and the other compo-
nents are used to determine whether, for examples′ = sf . We alter
the transition functionδ accordingly

We can also easily alter the runs of the DATA’s to get the runs of
their equivalent ATAs.

We construct the DATA D[|π|]−pUq =
(R, rI , r f , rp, r¬p, rq, r¬q, δ,Ω), for a program expressionπ,
and a fixed pair of propositional variablesp, q, by induction:

• (Base case:π = a) For any a ∈ Ψ0 we define the DATA
D[|a|]−pUq = (R, r I , rf , rp, r¬p, rq, r¬q, δ,Ω) where R =
({s0, s1, s2, s3, s4, s5}, {t0, t1}), Ω assigns1 to all states, and
the assignments are:rI = (s0, t0), rf = (s1, t1), rp = s2, r¬p =
s3, rq = s4 andr¬q = s5.
The transition functionδ is defined as follows:

– δ(r1I) = rq ∨ (rp ∧ r¬q ∧ [a]r1f ) ∨ (r¬p ∧ r¬q ∧ r
2

I),

– δ(r1f ) = 1,

– δ(rq) = q,

– δ(r¬q) = ¬q

– δ(r¬p) = ¬p

– δ(rp) = p,

– δ(r2I) = [a]r2f ,

– δ(r2f ) = 1.

• (Inductive case: π = π1;π2) Here we assume we
have already defined the DATA’sD[|π1|]

−pUq =
(S, sI , sf , sp, s¬p, sq, s¬q, δS,ΩS), D[|π2|]

−pUq =

(T, tI , tf , tp, t¬p, tq, t¬q, δT ,ΩT ) for the program expres-
sionsπ1 andπ2.
Then we can construct D[|π1; π2|]

−pUq =
(R, rI , rf , rp, r¬p, rq, r¬q, δ,Ω) as follows. We assumeS1

andT 1 are disjoint and setR1 to be their union; similarly we
assume thatS2 andT 2 are disjoint and letR2 be their union. Set
rI = sI , rf = tf , andrp = sp, r¬p = s¬p, rq = sq, r¬q = s¬q.
Let Ω(r) = ΩS(r) for r ∈ S1 ∪ S2, Ω(r) = ΩT(r) for r ∈
T 1 ∪ T 2. Finally the transition functionδ(r) for r ∈ R1 ∪ R2, is
defined as follows:

δ(r) =











δS(r) if r ∈ S1 ∪ S2 − {s1f , s
2

f},
δT(r) if r ∈ T 1 ∪ T 2,
t1I if r = s1f ,
t2I if r = s2f .

and for each formulaδ(r), we replace each instance ofsp or tp by
rp, similarly sq or tq are replaced byrq, s¬p or t¬p are replaced
by r¬p ands¬q or t¬q are replaced byr¬q.

• (Inductive case: π = π1 ∪ π2) Again we assume
we have already defined the DATA’sD[|π1|]

−pUq =
(S, sI , sf , sp, s¬p, sq , s¬q, δS,ΩS), D[|π2|]

−pUq =
(T, tI , tf , tp, t¬p, tq, t¬q, δT ,ΩT ) for the program expres-
sionsπ1 andπ2.
Then we construct D[|π1 ∪ π2|]

−pUq =
(R, rI , rf , rp, r¬p, rq, r¬q, δ,Ω) as follows. We assumeS1

andT 1 are disjoint and setR1 to be their union with two new
statesr1 and r2; and letR2 be the disjoint union ofS2 and
T 2 with two new statesr3 and r4. We setrI = (r1, r3), and
rf = (r2, r4). We set Ω(r1),Ω(r2),Ω(r3),Ω(r4) to be 1,
the rest of the states as above. The transition functionδ(r) for
r ∈ R1 ∪R2, is defined as follows:

δ(r) =































δS(r) if r ∈ S1 ∪ S2 − {s1f , s
2

f},
δT(r) if r ∈ T 1 ∪ T 2 − {t1f , t

2

f},
r1f if r = s1f or r = t1f ,

((r¬p ∧ r¬q) ∧ r
2

I) ∨ (rp ∧ s
1

I ∧ t
1

I) if r = r1I ,
r2f if r = s2f or r = t2f ,

s2I ∧ t
2

I if r = r2I ,
1 if r = r1f or r = r2f .

and for each formulaδ(r), we replace each instance ofsp or tp by
rp, similarly sq or tq are replaced byrq, s¬p or t¬p are replaced
by r¬p ands¬q or t¬q are replaced byr¬q.

• (Inductive case:π = π∗

1 ) We assume that we have already defined
the DATA D[|π1|]

−pUq = (S, sI , sf , sp, s¬p, sq, s¬q, δS,ΩS)
for the regular expressionπ1.
Then we can construct D[|π∗

1 |]
−pUq =

(R, rI , rf , rp, r¬p, rq, r¬qδ,Ω) as follows. We let R1 be
the disjoint union of S1 with two new statesr1 and r2,
and R2 be the disjoint union ofS2 with two new statesr3
and r4. We set rI = (r1, r2) and r f = (r3, r4). We set
Ω(r1),Ω(r2),Ω(r3),Ω(r4) to be1 andΩ(s1f ) = Ω(s2f ) = 2 and
the rest as above. The transition functionδ(r) for r ∈ R1 ∪ R2,
is defined as follows:

δ(r) =



















δS(r) if r ∈ S1 ∪ S2 − {s1I , s
2

I}
((r¬p ∧ r¬q) ∧ r

2

I) ∨ (rp ∧ s
1

I ∧ r
1

f ) if r = r1I ,
s1I ∧ r

1

f if r = s1f ,
s2I ∧ r

2

f if r = r2I or r = s2f ,
1 if r = r1for r = r2f .

and for each formulaδ(r), we replace each instance ofsp or tp by
rp, similarly sq or tq are replaced byrq, s¬p or t¬p are replaced
by r¬p ands¬q or t¬q are replaced byr¬q.

Proposition 1 For any pointed Kripke structure(M, w), there ex-



ists exactly one MAR ofD[|π|]−pUq on (M, w) (up to isomor-
phism).

Lemma 3 Let D[|π|]−pUq = (R, rI , rf , rp, r¬p, rq, r¬q, δR,ΩR)
be a DATA, andD[|π|]pUqT r be the corresponding ATA, where
p, q, r ∈ Ψ0, and (M, w) be a pointed Kripke structure with
w0 = w then:

(M, w0) |= [|π|]pUqT r if and only if(M, w0) ∈ ‖D[|π|]pUqT r‖.

2.4 D〈|π|〉pUqT r

• (Base case:π = a) For any a ∈ Ψ0 we define the DATA
D〈|a|〉−pUq = (R, rI , r f , rp, r¬p, rq, r¬q, δ,Ω) where R =
({s0, s1, s2, s3, s4, s5}, {t0, t1}), Ω assigns1 to all states, and
the assignments are:rI = (s0, t0), rf = (s1, t1), rp = s2, r¬p =
s3, rq = s4 andr¬q = s5.
The transition functionδ is defined as follows:

– δ(r1I) = (rq ∧ r
2

I) ∨ (rp ∧ r¬q ∧ 〈a〉r1f ),

– δ(r1f ) = 1,

– δ(rq) = q,

– δ(rp) = p,

– δ(r¬q) = ¬q

– δ(r2I) = 〈a〉r2f ,

– δ(r2f ) = 1.

• (Inductive case:π = π1;π2)
Here we assume we have already defined the DATA’s
D〈|π1|〉

−pUq = (S, sI , sf , sp, s¬p, sq, s¬q, δS,ΩS),
D〈|π2|〉

−pUq = (T, tI , tf , tp, t¬p, tq , t¬q, δT ,ΩT) for the
regular expressionsπ1 andπ2.
Then we can construct D〈|π|〉−pUq =
(R, rI , r f , rp, r¬p, rq, r¬q, δ,Ω) as follows. We assumeS1

andT 1 are disjoint and letR1 be their union; similarly we assume
thatS1 andT 2 are disjoint and letR2 be their union. Setr I = sI ,
rf = tf , andrp = sp, r¬p = s¬p, rq = sq, r¬q = s¬q.
Let Ω(r) = ΩS(r) for r ∈ S1 ∪ S2, Ω(r) = ΩT (r)
for r ∈ T 1 ∪ T 2. Finally the transition functionδ(r) for
r ∈ R1 ∪R2, is defined as follows:

δ(r) =











δ1(r) if r ∈ S1 ∪ S2 − {s1f , s
2

f},
δ2(r) if r ∈ T 1 ∪ T 2,
t1I if r = s1f ,
t2I if r = s2f .

and for each formulaδ(r), we replace each instance ofsp or tp by
rp, similarly sq or tq are replaced byrq, s¬p or t¬p are replaced
by r¬p ands¬q or t¬q are replaced byr¬q.

• (Inductive case:π = π1 ∪ π2) Again we assume that we have
already defined the DATA’s
D〈|π1|〉

−pUq = (S, sI , sf , sp, s¬p, sq, s¬q, δS,ΩS),
D〈|π2|〉

−pUq = (T, tI , tf , tp, t¬p, tq, t¬q, δT ,ΩT ).
Then we can construct D〈|π1 ∪ π2|〉

−pUq =
(R, rI , r f , rp, r¬p, rq, r¬q, δ,Ω) as follows.
We assumeS1 andT 1 are disjoint and setR1 to be their union
with two new statesr1 andr2; and letR2 be the disjoint union of
S2 andT 2 with two new statesr3 andr4. We setrI = (r1, r3),
and rf = (r2, r4). We setΩ(r1),Ω(r2),Ω(r3),Ω(r4) to be1,
the rest of the states as above. The transition functionδ(r) for
r ∈ R1 ∪R2, is defined as follows:

δ(r) =







































δ1(r) if r ∈ S1 ∪ S2 − {s1f , s
2

f},
δ2(r) if r ∈ T 1 ∪ T 2 − {t1f , t

2

f},
r1f if r = s1f or r = s2f ,

(rq ∧ r
2

I) ∨ (rp ∧ r¬q ∧ (s1I ∨ t
1

I)) if r = r1I ,
1 if r = r1f ,
r2f if r = s2f or r = t2f ,

s2I ∨ t
2

I if r = r2I ,
1 if r = r2f ,

and for each formulaδ(r), we replace each instance ofsp or tp by
rp, similarly sq or tq are replaced byrq, s¬p or t¬p are replaced
by r¬p ands¬q or t¬q are replaced byr¬q.

• (Inductive case:π = π∗

1 ) We assume that we have already defined
the DATA D〈|π1|〉

−pUq = (S, sI , sf , sp, s¬p, sq, s¬q, δS,ΩS)
for the regular expressionπ1.
Then we can construct D〈|π∗

1 |〉
−pUq =

(R, rI , rf , rp, r¬p, rq, r¬q, δ,Ω) as follows. We let R1 be
the disjoint union of S1 with two new statesr1 and r2,
and R2 be the disjoint union ofS2 with two new statesr3
and r4. We set rI = (r1, r3) and r f = (r3, r4). We set
Ω(r1),Ω(r2),Ω(r3),Ω(r4) to be1 andΩ(s1f ) = Ω(s2f ) = 2 and
the rest as above. The transition functionδ(r) for r ∈ R1 ∪ R2,
is defined as follows:

δ(r) =



























δ1(r) if r ∈ S1 ∪ S2 − {r1I , r
2

I}
(rq ∧ r

2

I) ∨ (rp ∧ r¬q ∧ (s1I ∨ r
1

f )) if r = r1I ,
s1I ∨ r

1

f if r = s1f ,
1 if r = r1f ,

s2I ∨ r
2

f if r = r2I or r = s2f ,
1 if r = r2f .

and for each formulaδ(r), we replace each instance ofsp or tp by
rp, similarly sq or tq are replaced byrq, s¬p or t¬p are replaced
by r¬p ands¬q or t¬q are replaced byr¬q.

Lemma 4 Let D〈|π|〉pUqT r = (S, sI , sp, s¬p, sq , s¬q, sr, δ,Ω)
be a DATA, wherep, q, r ∈ Φ, and (M, w) be a pointed Kripke
structure withw0 = w then:
(M, w0) |= 〈|π|〉pUqT r if and only if (M, w0) ∈
‖D〈|π|〉pUqT r‖.

2.5 The Translation of RPTL into Alternating Tree
Automata

In the following definition and two propositions we work withthe
ATA’s A1 = (S1, s1I , δ

1,Ω1) andA2 = (S2, s2I , δ
2,Ω2).

Definition 9 We define the ATAA1·A2 = (S1∪S2∪{sI}, sI , δ,Ω),
wheresI is a new state,δ(sI) = s1I ∧ s2I , and Ω(sI) = 1, and
Ω(s1) = Ω1(s) for s ∈ S1,Ω(s) = Ω2(s) for s ∈ S2.

We can similarly defineA1 + A2 = (S1 ∪ S2 ∪ {sI}, sI , δ,Ω),
wheresI is a new state,δ(sI) = s1I ∨ s2I , and Ω(sI) = 1, and
Ω(s1) = Ω1(s) for s ∈ S1,Ω(s) = Ω2(s) for s ∈ S2.

Proposition 2 For any pointed Kripke Structure(M, w) where
M = (W,τ, κ) (M, w) ∈ ‖A1 ·A2‖ if and only if(M, w) ∈ ‖A1‖
and(M, w) ∈ ‖A2‖.

Proposition 3 For any pointed Kripke Structure(M, w) where
M = (W,τ, κ) (M, w) ∈ ‖A1 + A2‖ if and only if (M, w) ∈
‖A1‖ or (M, w) ∈ ‖A2‖.

Definition 10 We defineA(φ) inductively for any RPTL formulaφ
as follows (for this definition we assume that we can defineN (χ)
for any formulaχ of RPTL of lower complexity thanφ whereN is
defined below):



• (Base case:φ = p) A(p) = ({s}, s, δ,Ω) where δ(s) =
p,Ω(s) = 1.

• (Inductive case:φ = ¬ψ ) A(φ) = N (ψ) whereN (ψ) is defined
below.

• (Inductive case:φ = ψ1 ∧ ψ2) A(φ) = A(ψ1) · A(ψ2).
• (Inductive case:φ = [|π|]ψ1Uψ2T ψ3)

By induction that we already have A(ψ1) =
(Sψ1 , sψ1

I , δψ1 ,Ωψ1), A(ψ2) = (Sψ2 , sψ2

I , δψ2 ,Ωψ1),
and A(ψ3) = (Sψ3 , sψ3

I , δψ3 ,Ωψ3), and by assump-
tion we have N (ψ1) = (S¬ψ1 , s¬ψ1

I , δ¬ψ1 ,Ω¬ψ1),
N (ψ2) = (S¬ψ2 , s¬ψ2

I , δ¬ψ2 ,Ω¬ψ2).
But as we saw above we can also define the ATAD[|π|]pUqT r =
(S′, s′I , s

′

p, s¬p, s
′

q, s¬q, s
′

f , δ
′,Ω′), wherep, q and r can be any

triple of distinct propositional variables not inφ (it doesn’t mat-
ter which distinct triple we choose the resulting DATAs willbe
isomorphic to each other). We assume thatSψi , S¬ψi , andS′ are
disjoint.
ThenA([|π|]ψ1Uψ2T ψ3) = (Sφ1 ∪Sφ2 ∪Sφ3 ∪S¬φ1 ∪S¬φ2 ∪
S′, s′I , δ,Ω) whereΩ(s) = Ωφi(s) for s ∈ Sφi ,Ω(s) = Ω¬φi(s)
for s ∈ Sφi andΩ(s) = Ω′(s) for s ∈ S′. The transition function
δ is defined as follows:

δ(s) =



































































δψ1(s) if s ∈ Sψ1 ,
δψ2(s) if s ∈ Sψ2 ,
δψ3(s) if s ∈ Sψ3 ,
δ¬ψ1(s) if s ∈ S¬ψ1 ,
δ¬ψ2(s) if s ∈ S¬ψ2 ,
δ′(s) if s ∈ S′ − {s′p, s

′

¬p, s
′

q, s
′

¬q, s
′

f},
sψ1

I if s = s′p,
s¬ψ1

I if s = s′¬p,
sψ2

I if s = s′q
s¬ψ2

I if s = s′¬q
sψ3

I if s = s′f .

We defineN (φ) inductively as follows for any RPTL formulaφ (for
this definition we assume that we can defineA(χ) for any formulaχ
of RPTL of lower complexity thanφ):

• (Base case:φ = p ) N (p) = ({s}, s, δ,Ω) where δ(s) =
¬p,Ω(s) = 1.

• (Inductive case:φ = ¬ψ ) N (φ) = A(ψ).
• (Inductive case:φ = ψ1 ∧ ψ2) N (φ) = N (ψ1) + N (ψ2)
• (Inductive case:φ = [|π|]ψ1Uψ2T ψ3)

By induction that we already have A(ψ1) =
(Sψ1 , sψ1

I , δψ1 ,Ωψ1), A(ψ2) = (Sψ2 , sψ2

I , δψ2 ,Ωψ2), and
by assumption we haveN (ψ1) = (S¬ψ1 , s¬ψ1

I , δ¬ψ1 ,Ω¬ψ1),
N (ψ2) = (S¬ψ2 , s¬ψ2

I , δ¬ψ2 ,Ω¬ψ2) and N (ψ3) =

(S¬ψ3 , s¬ψ3

I , δ¬ψ3 ,Ω¬ψ3). Then we defineNψ1∨ψ2 =
N (ψ1) · N (ψ2) = (S∧, s∧I , δ

∧,Ω∧) and Aψ1∨ψ2 =
A(ψ1) + A(ψ2) = (S∨, s∨I , δ

∨,Ω∨).
But as we saw above we can also define the ATAD〈|π|〉pUqT r =
(S′, s′I , s

′

p, s¬p, s
′

q, s¬q, s
′

f , δ
′,Ω′), wherep, q and r can be any

triple of distinct propositional variables not inφ (it doesn’t matter
which distinct triple we choose the resulting DATAs will be iso-
morphic to each other). We assume thatSψi , S¬ψi , S∧, S∨ and
S′ are disjoint.
ThenA([|π|]ψ1Uψ2T ψ3) = (Sφ1 ∪ Sφ2 ∪ S∨ ∪ S∧ ∪ S¬φ2 ∪
S¬φ3 ∪ S′, s′I , δ,Ω) whereΩ(s) = Ωφi(s) for s ∈ Sφ1 ,Ω(s) =
Ω¬φi(s) for s ∈ Sφ2 ,Ω(s) = Ω∧(s) for s ∈ S∧,Ω(s) = Ω∨(s)
for s ∈ S∨ and Ω(s′) = Ω′(s′) for s′ ∈ S′. The transition
functionδ is defined as follows:

δ(s) =































































δ¬ψ2(s) if s ∈ S¬ψ2 ,
δψ2(s) if s ∈ Sψ2 ,
δ∧(s) if s ∈ S∧,
δ∨(s) if s ∈ S∨,
δ¬ψ3(s) if s ∈ S¬ψ3 ,
δ′(s) if s ∈ S′ − {s′p, s

′

¬p, s
′

q, s
′

¬q, s
′

f},
s¬ψ2

I if s = s′p,
sψ2

I if s = s′¬p,
s∧I if s = s′q
s∨I if s = s′¬q
s¬ψ3

I if s = s′f .

Theorem 4 For any pointed Kripke structure(M, w) whereM =
(W,τ, κ) and RPTL formulaφ, (M, w) |= φ if and only if
(M, w) ∈ ‖A(φ)‖

The proof is by structural induction on formulae ofφ, we can
prove the following subresult.

Theorem 5 For any pointed Kripke structure(M, w) whereM =
(W,τ, κ) and RPTL formula¬φ. Given that the Theorem 4 holds for
all formulae of lower complexity thanφ we have,(M, w) |= ¬φ if
and only if(M, w) ∈ ‖N (φ)‖

This clearly gives us an ATA that is polynomial in the size of our
original formula and since the nonemptiness problem for ATAis in
EXPTIME, gives us an EXPTIME upper-bound.

2.6 Conclusion

In this paper we have introduced a new logic RPTL and proven its
decidability and in so doing have established the complexity of its
satisfiability problem. However we have not yet establishedwhether
or not RPTL is actually equivalent in expressive power to PDL, i.e.,
whether or not RPTL can be translated into PDL. It also remains to
be seen whether an axiomatisation can be found. We have also yet to
explore model checking issues for RPTL.
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