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Abstract.
RPTL, a modal logic which combines the ability to quantifyeoyfi-
nite) paths described by regular expressions (a propertghndhar-
acterises PDL) with the addition of temporal operators. fidieu-
lation of RPTL was inspired by agent programming verification-
siderations. In this paper we prove the decidabilty of RPMt as-
tablish complexity bounds on the satisfiability problemR®RTL by
translating it into the theory of alternating tree automaainfinite
trees.

1 RPTL

1.1 Introduction

In this paper we look at regular path temporal logic abbrexieas
RPTL, a modal logic which combines the ability to quantifyeov
(finite) paths described by regular expressions (a propefttich
characterises PDL) with the addition of temporal operat®8TL
is based on aspects of ClaRen and Lakemeyer's situationlgslc
variant ESG, as described in [3], and was initially adaptethfESG
by Alechina and Logah Their motivation was to enable the formu-
lation and verification of properties that arise during teautions
of agent programs, in particular those properties whicld ipoior to
the termination of a program.

In order to describe this initial motivation in more detaiweed
to take a brief detour into agent programming territory. he 2007
paperA Logic of Agent Program(d], Alechina et al., were able to de-
fine a sound and complete logic for reasoning about agentaumsy
written in the agent programming language SimpleAPL — alagg
which allows for the implementation of software agents vaigiefs,
goals, and plans. SimpleAPL’s operational semantics diaatkin
terms of a transition system, with each transition corresigtg to a
single execution step between agent configurations.

In this paper we look at regular path temporal logic, last state of this path holds, and in CTL we can use them in expres-

sions of the formE F'p - there exists some path and somewhere on
this pathp holds, without being able to say that this path is described
by 7. And this led to the adaption and simplification of ESG which

resulted in RPTL.

RPTL is very similar to both PDL and CTL, the obvious ques-
tion was how it stood in relation to both of these logics.iadiy an
attempt was made to translate RPTL into PDL to show that it was
a fragment of that logic. However, there seems to be no okviou
straightforward way of doing so. However, PDL can be easitped-
ded into RPTL (see below). This gives us an EXPTIME lower lwbun
on the complexity of the satisfiability problem for RPTL. RPdoes
not contain CTL, unlike RCTL which is an extension of CTL with
regular expressions [2], and ECTL which is also an extensfd@ir L
[4].

The central aim of this report is to prove the decidabilityR§ TL.

We achieve this by translating each formula of RPTL into &eraht-
ing tree automaton on infinite trees (ATA) and making use efftt
that the non emptiness problem for ATA is in EXPTIME. The san
lations are based on Thomas Wilke’s translation of fhealculus
into ATA in [8] (also see [7] for another translation this &nof CTL
into alternating tree automata). So that RPTL is a fragmént,g
though a direct translation from RPTL fg, is difficult.

As with PDL we can add tests to our RPTL program expressions.
For the sake of simplification we do not add them, but the pfoof
RPTL with tests is a straightforward extension of the curpnof.

RPTL is related to Process Logic. Process Logics also allew u
to quantify over paths and to talk about what happens duhiegt
— see especially Vardi and Wolper's YAPL [6] and PL [5] both of
which extend PDL by allowing us to talk about what happensiwit
a path. However these logics tend to be slightly too stromgto
purposes with higher complexity than is desirable.

As for the rest of this paper. We start in Section 1.2. with & de
inition of the syntax and semantics of RPTL and in Sectionvie3

The sound and complete logic which Alechina et al., definedgyiye g definition of ATA's and MAR's. In Section 2.1 we give asa

and into which they translated SimpleAPL programs was base
on PDL. In [1] they were able to prove correspondence thesrem

which allowed them to formally specify various propertigsSim-
pleAPL programs under different execution strategies.lévhis en-
abled them to express, for example, goal achievement atnthe®
some/every program execution, they were unable to checprtg-
erties which held while the program was executing.

This signalled the usefulness of expressions sucH|apFp

‘gutline of the proof of decidability given in the rest of thaper.

1.2 Syntax and Semantics of RPTL

RPTL has four temporal operators, two of them are unary npxt o
erators corresponding to the next operators of CTL but latelith
a regular expressiot|r|] X, (|7|) X, the other two are ternary ‘un-

where (|7|) stands for ‘there exists a path described by a reguladiltil’ (three place until) operators, box untilt{|=|ji/7” and diamond

expressiont’ and F'p stands for ‘'somewhere on this paghholds’.
However in PDL we are limited to using existential modatitie ex-
pressions of the fornir) ¢ - there is a path described lyand at the
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untiltil (||)&47 . The intuition behind untiltipt/¢7 r, for some triple
of proposition variableg, g, r, is that given a path = (wo, ..., wk)
we want to determine whether either the propositionolds in the
pathz until g for the subpath:1 = (wo, ..., wx—1), Orp holds at each
point inz1 andr holds atw;,. We introduce the untiltil because itis a
natural generalisation of the until temporal operator foité paths,



where we know that there is an end point, and because it Siegli
the proof of decidability.

Definition 1 Given a fixed, infinite, set of proposition symbdis—

{q .-
follows:

e | p € O are both formulae of RPTL,

e if ¢, ¢ are formulae of RPTL then so arep and (¢ A ¥),

o if ¢, ¢ and x are formulae of RPTL andr is a program ex-
pression, as defined below, thgn|| X ¢, (|7|) X ¢, [|7 | Uy T X,
(|7 |)pUT x are also formulae of RPTL.

Assuming a fixed set of basic prografis = {a,b,...} we in-
ductively construct the set of program expressiobsused in the
previous definition, in the following manner:

e each basic program € ¥, is a program,
e if o and 3 are programs, then so too areU g, «; 3, anda™.

Definition 2 Let M be a structure M =
model for RPTL if:

(W, T,k), thenM is a

e IV is a set of states,

e 7(a) C (W x W) gives us the set of state transitions foe ¥.
We can extend this inductively to give us a set of pailis) C
(W x W)* corresponding to any program expressiofn M:

- 7—(71—1 U’n’2) = {Z 1z E T(ﬂ'l) UT(W2)}'

— 7(m;m2) = {21022 : 21 € T(m1), 22 € T(72)}, whereo is
a concatenation of paths operator,

— 7(n7) is the set of all paths consisting of zero or finitely many

concatenations of paths in(1).

e k(p) C W is a function that for eaclp € @ gives us the set of
states ini¥” at whichp holds. We can extendto map formulaep
to sets of states(¢) in W in the usual way.

Assume statey € W and thatp, ¢, andy are RPTL formulae and
7 is a program expression. The relatipnof a formula being true in
a state of a model is defined inductively as follows:

(M, w) E piff w € x(p),

(M, w) ¢ iff M,w b ¢

M,w = (pAY)iff M,s = ¢andM,w [ 9,
(M,w) [ [|=]|]X ¢ iff for all pathsz = (wo, ...
wherewy = w we have thatM, w; = ¢,

,wp) € 7(m)

o (M,w) E (|n])X¢ iff there exists a path: = (wo, ..., w;) €
7(7) such thatvy = w and M, w1 | ¢,
o (M, w) [ [|n|]oUyT x iff for all pathsz = (wo, ..., w;) € 7(7)

such thatvy = w we have that either

1. for some initial prefiXwo, ..., wi) of z we have that\, wy, =
YandM,w; E ¢fori <k <l or

2. M,w; = ¢foralli <landM,w; = x.

o (M,w) E (r])oUyTx iff there exists a pathz =
(wo, ..., w;) € T7(w) wherewg = w such that either

1. for some initial prefix(wo, ..., wx) of z we have that and
M, w, EvYandM,w; E ¢fori <k <l or

2. M,w; = ¢foralli < landM,w; = x.

Itis clear from the preceding definitions that we have thiofeing
equivalences:

where M =

(|7 Xp = = (|7]) X —p,
(|7))Xp = =[|7]] X —p,
(|7lpUqTr = —(|7|)~qU(—p A =q)T -,
(Im)ypUqTr = =[|7|]~qU(—p A ~q)T -,

}, we can inductively define the set of RPTL formulae as

We can easily define a binary until operatércorresponding to

the temporal until operator, using the untiltil operatartisat for ex-
ample[|x||ptd
F operator by translating formulae such@s|) F'p as(|x|) TUp.

q is shorthand fof|7||pl{qT q. We can then define the

The embedding of PDL into RPTL is also straightforward, so fo

example formulae of the forrtwr)p can be written agm) TU L7 p.

1.3 Alternating Tree Automata

Definition 3 An alternating tree automaton (ATA) is a tuple =
(S, s1,6, ¥, Q) such thatS is a finite set of stategs; € S is an
initial state, § is a transition function defined beloW, is a finite set

of path labels, and2 : S — w is a function that assigns a whole

number priority to each state

We define the transition function as follows:

Definition 4 The transition functiod maps each state € S to a

transition condition overS, where the set of all transition conditions
overS is defined by:

e 0 and 1 are transition conditions ove!,

e p and-—p are transition conditions ovef for everyp € @,
s, [a]s, and{(a)s are transition conditions ove$, for everys € S
anda € U,

e sA s’ andsV s’ are transition conditions oves$, for s, s’ € S.

Note that we are dealing exclusively with ATA which accegt-in
nite trees (although they will also accept finite trees t¥d.have a
notion of run specific to ATA's:

Definition 5 A run of A on a pointed Kripke structufe(M, w)
(W,1,k), is a (W x S)-vertex-labeled treer =
(V", E",\") such that the roop™ is labeled(wo, s1) by the function
A" and for every vertex with label (w, s) assigned by\" the fol-
lowing conditions are satisfied, we write this &svhen no confusion
is possible. In the following definition we will use the n@atA - (v)

to refer to theE-successors of the vertexn W, and A, (v) to refer
to thea— successors af in M :

* 0(s) #
o if 6(5) = q, thenw € r(q), and if§(s) = ¢, thenw ¢ k(q),

e if 5(s) = &', then there exists’ € A, (v) such that\(v') =
(w,s"),
o if 6( ) = (a)s’, then there exists’ € A, (v) such thats”(v') =

s’ andw” (v') € Ag(w),

e if §(s) = [a]s’, then for everyw’ € Aq(w) there exista’ €
Ar(v) suchthat)\( N =(w',s"),

o if §(s) = s’ Vv ,then there exist’, v’ € A,(v) such that

A@') = (w,s") or A(v") = (w, "),
o if 6(s) = s’ A s”, then there exist’,v” € A,(v) such that
A@') = (w,s") andA\(v") = (w, ") .

We will only be interested in minimal run trees in the paper, i

which case the conditions for any vertexvith label (w, s) are al-
tered as follows:

3 A pointed Kripke structure is a pajtM, w), where M =

(W, 7, k), and
weW.



* 4(s) #0,
e if 6(s) = g, thenw € k(q), and if§(s) = —q, thenw ¢ x(q),
o if §(s) = s’ then there exists’ € A,(v) such that\(v') =

(w, s’), and there is only one such successor,
e if §(s) = (a)s’, then there exists’ € A, (v) such thats” (v")
s"andw”(v') € A.(w), and there is only one such successor,
e if §(s) = [a]s’, then for everyw’ € Aq(w) there exista’ €
A, (v) such that\(v') = (w',s’), and for eachw’ € A, (w)
there is exactly one succesor labelled w(th, s”).

o if §(s) = s’ v s, then there exist’,v” € A,(v) such that
A(v') = (w,s") or A(v") = (w,s”), and there is only one such
successor,

o if §5(s) = s’ A S ,then there exist’, v’ € A,(v) such that
A(v') = (w, ') and A\(v") = (w,s”), and we assume that there
are exactly two such successors.

For each vertexs = (w, s) of r, we usev"”” to denote the first
component of andv® to refer to the second componentoko that
oW = wandv® = s.

Also with minimal run trees we impose the condition that for any
vertexu with state componentif « has an edge leading from it, then
the transition conditiod(s) contains one or more states.

Note that in the rest of this paper we will allow as transiticon-
ditions basic multi-modal formulae ovér,, ®, andS. This does not
lead to an increase in expressive power, see [8].

We call an infinite brancth of r accepting if the largest value in
X, the set of whole numberssuch thatn is allocated to the state
component of a vertaxe W by for an infinite number of vertices,
is even. A rurr is accepting if all infinite branches are accepting. (If
there are no infinite branches then the run is trivially acieg).

We use the acronym MAR to refer to a minimal accepting run.

We denote the set of pointed Kripke structures accepted BJTAn
Aby [l Al

And finally we have:

Definition 6 Given an ATAA we can derive the transition graph

G(A) of A namely the directed graph whose vertex set is the sel

of states ofd where we add an edge between statesid s iff s’
appears ini(s).

2 The Decidability of RPTL

We can ‘translate’ any formula of RPTL into an ATA enablingtas
prove the decidability of RPTL. In other words for any forragl of
RPTL we can find an ATAA(¢) such that for any pointed Kripke
structure(M, w), (M, w) [ ¢ iff (M,w) € || A(P)].

2.1 Outline of Proof

We start off by translating limited fragments of the langeiag
into ATA's. So that for formulae of the fornj|x||Xp, (|7|)Xp,
[|7|]pUqTr, and {|7|)pUUgTr, where = is a regular expression

and p,q andr are propositional variables, we define correspond-Let.S = {s, s,},sr = s, and{2(s) =

ing ATAs of the form DJ|=||Xp, D{|=|)Xp, D[|=||pUgTr, and
D(|n|)pUUqgTr. So that for all pointed Kripke structuregs\t, w),
a RPTL formula satisfie M, w) iff (M, w) belongs to its corre-
sponding ATA, e.g., for each pointed Kripke structy®t,w) €
D] Xp iff (M, w) € D[] Xp].

In Section 2.2 we define ATA®[|7|] X p andD(|r|) X p such that
the translation is clearly correct.

In Section 2.3 we define a new kind of ATA, the Double Alternat-
ing Tree Automaton (DATA). DATA's keep track of a so calleddin
state, and also have two states corresponding to a pair pbgro
tional variable9, q.

We then construct for any regular expressionand pair of
propositional variablew,q, a DATA D||x|] pldq such that for
any pointed Kripke structuréM,w) where M = (W, 1, k), the
DATA DJ|=|]” plUqg enables us to keep a track of all pathszin=
(wo, ..., wy) € T(mw) —or at least their first and last points — such that
eitherw; = pA—gforalli < korw; = -pA-qandw; | pA—g.

This will enable us to define, given one extra propositiomaiable
r, an ATAD[|r|]pUUqT r for which given any pointed Kripke struc-
ture (M, w) satisfies the RPTL expressidpr||pliq7 r if and only
if (M, w) € ||D[|«|]pUUgT r||, thereby relating an untiltil formula of
the form{[|7||ptdq7T r to a corresponding ATAD[|x||ptqT r.

In Section 2.4 we state a corresponding theorem for untiltil
formulae of the form(|=|)plig7r and their corresponding ATA's
D{|x|)pUqTr.

Finally in Section 2.5 we put the results from the previous fe
sections together. For any formupeof RPTL we can find an equiva-
lent formulag’ of RCT £ We then define an ATAA(¢) which is the
translation ofy’. Since negation of ATA's can lead to an exponential
blowup, we are careful to define a special AN(¢) which we use
in the definition of A(¢).

2.2 Dlx||Xp, D{|x[) Xp

We first define a functioq that takes a formula of the forfivr|] X s,
or (|m|) X s, wheres € SU® and returns a basic multi-modal formula
overS andW¥y and®.

Definition 7 For any regular expression we define(([|7|] X s) as
follows (by induction onr):

* (([lal]Xs) = [a]s,
o (([|m1;m2|] X s) = (([|71]] X s) where(m1 # e ande is the empty
string),

([l U m2[]Xs) = C({|m1[]X's) A C([|m2]] X s),
CImt1Xs) = s AC([lm ] Xs).

Similarly for any regular expression we definel({|=|)Xs) as
follows (by induction onr):

o (((|al)Xs) = (a)s,

o C((|m;m2]) Xs) = C((|m[) Xs) where(m, # e),
o C((Im Uma)Xs) = (({|mi])X's) v C((|m2]) Xs),
o (((Imi)Xs) = sV ({|m])Xs).

It's clear that for any pointed Kripke structufé1, wo) we have

(M, wo) |= [|[=])Xp iff (M, wo) k= (||| Xp),

and
(M, wo) |= (=) Xpiff (M, wo) = C((|7[) Xp).

Then it is easy to construct the ATR||7||Xp = (S, s1,6,).
Q(sp) = 1. We definei(s) =
C([Ir|] X sp) andé(sp) = p. The only difference in the definition of
D{|x|)Xp = (S, 51,6,9) is thatd(s) = (((|n|) Xs,,).

Lemmal LetD|x||Xp = (S, s1,0,8) be an ATA, wherp € @,
and (M, w) be a pointed Kripke structure withy = w then:

(M, wo) |= [|=|| Xp if and only if (M, wo) € [|D[|7[] Xp]|.



Proof. omitted due to limited space a
Similarly the following lemma also holds:

Lemma 2 LetD(|r|)Xp = (S, s1,,Q2) be an ATA, where € @,
and (M, w) be a pointed Kripke structure witthg = w then:

(M, wo) E (|=])Xp if and only if (M, wo) € ||D{|7]) Xp].

2.3 Di|n|]pUqTr

We will define a new kind of alternating tree automaton, thelde-
alternating tree automaton.

Definition 8 A Double-alternating tree automaton (DATA) for

any pair of proposition symbol®,q is a tuple D(p,q) =
(R, r1,rg,7p, T—p, Tq, =g, 0, 2) WhereR is a disjoint pair of finite

sets of stateR = (R', R?) ; r; = (r},r7) is a pair of states, where

r} € R'is the initial state of the automaton, and € R? is a spe-
cial marked stater; = (r},r7) is a pair of states, where; € R
andr? € R are marked states.

We also single out four more states, 7—,, 74, 7-, € R'. Addi-
tionally § is a transition function that maps each state R' U R>
to a complex transition condition ovet' U R2. Finally Q : (R' U

(T,tr,ty, tp,top, tq, t—q, 61,Q7) for the program expres-

sionsm ands.
Then we can construct D[|m1;m2|]” plg =
(R,T 1,1 f,7p, Tp, Tq, g, 6,2) as follows. We assumeS*

andT"! are disjoint and seR' to be their union; similarly we
assume thas? and7? are disjoint and leR? be their union. Set

rr =59,y =ty andry, = sp,7—p = S—p,Tq = Sq,T—q = S—q-
Let Q(r) = Qg(r) forr € ST US?, Q(r) = Qp(r) forr €
T' U T2 Finally the transition functiod (r) for » € R* U R?, is

defined as follows:
6g(r) ifreS'US? — {s},s7}

) or(r) ifreT'uT?,
or) = t if r = sk,
t2 if 7= s%.

and for each formuld(r), we replace each instancegfor ¢, by

rp, Similarly s, or t, are replaced by,, s—, or t—, are replaced

by r-, ands-4 or t—, are replaced by-,.

e (Inductive case:m = w1 U m2) Again we assume

we have already defined the DATAD||mi||"plg =
(Sv Slvsfaspasﬁpv‘SQvSﬁq’aSv QS)! 'D[|7T2”7pZ/Iq =

T,tr,tr, tp, tp, tg,t—gq, 0T, for the program expres-
frlpyt=p,ylqy =g, OT 56T

sionsm; ands.
Then we  construct D[jm1 U m2|] plg =
(R, T 1,1 f,7p, Tmpy Ty T=q, 6,2) as follows. We assumeS’

R?) — wis a function that assigns a whole number priority to each andT" are disjoint and sek' to be their union with two new
state inR' U R2. statesr; and r2; and let R? be the disjoint union ofS® and
A run of the DATAD(p, ) on a pointed Kripke StructureM, w) T? with two new statess andrs. We setr; = (r1,r3), and
is simply a run of the ATM(p, q) = (R*UR?,r},6,Q) on (M, w). ry = (ro,7ma). We setQ(r1),Q(r2),Q(rs), Q(rs) to be 1,
the rest of the states as above. The transition fundciiot) for
DATA's are mere notational conveniences and we can view a r € R' U R?, is defined as follows:

DATA D = (R,I[,lf,Tp,T—p;Tq,T—q,,$2) as essentially being dg(r) ifre 511 U 522— {SJ},SE}‘
a ATA, F(D) = (S,s1,6,') where eachs € S is a tuple 5T(17“) ifre T UT _{ltfatf}
(8", 8p, S-p, Sq; 5-q, 57), Wheres’ € R'U R?, and the other compo- T if r=s;0rr=tg,

nents are used to determine whether, for example s;. We alter 5(r) = ((rp Ar=g) ATV (rp Asp Aty)  ifr=rp,

the transition functiord accordingly T} if r = sz orr =3,
We can also easily alter the runs of the DATA's to get the ruins o s At if r =r7,

their equivalent ATAs. 1 if r=rjorr=rj.
We construct the DATA  DI|r|] plUq = and for each formuld(r), we replace each instancegfor ¢, by

(R M1, gy 7p,Top, 7q, T—q, 0,§2), for a program expressionr, rp, Similarly s, or t, are replaced by,, s—, or t—, are replaced

and a fixed pair of propositional variablpsg, by induction: by r-p ands-q or ¢, are replaced by-,.

e (Inductive caser = w]) We assume that we have already defined

e (Base caser = a) For anya € VU, we define the DATA the DATA DI|m1|]"pldq = (S,Sr,Sf;8p;, S-p, Sq5 5-¢, 95, 2s)

Dllal]"phqg = (R,r1,1f,Tp,Top,Tq, g, 0,82) WhereR =

({80,81,82,83,84,85}, {to,tl}), Q) assignsl to all states, and

the assignments are; = (so,t0),rf = (s1,t1),7p = S2,7—p =
83,7 = Sa @ndr-q = ss.
The transition functior is defined as follows:

_ 1y _ 1 2

Or) =ra V (rp Ar=q Alalrg) V (rp ATog A1), Q(r1), Qr2), (rs), Qra) to bel andQ(s}) = Q(s2) = 2 and
- 8(ry) =1, the rest as above. The transition functigfr) for r € R' U R?,
—8(ry) =g¢ is defined as follows:

¢ ' og(r) if r € S*US?— {s},s7}
— 0(r-q) = —q (r-p AT=g) ATT)V (rp Asp ATy)  ifr =g,
= 0(r-p) =p é(r) = S}/\T} ifr:s},
—S(ry) = s?/\r? if r=rforr=s?,
TZ =P 1 ifr:rjlcorr:rf.

- 5(T;) = lalry, and for each formuld(r), we replace each instancegfor ¢, by
- 6(ry) =1 rp, Similarly s, or t, are replaced by,, s—, or t-, are replaced

e (Inductive case:nw =
have already defined the
(Sa S1,Sf, Sp; S=p, Sqy S—q; 537 QS)‘

DATAs D[|m1|]~ pliq =
D[|m2|]” pUq =

m1;7e) Here we assume we

for the regular expressiom; .

Then we can construct D[|7{|]” pUUq =
(RyT 1, T f,7p, Top, Tq, 7=g0, Q) as follows. We let R' be
the disjoint union of S* with two new statesr; and r,
and R? be the disjoint union ofS? with two new statesrs
and ry. We setr; = (ri,r2) andry = (rs,r4). We set

by r-, ands-4 or t-, are replaced by-,.

Proposition 1 For any pointed Kripke structuréM, w), there ex-



ists exactly one MAR dP[|x|]”pldg on (M, w) (up to isomor- Si(r)ifre Stus? — {s},sz ,
phism). Sa(r)if r e T"UT? — {t},13},

r} ifrzs}orr:és?,
Lemma 3 Let D[|x[]"pldqg = (R, 11,7, 7p,7=p, 74, =q, 0R; 2R) sry= 4 (rar )V (rp Areg A(sp V1)) ifr =,
be a DATA, andD||x|]pldqT r be the corresponding ATA, where 1 if r =1k,
p,q,r € W, and (M, w) be a pointed Kripke structure with r? if r=sjorr :@7
wo = w then: stV t7 if r =r3,

1 if r= rfc,

(M, wo) = [[[lptgTr if and only if(M, wo) € | D[ |lptdqT . and for each formuld(r), we replace each instancegfor ¢, by

rp, Similarly s, or t, are replaced by,, s, or t—, are replaced
by r-, ands-4 or t—, are replaced by-,.
e (Inductive caser = 77) We assume that we have already defined

2.4 D(|r|)ypUqTr

e (Base casemr = a) For anya € ¥, we define the DATA

D|al) " pUq (R, 11,1 ,Tp, Top,Tq,T—g,9,§2) Where R
({so, s1, s2, 83, 84, S5}, {to, t1}), © assignsl to all states, and
the assignments are; = (so,t0),rf = (s1,%1),7p = S2,7-p =
83,7 = Sa @ndr-q = ss.

The transition functior is defined as follows:

the DATA D(|m1]) " pUq = (S,S1,Sf, 8p, S-p; 8¢5 S=q, 05, £25)
for the regular expression; .

Then we can construct  D(|w{|) " plUq =
(R,T 1, f,7p, Tp, Tq, T=q, 0,Q) as follows. We let R* be
the disjoint union of S' with two new statesr; and 7z,
and R? be the disjoint union ofS? with two new statesrs

— 5(r}) = (rg ATR) V (rp ATog A {a)rh), and r4. We setr; = (ri,r3) andry = (rs,r4). We set
L Q(r1),Q(r2), Q(rs), Q(ra) to bel andQ(s}) = Q(s7) = 2 and
—(ry) =1, the rest as above. The transition functig(r) for r € R* U R?,
— d(rq) =q, is defined as follows:
5 B 01(r) ifr651US2—{r},r§}
- 5(Tp) =P (rq/\rf)\/(rpl/\ rﬂlq/\(s}\/r})) ?frfr%,
- (T;q)*ﬁq2 5(r) = s[\l/rf :Ir:s{,
- 6(r7) = (a)r5, 0 o T )
9 sV Ty if r=r7orr=sj,
- o(ry) = 1. 1 ifr:rfc.

and for each formuld(r), we replace each instancegfor ¢, by

(Inductive caser = m1; m2) or
rp, Similarly s, or t, are replaced by,, s—, or t—, are replaced

Here we assume we have already defined the DATAs

D(|m1|)~pUUq _ (S,S1,57+ 8y S-p» Sas 52,05, 25), by r-, ands-4 or t—, are replaced by-,.

D(|m2|)~plq = (Totr,ty by, tops g, tog, 07, Q) fOr the | oy 4 et D(|m)ypUgTr = (S,S1,5p, S—p,Sqs S—q, Sry 0, 2)
regular expressions, andms. 3 be a DATA, where, q,r € @, and (M, w) be a pointed Kripke
Then we can construct  D{|x|)” plUg = structure withwo = w then:

(R, 11,1 f,7p, Tp,Tq,T=q,6,Q2) as follows. We assumeS' (M,wo) £ (x)pUgTr if and only if (M,wo) €
and7" are disjoint and leR" be their union; similarly we assume ||D<7|7r|>pL{qTT||. '

thatS® and7? are disjoint and leR? be their union. Set; = sz,
ry=ty, andry, = Sp,7-p = S—p,Tq = Sq, T—q = S—q-
)
.

2.5 The Translation of RPTL into Alternating Tree
Automata

Let Q(r) = Qg(r) for r € S'U S? Q(r) = Qp(
for r € T' U T? Finally the transition functions(r) f

r € R' U R?, is defined as follows:

r
o
In the following definition and two propositions we work withe
ATAs At = (S, 51,05, Q1) andA? = (52, 57,02, Q7).

S1(r) ifre STUS® - {s},s}},
5(r) = 52(17«) ifr e T'UT?, Definition 9 We define the ATA'- A% = (S*US?U{s1}, 51,6, Q),
th o ifr=st, wheres; is a new stated(s;) = st A s7, andQ(s;) = 1, and
7 if = s}. Q(s1) = Q' (s) for s € S*,Q(s) = Q%(s) for s € S

and for each formuld(r), we replace each instancegfor ¢, by
rp, Similarly s, or t, are replaced by,, s, or t—, are replaced
by r-, ands-4 or t—, are replaced by-,.

(Inductive caser = w1 U m2) Again we assume that we have
already defined the DATA's

We can similarly defined’ + A% = (S* U S? U {51}, 51,6,9),
wheres; is a new stated(s;) = st V s7, andQ(s;) = 1, and
Q(s1) = Q'(s) for s € S*,Q(s) = Q%(s) for s € S,

Proposition 2 For any pointed Kripke Structuréd M, w) where
M= (W,1,5) (M,w) € ||A*-A?| ifand only if (M, w) € ||A"]]

D<|7T1|>_puq - (87 Sf7sf751775—‘17751175—‘qusv QS): Py
D(|m2|) " plhq — (Totr by, by by tg tag, 07, Q7). ANA(Mw) € A7)
Then we can construct D{|lmi U m2|)”pllg = Proposition 3 For any pointed Kripke Structuré M,w) where

(R,F1,f f,7p, T=p, Tq, T—g, 0, 2) @s follows.

We assumeS® and T are disjoint and seR?' to be their union
with two new states; andr.; and letR? be the disjoint union of
S? andT? with two new states; andrs. We setr; = (r1,73),
andry = (ro,r4). We setQ(r1), Q(rz2), Q(r3), Q(rs) to bel,
the rest of the states as above. The transition fundciiot) for
r € R' U R?, is defined as follows:

M = (W,7,5) (M,w) € ||A* + A?| if and only if (M, w) €
A or (M, w) € [|A4%].

Definition 10 We define4(¢) inductively for any RPTL formula
as follows (for this definition we assume that we can defif{e)
for any formulax of RPTL of lower complexity thap where\ is
defined below):



(Base casep = p) A(p) = ({s},s,9,2) whered(s) =
p,Qs) = 1.

(Inductive casep = —p ) A(¢p) = N () whereN (z) is defined
below.

(Inductive case = v1 A1) A(g) = A(th1) - A(s).
(Inductive caseyp = [|7|]p1Urp2T 1s)

By induction that we already have A(t1) =

(5%781[#1’611)1’@11)1), A(i/)g) — (Swz’silb’awz’Q%),
and A(vs) = (S¥3,5Y3 6¥3,Q¥3), and by assump-
tion we have N(¢1) = (S7¥1,s;%,67%1,Q7%),

'/\/(1/)2) — (Sﬁwz’ 8;1112’ (rwz’ Qﬁwz)_
But as we saw above we can also define the BIl&||pligTr =
(S', 8T, 5ps S—p» Sq, S-q, 57,0", '), wherep, g andr can be any
triple of distinct propositional variables not in (it doesn’t mat-
ter which distinct triple we choose the resulting DATAsS Wi
isomorphic to each other). We assume th4t, S™%¢, and S’ are
disjoint.
ThenA([||]Jp1UrpTs) = (S USP2US? US 1 US 2y
S', s, 6,Q) whereQ(s) = Q% (s) for s € S%, Q(s) = Q7% (s)
for s € S? andQ(s) = Q' (s) for s € S’. The transition function
0 is defined as follows:
§¥1(s) ifseSvr,
5¥2(s)  ifs e Sv2,
o¥3(s)  ifs € V3,
§TVi(s) ifse STV,

(

§V2(s)  ifse STY2,
8(s) = 8 (s) ifse S —{sp, sy, 50,500t
5}1}1 if s = s,
s;d’l if s =350,
5}1’2 if s = sy
s;w if s = s,
5}03 if s = s%.

We define\V(¢) inductively as follows for any RPTL formuda(for
this definition we assume that we can defiflg) for any formulay
of RPTL of lower complexity thagy):

(Base caseip = p ) N(p) = ({s},s,0,Q) whered(s) =
-p, Qs) = 1.

(Inductive cased = =) ) N'(¢) = A(3).

(Inductive cased = 11 A 2) N(¢) = N (¢1) + N (2)
(Inductive caseyp = [|7|]p1Urp2T 1s)

By induction that we already have A(¢n) =
(5w17s}p175w179w1)’ A(pa) = (511127 5111127511127 Qd&)’ and
by assumption we haw&(vn) = (S7¥1,s791,67%1, Q7Y1),
N@) = (§7%2,s7%2,67%2,Q7%2) and N(y3) =
(§7%3 57%3, 67%3 Q7¥3). Then we defineN*1V¥2 =
N@) - N(pe) = (87, s7,6",Q") and A¥1VY2 =
A(lﬁl) + A(T/&) = (Sv7 SY? 6\/5 Qv)

But as we saw above we can also define the B{|)plUgTr =
(S', 8T, 8ps S—p» Sq, S-q, 57,0",Q'), wherep, g andr can be any
triple of distinct propositional variables not i (it doesn’t matter
which distinct triple we choose the resulting DATAs will Be-i
morphic to each other). We assume tisgt:, S™%¢, " SV and
S’ are disjoint.

ThenA([|7|J1lspaTeps) = (SP1 US*2 USY US U S™*2 U
579318, 57, 6,Q) whereQ(s) = Q% (s) for s € 591, Q(s) =
Q7% (s) for s € 592, Q(s) = Q" (s) for s € S*,Q(s) = QY (s)
for s € SY andQ(s") = Q'(s') for s € S’. The transition
functiond is defined as follows:

57V2(s)  ifs e STV2,
5¥2(s)  ifs e Sv2,
) ifse St
5V (s) if s e SY,
57V3(s) ifse STYs,

Sy =] S(s) s €8 — {shslyshyslyss)
5702 if s = s,
s¥2 ifs = s,
5? if s = 5;
sy if s =s",
5773 if s = 5.

Theorem 4 For any pointed Kripke structuréM, w) where M =
(W, r,k) and RPTL formula¢, (M,w) = ¢ if and only if
(M, w) € [[A@)]l

The proof is by structural induction on formulae ¢f we can
prove the following subresult.

Theorem 5 For any pointed Kripke structureM, w) where M =
(W, 7, k) and RPTL formula~¢. Given that the Theorem 4 holds for
all formulae of lower complexity thap we have( M, w) | —¢ if
and only if(M, w) € |N ()]l

This clearly gives us an ATA that is polynomial in the size af o
original formula and since the nonemptiness problem for ASAn
EXPTIME, gives us an EXPTIME upper-bound.

2.6 Conclusion

In this paper we have introduced a new logic RPTL and proven it
decidability and in so doing have established the complexitits
satisfiability problem. However we have not yet establisivedther

or not RPTL is actually equivalent in expressive power to PDd.,
whether or not RPTL can be translated into PDL. It also resi&in
be seen whether an axiomatisation can be found. We haveeti$o y
explore model checking issues for RPTL.
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