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Abstract. The Banzhaf power index is a prominent measure of a
player’s influence for coalition formation in weighted voting games,
an important class of simple coalitional games that are fully expres-
sive but compactly representable. For the normalized Banzhaf index,
Aziz and Paterson [1] show that it is NP-hard to decide whether
merging any coalition of players is beneficial, and that in unanim-
ity games, merging is always disadvantageous, whereas splitting is
always advantageous. We show that for theprobabilisticBanzhaf in-
dex (which is considered more natural than the normalized Banzhaf
index), the merging problem is in P for coalitions of size two, and
is NP-hard for coalitions of size at least three. We also prove a cor-
responding result for the splitting problem. In unanimity games and
for the probabilistic Banzhaf index (in strong contrast with the results
for the normalized Banzhaf index), we show that splitting isalways
disadvantageous or neutral, whereas merging is neutral forsize-two
coalitions, yet advantageous for coalitions of size at least three. In
addition, we study the merging and splitting problems for threshold
network flow games [3, 4] on hypergraphs.

1 Introduction

Weighted voting games are an important class of simple coalitional
games; their importance is mainly due to the fact that they are fully
expressive but at the same time compactly representable.

Power indices measure how influential a player is for forming
winning coalitions in weighted voting games. The Banzhaf and the
Shapley-Shubik power indices are most prominent among suchmea-
sures. Roughly speaking, they indicate, respectively, in how many
ways and in how many “orders of support” a player can swing the
outcome of a coalition by joining or leaving it. For the Shapley-
Shubik index, Bachrach and Elkind [2] study the problem of whether
a player can increase its power by splitting into several newplay-
ers and distributing its weight among them; such a player may
have incentive to manipulate the game via introducing falsenames.
Bachrach and Elkind also ask whether merging their weights can
help any two players to increase their power. For the normalized
Banzhaf index, Aziz and Paterson [1] show that it is NP-hard to de-
cide whether merging any coalition of players is beneficial,and that
in unanimity games, merging is always disadvantageous and splitting
is always advantageous.

We show that for theprobabilistic Banzhaf index (which Dubey
and Shapley [6, p. 102] call “in many respects more natural” than
the normalized Banzhaf index), the merging problem is in P for
coalitions of size two, and is NP-hard for coalitions with atleast
three players. We also prove a corresponding result for the splitting
problem. In unanimity games and with respect to the probabilistic
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Banzhaf index, we show that splitting is always disadvantageous or
neutral, whereas merging is neutral for size-two coalitions, yet ad-
vantageous for coalitions with at least three players. Thisstrongly
contrasts with Aziz and Paterson’s result [1] for unanimitygames
with respect to the normalized Banzhaf index.

We also consider the merging and splitting problems for thresh-
old network flow games, which have been introduced by Bachrach
and Rosenschein [3, 4]. However, it seems that merging and splitting
cannot be reasonably defined on graphs in such games. We propose
to study threshold network flow games on hypergraphs where merg-
ing and splitting can be sensibly defined. Though our resultshere are
rather preliminary, we hope to propose an interesting modeland to
obtain more results in future work.

2 Banzhaf Indices in Weighted Voting Games

A simple coalitional gameconsists of a setN = {1, . . . ,n} of players
and a functionv : P(N) → {0,1} such thatv( /0) = 0, v(N) = 1, and
v(R)≤ v(S) wheneverR⊆ Sfor coalitionsR,S⊆N. A weighted vot-
ing gameG = (w1, . . . ,wn; q) is a special form of simple coalitional
game with a thresholdq and nonnegative integer weightswi , 1≤ i ≤
n, wherewi is the ith player’s weight. A coalitionS⊆ N is success-
ful (i.e., v(S) = 1) if ∑i∈Swi ≥ q, and not successful (i.e.,v(S) = 0)
otherwise. An essential term is that of a pivotal (or “crucial” or “criti-
cal”) player. A playeri is pivotal for a coalition S⊆N−{i} if S∪{i}
is successful, butS is not. Letting

dG(S, i) = v(S∪{i})−v(S),

we havedG(S, i) = 1 if player i is pivotal for S, and dG(S, i) = 0
otherwise.

A power index measures a player’s influence in a weighted vot-
ing game. Theraw Banzhaf power indexwas introduced in [5] and
indicates the number of coalitions in which a player is pivotal:

Banzhaf∗(G, i) = ∑
S⊆N−{i}

dG(S, i)

for a weighted voting gameG and a playeri in G. However, since
the ratios of these indices are more important than their magnitudes,
it has become common to normalize them so as to add up to one. In
fact, two different ways of normalization have been proposed for the
Banzhaf index. The original definition of thenormalizedBanzhaf
power index [5] was analyzed by Dubey and Shapley [6], who in-
troduced another normalization, which they dubbed theprobabilistic
Banzhaf power index and which they viewed as being “in many re-
spects more natural” than the normalized Banzhaf index.2

2 As pointed out by an ECAI-2010 reviewer, the normalized Banzhaf power
index has its advantages as well, depending on which settingone considers.



In a nutshell, Dubey and Shapley [6] consider various natural and
useful properties (or axioms) of power indices in simple games, and
they show as Theorem 1 in [6, p. 104] that there exists a uniquefunc-
tion ϕ on the set of simple games satisfying Axioms A1 through A4.
In particular, Axiom A4 can be stated as follows: For any two simple
gamesv andw on the setN = {1,2, . . . ,n} of players, it holds that

ϕ(v∨w)+ϕ(v∧w) = ϕ(v)+ϕ(w),

where the gamesv∨w andv∧w are defined by

(v∨w)(S) = max(v(S),w(S)),

(v∧w)(S) = min(v(S),w(S)).

Moreover, ϕ(v) = η(v) for each simple gamev, where η(v) =
(η1(v),η2(v), . . . ,ηn(v)) andηi(v) gives the number of coalitions for
which playeri is pivotal in gamev (i.e., ηi(v) is the raw Banzhaf
index of playeri in v). It is beyond the purpose of this paper to
give a full explanation of these axioms (and even of A4), but we
refer the reader to [6] for a careful, detailed discussion (including
proofs of various equivalent conditions for Axiom A4, whichshow
that this axiom can be presented in a variety of mathematicalguises).
However, we note here that Dubey and Shapley show that the prob-
abilistic Banzhaf index satisfies Axiom A4, whereas the normalized
one does not. As the normalized Banzhaf index lacks Axiom A4,
they conclude: “This may be taken as an initial sign of trouble with
the normalization [of the normalized Banzhaf index]” (see [6, Foot-
note 21]). They also note that the probabilistic Banzhaf index “is bet-
ter behaved when analyzing convergence” [6, p. 116]. To citeanother
source, Bachrach and Rosenschein [4, p. 126] note that the normal-
ized Banzhaf index “has certain undesirable qualities.”

Formally, thenormalized Banzhaf power indexis defined as

Banzhaf′(G, i) =
Banzhaf∗(G, i)

∑n
j=1 Banzhaf∗(G, j)

,

and theprobabilistic Banzhaf power indexis defined as

Banzhaf(G, i) =
Banzhaf∗(G, i)

2n−1 .

Theraw Shapley-Shubik power index[12]:

Shapley-Shubik∗(G, i) = ∑
S⊆N−{i}

‖S‖! · (n−‖S‖−1)! ·dG(S, i)

describes in how many coalitions a player is pivotal with respect
to the order in which players enter coalitions. Normalizingthe raw
Shapley-Shubik power index by

Shapley-Shubik(G, i) =
Shapley-Shubik∗(G, i)

n!

we obtain theShapley-Shubik power index
We assume that the reader is familiar with the basic notions of

complexity theory such as the complexity classes P, NP, #P (the class
of functions that map instances of NP problems to the number of their
solutions, see [14]), and PP (“probabilistic polynomial time,” see [9])
and with the notions of hardness and completeness (with respect to
the polynomial-time many-one reducibility) for complexity classes.
For more background and details we refer to, e.g., the textbooks [8,
10, 11].

Our reductions will make use of the following well-known NP-
complete problem (see, e.g., [8]):

PARTITION

Given: A nonempty sequenceA = (a1,a2, . . . ,ak) of
positive integers summing up to an even number.

Question: Is there a subsetI ′ ⊆ I = {1,2, . . . ,k} such that

∑
i∈I ′

ai = ∑
i∈I−I ′

ai?

Let #PARTITION denote the function that maps any given instance
A of PARTITION to the number of solutions ofA, i.e.,

#PARTITION(A) =
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A = (a1,a2, . . . ,ak) and
I ′ ⊆ I = {1,2, . . . ,k} and
∑i∈I ′ ai = ∑i∈I−I ′ ai
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∥

∥

.

#PARTITION is the counting variant of PARTITION and is one mem-
ber of the function class #P.

3 Beneficial Merging and Beneficial Splitting

Bachrach and Elkind [2] asked about the complexity of the prob-
lem of whether two players in a given weighted voting game can
benefit from merging their weights by forming a single new player,
i.e., of whether their joint power will increase in this new weighted
voting game. For both the Shapley-Shubik power index and thenor-
malized Banzhaf power index, Aziz and Paterson [1] providedan
NP-hardness lower bound for the more general problem of whether
any givencoalition of players can benefit from merging (i.e., can in-
crease their joint power by forming a new player whose weightis
the sum of the coalition members’ weights). To define this problem
formally for the probabilistic Banzhaf power index, we needthe fol-
lowing notation. For a weighted voting gameG= (w1, . . . ,wn; q) and
a coalitionS⊆ N = {1, . . . ,n}, define the new weighted voting game

G&S = (∑
i∈S

wi ,w j1, . . . ,w jn−‖S‖
; q),

where{ j1, . . . , jn−‖S‖} = N−S.3 BENEFICIALMERGEBanzhaf is the
problem of whether a coalition can increase its power by merging
their weights to form one new player. Formally, lettingf be one of
the power indices defined in Section 2, define the following problem:

BENEFICIALMERGEf

Given: A weighted voting gameG = (w1, . . . ,wn; q) and
a coalitionS⊆ {1, . . . ,n}.

Question: Is it true thatf (G&S,1) > ∑
i∈S

f (G, i)?

Aziz and Paterson [1] have proved NP-hardness of
BENEFICIALMERGEBanzhaf′ . Considering the probabilis-
tic Banzhaf index, we now show that the complexity of
BENEFICIALMERGEBanzhaf depends on whether the input coali-
tion Scontains either two players or more than two players.

Theorem 1 BENEFICIALMERGEBanzhaf is in P for instances(G,S)
with ‖S‖ = 2, and isNP-hard for instances(G,S) with ‖S‖ ≥ 3.

Proof. Given an instance(G,S) of BENEFICIALMERGEBanzhaf,
suppose‖S‖ = 2. Without loss of generality (see Footnote 3), we

3 Note that the players’ order doesn’t matter when considering the normalized
or probabilistic Banzhaf index.



may assume thatS= {1,2}. ThusG&S = (w1+w2,w3, . . . ,wn; q). It
is easy to see that

Banzhaf(G&S,1) = Banzhaf(G,1)+Banzhaf(G,2),

so a coalition of two players can never benefit from merging.
To prove NP-hardness of BENEFICIALMERGEBanzhaf for ‖S‖ ≥

3, we give a reduction from the NP-complete problem PARTITION.
From a given instanceA= (a1, . . . ,ak) of PARTITION we construct in
polynomial time the following BENEFICIALMERGEBanzhaf instance
(G,S):

G = (w1, . . . ,wn,1,1,1,1; q)

= (8a1, . . . ,8ak,1,1,1,1; 1+4
k

∑
ℓ=1

aℓ);

S = {k+2,k+3,k+4}.

The last three players’raw Banzhaf indices each are equal to

Banzhaf∗(G,k+4) = ‖{S′ ⊆
{

1, . . . ,k+3} | k+4 is pivotal forS′
}

‖.
(1)

The set of coalitionsS′ in (1) can be divided into four disjoint
subsets: For anỹS⊆ {1, . . . ,k} and any two distincta,b∈ {k+1,k+
2,k+3}, distinguish between the set of coalitionsS′ with

(i) S′ = S̃,
(ii) S′ = S̃∪{a},
(iii) S′ = S̃∪{a,b}, and
(iv) S′ = S̃∪{k+1,k+2,k+3}.

By construction ofG, playerk+4 cannot be pivotal for any coalition
S′ in cases (ii), (iii), or (iv) but only for those in case (i): Playerk+4
is pivotal for thoseS′ = S̃⊆ {1, . . . ,k} such that

1+ ∑
j∈S̃

8a j ≥ 1+4
k

∑
ℓ=1

aℓ and ∑
j∈S̃

8a j < 1+4
k

∑
ℓ=1

aℓ,

which is true if and only if

∑
j∈S̃

8a j = 4
k

∑
ℓ=1

aℓ,

which in turn is true exactly ifA is a yes instance of PARTITION.
Thus, the number of coalitions for which playerk+4 is pivotal equals
the number of solutions of the PARTITION instanceA. Denote this
number byXA = #PARTITION(A). Thus, the probabilistic Banzhaf
index of playerk+4 (and, analogously, of playersk+3 andk+2) is

Banzhaf(G,k+4) = Banzhaf(G,k+3) = Banzhaf(G,k+2) =
XA

2k+3 .

Similarly, the probabilistic Banzhaf index of the first player in the
new game

G&S = (3,8a1, . . . ,8ak,1; 1+4
k

∑
ℓ=1

aℓ)

can be calculated to be

Banzhaf(G&S,1) =
XA

2k+1 .

Thus, we have

Banzhaf(G&S,1) =
XA

2k+1 =
4XA

2k+3 >
3XA

2k+3 =
4

∑
i=2

Banzhaf(G,k+ i)

if and only if XA > 0, which in turn is true if and only ifA is a yes
instance of PARTITION. ❑

Now, to formally define the splitting problem, letf be one of the
power indices from Section 2, and define the following problem:

BENEFICIALSPLITf

Given: A weighted voting gameG = (w1, . . . ,wn; q),
a playeri ∈ {1, . . . ,n}, and an integerm≥ 2.

Question: Can playeri split intom playersi1, . . . im,

such that
m

∑
j=1

f (G′, i j ) > f (G, i), where

G′ = (w1, . . . ,wi−1,wi1, . . . ,wim,wi+1, . . . ,wn; q)

with
m

∑
j=1

wi j = wi?

By similar methods as above we can prove the following theorem.

Theorem 2 BENEFICIALSPLITBanzhafis in P for instances(G, i,2),
and isNP-hard for instances(G, i,m) with m≥ 3.

Regarding the lower bounds for BENEFICIALMERGEBanzhafand
BENEFICIALSPLITBanzhafstated in Theorems 1 and 2, a natural ques-
tion arises: What about the upper bounds? Faliszewski and Hema-
spaandra [7] established an upper bound for the beneficial merg-
ing problem originally proposed by Bachrach and Elkind [2] (“Can
any two players increase their joint Shapley-Shubik index via merg-
ing?”): This problem is in the complexity class PP. Their proof
technique can be used to show that BENEFICIALMERGEBanzhafalso
belongs to PP.4 The proof is omitted. We conjecture that both
BENEFICIALMERGEBanzhaf and BENEFICIALSPLITBanzhaf are PP-
complete.

Theorem 3 BENEFICIALMERGEBanzhafis in PP.

4 Merging and Splitting in Unanimity Games

A weighted voting gameG = (w1, . . . ,wn; q) is called aunanimity
gameif q = ∑n

i=1 wi , i.e., if only the grand coalition can reach the
threshold and win. Aziz and Paterson [1] show that for the normal-
ized Banzhaf index in unanimity games, merging is always disad-
vantageous, whereas splitting is always advantageous. (Thus one can
decide in polynomial time whether or not merging/splittingis ben-
eficial.) In strong contrast, we show that in unanimity gameswith
respect to the probabilistic Banzhaf index, splitting is always disad-
vantageous or neutral, whereas merging is neutral for size-two coali-
tions, yet advantageous for coalitions with at least three players.

Theorem 4 Let G be a unanimity game with player set N.

1. (G,S) 6∈ BENEFICIALMERGEBanzhaffor each S⊆N with‖S‖= 2,
2. (G,S)∈ BENEFICIALMERGEBanzhaffor each S⊆N with‖S‖≥ 3.
3. (G, i,m) 6∈ BENEFICIALSPLITBanzhaffor each i∈ N and m≥ 2.

Proof. The first statement follows immediately from Theorem 1.
To prove the second statement, note that in a unanimity game,any

playeri can be pivotal only for the coalitionS= N−{i}, andi always
is pivotal for this coalition. Thus the raw Banzhaf index of eachi is

4 We note that the same proof cannot be transferred immediately to the bene-
ficial merging problem with respect to the normalized Banzhaf index, since
the normalization in the original gameG differs from that in the gameG&S.



always equal to one. It follows that Banzhaf(G, i) = 1/2n−1 for each
player i. If an arbitrary coalitionS merges, the new gameG&S =
(∑i∈Swi ,w j1, . . . ,w jn−‖S‖

; ∑n
i=1 wi), where{ j1, . . . , jn−‖S‖} = N−S,

is also a unanimity game. Thus,

Banzhaf(G&S, i) =
1

2n−‖S‖
.

Since‖S‖ ≥ 3, we have

Banzhaf(G&S,1)−∑
i∈S

Banzhaf(G, i) =
(2‖S‖−1−‖S‖)

2n−1 > 0.

The third statement can be shown by similar arguments. In partic-
ular, for any possible split into players with integer weights, it holds
that

m

∑
j=1

Banzhaf(G′, i j)−Banzhaf(G, i) =
m−2m−1

2n+m−2 ≤ 0.

This completes the proof. ❑

5 Threshold Hypergraph Weighted Voting Games

In this section, we consider another representation of weighted voting
games, namely,threshold network flow games on hypergraphs.

Bachrach and Rosenschein introduced and analyzed network flow
games (on graphs) [3, 4]. Athreshold network flow gameG is de-
fined as a weighted graphG = (V,E,w : E → N) with n agents5 that
each control one edge inE, a source nodes∈ V and a target node
t ∈ V, and a thresholdk ∈ R representing the data flow. The coali-
tional function is the success function succG : P(N)→{0,1}, where
a coalition of agents issuccessfulif and only if a dataflow of sizek
can be sent froms to t over the edges represented by the agents in the
coalition.

Power indices can be defined analogously as in the case of
weighted voting games (see Section 2). Determining the raw Banzhaf
index is #P-complete [3], while the Shapley-Shubik index isonly
known to be at least as hard as problems in NP [4].

If one wants to analyze the problems of merging and splittingin
network flow games, the question arises of how these problemscan
be defined in that setting. Since agents control single edges, merg-
ing two or more agents would yield one new agent who has control
over more than one edge and so would be different than the remain-
ing agents. Similarly, splitting an agent into several subagents would
mean to “split” the original agent’s edge, and it is unclear how that
could be defined.

Our approach for solving this issue is to consider thresholdnet-
work flow games on hypergraphs rather than on graphs.6 A hyper-
edge in a hypergraph is any subset of the vertex set (so a graphis
the special case of a hypergraph with hyperedges of size two only).
This makes it possible that, in a game defined on a hypergraph,a
coalition of agents can be merged into a single new agent who con-
trols the edge that corresponds to the union of vertices belonging to

5 We use “agent” and “player” synonymously.
6 It might be tempting—and, indeed, an anonymous STAIRS reviewer sug-

gested this approach—to allow an agent to control more than asingle
edge, and if one does so, merging and splitting for thresholdnetwork flow
games could be formulated on graphs rather than on hypergraphs. How-
ever, Bachrach and Rosenschein’s model [3, 4] allows each agent to con-
trol only a single edge. We feel it is more natural to extend their model to
hypergraphs—keeping their restriction—to be able to definemerging and
splitting in terms of threshold network flow games.

the edges of the coalition’s original agents. Similarly, ifwe consider
such a game on a hypergraph, it is possible for an agent to split into
several subagents by partitioning this agent’s edge into subsets that
each are controlled by one of the new subagents.

Definition 5 (Threshold hypergraph network flow games) A
threshold hypergraph network flow game(a THNFG, for short) G

consists of a weighted hypergraph H= (V,E) with vertex set V and
a set E= {e1, . . . ,en} of n hyperedges, which represent the n agents,
and a weight function w: E → N, where we write wi = w(ei), a
source node s∈ V and a target node t∈ V, and a threshold k∈ R

representing the data flow.
The success functionsuccG : P(N) →{0,1} is defined by

succG (S) =











1 if a dataflow of size k from s to t is possible

in H|{ei | i∈S},

0 otherwise.

where H|{ei | i∈S} denotes the subhypergraph of H induced by the
edge set{ei | i ∈ S}.

Power indices in THNFGs can be defined analogously to those in
weighted voting games.

Example 6 The THNFG with four agents in Figure 1 may help to
visualize the definitions and theorems given below. It showsthe hy-
pergraph (in the standard bipartite graph representation for hyper-
graphs) related to the following game:

G = (H,s,t,w,k)

= (({v1, . . . ,v5},{{v4,v5},{v1,v3,v4},{v3,v5},{v2}}),

v1,v5,(1,2,3,4),5).

v1 v2 v3 v4 v5

e1 e2 e3 e4

Figure 1. A THNFG for Example 6

Possible applications of THNFGs can be found in grid computing
where many—often thousands of—computers collaborate to solve a
common task by distributing various subtasks to certain clusters of
computers (which represent the agents, respectively the hyperedges).
Connecting a number of such computer clusters corresponds to form-
ing a coalition of agents. Modeled as a game, a coalition (i.e., a set
of clusters) is successful if it is connected and its total weight (i.e.,
the sum of the computing power of the computers in the clusters)
exceeds a certain threshold so as to allow a sufficient network flow
from the source to the target, and in this case these clusterscan be
assigned the desired subtask.

As another example of a possible application of THNFGs, we pro-
pose to use this model for smart power grids that deliver electric-
ity from suppliers to consumers. Success of a coalition would mean



here that a certain threshold need be exceeded according to the con-
sumers’ current demands, thus allowing a sufficiently largepower
flow.

For functions, there are several notions of reducibility and con-
sequently there are several notions of hardness and completeness
for complexity classes of functions such as #P. We define below
parsimonious reductions [13] and the more flexible many-onere-
ductions [15] (see [7] for a more detailed discussion). Intuitively,
parsimonious reductions preserve the number of solutions,whereas
many-one reductions are the functional analogue of (polynomial-
time) many-one reductions between sets.

Definition 7 Let f and g be two functions mapping fromΣ∗ to N.

1. We say fparsimoniously reduces tog if there exists a polynomial-
time computable functionϕ such that for each x∈ Σ∗, f (x) =
g(ϕ(x)).

2. We say fmany-one-reduces tog if there exist two polynomial-
time computable functions,ϕ and ψ, such that for each x∈ Σ∗,
f (x) = ψ(g(ϕ(x))).

3. We say g is#P-parsimonious-hardif every function f∈ #Pparsi-
moniously reduces to g. If g is#P-parsimonious-hard and g∈ #P,
then g is #P-parsimonious-complete. The notions of#P-many-
one-hardnessand #P-many-one-completenessare defined analo-
gously.

Theorem 8 Computing the raw Banzhaf power index in THNFGs is
#P-parsimonious-complete.

Proof. Given a THNFG

G = (({v1, . . . ,vm},{e1, . . . ,en}),s,t,(w1, . . . ,wn),k)

and an agenti in G , the raw Banzhaf power index can be computed
in #P, since there exists a nondeterministic Turing machineM that,
on input(G , i), nondeterministically guesses a coalitionS⊆ N−{i}
and verifies deterministically whether

succG (S∪ i)−succG (S) = 1.

For each coalitionSguessed, this verification is successful exactly if
i is pivotal forS. Thus, the number of accepting paths inM(G , i) is
exactly the raw Banzhaf index Banzhaf∗(G , i). M is an NP machine,
since the success of a coalitionS can be determined by testing the
following three properties in polynomial time each:

1. The hypergraphH|{ei | i∈S} containssandt.
2. There exists a path froms to t in H|{ei | i∈S}, i.e., there exists a sub-

setT ⊆ S, such thatH|{ei | i∈S} containss andt and is connected.

3. The sum of weights is not below the threshold, i.e.,

∑
i∈T

wi ≥ k

with T as in (2).

#P-parsimonious-hardness can be shown by a reduction from
the raw Banzhaf power index in weighted voting games, which is
#P-parsimonous-complete [7]. Given a weighted voting gameG =
(w1, . . . ,wn, q) and a playeri in G, create the THNFG

G = (({v0,v1, . . . ,vn+1},{e1, . . .en}),v0,vn+1,(w1, . . . ,wn),q),

whereei = {v0,vi ,vn+1} for eachi, 1≤ i ≤ n, with the same weights
and threshold, and consider the same playeri in G . Since for every

nonempty coalitionSthe corresponding subhypergraphH|{ei | i∈S} al-
ways containss = v0 and t = vn+1 and is connected, it obviously
holds that

succG(S) = succG (S).

Therefore, Banzhaf∗(G, i) = Banzhaf∗(G , i).
Consequently, computing the raw Banzhaf is #P-parsimonious-

complete. ❑

Similarly, the following results that are known for weighted voting
games also hold for THNFGs.

Theorem 9 Computing the Shapley-Shubik power index in THNFGs
is #P-many-one-complete.

Proof. That the problem is in #P follows from similar argumentats
as those in Theorem 8. By means of the same reduction as in The-
orem 8, a weighted voting gameG and a playeri are mapped to a
THNFGG and the same playeri. It holds that

Shapley-Shubik∗(G, i) = Shapley-Shubik∗(G , i).

This reduction is parsimonious. Since it is #P-many-one-complete
to compute the Shapley-Shubik index in weighted voting games [7],
computing the Shapley-Shubik index in THNFGs is #P-many-one-
hard, and thus #P-many-one-complete. ❑

Faliszewski and Hemaspaandra [7] studied the power compare
problem POWERCOMPAREf in weighted voting games, wheref is
some power index. This problem can be defined analogously for
THNFGs:

THNFG-POWERCOMPAREf

Given: Two THNFNGsG = (H,s,t,w,k), andG
′ = (H ′,s′,

t ′,w′,k′), and a playeri occurring in both games.
Question: Is is true thatf (G , i) > f (G ′, i)?

Theorem 10 THNFG-POWERCOMPAREf is PP-hard for f ∈
{Shapley-Shubik,Banzhaf}.

Proof. For both the probabilistic Banzhaf and the Shapley-Shubik
index, PP-completeness of POWERCOMPAREf in weighted voting
games has been shown by Faliszewski and Hemaspaandra [7]. Us-
ing the reduction from the proof of Theorem 8, we obtain PP-
hardness of THNFG-POWERCOMPAREf . An instance(G,G′, i) of
POWERCOMPAREf in weighted voting games is mapped to an in-
stance(G ,G ′, i) of THNFG-POWERCOMPAREf , whereG andG ′

are constructed as in Theorem 8. Since succG = succG and succG′ =
succG ′ , it follows that

f (G, i) > f (G′, i) ⇐⇒ f (G , i) > f (G ′, i).

This completes the proof. ❑

Now, for a given power index f , the problems
THNFG-BENEFICIALMERGEf and THNFG-BENEFICIALSPLIT f
can be defined for THNFGs as follows:



THNFG-BENEFICIALMERGEf

Given: A THNFG G = (H,s,t,w,k) and a coalition
S⊆ {1, . . . ,n}.

Question: Defining a new agent Merge(S) controlling the
edgee&S =

⋃

i∈Sei with w&S = ∑i∈Swi and the
corresponding new gameG&S = (H&S,s,t,w&S,k)
with H&S = (V,(E−{ei | i ∈ S})∪e&S), does it
hold that f (G&S,Merge(S)) > ∑

i∈S
f (G , i)?

THNFG-BENEFICIALSPLIT f

Given: A THNFG G = (H,s,t,w,k), an agent
i ∈ {1, . . . ,n}, and an integerm≥ 2.

Question: Can agenti split intomagents{i1, . . . , im} such

that
m

∑
j=1

f (G ′, i j ) > f (G , i), whereG ′ = (H ′,s,t,

w′,k) with H ′ = (V,(E−{ei})∪{ei1 , . . . ,eim}),
m
⋃

j=1

ei j = ei , ei j ∩eik = /0 for j 6= k, andwi j ,

1≤ j ≤ m, such that
m

∑
j=1

wi j = wi?

Analyzing the complexity of these two problems, in contrastto
weighted voting games, merging and splitting might be advantageous
for the probabilistic Banzhaf index, also for size-two coalitions, or,
respectively, a split into two players.

As an example, consider the THNFG in Example 6. When merg-
ing the players of coalitionS= {1,2}, neither of the power indices
increases in the new game

G&{1,2} = (({v1, . . . ,v5},{{v1,v3,v4,v5},{v3,v5},{v2}}),

v1,v5,(3,3,4),5)

in comparison to the sum of power indices of the first two players in
G . However, merging the agents of coalitionS= {1,4} is beneficial
for all three power indices. The new game is

G&{1,4} = (({v1,v2 . . . ,v5},{{v4,v5},{v1,v3,v4},{v3,v5}}),

v1,v5,(5,2,3),5).

For comparison, letting

G = (1,2,3,4; 5)

be the corresponding weighted voting game, and, respectively,

G&{1,4} = (5,1,3; 5),

merging the agents ofS= {1,4} is neutral.
Analogously to weighted voting games, unanimity games can be

defined on hypergraphs. In order to satisfy the property thatonly
the grand coalitionS= N is successful, an adequate definition is the
following.

Definition 11 A THNFG G = (H,s,t,w,k) is called a unanimity
game if k= ∑n

i=1wi and H is connected.

It is easy to see that Thereom 4 also holds for unanimity THNFGs.

6 Conclusions and Future Work

In this paper, we complemented the results of Aziz and Paterson [1]
for the normalized Banzhaf power index to the probabilisticBanzhaf
power index in weighted voting games. The latter was introduced by
Dubey and Shapley [6], who argued that, in certain ways, it ismore
natural than the normalized Banzhaf power index originallydefined
by Banzhaf [5]. In particular, we showed that for the probabilistic
Banzhaf power index the merging problem is in P for coalitions of
size two, and is NP-hard for coalitions of size at least three, and we
provided corresponding results for the splitting problem.The most
interesting open question in this regard is to close the gap between
NP-hardness (Theorem 1) and membership in PP (Theorem 3) for
BENEFICIALMERGEBanzhaf.

In addition, we studied these two problems for threshold network
flow games on hypergraphs.
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