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Abstract.
player’s influence for coalition formation in weighted vagigames,
an important class of simple coalitional games that arg &rbres-
sive but compactly representable. For the normalized Bafrintdex,

The Banzhaf power index is a prominent measure of aBanzhaf index, we show that splitting is always disadvaebag or

neutral, whereas merging is neutral for size-two coalgjoret ad-
vantageous for coalitions with at least three players. Fhigngly
contrasts with Aziz and Paterson’s resilt [1] for unaninggmes

Aziz and Patersori{1] show that it is NP-hard to decide wirethe with respect to the normalized Banzhaf index.

merging any coalition of players is beneficial, and that ianim-

ity games, merging is always disadvantageous, whereatirgplis

always advantageous. We show that forphebabilisticBanzhaf in-
dex (which is considered more natural than the normalizat Baf

index), the merging problem is in P for coalitions of size haod

is NP-hard for coalitions of size at least three. We also @raor-
responding result for the splitting problem. In unanimignges and
for the probabilistic Banzhaf index (in strong contrasthiite results
for the normalized Banzhaf index), we show that splittinglisays
disadvantageous or neutral, whereas merging is neutraifestwo
coalitions, yet advantageous for coalitions of size attléaze. In
addition, we study the merging and splitting problems foeshold
network flow gamed]3.14] on hypergraphs.

1 Introduction

Weighted voting games are an important class of simple tomasil
games; their importance is mainly due to the fact that theyfualty
expressive but at the same time compactly representable.

We also consider the merging and splitting problems forstiwe
old network flow games, which have been introduced by Bathrac
and Rosenscheifl[B} 4]. However, it seems that merging dittirgp
cannot be reasonably defined on graphs in such games. Wespropo
to study threshold network flow games on hypergraphs wherg-me
ing and splitting can be sensibly defined. Though our rebelts are
rather preliminary, we hope to propose an interesting maddlto
obtain more results in future work.

2 Banzhaf Indices in Weighted Voting Games

A simple coalitional gameonsists of a sétl = {1,...,n} of players
and a functiorv : B(N) — {0,1} such that/(0) =0, v(N) = 1, and
V(R) < v(S) whenevelR C Sfor coalitionsR, SC N. A weighted vot-
ing gameG = (wx,...,Wn; g) is a special form of simple coalitional
game with a threshold and nonnegative integer weightg, 1 <i <

n, wherew; is theith player's weight. A coalitiorSC N is success-
ful (i.e.,v(S) = 1) if TijcsWi > 0, and not successful (i.e(S) = 0)
otherwise. An essential term is that of a pivotal (or “criiode “criti-

Power indices measure how influential a player is for formingcal”) player. A playei is pivotal for a coalition SC N—{i} if SU{i}

winning coalitions in weighted voting games. The Banzhaf tre
Shapley-Shubik power indices are most prominent among seeh
sures. Roughly speaking, they indicate, respectively,onw many

is successful, bubis not. Letting

da(S) = V(SU {i}) ~v(S),

ways and in how many “orders of support” a player can swing thewe havedg(Si) = 1 if playeri is pivotal for S, anddg(S.i) = 0

outcome of a coalition by joining or leaving it. For the Shgpl
Shubik index, Bachrach and Elkird [2] study the problem oétiler
a player can increase its power by splitting into several pey-

otherwise.
A power index measures a player’s influence in a weighted vot-
ing game. Theaw Banzhaf power indewas introduced in15] and

ers and distributing its weight among them; such a player mayndicates the number of coalitions in which a player is pvot

have incentive to manipulate the game via introducing faks@es.

Bachrach and Elkind also ask whether merging their weights c
help any two players to increase their power. For the nomedli

Banzhaf index, Aziz and Patersdr [1] show that it is NP-hardea-
cide whether merging any coalition of players is benefi@al that
in unanimity games, merging is always disadvantageousaittirs

is always advantageous.

Banzhaf (G,i) = dg(S)i)
SCN={i}

for a weighted voting gam& and a playei in G. However, since

the ratios of these indices are more important than theimihadgs,

it has become common to normalize them so as to add up to one. In
fact, two different ways of normalization have been propdee the

We show that for theprobabilistic Banzhaf index (which Dubey  Banzhaf index. The original definition of theormalizedBanzhaf

and Shapleyl]6, p. 102] call “in many respects more natutsht

power index [[5] was analyzed by Dubey and Shapley [6], who in-

the normalized Banzhaf index), the merging problem is in P fo yroduced another normalization, which they dubbedpiiadabilistic

coalitions of size two, and is NP-hard for coalitions withleast
three players. We also prove a corresponding result forghitiisg
problem. In unanimity games and with respect to the protlsatigil

1 Heinrich-Heine-Universitat Diisseldorf, Germany

Banzhaf power index and which they viewed as being “in many re
spects more natural” than the normalized Banzhaf ifHex.

2 As pointed out by an ECAI-2010 reviewer, the normalized Bafizpower
index has its advantages as well, depending on which settiagonsiders.



In a nutshell, Dubey and Shapléy [6] consider various naamd
useful properties (or axioms) of power indices in simple gajand
they show as Theorem 1 in|[6, p. 104] that there exists a urfique

tion ¢ on the set of simple games satisfying Axioms Al through A4.

In particular, Axiom A4 can be stated as follows: For any tiogde
gamess andw on the setN = {1,2,...,n} of players, it holds that

=¢(V)+ (W),

where the gamesv w andv A w are defined by

max(V(S), w(S)),
min(v(S),w(S)).

P(vVW)+ o (VAW)

(vvw)(S)
(VAW)(S)

Moreover, ¢ (v) = n(v) for each simple game, where n(v) =
(n1(v),n2(v),...,nn(v)) andn;(v) gives the number of coalitions for
which playeri is pivotal in gamev (i.e., ni(v) is the raw Banzhaf
index of playeri in v). It is beyond the purpose of this paper to
give a full explanation of these axioms (and even of A4), bet w
refer the reader td 6] for a careful, detailed discussiorl{ding
proofs of various equivalent conditions for Axiom A4, whishow
that this axiom can be presented in a variety of mathemajigags).

PARTITION
Given: A nonempty sequenck= (aj,ap,...,ax) of
positive integers summing up to an even number.
Question: Is there a subsét C 1 ={1,2,... k} such that

a;?

>a-
iel=1"

iel’

Let #mMRTITION denote the function that maps any given instance
A of PARTITION to the number of solutions & i.e.,

A= (ag,ap,...,a) and
#PARTITION(A) = |IK I | I'CI={1,2,...,k} and
Yield = Yiel-1' &

#PARTITION is the counting variant of ARTITION and is one mem-
ber of the function class #P.

3 Beneficial Merging and Beneficial Splitting

Bachrach and Elkind_[2] asked about the complexity of thebpro
lem of whether two players in a given weighted voting game can

However, we note here that Dubey and Shapley show that the pro benefit from merging their weights by forming a single newypla

abilistic Banzhaf index satisfies Axiom A4, whereas the ralined

i.e., of whether their joint power will increase in this neveighted

one does not. As the normalized Banzhaf index lacks Axiom A4,voting game. For both the Shapley-Shubik power index anddine

they conclude: “This may be taken as an initial sign of treublth
the normalization [of the normalized Banzhaf index]” (S8eHoot-
note 21]). They also note that the probabilistic Banzhaéitis bet-
ter behaved when analyzing convergencé” [6, p. 116]. Toatitgher
source, Bachrach and RosenschEln [4, p. 126] note that tineaho
ized Banzhaf index “has certain undesirable qualities.”
Formally, thenormalized Banzhaf power indexdefined as

Banzhaf (G,i)

Banzhaf(G,i) = ST, Banzhaf (G.J)’

and theprobabilistic Banzhaf power indég defined as

. Banzhaf (G,i
BanzhafG,i) = %
Theraw Shapley-Shubik power indf&]:
Shapley-Shubik(G,i) = % [S|!-(n— S| -1)!-ds(Si)

SCN= (i}

describes in how many coalitions a player is pivotal withpees
to the order in which players enter coalitions. Normalizthg raw
Shapley-Shubik power index by

Shapley-Shubik(G, i)

Shapley-ShubilG,i) = -

we obtain theShapley-Shubik power index

malized Banzhaf power index, Aziz and Patersan [1] providad
NP-hardness lower bound for the more general problem oftveinet
any givencoalition of players can benefit from merging (i.e., can in-
crease their joint power by forming a new player whose weight
the sum of the coalition members’ weights). To define thidfmm
formally for the probabilistic Banzhaf power index, we nekd fol-
lowing notation. For a weighted voting gar@e= (wy, ..., Wn; ) and
acoalitionSC N ={1,...,n}, define the new weighted voting game

Ggs= (ESWithw“ijans\? Q),
i€

where{js,..., jn,w} =N - SH BENEFICIALM ERGEzanzhafiS the
problem of whether a coalition can increase its power by imgrg
their weights to form one new player. Formally, lettifhde one of
the power indices defined in Sectldn 2, define the followirahpm:

BENEFICIALMERGE

Given: A weighted voting gamG (Wy,...,Wn; ) and
a coalitionSC {1,..
Question: Is it true thatf G&s, gf (G,i)?
Aziz and Paterson []1] have proved NP-hardness of
BENEFICIALMERGHR 0,0 Considering  the  probabilis-

tic Banzhaf index, we now show that the complexity of

We assume that the reader is familiar with the basic notidns 0BENEFICIALM ERGEganzhaf depends on whether the input coali-

complexity theory such as the complexity classes P, NP H&c(ass
of functions that map instances of NP problems to the numiteed
solutions, se€.[14]), and PP (“probabilistic polynomieddi,” see([9])
and with the notions of hardness and completeness (witlecesp
the polynomial-time many-one reducibility) for complexitlasses.
For more background and details we refer to, e.g., the texth(E,
10,[13].

Our reductions will make use of the following well-known NP-
complete problem (see, e.d.l [8]):

tion Scontains either two players or more than two players.

Theorem 1 BENEFICIALMERGHEanzhafiS in P for instancedG, S)
with [|S|| = 2, and isNP-hard for instancegG, S) with ||S| > 3.

Proof. Given an instancé€G,S) of BENEFICIALMERGEsanzhaf
suppose||S|| = 2. Without loss of generality (see Footndlle 3), we

3 Note that the players’ order doesn’t matter when considetie normalized
or probabilistic Banzhaf index.



may assume th&= {1,2}. ThusGgs = (W1 + W, W3,...,Wp; q). It
is easy to see that

Banzhaf{Ggs, 1) = BanzhafG, 1) + BanzhafG, 2),

so a coalition of two players can never benefit from merging.

To prove NP-hardness of BBIEFICIALMERGEzanzhatfor ||S|| >
3, we give a reduction from the NP-complete probleaRPTION.
From a given instanc&= (ay, ..., ax) of PARTITION we construct in
polynomial time the following BENEFICIALM ERGEzanzhafinStance
(G,S):

G = (Wl7~~~7Wn71717171;Q)
k
= (8a,...,8%,1,1,1,1; 1+4; a);
/=1
S = {k+2k+3k+4}.

The last three playersaw Banzhaf indices each are equal to

Banzhaf (G, k+4) =[|{S C {1,...,k+3} | k+4 is pivotal forS } ||.
)
The set of cqalition:S’ in @) can be divided into four disjoint
subsets: For angC {1,...,k} and any two distinca,b € {k+ 1,k+
2,k+ 3}, distinguish between the set of coaliticBiswith

i) S=S

(i) S =Su{a},

(iy S =Su{ab}, and

(iv) S =SU{k+1k+2k+3}.

By construction of5, playerk+ 4 cannot be pivotal for any coalition
S in cases (ii), (i), or (iv) but only for those in case (i):@kerk+4
is pivotal for thoseS = SC {1,...,k} such that

k k
1+ 8aj> 1+4; a < 1+4/Zaz,
jes =1 =
which is true if and only if

k
8a,=4Y a,
25

jes

and 3 8a
jes

which in turn is true exactly ifA is a yes instance of ARTITION.
Thus, the number of coalitions for which player 4 is pivotal equals
the number of solutions of theaRTITION instanceA. Denote this
number byXa = #PARTITION(A). Thus, the probabilistic Banzhaf
index of playek+4 (and, analogously, of playekst 3 andk+ 2) is

Xa

BanzhafG,k+4) = BanzhafG,k+3) = BanzhafG,k+2) = i3

Similarly, the probabilistic Banzhaf index of the first ptayin the
new game
K
Ges= (3,8ay,...,8a,1; 1+4/Zw)

can be calculated to be

Xa
BanzhafGgs,1) = pasy
Thus, we have
Xa  4Xa Xy & .
BanzhafGgs, 1) = S = ki3 ki = i; BanzhafG,k+1i)

if and only if Xa > 0, which in turn is true if and only ifA is a yes
instance of RRTITION. O

Now, to formally define the splitting problem, Iétbe one of the
power indices from Sectidd 2, and define the following proble

BENEFICIALSPLIT}
A weighted voting gamé& = (W, ...,Wn; ),
aplayer € {1,...,n}, and an integem > 2.
Can playei split intom playersiy, . ..im,
m

such thaty f(G,ij) > f(G,i), where
j=1

Given:

Question:

/ .
G = (Wlw-~7Wi717Wi17-~~:Wim7Wi+17~-~7Wn, Q)

m
with z Wi, =w;?
=1

By similar methods as above we can prove the following theore

Theorem 2 BENEFICIALSPLITganzhafiS in P for instanceqG, i, 2),
and isNP-hard for instancegG, i,m) with m> 3.

Regarding the lower bounds forEBIEFICIALM ERGEggnzhafand
BENEFICIALSPLITganzhasStated in Theorenid 1 afH 2, a natural ques-
tion arises: What about the upper bounds? Faliszewski amdaHe
spaandral]7] established an upper bound for the beneficieg-me
ing problem originally proposed by Bachrach and Elkind [Z}gn
any two players increase their joint Shapley-Shubik indexwerg-
ing?”): This problem is in the complexity class PP. Their gfro
technique can be used to show thaNEFICIALM ERGEzanzhafdlSO
belongs to PH. The proof is omitted. We conjecture that both
BENEFICIALMERGHEganzhaf aNd BENEFICIALSPLITganzhat are PP-
complete.

Theorem 3 BENEFICIALMERGEganzhafiS in PP.

4 Merging and Splitting in Unanimity Games

A weighted voting gamés = (ws,...,Wn; g) is called aunanimity
gameif q= 3 ;w;, i.e., if only the grand coalition can reach the
threshold and win. Aziz and Paters@i [1] show that for themadr
ized Banzhaf index in unanimity games, merging is alwaysdiis
vantageous, whereas splitting is always advantageouss(@te can
decide in polynomial time whether or not merging/splittisgben-
eficial.) In strong contrast, we show that in unanimity gamth
respect to the probabilistic Banzhaf index, splitting isafs disad-
vantageous or neutral, whereas merging is neutral fortainesoali-
tions, yet advantageous for coalitions with at least thiagegrs.

Theorem 4 Let G be a unanimity game with player set N.

1. (G,S) € BENEFICIALMERGHEnzhatfOr each SC N with ||S|| =2,
2. (G, S) € BENEFICIALMERGHEganzhaffOr each SC N with||S| > 3.
3. (G,i,m) ¢ BENEFICIALSPLITganzhaffOr each ic N and m> 2.

Proof. The first statement follows immediately from Theorlgm 1.

To prove the second statement, note that in a unanimity ganye,
playeri can be pivotal only for the coalitiocB= N —{i}, andi always
is pivotal for this coalition. Thus the raw Banzhaf index athi is

4 We note that the same proof cannot be transferred immegliatéthe bene-
ficial merging problem with respect to the normalized Bahidex, since
the normalization in the original gan@differs from that in the gamé€gs.



always equal to one. It follows that Banzl@fi) = 1/2! for each
playeri. If an arbitrary coalitionS merges, the new gan®gs =
(TiesWi,Wjp,-- s Wj, g3 Sy Wi), where{j1,.... jn_g} =N—-S
is also a unanimity game. Thus,

1

— oS

BanzhafGgs,i)

Since||S|| > 3, we have

(2187 —|isi)

ST >0

BanzhafGgs, 1) — szanzha(G,i) =
i€

The third statement can be shown by similar arguments. licpar
ular, for any possible split into players with integer weight holds
that

m—2m-1

m
> BanzhafG',ij) — BanzhafG,i) = Snimz < 0.

j=1

This completes the proof. O

5 Threshold Hypergraph Weighted Voting Games

In this section, we consider another representation offwedyvoting
games, namelyhreshold network flow games on hypergraphs
Bachrach and Rosenschein introduced and analyzed netwark fl
games (on graphs)l[8] 4]. areshold network flow gani is de-
fined as a weighted gragh = (V,E,w: E — N) with n agent that
each control one edge B, a source nods € V and a target node
t €V, and a threshold € R representing the data flow. The coali-
tional function is the success function sycc3(N) — {0,1}, where
a coalition of agents isuccessfuif and only if a dataflow of sizé

the edges of the coalition’s original agents. Similarlyvé consider
such a game on a hypergraph, it is possible for an agent tairspoli
several subagents by partitioning this agent's edge inbsets that
each are controlled by one of the new subagents.

Definition 5 (Threshold hypergraph network flow games) A
threshold hypergraph network flow gartee THNFG, for short) ¢
consists of a weighted hypergraph=H(V, E) with vertex set V and
asetE={ey,...,en} of n hyperedges, which represent the n agents,
and a weight function wE — N, where we write w= w(g), a
source node & V and a target node € V, and a threshold k R
representing the data flow.

The success functi®uce, : B(N) — {0, 1} is defined by

1 ifadataflow of size k from s tot is possible

sucey (S) inHlg |ics)

0 otherwise

where H{a‘ies} denotes the subhypergraph of H induced by the
edge sefe | i€ S}.

Power indices in THNFGs can be defined analogously to those in
weighted voting games.

Example 6 The THNFG with four agents in Figufd 1 may help to
visualize the definitions and theorems given below. It shbedy-
pergraph (in the standard bipartite graph representation fiyper-
graphs) related to the following game:

9 (H,s,t,w,Kk)
(({ve,....vs}, {{va, v}, {v1,v3,Va},{V3,V5}, {V2}}),

V1, Vs, (17 27 3, 4)75).

can be sent froratot over the edges represented by the agents in the

coalition.

Power indices can be defined analogously as in the case of

weighted voting games (see Secfidn 2). Determining the ramezBaf
index is #P-complete [3], while the Shapley-Shubik indexomdy
known to be at least as hard as problems inINP [4].

If one wants to analyze the problems of merging and splititing
network flow games, the question arises of how these probtams
be defined in that setting. Since agents control single edgesy-

ing two or more agents would yield one new agent who has contro
over more than one edge and so would be different than themema

ing agents. Similarly, splitting an agent into several gi@vais would
mean to “split” the original agent’s edge, and it is uncleawtlthat
could be defined.

Our approach for solving this issue is to consider thresiefd
work flow games on hypergraphs rather than on grEphshyper-

Figure 1. A THNFG for Exampldh

Possible applications of THNFGs can be found in grid conmauti

edge in a hypergraph is any subset of the vertex set (so a ggaph where many—often thousands of—computers collaboratelte so

the special case of a hypergraph with hyperedges of size tiy).o

common task by distributing various subtasks to certaistehs of

This makes it possible that, in a game defined on a hypergeaph, computers (which represent the agents, respectively therbgges).

coalition of agents can be merged into a single new agent whe c
trols the edge that corresponds to the union of verticesngéig to

5 We use “agent” and “player” synonymously.

6 It might be tempting—and, indeed, an anonymous STAIRS vesiesug-
gested this approach—to allow an agent to control more thamgle
edge, and if one does so, merging and splitting for threshetdork flow
games could be formulated on graphs rather than on hypé&grafow-
ever, Bachrach and Rosenschein’s mofdel]3, 4] allows eaehtdg con-
trol only a single edge. We feel it is more natural to extergrtmodel to
hypergraphs—keeping their restriction—to be able to defieeging and
splitting in terms of threshold network flow games.

Connecting a number of such computer clusters corresporiden-
ing a coalition of agents. Modeled as a game, a coalition @.eet
of clusters) is successful if it is connected and its totaigive(i.e.,
the sum of the computing power of the computers in the clgster
exceeds a certain threshold so as to allow a sufficient nktfl@r
from the source to the target, and in this case these clusaerde
assigned the desired subtask.

As another example of a possible application of THNFGs, wee pr
pose to use this model for smart power grids that delivertetec
ity from suppliers to consumers. Success of a coalition dookan



here that a certain threshold need be exceeded accordihg tmh-  nonempty coalitiorthe corresponding subhypergreﬂfﬂh{e lics) al-
sumers’ current demands, thus allowing a sufficiently lgsgaer  ways contains = vp andt = v,1 and is connected, it obviously
flow. holds that

For functions, there are several notions of reducibility @on- sucGs(S) = suce (S).
sequently there are several notions of hardness and canpsst '
for complexity classes of functions such as #P. We definewbelo Therefore, Banzha{G,i) = Banzhaf(¥,i).

parsimonious reduction$_[lL3] and the more flexible many-@e Consequently, computing the raw Banzhaf is #P-parsimaniou
ductions [15] (seel]7] for a more detailed discussion). itively, complete. O
parsimonious reductions preserve the number of solutishsreas

many-one reductions are the functional analogue of (pahjab Similarly, the following results that are known for weigtiteoting
time) many-one reductions between sets. games also hold for THNFGs.

Definition 7 Let f and g be two functions mapping frdin to N. Theorem 9 Computing the Shapley-Shubik power index in THNFGs

1. We say parsimoniously reduces tpif there exists a polynomial-  is #P-many-one-complete.
time computable functiog such that for each x ¥*, f(x) =

g(9(x)). Proof. That the problem is in #P follows from similar argumentats
2. We say fmany-one-reduces tg if there exist two polynomial- as those in Theorefd 8. By means of the same reduction as in The-
time computable functiong), and y, such that for each ¥ Z*, orem[®, a weighted voting gan@ and a playei are mapped to a
fX)=w(g(d(x)). THNFG¥ and the same playérlt holds that
3. We say g i#P-parsimonious-hard every function fe #P parsi-
moniously reduces to g. If g #>parsimonious-hard and g #P, Shapley-Shubik(G, i) = Shapley-Shubik(¥,i).

then gis #P-parsimonious-complet&he notions of#P-many-
one-hardnesand #P-many-one-completeneage defined analo-  This reduction is parsimonious. Since it is #P-many-onejuete

gously. to compute the Shapley-Shubik index in weighted voting ga[vig
computing the Shapley-Shubik index in THNFGs is #P-mang-on
Theorem 8 Computing the raw Banzhaf power index in THNFGs is hard, and thus #P-many-one-complete. 0
#P-parsimonious-complete.
Proof. Given a THNFG Faliszewski and Hemaspaandfa [7] studied the power compare
problem RPWERCOMPARE; in weighted voting games, wheifeis
94 =(({v1,..-,Vm},{€1,---,en}),St, (W1,...,Wn),K) some power index. This problem can be defined analogously for
THNFGs:

and an ageritin ¢, the raw Banzhaf power index can be computed

in #P, since there exists a nondeterministic Turing macMniat,

on input(¢,i), nondeterministically guesses a coalit®a N — {i} THNFG-POWERCOMPAREf

and verifies deterministically whether Given: Two THNFNGs¥¢ = (H,s,t,w,k), and¥” = (H',s,
t’,w,K'), and a player occurring in both games.

Question: Is is true thatf (¢4,i) > f(¢’,i)?

suce (SUI) —suce, (S) = 1.

For each coalitiors guessed, this verification is successful exactly if

i is pivotal forS. Thus, the number of accepting pathsMi{?,i) is

exactly the raw Banzhaf index Banzh&¥,i). M is an NP machine,

since the success of a coaliti@can be determined by testing the Theorem 10 THNFG-POWERCOMPARE; is PPhard for f
following three properties in polynomial time each: {Shapley-ShubikBanzhat.

1. The hypergraphi|(q jics) containssandt. ) Proof.  For both the probabilistic Banzhaf and the Shapley-Shubik
2. There exists a path frogtotin H|g i), I.€., there exists asub- - jqey  pp_completeness 0bWERCOMPARE; in weighted voting
setT C S such thaH|(g|ics) containssandt and is connected.  games has been shown by Faliszewski and Hemaspadiidra {7]. Us
ing the reduction from the proof of Theorelh 8, we obtain PP-

3. The sum of weights is not below the threshold, i.e., hardness of THNFG-®WERCOMPARE. An instance(G,G,i) of
wi > k PowERCOMPARE; in weighted voting games is mapped to an in-
&g stance(¢,¥’,i) of THNFG-PoweERCOMPARE;, where¥ and ¥’

are constructed as in Theoré&in 8. Since guecsuce, and sucg =

with T as in [2). sucey, it follows that

#P-parsimonious-hardness can be shown by a reduction from ) . ) .
the raw Banzhaf power index in weighted voting games, which i f(G,i)> f(Gi) = f(¥,i) > f(¥,i).
#P-parsimonous-completgl [7]. Given a weighted voting g&ne

(wy,...,Wn, q) and a player in G, create the THNFG This completes the proof. O

7 = (({Vo.va,.--,Vny1},{€1,-..€}), V0, Vns1, (Wi, ..., Wn),0), Now, for a given power index f, the problems
THNFG-BENEFICIALMERGE and THNFG-BNEFICIALSPLITt

whereg = {vp, Vi, vn+1} for eachi, 1 <i < n, with the same weights can be defined for THNEGS as follows:

and threshold, and consider the same player¢. Since for every



THNFG-BENEFICIALMERGE

Given: ATHNFG ¥ = (H,s,t,w,k) and a coalition
Sc{1,...,n}.

Question: Defining a new agent Merg8) controlling the
edgeeg s = Ujcsa With wgs= Sicsw and the
corresponding new gan# s = (Hgs, S t, Wg s, K)
with Hgs= (V,(E—{& | |€S} Ue&s) does it
hold thatf (% s,Mergg(S)) > zsf (@,i

THNFG-BENEFICIALSPLIT}

Given: ATHNFG ¥ = (H,s,t,w,k), an agent
ie€{1,...,n}, and an integem > 2.

Question: Can agent splitintomagents{is,...,im} such
that Z f(¢',ij) > f(¥,i), where&’ = (H',s t,
V\/ k) W|th H =, (E-{e})u{e,,....a.}),

=@, 8, N6, =0forj#Kk andw;,

Ue
i=1
m

1< j<m,such thatz Wi, =w;?

Analyzing the complexity of these two problems, in contrast

weighted voting games, merging and splitting might be athgaous
for the probabilistic Banzhaf index, also for size-two dahs, or,
respectively, a split into two players.

As an example, consider the THNFG in Exanddle 6. When merg- [2]
ing the players of coalitio’® = {1, 2}, neither of the power indices

increases in the new game

(({va,--- v}, {{v1,v3,va,v5}, {va,v5},{v2}}),
v1,Vs,(3,3,4),5)

Yaqr2) =

in comparison to the sum of power indices of the first two piaye
% . However, merging the agents of coaliti8a- {1,4} is beneficial
for all three power indices. The new game is

(({va,v2...,Vs}, {{Va,V5}, {V1,V3,Va},{V3,V5}}),
v1,Vs, (5,2,3),5).

Yefr4 =

For comparison, letting
G=(1,2,3,4;5)
be the corresponding weighted voting game, and, respggtive
Gg 14y =(5,1,3;5),

merging the agents &= {1,4} is neutral.

Analogously to weighted voting games, unanimity games @n b

defined on hypergraphs. In order to satisfy the property oimdy

the grand coalitiors= N is successful, an adequate definition is the

following.

Definition 11 A THNFG ¥ = (H,s,t,w,k) is called aunanimity
game if k= 31 ; w; and H is connected.

Itis easy to see that Theredih 4 also holds for unanimity THSIFG

6 Conclusions and Future Work

In this paper, we complemented the results of Aziz and Ratd
for the normalized Banzhaf power index to the probabiliBémzhaf
power index in weighted voting games. The latter was intcediby
Dubey and Shapley]6], who argued that, in certain ways, ritdse
natural than the normalized Banzhaf power index origindéfined
by Banzhaf[[5]. In particular, we showed that for the probatic
Banzhaf power index the merging problem is in P for coalior
size two, and is NP-hard for coalitions of size at least thaeel we
provided corresponding results for the splitting problé@he most
interesting open question in this regard is to close the gawden
NP-hardness (Theoref 1) and membership in PP (TheBkem 3) for
BENEFICIALMERGEganzhaf

In addition, we studied these two problems for thresholevoet
flow games on hypergraphs.
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