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Preface

Preferences are a central concept of decision making. As preferences are funda-
mental for the analysis of human choice behavior, they are becoming of increas-
ing importance for computational fields such as artificial intelligence, databases,
and human-computer interaction. Preference models are needed in decision-
support systems such as web-based recommender systems, in automated prob-
lem solvers such as configurators, and in autonomous systems such as Mars
rovers. Nearly all areas of artificial intelligence deal with choice situations and
can thus benefit from computational methods for handling preferences. More-
over, social choice methods are also of key importance in computational domains
such as multi-agent systems.

This broadened scope of preferences leads to new types of preference mod-
els, new problems for applying preference structures, and new kinds of benefits.
Preferences are studied in many areas of artificial intelligence such as knowledge
representation, multi-agent systems, game theory, social choice, constraint satis-
faction, decision making, decision-theoretic planning, and beyond. Preferences
are inherently a multi-disciplinary topic, of interest to economists, computer
scientists, operations researchers, mathematicians and more.

This workshop promotes this broadened scope of preference handling and
continues a series of events on preference handling at AAAI-02, Dagstuhl in
2004, IJCAI-05, ECAI-06, VLDB-07, AAAI-08, and ADT-09. Since 2008, this
series of workshops is organized by the multidisciplinary working group on Ad-
vances in Preference Handling, which is affiliated to the Association of European
Operational Research Societies EURO.
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Preference Handling
In Nested Temporal Networks with Alternatives

Roman Bartak!

Abstract. Temporal Networks with Alternatives (TNA) and
their nested form were proposed to model processes in
manufacturing environments but they can be applied to other
scheduling problems dealing with alternative ways to achieve
goals. In this paper we show how to extend the Nested TNA with
preferences on alternatives. We propose an equivalence tree to
model logically equivalent nodes in a Nested TNA and we show
how preference reasoning can be realized using this novel
representation.

1 INTRODUCTION

The scheduling task is usually formulated as a problem of
allocating known activities to scarce resources, such as machines,
over time. The scheduling task is typically preceded by a planning
task, where the problem is to decide which activities are necessary
to achieve a given goal. Recently planning and scheduling
problems were integrated to achieve greater flexibility and better
quality of schedules. In particular, the selection of activities is
being done during scheduling rather than before. Beck and Fox [4]
introduced the idea of alternative activities where a Boolean
validity variable indicates whether the activity is included in the
schedule or not. This idea has been brought to practice by ILOG in
their MaScLib [8] and the same concept was independently
formalized in the Extended Resource Constrained Project
Scheduling Problem (x-RCPSP) [7]. Both MaScLib and x-RCPSP
allow explicit binary constraints between the Boolean validity
variables. Temporal Networks with Alternatives (TNA) [1]
formalized the original concept by Beck and Fox of modeling
parallel and alternative processes. Basically, the TNA is a directed
acyclic graph with nodes corresponding to the activities and arcs
corresponding to the temporal relations, where the input and output
branchings in nodes are annotated either as parallel or alternative
branching (Figure 1). Hence the logical constraints between the
Boolean validity variables are implicit there. For example, the
input parallel branching for node x means that all direct
predecessors of x must be processed, while the input alternative
branching means that exactly one direct predecessor of x must be
processed to allow processing of x. If only precedence relations
instead of the temporal ones are used, then we are talking about a
parallel/alternative graph (P/A graph in short). We showed that
the selection of nodes to satisfy all branching constraints (a so
called P/A graph assignment problem) is NP-hard for general
TNAs [1] and we proposed a restricted form of a TNA called a
Nested TNA where this assignment problem is tractable, if only
precedence constraints are used. Nested TNAs are very close to
real-life manufacturing processes as Nested TNAs are obtained by
parallel and alternative decompositions of processes. The structure
of Nested TNAs is also identical to Temporal Planning Networks
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(TPN) proposed in [6] for description of temporal relations
between the operations obtained from the Hierarchical Task
Networks in planning.

In this paper we focus on the optimization version of the P/A
graph assignment problem that corresponds to selection of the
cheapest process among the alternative processes. Briefly speaking,
the nodes in a Nested TNA are annotated by the cost expressing the
preference and the task is to select a subset of nodes satisfying the
branching constraints such that the sum of their costs is minimized.
This is a practically important problem that is novel to scheduling.
Traditional scheduling criteria functions, such as makespan,
earliness, and tardiness, are related to time, while we suggest
including cost of alternatives in the objective. We will introduce a
so called equivalence tree that can be used to solve the P/A graph
assignment problem and then we will show that this data structure
can also be used to solve the optimization version of the P/A graph
assignment problem. In general, the equivalence tree can be used
as a data structure inside the global constraint encapsulating the
logical relations in a Nested P/A graph (a Nested TNA) and also
describing the preference reasoning in this graph (estimating the
cost of the schedule or a cost-based domain filtering).
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Figure 1. A real-life manufacturing process with alternatives.

The paper is organized as follows. We will first recall the
formal definitions of Nested Temporal Networks and the P/A graph
assignment problem. Then we will introduce the equivalence tree
as a data structure capturing information about logical equivalence
of nodes in Nested TNAs. After that we will formulate the
optimization version of the P/A graph assignment problem and
discuss its practical importance. Finally, we will show how the
equivalence tree can be exploited when solving the P/A graph
optimization problem and how the cost information can be
propagated through the equivalence tree.



2 PRELIMINARIES

P/A graphs were proposed in [1] to formally describe processes
with parallel and alternative branches. Let us first recapitulate the
formal definitions of a P/A graph and a P/A graph assignment
problem. Let G be a directed acyclic graph. A sub-graph of G is
called a fan-out sub-graph if it consists of nodes x, y,,..., y; (for
some k) such that each (x,y;), 1 <i <k, is an arc in G. If y,..., »;
are all and the only successors of x in G (there is no z such that (x,
z) is an arc in G and Vi = 1,...,k: z # y;) then we call the fan-out
sub-graph complete. Similarly, a sub-graph of G is called a fan-in
sub-graph if it consists of nodes x, y,,..., y; (for some k) such that
each (y;, x), 1 i<k, isan arc in G. A complete fan-in sub-graph is
defined similarly as above. In both cases x is called a principal
node and all yy,..., y are called branching nodes.

Definition 1: A directed acyclic graph G together with its pairwise
edge-disjoint decomposition into complete fan-out and fan-in sub-
graphs, where each sub-graph in the decomposition is marked
either as a parallel sub-graph or an alternative sub-graph, is called
a P/A graph.

Fan-in and fan-out sub-graphs impose logical relations between
the nodes — we call them branching constraints. In particular, we
are interested in finding whether it is possible to select a subset of
nodes in such a way that they form a feasible graph according to
the branching constraints. Formally, the selection of nodes can be
described by an assignment of 0/1 values to nodes of a given P/A
graph, where value 1 means that the node is selected (valid) and
value 0 means that the node is not selected (invalid). The
assignment is called feasible if

e in every parallel sub-graph all nodes are assigned the
same value (both the principal node and all branching
nodes are either all 0 or all 1),

e in every alternative sub-graph either all nodes (both the
principal node and all branching nodes) are 0 or the
principal node and exactly one branching node are 1
while all other branching nodes are 0.

Notice that the feasible assignment naturally describes one of the
alternative processes in the P/A graph. For example, weldRod is
present if and only if both clearRod and assembleKit are present
(Figure 1). Similarly, weldTube is present if exactly one of nodes
buyTube or clearTube is present (but not both).

It can be easily noticed that given an arbitrary P/A graph the
assignment of value 0 to all nodes is always feasible. On the other
hand, if some of the nodes are required to take value 1, then the
existence of a feasible assignment is by no means obvious. Let us
now formulate this decision problem formally.

Definition 2: Given a P/A graph G and a subset of nodes in G
which are assigned to 1, P/A graph assignment problem is “Is there
a feasible assignment of 0/1 values to all nodes of G which extends
the prescribed partial assignment?”

Intuition motivated by real-life examples says that it should not be
complicated to select the nodes to form a valid process according
to the branching constraints described above. The following
proposition from [1] says the opposite.

Proposition 1: The P/A graph assignment problem is NP-
complete.

The P/A graph has a very general structure, but the structure of
real-life processes is frequently more restricted as it is obtained by
decomposing a single meta-process into serial, parallel, or
alternative sub-processed until primitive activities are reached.
Based on this observation, we proposed a nested P/A graph in the
following way [2]:

Definition 3: A directed graph G = ( {s,e}, {(s,e)} ) is a (base)
nested graph. Let G=(V, E) be a graph, (x,y) € E be an arc in G,
and zj,..., z; (k> 0) be nodes such that no z; is in V. If G is a nested
graph (and 1 = {1,...,k}) then graph G’ = ( V U {z; | iel}, EL
{(x,2), (z:y) | i€l} — {(x,)}) is also a nested graph.

According to Definition 3, any nested graph can be obtained from
the base graph with a single arc by repeated substitution of any arc
(x,y) by a special sub-graph with & nodes (see Figure 2). Notice that
a single decomposition rule covers both the serial decomposition (k
= 1) and the parallel/alternative process decomposition (k> 1).

Figure 2. Arc decompositions in nested graphs.

The directed nested graph defines topology of the nested P/A graph
but we also need to annotate all fan-in and fan-out sub-graphs as
either alternative or parallel sub-graphs. The idea is to annotate
each node by input and output label which defines the type of
branching. Recall that a fan-out sub-graph with principal node x
and branching nodes z; is a sub-graph consisting of nodes x,
z1,..., zx (for some k) such that each (x, z;), 1 <i <k, is an arc in G.
Fan-in sub-graph is defined similarly.

Definition 4: Labeled nested graph is a nested graph where each
node has (possibly empty) input and output labels defined in the
following way. Nodes s and e in the base nested graph and nodes z;
introduced during decomposition have empty initial labels. Let k be
the parameter of decomposition when decomposing arc (x,y). If
k> 1 then the output label of x and the input label of y are unified
and set either to PAR or to ALT (if one of the labels is non-empty
then this label is used for both nodes).

Figure 3 shows how the labeled nested graph is constructed for the
example from Figure 1. Notice how the labels are introduced (a
semicircle for PAR label and A for ALT label) or unified in case
that one of the labels already exists (see the third step). When a
label is introduced for a mnode, it never changes in the
decomposition process.

Definition 5: 4 nested P/A graph is obtained from a labeled nested
graph by removing the labels and defining fan-in and fan-out sub-
graphs in the following way. If the input label of node x is non-
empty then all arcs (y, x) form a fan-in sub-graph which is parallel
for label PAR or alternative for label ALT. Similarly, nodes with a
non-empty output label define fan-out sub-graphs. Each arc (x, y)
such that both output label of x and input label of y are empty
forms a parallel fan-in sub-graph.



Figure 3. Construction of a labelled nested graph.

Note, that requesting a single arc to form a parallel fan-in sub-
graph is a bit artificial. We use this requirement to formally ensure
that each arc is a part of some sub-graph. In [2] we showed that a
nested P/A graph is a P/A graph and we also justified that indeed
the restricted nested structure makes the assignment problem easy.

Proposition 2: The assignment problem for a nested P/A graph is
tractable (can be solved in a polynomial time).

Note finally that Temporal Network with Alternatives is obtained
from the P/A graph by annotating each arc by a simple temporal
constraint (defines minimal and maximal distances between the
nodes allocated to time) and similarly for Nested TNA. In this
paper we assume that simple temporal constraints are only in the
form of precedence relations which are always satisfied as the
graphs are acyclic. However, as showed in [2] if unrestricted
simple temporal constraints are assumed then the assignment
problem becomes NP-hard even for the Nested TNA.

3 EQUIVALENCE TREE

For solving the P/A graph assignment problem, it is useful to know
which nodes are equivalent in the sense that either all appear in a
feasible assignment or none of them appears there [2]. One of the
problems of Nested TNAs is that information about equivalent
nodes is not explicitly represented in the network. Let us first
formally introduce the notion of equivalent nodes:

Definition 6: Let G be a P/A graph and u and v be arbitrary two
nodes of G. Then u and v are called equivalent if and only if there
is no feasible assignment of nodes in G in which u and v are
assigned different values.

As showed in [2] equivalent nodes can be detected during the
process of constructing the nested network and hence logical
reasoning is tractable for nested P/A graphs. We propose now a
novel data structure called an equivalence tree that explicitly keeps
information about the equivalent nodes. This data structure can be
used both for logical reasoning (what happens if some node
becomes valid or invalid) and for preference reasoning as we shall
present later.

Notice that the nodes participating in the parallel branching are
all equivalent in the sense of being all or none present in the
solution graph. A non-equivalence relation between the nodes is
introduced only via the alternative branching. The idea of the
equivalence tree is to keep all equivalent nodes from a Nested TNA

together in a so called E-node. The alternative branching in a
Nested TNA is represented using a so called A-node in the
equivalence tree that introduces new subsets of equivalent nodes
(Figure 4).

We build the equivalence tree along the process of building the
Nested TNA in the following way. The base nested graph
G =({s,e}, {(s,e)} ) is represented using a root E-node annotated
by the set {s,e}. Now, if we decompose arc (s,e) and the
decomposition is either parallel or a single node is introduced then
we add the new nodes to the annotation of the root E-node. If the
decomposition is alternative with new nodes z,,..., z; (k > 1) then
we introduce a new A-node connected to the root and £ E-nodes
connected to this A-node such that i-th E-node is annotated by the
set { z; }. Hence there are as many A-nodes in the equivalence tree
as the number of decompositions steps with alternative branching.
In general, each time arc (x,y) is decomposed we find E-nodes in
the current equivalence tree containing x and y in their annotation.
It may happen that both x and y are in the same E-node and then we
continue like above (in case of alternative branching the new A-
node is connected to this E-node, otherwise the new nodes are
added to the annotation of that E-node). If x and y are in different
E-nodes than we do the above extension of the equivalence tree
with the E-node that is farther from the root (we shall show later
that both E-nodes must be in the same branch of the equivalence
tree). Figure 4 shows the equivalence tree for the Nested TNA
from Figure 1.

collectMaterial, shipPiston, assemblePiston,
weldTube, weldRod, sawRod, assembleKit,
clearRod, aux

E-node
A-node
E-node E-node
buyTube sawTube,
clearTube

Figure 4. Example of an equivalence tree (the boxes represents the E-
nodes, the circle represents an A-node).

Before going into formal definitions, it should be noted that the
equivalence tree is unique for given Nested TNA independently of
the order of decompositions steps, but a single equivalence tree
may correspond to several Nested TNAs.

Definition 7: Let G = (V, E) be a nested P/A graph. Then the
equivalence tree for graph G is a tree with two types of nodes: E-
nodes and A-nodes satisfying the following properties. The root of
the tree is an E-node, the leaves of the tree are E-nodes, the parent
of A-node is an E-node, and the parent of an E-node is an A-node
(hence the E-nodes and the A-nodes alternate in any branch of the
equivalence tree). Each E-node is annotated by a non-empty subset
of nodes from V such that all these nodes are equivalent with
respect to G. Each node from V is present in exactly one E-node.
Finally, let X be an E-node, Y be its child node (must be an A-
node), and Z;,..., Z; be all children of ¥ (must be E-nodes) and let x
be from the annotation of X and each z; be from the annotation of Z;
(1 £i<k). Then in any feasible solution to the assignment problem
for graph G, either all x,z,,..., z; are invalid or x is valid and exactly
one of nodes z,,..., z; is valid.
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Figure 5. Construction of equivalence trees for the nested P/A graphs.

As already mentioned the motivation behind the equivalence tree is
keeping all equivalent nodes together and representing alternative
branching relations. We sketched the process of obtaining an
equivalence tree for the nested P/A graph at the beginning of this
section. The following Algorithm 1 formalizes the process.

1. The base nested graph G = ( {s.e}, {(s,e)} ) is represented
using an equivalence tree T with a single E-node annotated
by the set {s,e}.

2. LetG=(V,E)be anested P/A graph, (x,y) € E be its arc that
will be decomposed to new nodes z;,..., z; (k> 0), and G’ be
the P/A graph after the decomposition (see Definition 3). Let
T = (N, C) be an equivalence tree for G and X denotes the E-
node from N that is the farthest node from the root among the
nodes whose annotation contain either x or y.

a. If the decomposition is parallel or £ = 1 then T” = T,
where the annotation of X is extended by nodes zj,...,
z, is an equivalence tree for G’.

b. If the decomposition is alternative and £ > 1 then let Y be
a new A-node (not in N) and Z,,..., Z; be new E-nodes
(not in N) such that Z; is annotated by {z;}. The graph
T = (NU (Y} U {Z] iel}, C U {1} U {(V.2) |
iel}), where I = {1,...,k}, is an equivalence tree for G’.

Figure 5 demonstrates the above process of building an
equivalence tree.

Lemma 1: Let G = (V, E) be a nested P/A graph, (x,y) € E be an
arc in G, T = (N, C) be an equivalence tree for G constructed using
the Algorithm 1, and X and Y be E-nodes in T containing x and y
respectively in their annotations. Then either X = Y or the path
between the nodes X and Y is a part of a branch in T.

Proof: The equivalence tree for the base nested graph trivially
satisfies the lemma. All arcs added in step 2 of the algorithm also
satisfy the lemma. B

Proposition 3: The graph T obtained by Algorithm 1 for a nested
P/A graph G = (V, E) is an equivalence tree for G.

Proof: First, it should be clear that the graph T obtained by
Algorithm 1 is a tree with alternating E-nodes and A-nodes on each
branch, the root of T is an E-node and the leaves of T are E-nodes.

Also each node from V appears in annotation of exactly one E-
node from the equivalence tree T.

Let us prove now that the nodes in the annotation of a given E-
node are equivalent with respect to G. The nodes s and e from the
base graph are equivalent. New nodes can be added to the existing
annotation of the E-node only by step (2a) of Algorithm 1. Either
these nodes are a part of a parallel sub-graph (a decomposition) and
all such nodes are equivalent (the definition of a feasible
assignment for parallel sub-graphs) or the new node is a part of the
decomposition of size 1. In this second case, assume that arc (x, y)
was decomposed and a new node z was added. Either x and y are
equivalent and hence part of the annotation of a single E-node; z is
added to this E-node because it is equivalent with x and y, or x is a
principal node and y is a branching node in some alternative sub-
graph (a symmetrical situation is similar) and then z is equivalent
with y. Then y was added later to graph G and hence the E-node Y
with y is farther from the root of T than the node with x (due to step
2b of Algorithm 1) and z is added to the annotation of Y.

It remains to prove the last condition of Definition 7 which is a
direct consequence of step (2b) of Algorithm 1, definition of
feasible assignment for alternative sub-graphs, and having only
equivalent nodes in the annotation of each E-node. B

The equivalence trees represent a compact way for describing
the branching constraints in nested P/A graphs. Instead of
specifying the branching constraints for the nodes in a P/A graph,
we can specify the branching constraints for the E-nodes in the
corresponding equivalence tree. In particular, let Valy be a 0/1
variable for the E-node X. Then we define the branching
constraints in the following way. Let X be the E-node, Y be its child
node (must be an A-node), and Z,,..., Z; are all children of ¥ (must
be E-nodes) then the branching constraint is Valy=2X., , Valz.
The soundness of this model follows directly from the Definition 7.
Moreover, this model is clearly Berge acyclic where arc
consistency guarantees global consistency [S]. Hence this is an
alternative proof of the Proposition 2. Actually, the proposed
model is equivalent to the model proposed in [2]; the main
difference is that instead of a set of validity variables for the
equivalent nodes in the P/A graph that are connected via the
equality constraints we use a single validity variable for the
corresponding E-node in the equivalence tree and so the new
model has a smaller number of variables and constraints.



4 PREFERENCE MODEL WITH
ALTERNATIVES

Traditional scheduling problems are optimization problems where
the utility function is frequently dependent on time such as
makespan, tardiness, and earliness. In this paper we suggest a
different type of the utility function that depends on the selection of
activities among the alternatives. Such a utility function is more
typical for Al planning where actions have cost and the task is to
find a plan (a sequence of actions) where the sum of action costs is
minimized. Even the earliest formulations of planning problems
where the task was to find the shortest plan (a plan with the
smallest number of actions) can be formulated as a cost
optimization problem (each action has identical cost 1). According
to our experience with the real-life scheduling problems, the
alternative processes are not of the same cost and the users want to
specify that one alternative is preferred to another one. One of the
possible ways how to model such preferences is using the cost
model from Al planning. Briefly speaking, each action has a non-
negative cost and the task is to select a subset of actions where the
sum of action costs is minimized and all other constraints are
satisfied. In our formal model of P/A graphs we assume only the
logical branching constraints (in practice, the temporal and
resource constraints must also be assumed) so the problem can be
formalized as follows:

Definition 8: Given a P/A graph G such that each node has a non-
negative cost and a subset of nodes in G which are assigned to 1,
the P/A graph optimization problem is the problem of finding a
feasible assignment of 0/1 values to all nodes of G which extends
the prescribed partial assignment and minimizes the sum of costs
of nodes assigned to 1.

The P/A graph optimization problem for G = (V, E) can be
naturally modeled as a constrained optimization problem. Let X be
the Boolean (0/1) validity variable for each node x € V, cost, be
the cost of node x, and S < V be the set of nodes assigned to 1.
Then the following constraint model describes the problem:

minimize > ..y X * cost, under the constraints

X=Y for each (x, y) € E s.t. x and y are part of
parallel sub-graph

X=Z2 xZi for each complete alternative sub-graph with
the principal node x and branching nodes
Z]yeens Zf

X=1 for eachx € S

X e {0, 1} foreachx € V

As shown in [2], the above model does not propagate a lot, in
particular, arc consistency does not remove all infeasible values.
Even if we modify the logical part of the model as described in [2]
or earlier in this paper, we still do not achieve global consistency
regarding the utility function. The following example demonstrates
that:

minimize A+B+C+D under the constraints

A =B+C
D=B+C
A=1

A,B,C,De {0, 1}

In the example we assume the cost of each action to be 1 hence
utility is A+B+C+D. Clearly, the value of the utility function
equals 3 if the logical (branching) constraints are satisfied.

However, the lower bound of the utility function as computed via
arc consistency is 1 while the upper bound is 4. If we add the
implied constraint A = D as suggested in [2], we obtain global
consistency for the logical constraints (D = 1), the lower bound of
the utility function increases to 2, but the upper bound does not
change (it is still 4). In the following section, we shall show how to
achieve global consistency for the utility function by integrating
logical and preference reasoning by means of the equivalence tree.

5 REASONING WITH PREFERENCES ON
ALTERNATIVES

As we already presented, the equivalence tree can be used to define
an alternative constraint model for the P/A graph assignment
problem and this model achieves global consistency. The main idea
was that the equivalent nodes arising from parallel sub-graphs in
the P/A graph are kept together in a single E-node of the
equivalence tree while the alternative sub-graphs are modeled via
the A-nodes. We used 0/1 variable Valy to describe whether all
nodes from the annotation of E-node X (or none of them) belong to
the solution sub-graph defined by the nodes of the P/A graph that
are assigned to 1. Hence, a feasible assignment of the nodes in the
P/A graph corresponds to a feasible assignment of the nodes in the
corresponding equivalence tree. In a similar way, we can
accumulate thr costs of all nodes in the annotation of E-node X:
fCosty = 2 cannotationcry €OSt.. Then the utility function can be
reformulated in terms of the equivalence tree T = (N,C):

ZXGN ValX * fCOStX.

The above reformulation of the utility function strengthens domain
filtering (the estimate of bounds) in the same was as adding the
implied equality constraints (see the previous section), but it still
does not achieve global consistency. We shall now present how to
compute the lower and upper bounds of the utility function
precisely for any consistent (possibly partial) assignment of
variables Valy. Let dom(A) be the domain of variable A (possible
values to be assigned to A). For each node X (both E-nodes and A-
nodes) in the equivalence graph we compute the values minCosty
and maxCosty using the following Algorithm 2:

let the nodes X be visited in the order from leaves to the root

if X is a leaf E-node then
case 1e dom(Valy): minCosty = maxCosty = fCosty
case Valy = 0: minCosty = oo, maxCosty = -0
if X is an A-node with Z1,..., Zk being all its child E-nodes then
minCosty = min{ minCost | i = 1,....k}
maxCosty = max{ maxCostz | i = 1,...,k}
if X is a non-leaf E-node with Y1,..., Yk being all its child A-nodes then
case 1e dom(Valy):
minCosty = fCosty + >~/ x minCosty;
maxCosty = fCosty + X,
case Valy=0:
minCosty = o0, maxCosty = -0

» maxCosty;

In the algorithm we assume that min & = o0 and max & = -o0. After
running the Algorithm 2, the values minCost and maxCost of the
root node of the equivalence tree represent the lower and upper
bounds of the utility function provided that at least one node is
valid. We do not assume the trivial situation where all nodes are
invalid, for which the utility function equals zero. Notice also that



if at least one node is pre-assigned to 1 (it’s valid) then Valg = 1 for
the root node R of the equivalence tree.

Proposition 4: Let R be the root node of an equivalence tree T and
minCostg # . Then there exists a feasible assignment of nodes in
T such that the utility function equals minCostr (and similarly for
maxCostg).

Proof: The feasible assignment will contain the root node, that is,
Valg = 1. From the Definition 7 we know that for each A-node Y
that is a child of R, exactly one child Z; of Y must be valid. Let j =
argmin{ minCostz | i = 1,....k}, where Z,,..., Z, are all children of
Y, then put Valy; = 1 and Valy; = 0 for i # j (if there are more such j
then select one). Note that this is possible because there must be
some minCosty; different from oo and hence 1 € dom(Valy).
Moreover, 0e dom(Valy) for i # j because otherwise Valz = 0 due
to global consistency of variables Valy. This way we continue until
we reach the leaf nodes. Valz = 0 means that all descendants of Z;
are invalid; Valy; = 1 means that we select a valid children as
above. Clearly, the selected nodes form a feasible assignment and
the value of the utility function equals minCostg. A similar
approach can be applied to obtain a feasible assignment for
maxCostz. l

Proposition 5: The P/A graph optimization problem for nested P/A
graphs is solvable in polynomial time.

Proof: The Algorithm 2 runs in the linear time in the number of
nodes of the equivalence tree and Proposition 4 shows how to find
the optimal assignment. H

The Algorithm 2 is used to compute the bounds of the utility
function. It is based on idea of propagating the cost information
from the leaves to the root. It represents one-way propagation from
variables Valy to the utility function. We can also propagate in the
opposite direction from the bounds of the utility function to
variables Valy. This way, we can invalidate nodes (Valy = 0) that
cannot be part of the feasible assignment whose value of the utility
function is within given bounds. Again, we can utilize the values
minCost and maxCost but now they are recomputed in the
direction from the root R to the leaves as the proof of Proposition 4
showed. Algorithm 3 describes a general approach when minCostg
is increased and/or maxCosty is decreased:

let the nodes X be visited in the order from the root to the leaves

case X is an E-node (with possible children Yj,..., Yy):
if minCosty > maxCosty then
Valy=0
for j =1 to k do minCosty; = o0, maxCosty; = -0
else
forj=1tokdo
minCosty; = max(minCosty;,
minCosty - fCosty - 2=;,_ # maxCosty)
maxCosty; = min(maxCosty;,
maxCosty - fCosty - 2=;___4 17 minCosty)

case X is an A-node (with children Z,,..., Zx such that 1 € dom(Valy)):
forj=1tokdo
minCostz = max(minCostz;, minCosty)
maxCostz = min(maxCostz;, maxCosty)

The Algorithm 3 invalidates the only nodes that cannot be part of a
feasible assignment, but not all of them. We are currently working
on its stronger version.

6 DISCUSSION AND CONCLUSIONS

The paper describes equivalence trees as a compact representation
of the logical relations in Nested Temporal Networks with
Alternatives. We showed that the equivalence trees can be used for
efficient propagation of branching (logical) constraints. We
proposed a novel utility function for scheduling problems where
the alternative activities are assumed and we showed that the
equivalence trees simplify propagation of cost information for that
utility function. The utility function is based on summation
operation which usually propagates weakly but via integration with
logical reasoning we can compute the exact bounds of the utility
function and we can also filter-out some activities based on the
restricted bounds of the utility function. We focused on efficient
logical and cost reasoning that is relatively novel for scheduling
problems. To model real-life problems one needs to assume
temporal and resource constraints as well. They can be easily
added when using constraint satisfaction framework and we
already know that if simple temporal constraints are assumed then
the P/A graph assignment problem becomes NP-hard [3]. It is still
interesting to find out how to integrate logical, temporal, resource,
and cost reasoning to achieve stronger domain filtering. An
interesting question is also how to combine the utility functions
based on time (tardiness, earliness) with the utility function based
on the selection of alternatives.
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Using Soft Constraints for Deduction and Abduction in
Policy-based Access Authorization'

Stefano Bistarelli 2 and Fabio Martinelli > and Francesco Santini *

Abstract. We show that soft constraints can be used to model logi-
cal reasoning, that is deduction and abduction. In particular, we focus
on the abduction process and we show how it can be implemented
with a (soft) constraint removal operator. As a running application
example throughout the paper, we reason with access control poli-
cies and credentials. In this way, we can associate the level of pref-
erence defined by the “softness” of the constraint with a “level” of
trust. The main benefit comes during the process of automated ac-
cess authorization based on trust: soft constraint operations can be
easily adopted to measure the level of trust required for each oper-
ation. Moreover, when the level is not sufficient, abduction can be
used to compute the missing credentials and the levels that grant the
access, making the request a (weighted) logical consequence.

1 Introduction and Motivations

In this work we interpret Logical Reasoning [16, 17] in the soft con-
straint field [1], in order to grant an authorization based on creden-
tials and trust derivation. The classical operators as deduction and
abduction are implemented by soft constraint operators, having in
this way a powerful and expressive tool for the automated compu-
tation of these related problems, which also take a preference score
into account.

Using logic programming languages for security policy is custom-
ary in computer security: in [4, 5] the authors have presented a variant
of RT language [13] (called it RT"™) that use soft constraints and is
able to deal with weights on ground facts and to consequently com-
pute a feedback result for the goal satisfaction. The proposed RT"
framework is able to represent policies: by querying such programs
we can infer if the authorization, given a specific set of credentials,
is allowed or not with a specific level of trust. For example, a cre-
dential can now state that the referred entity is a “student” with a
probability of 80% because her/his identity of student is based on
what an acquaintance asserts (thus, it is not as certain as declared
in IDs). Therefore, also the final authorization decision can be taken
according to a trust value related to the composition of all the used
credentials, e.g. with a total probability greater than 90% [4, 5].

However, often the user simply wants to obtain a service or to
access to a resource, and he does not know which credential is
needed [12], or which level of trust is needed to obtain the access.
Thus, often the user simply presents a very small set of credentials
and expects the system to return enough information to guide him to-

L Partially supported by the MIUR PRIN 20089M932N: ”Innovative and
multi-disciplinary approaches for constraint and preference reasoning”.

2 Universita di Perugia, Ttaly , email: bista@dmi.unipg.it

3 Istituto di Informatica e Telematica, CNR Pisa, Italy, email:
fabio.martinelli @iit.cnr.it

4 Universita di Perugia, Italy , email: santini @dmi.unipg.it

wards the missing credentials that grant him to access. When the user
obtains such information, he can decide to present such credentials
or, for instance, to buy the necessary credentials with “enough” trust
level, in order to definitely access to the service. Two basic services
can be used inside authorization systems. The first one is represented
by deduction [12, 16]: given a policy and a set of additional facts and
events, the service finds out all consequences (actions or obligations)
of the policy and the facts, i.e. whether granting the request can be
deduced from the policy and the current facts. Abstracting away the
details of the policy implementation, we can observe that only one
reasoning service is actually used by policy based self-management:
deduction.

Access authorization usually needs another reasoning service: ab-
duction [12, 16]. Loosely speaking, abduction is deduction in re-
verse: given a policy and a request for access to (e.g.) services, it
consists in finding the credentials/events that would grant access, i.e.
a (possibly minimal) set of facts that added to the policy would make
the request a logical consequence. The intuition behind an interac-
tive (client-server) access control system is the following: i) initially
a client submits a set of credentials and a service request then, ii)
the server checks whether the request is granted by the access policy
according to the client’s set of credentials. If the check fails, iii) by
using abductive reasoning the server finds a (minimal) solution set
of (disclosable) missing credentials that unlocks the desired resource
and iv) returns them to the client, so that v) he can provide them in
the second round.

These services provided by logical reasoning are important in au-
tonomic networks of nodes [12], where partners offer services and
lightly integrate their efforts into one (hopefully coherent) network.
This cross enterprise scenario poses novel security challenges with
aspects of trust management systems. Access to services is offered by
autonomic nodes on their own and the decision to grant or deny ac-
cess must rely on attribute credentials sent by the client [12]. There-
fore, when speaking about autonomic authorization, the abduction
process it is exactly what one node looks for. By using soft con-
straints, the user wishes to obtain a resource with a specific trust
level, and the server answer has to provide not only the expected cre-
dential (that the user needs to present), but also the trust level of such
credential. The claim is that developing the notion of deduction and
abduction operations in soft constraints allows to naturally reason on
trust policies: these policies have been initially assembled from the
logic point of view, then constraints have been added for expressivity
reasons [13]. We have further extended this step by adding levels of
trust (i.e. trust scores) [4, 5].

In Sec. 2 we summarize the fundamental notions about soft con-
straints, while Sec. 3 shows how classical deduction and abduction
operations can be implemented by using constraint composition and
division, i.e. ® and ©; to complete the presentation of logical rea-



soning. Section 4 shows an implementation of deduction/abduction
operations by using Constraint Handling Rules [10]. At last, Sec. 5
discusses the related work and Sec. 6 draws the final conclusions.

2 Background on Soft Constraints

An absorptive semiring [3] S can be represented as a (A, +, x,0,1)
tuple such that: i) Aisasetand 0,1 € A;ii) + is commutative, asso-
ciative and O is its unit element; iii) X is associative, distributes over
+, 1 is its unit element and O is its absorbing element. Moreover, +
is idempotent, 1 is its absorbing element and x is commutative. Let
us consider the relation <g over A such that a <g biffa +b = b.
Then it is possible to prove that (see [6]): i) <g is a partial order;
ii) + and x are monotonic on <g; #ii) 0 is its minimum and 1 its
maximum; iv) (A, <g) is a complete lattice and, for all a,b € A,
a + b = lub(a, b) (where lub is the least upper bound). Informally,
the relation <g gives us a way to compare semiring values and con-
straints. In fact, when we have a <g b (or simply a < b when the
semiring will be clear from the context), we will say that b is better
than a.

In [3] the authors extended the semiring structure by adding the
notion of division, i.e. +, as a weak inverse operation of X. An ab-
sorptive semiring S is invertible if, for all the elements a, b € A such
that a < b, there exists an element ¢ € A such that b X ¢ = a [3].
If S is absorptive and invertible, then, S is invertible by residuation
if the set {x € A | b x © = a} admits a maximum for all elements
a,b € A such that a < b [3]. Moreover, if S is absorptive, then it is
residuated if the set {x € A | b X z < a} admits a maximum for
all elements a, b € A, denoted a + b. With an abuse of notation, the
maximal element among solutions is denoted a =+ b. This choice is
not ambiguous: if an absorptive semiring is invertible and residuated,
then it is also invertible by residuation, and the two definitions yield
the same value.

To use these properties, in [3] it is stated that if we have an ab-
sorptive and complete semiring’, then it is residuated. For this rea-
son, since all classical soft constraint instances (i.e. Classical, Fuzzy,
Probabilistic and Weighted) are complete and consequently residu-
ated, the notion of semiring division can be applied to all of them.
Therefore, for all these semirings it is possible to use the = opera-
tion as a “particular” inverse of X; its extension to soft constraints,
defined as €, can be used to remove soft constraints from the store
(i.e. the considered set of constraints).

A soft constraint [6, 1] may be seen as a constraint where each
instantiation of its variables has an associated preference. Given
S = (A, +, x,0,1) and an ordered set of variables V over a (finite)
domain D, a soft constraint is a function which, given an assignment
n : V. — D of the variables, returns a value of the semiring. Using
this notation C = i — A is the set of all possible constraints that
can be built starting from S, D and V. Any function in C involves all
the variables in V', but we impose that it depends on the assignment
of only a finite subset of them. So, for instance, a binary constraint
Caz,y Over variables = and y, is a function ¢z : (V — D) — A,
but it depends only on the assignment of variables {z,y} C V (the
support, or scope, of the constraint). Note that c¢n[v := d;] means
cn’ where 1’ is  modified with the assignment v := d;. Notice also
that, with cn, the result we obtain is a semiring value, i.e. cn = a
with a € A.

Given the set C, the combination function of constraints &
C x C — Cis defined as (c1 ® c2)n = c1n X can (see also [6, 1]).

5 If S is an absorptive semiring, then S is complete if it is closed with respect
to infinite sums, and the distributivity law holds also for an infinite number
of summands.

Having defined the operation - on semirings, the constraint division
function & : C x C — C (which subtracts the second constraint from
the first one) is instead defined as (c1 & c2)n = c1m+can [3]. Basing
ourselves on the definition of + and given S = (A, +, x,0,1), a+b
is defined as the m maximal element of the set {x € A | bxx < a}.
Therefore, n <s m for every other element n in the set and, ex-
tended to constraints, ¢, Cg ¢m <= cn(z =n) <g cm(x =m),
i.e. the other possible constraints obtained by choosing a different x
in{x € A|bxz <g a} imply the one obtained by choosing the
m maximal element. For this reason, the & operator is able to find
the minimal explanation (see Sec. 3). Given a constraint ¢ € C and
a variable v € V/, the projection [6, 1] of ¢ over V — {v}, written
¢ (v \{o}) is the constraint ¢’ such that 'n = 3, ., enfv := d], In-
formally, to project means eliminating some variables from the sup-
port.

Informally, performing the ® or the & between two constraints
means building a new constraint whose support involves all the vari-
ables of the original ones, and which associates with each tuple of do-
main values for such variables a semiring element which is obtained
by multiplying or, respectively, dividing the elements associated by
the original constraints to the appropriate sub-tuples. The partial or-
der <g over C can be easily extended among constraints by defining
c1 C ca <= c1n < con. Consider the set C and the partial order
C. Then, an entailment relation =C ©(C) x C is defined s.t. for each
Cep(C)andc e C,wehave C' F ¢ < @ C C c(seealso [1]).
Therefore we can say that if, given a constraint store o, o C ¢ (or
o+ ¢), then cis a logical consequence of .

Considering a semiring S = (A, 4+, x,0,1), a domain of the
variables D, an ordered set of variables V' and the corresponding
structure C, then S¢ = (C,®, 0,1, 3., dsy) is a cylindric constraint
system (“a la Saraswat™)°.

<a>—1 <a,a>—~5 <a>—~5
<b>—>9 <a,b>— 1 <b>—-5
<b,a>— 2
Cy <b,b>— 2 Cg
X Y

C>

Figure 1. A soft CSP based on a Weighted semiring.

A SCSP Example. Figure 1 shows a weighted SCSP as a graph:
the used semiring is the Weighted semiring, i.e. (R*, min, +, 0o, 0)
(+ is the arithmetic plus operation). Variables and constraints are
represented respectively by nodes and by arcs (unary for c¢; and cs,
and binary for c2), and semiring values are written to the right of
each tuple. D = {a, b}. The solution of the CSP in Fig. 1 associates
a semiring element to every domain value of variables X and Y by
combining all the constraints together, i.e. Sol(P) = @ C. For in-
stance, for the tuple {a, a) (thatis, X = Y = a), we have to compute
the sum of 1 (which is the value assigned to X = a in constraint c1),
5 (which is the value assigned to (X = a,Y = a) in ¢2) and 5
(which is the value for Y = a in c¢3). Hence, the resulting value for
this tuple is 11. For the other tuples, (a,b) — 7, (b,a) — 16 and
(b,b) — 16. The blevel for the example in Fig. 1 is 7, related to the
solution X = a,Y =b.

6 Notice that in SCCP, algebraicity is not required, since the algebraic nature
of C strictly depends on the properties of the semiring [1].



3 Logical Reasoning with Soft Constraints

In this Section we redefine two basic logical reasoning pro-
cesses [16], deduction and abduction, by using the framework based
on soft constraints and presented in Sec. 2. To accomplish this, we
adopt the ®, © and C operators as summarized in Sec. 2.

Deduction. Deduction means determining the conclusion, thus to
use a rule and its precondition to make a conclusion [12, 16]. Con-
straint solving techniques are frequently based on constraint prop-
agation, a technique that can be seen as a specific form of deduc-
tion. An Example is “When a paper is poorly presented, it receives a
bad review. The paper I am reviewing is poorly written, then I write
a bad review”. An argument is said to be deductive when the truth
of the conclusion necessarily follows or is a logical consequence of
the truth of the premises and (consequently) its corresponding condi-
tional is a necessary truth. Deductive arguments are said to be valid
or invalid, never true or false. A deductive argument is valid if and
only if the truth of the conclusion actually does follow necessarily (or
is indeed a logical consequence of) the premises and (consequently)
its corresponding conditional is a necessary truth. In Def. 1 we define
deduction through soft constraints:

Definition 1 [Deduction with soft constraints] Given a soft con-
straint store o which represents the current knowledge and a soft
constraint ¢, if o C c then the store entails (i.e. deduces) c.

Therefore, w.r.t. Def. 1, the store o represents the premise and ¢
a logical consequence of o. The - (or C, see Sec. 2) consequently
implements the deduction operator as for the crisp - entailment op-
erator [8].

As introduced in Sec. 1, we use a running example based on
Policy-based Access Control to show how “soft” deduction and ab-
duction can be used. We suppose that the soft constraint store con-
tains all the collected information, i.e. the access policy and the cre-
dentials presented by the requestor and other parties, that is, for ex-
ample, external databases. A credential, in a general definition, is an
attestation of qualification, competence, or authority issued to an in-
dividual by a third party with the authority or the competence to do
0. A policy describes the rules that grant the authorization. With re-
spect to Def. 1, the o store represents the policy p and the collected
credentials ¢, i.e. 0 = p ® ¢, and the store entails (i.e. deduces) the
access request r if o C r. An example of policy and credentials is
given in the program in Tab. 1: we adopt the RTy" language [4, 5],
a weighted extension of the RTp language [13].

EPub.disct «— EPub.preferred N EPub.brightStudent.
EPub.preferred «— EOrg.highBudget N
EOrg.oldCustomer.
EPub.brightStudent «+—
EPub.goodUniversity.highMarks.
EPub.goodUniversity «— ABU.accredited.
ABU.accredited «— ( StateU, 9 ).
StateU.highMarks «— ( Alice, 8 ).
EOrg.highBudget «— ( Alice, 6 ).
EOrg.oldCustomer «— ( Alice, 7 ).

Table 1. An example in RTW | with weights associated to the credentials.

The example in Tab. 1 describes a fictitious Web publishing ser-
vice, EPub, which offers a discount to anyone who is both a pre-
ferred customer and a bright student. EPub delegates the authority

over the identification of preferred customers to its parent organiza-
tion, EOrg. In order to be evaluated as a preferred customer, EOrg
must issues two different types of credentials stating that the cus-
tomer is not new (i.e. EOrg.oldCustomer) and has already spent some
money in the past (i.e. EOrg.highBudget). EOrg assigns a cost value
to both these two credentials to quantify its evaluation. EPub dele-
gates the authority over the identification of bright students to the
entities that are accredited universities. To identify such universities,
EPub accepts accrediting credentials issued by the fictitious Accred-
iting Board for Universities (ABU). ABU evaluates a university with
a fuzzy score and each university evaluates its enrolled students. A
student is bright if she/he is both enrolled in a good university and
has high marks. To solve the example in Tab. 1, we use a Weighted
semiring Sweightea = (RT, min, &, +00,0), where - is the arith-
metic sum and where the preference levels in R* represents the
money cost that is needed to buy or retrieve a given credential (e.g.
the cost to pay the office supplies and the clerk service): for exam-
ple, StateU.highMarks «— ( Alice, 8 ) in Tab. 1 certi-
fies that Alice has obtained a good number of high marks for the
exams completed at the StateU university (the credential is issued by
StateU), and the cost associated with this credential is 8 euro.

The last four rules represent the weighted credentials presented
to the authorization entity, while the other rules consist in the ac-
cess policy. The example, together with the deduction process, is de-
scribed in the next paragraph. The final money cost, obtained by com-
posing together all the values of the used credentials, can be com-
pared with a threshold to authorize the discount: e.g. only entities
whose set of credentials produced a score greater than 7 are autho-
rized. The four credentials, which are all used by the policy rules,
prove that Alice is eligible for the discount with a money cost of 30:
6+7+8+9 = 30 euro.

By considering Def. 1 and the example in Tab. 1, we can use
the deduction operation in the following simple and crisp example
(also classical crisp problems can be cast in the soft framework [6,
1] by using the Classical semiring ({true, false},V, A, false,
true)): if o = Student(Alice) ® HighMarks(Alice) ® (Student(x) N
HighMarks(x) C Access(x)), then o C Access(Alice), we can deduce
that Alice can access. The policy in Tab. 1 has been also implemented
in CIAO Prolog in [5].

Abduction. Abduction consists in using the conclusion and the
rule to support that the precondition could explain the conclusion [12,
16]. For example, “When a paper is poorly presented, it receives a
bad review. I received a bad review for my paper, therefore it is poorly
presented”. Therefore, if the o does not store enough information to
satisfy c (i.e. the ¢ conclusion cannot be obtained with deduction),
it is interesting to automatically obtain the missing information that
would allow to satisfy c. In Def. 2 we define abduction by using the
© operation presented in Sec. 2:

Definition 2 [Abduction with soft constraints] Given a soft con-
straint store o and a constraint c, then the abduction process is aimed
at finding a constraint d, suchthatc @ d C ¢, i.e. d = cSo.

Notice that the division operator we are adopting is a deterministic
operator (see Sec. 2) and provides a single solution d (which is also
the minimal solution, as explained later in this section). Considering
Def. 2, the trivial case is when o C ¢ since c® o = 1, that is nothing
must be added to the store in order to satisfy ¢, which is already im-
plied by it. Following the definition of + (see Sec. 2), the abducted
constraint is an approximation since the operator returns the maxi-
mum in {x € A | b x = < a}: this approximation d contains less or



equal information than the real result u, i.e. u C d.

Access Control for autonomic communication needs the abduction
reasoning service [19]. The key idea is that in an autonomic network
a client may have the right credentials but may not know them and
thus an autonomic communication server needs a way to avoid leav-
ing the client stranded. If we consider our example on policy-based
access control, ¢ = p ® c represent the policy p and a c credential,
and the abducted d constraint is suchthat c @ d C r,ie. d = r S0,
where d is the abducting credential for the access request 7.

An explanation is an input which can explain the result (via the
given the inference rules). A minimal explanation, is one which
makes just as many assumptions as needed to obtain an explana-
tion [8]. The concept of minimal explanation is important because it
consists in the minimal amount of information needed to obtain the
desired consequence: disclosing more credentials could lead to pri-
vacy problems since more than enough information is revealed. The
abduction operation in Def. 2 is able to find the minimal (in this case,
soft) explanation as proposed in [8] for the crisp version, according
to the definition of <+, and consequently € shown in Sec. 2 and in [3].
Therefore, the d constraint in Def. 2 is the minimal explanation of c.

Figure 2. The representation of o, the request r and the abducted soft
constraint d, represented with the thick line.

A graphical intuition of the “soft” abduction definition is given
in Fig. 2. There we consider the Fuzzy semiring Spy..y = ([0..1],
max, min, 0, 1), that is we analyze the truth degree connected to a
credential and evaluated by the entity which signs and issues it, as
proposed for the examples in [4, 5]. Suppose that the soft constraints
o and r (and consequently d = r & ) have as their support only the
variable x, which represents the entity that requests the authorization;
these constraints are represented as functions in x in Fig. 2. Suppose
that o = Student(Alice) ® (Student(x) N HighMarks(x) C Access(x)),
and that r Access(x), then d = HighMarks(x). Moreover, if
o(x= Alice) = 0.9 and r(x= Alice) = 0.7, then d(x= Alice) = 0.7.
Thus Alice needs to attest the fact that she has high marks with a trust
score 0.7 or greater. Where o(z) < r(z), then d(z) = 1, otherwise
d(x) = r(z), according to the definition of + given in [3]:

1 ifb<a

a ifa<bd

a+b=max{x | min{b,z} <a} = {

Now suppose to consider the Weighted semiring Sweighted =

(RT, min, 4, +00,0). If o(x= Alice) = 7 and r(x= Alice) = 10,

then d(x= Alice) = 3 (d = r© o). Since d = HighMarks(x), this

operation suggests Alice to provide a credential attesting that she has

HighMarks and to spend at least 3 euro, in order to be able to ac-
cess. The definition of = (i.e. the arithmetic subtraction 2 is:

0

a=b

ifb>a

a+b:min{mb—i—x>a}:{ 0> b
ifa
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roomExam  dateExam

assProf roomExam & dateExam

fullProf

Figure 3. A lattice representing the strength of roles: fullProf entails all
the other roles.

Notice that the credentials can be seen as partially ordered: as-
sistant professor < associate professor < full professor, that is the
full professor credential provides higher access capabilities w.r.t. as-
sistant professor. This partial order can be easily represented with
semiring (see Sec 2). This role hierarchy, where higher the role in
the hierarchy, more powerful it is, is adopted also in [12]. A role
dominates another role if it is higher in the hierarchy and there is a
direct path between them in the lattice representing the hierarchy of
roles. For example, fullProf(X) C dateExam(X) ® roomExam(X), but
assProf(X) C roomExam(X) only, i.e. the assistant professor has less
rights. The complete lattice of roles is shown in Fig. 3.

It is worth to notice that our & operation can be considered as a
“relaxation” of the store, and not only as a strict removal of the to-
ken representing the constraint, because in soft constraints we do not
have the concept of token. Thus, if we perform ¢ & ¢ during the ab-
duction phase, ¢ can be removed even if it is different from any other
constraints previously added to o; therefore, it is also possible to re-
move only a part of a piece of information (e.g. a part of a credential).
For example, considering the five soft constraints reported in Fig. 4
and the Weighted semiring, c1 ® c2 = c3, and at this point we can
also remove ¢4 from c3, that is c3 ©ca cs, even if ¢4 has been
not already added to the store before, but it is however implied by it.
To show this concept with a crisp example, it is like if the constraint
store is equivalent to I have a car and we could remove A ftire of
my car is punctured obtaining I have a car with three not punctured

tyres.

ci:({z} - N) = RT ste(zr)=x+3
c2:({z} = N) =Rt stefx)=x+5
cs:({z} = N) =Rt stcs(z)=2x+8

ca: ({2} - N) - Rt

st.a(z)=z+1
cs: ({r} - N) — Rt (

stes(z)=a+7

Figure 4. Five weighted soft constraints; notice that c3 = ¢1 ® c2 and
cs = c3ocy.

4 Deduction and Abduction in CHR

In this section we implement the deduction and abduction opera-
tions presented in Sec. 3 by using the Constraint Handling Rules [10]
(CHR) language.

CHR is a high-level language designed for writing user-defined
constraint systems. It is essentially a committed-choice language
consisting of guarded rules that rewrite constraints into simpler ones
until they are solved. There are three kinds of CHR rules: simpli-
fication, propagation and simpagation. Simplification rules replace



user-defined constraints by simpler ones. Propagation rules add new
redundant constraints that may be necessary to do further simplifica-
tions. A simpagation rule is equivalent to a simplification rule with
some of the heads repeated in the body. On a simpagation rule only
the heads after the \ sign are removed. CHR libraries are available in
most Prolog implementations: in particular, for the following exam-
ples we have used SWI-Prolog [20]. The complexity of the deduction
and abduction is polynomial in the length of the program, since at
most all the CHR rules need to be checked for their applicability.

- use_module(library(chr)).

- chr_constraint preferred/2, brightStudent/2, highBudget/3,
oldCustomer/3, highMarks/3, goodUniversity/2,
accredited/3, discount/2, access/1.

policyrulel @ preferred(X, A), brightStudent(X, B), discount(X, T) <=>
(A+B)>= T | access(X).

policyrule2 @ highBudget(Z, X, A), oldCustomer(Z, X, B) <=>
preferred(X, C), C is (A+B).

policyrule3 @ goodUniversity(X, A), highMarks(X, Y, B) <=>
brightStudent(Y, C), C is (A+B).

policyrule4 @ accredited(X, Y, A) <=> goodUniversity(Y, A).

1 ?- accredited(aBU, stateU, 9), highMarks(stateU, alice, 8),
highBudget(eOrg, alice, 6), oldCustomer(eOrg, alice, 7),
discount(alice, 25).

access(alice)

2 ?- accredited(aBU, stateU, 9), highMarks(stateU, alice, 8),
highBudget(eOrg, alice, 6), discount(alice, 25).

brightStudent(alice, 17)
highBudget(eOrg, alice, 6)
discount(alice, 25)

Figure 5. Deduction with CHR rules: solving the example in Tab. 1.

In Fig. 5 we implement the deduction process by translating
the RT}Y program in Tab. 1. Given the five simplification rules
(i.e., policyl, ..., policy4), which represent the access policy,
and the first query, (i.e. 17-), that is accredited(aBU, stateU, 9),
highMarks(stateU, alice, 8), highBudget(eOrg, alice, 6), oldCus-
tomer(eOrg, alice, 7), discount(alice, 25).) which represents the set
of presented credentials and the discount request (i.e. discount(alice,
25)), we are able to deduce that Alice can have discount. In fact the
system answers with access(alice). The solver can fire the first rule
(i.e. policyrulel) because the sum of the trust level of the credentials,
which is = 30 is greater than the requested threshold in the discount
request, which is 25. As a remind, in this example (as for the one in
Tab. 1) we use the weighted semiring, that is the x operator of the
semiring is modeled with the arithmetic addition.

The second query (i.e. 27-) in Fig. 5 is presented to show what
happens when any of the credentials is not presented to the autho-
rization system: without the oldCustomer(eOrg, alice, 7) credential
missing in the query, the CHR rules in Fig. 5 are not able to compute
the consequences in policyrule2 rule, that is Alice is preferred for
eOrg.

In this case, that is when the access constraint is not added to the
store and, therefore, the access is not granted, the rules in Fig. 6 can
be used to abduce the missing credentials with the (minimum) re-
quired level of trust. The query is now represented by the store ob-
tained at the end of the failed access in Fig. 5, i.e. brightStudent(alice,
17), highBudget(eOrg, alice, 6), discount(alice, 25). The program an-
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- use_module(library(chr)).

- chr_constraint preferred/2, brightStudent/2, highBudget/3, oldCustomer/3,
discount/2, sum/1.

abdrulel @ discount(X, A), brightStudent(X, B) <=> C is (A-B),
preferred(X, C).

abdrule2 @ discount(X, A) <=> preferred(X, A).

abdrule3 @ preferred(X, A), highBudget(Z, X, B) <=> C is (A-B),
oldCustomer(Z, X, C).

abdrule4 @ preferred(X, A), oldCustomer(Z, X, B) <=> C is (A-B),
highBudget(Z, X, C).

abdrule5 @ preferred(X, A) <=> oldCustomer(Z, X, B),

highBudget(Z, X, C) , sum(A).
1 ?- brightStudent(alice, 17), highBudget(eOrg, alice, 6), discount(alice, 25).
oldCustomer(eOrg, alice, 2)
2 ?- discount(alice, 25).

highBudget(_G88354, alice, _(G88403)
oldCustomer(_G88354, alice, _G88356)
comb(25)

Figure 6. Abduction with CHR rules.

swers that we need the oldCustomer credential with a level of trust
equal or greater than 2: the sum of the weights of the other two cre-
dentials is 23 and the discount is required with 25. Notice that, w.r.t.
the policy in Tab. 1, in Fig. 6 we show only a subset of the abduc-
tion rules for sakes of brevity, i.e. the subset concerning the branch
under EPub.preferred. This subset represent only the rules needed to
answer to the first abduction query, since the brightStudent has been
already deduced by the program in Fig. 5: the other (not shown here)
abduction rules are not used in this example.

In the second query in Fig. 6 the program abduce both the miss-
ing credentials (i.e. oldCustomer and highBudget) needed to receive
the discount. Moreover, it replays with a further constraint stating
that the combination (i.e. the X semiring operator) of trust scores for
these credentials must be 25 at least (i.e. comb(25)).

CLIENT L »| SERVER
accredited(aBU, stateU, 9
4. highMarks(stateU, alice, 8) 2

discount(alice, 25).

- 3.

highBudget(G, alice, A)
oldCustomer(G, alice, B)
comb(25)

Figure 7. Trust negotiation with CHR solvers.

The deduction/abuction processes in CHR can be adopted to im-
plement trust negotiation, as represented in the system architecture
in Fig. 7: 1) the client sends its credentials in order to be authorized,
2) the server uses its CHR solver to deduce the authorization or to
abduce the missing credentials, that 3) are sent back to the client; 4)
the client then uses its solver to decide, for example, the appropri-
ate level of trust to be assigned to each missing credential, in order
to reach (by combining them) the required threshold (i.e. 25 for the



example in Fig. 7). In this way, the negotiation process is interactive.

5 Related Work

The importance of the deduction and abduction operations for
policy-based management of autonomic networks has been already
highlighted in [12]. An Autonomic Network crosses organizational
boundaries and is provided by entities that see each other just as busi-
ness partners. Policy-based network management already requires a
paradigm shift in the access control mechanism, from identity-based
access control to trust management and negotiation. In [12] the au-
thors present an algorithm whose operations are expressed with logic,
and so the access authorization procedure is not directly implemented
with a tool in the paper, as we instead do in this work.

Among the most noticeable works concerning logical reasoning
and (crisp) constraints, we need to cite Maher, e.g. [14] where he in-
vestigates abduction applied to fully-defined predicates, specifically
linear arithmetic constraints over the real numbers. In [15], Maher
and Huang address the problem of computing and representing an-
swers of constraint abduction problems over the Herbrand domain.
This problem is of interest when performing type inference involv-
ing generalized algebraic data types.

In [18] the authors present a CHR-based tool for detecting security
policy inconsistencies, where policy are represented by CHR rules.
With respect to [18], we use CHR rules to perform the deduction and
abduction reasonings instead.

In [9] the authors consider configuration problems with prefer-
ences rather than just hard constraints, and we analyze and discuss
the features that such preference-based configurators should have. In
particular, these configurators, should provide explanations for the
current state, implications of a future choice.

Concerning instead systems to implement abduction and deduc-
tion processes, abduction reasoning has been already realized in
HYPROLOG [7] (available also in SWI-Prolog), which is an exten-
sion of Prolog and CHR with abduction and assumptions. The system
is basically implemented by a compiler that translates the HYPRO-
LOG syntax in a rather direct way into Prolog and CHR.

Another implementation of this kind of system is represented by
ACLP [11]; ACLP is a system which combines abductive reasoning
and constraint solving by integrating the frameworks of Abductive
Logic Programming and Constraint Logic Programming (CLP). The
ACLP system is currently implemented on top of the CLP language
of ECLiPSe as a meta-interpreter exploiting its underlying constraint
solver for finite domains.

6 Conclusions

In this paper we have proposed how two important logical reasoning
processes, i.e. deduction and abduction can be modeled and solved
with soft constraints [1]. We mainly focused on the abduction phase,
since deduction was already available in the framework with the
classical (soft) constraint entailment. Abduction can be implemented
through the use of the © operator (see Sec. 2).

Deduction and abduction are presented with the help of a running
example based on policy-based access control, in order to immedi-
ately describe a possible application of these operators and their im-
portance to derive knowledge. We manage trust-based access autho-
rization with weighted credentials, i.e. credentials where the associ-
ated level of trust can be used to enrich the authorization process.
The proposed framework can be used to improve logical reasoning
processes in autonomic networks of nodes [12], since these services
(i.e. deduction and abduction) help the self-managing characteristics
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of distributed computing resources: a node sometimes needs to in-
dependently produce the missing information (through an abduction
process).

As future work, we plan to extend in SWI-Prolog the existent CHR
module implementing soft constraints [2], by adding the <+ operator
inside the soft module. In this way we could implement a stand-alone
policy-based authorization system based on constraint programming.
The distributed negotiation architecture shown in Fig. 7 can be en-
riched in order to model the mutual disclosure of credentials between
strangers when credentials are sensitive.
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Finding the next solution in constraint- and
preference-based knowledge representation formalisms

Ronen Brafman,' Francesca Rossi,” Domenico Salvagnin,” K. Brent Venable? and Toby Walsh?

Abstract. In constraint or preference reasoning, a typical task is
to compute a solution, or an optimal solution. However, when one
has already a solution, it may be important to produce the next solu-
tion following the given one in a linearization of the solution order-
ing, where more preferred solutions are ordered first. In this paper,
we study the computational complexity of finding the next solution
in some common preference-based representation formalisms. We
show that this problem is hard in general CSPs, but it can be easy in
tree-shaped CSPs and tree-shaped fuzzy CSPs. However, it is diffi-
cult in weighted CSPs, even if we restrict the shape of the constraint
graph. We also consider CP-nets, showing that the problem is easy in
acyclic CP-nets, as well as in constrained acyclic CP-nets where the
(soft) constraints are tree-shaped and topologically compatible with
the CP-net.

1 Introduction and motivation

In combinatorial satisfaction and optimization problems, the main
task is finding a satisfying or optimal solution. There have been many
efforts to develop efficient algorithms to perform such tasks, to study
the computational complexity of this problem in general, and to find
islands of tractability [7]. Another important task is to be able to com-
pare two solutions and to say if one dominates another [2]. In this pa-
per, we address another task that is crucial in many scenarios. When
one has already a solution, it can be useful to be able to produce the
next solution following the given one in the solution ordering where
more preferred solutions are ordered first. If the solution ordering has
ties or incomparability, the next solution could be any solution which
is tied or incomparable to the given one. In general, however, the next
solution is the solution following the given one in a linearization of
the solution ordering. The problem of finding the next solution is re-
lated to the problem of enumerating all the solutions of a model [5]
and to the ranking problem [8], although it is quite different form the
latter because we assume only a reference solution in input, and not
all previous ones.

In this paper we study the computational complexity of the prob-
lem of returning the next solution in some constraint and preference-
based formalisms. We show that this is a hard problem in con-
straint satisfaction problems (CSPs), but it can be easy in tree-shaped
CSPs [6] and tree-shaped fuzzy CSPs [10]. However, it is difficult in
weighted CSPs, even if we restrict the shape of the constraint graph.
Nevertheless, this hardness is only weak, since we give a pseudo-
polynomial algorithm to find the next solution in weighted CSPs.
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2 Dipartimento di Matematica Pura ed Applicata, University of Padova, Italy,
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Moreover, we also show that this problem is easy in acyclic CP-nets
[2], as well as in constrained acyclic CP-nets [3] where the (soft) con-
straints are tree-shaped and topologically compatible with the CP-net
graph.

We intend to look for other tractable cases, and to investigate sce-
narios where the sufficient conditions for tractability, considered in
this paper, naturally hold. We also plan to test experimentally how
difficult it is in practice to find the next solution.

Parts of this paper appeared already in [4]. Due to lack of space,
some formal proofs are omitted and others are only sketched.

2 Background

Hard and soft constraints. A soft constraint [10, 1] is a constraint
[7] where each instantiation of its variables has an associated value
from a (totally or partially ordered) set coming from a c-semiring. A
c-semiring is defined by (A, 4, X, 0, 1) where A is this set of values,
+ is a commutative, associative, and idempotent operator, X is used
to combine preference values and is associative, commutative, and
distributes over +, 0 is the worst element, and 1 is the best element.
The c-semiring induces a partial or total order < over preference
values where a < biffa + b =b.

A classical CSP [7] is just a soft CSP where the chosen c-semiring
is Scsp = ({false, true}, V, A, false,true). Fuzzy CSPs [10]
are instead modeled with Srcsp = ([0, 1], max, min, 0, 1). That
is, we maximize the minimum preference. For weighted CSPs, the
c-semiring is Swcsp (R*, min, +, 400, 0): preferences are
interpreted as costs from O to 4-oco, and we minimize the sum of
costs.

Given an assignment s to all the variables of an SCSP P, its prefer-
ence, written pref (P, s), is obtained by combining the preferences
associated by each constraint to the subtuples of s referring to the
variables of the constraint. For example, in fuzzy CSPs, the prefer-
ence of a complete assignment is the minimum preference given by
the constraints. In weighted constraints, it is instead the sum of the
costs given by the constraints. An optimal solution of an SCSP P is
then a complete assignment s such that there is no other complete
assignment s” with pref (P, s) <g pref(P,s’).

Constraint propagation in classical CSPs reduces variable do-
mains, and thus improves search performance. For some classes of
constraints, constraint propagation is enough to solve the problem
[6]. This is the case for tree-shaped CSPs, where directional arc-
consistency, applied bottom-up on the tree shape of the problem, is
enough to make the search for a solution backtrack-free. Given a vari-
able ordering o, a CSP is directional arc-consistent (DAC) if, for any
two variables z and y linked by a constraint c,,, such that z precedes
y in the ordering o, we have that, for every value a in the domain of



x there is a value b in the domain of y such that (a, b) satisfies cgy.

Constraint propagation can be applied also to soft CSPs, and it
maintains the usual properties, as in classical CSPs, if the soft con-
straint class is based on an idempotent semiring (that is, one where
the combination operator is idempotent). This is the case for fuzzy
CSPs, for example. As for classical CSPs, DAC is enough to find the
optimal solution to a fuzzy CSP when the problem has a tree shape
[10].

Fuzzy CSPs can also be solved via a cut-based approach. Given a
fuzzy CSP P, an a-cut of P, where « is between 0 and 1, is a clas-
sical CSP with the same variables, domains, and constraint topology
as the given fuzzy CSP, and where each constraint allows only the
tuples that have preference above « in the fuzzy CSP. We will denote
such a problem by cut(P, ). The set of solutions of P with prefer-
ence greater than or equal to a coincides with the set of solutions of
cut(P, ).

CP-nets. CP-nets [2] are a graphical model for compactly repre-
senting conditional and qualitative preference relations. CP-nets are
sets of ceteris paribus (cp) preference statements. For instance, the
statement [ prefer red wine to white wine if meat is served.” asserts
that, given two meals that differ only in the kind of wine served and
both containing meat, the meal with red wine is preferable to the meal
with white wine. A CP-net has a set of features F' = {x1,...,2n}
with finite domains D(z1), . ..,D(xx). For each feature x;, we are
given a set of parent features Pa(x;) that can affect the preferences
over the values of x;. This defines a dependency graph in which
each node x; has Pa(x;) as its immediate predecessors. Given this
structural information, the agent explicitly specifies her preference
over the values of x; for each complete assignment on Pa(z;). This
preference is assumed to take the form of total or partial order over
D(z;). An acyclic CP-net is one in which the dependency graph is
acyclic.

Consider a CP-net whose features are A, B, C, and D, with binary
domains containing f and f if I is the name of the feature, and with
the preference statements as follows: @ = @, b = b, (a Ab)V (GAD) :
c>=¢ (aAb)V(aAb): €= c,c:d>d,c:d > d.Here, statement
a > a represents the unconditional preference for A=a over A=a,
while statement ¢ : d > d states that D=d is preferred to D=d, given
that C=c.

The semantics of CP-nets depends on the notion of a worsening
flip. A worsening flip is a change in the value of a variable to a less
preferred value according to the cp statement for that variable. For
example, in the CP-net above, passing from abced to abcd is a wors-
ening flip since c is better than ¢ given a and b. One outcome « is
better than another outcome (3 (written « = () iff there is a chain of
worsening flips from « to 3. This definition induces a preorder over
the outcomes, which is a partial order if the CP-net is acyclic.

In general, finding the optimal outcome of a CP-net is NP-hard.
However, in acyclic CP-nets, there is only one optimal outcome and
this can be found in linear time by sweeping through the CP-net,
assigning the most preferred values in the preference tables. For in-
stance, in the CP-net above, we would choose A=a and B=b, then
C=c, and then D=d.

3 Solution orderings and linearizations

Each of the constraint or preference-based formalisms recalled in the
previous section generate a solution ordering over the variable as-
signments, where solutions dominate non-solutions, and more pre-
ferred solutions dominate less preferred ones. This solution ordering
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can be a total order, a total order with ties, or even a partial order
with ties. However, the problem of finding the next solution needs a
strict linear order over the variable assignments, thus we will need to
consider a linearization of the solution ordering.

CSPs generate a solution ordering which is total order with ties:
all the solutions are in a tie (that is, they are equally preferred), and
dominate in the ordering all the non-solutions, which again are in a
tie. In soft constraints, the solution ordering is in general a partial
order with ties: some assignments are equally preferred, others are
incomparable, and others dominate each other. If we consider fuzzy
or weighted CSPs, there can be no incomparability (since the set of
preference values is totally ordered), so again we have a total order
with ties, and a solution dominates another one if its preference value
is higher. In this context, linearizing the solution ordering just means
giving an order over the elements in each tie.

In acyclic CP-nets, the solution ordering is a partial order. In this
scenario, any linearization of the solution ordering has to order every
pair of incomparable assignments.

In the following, given a problem P and a linearization 1 of its solu-
tion ordering, we will denote with Next(P,s,l) the problem of finding
the solution just after s in the linearization 1. Note that, while there
is only one solution ordering for a problem P, there may be several
linearizations of such a solution ordering.

It is not tractable to compute 1 explicitly, since it has an exponential
length and it would mean knowing all the solutions and their relative
order. For these reasons, we will assume the linearization is implic-
itly given to the Next procedure. For example, a lexicographic order
on the variable assignments induces a linearization of the solution
ordering of a problem, yet it is polynomially describable.

4 Finding the next solution in CSPs

Let P be a CSP with n variables, and let us consider any variable or-
dering o = (z1,...,z») and any value orderings o1, . . ., 0n, Where
0; is an ordering over the values in the domain of variable x;. We will
denote with O the set of orderings {0, 01, ..., 0, }. These orderings
naturally induce a lexicographical linearization of the solution order-
ing, that we call lex(O), where, given two variable assignments, say
sand s', we write s <0y 8’ (thatis, s precedes s') if either s is a
solution and s’ is not, or s precedes s’ in the lexicographic order in-
duced by O (thatis, s = (s1,...,8n),s = (s1,...,5sn), and there
exists ¢ € [1,n] such that s; <o, s; and s; = s} forall j < 7). We
will now show that, if the take the linearization given by lex(O), the
problem of finding the next solution is NP-hard.

Theorem 1 Computing Next(P,s,lex(0)), where P is a CSP, s is one
of its solutions and O is a set of orderings, is NP-hard.

The proof is based on a reduction from SAT.
This result can be extended to a wider class of orderings, as the
following theorem states.

Theorem 2 For each polynomially describable total order w over
complete variable assignments such that its top element does not de-
pend on the constraints of the CSP and is polynomially computable,
let us consider the linearization of the solution ordering induced
by w, say l(w). Then there exists a solution s such that computing
Next(p,s,l(w)), where p is a CSP, is NP-hard.

5 Next on tree-shaped CSPs

We know that finding an optimal solution becomes easy if we restrict
the constraint graph of the problem to have the shape of a tree. It is



therefore natural to consider this class to see whether also the Next
problem becomes easy under this condition. We will see that this is
indeed so: if the CSP is tree-shaped, it can be easy to find the next
solution.

In this section we focus on tree-shaped CSPs. However, the same
results hold for bounded tree-width. For a tree-shaped CSP with
variable set X = {x1,---,xn}, let us consider the linearization
tlex(O), which is the same as lex(O) defined in the previous sec-
tion, with the restriction that the variable ordering o respects the tree
shape: each nodes comes before its children. For example, let us
consider the tree-shaped CSP shown in Figure 1, and assume that
o = (x1,x2,23,%4,x5) and that in all domains a <,, b <o, ¢
The solutions of the CSP are then ordered by tlex(O) as follows:
(a,b,a,b,b) < (a,b,a,c,b) < (b,a,b,a,a) < (b,a,b,a,b) <
(b,a,b,¢c,a) < (b,a,b,c,b) < (b,b,b,b,b) < (b,b,b,c,b).

{ab}

Figure 1. A tree-shaped CSP.

We will now describe an algorithm that, given as input a direction-
ally arc consistent tree-shaped CSP P and a solution s for P, it either
returns the consistent assignment following s according to tlexz(O),
or it detects that s is the last consistent assignment in such an or-
dering. The algorithm works bottom-up in the tree, looking for new

Algorithm 1: CSP-Next

Input: tree-shaped and DAC CSP P, orderings o, 01, . . .
assignment s
Output: an assignment s’, or “no more solutions”
for i=nto I do
Search D(x;) for the next value w.r.t. o; which is consistent
with s¢(;), say v';
if v’ exists then
s;— v
Reset-succ(s,?)

return s o
return “no more solutions

, On,

variable values that are consistent with the value assigned to their
father (denoted by f(¢) in Algorithm 1) and successive to the ones
assigned in s in the domain orderings. As soon as it finds a variable
for which such a value exists, it resets all the following variables (ac-
cording to the variable ordering o) to their smallest compatible values
w.r.t. the domain orderings (via procedure Reset-succ).

For example, if we run CSP-Next giving in input the CSP of Figure
1 and solution s=(b,a,b,a,b), the algorithm first tries to find a value for
x5 consistent with z2 = a and following b in the domain ordering of
xs5. Since no such value exists, it moves to x4 and performs a similar
search, that yields x4 = c. Procedure Reset-succ then sets x5 = a,
the first value in the ordering for x5 consistent with zo2 = a.
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Theorem 3 Consider a tree-shaped and DAC CSP P and the order-
ing tlex(O) defined above. If s is not the last solution in ordering
tlex(O), the output of CSP-next(Ps) is the successor of s accord-
ing to tlex(O); otherwise, the output of CSP-next(P,s) is “no more
solutions”.

If | D] is the cardinality of the largest domain, it is easy to see that
the worst case complexity of CSP-next is O(n|D]), since both look-
ing for consistent assignments and resetting to the earliest consistent
assignment takes O(|D|), and such operations are done O(n) times.

From Theorem 3 we can thus conclude that Next(P;s,tlex(O)) is
polynomial, since it can be computed by applying DAC to P and then
CSP-Next to P and s, both of which are polynomial-time algorithms.

Note also that the choice of the linearization is crucial for the com-
plexity of the algorithm. Indeed, a different choice for [ may turn
Next(P,s,l) into an NP-hard problem, even on tree-shaped CSP, as
proved in the following theorem.

Theorem 4 Computing Next(P,s,l), where P is a tree-shaped CSP, s
is one of its solutions, and l is an arbitrary linearization, is NP-hard.

The proof is based on a reduction from the subset sum problem.

6 Next on weighted CSPs

Theorem 5 Computing Next(Ps,l), where P is a weighted CSP and
s is one of its solutions, is NP-hard, for any linearization .

The proof of Theorem 4 can be easily adapted for the purpose of
this statement.

Note that theorems 4 and 5, while very similar in proof, have quite
a different implication. Indeed, while for tree-shaped CSPs comput-
ing Next is NP-hard only for some choices of the linearization [, for
weighted CSPs computing Next is always NP-hard, irrespective of
the linearization.

However, we will now show that, if we consider the lexicograph-
ical ordering, then this NP-hardness is weak, since we can provide
a pseudo-polynomial algorithm to find the next solution in weighted
CSPs. Thus, it is only the possibility to use large utilities that makes
the problem intractable in general.

In the context of a weighted CSP, finding the next solution means
that, given a solution, we want to return the next assignment in lex-
icographical order with the same utility or, if there is no such as-
signment, the first assignment in lexicographical order with the next
smaller utility.

Theorem 6 It is weakly NP-hard to compute the next solution in a
weighted CSP.

To show that finding the next solution is only weakly NP-hard,
we give a pseudo-polynomial algorithm which is a simple general-
ization of the dynamic programming algorithm for deciding subset
sum [9, 11]. Given a weighted CSP with no constraints, and an as-
signment a = (a1, ...,ay) to its variables xz; with 1 < ¢ < n,
with utility U(a) = s, we define Qq(7,t) as the lexicographically
smaller assignment b = (b1,...,b;) with utility ¢, that involves
only the first j variables, and such that b >, a. If no such as-
signment exists, then Qq (7, ) = nil. A simple recursion can be used
to compute Q4 (j,t), for any j from 1 to n, and any utility level ¢
from O to s. In particular, we can initialize Q4 (1,t) as Qa(1,t) =
lexming, ep, {(b1) : u1(b1) =t A b1 >iex a1} and then compute

recursively Qq(j,t) = 1exminb_,»eDj{{(Qa(j — 1,t — vy),b5) :



(b1, ey b]) =lex (al, L. ,aj)}U{(al, e, Q5-1, bj) : ’I,Lj(bj) =
uj(az;) A bj >iex CL]'}} where v; = u;(b;). To compute the next
solution given an assignment a with utility s, we just need to check
whether Qq(n, s) is not nil. If it is, Qq(n, s) contains the lexico-
graphically next assignment with utility s. Otherwise, we use a very
similar dynamic program to compute the lexicographically smallest
assignment with the next smallest utility. The running time of both
dynamic programs is O(n-s-|D|), where | D] is the size of largest do-
main. Thus we can compute the next solution in pseudo-polynomial
time.

This algorithm works also when the weighted CSP problem has
some constraints, provided that there is a polynomial number of such
constraints and each has a bounded scope. In such weighted CSPs,
we compute Qq(j,t) from Qu(j — 1,¢ — u;) where u; is the ad-
ditional utility added by assigning x; = b;. This is polynomial to
compute given our assumption that there is a polynomial number of
constraints, each involving a polynomial number of variables. Hence,
there is a pseudo-polynomial time algorithm to compute the next so-
lution also for any such weighted CSP.

Example: To make it simple, we consider a weighted CSP with
no constraints and five Boolean variables 1 to x5 where u;(0) = 0
and u; (1) = 4. Suppose we are given the solution a = (0,1, 1,0, 0)
of utility s = 5 and we want to compute the lexicographically next
solution. The dynamic programming algorithm will build from the
bottom-left corner the following table:

t 1 T2 €3 T4 Ts5
5 | nil nil nil (1,0,0,1) | (1,0,0,1,0)
4 | nil nil (1,0,1) | (1,0,1,0) | (1,0,1,0,0)
3 mil | (1,1) | (1,1,0) | (1,1,0,0) | (1,1,0,0,0)
2 | nil nil nil nil nil
1] | (1,0 | 1,00 | (1,0,0,00 | (1,0,0,0,0)
0| nil nil nil nil nil

For example, Q. (7 = 3,t = 4) = (1,0, 1). This means that (1,0, 1)
is the lexicographically smaller assignment with utility 4, that in-
volves only the first 3 variables, and such that it follows (0,1, 1)
(that is, the restriction of a to the first 3 variables) lexicographically.
Since Qa(j = 5,t = 5) is not nil, then the lexicographically next
assignment with utility 5 is (1,0, 0, 1, 0).

7 Next on tree-shaped fuzzy CSPs

Turning our attention to fuzzy CSPs, we will show that Next on tree-
like fuzzy CSPs can be easy. Let P be a fuzzy tree-shaped CSP with
variable set X = {x1,...,%,} and set of constraints C, and let us
consider a variable ordering o = {z1,...,z»} which respects the
tree shape. Moreover, let o; be a total order over the values in the
domain of x;, fori =1,...,n.

We will consider set T' = {t = (z; = vi,z; = v;)|i < j,3c €
C,t € c,prefc(t) > 0}, where pref.(t) denotes the preference
assigned to ¢ by constraint c¢ that is, the set of all pairs of vari-
ables assignments appearing in P with preference greater than 0.
The preferences assigned to tuples by the constraints in C' and the
orderings o, 0;, - - - , 0, induce the following ordering or over 71"
(i = v,z = w) <oy (zh = 2,z = u) if

e the preference associated to tuple (z; = v,z; = w) by its con-
straint is higher than the preference associated to tuple (zp,
z,x) = w) by its constraint, or

o they have the same preference, and the variable pair (x;, ;) lex-
icographically precedes the variable pair (z,, 2% ) according to o,
or
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e they have the same preference, ¢ = h, j = k and the value pair
(v, w) lexicographically precedes the value pair (z, u) according
to domain orderings o; and o;.

We will now use this strict total order over the set of tuples of P
to define a strict total order over the set of solutions of P. Given two
complete assignments to X, say s and s, let ts = min,,{t tuple
of s with preference pref(s)} and ¢, = min,,{t tuple of s’ with
preference pref(s’)}. Let opt(P) denote the optimal preference of
a fuzzy CSP P. We write s <y s’ (that is, s precedes s’ in ordering
<), if

e pref(s) > pref(s’), or

e pref(s) = pref(s’) = opt(P) and s precedes s’ in the lexico-
graphic order induced by o and the domain orderings o1, . . .
or

o pref(s) = pref(s’) < opt(P) and ts <o ts,

o pref(s) pref(s’) < opt, ts = t, and s precedes s’ in
the lexicographic order induced by o and the domain orderings
O01y...,0n.

y On,

It is possible to show that < is a linearization of the solution
ordering.

a—1

b— 0.5

T1 T2

T2 T3 T2 T4

aa — aa — 0.2
ab — ab — 1
ba — ba — 1
bb — bb — 0.8

Figure 2. A tree-shaped DAC fuzzy CSP.

For example, let us consider the tree-shaped DAC Fuzzy CSP
shown in Figure 2. Assume that o = (z1, 22, 3, x4) and that a <,
bfori = 1,...,4. Then, if we consider solutions s = (b, a, a, b)
and s* = (a,b,b,b), we have that s <y s since pref(s) =
pref(s) 0.5 < 1 = opt(P), ts (z1 = b,x2 a),
tsy = (x2 = b,xzs = b), and thus ¢; <o, t.; If instead we con-
sider solutions s = (b,b,a,a) and s’ = (b, b, a, b), we have again
that s <5 &, since pref(s) = pref(s’) = 0.2 < 1 = opt(P),
ts = (z1 = b,z2 = b) = t}, and s precedes s’ lexicographically.

As with CSPs, we provide a polynomial time algorithm that solves
the Next problem for tree-shaped fuzzy CSPs. The main idea that we
exploit is that, in a fuzzy CSP, a solution can have preference p only
if it includes a tuple that has preference p. In Algorithm 2:

e procedure fix(Pt) takes in input a fuzzy CSP P and one of its tu-
ples, t = (z; = v,x; = w) and returns the fuzzy CSP obtained
from P by removing from the domains of variables x; and z; all
values except v and w;

e procedure cut(Pp) takes in input a fuzzy CSP P and a preference
p and returns the CSP corresponding to the p— cut of P as defined
in Section 2;

e procedure Solve(P) takes in input a CSP P and returns the first
solution in a lexicographic order given the variable and the domain
orderings.



Algorithm 2: FuzzyCSP-Next

Input: tree-shaped and DAC Fuzzy CSP P, orderings
0,01,...,0n,0r, assignment s with preference p
Output: an assignment s’, or “no more solutions”
if p = opt(P) then

P’ — cut(P,p)

if CSP-next(P’,s) # “no more solutions” then

| return CSP-next(P’,s)

if p # opt(P) then

compute tuple ¢,

t* =t
else

| lett™ be the first tuple s.t. pref(t*) = next(p)
p" =pref(t)
P’ — cut((fiz(P,t*)),p")
if CSP-next(P’,s) # “no more solutions” then
| return CSP-next(P’,s)

pref(t) « 0,Vt € T such that pref(t) = p* and t <, t*
cpref «— p*
for each tuple t >, t* following order or until pref(t) >0
do

if pref(t) < cpref then

reset all preferences, previously set to 0, to their original
values
if pref( Solve ( cut(fix(Pt),pref(t)))) = pref(t) then
| return Solve( cut(fix(P,t),pref(t)))

cpref «— pref(t)

pref(t) — 0
return “no more solutions”

Intuitively, when solution s with preference p is given in input,
if s is optimal, we look for the next solution in the CSP obtained
from P by performing a cut at level p and running CSP-next. If no
solution is returned, then s must have been the last solution with
optimal preference in the ordering and its successor must be sought
for at lower preference levels.

If s is not optimal, we consider its tuples and we identify the small-
est tuple of s, say ts, according to ordering or, that has preference p
in the corresponding constraint. We fix such a tuple, via fix(P,ts),
and we cut the obtained fuzzy CSP at level p. We then look for the
solution lexicographically following s in such a CSP by calling CSP-
next. If no such solution exists, s must be the last solution with pref-
erence p among those that get their preference from ¢.

The next solution may have preference p or lower. However, if it
does have preference p, such a preference must come from a tuple
with preference p which follows ¢ in the ordering or. In order to
avoid finding solutions with preference equal to p that come from
tuples with preference p preceding ts according to or, we set the
preference of all such tuples to 0. If none of the tuples with preference
p following ts generate solutions with preference p, we move down
one preference level, restoring all modified preference values to their
original values. This search continues until a solution is found or all
tuples with preference greater than 0 have been considered.

Theorem 7 Given a tree-shaped DAC fuzzy CSP P and a solution
s, algorithm FuzzyCSP-Next computes the successor of s according
to <y if s is not the last solution with preference greater than 0, and
outputs “no more solutions” otherwise. The worst case time com-
plexity of algorithm FuzzyCSP-Next is O(|T||D|n), where |T)| is the
number of tuples of P and | D| the cardinality of the largest domain.

The correctness of FuzzyCSP-Next follows directly from the de-
scription of the algorithm. For the complexity, we notice that the
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complexity of FuzzyCSP-Next is bounded by that of running |T|
times the CSP-next algorithm. O

Given a tree-shaped fuzzy CSP P, one of its solutions s, and the
solution ordering <y, Next(P, s, <y) can be therefore computed in
polynomial time: we just need to achieve DAC (which is polynomial)
and then run algorithm FuzzyCSP-Next. Again, it is not difficult to
prove that the choice of the order is crucial for the complexity of the
algorithm, and that Next(P,s,]) is in general NP-hard even on tree-
shaped fuzzy CSPs. Indeed, since tree-shaped fuzzy CSPs admit tree-
shaped CSPs as a special case, the result is a direct consequence of
Theorem 4.

8 Next on acyclic CP-nets

We now consider the complexity of the Next operation in acyclic CP-
nets. It turns out that Next is easy on such CP-nets, if we consider
a certain linearization of the solution ordering. We first define the
concept of contextual lexicographical linearization of the solution
ordering. Let us consider any ordering of the variables where, for
any variable, its parents are preceding it in the ordering. Let us also
consider an arbitrary total ordering of the elements in the variable
domains. For sake of simplicity, let us consider Boolean domains.
Given an acyclic CP-net with n variables, we can associate a Boolean
vector of length n to each complete assignment, where element in
position ¢ corresponds to variable ¢ (in the variable ordering), and it
is a 0 if this variable has its most preferred value, given the values
of the parents, and 1 otherwise. Therefore, for example, the optimal
solution will correspond to a vector of n zeros.

To compute such a vector from a complete assignment, we just
need to read the variable values in the variable ordering, and for each
variable we need to check if its value is the most preferred or not,
considering the assignment of its parents. This is polynomial if the
number of parents of all variables is bounded. Given a vector, it is
also easy to compute the corresponding assignment.

Let us now consider a linearization of the ordering of the solu-
tions where incomparability is linearized by a lexicographical order-
ing over the vectors associated to the assignments. We will call such
a linearization a contextual lexicographical linearization. Note that
there is at least one of such linearizations for every acyclic CP-net.

Theorem 8 Computing Next(N,s,l), where N is an acyclic CP-net,
s is one of its solutions, and | is any contextual lexicographical lin-
earization of its solution ordering, is in P.

Given any solution s and its associated vector, as defined above,
the vector of the next solution in [ can be easily obtained by a stan-
dard Boolean vector increment operation. Therefore, given any so-
lution s, it is possible to obtain the next solution by 1) computing
the vector associated to s, 2) incrementing it, and 3) computing the
solution associated to the new vector. Since each of these steps is
polynomial, the overall process is polynomial. The same proof can
be easily extended to non-Boolean domains. O

Figure 3 shows an acyclic CP-net, with features A, B, and C, and
its solution ordering. It is assumed that the variables have each two
values: for A we have a and @, and similarly for B and C. Also,
the variable ordering is A < B < C. Given solution abc (that is,
A=a, B=b, C=c), the associated Boolean vector (as described above)
is 000, since a is the most preferred value for A, b is the most pre-
ferred value for B given A=a, and c is the most preferred value for C.
Instead, the vector associated to solution @be is 100, and the vector
associated to abc is 111. Given vector 101, the associated solution is
abe. In Figure 3 it is possible to see the CP-net, the solution order-
ing, and the vector for each solution. Also, if we order the solutions



according to a standard lexicographical order over their vectors, we
get a linearization of the partial solution ordering.

abc 000
e N
a>a@c>6 001 abc abc 010
‘ / |
011 aBE EBC 100
a: >B ‘, ‘
e 7 101 3he abc 110
a: b>b g e
abc 111

Figure 3. An acyclic CP-net and its solution ordering.

9 Next on constrained CP-nets

Some statements are better expressed via constraints, other via pref-
erences. Moreover, some preferences are better modeled via soft
CSPs, other via CP-nets. However, usually in a real-life problem
we may have statements of all these kinds, thus requiring to use all
the above considered formalisms in the same problem. It is therefore
useful to consider problems where CP-nets and CSPs, or soft CSPs,
coexist [3].

‘We thus consider here the notion of a constrained CP-net, which is
just a CP-net plus some (soft) constraints [3]. Given a CP-net /N and
a constraint problem P, we will write (N,P) to denote the constrained
CP-net given by N and P. For sake of simplicity, in the following we
will assume that the CP-net and the CSP involve the same variables.
Nevertheless, our results hold also for the more general setting.

Given a constrained CP-net (N,P), its solution ordering, written
<np, is that given by the (soft) constraints, where ties can be bro-
ken by the CP-net preferences. More precisely, solution s dominates
solution s’ (that is, s <np s') if s dominates s’ according to the
constraints in P, or s and s are equally preferred according to the
constraints in P, but s dominates s’ according to the CP-net N.

We now ask consider the complexity of computing the next so-
lution in a linearization of this ordering. The first results says that
the problem is difficult if we take the lexicographical linearization
(given o, which is an ordering over the variables) of <, denoted
with lex (0, <np).

Theorem 9 Computing  Next((N, P), s,lex(o,<np)), where
(N, P) is a constrained CP-net and s is one of its solutions, is
NP-hard.

The statement can be proven by reducing Next on a CSP to Next
on a constrained CP-net. The same proof applies also to constrained
CP-nets where the CP-net is acyclic.

Next becomes easy if we consider acyclic CP-nets, tree-shaped
CSPs, and we add a compatibility condition between the acyclic CP-
net and the constraints. This compatibility condition is related to the
topology of the CP-net dependency graph and of the constraint graph.

Consider two variables in an acyclic CP-net, say x and y. We say
that z depends on y if there is a dependency path from y to x in the
acyclic DAG of the CP-net. Given an acyclic CP-net N and a tree-
shaped CSP P, we say that N and P are compatible if there exists
a variable of the CSP, say r, such that: for any two variables x and
y such that x is the father of y in the r-rooted tree, we have that x
does not depend on y in the CP-net. Informally, this means that it is
possible to take a tree of the constraints where the top-down father-
child links, together with the CP-net dependency structure, do not
create cycles. If the compatibility holds for any root taken from a set
S, then we will write that N and P are S-compatible.
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Figure 4 shows an example of a CP-net DAG and two trees, of
which the one in Fig. 4 (b) is compatible with the CP-net: if we
choose A as the root, the father-child relationship is not contradicted
by the CP-net dependencies. Instead, the tree in Fig. 4 (¢) is incom-
patible with the CP-net: whatever root is chosen, some tree links are
contradicted by the CP-net dependencies.

() ©
o P& ® ®
© ® @ B
CP-net P1 P2
(a) ©)

(b

Figure 4. A CP-net dependency graph and two trees.

Theorem 10 Consider an acyclic CP-net N and a tree-shaped CSP
P, and assume that N and P are S-compatible, where S is a subset
of the variables of P. Taken a solution s for (N, P), and a variable
ordering o which respects the tree shape of P with root an element
of S, we have that Next((N, P), s,lex(0, <np)) is in P.

To compute Next((N,P),s,lex(o,<np)), We use algorithm
CSP-Next, except that we dynamically order each variable domains
according the CP-net: for any variable, we order its domain accord-
ing to the row of its CP table associated to the fixed assignment to
the parent variables.

Under these same conditions, Next remains easy even if we con-
sider CP-nets constrained by fuzzy CSPs rather than hard CSPs. We
just need to adapt in a similar way algorithm FuzzyCSP-Next.
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Factors Influencing User Motivation for Giving Online
Preference Feedback

Joost Broekens and Alina Pommeranz and Pascal Wiggers and Catholijn M. Jonker!

Abstract. Preference elicitation is important for any computer-
ized system advising users about choices. Recommender systems
aim to propose interesting material to users. Therefore, they must
first gather user preferences. Negotiation support systems can only
give meaningful bidding advice based on users’ preferences regard-
ing negotiable issues and interests. In general, the more detail users
are willing to give the better the support will be. We investigated
how four factors indluence users’” willingness to give detail in an on-
line preference elicitation experiment. 18 users rated 60 items (pic-
tures/songs) with 5 levels of detail (from 3-point scale over affective
feedback to free text). For each item, users could choose the desired
detail level. Our results show that, of the four factors investigated
(having an opinion about an item, content type of the item, famil-
iarity with, and ownership of that item), mainly having an opinion
about an item makes users give significantly more detailed feedback.
Further, users with an opinion about an item use qualitatively rich
affective feedback in 30% of the cases. Our findings indicate that
adaptive preference elicitation interfaces can conditionally hide and
show fine grained feedback providing a simpler interface, whch can
be important for smaller interfaces. Further, the fact that 30% of the
cases rated with an opinion included affective detail indicates that
users are willing to give rich affective feedback when they have an
opinion.

1 1.INTRODUCTION

Preference elicitation is an important aspect of any computerized
system that is supposed to give personalized advice to users about
choices of opinion or behavior. Preference elicitation is about ex-
tracting a user’s opinion about items (e.g., music, pictures, negotiable
issues, interests) in such a way that the extracted opinion actually re-
flects what the user thinks about that item. Common criteria to eval-
uate such feedback are reliability and validity. The feedback must be
reliable: when the user is asked again for feedback on the same or a
similar item, one can assume, all else being equal, that the feedback
is similar to the earlier feedback. The feedback must be valid: the
feedback as extracted and used by the computerized system should
reflect the actual opinion of the user; if a user rates a piece of music
4 out of 5 stars, than that should mean the user likes the piece of con-
tent more than average but less than perfect, and other items rated 5
or 3 should be liked more and less respectively.

For example, in recommender systems, the aim is to build a user
model for the purpose of proposing interesting and novel material
to that user. To achieve this, the recommender system must first
gather user preferences that reflect actual interest. There are two main

1 Technical University Delft, The Netherlands, email: d.j.broekens,

a.pommeranz, p.wiggers, c.m.jonker @tudelft.nl

19

approaches: content-based recommendation and collaborative filter-
ing [12]. The content-based approach goes as follows. The system
presents a user with the opportunity to give feedback about an item
in the form of a rating mechanism (usually stars or values). Based
on this feedback (called content-based feedback, as the user directly
rates the content), the system can calculate how much the user likes
this content. Given a measure of content similarity (e.g., documents
containing the same text) the system can then deduce what other con-
tent the user would like and recommend this to the user. The collab-
orative filtering approach roughly works as follows [13]. Subjects
give feedback about items. Sometimes the feedback is implicit such
as whether or not a user bought a particular item. Differing from the
first approach, the system does not assume anything about items (the
content) and can therefore not deduce which other items to propose
to the user based on item similarity. Instead, an item-item similarity
measure is deduced from a person-person similarity measure, e.g., by
analyzing in how far two different users are alike with respect to the
items they bought or viewed. In any case, whenever user feedback
is used, preference elicitation becomes an issue because the system
wants to capture actual interest (or likes and dislikes) to build a user
model. For a recent review from the perspective of preference elici-
tation see [22].

The same holds for negotiation support [23]. If a negotiation sup-
port system is supposed to give personalized advice about bids that
is meaningful and useful to the user, the system must first extract that
user’s preferences to build a user model representing the user’s pos-
sible issues, interests and options involved in the negotiation. When
the system knows how important these issues and preferences are to
that user, it can start calculating bids that match the user and the op-
ponent best in the negotiation; for example, bids that try to maximize
a pareto optimum [16].

In this paper, we address a third issue with respect to preference
elicitation, beside validity and reliability: the level of detail of the
feedback. In general, the more detail a user is willing to give, the
better the bidding support or recommendation will work (assuming
it is also valid and reliable). However, one does not want to bother
users with an endless interface measuring all kinds of opinions and
ratings about items such as persons, songs, pictures, bids, or issues.
User motivation is an important aspect to consider when developing
systems that need user feedback. For example, when collecting user
tags (labels users associate to content items), it is important to con-
sider why users tag the content, for example, to portray themselves,
to help categorize the content or to help others find content [1][18].
Ideally a system should motivate users to give feedback, for instance
by making the feedback system socially relevant or fun to use [11].
In our work, we took a slightly different approach. We wanted to
know how a user’s default motivation for giving feedback varies un-



der the influence of different variables in a relatively neutral setting.
With neutral setting we mean that we did not specifically motivate
people to give preference feedback by making the system fun, social
or otherwise rewarding. It is important to know this default moti-
vation regarding the detail level for at least three reasons. First, up
until now there is no such thing as a baseline level of detail users are
willing to give as feedback. From a research point of view this is im-
portant to have as it allows comparison of different methods to elicit
user feedback. Second, if this default motivation varies depending on
the user, the type of content or other variables, then it is worthwhile
to adaptively give a user the opportunity to add more detail based
on these variables. Doing so will increase the level of detail of the
extracted preference and hence increase the amount of available in-
formation for subsequent user modeling, without bothering the user
because the user’s intrinsic motivation already triggers him or her to
give more detail. Third, most preference feedback is given by means
of 5-point Likert scales. Affective feedback is currently being inves-
tigated as an additional way of asking feedback. This is being tested
in different domains, such as interactive television [14] and music an-
notation and retrieval [17]. Such studies show that adding affective
information indeed can be beneficial to user models. The question
is however, do users want to give additional levels of affective feed-
back, and how far do they go in giving detail?

We investigate the following hypothesis: the level of detail persons
are willing to give in their feedback depends on content type, famil-
iarity, ownership and opinion. To be more precise: when users are
free to choose the level of detail they want to give about a particular
piece of content, how far would they go in giving feedback, and does
this depend on the content type, whether they own or are familiar
with the content and whether they have an opinion about the content.
We present results of an online experiment in which 18 users rated
60 items (30 pictures of well-known persons, 30 popular songs) with
5 different levels of detail: 3-point scale, 5-point likert scale, affec-
tive feedback using the AffectButton [3], emotion words and free text
feedback. For each item, the user chose the desired level of detail.
Our results show that the main factor influencing the amount of de-
tail users are willing to give is whether or not they have an opinion
about the item at all, while content type, familiarity with, and owner-
ship of item did not have an important influence. Further, users with
an opinion include affective (emotional) feedback in their feedback.

2 RELATED WORK

People’s preferences have been the interest of researchers in many
different fields. These include psychology, behavioral science, con-
sumer research, e-commerce, recommender systems as well as ne-
gotiation and decision support. In the introduction to our work we
mentioned the importance of preference elicitation for computerized
support systems, such as recommender systems or negotiation sup-
port systems. In this section we dig deeper into related work in the
area of preference elicitation interfaces. First, however, we give a
short overview of studies from psychology and behavioral sciences
that focus on how people come to have preferences.

2.1 Constructed Preferences

Carenini and Poole [6] describe two very influential conceptual shifts
for classical decision theory: constructive preferences [21] and value-
focused thinking [16], and their implications for preference elicita-
tion. We will focus here on the first shift which has occurred in be-
havioral decision making. Many studies have confirmed that prefer-
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ences are not stable but constructive. This means that people do not
have well-defined preferences in most situations but rather construct
them when necessary, i.e., in the decision making context. There are
different views on how people construct their preferences. Simon
et al. [29] for instance found in their experiments that while peo-
ple processed the decision task, their preferences of attributes in the
option that was chosen increased whereas those for attributes of re-
jected options decreased. Similar effects have been found in nego-
tiation settings reported by [8]. It is also in line with Bettman and
Luce’s [2] idea of trying to maximize the ease of justifying a deci-
sion while making it. Another aspect of constructing preferences has
been brought forward by [10] focusing on the goals of the decision
task in relation to a so-called prominence effect. This effect occurs
when people prefer an alternative that is superior only on the most
prominent, i.e. the most important, attribute. They confirmed in three
studies that the prominent attribute will be more heavily weighted
when the goal was making a choice between alternatives than when
the goal was to arrive at a matching value.

The research above implies that we have to think carefully about
the way we pose a preference elicitation task to our users, in or-
der to avoid unwanted effects. Another view on constructing pref-
erences comes from [30] and states that people construct preferences
from memory. The authors present the so-called PAM (preferences-
as-memory) framework, which assumes that “’decisions (or valuation
judgments) are made by retrieving relevant knowledge (attitudes, at-
tributes, previous preferences, episodes, or events) from memory in
order to determine the best (or a good) action.” They also emphasize
that this is not an entirely cognitive view on preference construc-
tion since affect determines what the person recalls first. Information
consistent with emotions is more available in memory. For our study
this is interesting for two reasons: (1) if people construct preferences
based on their memories, familiarity of an item might influence the
detail of the given preference and (2) if emotional factors play a role
in the construction of preferences, then how likely are people to use
affective feedback methods.

Other psychological effects have been found when people con-
struct their preferences. For example, anchoring effects and effects
that occur when complicated numbers or information are presented
in the choice task [15]. Different ways to measure preferences can
lead to different results, which is usually not the intention of eliciting
preferences. To help people to construct their preferences in health
care scenarios, Johnson and colleagues [15] suggest to present de-
fault choices that have lead to the best outcome for most patients and
present information in a way that helps the patient to understand the
outcomes of each choice.

Consumer research looked at the interplay between affect and cog-
nition on decision making [28]. They investigated the influence of
available processing resources when confronted with a decision task.
In cases people have only few resources available affective reactions
tend to have a greater impact on choice, whereas with high availabil-
ity of resources cognitions related to the consequences of the choice
are more dominant. They noted that this finding is influenced also by
personality and by the representation of the choice alternatives. Other
interesting insights from this research area come from [31] looking
at affective and cognitive factors in preferences. Among other things
they report that mere exposure of a stimulus can positively influence
a person’s preference for this stimulus. Conscious recognition, how-
ever, was not the dominant factor since people were generally not
aware that they had seen the same stimulus earlier.

Concluding this section, we can record that there are many factors
influencing preference elicitation. Payne and coworkers [20] have



made an attempt to develop guidelines for measuring preferences tak-
ing people’s behavior into account. Similar work focusing on the user
side has been presented in [24] and [25]. Our work is complementary
in the sense that we study how four factors, item content type, famil-
iarity with, opinion about, and item ownership influence the level of
preference detail users are willing to give.

2.2 Preference Elicitation Interfaces

Most literature on preference elicitation interfaces focuses on the
technical implementations and underlying formal structures instead
of on the user input itself. Therefore, it is often not clear how
a method facilitates the user to construct preferences. In addition,
many systems are based on quantitative methods using utility func-
tions that require special input and assume stable preferences. As the
previous section shows, this view is debatable, since people construct
their preferences and this construction has many influential factors
that need to be carefully considered when designing an interface. We
now review several preference elicitation interface approaches. For a
recent more detailed review see [22].

Chen and Pu [7] give an overview over existing systems that elicit
user preferences. They mention different techniques used in the sys-
tems, like knowledge-based find-me techniques [4], example cri-
tiquing and tweaking [9], active decisions and clustering or collabo-
rative filtering techniques [26]. There are also hybrid systems com-
bining different approaches [5]. In knowledge-based systems, prefer-
ences are elicited by example-similarity; the user rates a given item
and requests similar items. Tweaking can be used to limit the sim-
ilar items to only those satisfying the tweak. In example-critiquing
approaches the user is presented with a set of candidates that can be
critiqued. The user can either choose one of them or critique some of
their attributes. An interesting interface has been developed by [27]
called the Apt Decision Agent. In this system people initially pro-
vide a small number of criteria for an apartment. Based on those they
get a number of sample apartments. They can react to any attributes
of any apartment. Interesting here is that the preference feedback by
the user gets more and more detailed during the interaction. At the
same time the user is not forced to go into more detail, but is free
to give only the feedback the user wants to give. A similar approach
is called Active Decisions and used in many online shopping envi-
ronments, where people go through a two stage process. First, they
screen a large set of products from which they choose a promising
subset. Second, they evaluate these in further detail.

As already mentioned, most approaches are focused on techniques
to implement the preference elicitation process. Less attention has
been given to concrete interface elements used in these approaches
and in particular the question "how much detail a user wants to give
using these interface elements”. Most approaches assume users that
want to interact with the interface and give ratings or critique exam-
ples.

3 EXPERIMENTAL SETUP

As mentioned in the previous section, most research in preference
elicitation pays little attention to the motivation that drives people
to enter their preferences into a system and how much detail they
are willing to give for each preference. We investigate the hypothesis
that the level of detail persons are willing to give in their feedback
depends on content type of the item, familiarity with the item, owner-
ship of the item and opinion about the item. We have set up a content

21

rating experiment with content type, ownership and opinion as inde-
pendent variables and detail as dependent variable. The content was
preselected by the experimenters (see Materials and Procedure), and
subjects could indicate their familiarity with the content, ownership
of, and opinion about each content item. As we had no control over
these three variables, we could not do a real 2x2x2 setup: some of
the cells in the experiment design would have been (and indeed are)
almost empty. As such we will consider the three variables as inde-
pendent factors (we will not test for dependencies). For the influence
of familiarity on detail a standard correlation study was performed,
based on the same data, with familiarity as independent variable and
level of detail as dependent variable.

b
How do you feel about the presented item? How much do you know about this person?
Alitle |-
C Thumbs-dewn & No epinion € Thumbs-up _
Do you own media (hooks, music, etc.) featuring this person
No | -
) Awful  Bad © Neutral € Good € Great
- f ]
==

|sometimes nice music

next songpic

Figure 1. Example of the interface for testing the level of detail. In this
figure the levels are all shown on the left side of the screen. From top to
bottom: 3-point, 5-point, AffectButton, emotion words and free text. On the
right side the current stimulus and the fields to fill in familiarity and
ownership. In this figure, all levels are shown, but during the experiment a
subject sees a level only when he/she pressed the "DETAIL” button situated
next to the next song/pic” button (not shown here, because all levels have
been filled in).

3.1 Participants

We selected participants from a broad range of people that indicated
earlier that they would like to take part in experiments. We tested
18 participants, 12 male and 6 female between the age of 21 and 65
(avg=30, stdev=10). Participants have different cultural backgrounds
as well as nationality and education.

3.2 Material and Procedure

Participants received an email with the invitation to participate in-
cluding a link to the application needed for the study. The study was
done online, so subjects did the experiment at a place of their own
choice when they wanted. The participants were told that the experi-
ment was about creating an alternative top-40 of famous people and
popular music. The real goal of the experiment was kept secret, so
that user motivation was not influenced by the instructions. The email
contained detailed instructions about how to use the application. Af-
ter the participants started the application, they were asked to fill in



some standard information (age, gender, and education). After fill-
ing in this information, they were presented with 30 songs and 30
pictures of famous people (one at the time, at random). For each pic-
ture/song they were asked to fill in their familiarity with the song or
person (5-point scale) and whether or not they owned the song or
media concerning the person (yes/no) (see right side of the window
in Figure 1). Then they were asked to give their opinion about the
picture/song. For each stimulus they had to give at least a thumbs-
down/neutral/thumbs-up opinion (3-point scale). Neutral was inter-
preted as no opinion, thumbs-down and thumbs-up were interpreted
as having an opinion. After that, they had the choice to enter more
detail to their opinion (click on a button: DETAIL) or go to the next
picture/song (click on a button: next song/pic). The position of the
two buttons was randomly interchanged for each new content item to
avoid a bias for clicking one or the other. There were 5 levels of detail
and each level had to be filled in before the participant could go to the
next to make sure the user takes an active decision in whether to give
more feedback or not. However, at every level subjects could stop
giving feedback and go to the next stimulus, except at the obligatory
first level. With these levels we wanted to test (a) for more detail with
respect to granularity (level 1 - level 2), and (b) more detail with re-
spect to additional affective dimensions (level 2- level 3). Free labels
(level 4) were added to add expressive power to level 3. Free text in-
put (level 5) was added to give the user full expressive freedom. The
levels are:

1. Thumbs-down/no opinion/thumbs-up. All subjects had to rate
their opinion about each item using this input level.

2. A 5-point scale ranging from awful to great. This was a more
detailed version of the first level, introducing 5 options: Awful, Bad,
Neutral, Good, Great.

3. Affective feedback using the AffectButton, an interactive but-
ton that can be used to give affective (emotional) feedback based on
three dimensions: pleasure, arousal and dominance [19]. It is a dy-
namically changing selectable emotion expression. The expression
changes based on the position of the mouse in the button. Previous
research has shown that the AffectButton is useable and produces
reliable and valid affective feedback [3].

4. Emotion words that match the feedback filled-in with the Af-
fectButton. Based on a subject’s feedback for an item at level 3, five
emotion words out of a total of 31 were presented that best matched
the feedback. The complete list of words spanned the pleasure-
arousal-dominance space. If a user entered a happy face, words such
as happy, content, etc. would be presented in the option list.

5. Free text input. This option enables subjects to give free text
input about an item as a last level of detail.

All data were collected at a central server including the actual level
of detail (1-5) entered per item. We took each rated item as statistical
unit of analysis resulting in a total of 18*%60=1080 cases. Excel and
StatistiXL were used to analyze the data.

4 RESULTS AND DISCUSSION

Before analyzing the data related to our hypotheses, we first did sev-
eral checks to find out if the experiment went as intended. The cor-
relation between sequence number of item presented and detail was
not significant, indicating that there were no wear or boredom ef-
fects on the subjects during the course of the experiment. Correla-
tions between level-1 (thumbs), level-2 (5-point) and the continuous
pleasure scale of level-3 (AffectButton) were all high and significant
(all » > 0.8, sign. < 0.001), as would be expected. This indicates
subjects are consistent in their ratings and therefore we can assume
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subjects participated seriously in the experiment.

4.1 Opinion influences amount of feedback

With regards to our hypotheses, we found a significant, but not very
large, influence of content type and ownership on the level of de-
tail subjects would enter for an item. Music is rated with more de-
tail (meanlevelofdetail = 2.0) than pictures of famous people
(mean = 1.8; F(1,1078) = 5, 3; p = 0.02). Items owned by a per-
son are rated with more detail (mean = 2.2) than items not owned
(mean = 1.9; F(1,1078) = 8.1;p < 0.01). We found a signif-
icant and large influence of opinion on the level of detail entered.
Items about which a person has an opinion are rated with much more
detail (mean = 2.1) than items about which a person has no opin-
ion (mean 1.4; F(1,1078) = 65;p = 0). In fact, in a back-
wards stepwise linear regression analysis (to check which of these
factors has what responsibility for the variation in the level of de-
tail), only opinion came out as a significant model for predicting the
level of detail. These results tell us that people who have an opinion
about something feel the need to give more detailed feedback about
that item. This influence has been found for both content types, and
there was only a small interaction effect between content type and
opinion (2e2ANOV A, F(1) = 4.5;p = 0.03). The regression and
ANOVA analyses indicate that, for practical purposes, of the four fac-
tors investigated, the user’s opinion using a 3-point feedback scale is
the important factor that influences the amount of feedback given.

With regards to the effects of familiarity we found an inter-
esting pattern that depends on opinion. Familiarity was correlated
positively with level of detail when taking all cases into account
(n 1080;p < 0.001;r = 0.136); however, the correlation is
rather small. When we repeated the analysis with only those cases
where a subject used at least the 5-point scale (level 2) the correla-
tion disappeared. However, when we again repeated the analysis but
now with only the cases where a subject used at least the affective
feedback (level 3), the correlation was negative and much stronger
(n = 262;p < 0.001;r —0.353). This indicates a nonlinear
relationship between familiarity and level of detail. It seems that in
general familiarity with the item does not play a major role in the
level of detail one wants to give as feedback, unless one has an opin-
ion about the item and one is unfamiliar with the item. In that case,
subjects used more detail to express their opinion.

4.2 Affective feedback used to express opinion

To gain a little more insight into the distribution of the use of feed-
back detail, consider Figure 2. Of all cases rated as “’no-opinion”,
only about 22% will subsequently be scored using more detail than a
three point thumbs-up/no opinion/thumbs down scale. Only in about
11% of those cases affective feedback is used. In contrast, if a case
is rated as “thumbs-up” or “thumbs-down”, these figures change dra-
matically. Now, 48% of the cases are rated using a 5-point scale and
31% of the items are rated using affective feedback.

4.3 Discussion of relevance

Our results clearly show that the amount of feedback detail, includ-
ing affective feedback, strongly depends on whether users have an
opinion. This is in itself not very surprising, but it is relevant for
several reasons. First, the results show that an adaptive preference
elicitation interface can take into account course grained feedback
for predicting if fine grained feedback is needed. This means that the



interface can conditionally hide and show the fine grained feedback
providing a simpler interface. This can be particularly important for
smaller interfaces, such as those used for mobile devices. Second, the
results show that users are willing to give affective feedback when
they have an opinion. Affective feedback is qualitatively richer data
than standard one-dimensional feedback and is therefore important
to consider in preference elicitation interfaces. Third, our results give
a first baseline of the amount of feedback that can be expected given
that no effort has been done to motivate the user to give feedback
(e.g., using social computing, added functionality). As we did not
prime subjects to give any level of detail (for each item a user explic-
itly indicated by pushing a button the need for the next level), and as
the type of content only marginally influences the amount of feed-
back given, our results seem valid as “baseline motivation”. Fourth,
future work is needed to investigate the exact influence of familiarity
on the amount of detail given, as the influence of this factor seems to
be dependent on opinion.

Of course our findings are limited. They relate to online, web-
based, preference elicitation, and our experiment should be repeated
in other domains, with larger groups of users, and different rating
tasks, goals and contexts.

Feedback detail distribution
1.2
1
o 0.8
foo S
< 0.4 1
0.2 ’_I
0 , , , J =B
1 2 3 4 5
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Figure 2. The figure shows the distribution of the levels of feedback given
for all cases. Level 1 was always given (see experiment setup). For example,
48% of the people used the 5-point Likert scale when they had an opinion,
while only 22% used it when they did not have an opinion.

5 CONCLUSIONS

We have argued that it is important to consider the level of detail a
user is willing to give when asked for feedback about a content item.
We have done a web-based preference elicitation experiment testing
the influence of four factors on the amount of detail given. The four
factors investigated are type of content, familiarity with the content,
ownership of the content and, whether or not a subject has an opinion
about the content. Opinion showed to be the most important factor.
Subjects with an opinion about an item gave significantly more de-
tail than when an opinion was absent. This provides opportunities for
adaptive preference elicitation interfaces to conditionally hide and
show fine grained feedback providing a simpler interface, whch can
be important for smaller interfaces. Further, 30% of the cases rated
with an opinion included affective detail, indicating users’ willing-
ness to give rich affective feedback when they have an opinion.
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Synthesizing Preference Information of Multiple Decision
Makers in Terms of Collective Decision Rules

Salem Chakhar and Inés Saad

Abstract. We propose an approach based on DRSA (Dominanceef attributes,V = quQ Vg, Vg is a domain of attributey, and
based Rough Set Approach) method for synthesizing preference iry : U x Q — V is aninformation functiondefined such that
formation of multiple decision makers in a multicriteria classification f(z,q) € V,,Vq € Q,Vx € U. The set of attribute) is often
problem. The proposed approach takes as input a common informatvided into a sub-sef’ of condition attributesand a sub-seD of

tion table and generates a set of collective decision rules representifcision attributesin this caseS is calleddecision table

a generalized description of the preference information of the deci- A series of assumptions are established first. The domain of condi-

sion makers. tion attributes are supposed to be ordered to decreasing or increasing
preference. Such attributes are calkriteria. We assume that the
1 INTRODUCTION preference is increasing with the value £, q) for everyq € C.

We also assume that the set of decision attribiieis a singleton

DRSA (Dominance-based Rough Set Approach) [3] is an extensioid}. Decision attributel makes a partition of/ into a finite number
of rough sets theory [5] to deal with multicriteria classification prob- of decision classe€l = {Cl;,t € T}, T = {0, ---,n}, such that
lems. It takes as inputdecision tablelescribing thelecision objects  eachxz € U belongs to one and only one class@h Further, we
and generates as output a setletision rulesDRSA is a single de-  suppose that the classes are preference-ordered, i.e. fosall T,
cision maker oriented method. However, there are some proposals fuch that- > s, the objects fromC!,. are preferred to the objects
extend DRSA to group decision making [7][4][1]. But these propos-from Cl,.
als have several shortcomings as discussed in Section 7. The idea of rough set approach is the approximation of knowledge

The objective of this paper is to introduce a DRSA-based approachenerated by the decision attributes loyanules of knowledgeen-

for synthesizing preference information of multiple decision mak-erated by condition attributes. The sets to be approximated are:
ers in a multicriteria classification problem. The proposed approach

takes as input a common information table and generates a set of col- Cly = U.s: Cls, Cly = U, Cls,t =0, ,n.
lective decision rules representing a generalized description of the
preference information of the decision makers. SetCI7 is called theupward union The assertion: € 1 means

The paper goes as follows. Section 2 presents the backgrounthat “z belongs to at least clagd;”. SetCltS is called thedownward
Section 3 introduces the approach. Section 4 presents the aggregationion The assertion € C/= means thati belongs to at most',”.
procedure. Section 5 deals with collective decision rules generation.

Section 6 illustrates the approach through an application. Section

discusses some related work. Section 8 concludes the paper. 5'2 Approximation of unions of classes

In DRSA the represented knowledge is a collection of upward and
2 BACKGROUND downward unions of classes and the “granules of knowledge” are
sets of objects defined using a (weak) dominance relation. The domi-

DRSA [3][4] is a rough sets-based multicriteria classification ,5nce relatiom\ p, whereP C C, is defined for each pair of objects
method. This method has been developed to overcome the shortcorp-andy as follows: -

ings of rough set [5] in multicriteria classification problems. The idea
of DRSA is to replacendiscernibility relation in rough approxima- zApy < f(z,q) > f(y,q),Yq € P.
tions bydominanceelation.

The “granules of knowledge” used for approximation in DRSA with

. . . respect to a set of criteriB C C and objectr € U are:

2.1 Basic notations and assumptions P ' = ject
Information about decision objects are often represented in terms df A}(ﬂﬁ) ={y € U : yApx}: the set of objects that dominate
aninformation tablewhere rows correspond tbjectsand columns ~ ® Ap(z) = {y € U : zApy}: the set of objects dominated by
correspond taattributes The information tableS is a 4-tuple<

i _ . P i
U,Q,V, f > where:U is a finite set of objects)) is a finite set Ap and A are respectively called®-dominating set and P

dominatedset. For each set of criterie C C, the P-lower and
L University of Paris-Dauphine, Place du Mahal de Lattre de Tassigny, P-upper approximations c@lt2 are defined as follows:
75775 Paris Cedex 16, France, email: salem.chakhar@dauphine.fr
2 MIS, University of Picardie Jules Verne, 33 Rue Saint Leu, 80039 Amiense P(Cltz) ={zeU: A;(;U) C C’ltz},
Cedex 01, France; and Amiens Business School, 18, Place Saint-Michel, >\ AT _ DA 12 £
80000 Amiens Cedex 01, France, email: ines.saad@u-picardie.fr ¢ P(CIT) = Uzeczt2 p(@) ={x e U: Ap(x)CIF # 0}
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P-lower approximation ofCZ contains all the objects withP- Cli ={Cl,t € T;},T; = {0, -, n:},

dominating set are assigned with certitude to classes at most as good s

asCl,. P-upper approximation af’{Z contains all the objects with  Such that Ji, Clis = U, Clii N Clys = 0,Vr,t € Ty, r # t, and

P-dominating set is assigned to a class at least as go6d;as if o € Clri,y € Cls,; andr > s, thenz is better thary for decision
Similarly, the P-lower and P-upper approximations af'i= are ~ Maker:.

defined as follows:

o P(Cl7)={zeU:Ap(x) C CIF}, 3.1 Phase 1: Individual classification

o P(CIF) = U,z Dp@) = {w € U A} (@) NI #0}. o N ,

In this first phase, each decision maker uses the common infor-

P-lower approximation ofCI= contains all the objects withP- mation tablel to construct its own decision tablg; defined as

dominated set are assigned with certitude to a class at most as goed U,C U D;,V, fi > where D; is a new decision attribute and

asCl,. P-upper approximation of’/= contains all the objects with  f; is an information function, both associated with decision maker

P-dominated set is assigned to a class at least as ga6é as Then, each decision maker runs the DRSA method using its decision
We also define thé-boundary sets af'IZ andC5 as follows: tableS; as input. In terms of this phase, the classification conducted

N _ N by each decision maker is characterized, among others, by:
e Bnp(Cly) = P(Cly) — P(Cly),

< D < <
e Bnp(Cly) = P(Cly) — P(CIy). o the P-lower approximation and and-boundary ofCl;; and

Bnp(C1Z) contains all the objects which are assigned both to a Cl7;, for eacht € T, and

class better thad'l, and to one or several classes worse thdn e the quality of classification’, defined in similar way to Eq. (1).

In other words, it contains objects with-dominating set cannot be

assigned with certitude to classes at least as go@d asSimilarly,

Bnp(CI5) is the set of objects witiP-dominated set cannot be as- 3.2 Phase 2: Aggregation

signed with certitude to classes at most as goodias

The objective of this phase is to combine the outputs of the first phase
in order to assign to each objecte U a collective assignment inter-
val by using an aggregation procedure detailed in Section 4. First, we
The approximations of upward and downward unions of classes cadesign byCl the collective preference order obtained by the union of
serve toinduce asetoff - - -, then - --” decision rules relating con- individual preference orders:

dition and decision attributes. An objectc U supportsa decision

rule if its description matchs both the condition part and the decision Cl={Cl,teT},T=A{0,---,n},

part of this rule. A decision ruleoversobjectz if the description of

z matches at least the condition part of the rule. Strengthof a  such that eaclr € U belongs to one and only one claS$;: € ClI.
decision rule is the number of objects supporting this rule. This operation is correct since, as stated before, decision attributes

are defined on the same domain. According to this definition, we
have:x € Cl; s < 2 € Cly,Vx € U,Vt € T, andVi € H.
The aggregation procedure can be represented as follows:

2.3 Decision rules

2.4 Quality of classification

Thequality of classifications defined by the following ratio:
U — CIxCcCl

_ o caraU-(J,_, . Bre@) = I()=[l(z),u(x)]
P - card(U) < (1
_ C“"'d(U*(Uf,:o,...kn_)l Brp(C)) It is a mapping fromlJ to Cl x Cl that associates to eaghe U a
card(U )

collective assignment intervdl(z) = [I(z), u(z)], wherel(z) and
It expresses the pourcentage of objects that are assigned with certi{x) are respectively the lower and upper classes to which object
tude to a given class. can be assigned. Details are given in Section 4.3.

3 gghﬁ%ﬂg?gﬁ%g&%ﬁghﬁ 3.3 Phase 3: Generation of collective decision rules

The proposed approach is composed of three phases: individual clashe objective of this phase is to use the DRSA method to infer a
sification, aggregation, and generation of collective decision rulesset of collective decision rules representing a generalized descrip-
The main input of the approach is a common information tdble tion of the preference information provided by the different decision
defined as< U, C,V, f > with a finite setU of objects and a fi- makers. The application of DRSA method requires that the decision
nite setC of criteria. The output is a collection of collective decision attribute be mono-valued. Thus, some simple rules are first used to
rules representing a generalized description of the preference infoconstruct a collective decision table with a mono-valued decision at-
mation provided by the decision makers. lFét= {1,---,4,---,h} tribute (Section 5.1). Then, the DRSA method may be applied using
be a finite set of decision makers corresponding: tdecision at-  the obtained collective decision table as input (Section 5.2).

tributes Dy, - - -, D;, - - -, Dy. Further, we suppose that decision at-

tributes are defined on the same domain. We also assume that each

decision maket € H has a preference order on the univetsand 4 AGGREGATION PROCEDURE

that this preference order is represented by a finite set of preference
ordered classes: The aggregation procedure is composed of three steps.
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4.1 Step 2.1: Normalization B*(z,CIT) € [0,1] measures the power of coalition of decision
: < pt >

The objective of this first step is to standardize the quality of (:Iassi—makers that assign to the bqqndary OC.lt.' B (@, Cl7) € [0,1]

ficationsyh (Vi € H) using the following formula: measures the power of coalition of decision makers that asstgn

the boundary of>1Z.

h

i/ 1 i .

Yoo = 3D v ((=1oh). @ 4.3 Step 2.3: Definition of assignment intervals
=1

Let® € [.5,1.0] be a majority threshold an@f € [0, .5] be a veto
threshold. Based on the concordance and discordance powers, we

4.2 Step 2.2: Computing the concordance and may distinguish four situations for the assignment a6 CI=:

discordance powers

+ < + <
The aggregation procedure is based on the majority principle which — B (x,Cly) <0 | B (z,Clp) > ¢
is defined through the concordance and discordance powers. The se- L™ (z, Cli7) > 6 z € Cly x ¢ Cly
mantic interpretation of these powers is similar to the same concepts L™ (z,CI) < 6 z ¢ Cly z ¢ Cly

employed in ELECTRE family of multicriteria methods; seg[Z]. These situations are summarized by the following assignment rule:
However, they are defined, computed and used differently in the

present paper. if Lt(x,CI5)>0ABT(z,CIE) < ¢, then zeCIE
else z¢CIs (rule 1)
4.2.1 Concordance power This assignment rule can be explained as follows. An objeist

. S . s
First, we define the sets(z, C15>) and L(x, Cl7) as follows: assigned t@’l;" if and only if

there is a “sufficient” majority of decision makers (in terms of
o L(z,Cl5) = {i:i€ H Az € P(CIS)}, * Jorty (

their quality of classification) that assignto CIZ, and

o L(z,Cl7)={i:i€ HAz € P(CI,)}. e when the first condition holds, none of the minority of decision
The first set represents the decision makers for which objd- glagkers shows an “important” opposition to the assignmentiof
longs to the lower approximation (ifl?. The second one represents te

the decision makers for which objecbelongs to the lower approxi- In similar way, four situations can be distinguished for the assign-
mation ofCl7. Next, theconcordance powerfor the assignmentof ment ofz to CI7:

to CI= and toCIZ are computed as follows:
v K k P Bt (x,Cl17) <6 | BT (2,CI1Z) > ¢

Lt (z,CI5) = Z . () L (z,CI7) >0 x € Cl xz ¢ Cly
ieL(@.015) LT (z,Cl7) < 0 xz ¢ Cly xz ¢ Cly
? t
These situations are summarized by the following assignment rule:
L (z,Cl17) = Z . (4) if Lt(x,ClZ)>0AB(z,ClZ) <0, then zeCl7

else = ¢ CIZ (rule 2)

i€L(z,Cl7)
This assignment rule can be explained as follows. An ohjet
Lt (=, CZE) € [0,1] measures the power of coalition of deci- assigned tm’jltz if and only if:
sion makers that assign to the lower approximation of’l;.
L*(x,Cl7) € [0,1] measures the power of coalition of decision
makers that assign to the lower approximation dﬁltz.

e there is a “sufficient” majority of decision makers (in terms of
their quality of classification) that assignto Cltz, and

e when the first condition holds, none of the minority of decision
makers shows an “important” opposition to the assignmenttof

4.2.2 Discordance power CIZ.
First, we define the se8(z, CI5°) and B(z, C17) as follows: The application of these assignment rules on the set of obfécts
. Bz, Cl?) _liicHAze Bnp(lei)}, permits to associate to each objea collective assignment interval

e B(x,CIZ) = {i:i € HAz € Bnp(CIZ,)}. I@) = [i{z), u(z)] where:

The first set represents the decision makers for which objdg- (7)
longs to the boundary uﬁ’l?. The second one represents the decision
makers for which object belongs to the boundary dfltz. Then, the

discordance poweror the assignment of to the boundary o= w(z) = { argminy,, Na(z), if Na(z) # 0, ®)

l(ﬂ?) _ argma)&'ltNl(x)7 if N1(.T) 75 ®7
- Clo, otherwise.

andCIZ are computed as follows: Cly, otherwise.
>
B (z,CIS) = i 5 whereNi(z) = {Cl; : x € Clr} andNz(z) = {Cl; : z €
(2, C17) Z B " ®) CI7}. SetN:(z) contains the set of classes to whiclis assigned
i€B(,Cl7) by applyingrule 2, while setN2(x) contains the set of classes to

which z is assigned by applyingile 1.
i The aggregation procedure is summed up in Algorithm 1. This
Bt (z.CI1Z) = i 6 € aggrega p : p in Algo
(2, Cl7) Z r © algorithm runs inO(|U| - n - h) where|U | is the cardinality o/, n

. > . -
i€B(z,ClT) is the number of classes ahds the number of decision makers.
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Algorithm 1 AggregationProcedure
Input: P(C1;,), P(Cl7,): P-lower approx.{ € H;t € T;)
Bnp(CI3,;), Bnp(CIZ,): P-boundary { € H;t € T))
~4%: quality of classificationi(e H)
Output:I(x): Collective assignment interva¥{ € U)
1. Normalizeys (i € H)
2for eachw € U
. foreacht e T
4. compteL(z, Cl5), B(z, Cl3), Lz, Cl7), B(z, Cl7)
5. comptel " (z,Cl5), Bt (z,Cl5), LT (2, ClZ), BY (z, Cl7)
6. if LT(z,CIS) > 0andB* (x,Cl5) < 0, thenz € CI=
7
8
9

w

elsex ¢ CI= end if
if L*(z,CIZ) > 0andB" (z,CI7) < 0', thenz € C1>
elsex ¢ CI1= end if
10. end for
11. Ni(z) — {Cl; : = € CI7}
12. No(z) — {Cl; : z € CIF}
13. if Ni(z) # 0, thenl — argmax:, N1 (z)
14. elsel «+ Clp end if
15. if Nao(z) # 0 then u « argmine;, N2 (z)
16. elseu «— Cl, end if
17. I(x) < [l, u]
18.end for

5 INFERENCE OF DECISION RULES
5.1 Construction of a collective decision table

in Algorithm 2 returns an ordered list frod(z), - - -, u(x)). Algo-
rithm 2 runs inO(|U| - k log k) where|U]| is the cardinality of/ and
k is the number of values ifi(z), - - -, u(x)).

Algorithm 2 AssignmentintervalReduction

Input: I(x): Collective assignment interva¥{ € U)
rule: Interval reduction rule

Output:g(x, D),Vz € U

l.foreachz € U

2. 1 I(x)

3. u«— u(x)

4. ifl =u,theng(z, D) 1

5. elseifruleis ‘min’, then g(z, D) « 1

6. else ifrule is ‘max’, then g(z, D) «— u

7. else(l’,---,u’) « OrderedList(I(z), - - -, u(x))
8. m «— mediar{l’, - - - ,u’)

9. if rule is ‘floor’, then g(z, D) — |m] end if
10. if rule is ‘ceil’, then g(z, D) < [m] end if
11. end if

12. end if

13. endif

14.end for

5.2 Inference of collective decision rules

The objective here is to apply DRSA using the collective decision
table S as input. The application of DRSA at this level is the same
as for a single decision maker. The output is a collection of decision

The objective of this step is to construct a collective decision tableules synthesizing the preference information of the different deci-

S defined as< U,C U D,V,g > whereD is a collective decision
attribute andy is a collective information function defined as follows:

_ f(z,q), itqeC,

Two cases may be distinguished for the definitiory0f, D). The
first holds wheni(z) = u(x). Here, objectr is assigned to a sin-
gle class and consequently we canget, D) = I(x) (or similarly
g(z, D) = u(x)). The second case holds whEr) < u(z). This
corresponds to the situation where objeés assigned to more than
one class. To defing(z, D) we may apply one of the following rules
to reduce the collective assignment interét) to a single class:

e use the “min” operator on the collective assignment intefyaJ).
This leads tqy(z, D) = I(z). (rule 3)

e use the “max” operator on the collective assignment intef{a).
This leads tqy(z, D) = u(z). (rule 4)

sion makers. These rules can then be included in a knowledge-based
decision support system [6] and used as basis for decision making.

6 APPLICATION

The problem considered concerns post-accident nuclear risk manage-
ment in the southern France in which one of the authors was implied.
For the purpose of this paper, only a subset of data is used. Further
decision objects and names of decision makers are codified (con-
fidentiality reasons). The problem considered involves 10 decision
objects, 7 evaluation criteria, 3 decision makers (CM, PP and CAL),
and six decision classe€’{, to Cls). Decision objects correspond

to a subset of the districts of the study area. The list of evaluation
criteria is given in Table 1 and decision classes are given in Table 2.

Table 1. List of evaluation criteria

Code  Description

e use the “median” operator o, -- -, u’, wherel’;--- «' is an i Ragloeco:oglca: vu:neragql'ty o][ ?gncultural area
- C Radioecological vulnerability of forest area
ordered listissued fror{(z), - - -, u(z). (rule 5) [ Radioecological vulnerability of urban area
Cy Real estateI vulngrlability
: Cs Tourism vulnerabilit
The proposed gpproach assumes an ordinal me_a_surement scale. e Economic Vulnerabﬁ’ity of companies
Hence, the median value may correspond to no decision class (when Cy Employment vulnerability

there is an even number of values). To avoid this probleite,5 can
be subdivided into two rules:

e use the “floor” of the median valug(z, D) = |u(l’,---,u’)].
(rule 5.7

e use the “ceil” of the median valuei(z, D) = [u(l’,---,u’)].
(rule 5.2

Functionu(-) returns the median value. The collective assignmentin-

terval reduction step is formalized in Algorithm QrderedList
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Table 2. Decision classes

Level Class Name

0 Cly Normal situafion

1 Cly Very minor

2 Cly Minor

3 Cls Moderate

4 Cly Major

5 Cls Major and long-lasting




6.1 Phase 1: Individual classification Step 2.3: Definition of assignment intervals Here, assignment

. h decisi K h ; hod using i q rulesrule 1 andrule 2 given in Section 4.3 are used to associate
First, each decision maker runs the D thod usingitsown de-  , g5cy object: € U a collective assignment intervdlx). The

cision table obtained by adding a new decision attribute to the Comr'najority and veto thresholds used in this applicationéare .5 and
mon information table. Decision tables used here are given in Tablg, _ 25, respectively. Then, assignmente 1 andrule 2 become:
3 where decision attribute®;, D> and D3 correspond to decision

makers CM, PP and CAL. The obtained quality of classifications are if Lt (z,CIS) > .5 A Bt (x,CIS) < .25, then  z € CIE

b = 0.61 (CM), v2 = 0.33 (PP), andy} = 0.33 (CAL). else ¢ ClIS
Table 3. Decision tables if LT(x,Cl7)>.5ABY(2,Cl7) < .25, then € CIZ
else z ¢ CIZ
ObectCy _C, Cs; Cs Cs Cs C; Di Dy Dy
T1 7 5 5 5 4 1 T ! Z 5 o ) L
x5 4 5 5 5 4 2 2 4 4 5 The application of these rules ig is summarized in Table 4 (fourth
x3 4 5 5 5 4 2 1 4 4 5 . : - . -
Ta 4 5 5 5 4 3 1 5 4 5 row). According to this table, it is easy to see that the first assignment
o $ 2 2 2 4 2 0 3 2 3 rule is verified only forCl5 andCl5 while the second assignment
z7 % % % % 421 1 8 g (2) % rule is verified only forlC17 andC13 . In conclusion, we obtains €
;g 3 2 2 4 4 2 0 3 2 2 Cl;, x5 € Cl4§, x5 € Cllz andxs € 0122
Ti0 3 3 3 4 4 1 0 3 2 3
Table 4. Application of assignment rulesule 1andrule 2) to objectzs
6.2 Phase 2: Aggregation ci, CIZ CIE CIE CIE Clf CIZ CIZ CIZ CIE CI2
o LT(@s,Cl,)) 0 0 0 74 1 1 1 48 0 O
6.2.1 Step 2.1: Normalization B+((22,czi)) 0 0 5 25 0 0 0 52 0260
Decision No No No Yes Yes Yes Yes No No No

First, Eq. (2) is used to normalize the quality of classificatighs

2 3 H 1.7 2./ _ 3./
7P, andyp, which leads to.vp = .48.,"yp = .26. and"yp = .26. Now, to define the assignment intervl:s) = [I(zs), u(zs)], we

use Egs. (7) and (8) to defiers) andu(zs). Based on Table 4, we
6.2.2 Step 2.2: Computing the concordance/discordance get: Ny (z5) = {Cl; : 25 € CIZ} = {Cl1,Cls}, and Ny (z5) =
powers {Cl; : x5 € CIE} = {Cl3,Cl4}. Then, Egs. (7) and (8) lead to:

Concordance power For illustration, we only show the computing I(z5) = argmax., N1(zs) = argmax,, {Cl,Cla} = Cla.

of L (w5, CI5). The lower approximations fof'l5 according 10 o (x5 = argmin., Na(zs) = argmin., {Cls, Cla} = Cls.

decision makers CM, PP and CAL are as follows: i ’

[ ] B(Clgg) = {I5, L6,L7,T8,T9, $10}. (CM)

o P(Cl3) = {xs, x5, 77,78, 29, 10} (PP)
P(CI3) = {ws}. (CAL)

Hence, we havé (x5, CI5) = {1,2}. This means that only decision . . . -
makers CM and PP assign to the lower approximation of/Ls . 6.3 Phase 3: Generation of collective decision rules

Now, Eg. (3) can be used to compute the concordance power forStep 3.1: Construction of a collective decision table The ob-

Finally, the assignment interval for decision objegtis I(z5) =
[Cl2, Cl3]. For convenience, the assignment intervals for all decision
objects are given in Table 5 (second column).

objectzs with respect taCl3:: jective here is to construct the collective decision tatlel/, C' U
D,V,g >. The definition ofg(z, D), Vx € U is summarized in
LT (x5, czgi) = Z.GL( o) =i+ 2yp=.48+.26=.74. Table 5 where columns “min”, “max”, “floor” and “ceil” refer to in-
3 T5, 3

terval reduction rulesule 3, rule 4, rule 5.1andrule 5.2
The concordance powers of decision objegtwith respect toCltS

> . .
(t=0,---,4)andCl7 (t =1,---,5) are given in Table 4. Table 5. The definition ofg(x, D) for different interval reduction rules
: : : _ T; I(x;) min max  floor ceil
_Dlscordf\nce pogver For |Ilustrat_|0n, We>only shqw the comput N oL CL] Ol CL CL 0L
ing of B™ (x5, Cl5 ). The boundaries fof’l according to decision Z2 Cly, Cly Cly Cly Cly Cly
. z3 Cly,Cly] Cly Cly Cly Cly
makers CM, PP and CAL are as follows: o Cla sl Cls Cls Cls o Cla
> x5 Cly,Cl3] Cly Cls Cly Cls
. Bnp(Clzg) =0.(CM) o [Clo.Cly] Cly Cly Cly Clo
e Bnp(Cls) =0. (PP x7 Cls,Cls] Cls Cls Cls Cls
P( 4<) 0. (PP) zs [Clo.Cly] Cly Cly Cly Cly
e Bnp(Cly) = {5, 26, %7, 9, T10}. (CAL) ze  [Cls.Cls] Cls Cls Cls Cls
10 Clz, Clg Cl2 Cl3 Clg Cl3

Then, we getB(zs, Cls) = {3}. This means that only decision
maker CAL assigng to the boundary ole. By Eqg. (6), the dis-

cordance power for the assignment of objegto CI5 is: . - .
P g es 4 Step 3.2: Inference of collective decision rules The quality of

B+(m5,C’l42) = ZiEB(mg,C‘lZ) “Vp = vp =.26 classifications according to different interval reduction rules are
o ‘ 4. ) < given in Table 6. As it is shown in this table, interval reduction using
The boundary POWers of decision objecf with respect taCl>  the “max criterion” ule 4) leads to the highest quality of classifica-
(t=0,---,4)andCl7 (t =1,---,5) are summed upin Table 4. ion (.83). The quality of classifications obtained tye 5.1 (floor)

3 Using 4eMKa, which is a stand-alone and free software implementing th@ndrule 5.2 (ceil) are equal to .72. In the three cases, we can con-
DRSA method. See: http://idss.cs.put.poznan.pl/site/4emka.html. clude that the number of objects assigned with certitude to a given

29



class is acceptable. In the contrary, the quality of classification obef agents, the quality of classification, the number of rules and the av-
tained by the “min” criterion rule 3) is relatively low. Hence, the erage strength of rules. However, we think that the second and fourth
use ofrule 3is not recommended in this illustrative application. criteria are similar, which may lead to over-evaluation.

Another extension of DRSA to support multiple decision makers is
reported in [4] where the authors extend the lower and upper approx-
imations and boundary concepts. More specifically, they introduce
the concepts of downward and upward multi-union and mega-union.
These concepts are then used to define lower and upper approxima-

A selection of collective decision rules generated using 5.1 tion for unions of classes. We think that this extension has three main
for interval reduction is given in Table 7. The first column in this shortcomings. First, it is difficult for decision makers to understand
table contains the decision rule. The second column contains objecthe aggregation mechanism adopted in [4]. Second, [4]'s approach is
supporting the rule. The last column indicates the strength of the ruleexpensive in computational time. Third, there is no dialogue between
The description of these rules is straightforward. For illustration, wethe different decision makers.
briefly comment two ones:

Table 6. The classification quality for different interval reduction rules

Rule min max floor cell

8 CONCLUSION

We proposed a three-phase DRSA-based approach for group multi-
criteria classification problems. The proposed approach takes as in-
put a common information table and generates a set of collective
decision rules representing a generalized description of the prefer-
ence information of the decision makers. The paper detailed the ap-
proach and illustrates it through a real-world application. The pro-
posed approach has several merits. First, as it is based on DRSA,
the approach: (i) does not require any preference parameter, (i) is
able to deal with lack of information, and (iii) is able to detect and
handle inconsistency problems in the decision table. Second, the ap-
proach uses the majority rule which is characterized by (i) its sim-
plicity, anonymity and neutrality, and (ii) its low-demanding in terms
of computational time. Third and in contrary to [7][1] (which are
very demanding in terms of dialogue) and [4] (which requires no di-

e Rule 4 if f(z,qs5) < 3, thenCl5
e Rule 20 if f(z,q2) < 2 A f(x,q5) < 4, thenClZ

Rule 4 means that an objectis assigned t(xi’l2S if its evaluation
with respect to “Tourism vulnerability” criterioryf) is less or equal
to 3. Rule 4 is supported only by decision objeg¢tsand z15. Its
strength is equal to 40%.

Rule 20 says that objeat is assigned tcn’]lz,Z once (i) its evalu-
ation with respect to “Radioecological vulnerability of forest area”
criterion (g2) is less or equal to 2, and (ii) its evaluation with respect
to “Tourism vulnerability” criterion §5) is less or equal to 4. The de-
cision objects supporting Rule 20 arg;, x2, x3, x4, x5, 7, T9, and
x10. The strength of Rule 20 is equal to 92.86%.

Table 7. A selection of collective decision rules

Roe_ SHPOOTING SMects Strengl alogue), the proposed approach is not very demanding in terms of
Rulel:if f(x, g5) < 2,IhenCLa zg 100% . . ..
T —— po dialogue between the different decision makers.

Sz q1) < 1, = . 6 - ! " ¢ )
Ruled:if f (, g5) < 3.thenCI> P 2% Several topics need to_ t_)e investigated m_the futu_re. The f|r_st one
Rule13:itf (=, g6) < 3.thenCiZ ) 100% concerns the use of decision rules-related information to define the
RU1S:iff (w, q1) < 2MhenCIZ w1, wo, w3, g, w5, o7, 9, w10 100% assignment rules. The second one is related to the use of other clas-

Rule20if f (2, g2) < 2 A f(@,q5) < 4,thenCly @, sification methods that accept interval-based assignment for decision
objects. The third one concerns the use of input level aggregation-

oriented schema.

@, @3, Ty, x5, 7, T, T1(o 92.86%

Rule22:itf (w, a2) < 2 A f(w, q5) < 3,thenCl> @y, g, w3, 24, 5, 27, 39, v10 100%
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Abstract. We consider a scenario where several agents express theis soft constraints [7] and CP-nets [2]. The aim of such &iras

preferences over a common set of variable assignments, aysé
a soft constraint problem for each agent, and we proposecaguoe
to compute a variable assignment which satisfies the agem&r-
ences best. Such a procedure considers one variable at artanat
each step, asks all agents to express its preferences eveoitiain
of that variable. Based on such preferences, a voting rulsesl to
decide on which value is the best for that variable. At the, ¢ne
values chosen constitute the returned variable assignment

We study several properties of this procedure and we shawttha
use of soft constraints allows for a great flexibility on thefprences
of the agents, compared to similar work in this setting wissents
model their preferences via CP-nets, where several régtricon the
agents’ preferences need to be imposed to obtain similgepties.

1 Introduction

In many real-life situations, we need to express our prefas over
a set of objects, in order to select the most preferred onis.rii&y be
useful, for example, when activating a search over the welvhen
looking for a product in a catalogue, or when trying to de@dehe
best resource allocation or timetabling.

Expressing our preferences over a set of objects meanggvin
ordering to this set, where more preferred objects appetercm
the ordering. This ordering need not be total, that is, we hzase in-
comparable objects. Indifference may be present as wedesome
objects may be equally preferable to us.

When the set of objects is small, we may just present thenrexlde

to express our preferences over them. However, when thd ebt o
jects is very large, this is unfeasible. Unfortunatelystts usually
the case in real-life situation, since often objects haveralinato-
rial structure, that is, each object can be seen as the catidnnof
certain features, where each feature has a set of possgtnaes.
Consider for example a PC: usually it is not seen as a sirgje ibut
as a combination of a features, such as its processor, itsdisk,

its RAM, and its monitor. Each of these features has somelgdess

instances, and a PC is the combination of such feature itestan

Usually the instances for each feature are not many, butuseca

of the combination the set of objects can still be very la@Ensider

an example, where we need to choose a menu for a meal, composé
of a first course, a main course, a dessert, and a wine. Asgumin

have 5 choices for each of these, we should choose afforg625
different meals. Fortunately, when the set of objects hasnebina-
torial structure, we may describe our preference in a cotnpag,
using one of the several formalisms available in the litegtsuch
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is to allow one to express in time and space polynomial in tira-n
ber of features an ordering over the set of all objects, whiely be
exponential in such a number.

A structure such as a CP-net or a soft constraint problem- auto
matically induces a preference ordering over the set ofotdjé-or
such formalisms, the literature tells us how expensivetit find the
most preferred object, or to test if an object is the mostepreti, or
also to test whether one object is more preferred to anotterFeor
example, for both types of structures, it is NP-hard to firel riost
preferred object, although it becomes linear in the numbfatures
when some topological restrictions hold.

Often, we cannot take decisions by ourselves, but we neeazhte ¢
promise our preferences with those of other people. To cank to
the dinner example above, we may think of a set of friends wéatw
to organize a dinner and need to agree on a common menu. This is
the kind of scenarios we consider in this paper. More prégcises
consider a set of agents, each expressing its preferenees com-
mon set of objects with a combinatorial structure. The gsalaw
to combine such preferences and to find the object which isthet
preferred according to this combination. Of course, thaltieg) ob-
ject will depend on the chosen rule to combine the prefereatthe
agents.

Voting theory [1] is a very wide research area, between emino
theory and operations research, that considers exacthg theenar-
ios: in an election, voters (that we would call agents) vgtexpress-
ing their preferences over a set of candidates (that we weallab-
jects), and a voting rule decides who the winner candidafehiss it
is natural to look in this area for possible approaches tdiragent
preference aggregation.

Voting theory provides many rules to aggregate prefereniées
there are only two objects, the best rule, according to maitg-c
ria, is majority voting. When there are more than two objetttere
are many voting rules one could use (Plurality, Borda, SPyraval,
etc.), each with its pros and cons. Each one of such rules taka-
put (a part of) the preference orderings of the agents arekgig
output the "winner” object, that is, the object that is calesed to be
the best according to the rule.

The most naive way to use voting rules in our context consists
claoosing avoting rule and giving to it what it needs to knowatihe
preference orderings of the agents, then running the vetilggand
see what result comes out. This is however not feasible iergén
In fact, if the chosen voting rule needs to know a large parthef
preference ordering from the agents, it may take exporietie
only to give the input to the rule.



A valid alternative is to use the voting rule several timesgeach
feature of the object set. That is, the rule asks the agemimotade
their preferences on each feature at a time, and at each giieper
instance for a certain feature will be returned. At the erdthe
winner instances will constitute the winning object.

This approach is certainly more attractive computatignaiince
usually the number of instances of each feature is smalh,Adsspe-
cial cases, it may return useful results. For example, iptieéerences
of the agents on the various features are independent ofatheh
then the winning object will be optimal for all agents. Uriforately,
this is a very rare case, since usually there are dependeaiciong
the various features. What can be done in this situation sudy
when, even in presence of dependencies among featurasy \oaiin
be performed on each single feature at a time rather thanraplete
objects. This study has been done already for CP-nets [6}yisl
that a sequential single-feature voting protocol can findraner ob-
ject in polynomial time, and have several other desirabtperties,
when the CP-nets satisfy certain conditions on their depecids. In
particular, the CP-nets must be acyclic, and their deperydgraphs
must all becompatiblewith a given graph ordered according to the
feature ordering in the voting procedure. We are now inteteto
undergo the same study for soft constraints.

More precisely, in our setting there is a common set of vigmb
and domains, and each agent expresses its preferencedl wegi-a
able assignments via a soft constraint problem. Given abkrior-
dering, say;, . .., vn, and a sequence of voting rulesry, . .
the sequential voting procedure is simply a sequence of ag staps
as the number of variables, where at each stagents are required
to report their preferences over the domain of variabléo do this,

<5 Tny

gation of all the soft constraint networks at once. This peth been
in followed in [8, 5] among others. With respect to this agmio, the
one presented in this paper has the advantage of havingeletse+
tive assumptions that guarantee tractability and thatatel for the

use of several voting rules instead of a single preferencatation

criterion.

2 Background
2.1 Soft Constraints

A soft constraint [7] is a constraint [4] where each instatibin of its
variables has an associated value from a (totally or phrtatiered)
set which has the structure of a c-semiring. A c-semiringefsnéd
by (A, +, x,0,1) whereA is this set of values is a commutative,
associative, and idempotent operaterjs used to combine prefer-
ence values and is associative, commutative, and distshuer+,

0 is the worst element, antl is the best element. The c-semiring
S induces a partial or total ordets over preference values, where
a <g biff a+b = b. A Soft Constraint Satisfaction Problem (SCSP)
isatuple(V, D, C, A) whereV is a set of variabled) is the domain
of the variables and’ is a set of constraints ovéf associating val-
ues from c-semiringi.

A classical CSP [4, 9] is just a soft CSP where the chosen c-
semiring isScsp = ({false, true}, V,A, false,true). Fuzzy
CSPs [7] are instead modeled wifycsp = ([0, 1], max, min,

0, 1). That is, we want to maximize the minimum preference.
For weighted CSPs, the c-semiring $$vcsp = (RT, min, +,
+00,0): preferences are interpreted as costs ffbto +-co, and we

each agent needs to compute the influence of the whole soft coRyant to minimize the sum of costs.

straint problem ovewv;. Voting ruler; is then applied to such prefer-
ences over the domain of, and the result is a valug for v;. Stepi

As an example, consider the following fuzzy CSP whéte=
{X,Y}, D = {a,b} andC = {cv,cxy}. Soft constrainty is

ends by adding constraint = d; to the soft constraint problems of yefined over the values af and associates preference 0.4tand
all agents. After alh steps have been executed, the collection of allyq g 7 10, Constrainte,,, instead, is defined oveX and Y and

computed values is the variable assignment chosen by thesgaj
procedure.

associates 0.9, 0.8, 0.7, 0.6 to, respectively, tugles= a,Y = a),
X=aY=5),X=0bY=a)and(X =b,Y =0).

N ¢
To make each step (and the whole procedure) polynomial in the 1y main operations have been defined on soft constraints: co

number of agents and variables, we have to assume thatreégh
polynomial to compute, and also that each agent can easitpate
its preferences over a single variable. For example, we rasyme
that agents model their preferences via tree-shaped sudtraints.

Our results are similar to those obtained in [6], where agent
press their preferences with CP-nets. However, the usefoéeo-
straints allows us to avoid imposing many restrictions an fihef-
erences of the agents. In fact, contrarily to CP-nets, sofsiraints
are not directional, and thus information can flow from onealde
of a constraint to another one without a predefined orderatgden
them. This allows us to not tie the variable ordering usedheyse-
guential procedure to the topology of the constraint graphach
agent. This makes the approach much more generally aplgidab
fact, the tractability assumption over the constraint hsajs simi-
lar to the assumptions that CP-nets are acyclic. Howevedoveot
need to impose that the constraint graphs are mutually ctiohgpa
and with a graph structure based on the variable ordering.

A viable alternative to the sequential voting approacht the
don’t consider in this paper, would be to define voting ruléssge in-
put is not a preference ordering, but a compact structuresepting
it. In this way, the drawbacks outlined above of the one-afgpoach
would disappear, since the rule would directly work on a $stalic-
ture rather than on a large ordered set.

Another alternative aggregation strategy is that of a tiaggre-
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bination, denoted witkw, and projection, denoted with. In words,
combining two constraints means building a new constravli-

ing all the variables of the original ones, and which asgesido
each tuple of domain values for such variables a semiringee
which is obtained by multiplying the elements associatethbyorig-

inal constraints to the appropriate subtuples. Consigetie exam-
ple of fuzzy CSP above, we have that ® cxy is a constraint
on X andY associating 0.4, 0.7, 0.4 and 0.6 to, respectively, tu-
ples(X =a,Y =a), (X =a,Y =0), (X =bY = a)and

(X =0bY =b).

Projecting a constraint on a subset of variables meansrediing
the others by associating to each tuple over the remaininghblas a
semiring element which is the sum of the elements assodigtéoe
original constraint to all the extensions of this tuple otrex elimi-
nated variables. For example, constrantx cxy | x is a constraint
defined only overX, i.e. the variable on which we are projecting, and
associates 0.7 toand 0.6 ta, since 0.7 is the highest preference of
any tuple ofcy ® cxy whereX = a and 0.6 is the highest preference
of any tuple ofcy ® cxy whereX = b.

To obtain the solution of an SCSP, we just combine all comgga
Thus, solving an SCSP means inducing an ordering over thef set
complete assignments. In the case of fuzzy and weighted ,GBéls
and ordering is total with ties. In the example above, theided
ordering hag§ X = a,Y = b) at the top with a preference of 0.7,



(X =0b,Y = D) just below with 0.6 andX = b,Y = a) and The research on voting theory has mainly been concernedivéth
(X = b,Y = b) tied at the bottom with 0.4. An optimal solution of definition of properties of voting systems that are desgabhese
an SCSP is then a complete assignment with an undominatéd preproperties are desirable also in automated contexts, soilvegall
erence. The optimal solution of the examplg ¥ = a,Y = b). a few of them, since we will later be interested in studyirgjitpres-
Finding an optimal solution in a set of soft constraints isN#thard ~ ence (or absence) in the preference aggregation systernmpeser.
problem.

Constraint propagation in SCSPs may be very helpful in impro e Condorcet-consistency: A voting rule is Condorcet-caesisif,

ing the behavior of the search. For some classes of cortstraim- when a candidate who beats every other in pairwise elections
straint propagation is enough to solve the problem [3]. Thithe (namely, a Condorcet winner) exists, that candidate is ydwa
case for tree-shaped fuzzy CSPs, where directional arsistency elected; Condorcet winners are unique and may not exist.
(DAC), applied bottom-up on the tree shape of the problem, ise Anonymity: A voting rule is anonymous when the results of an
enough to make the search for an optimal solution backthaek- election are the same even under a permutation on the vetdrs’
DAC is also enough to compute the preferences over the values  This means that the result is independent of who are thesaier
the root variable, in dependence of the rest of the problemat T8, in which order they are considered, but it depends only oir the
DAC is equivalent to combining all constraints and projegtover set.
the root variable. e Neutrality: A voting rule is neutral when, for any permutation
For the purpose of this paper we note that, if we project the so the set of candidates, the permuted results of an electeiten-
tion of a SCSP over a single variable, we obtain a total ordertves tical to the results of the same election where the pernuurtat
over the values of that variable, where each value is agsddia the the candidates’ set occurs before applying the voting fithés is
preference of the best solution of the SCSP having suchblaria- the analogous of anonymity for the candidates: the resel dot

stantiated to such a value. Given an SG3Bnd one of its variables depend on the names of the candidates.
v, we will denote agop(v, P) the set of values af that are assigned e Consistency: A voting rule is consistent if, when considgpref-

the highest preference in such an ordering. In our runnimgngke, erences of 2 disjoint sets of voters - who decide over the same
if we considercy ® cxy | x, the induced ordering over the values  sues and have identical final results - the result obtainesh\mte
of the domain ofX isa > b. of the joint set of voters is the same as the ones obtainedey th

disjoint set of voters.
. e Participation: A voting rule is participative if, given amyofile,

2.2 Voting Rules and given a new vote over a set of issues by a new voter, thk resu
obtained from the new profile is equally or more preferredhsy t
new voter. This means that a voter has an incentive to paatiei
in the voting process, since by doing so he can get a bettait.res
e Efficiency (or unanimity): A voting rule is efficient if, givea win-

ner over an election, there’s no candidate who is prefewwate

winner by all voters. This means that, when all voters agraea

certain candidate should win, he will be declared the winner

A voting rule allows a set of voters to choose one among a set of
candidates. Voters need to submit their vote, that is, {ireiference
ordering over the set of candidates, and the voting rulecagges
such votes to yield a final result, usually called the winner.

In the classical setting [1], given a set of candidaies profile is
a sequence of orderings over the set of candidates, onedioveter.
Usually, such orderings are total orders, however sevetahsions
have been studied such as when the orderings are partiasarde
total orders with ties. Given a profile vating rule also known as a
social choice function, maps it onto a single winning caatid

In this paper, we will often use a terminology which is more fa
miliar to multi-agent settings, and we will therefore sommets call
"agents” the voters, "solutions” the candidates, and "sieci” or
"best solution” the winning candidate.

Some examples of widely used voting rules are: 3 Soft profiles

These properties are present in some of the voting rulesedefin
above. More precisely, all such rules are anonymous andaieut
Moreover, all but Cup are efficient, only Cup and CopelandCuoe-
dorcet consistent, and all but Cup and Copeland are consitel
participative.

o Plurality: each voter states who the preferred candidasnidthe  As noted above, a soft constraint problem is a way to express o
candidate who is preferred by the largest number of votens;,wi  preferences over a set of objects with a combinatorial gtrecThe

e Majority: like plurality, but with only two candidates; set of objects over which preferences are expressed is thué ag

e Borda: givenm candidates, each voter gives a ranking of all can-assignments of all variables of the problem. If we haveariables
didates and thé" ranked candidate scores — i; the candidate  with m values in each variable domain, this set contairfsobjects.
with the greatest sum of scores wins; In the fuzzy example, each variable assignment is givenfenaece

e Approval: each voter approves betweeandm — 1 candidates between 0 and 1, and assignments with a higher preference &
onm total candidates; the candidate with most votes of approvamore preferred.
wins; Assume we have a set of agents, each one expressing his prefer

e Cup (or sequential majority voting): a sequence of pairviise ences over a common set of objects via a soft constraint gmabl
jority elections is performed, according to a tree whictsdae  Since the objects are common to all agents, this means thiieal
agenda for the pairwise elections; at each step, a candalz¢ée  soft constraint problems have the same set of variableshensbime
another candidate; the loser is eliminated and the winnes go  variable domains. However, they may have different comggaas
to the next step; the process continues until only one catelid well as different preferences over the variable domainswilleall

remains. asoft profilethe preference of a set of agents, identified by a triple
e Copeland: the winner is the candidate that wins the mostjsgr  (V, D, P): a set of variable¥’, a sequenc® of |V'| domains, and a
competitions against all the other candidates. sequenceP of m soft constraint problems over variableslinwith

33



domains inD. A fuzzy profileis the same as a soft profile, except different orderings will lead to different results. Howeveome or-

that the preferences of each agent are modelled via a fursfraint
problem.

4 Sequential preference aggregation

The idea is to sequentially vote on each variable via a vatite.
We do not restrict ourselves to use always the same votimgfoul
all variables, so we will have a sequence of as many votingsras
the variables if?/.

Given a profile(V, D, P), assumdV| = n, and consider an or-
dering of such variable® = (v1,...,v,) and a sequence of voting
rulesk = (rq, ..
is a sequence of steps, where at each stép

1. We ask all agents to report their preference ordering thesdo-
main of variablev;. If we havem agents, let us call such prefer-
ence ordering$po;, . . . , Pom ).

2. We apply voting rule; to this profile, returning a winning assign-
ment for variablev;, sayd;. If there are ties in the result, the first
one following a lexicographical order will be taken.

3. We add the constraint = d; to the preferences of each agent.

dering will produce the same result. Intuitively, these amerings
that differ just for the relative position of variables tlae indepen-
dent of each other, according to all agents.

More precisely, given an ordering over V, this can be used to
direct all edges in the constraint graph of each agent, hingahe
direction fromw; to v, if vy is earlier than; in O. Let us callG; (O)
this directed graph relative to ageintlf two variablesv andv’ are
not connected in the transitive closure of this graph, thnay tare
said to be independent.

Theorem 1 Consider any two ordering®, and Oz over V, that

., Tn). The sequential voting procedure we propose differ for the relative position of two variables, and v2, and as-

sume these two variables are independentifO), for all i. Then
Seqo,,r(V, D, P) = Seqo,,r(V, D, P).

To prove this statement, we just need to prove that, if twatdes
v; andv; are independent for an agent, its preference ordering over

v;, given thatv; has already been instantiated, is the same as the one

whenw; has still its whole domain. This is certainly so, since the tw
variables are independent in the agents’ constraint graph.
Given a soft profile, we may wonder if there exisbestvariable

After all n steps have been executed, we collect the winning assignerdering to use for the sequential voting procedure, whgréest

ments in the tupléd, . .., d.), which will be reported as the cho-
sen assignment for the variableslinWe write Seqo, r(V, D, P) =
(di,y...,dn).

This short description of the sequential voting procedureschot
say what it means for an agent to report their preferenceriogie

over the domain of variable;. In general, since we do not make any
assumption on the voting rules, the agent needs to provide the rule

with a preference ordering over the whole domainvofSince this
variable can be connected to other parts of the agent’s softt@int
problem, in order to report the correct preferences ovetdimeain of
v;, the agent needs to consider the influence of the rest of tixgon

we mean that the resulting variable assignment reflects riéferp
ences of the agents as much as possible; tfepends on; for all
agents, then we should choose an ordering whem@mes before
v;. If we order such two variables in the opposite way, agentioco
regret what they reported as their preferences oyevhenwv; will
be instantiated.

5.2 Condorcet consistency

It is now natural to ask ourselves if the result returned leysbquen-
tial voting procedure has some relation with what is cornsid¢o be

overv;. This means that, in general, the agent needs to compute tH80st preferred by the agents. In this respect, it is natoredhsider
projection overw; of its whole soft constraint problem. This is a soft the notion of Condorcet winner, which is classical in votihgory.
unary constraint over;, which is the desired preference ordering, to ~ As defined above, a Condorcet winner (CW) is a candidate which

be given to the voting rule. Once this is provided by each adba
rule is applied to the profile and the winner is computed. We titat
all the rules we consider in this paper are polynomial to cat@p

is strictly or equally preferred to any other candidate byagamity of
agents. Given a totally ordered profile, as in classicalngptheory,
there can be zero or exactly one Condorcet winner. In oureggnt

On the other hand the task of solving the SCSP is in general NPhowever, since we may have ties in the preference orderihgeeo

hard, so it may require exponential time to accomplish itessthe
class of constraint problems used by the agent is tract@bie.is
for example the case of tree-like shaped soft constrairtlenas,
which are polynomial to solve. Thus, if agents decide to egptheir
preferences via tree-shaped soft constraint problemsicit step of
the sequential voting procedure it is polynomial to provitle in-
put to the voting rule relevant for that step. While beingtahle,
tree-shaped SCSPs can represent a wide variety of intexcthons
between preferences over issues.

We note that all the rules we have considered are polynomial t O overV, (d, ...

compute. Thus

5 Properties of the sequential voting procedure

We will now prove several properties of this sequential @refice
aggregation procedure.

5.1 Orderindependence

agents, there could be more than one Condorcet winner, séveeal
variable instantiations could be considered optimal foragomity of
agents. For any voting rule, it is very desirable that it im@arcet-
consistent, that is, that it returns a Condorcet winneraféhs one.

First, we define the notion of sequential Condorcet winne\{s.
Given an SCSH), we will denote a€)|,, —d, ... v, =d, the problem
obtained fron by fixing variables, - - - , v, to the corresponding
values. LetP; denote the fuzzy constraint problem of ager@iven a
soft profile(V, D, P) with m agents ane variables, and an ordering
,dn) isa SCWiff, forallj = 1,...,n, |{i|ld; €
top(vj, Pilvy=ds,...,v;—1=d;-1)}| > m/2. In words, a sequential
Condorcet winner is the combination of local Condorcet weiisn

If all the local rules are Condorcet consistent, the sedalevit-
ing procedure returns a SCW by definition. However, to cahelu
that Seq is Condorcet consistent, we need to prove that SCW.= C
The following results shows that a CW is always an SCW, bubmnf
tunately the opposite does not hold.

Theorem 2 Given a soft profilgV, D, P) and an orderingO over

The first thing we may wonder is how much the choice of the erder V, if d is a CW for(V, D, P), then itis a SCW fo(V, D, P). Thus,
ing O influences the result of our procedure. Of course, in generalif Seq is Condorcet consistent, all local voting rules are so
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In fact, if d = (du,...,dn) is a CW, then a majority of voters
prefers it to all other candidates. Thus, at each st#pghe sequential
voting procedure, the same majority prefdrgto all other values in

(X =a,Y =0),52=(X =a,Y =b),s3 = (X =0b,Y = a),
andss = (X = b,Y = b), the permutation that swaps and s,
leavingss ands, fixed, cannot be modelled by a permutation of do-

the domain ofv; given the values already chosen for the previousmain values.

variables.
The opposite does not hold in general, even if all votingsae
Condorcet consistent.

Theorem 3 If all local voting rules are Condorcet consistent, the

sequential voting procedure may be not Condorcet congisten

In fact, consider a fuzzy profiléV, D, P) where:V = {X,Y},

From this observation it derives that neutrality of the logzting
rules does not imply neutrality of the sequential votingeruvhile
the neutrality of the sequential voting rule implies the tnality of
each local voting rule.

5.5 Consistency

Dx = Dy = {a,b} and there are 5 agents. The fuzzy SCSPs ofAs defined above, a voting ruteis consistent if, when considering

all agents have a single constraint oye¥, Y'}. For two agents we
have:def(X = a,Y = b) = 0.9, def(X = bY = b) = 0.8,
def(X =a,Y =a) =0.7,def(X =b,Y = a) = 0.6; for one
agentdef(X = a,Y = a) = 0.9, def(X =a,Y =b) = 0.8,
def(X =bY =a) = 0.7, def(X =b,Y = b) = 0.6; for the
other two agentsdef(X = b,Y = a) = 0.9, def(X =b,Y =
b) =0.8,def(X =a,Y =a) =0.7,def(X =a,Y =b) =0.6.
When each agent solves the problem and projects on varkébler
the first two agents we hayeefx(a) = 0.9 andprefx(b) = 0.8;
for the third agenprefx(a) = 0.9 andprefx(b) = 0.7; and for
the last two agentgrefx(a) = 0.7 andprefx(b) = 0.9. Thus,
3 over 5 agents agree that = a is optimal. Since the voting rule
rx is Condorcet-consistent, this value will be chosenXarGiven
X = a, the preferences of the agents fgrare: for the first two
agentsprefy(a) = 0.7 andprefy (b) = 0.9; for the third agent
prefy(a) = 0.9 andprefy(b) = 0.7; for the last two agents
prefy(a) = 0.7 andprefy (b) = 0.6. ThusY = a will be cho-
sen, since'y is Condorcet consistent, af = a,Y = a) will be
the SCW. However X = a,Y = a) is not a CW, since the majority

of the agents prefefsX = b, Y = b). This means that there could be

results of the sequential voting procedure that are not OWmake
sure that the procedure is Condorcet consistent, we neeupiosie
some restrictions on the profile, similarly to what is dongsih

5.3 Anonymity

It is also important to make sure that a preference agg@yatis-

tem does not depend on the names or the order of the agenss. Thi

corresponds to saying that the rule is anonymous.

In our setting, a permutation of voter set correspondsch#gi to
a permutation of the soft constraint problems. It is easy®that if
the sequential voting rule respects anonymity, then alsthallocal
voting rules do so, and, vice versa, if all the local votingesuare
anonymous, so is the resulting sequential rule.

5.4 Neutrality

Neutrality is a property that requires for a rule to be ing@resto
permutations of the candidates. This means that the resed dot
depend on the names of the candidates, but only on theiriqosit
in the preference orderings. It is thus very important thabting
system is neutral.

We note that the candidates of the local voting rules aredhees
in the variable domains, while the candidates of the seéplemtting
rule are the complete assignments to all variables.

two profilesP; and P, with disjoint sets of voters, who vote over the
same candidates, such tht’;) = r(P.), we haver(P, U P2) =
T(Pl).

Theorem 4 All the local voting rules ink are consistent if and only
if Seqo,r is consistent.

In fact, if all the local rules are consistent, at every step the
sequential procedure, applied to profiteU P, the result for variable
v; IS the same as the result in profifg (and also in profileP;), so
the overall resulfd, . . ., d») will be the same as the result obtained
by the sequential procedure in profifg and in profile .. On the
other hand, if one of the local rules, say is not consistent, then the
result of the sequential procedure cannot be the same.

5.6 Participation

Theorem 5 If the sequential voting procedure is participative, then
each local voting rule is so.

Let us assume that there is a local rule, saghat is not partici-
pative. This means that there is a profile over the values ridiia
v, p; and an agent with preferencep; 5, over the values of;, such
that agent: strictly prefersr;(p;) tori(pi U pin)-

Let us now consider the soft profi(#, D, P), defined as follows:

e foreachagenj = 1,...,m, the preferences over the valuespf

are as inp;;

e all other unary constraints are the same for all agents sutide
preference 1 to exactly one value per variable and 0 to aéiroth
variables. There are no other constraints.

Let us assume that the SC%R of agenth is defined as follows:

e his preference over variablg is p; n,

e all other unary constraints associate preference 1 to lgxace
value per variable and 0 to all other variables. There arethero
constraints.

Note that for each agent including i, his preference for any
assignment corresponds with his preference on the valignasksto
the first variable. Since we have thfdqo r(V, D, P) | v; = ri(ps)
andSeqo,r(V, D, (P U Pp)) | vi = r:(p: Up;,n), agenth strictly
prefersSeqo,r(V, D, P)to Seqo,r(V, D, (PUP,)). Therefore the
sequential voting procedure is not participative.

On the other hand, it is possible that all local voting rules @ar-

While a permutation of the values in the domains always eorre ticipative, but the sequential voting procedure is not so.

sponds to a permutation of the variable assignments, naff &fie
permutations of variable assignments can be obtained viaite-
tions of domain values. For example, if we have assignments:
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Theorem 6 If all the local voting rules are participative, the sequen-
tial voting procedure may not be participative.



To see this, consider the profile wheté = {z,y}, D =

Theorem 8 If all the local voting rules are efficient, and there is a

({a,b,c},{a,b}), and P is a sequence of two fuzzy SCSPs which single candidate which is strictly preferred to all othernchdates

coincide and contain a unary constraintofassociating preference
1toa, 0.8 to b, and0.6 to c), a binary constraint om andy (associ-
ating preferencé to (a,b), 0.9 to (a,a), 0.8 to (b, a), 0.7 to (b, ),
0.6 to (¢, a), and0.5 to (¢, b)), and a unary constraint ovgr(asso-
ciating preferencé to botha andb). It is easy to see that this SCSPs
are DAC. Assume also that variables are ordere¢o y and that;

is the scoring rule with score vect@3, 2,0) andr; is the majority
rule. In this profile,Seqo,r(V, D, P) = (x = a,y = b). We now
consider a third voter, with a fuzzy SCSP with a unary coistian

x (associating preferende8 to a, 1 to b, and0.9 to ¢), a binary con-
straint onxz andy (associating preferenc¢e8 to (a, b), 0.5 to (a, a),
0.7to (b,a), 1to (b,b), 0.6 to (¢, a), and0.5 to (¢, b)), and a unary
constraint overy (associating preferenceto botha andb). In this
new profileP’, Seqo,r(V, D, P') = (z = b,y = a). However, the
third voter prefer§z = a,y = b) to (x = b,y = a). Thus the third
voter would be better off not participating to the sequéntating
process.

5.7 Efficiency

for all voters, then the sequential voting procedure is igffic

In fact, if there is a single candidate, séy= (ds,...,d,) thatis
optimal for all agents, then we have that, after DAC, for eagént;
and for each variablg, top(v;, Pi|v, =, ,...,v;—1=d,-1) = d;. Thus
since each rule is efficient it will elect the value dassigned to its
variable. ThusSeqo,r(V, D, P) = d.

We note that for profiles where there is a unique candidate tha
is optimal for all agents, efficiency coincides with Condarcon-
sistency. Thus, given such profiles, the Condorcet comsigtef the
local rules implies the Condorcet consistency of the setiplemle.

6 Conclusions and Future Work

We have proposed a sequential preference aggregatiornorecier
settings where several agents express their prefereneeamom-
mon set of variable assignments via soft constraints. We tizen
studied some properties of this procedure. These propentéesimi-
lar to those obtained in a setting where agents use CP-nats\tér,
soft constraints allow us to impose no restrictions on tlofiles to
obtain such properties, while CP-net profiles need to berslgvee-

Theorem 7 If the sequential voting procedure is efficient, then eachstricted.

local voting rule is so.

Let us assume that there is a local rule, sayhat is not efficient.
This means that there is a profile over the values of variahle;,
such thatr;(p;) = d but all agents prefer another valde

Let us now consider the soft profi{#, D, P), defined as follows:

e for each agenj the preferences over the valueswpfare as inp;;

o all other unary constraints are the same for all agents ssutizde
preference 1 to exactly one value per variable and 0 to aéiroth
variables. There are no other constraints.

We will have that  Seqo,r(V,D, P)
(di,d2,...,di-1,d,...,d,). For each agentj his preference
for Seqo,r(V, D, P) corresponds with his local preference for
d. Thus each agent will prefetdi,dz,...,di—1,d’,...,d,) to
Seqo,r(V, D, P).

On the other hand, it is possible that all local voting ruleseffi-
cient, but the sequential voting procedure is not so.

In fact, let us consider the case where we have two variakles
andY with domainD(X) = {a,b} andD(Y) = {c,d,e} and
three voters. The SCSP of each voter has a single binaryraortst
on X andY where tuples X = a,Y =¢), (X =a,Y =d)(X =
a,Y=¢e)(X =bY =¢)(X =bY =d)and(X =b,Y =¢)
are associated respectively to preferences:

e 1,0.2,0.2,1,0.2, 0.2 by the first voter;
e 0.2,1,0.2,1,0.2, 0.2 by the second voter;
e 0.2,0.2,1,1,0.2,0.2 by the third voter.

Assume we have thaX < Y in the variable ordering, that we
are using plurality for all the issues, and that ties are &ndiexico-
graphically. Then, wherX is considered all voters will vote far.
However, there is no complete assignment with= « that is opti-
mal for all voters, whilg X = b,Y = ¢) is optimal for all voters.

However, if we add the condition that there is a single caagid
which is optimal for all agents, then the sequential votingcpdure
is efficient as well.
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We just considered a few properties of the sequential vgtinge-
dure. We plan to study many others in order to better chaiaetthe
result of the procedure in terms of the preferences of thatag@/e
also plan to develop heuristics for an efficient computingwth a
result even when the soft constraint problems are not framcaahle
class.

Finally we will conduct an experimental study for comparthg
performance of sequential vs. classical preference agtioegwhen
a single rule is used for all the variables.
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Local search for stable marriage problems with
ties and incomplete lists

Mirco Gelain', Maria Silvia Pini', Francesca Rossi!, Kristen Brent Venable!
and Toby Walsh?

Abstract. The stable marriage problem has a wide va-
riety of practical applications, ranging from matching resi-
dent doctors to hospitals, to matching students to schools, or
more generally to any two-sided market. We consider a use-
ful variation of the stable marriage problem, where the men
and women express their preferences in the form of a prefer-
ence list with ties over a subset of the members of the other
sex. Matchings are permitted only with people who appear in
these preference lists. In this setting, we study the problem
of finding a stable matching that marries as many people as
possible. Stability is an envy-free notion: no man and woman
who are not married to each other would both prefer each
other to their partners or to being single. This problem is
NP-hard. We propose to tackle it via a local search approach,
which exploits properties of the problem to reduce the size
of the neighborhood and to make local moves efficiently. Ex-
perimental results show that this approach is able to solve
large problems, quickly returning stable matchings of large
and often optimal size.

1 Introduction

The stable marriage problem [3] is a well-known problem of
matching men to women to achieve a certain type of ”stabil-
ity”. Each person expresses a strict preference ordering over
the members of the opposite sex. The goal is to match men
to women so that there are no two people of opposite sex who
would both rather be matched with each other than with their
current partners. Surprisingly such a stable marriage always
exists and one can be found in polynomial time. Gale and
Shapley give a quadratic time algorithm to solve this prob-
lem based on a series of proposals of the men to the women (or
vice versa) [1]. The stable marriage problem has a wide vari-
ety of practical applications, ranging from matching resident
doctors to hospitals, sailors to ships, primary school students
to secondary schools, as well as in market trading.

There are many variants of this classical formulation of the
stable marriage problem. Some of the most useful in practice
include incomplete preference lists (SMI), that allow us to
model unacceptability for certain members of the other sex,
and preference lists with ties (SMT), that model indifference
in the preference ordering. With a SMI problem, we have to
find a stable marriage in which the married people accept
each other. It is known that all solutions of a SMI problem

1 University of Padova
2 NICTA and UNSW
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have the same size (that is, number of married people). In
SMT problems, instead, solutions are stable marriages where
everybody is married. Both of these variants are polynomial
to solve. In real world situations, both ties and incomplete
preference lists may be needed. Unfortunately, when we allow
both, the problem becomes NP-hard [7]. In a SMTI (Stable
Marriage with Ties and Incomplete lists) problem, there may
be several stable marriages of different sizes, and solving the
problem means finding a stable marriage of maximum size.

In this paper we investigate the use of a local search ap-
proach to tackle this problem. Our algorithm starts from a
randomly chosen marriage and, at each step, moves to a neigh-
bor marriage which is obtained by removing one blocking pair,
that is, a man-woman pair who are not married in the cur-
rent marriage but who prefer to be married with each other
rather than with their current partners. Stable marriages have
no blocking pairs, so the aim of such a move is to pass to a
marriage which is closer to stability. Among the neighbor mar-
riages, the evaluation function chooses one with the smallest
number of blocking pairs and of singles. Since there may be
several stable marriages with different sizes, we look for the
one with maximum size (that is, the smallest number of sin-
gles). Random moves are also used, to avoid stagnation in
local minima. The algorithm stops when a perfect matching
(that is, a stable marriage with no singles) is found, or when
a given limit on the number of steps is reached.

This basic local search approach works well with problems
of limited size, but does not scale. With large sizes, it fails
to find good solutions and sometimes even stable marriages.
One of the main reasons is that the neighborhood can be very
large, since a marriage may have a large number of blocking
pairs. Many such blocking pairs can be ignored since they
are "dominated” by others, whose removal will also elimi-
nate all the dominated blocking pairs. By considering only
undominated blocking pairs, we can solve SMTI problems of
much larger size in a small amount of time. The marriages
returned by our local search method are stable and contain
very few single people. Experiments on randomly generated
SMTTI problems of size 100 show that our algorithm is able to
find stable marriages with at most two singles on average in
tens of seconds at worst.

The SMTTI problem has been tackled also in [2], where the
problem is modelled in terms of a constraint optimization
problem and a constraint solver is employed to solve it. This
systematic approach is guaranteed to find always an optimal
solution. However, our experimental results show that our lo-



cal search algorithm in practice always finds optimal solutions.
Moreover, it scales well to sizes much larger than those consid-
ered in [2]. Another approach is to use approximation. Unfor-
tunately the SMTI problem cannot be approximated within
33/29 unless P=NP [11]. On the other hand, McDermid re-
cently gave a three phase algorithm for the SMTI problem
that has an approximation ratio of 3/2 [8] which beats the
previous best known guarantee of 5/3.

2 Background

In this section we give the basic notions about stable marriage
problems and local search.

2.1 Stable marriage problems with ties and
incompleteness

A stable marriage (SM) problem [3] consists of matching
members of two different sets, usually called men and women.
When there are n men and n women, the SM problem is said
to have size n. Each person strictly ranks all members of the
opposite sex. The goal is to match the men with the women so
that there are no two people of opposite sex who would both
rather marry each other than their current partners. Such a
marriage is called stable. At least one stable marriage exists
for every SM problem. In fact, the set of stable marriages
forms a lattice. Gale and Shapley give a polynomial time al-
gorithm to find the stable marriage at the top (or bottom) of
this lattice [1].

In this paper we consider a variant of the SM problem where
preference lists may include ties and may be incomplete. This
variant is denoted by SMTI [6]. Ties express indifference in
the preference ordering, while incompleteness models unac-
ceptability for certain partners.

Definition 1 (SMTI marriage) Given a SMTI problem
with n men and n women, a marriage M is a one-to-one
matching between men and women such that partners accept
each other. If a man m and a woman w are matched in M,
we write M(m) = w and M(w) = m. If a person p is not
matched in M we say that he/she is single.

Definition 2 (Marriage size) Given a SMTI problem of
size n and a marriage M, its size is the number of men (or
women) that are married.

An example of a SMTI problem with four men and women
is shown in Table 1. A SMTI problem is described by giving,
for each man and woman, the corresponding preference list
over members of the other sex. For example, by writing 2 :
2 (3 4) among the men’s preference lists we mean that man
myq strictly prefers woman w2 to women ws and wa, that are
equally preferred.

Definition 3 (blocking pairs in SMTIs) Consider a
SMTI problem P, a marriage M for P, a man m and a
woman w. A pair (m,w) is a blocking pair in M if m and w
accept each other and m is either single in M or he strictly
prefers w to M(m), and w is either single in M or she
strictly prefers m to M (w).
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men’s preference lists  women’s preference lists

21 L3124
2:2 (3 4) 2:142
3:(1234) 3: (12) (4 3)
4:(32)14 4: (32 4)
Table 1. An example of a SMTI problem of size 4.

Definition 4 (Weakly Stable Marriages) Given a SMTI
problem P, a marriage M for P is weakly stable if it has no
blocking pairs.

As we will consider only the weak stability criterion, we will
simply call them stable marriages. Given a SMTI problem,
there may be several stable marriages of different sizes. If the
size of a marriage coincides with the size of the problem, it is
said to be a perfect matching.

In the above example, the marriage 2 3 1 4 (where the
number in position ¢ indicates the woman married to man m;
in that marriage) is stable and its size is 4, so it is a perfect
matching.

Solving a SMTI problem means finding a stable marriage
with maximal size. This problem is NP-hard [7].

2.2 Local search

Local search [4, 10] is one of the fundamental paradigms for
solving computationally hard combinatorial problems. Local
search methods in many cases represent the only feasible way
for solving large and complex instances. Moreover, they can
naturally be used to solve optimization problems.

Given a problem instance, the basic idea underlying lo-
cal search is to start from an initial search position in the
space of all solutions (typically a randomly or heuristically
generated candidate solution, which may be infeasible, sub-
optimal or incomplete), and to improve iteratively this can-
didate solution by means of typically minor modifications. At
each search step we move to a position selected from a local
neighborhood, chosen via a heuristic evaluation function. The
evaluation function typically maps the current candidate so-
lution to a real number and it is such that its global minima
correspond to solutions of the given problem instance. The
algorithm moves to the neighbor with the smallest value of
the evaluation function.

This process is iterated until a termination criterion is sat-
isfied. The termination criterion is usually the fact that a
solution is found or that a predetermined number of steps is
reached, although other variants may stop the search after a
predefined amount of time.

Different local search methods vary in the definition of the
neighborhood and of the evaluation function, as well as in the
way in which situations are handled when no improvement is
possible. To ensure that the search process does not stagnate
in unsatisfactory candidate solutions, most local search meth-
ods use randomization: at every step, with a certain probabil-
ity a random move is performed rather than the usual move
to the best neighbor.



3 Local search on SMTIs

We adapt the classical local search schema to SMTI problems
as follows. Given a SMTI problem P, we start from a ran-
domly generated marriage M for P. At each search step, we
move to a new marriage in the neighborhood of the current
one. For each marriage M, the neighborhood N (M) is the set
of all marriages obtained by removing one blocking pair from
M. Consider a blocking pair bp = (m,w) in M and assume
m' = M(w) and w’ = M(m). Then, removing bp from M
(written M\bp) means obtaining a marriage M’ in which m
is married with w and both m’ and w’ become single, leaving
the other pairs in the marriage M unchanged. Notice that, if
M is stable, its neighborhood is empty. Notice also that this
notion of neighborhood is not symmetric.

To select the neighbor to move to, we use an evaluation
function f : M, — Z, where M,, is the set of all possible
marriages of size n, and f(M) = nbp(M) + ns(M). For each
marriage M, nbp(M) is the number of blocking pairs in M,
while ns(M) is the number of singles in M which are not in
any blocking pair. The algorithm moves to a marriage M’ €
N(M) such that f(M') < f(M")VM" € N(M).

During the search, the algorithm maintains the best mar-
riage found so far, defined as follows: if no stable marriage
has been found, then the best marriage is the one with the
smallest value of the evaluation function; otherwise, it is the
stable marriage with fewest singles.

To avoid stagnation in a local minimum of the evaluation
function, at each search step we perform a random walk with
probability p (where p is a parameter of the algorithm). In
the random walk, we move to a randomly selected marriage
in the neighborhood. If a stable marriage is reached, its neigh-
borhood is empty and a random restart is performed.

The algorithm terminates if a perfect marriage (that is, a
stable marriage with no singles) is found, or when a maxi-
mal number of search steps is reached. Upon termination, the
algorithm returns the best marriage found during the search.

The pseudo-code of our algorithm, called LTI, is shown in
Algorithm 1. In the pseudo-code, Mpes: is the best marriage
found so far, and fpes: its evaluation (number of blocking pairs
plus number of singles). Function best_neighborhood returns
one of the best marriages in the neighborhood of the current
marriage, according to the evaluation function.

In addition to this simple local search algorithm which di-
rectly applies standard local search approaches to SMTT prob-
lems, we have also designed a more sophisticated algorithm
which has been tailored to exploit the specific features of
SMTTI problems. The main difference is in the definition of
the neighborhood, which refers to the notion of undominated
blocking pairs.

Definition 5 (dominance in blocking pairs) Let (m,w)
and (m,w') be two blocking pairs. Then (m,w) dominates
(from the men’s point of view) (m,w’) if m prefers w to w’.
There is an equivalent concept from the women’s point of view.

Definition 6 (undominated blocking pair) A
(resp., women-) undominated blocking pair is a blocking pair
such that there is no other blocking pair that dominates it
from the men’s (resp., women’s) point of view. When the
point of view (men or women) is clear or not important, we
will omit at.

men-

Algorithm 1: LTI

input :a SMTI problem P, an integer max_steps
output: a marriage

1 M «+ random marriage
2 steps — 0
3 Myest — M
4 frest — f(M)
5 repeat
6 if f(M) =0 then
7 L return M
8 if rand() < p then
9 L M — RandomW alk(M)
10 else
11 PAIRS « blocking pairs in M
12 if PAIRS is empty then
13 L perform a random restart
14 else
15 L M «— best_neighborhood(M, PAIRS)
16 if M is the first stable marriage found so far then
17 foest — f(M)
18 L MbESt — M
19 if Mpest is not stable and frest > f(M) then
20 Sest — f(M)
21 L Mbest — M
22 if both Myes: and M are stable and foest > f(M)
then
23 Soest — f(M)
24 L Mbest — M
25 steps «— steps + 1

26 until steps < max_steps ;
27 return Mpes:

For example, consider the SMTI problem in Table 1, the
marriage 1 2 3 4, and two blocking pairs (m1,w2) and
(ma,ws2). Using the definitions above, (m1,ws2) dominates
(m4,w2) from the women’s point of view. If we remove
(ma4,w2) from the marriage, (m1,w2) will remain. On the
other hand, removing (m1,w2) also eliminates (ma4, ws). Thus
removing undominated blocking pairs may reduce the number
of blocking pairs more than eliminating dominated pairs.

We call LTIU the algorithm LTI where the neighborhood is
defined as the set of marriages obtained from the current one
by removing any undominated blocking pair. More precisely,
at each step we consider the undominated blocking pairs from
the men’s point of view which are also undominated from
the women’s point of view. Then, in the next step, we swap
genders and do the same, to ensure gender neutrality in our
algorithm.

Due to their ability to restart, our algorithms have the PAC
(probabilistically approximate complete property) [5]. That
is, as their runtime goes to infinity, the probability that the
algorithm does not return an optimal solution goes to zero.
If the algorithm starts at a stable marriage, the algorithms
will perform a random restart, which will end up in an opti-
mal solution with probability greater than zero. On the other
hand, if the algorithm starts from a non-stable marriage, we
perform one or more steps in which we remove a blocking
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pair. This sequence of blocking pair removal has been shown
to converge to a stable marriage with non-zero probability in
the context of SMs with incomplete preference lists [9]. The
proof of this result can be adapted to our context, although
we have ties in the preference lists. Since a stable marriage
can be reached with non-zero probability, and as we have ar-
gued above that from any stable marriage random restarting
will reach an optimal solution with non-zero probability, the
PAC property holds.

4 Experimental setting

Problems are generated using the same method as in [2]. The
generator takes three parameters: the problem’s size n, the
probability of incompleteness p1 and the probability of ties
p2. Given a triple (n,p1,p2), a SMTI problem with n men
and n women is generated, as follows:

1. For each man and woman, we generate a random preference
list of size n, i.e., a permutation of n persons;

2. We then iterate over each man’s preference list: for a man
m; and for each women wj; in his preference list, with prob-
ability p1 we delete w; from m;’s preference list and delete
m; from w;’s preference list. In this way we get a possibly
incomplete preference list.

3. If any man or woman has an empty preference list, we dis-
card the problem and go to step 1.

4. We iterate over each person’s (men and women’s) prefer-
ence list as follows: for a man m,; and for each woman in
his preference list, in position j > 2, with probability p2 we
set the preference for that woman as the preference for the
woman in position 7 — 1 (thus putting the two women in a
tie).

Note that this method generates SMTI problems in which
the acceptance is symmetric. In fact, if a man m does not
accept a woman w, m is removed from w’s preference list as
well. This does not introduce any loss of generality because
m and w cannot be matched together in any stable marriage.

Notice also that this generator will not construct a SMTI
problem in which a man (resp., woman) accepts only women
(resp., men) who do not find him (resp, her) acceptable. Such
a man (resp., woman) will remain single in every stable match-
ing. Therefore a simple preprocessing step can remove such
men and women, giving a smaller problem of the form con-
structed by our generator.

We generated random SMTI problems of size 100, by letting
p2 vary in [0, 1.0] with step 0.1, and p; vary in [0.1, 0.8] with
step 0.1 (above 0.8 the preference lists start to be empty).
For each parameter combination, we generated 100 problem
instances. Moreover, the probability of the random walk is set
to p=20% and the search step limit is s=50000.

4.1 Experimental results

We first analyzed the behavior of the base algorithm, LTI.
Unfortunately this algorithm fails to find a stable marriage in
most of our test problems (see Figure 1). In fact, LTI can find
a stable marriage only for easy problems, which are the ones
with a large amount of ties (that is, pp high) and/or with a
large amount of incompleteness (that is, p1 high).
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Figure 1. Average number of stable marriages found by LTI.

On the other hand, algorithm LTIU finds a stable marriage
in 100% of the runs. Since stability is essential in our context,
from now on we will only show the experimental results for
algorithm LTIU.

We start by showing the average size of the marriages re-
turned by LTIU. In Figure 2 we can see that LTIU finds a
perfect marriage (that is, a stable marriage with no singles)
almost always. Even in settings with a large amount of in-
completeness (that is, p1 = 0.7 - 0.8) the algorithm finds very
large marriages, with only 2 singles in average.
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Average size of marriages with LTIU, varying p2 for
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Figure 2.

We also consider the number of steps needed by our algo-
rithm. From Figure 3, we can see that the number of steps is
less than 2000 most of the time, except for problems with a
large amount of incompleteness (i.e. p1 = 0.8). As expected,
with p1 greater than 0.6 the algorithm requires more steps.
In some cases, it reaches the step limit of 50000. Moreover, as
the percentage of ties rises, stability becomes easier to achieve



and thus the number of steps tends to decrease slightly. From
the results we can see that the case with complete indiffer-
ence (p2=1) is a special case. In fact, in this situation, the
number of steps increases for almost every value of p;. This
is because the algorithm makes most of its progress via ran-
dom restarts. In these problems every person (if accepted) is
equally preferred to all the others accepted. This means that
the only blocking pairs are those involving singles who both
accept each other. In this situation, after a few steps all sin-
gles that can be married are matched, stability is reached,
and the neighborhood becomes empty. The algorithm there-
fore performs another random restart. In this situation it is
very difficult to reach a perfect matching and the algorithm
therefore often runs until the step limit.
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Figure 3. Average number of steps for LTIU, varying ps for
different values of pj.

The algorithm is fast. It takes, on average, less than 40
seconds to give a result even for very difficult problems (see
Figure 4). As expected, with p2 = 1 the time increases for the
same reason discussed above concerning the number of steps.

Re-considering Figure 2 and the fact that all the marriages
the algorithm finds are stable, we notice that most of the mar-
riages are perfect. From Figure 5 we see that the average per-
centage of matchings that are perfect is almost always 100%
and this percentage only decreases when the incompleteness
is large.

We compared our local search approach to the one in [2].
In their experiments, they measured the maximum size of the
stable marriages in problems of size 10, fixing p1 to 0.5 and
varying pz in [0,1]. We did similar experiments, and obtained
stable marriages of a very similar size to those reported in
[2]. This means that although our algorithm is incomplete in
principle, it always finds an optimal solution in practice, and
for small sizes it behaves as a complete algorithm in terms
of size of the returned marriage. However, we can also tackle
problems of much larger sizes, still obtaining optimal solutions
most of the time.

We also considered the runtime behavior of our algorithm.
In Figure 6 we show the average normalized number of block-
ing pairs and, in Figure 7, the average normalized number of
singles of the best marriage as the execution proceeds. Al-
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though the step limit is 50000, we only plot results for the
first steps because the rest is a long plateau that is not very
interesting. We show the results only for po = 0.5. However,
for greater (resp., lower) number of ties the curves are shifted
slightly down (resp., up). From Figure 6 we can see that the
average number of blocking pairs decreases very fast, reach-
ing 5 blocking pairs after only 100 steps. Then, after 300-400
steps, we reach a stable marriage almost all the time for all
values of pi. Considering Figure 7, we can see that the algo-
rithm starts with more singles for greater values of pi. This
happens because, with more incompleteness, it is more diffi-
cult for a person to be accepted. However, after 200 steps, the
average number of singles becomes very small no matter the
incompleteness in the problem.

Looking at both Figures 6 and 7, we observe that, although
we set a step limit s = 50000, the algorithm reaches a very
good solution after just 300-400 steps. In fact, after this num-
ber of steps, the best marriage found by the algorithm usually



normalized average number of blocking pairs

Figure 6. Average normalized number of blocking pairs

(p2=0.5).

normalized average number of singles

Figure 7. Average normalized number of singles (p2=0.5).

has no blocking pairs nor singles. This appears largely inde-
pendent of the amount of incompleteness and the number of
ties in the problems. Hence, for SMTI problems of size 100
we could set the step limit to just 400 steps and still be rea-
sonably sure that the algorithm will return a stable marriage
with a large size, no matter the amount of incompleteness and
ties.

5 Conclusions

We have presented a local search approach for solving stable
marriage problems with ties and indifference. Experimental
results show that our algorithm is both fast and effective at
finding large stable marriages for problems of sizes not con-
sidered before in the literature. Moreover, the runtime behav-
ior of the algorithms is not greatly influenced by the amount
of incompleteness or ties in the problem. The algorithm was
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usually able to obtain a very good solution after a very small
amount of time.
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Dynamic House Allocation

Sujit Gujar! and James Zou ? and David C. Parkes 3

Abstract. We study a dynamic variant on the house allocation prob-
lem. Each agent owns a distinct object (a house) and is able to trade
its house while present in the market. Agents have strict preferences
over houses, and the market operates without payments. The goal
is to enable an efficient reallocation of objects, along with strate-
gyproofness and while satisfying participation constraints. We first
establish conditions under which an online mechanism that allows
an agent to influence the period in which it trades can be manip-
ulated. This motivates partition mechanisms in which agents are di-
vided online into disjoint feasible trading groups, with the fop trading
cycle algorithm (TTCA) run separately for each group. In particular,
we demonstrate good rank-efficiency for a mechanism that adopts
stochastic-optimization in determining how to partition agents.

1 Introduction

In the house allocation problem, each of a set of self-interested
agents owns a distinct object (a house) and has strict preferences
on houses [10]. The problem is to find a reallocation of objects
amongst agents that is robust against misreports of preferences by
agents while identifying beneficial trades and without using money.
The top-trading cycle algorithm (TTCA) is strategyproof (meaning
that truthful reports of preferences is a dominant strategy for agents)
and finds an allocation in the core. An allocation in the core is sta-
ble, in the sense that no coalition of agents can block the outcome
by reallocating their initial objects amongst themselves in a way that
is weakly better for every agent and strictly better for at least one
agent in the coalition. The TTCA is known to be essentially unique
amongst mechanisms for the static house allocation problem with
useful economic properties [8, 6].

In the dynamic model of the house allocation problem advanced
here, each agent has an arrival period and a departure period and is
only able to trade with other agents present simultaneously present
in the market at the same time. For a motivating example, consider
college housing, with students on different leases and willing to trade
during the month before their lease expires. Another example is pro-
vided by the problem of reallocating offices in the workplace, or find-
ing mutually-beneficial trades (e.g., swaps, three-cycles, etc.) of va-
cation property such as time-shares when inventory is in the market
at different times.

Contributions. We establish general conditions under which no
mechanism in which an agent can influence the set of agents with
which it participates in a TTCA (e.g., the period in which it trades
and thus the other agents that it trades with) can be strategyproof.
Given this, we study partition mechanisms, in which each agent is

1 Indian Institute of Science. email: sujit@csa.iisc.ernet.in

2 School of Engineering and Applied Sciences, Harvard University. email:
jzou@fas.harvard.edu

3 School of Engineering and Applied Sciences, Harvard University. email:
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assigned online to a group of agents with which it will engage in a
single TTCA.

We consider three variations of partition mechanisms:

(i) trade on departure (DO-TTCA)

(ii) trade on departure or when the population size is above some
threshold (7-TTCA)

(iii) a stochastic optimization approach to determine a good parti-
tioning of agents (SO-TTCA).

We adopt rank efficiency as a measure of performance, which is
defined as the preference rank of agents for allocated objects, aver-
aged across all agents and across instances sampled from a distribu-
tion. This is a meaningful measure of performance for risk neutral
agents, each of which has an equal difference in utility for successive
houses in its preference list.

The experimental results show that SO-TTCA and T-TTCA out-
perform DO-TTCA by 15-20% in terms of rank efficiency when
there are large number of agents and for uniform arrival time and
patience distributions. Furthermore, when the agents arrive accord-
ing to a Poisson process, then SO-TTCA outperforms DO-TTCA by
4-10% in terms of rank efficiency. For environments in which agents
tend to be impatient, T-TTCA has performance competitive with that
of SO-TTCA. But T-TTCA is less successful than SO-TTCA in iden-
tifying partitions in which each agent tends to have a large number
of trading partners, which is useful when agents are patient.

Related Work. For an overview of mechanisms on matching and
house allocation, the interested reader is referred to Sénmez and
Unver [11]. In previous models of multi-period house allocation
problems, each agent expresses a preference on a sequence of allo-
cations [1, 5]. Our model is different because an agent’s preferences
are expressed only over its eventual allocation upon departure and
not on the sequence of allocations made while present in the market.
Another difference is that our agents bring a house to the market upon
arrival and depart with a house, while previous models maintain the
same pool of objects throughout and agents arrive and leave empty-
handed. Stochastic models of kidney exchanges, in which trades are
identified amongst donor-patient pairs, are explored but without in-
centive considerations [2, 12]. For other dynamic models, there is
existing work on matching (with strict preferences expressed in a bi-
partite graph) [4], assignment (which is different from house alloca-
tion because agents do not own an object upon arrival) [13], as well
as a considerable literature on dynamic mechanisms with money (see
Parkes [7] for a survey). For static problems, there is also computa-
tional work on the reallocation of objects through different types of
local trades (e.g., swaps, 3-cycles, etc.), with a view to finding desir-
able outcomes such as efficient or fair allocations [9, 3].

2 The Model

Let N {A1, Aa,..., Ay} denote the set of agents and H =
{h1,h2,...,hn} denote the set of distinct houses. Agent A; enters



the market with house h; in period a; € T, where T' = {1,2,...},
and departs in d; € T. Let Schedn denote the set of all possible
arrival and departure times of N agents. Agent A; has strict prefer-
ences >; on the house allocated upon departure. Let (h =; h')
(h' #i h). The preference profile of all the agents is denoted by
== (>1,>2,...,>n) € U, where U is the set of all possible strict
preference profiles. Let >_; denote the preference profile of agents
except A;. An agent knows its preferences >, upon arrival into the
market. We allow for arbitrary misreports of preferences, but assume
that arrival and departure times are truthfully reported.

Letz : N — H denote a house allocation, with agent A; allocated
to house (7). Let X (p) denote the set of feasible allocations given
arrival-departure schedule p € Sched . An allocation is feasible for
a given schedule p if there is a sequence of trades, one in each period,
where the trade in any given period is only between those agents
present and is feasible given the allocation determined through trade
in the previous period, and where each agent allocated to exactly one
house in every period.

An online house allocation mechanism ¢(>, p) € X (p), gener-
ates a feasible allocation given a reported type profile and arrival-
departure schedule. The problem is online, in that an agent’s type
(as, d;, >4) is not available until period ¢ = a; and therefore we re-
quire, for all A; € N, that ¢;(>, p) = ¢;(>', p") when =, =" and
p, p’ differ only in periods after agent A;’s departure. An assignment
of houses, x € X, Pareto dominates y € X, if x »=; y for all A; and
x >; y for some A;. An allocation y € X is Pareto efficient if there
is no allocation = € X that Pareto dominates y.

Definition 2.1 (Pareto efficient). A mechanism ¢ is Pareto efficient if
allocation © = ¢(=, p) is Pareto efficient for all preference profiles
< and all schedules p.

Definition 2.2 (Strategyproof (SP)). Let x ¢(=iy =—i, p) and
x' = ¢(=5, =i, p). Mechanism ¢ is strategyproof if x(i) =; x' (i),
forall A;, all p € Schedn and all ~_;€ U_,.

Definition 2.3 (Individually Rational (IR)). An online mechanism
¢ is individually rational if x; =; hs, where © = (>, p), for all
=€ U, all p € Schedn.

An allocation z is blocked by a coalition of agents S C N, if
there is a feasible allocation of the houses initially owned by agents
in S amongst themselves that Pareto dominates, for agents in S, the
allocation x.

Definition 2.4 (Core). An online mechanism ¢ is core-selecting if
allocation x = ¢(>-, p) is not blocked by any coalition of agents, for
any preference profile >, and any schedule p.

The core implies Pareto efficiency (by considering coalitions of
size n) and IR (by considering coalitions of size one).

To obtain a quantitative measure of efficiency, we assume in our
experimental analysis that agents are risk neutral, and with a uniform
difference in utility between successive houses in their preference
orders. Based on this, we can compare the expected utility of two
mechanisms in terms of rank-efficiency. Let ranky ; (>, p) denote
the rank that A; assigns to the house allocated by mechanism ¢ given
> and p, and define

RANK 4(>,p) = Y ranks,i(~, p)

Definition 2.5. The rank-efficiency of mechanism ¢,
rank® = B ,[RANK 4(>, p)],
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where the expectation is taken with respect to a distribution on agent
preferences and arrival-departure schedules.

Claim 2.1. No online house allocation mechanism with three or
more agents can be Pareto efficient and individually rational (IR).

Proof. Suppose there exists a online mechanism ¢, which is IR as
well as Pareto efficient. Consider the following two period dynamic
house allocation with 3 agents. (Note, A; owns house h;.)

Aq hs =1 h1 =1 hs, a1 =1d1 =2

Az

As

In this instance, A1 — hs, A2 — h1, As — hg is the only feasi-
ble, Pareto efficient and IR allocation. As, As departs in period 1,
¢ should assign h; in period 1 only. If it happens that A3 : h3 >3
h1 >3 ha, then the only allocation that is feasible, Pareto efficient
and IR is, A1 — h1, A2 — ha, A3 — hgs. For this allocation, ¢ should
retain he with A5 at ¢ = 1. But no online mechanism can correctly
decide at t = 1 whether to assign h1 or ha to A2 because the prefer-
ences of A3 are unknown. O

In contrast, a serial-dictatorship mechanism, in which agents re-
lease ownership of their house upon arrival and receive their most
preferred house of those available upon departure (with ties broken
at random), is Pareto efficient but not IR. To see that this is Pareto
efficient, note that the second agent to be allocated cannot receive
a better house without the first agent receiving a worse house. This
argument continues inductively. Failure of IR is easy to understand.

Because core is a stronger property than Pareto efficiency and IR
we also know from Claim 2.1 that no online mechanism can be core-
selecting.

3 Dynamic Top Trading Cycle Mechanisms

In this section, we define the static Top Trading Cycle Algorithm
(TTCA) and introduce dynamic generalizations, leading to a result
that constrains the use of TTCA for dynamic house allocation prob-
lems.

3.1 The Static TTCA

The Top Trading Cycle Algorithm (TTCA) [10] is strategyproof and
selects a core allocation for the static house allocation problem.

Definition 3.1 (Top Trading Cycle Algorithm). Every agent points
to its most preferred house. There will be at least one cycle, and the
agents on any such cycle (including self-loops) receive the house to
which they point. These agents are removed from the system. Now
each remaining agent points to its most preferred remaining house.
The procedure continues till there are no houses left to allocate.

Example 3.1 (TTCA). Consider a problem with 5 agents, with agent
A; owning house h;. Let the preferences of these agents over houses
be:

Ay h2 =1 ha =1 h3 =1 h1 =1 hs
Aa h3 >=2 ha =2 hs =2 h1 >2 h2
As ha =3 h3 =3 h1 =3 ha =3 hs
As hs =4 ho =4 h3 >4 ha >4 Iy
As hi =5 ha >=5 h2 =5 h3 >5 hs



The agents point to their most preferred house as: A1 — Az —
As — Az, Ay — As — Ai. Now, Az and As form a cycle. trade
and are removed. Now, the agents point to the houses as: A1 —
Ay — As — Aj. This being a cycle, A1 gets As’s house, Ay gets
As’s and As gets Av’s. Thus the final allocation by TTCA is (A1 —
h4,A2 — h37A3 — hQ,A4 — h57A5 — hl).

We are interested to explore whether or not we can use TTCA as
a building block for a family of strategyproof online mechanisms.

3.2 On-line TTCA

We first consider the simplest possible idea, which is to run TTCA
in every period in which at least one agent departs and commit to
the allocation determined for departing agents. Call this mechanism
O-TTCA.

Claim 3.1. O-TTCA is not strategy proof when there are three or
more agents.

Proof. Consider an example with 3 agents N = {A, A, A3}, with
agent A; owning house h;, and preferences:

Ay hs =1 hg >=1 h1 (a1 =1,d1 = 3)
fmmm e |
As hy1 =2 ha =2 hs (az =1,d2 = 1)
R |
A3 h1 -3 h3 >3 ho (a3 = 2,d3 = 3)

If A; reports truthfully, at ¢ = 1, the A; < Aj trade will occur
and there will be no trade in periods ¢ € {2,3}. But A; can report
hs =% h1 > ha.Now no trade occursint = 1, and at t = 3, agents
Ay < Agtrade and A; will receive hg which is preferred to ho. O

3.3 Precluding Multiple Trades

A sample path w = (>, p) is an instance of the dynamic house al-
location problem. At each time ¢, let w(t) denote the restriction of
> and p to only those agents with a; < ¢ and w(t1,¢2) denote the
restriction to agents with a; € {t1,...,t2}. Sample path w(¢, ') is
a valid continuation of w(t) if w(¢,t') is an instance of agents and
reported preferences arriving in [, '].

To avoid corner cases, in this section we consider a generalization
of the model where there are IV classes of equivalent houses; houses
in each class are identical. Agents have strict preference over classes
of houses, and multiple agents may own houses in the same class.
Agents owning the same house are said to be similar, though they
might have different preference reports.

For TTCA to remain SP, we need an arbitrary way to break ties
among identical houses when looking at cycles. A natural way would
be to break ties with the arrival order of agents, with house belong-
ing to later arriving agents having higher priority (and otherwise at
random). For example, A owns h; and arrives before B, who owns
ho; h1 and ho are in the same class. If C' most prefers that class, in
TTCA he would point to ho first. If that’s not available to him, then
C would point to h; and so on.

Given a generalized TTCA with such a tie breaking scheme, we
may simulate it with a classical TTCA, cTTCA, where there are only
distinct houses. Consider agent A participating in TTCA with pref-
erence, =A= C1 »=A Ca..., Where ¢; is a class of houses. We can
construct an agent in cTTCA with preference among houses present
in the system: >='4= c11 >4 Ci2... =4 C21 =4 C22..., Where c;;
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is the house in class ¢ with the highest tie-break priority, i.e. belong-
ing to the latest arriving agent. Running classical cTTCA on {>'} is
identical to running TTCA on {>} with the tie breaking scheme and
remains SP.

We consider online mechanisms where agents trade through par-
ticipation in TTCA cycles. In order to be feasible, if a TTCA cycle
occurs at time ¢, then all participating agents must be present at t.
An agent may participate in multiple TTCA cycles. However the ex-
ample below shows how the ability to participate in multiple TTCA
cycles can easily create incentives for agents to misreport their pref-
erences. This is familiar from Kurino [5].

Motivating Example. Consider a scenario with three agents
(A, ha), (B,hg),and (C, hc). A arrives and departs in time 1 and
reports preference hc =4 ha >4 hp. B arrives and departs in time
2 and reports preference ha >p hp >p hc. C arrives and in 1,
departs in 2 and the mechanism allows C' to participate in TTCA at
both times. Suppose C' has true preference hg >=c hc >=c ha. If
C reports his true preference, then there would be no trade for any
agent. But if C misreports hg =¢ ha >=¢ hc, then he can obtain
h 4 in the first round, which he can use to obtain Ap in the second
round.

In the rest of this section, we restrict our consideration to mech-
anisms that allow each agent to participate in at most one TTCA.
Given any sample path w, we may unambiguously state the partici-
pation time of an agent A, denoted ¢(>- 4 ) for report > 4, and the time
(if any) when it participates in TTCA. An agent present at time ¢ and
who has not participated in TTCA yet is said to be available. This is
still a rich domain of mechanisms; which TTCA an agent participate
in can depend on his arrival/departure and preference report.

A mechanism is simple if given a scenario w(0,¢) and agent
(A, ho,>4,a,d) present and available at ¢, there exists a set of
agents A = {A4;, hi, =i,a; > t,d;}, called the perfect match set
for A in scenario w(0, ¢), such that (a) if a continuation w(t+) con-
tains A, then A receives his most preferred house according to > 4
under the scenario w(0, t) +w(t+), and (b) if B is present in w(0, t)
and not similar to A then B does not trade with any agent in A.

Two observations about simple mechanisms:

e [O1] Given a scenario w(0, t) and any agent A present and avail-
able in period ¢ and with d4 > ¢, there exists a continuation wy
where the perfect match set for A arrives and A receives hq, his
most preferred house.

[O2] Given a scenario w(0, t), and an agent A present and avail-
able in ¢ with d4 > t, there exists a continuation where for each
of the other present agents, B, not similar to A, a perfect match
set for B arrives, and these are the only arriving agents. In this
scenario, A would have no candidate for trade since all other
originally present agents not similar to it would be matched up
with perfect match sets and A can not trade with another agent’s
perfect match sets by definition. A can not trade with a similar
agent since they have identical houses.

Later we will demonstrate that our mechanisms are simple. Now
we state the requirements for simple mechanisms to be strategyproof.

Claim 3.2. Ifan online house allocation mechanism is SP and simple
and agent A participates in TTCA in period t(>~ a) for some report
>4, then fixing scenario w(0,t) in regard to all agents except A,
agent A continues to participate in period t(- 4) for all reports ='y.

Proof. Consider any w (fixing the instance for all agents except A.)
Let ¢1 be the earliest of {¢(>='4)} for all reports =4 for agent A,
and > 4 be the corresponding preference report. Let w(0, 1) be the



restriction of w up to t;. We want to prove that if there exists > 4
with participation time > ¢, then we can construct a scenario where
A has incentive to misreport. We consider various classes of > 4:

(1) If >4 has hy1 >4 ho, then A reporting > 4 must participate
in TTCA at ¢;. Suppose >4 does not participate at ¢;. By [02],
there exists a continuation w1 (¢14) from ¢; onward where A ends
up keeping his original house ho. In this scenario, A would have
benefited from misreporting 17> 4 in order to obtain h;.

(2) Now consider if A has the true preference =a= ha >4 ... =4
hi >4 ...hg =4 ..., for any feasible hy ¢ {h1, ho}. By above, -4
participates at ¢1. There are two possibilities.

i. (A, >4) is allocated ho at ¢1. By (1) this implies in particular
that all ', that rank ho highest must trade at 1, and not just prefer-
ences of type > a.

ii. (A4,>4) is not allocated hg at ¢1. Suppose there exists >’y =
h2 >4 ... that does not trade at t;. Then there is a continuation
w2 (t1+) from t1 onward where A reporting 'y receives ha by [O1].
Then A would have benefited from reporting =4 instead of >~ 4 un-
der this scenario. Since h is arbitrary, this shows that all preference
reports must participate at ;. O

This shows that a simple SP mechanism cannot use agent’s re-
ported preference to decide at which time to let it participate in
TTCA.*

4 Partition Mechanisms

Given the analysis in the previous section, we consider now a special
class of mechanisms that ensure that each agent only participates in
a single TTCA, and moreover determines the group of agents with
which an agent can trade without considering the reported type pro-
file of an agent.

Definition 4.1 (Partition mechanism). Partition the agents into
groups, {(Pi,t1), (P2, t2),...,(Px,tx)}, such that all the agents
in P; C N are present at t = t; and each agent is in exactly one
group. The partition is constructed in a way that is independent of the
agents’ reported preferences. Run TTCA on trading set P; in period

tj, forevery j € {1,...,k}.
We have the following easy claim:
Claim 4.1. A partition mechanism is strategyproof.

This follows immediately from the strategyproofness of TTCA
given that each agent is placed in a single TTCA event and this place-
ment is independent of its report (and recall that arrival and departure
times are not manipulable in our model.)

4.1 Simple Partition Mechanisms

One simple example of a partition mechanism is DO-TTCA, which
runs TTCA only amongst the agents that depart in each period t.

4 Tt is possible for a simple SP mechanism to use reported preferences to
decide in which partition of TTCA to let an agent participate in, so long
as the partitions are concurrent and always occur in the same round. Con-
sider a family of such mechanism as follows: at time ¢, take all the present
agents and arbitrarily divide into two groups P1 and P2 (can be more than
two). For a new agent A with reported pref >, simulate the TTCA of >
in P1 and P2 and see under which partition, A would have received better
allocation under > and then let A join that partition. Such mechanisms are
strategyproof. Through simulation, we observe empirically that the perfor-
mance of the mechanism improves when agents are allowed to participate
in TTCA with a large number of other agents. So in practice, it’s more ef-
fective to combine the partitions P1 and P2 into one large partition P. We
therefore examine in detail mechanisms where the TTCA an agent partici-
pates in does not depend on its reported preference.
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This continues until all agents have arrived, where-up TTCA is run
with the remaining agents. One obvious flaw with DO-TTCA is that
it forfeits the chance to execute trades amongst a large number of
agents that are present but may depart at distinct times.

The Threshold TTCA (T-TTCA) is designed to address this prob-
lem. Let D(t) = {¢ € N : d; = t}. An active agent in period ¢t is
an agent that is present in the market and has not yet participated in
a TTCA. Let A(t) denote the active agents in period ¢.

Algorithm 1 T-TTCA

INPUT: (N, =, p)
OUTPUT: House allocation

1: while some agents still to arrive do

2:  Ateach time slot ¢
3: if D(t) # 0 then
4 if |A(t)| > THRSHD then
5: Execute TTCA with the agents A(t)
6: Mark all the agents in A(t) as inactive.
7 else
8 Execute TTCA with the agents D(t)
9: end if
10:  end if
11:  if all the agents have arrived then
12: run TTCA with all the present agents
13:  end if
14: end while

The THRSHD parameter can be selected for a particular prob-
abilistic model of agent preferences and arrival-departures to maxi-
mize system performance.

4.2 Stochastic Optimization

Mechanism SO-TTCA adopts a sample-based stochastic optimiza-
tion method for partitioning the agents. Every agent in A(¢) N D(¢),
is included in the trading group in period t. For any other agent
A; € A(t) \ D(t), the decision about whether to include the agent
is made based on the solution to K (sampled) offline scheduling
problems. The offline problem determines a partition of agents given
knowledge of the arrival-departure schedule but without considering
agent preferences. A reasonable heuristic first identifies the period in
which there are maximum number of agents present, say ¢1. Consider
these agents as one group in the partition, say P, and then recurse
on the remaining agents. The intuition is that it tends to be beneficial
to move an agent from a smaller trading group into a larger trading
group because this leads to more trading options for each participant.
An empirical analysis of the rank-efficiency for different methods to
construct partitions supports this intuition.

Let N; denote the number of times agent A; is scheduled into pe-
riod ¢ over these K offline problems, where for each of these prob-
lems a possible arrival-departure schedule for the n; agents still to
arrive is sampled from a probabilistic model of the domain. Agent
A; is allocated to the trading group in the current period if this count
N; is greater than K (1 — %), where n; is the number of agents that
have arrived up to and including period ¢. The effect of comparing
to K (1 — ) is that the mechanism is more likely to place an agent
into the trading group as the number of agents still to arrive decreases
(and thus the opportunity to trade decreases).

4.3 Partition mechanisms are simple
e DO-TTCA: Given agent (A, ho, >4, a, d), the perfect match set
is a set of n’ identical agents (A’,h', > 4+, d, d) such that b’ is
A’s most preferred house according to =4 and > 4 ranks ho the



Algorithm 2 SO-TTCA

INPUT: (N, =, p)
OUTPUT: House allocation
1: while some agents still to arrive do
2:  Ateach time slot ¢
3: if D(t) # 0 then
4: S = D(t) N A(t)
5: Generate K samples of arrival-departure for the agents still

to arrive.

6: For each of these K scenarios, call schedule routine.

7: For each agent i € A(t) \ D(¢)

8: if [{k € K s.t. scheduled period of ¢ = t}| > (1—2£). K
then

9: S «— Su{i}

10: end if

11: Execute TTCA with the agents from S

12: endif

13:  if all the agents have arrived then

14: run TTCA with all the present agents

15:  endif

16: end while

highest and h’ second. Here n' is the number of agents similar to
A present in the system. In any continuation that contains such
A’s, A's and A will be in the same TTCA at time d and one A’
will trade with A. Only agents similar to A may trade with an A’.
e T-TTCA: Given agent (A, ho, > 4, a, d) and any scenario w(0, t)
such that A is available at ¢, with ¢ < d. Fix some thresh-
old, THRSHD. A perfect match set for A is a set of m agents
{A;i, hi,=i,t + 1,t + 1} who arrive and depart in time ¢ + 1,
where m > THRSHD. The first n’ of agents A; are identi-
cal to A’ constructed for DO-TTCA. All other agents rank their
own house h; first. They are dummy agents who do not trade
and only serve to trigger the threshold. In any continuation that
contains {A;}, at time ¢ + 1, there are more available agents
than THRSHD, and hence all present agents participate in TTCA.
Agents A and one A’ would trade and A gets his top house h'.

e SO-TTCA: Given agent (A, ho,>a,a,d) and any scenario
w(0,t) such that A is available at ¢, with ¢ < d. Suppose there
are n; agents still yet to arrive. A perfect match for A is the same
set of agents {A;} as constructed in the case of T-TTCA, with
m = nq. In any continuation containing {A;}, there are no ad-
ditional future arrivals. Hence in the offline scheduling problem,
all agents present at ¢ + 1 would be put into the same partition.
In this TTCA cycle, A would trade with A’ and obtain A'.

5 Simulation Results

We perform experiments to evaluate the rank-efficiency of O-TTCA,
DO-TTCA, T-TTCA, and SO-TTCA under various simulated en-
vironments. The preferences over houses are sampled uniformly at
random for all the agents except in environment [E4]. For each en-
vironment and each mechanism, all results are averaged over 2000
random problem instances. By “waiting time” (or patience) we mean
the number of periods an agent is present in the market.

[E1 ] A Poisson process with arrival rate A is run until n agents
arrive. Each agent’s waiting time is exponentially distributed with
parameter p. We adopt A = %, and = 0.01.

[E2 ] Same as [E1] except . = 0.1

[E3 ] Arrival time for every agent is uniformly distributed on
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{1,...,T}. The departure time for agent A; is uniformly dis-
tributed on {ai,a; + %}. We adopt T = 30 and if it happens
that,d; > T, weputd; =1T.

[E4 ] Non-uniform preferences: some houses are more demanded
than the other. We first associate a popularity index with each
house, with the popularity index for house A; defined as the
probability density f(x) of a Normal distribution with mean 1,
standard deviation 0.3, and evaluated at x % Given a pop-
ularity index assigned to each house, we generate a preference
profile for agent A; by sampling houses according to popularity,
with houses sampled without replacement with probability pro-
portional to the popularity of a house. The sample order defines
an agent’s preferences, with the first house the most-preferred,
the second house sampled the second most-preferred, and so
on [13]. The arrival-departure are set as in [E1].

In T-TTCA, we varied the THRLD parameter around the ex-
pected number of the agents arriving in each period, and experimen-
tally observed that the rank efficiency is optimized with a threshold
that is set to the expected number of agents arriving in each period.
For [E3], this is THRLD = 7 and for [E1], [E2] and [E4] this is
THRLD = .

—— Static
—=— O-TTCA

[| —+=—so-TTCA
—+— T-TTCA

|| —&— Do-TTCA

Rank Efficiency

40 50 60 70 80 a0 100
Number of Agents (n)

10 20 30

Figure 1. Rank-efficiency against the number of agents in environment
[E1] for patient agents with A = n/8 and pr = 0.01\.

We plot the rank-efficiency, for environments [E1] to [E4] in
Figures 1-4 respectively. In each figure, we also include the rank-
efficiency for the O-TTCA mechanism as a reference. Recall that the
O-TTCA mechanism is not strategyproof, and significantly less con-
strained in that it allows for trading in every period. We observe that
when agents arrive into the system by a Poisson process, SO-TTCA
improves rank-efficiency over DO-TTCA by 4-10% depending upon
the waiting times of the agents. Specifically, when the 1 = 0.1\,
SO-TTCA improves by 4% and for ;x = 0.01\ it improves over DO-
TTCA by 10%.

T-TTCA performs well only when the waiting times are lower (i.e.,
for higher 1, [E2]). When the waiting times are high (in experiment
[E1]), T-TTCA fails to capture the future periods in which there may
be large number of agents accumulated. Even if there are many active
agents in the current period, they may be patient and willing to wait
for some future period.

In [E3], the SO-TTCA and T-TTCA mechanisms have much bet-
ter performance than DO-TTCA, improving rank-efficiency by 15-
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Figure 2. Rank-efficiency against the number of agents in environment
[E2] for less patient agents with A\ = n/8 and p = 0.1\
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Figure 3. Rank-efficiency against the number of agents in environment
[E3] with a uniform arrival-departure model.
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Figure 4. Rank-efficiency against the number of agents in environment
[E4] with preferences that are correlated across agents and depend on the
popularity index of a house.
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20% for large numbers of agents. The performance of SO-TTCA
and T-TTCA are almost identical under this model. With the waiting
time being relatively small as compared to experiments in [E1] and
[E2], T-TTCA is able to capture the periods in which more agents are
present simultaneously. In general, SO-TTCA is more robust to dif-
ferent arrival-departure models than T-TTCA. In addition, SO-TTCA
requires no tuning, whereas T-TTCA requires that the threshold is
appropriately set.

6 Conclusions

In this paper we have considered a dynamic version of the house allo-
cation problem. We identify a trade-off between efficiency and indi-
vidual rationality in the online version of the house allocation prob-
lem, and identify a requirement that agents cannot be able to trade
with different subsets of agents by changing their type report. We
consider a family of partition mechanisms in which an agent’s trad-
ing group is determined without regard to its type. A clear benefit is
established for T-TTCA and SO-TTCA over a method that performs
trading upon the departure of one or more agents, and the stochas-
tic optimization approach (SO-TTCA) outperforming the threshold
approach (T-TTCA) for Poisson arrival processes.

An interesting aspect of the use of stochastic optimization is that
it determines which subset of agents should trade but not what trade
should occur, and without consideration of specific agent types. This
preserves strategyproofness. The most interesting immediate next
steps are to consider a generalization in which agents can misre-
port arrival and departure, while continuing to explore the role for
stochastic optimization in identifying useful trading groups.
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Computation of the robust preference relation combining
a Choquet integral and utility functions!

Christophe Labreuche? and Pedro Miranda? and Fabien Lehuédé *

Abstract. Preference modelling consists in constructing a prefer-
ence relation from initial preferences given by a decision maker. \We
are interested in the preference relation obtained from the use of a
Choquet integral and utility functions on each attribute. The nec-
essary preference relation is constructed as the intersection of all
preference relations corresponding to a Choquet integral which are
compatible with the initial preferences of the decision maker. We are
interested in determining whether an option is necessarily preferred
to another one. We show that this is equivalent to solving a mixed-
integer quadratic problem. Moreover, we give simple necessary and
sufficient conditions for the satisfaction of the necessary preference
relation.

Keyworks: Choquet integral, Robust preference relation, utility
functions.

1 Introduction

Multi-Criteria Decision Aid aims at representing the preferences of a
Decision Maker (DM) over some options described by several points
of view or attributes. We are interested in this paper in the case where
the preference relation can be described by an overall utility in which
the aggregation of the attributes is obtained through the Choquet in-
tegral. The preference model is then thoroughly constructed once the
partial utility function over the attributes and the parameters of the
Choquet integral - namely the capacity - are determined.

To this end, the facilitator asks the DM to provide some pref-
erential information. Regarding the aggregation function, the most
broadly used type of preferential information is when the DM says
that an option is preferred to another one. The major difficulty the fa-
cilitator faces is that there usually does not exist one single value of
the parameters of the model that fulfils the preferential information.
Most of the elicitation methods based on the Choquet integral suf-
fer from two limitations. First of all, the learning procedure usually
ignores the construction of the utility functions (they are assumed
to be given) and focuses only on the determination of the capacity.
Secondly, the identification of the capacity consists in selecting a ca-
pacity (fulfilling the preferential information) that maximizes some
functional, which may be an entropy for instance [8, 12, 13]. This
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is not quite satisfactory for the DM since he does not usually un-
derstand what maximizing the functional really means. The use of a
maximization problem introduces some additional information that
does not come from the DM.

The facilitator shall rather stick strictly to what the DM says and
add no further information. One then looks for a robust way to rec-
ommend some comparisons among the options from the preferential
information [16]. The concept of necessary preference relation has
been recently introduced for robust quantitative multi-criteria deci-
sion models [10, 11]. It has been applied to the Choquet integral in
[2]. An option is necessarily preferred to another option according
to the necessary preference relation if the first option is preferred to
the second one according to all models that fulfil the preferential in-
formation provided by the DM. This necessary preference relation
is usually incomplete, unless the model is completely specified from
the preferential information of the DM. The necessary preference re-
lation is cautious in the sense that it does not always provides a com-
parison between the options (it may be incomplete), but when it says
that an option is necessarily preferred to another one, the preference
is sure.

Let us mention that these concepts of necessary and possible pref-
erence representation are originated from earlier works on preference
modelling. In the context of decision rules, the necessary and pos-
sible preference relations are the lower and upper approximations
of a rough set [9]. Moreover, in qualitative decision models, these
concepts correspond to the dominance and ordering queries for the
Ceterus Paribus nets [5].

The approach from [2] using the Choquet integral does not include
the utility functions in the construction of the robust preference rela-
tions. The idea of determining not only the admissible capacities but
also the utility functions has been already considered in [1]. We first
generalize this framework to incorporate the imprecision related to
both the aggregation function and the utility functions. There are ba-
sically two ways to elicit the preference model: either by constructing
all elements of the model at the same time from global learning ex-
amples, or by constructing each element of the model separately. We
adopt the second way in this paper, which is the standard approach
with the Choquet integral. In other words, the DM provides pref-
erential information regarding only the utility functions, and pref-
erential information about only the aggregation function. From this
elicitation process, we show that determining whether an option is
necessarily preferred to another one is equivalent to solving a mixed-
integer quadratic program.

The paper is organized as follows. Section 2 recalls the back-
ground on the standard representation of the preference relation and
the Choquet integral. The preferential information that is provided



by the DM is described in Section 3. It separates the information re-
garding the utility functions and the aggregation function. The gen-
eral necessary preference relation is also given. The computation of
this relation is proposed in Section 4. We first show that this problem
can equivalently be written as a mixed-integer quadratic problem.
Finally, we give a necessary and a sufficient condition for the satis-
faction of the necessary preference relation that can be easily solved
by two linear programs.

2 Background
2.1 Organization of the preferences of the DM

The criteria of the DM agent are denoted by N = {1,...,n}.
In order to quantify the satisfaction of the options on a criterion
i € N, the DM needs only to know the value of the options on
an attribute characterized by a set X;. The comparison of the options
can be made only from a knowledge of the value of these options on
the attributes. Hence the options can be considered as elements of
X=X; x--xX,.

We wish to construct the preferences of the DM regarding the
elements of X through a binary relation 2Zx over X. One of the
most classical representations of - x is based on an overall utility
U:X —[0,1]. Hence for all z,y € X, we have

xoxy < U(x) >U(y). ()

A standard representation of U is the so-called transitive decompos-
able model U(z) = F(u(x)), where u; : X; — [0, 1] is the utility
function on attribute : € IV,

u(x) = (ur(z1), ..., un(xn)),

and F : [0,1]Y — [0,1] is the aggregation function. The functions
wand F' need to be elicited.

2.2 Choquet integral

The aggregation function F' is most of the time a simple weighted
sum. This model fails to represent real life decision strategies such
as veto, conditional relative importance between criteria, and com-
plementarity and substitutability among the criteria. The Choquet in-
tegral has been proposed as a generalization of the weighted sum in
MCDA [6]. It is based on the concept of a capacity (also called fuzzy
measure) [18].

Definition 1 A capacity x on N is a function x : 2V — [0, 1],
satisfying the following axioms.

(i) 1(0) = 0, u(N) = 1.
(i) A C B C N implies u(A) < u(B).

We introduce a useful linear transformation of capacities. The
Mdbius transform m of a capacity p is the unique solution of the
equation

VACN p(A)= Y m(B),
BCA
and is given by:
m(A):= Y (1) 1Plu(B),
BCA

A capacity is defined by 2™ — 2 coefficients, which is much more
than a weighted sum. The concept of k-additive capacity has a com-
plexity in-between a capacity and a weighted sum. More precisely,
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a capacity p is said to be k-additive [7] if m(A) = 0 whenever
|A| > K and there exists A with |A| = & such that m(A) # 0. An
interesting particular case is the 2-additive capacities [15].

A set functionm : {A C N |A] < k} — R corresponds
to k-additive Mdbius coefficients iff the following monotonicity and
boundary conditions are satisfied

> m(BU{i}) =0, Vie NVACN\{i} (2
BCA: |B|<k
> om(4)=1 @)

ACN : |A|<k

We denote by MP* the set of functions m : {A C N : |A| < k} —
R satisfying (2) and (3).

In the remaining of the paper, we will restrict to k-additive capac-
ities. Such model is a good compromise between the complexity of
the model and its ability to represent subtle decision strategies. The
value of k € {2,...,n} is fixed.

The expression of the Choquet integral with respect to m € M*
has the following form [15] :

Cm(a) =

2

ACN : |A|<k

(4)

m(A) min a;.
i€A

3 Description of the incomplete information and
the overall preference relation

As we have already said, the overall problem of comparing options
in X is complex due to the number of criteria and their interactions.
The preferential information asked from the DM is not composed of
comparison of elements of X. This problem is decomposed into sev-
eral sub-problems. The DM is asked to give separately preferential
information regarding the aggregation function, and regarding each
utility function. This approach is adopted for the case of a weighted
sum in [3, 17], and the Choquet integral in [14].

3.1

Let : € N.We assume that the attribute X; is an interval of R.
Classically, an utility function w; is represented as a piecewise affine
function. It is thus characterized by two vectors (¢f,¢2,...,t"*) of
elements of X; and (u!,u?,...,u"") of real numbers where ¢} <
7 < --- < tPi. The utility function w; for any ; € X is obtained
by wi(z;) = Tz 42 (ut wg)i)(a:i), where

R

Incompleteness on the utility functions

Toi 2, iyt w2, Pty (@)

1 1
u; ifx; <t
k

k x;—t;
u; + y
uf"’ ifx; > tfi

k1 _
i

uly ifz; € [tf,tf"'l

(u

The MACBETH method [3] enables to construct the values of
(uf,u?,...,ul?) once p; and the vector (t!,¢7,...,t"") are given.
The idea of the MACBETH approach is to ask the DM to assess
the difference of attractiveness between any pair (u,u!) in an or-
dinal scale such as very weak, weak, moderate, strong, very strong
and extreme. The values of v}, ...,u are then obtained by linear
programming.

In the elicitation process, the information provided by the
DM is not sufficient to specify a unique vector (uj,...,u").

Rather, it specifies upper bounds (%}, ...,u"") and lower bounds



(y;,...,yﬁ”), with ¥ for all k. Hence, instead of
getting a unique utility function, one obtains a family of util-
ity functions in-between two envelop utility functions w,
I(til,tf, ’p,) (u uz.m pz) and @' = I(tl tQ pz)(u —2 =
For consistency reasons, all admissible utlllty functions are supposed
to be comonotone, and so are u, and @". Let us recall that two func-

tions f and g on X; are said to be comonotone iff for all z;,y; € X;

k
>y

,pL)

(f(@:) = f(:))(g(xi) — g(y:)) = 0.
The set of admissible utility functions is (see Figure 1)
and w;, u;, w; comonotone}.
A
1 —
2
E
> T
t! t? t3 t}
Figure 1. Functions u;, u; and ;.
3.2 Incompleteness on the aggregation functions

Classically, the identification of the capacity is performed from learn-
ing data. This preferential information can classically be of three
types [8]: a comparison of two profiles in [0, 1]"Y, an overall score
associated to a profile in [0, 1]V, or less intuitive preferential infor-
mation related to the importance or interaction of the attributes. The
information of the second and the third types are not always easy to
obtain from a DM, especially in multi-criteria decision aid. More-
over, as argued in [4], the main information obtained from empiri-
cal data of the second type is a requirement stating that the data set
shall preserve the order deduced from the overall scores, which cor-
responds to the first type of information. We focus thus on the first
type of information in this paper.

The preferential information regarding the aggregation function is
thus composed on a partial order relation & over [0, 11. For a,b €
[0, 1], a > b means that a is judged at least as good as b. The set of
Mobius coefficients that fulfil the preferential information > of the
DM is:

ME() = {m e MF

s la>b = Cn(a) > Cn(b)]}.

3.3 Overall necessary preference relation

We denote by II the set of all preferential information of the DM
regarding the aggregation function and the utility functions:

II={>,U,...,.Un}.

o1

The necessary preference relation restricted to the aggregation

level is a partial preorder = Zio.n Over [0, 1]V defined for all a,b €
0,1V by [2]
azZgywb = VYmeM () Cum(a)>Cn(b).

The preference relation can be easily extended to X taking into ac-
count the imprecision resulting from the preferential information II.

Definition 2 The necessary preference relation over X resulting
from II is the partial preorder %% over X defined for all z,y € X

by
< VmEMk(IZ)V(Ul,--WUn)ELﬁ><---><Z/[n
Crm(ui(z1), ..y un(zn)) > Cm(ui(y1), -« un(Yn))-

11
TTxY

The partial preference relation == represents better what the DM has
provided as input data IT than the complete preference relation 7~ x
(see (1)) in which the utility functions and the Mdbius coefficients
are uniquely fixed.

Once =¥ is determined, the stable sets are computed and dis-
played to the DM as recommended options [19]. A set Y C X is
a stable set w.r.t. the asymmetric part =1 of =L if Az,5 € Y such
that 2 =% v (internal stability), and Vo € X \ 'Y, 3y € Y such that
y =% 2 (external stability).

4 Computation of the necessary preference relation

We fix z,y € X and we wish to determine whether z =% 4. One
has z =% y iff

©)
un(yn)) )

min
meMF (), (ug,...,un) €U X -

(cm(ul(xl), o un(Tn)) —

is non-negative

XUnp

O’m(ul(yl)v AR

4.1 Uncertainties on the utility functions
For X, Yi € X, let

Ui (i, yi) = {(wi(xs), ui(ys)) -

We have seen that the functions w«, and w; are affine in each interval
[tf,t{“} forall j € {1,...,p;—1}. Forsuch index j, we have three

cases:

u; € Ml}

(i) u, and @; are non-decreasing in [t/, /"] (i.e. u/ < »/*" and

u] <@t ) and u, or @; is strictly increasing in [t/ t’“} (i.e.

1771
J<wl T orwd < u{“) Then all u; € U; are non-decreasing
in [tf,t{“]
(ii) u, and @, are non-increasing in [t/,+77'] (i.e. w! > /T and
HJ > @), and w, or w; is strictly decreasing in [t/, ¢ ]“] (i.e.

R

J > w! T orwl > wlt!). Thenall u; € U; are non-increasing

in [tivtfH]
(iii) u, and u; are constant in [t/,¢*'] (ie. u! = w/™" and W =
—J“) Then there is no condition on the monotonlcny of u; e Z/{Z

i+1

in (2,477,
Let j,l € {1,...,p; — 1} such that =; € [t/,£J"'] and y; €

[}, /7). Then there are the following cases to describe the set

iy bg

ul(mh yl)



e Situation S1 (see Figure 2): z; and y; do not belong to the same
segment (i.e. 5 # 1), or xz; and y; belong to the same segment
(i.e. 5 = 1) and it is of type (iii). There is no relation between the
utilities of x; and v;. We have

Ui (i, i) = [w; (w0), @i (w4)] X [ (y3), @i (yi)]- (6)

e In the other situations, ; and y; belong to the same segment (i.e.
j =1)and itis of type (i) or (ii). This means that u; is either non-
decreasing or non-increasing in the interval [/, ¢/"']. We have
two cases:

— Situation S2 (see Figure 3): either [z; > y; and [t/,t/1"] is

of type (i)] or [y: > x; and [¢/, " ]is of type (ii)]l. Here we
necessarily have
Hence

Us(wi,yi) = {(ui,w) € [w; (), U (22)] % [ (s), Wi (ys)]
sup > ) 0]

— Situation S3 (see Figure 4): either [y; > x; and [t/,t/1"] is

of type (i)] or [x: > v; and [t7, £ 1] is of type (ii)]. Here we
necessarily have

Yu; € U; ul(yz) > ul(xz)
Hence

Ui(ziyys) = {(ui,uf) € [ (24), @i ()] X [w; (i), Ti(ys)]

sui <wufl ®)
wi(yi)
A
1 e
ﬂi(yi) —_
Ui(zi,y:)
w(ys) —eeeeeee Y
)
u;(w:) wi(wi) 1

Figure 2. Set U, (z;,y;) - situation S1.

Let us define Z4; (a4, y:) by

e Situation S2 (see Figure 5):

Ui(wi, yi) = {(v,v) © v € [w;(24), Ti(ys)]}- €)

We denote by M the set of criteria ¢ in IV that are in the situation
S2.

wi(yi) —

wi(yi)
1=
Ui (yi)
) Ui (i, yi)
i)~ |
w,; () wi(x;) 1

Figure 3. Set U, (z;, y;) - situation S2.

ui (yi)
A
1 e i .
Ti(yi) —
w () —{-
] )
u, (4) wi(zs) 1
Figure 4. SetU;(z;,y;) - situation S3.
ui(yi)
A
1 e
Ui (i, i)
w, (yi) _ .......
| |= w; ()

w, () wi(zi) 1

Figure 5. Setf;(z;,y;) - situation S2.



1

ui(ys)
Ui (i, 1)

Hi(yi)

|
w;(z4) Ui(zi) 1

Figure 6. Set Z)i(xi, y;) - situations S1 and S3.

e Situations 1 and 3 (see Figure 6):
Us(wi,y) = {(u (), i (4:)}-

The set of criteria that are in the situations S1 or S3is N \ M.

(10)

Indeed, the sets 2/, (z4,y:) provide the best situations we can get
from the information provided by the DM for the utility function in
order to get y preferred to z. The consequences of this are shown in
next lemma.

Lemma 1 The problem (5) is equivalent to the following problem
~ min .
meMFk(>) (uf,u¥)€M1 (z1,y1) - (u;”b,u',yl)EMn(zn,y,L)

(Cm(u“f, %) — O (4. .. ,uz))

1)

Proof : Let us consider m € M"(>) and (u1,...,u,) € Us X
-+ X Un. Then there exists (uf,u}) € Ur(z1,y1), - .., (uy,ul) €

Un (xn,yn) such that forall i € N
ui < wi(z) and uf > wi(ys). (12)

Then by monotonicity of the Choquet integral w.r.t. its integrand, we
have

Cm(ul(xl), .. ,Un(l'n)) - C’rn(ul(yl)v s 7un(yn))

> Cm(ut,. .., up) = Cm(uf, ... up).
Hence the value of (11) is lower than or equal to the value of (5).

_ Conversely, for every (uf,u¥) € Ui(z1,31), ... (uj,ul) €
Un(Tn, yn), there exists (u, ..., up,) € Us X -+ x Uy, such that

Vi€ N wj(x;)=ui and wu;(y;) =ul.
Consequently,

Cr(uly .. yup) — Cp(ud, ...

= Cr(ui (1), .-y un (z0)) —

s un)
Cm(ull(yl)v cee 7u/n(yn)),

so that the value of (5) is lower than or equal to the value of (11). ®
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4.2  Transformation into a mixed-integer quadratic
problem

Consider the following problem with the new variables % and u% :
AQN:Z\A\Sk
under m € M¥ (IT)
Vie M ui =u! and ui € [u;(z:), Wi (y:)]
Vie N\ M ui =u,(z:) , uf =u(y;)
VAC N with 2 <|A| <k :
Vie A €huen,; €101}
Moei=la-1 S, =141
i€A i€A
Vie A uj <wui

Vie A uh>ui —€a,;

min m(A) (ua —uY) (13)

ufy <uf
wh > uf — €4,
Proposition 1 The problem (5) is equivalent to (13).
Proof : Takeany A C N with2 < |A| < kand any ¢ € A. Consider
the constraints
€a; €{0,1} forall AC Nandi e A
VA C N with 2 < |A| <k :
Vie A €i,; €{0,1}
D ehi=1Al—1
€A
Vie A ulh <uj
Vie A uh >up —€ay,
Then we clearly have u% < min;ea ui.Since ;. , €4 ; = [A]-1,
there is exactly one j € A such that ¢ ; = Oand ¢} ; = 1 for
all . € A\ {j}. The constraint u% > ui — €% ; is void for all

i € A\ {j}. Moreover, u% > uj > min;ea u;. This shows that
u% = min;e 4 ui. Consequently,

ACN : |A|<k

Cr(u,...,upn) = m(A) u}.

Combining this with Lemma 1, we conclude that the problem (5) is
equivalent to (13). m

The solution to (13) equals Cr, (uf, ..., u5) — Cm(uy, ..., ud).
For the particular case when k& = 2, denoting m; := m({:}) and
mi; = m({i,j}) forall ¢, j € N, problem (13) can be written as:

. x x
min [( E m; u; + E Mij uij)
iEN

{i.J}CN
— (Zmz uf+ Z My ufj)]
ieEN {i,j}CN

under m € M3 (I1)

Vie M ui =u?,
Vie N\ M ui =u,(z;) , uf
V{i,j} SN €€l €{0,1}
Vi, j} CN uj; <wui , ujj <uj
v{i,j} C N
V{i,j} SN
v{i,j} C N

(14)

wi € [u,;(w:), wi(ys)]

i(yi)

y y y y
wy; <uf o, g <y
Yy y
)

x x x x x x
ug; > up — €, uy > u; — (1 —€;)

v y y y
uly > u uf; > uf 7(1*6”‘)



Due to the constraint 3, , €4 ; = |A| — 1in (13), it is indeed
sufficient when A is of cardinality 2 to use only one integer variable
for each set A. The same holds for option y.

4.3 A necessary condition and a sufficient condition

We give a necessary and a sufficient conditions for the satisfaction of
x =¥ y that can be easily solved by two linear programs.
We consider two options x and y. \We set

ME(M) [z, y] :=={m € M"(2) : Cn(u(z)) > Cm(u(y))
V(ur,...,un) €U X -+ X Un}.
The set M (II)[, y] is not a polytope. We have z =% y if and only
if M* (1) [z, y] = M* ().
Let
MEID) [z, y] == {m € M"(>) : Cu(T(x)) > Cim(u(y))}
M D[z, y] = {m € M*(2) : Cm(u(x)) > Om(T(y))}

The sets MF (TT) [, y] and M*(I1) [z, y] are polytopes.
Lemma 2 We have
M ([, y) € MH (), y] € MF(ID[z, ).

Proof : Let m € M*(I)[z,y] and (u1,...,un) € Us X ---
Then by monotonicity of the Choquet integral,

Cm(u(x)) = Cm(u(z)) = Cm(U(y)) = Cm(u(y))
Hence m € M"(II)[z, y).

X Up,.

Now, let m € M¥(IT)[z,y]. Then for all (u1, ..
Lo X Z/{n

Cm(u(z)) > Cm(u(x)) 2 Cm(u(y)) = Cm(a(y)).

Hence m € M*(II)[z, y]. B

S Un) € Ur X

Corollary 1 We have

min  Cu(u(z)) = Cm(u(y) <0 = zZxy
meMk(>)

min_ C(u(e)) — Cu(@(y)) >0 = o 2%y
meMFE(>)

Proof : If min,,,c vk () Cm((z)) — Cim(u(y)) < 0, it follows
that M* (1) [z, y] # M"(>). Applying Lemma 1, M*(11) [z, y] #
MF(>), whence z 75 y.

Similarly, if min,,, ¢ vk () Cm (u(z)) — O (T(y)) > 0, it follows
that M* () [z, y] = M*(>). Applying Lemma 1, M* (1) [z, y] =
MPF(>), whence = =% 4.

]

The two minimization problems

min Cm(u(z)) — Cm(u(y))
meMFk ()

min Cn(u(x)) — O (a(y))
meMFE(>)

are linear, and can thus be solved easily.
The usefulness of the two conditions in Corollary 1 depends on
whether the envelops u and % are close to one another.
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5 Conclusion

We have described a problem where the preferential information pro-
vided by the DM is decomposed as information regarding each utility
function and the aggregation function. We have described the neces-
sary preference relation based on this preferential information. We
have shown that the problem of determining whether an option is
necessarily preferred to another one is equivalent to solving a mixed-
integer quadratic problem. Finally, we gave necessary and sufficient
conditions for the satisfaction of the necessary preference relation
that can be easily solved by two linear programs.
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On Finding Compromise Solutions in
Multiobjective Markov Decision Processes

Patrice Perny

Abstract. A Markov Decision Process (MDP) is a general model
for solving planning problems under uncertainty. It has been ex-
tended to multiobjective MDP to address multicriteria or multia-
gent problems in which the value of a decision must be evaluated
according to several viewpoints, sometimes conflicting. Although
most of the studies concentrate on the determination of the set of
Pareto-optimal policies, we focus here on a more specialized prob-
lem that concerns the direct determination of policies achieving well-
balanced tradeoffs. We first explain why this problem cannot simply
be solved by optimizing a linear combination of criteria. This leads us
to use an alternative optimality concept which formalizes the notion
of best compromise solution, i.e. a policy yielding an expected-utility
vector as close as possible (w.r.t. Tchebycheff norm) to a reference
point. We show that this notion of optimality depends on the initial
state. Moreover, it appears that the best compromise policy cannot
be found by a direct adaptation of value iteration. In addition, we ob-
serve that in some (if not most) situations, the optimal solution can
only be obtained with a randomized policy. To overcome all these
problems, we propose a solution method based on linear program-
ming and give some experimental results.

1 INTRODUCTION

In many practical applications of Artificial Intelligence such as path
planning, game search, preference-based configuration, the compar-
ison of solutions involves several aspects or points of view that must
be analyzed to make a decision. This is typically the case of some
state-space search problems where any action that transitions from a
state to another is evaluated with respect to different criteria, agents
or scenarios, thus leading to a multi-dimensional evaluation system,
non-necessarily reducible to a scalar reward or cost. For this reason,
several vector-valued generalizations of search algorithms have been
investigated such as MOA™ [16, 12], a multiobjective extension of
A* [10] finding all Pareto-optimal solution paths to reach a goal node
from an initial node in an implicit state space graph. In the field of
planning under uncertainty, the same type of concern is present. This
explains the current interest fot multicriteria or multiagent extensions
of Markov Decision Processes [13, 2, 1, 8].

When several objectives must be optimized simultaneously, most
of the studies on Markov Decision Processes concentrate on the de-
termination of the entire set of Pareto-optimal solutions, i.e. policies
having a cost vector that cannot be improved on a criterion with-
out being downgraded on another criterion. However, the size of the
Pareto set is often very large due to the combinatorial nature of the
set of deterministic policies, its determination induces prohibitive re-
sponse times and requires very important memory space as the num-

1 LIP6, UPMC, France, email: firstname.surname @lip6.fr

and Paul Weng'
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ber of states and/or criteria increases. Fortunately, there is generally
no need to determine the entire set of Pareto-optimal policies, but
only specific compromise policies achieving a good tradeoff between
the possibly conflicting objectives (minimize time, energy consump-
tion, risk. . .).

This notion of compromise is natural in multiobjective decision
support and has counterparts in other optimisation contexts involv-
ing several dimensions. For example, in the context of multi-agent
optimisation problems, the notion of compromise solution refers to
equity or fairness [7]. In the context of optimisation under multiple
scenarios, compromise solutions refer to the idea of robustness [11].
The quality of the compromise achieved can be measured using a
scalarizing function discriminating between Pareto-optimal solutions
[15, 4].

Motivated by such examples, we study in this paper the determi-
nation of well-balanced policies in multiobjective Markov Decision
Processes. The paper is organized as follows: In Section 2, we recall
the basic notions related to Markov decision processes and their mul-
tiobjective extension. In Section 3, we discuss the choice of scalar-
izing functions to generate compromise solutions. This leads us to
adopt the augmented Tchebycheff norm as a proper scalarizing func-
tion. Section 4 is devoted to the search of Tchebycheff-optimal poli-
cies. Finally, Section 5 presents some experimental results showing
the effectiveness of our approach in reaching well-balanced policies.

2 BACKGROUND

2.1 Markov Decision Processes
A Markov Decision Process (MDP) [14] is described as a tuple
(S, A, T, R) where:

S is a finite set of states,

A is a finite set of actions,

e T: S x A — Pr(S) is a transition function, giving for each
state and each action, a probability distribution over states (in the
sequel, we write T'(s, a, s’) for T'(s, a)(s")),

e R: Sx A — IRisareward function giving the immediate reward

for executing a given action in a given state.

In this context, a decision rule § is a procedure that determines
which action to choose in each state. A decision rule can be deter-
ministic, i.e. defined as a function: § : S — A, or more generally,
randomized, i.e. defined as a function § : S — Pr(A) where Pr(A)
is the set of probability distributions over A.

A policy 7 is a sequence of decision rules (do, 01, . .., 0¢, . ..) that
indicates which decision rule to apply at each step. It is said to be



deterministic if all the decision rules are deterministic and random-
ized otherwise. If the same decision rule ¢ is applied at each step, the
policy is said to be stationary and is denoted 6°°.

In standard MDPs, the value of a policy 7 is defined by a function
v" S — IR, called value function, which gives the expected dis-
counted total reward yielded by applying 7 from each initial state.

For m = (d0,01,...,0¢,...), they are given by: Vs € S, Vh > 0,
VE=1,..., h,

v(s) = 0

vi(s) = R(s,6n1(s) +7 Y T(s,0n1(s),s)vi1(s")

s'eS

where € [0, 1] is the discount factor. This sequence converges to
the value function of .

In this standard framework, there exists an optimal stationary pol-
icy that yields the best expected discounted total reward in each state.
Solving an MDP amounts to finding one of those policies and its as-
sociated value function. The optimal value function v* : S — IR can
be determined by solving the Bellman equations:

Vs €S, v(s) = max R(s,a) +~ X:ST(S, a, s )v*(s") )
s'e

There are three main approaches for solving MDPs. Two are based
on dynamic programming: value iteration and policy iteration. The
last approach is based on linear programming. We now recall value
iteration and the linear programming approach as they are needed for
the exposition of our results.

Value iteration consists in computing the solution of the Bellman
equations using the following recursive sequence: Vs € S, Vt > 0,

vo(s) = 0 )
vi(s) = rgleaglcR(sya)JrvZT(s,a,s’)vf_l(S’) 3

s'es

This sequence converges to the optimal value function and the opti-
mal stationary policy can be recovered by a greedy optimization.

VALUE ITERATION
1: Vs € S,v(s) <0
2: repeat
3: foralls e Sdo

4 foralla € A do

5 a(s,0) — R(s,a) +7 X, c5 T(s,a, 8/ )o(s)
6 end for

7: v(8) « maxaeca q(s,a)

8 end for

9:

until convergence of v

An MDP can also be solved by linear programming. The Bellman
equations state that value functions satisfying the following inequal-
ities are upper bounds of the optimal value function:

Vs € S,Va € A, v(s) > R(s,a)+~ Z T(s,a,s )v(s")
s'es

The linear program (P) can then be written as follows:

min Zu(s)v(s)
seS
s.t. v(s) — v Z T(s,a,s )v(s") > R(s,a)
s'eS
Vs € S,Va e A
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where weights ¢ could be interpreted as the probability of starting in
a given state. Any positive & can in fact be chosen to determine the
optimal value function.

Writing the dual of this program (D) is interesting as it uncovers
the dynamic of the system:

max Z Z R(s,a)z(s,a)
s€SacA
s.t. Z z(s,a) — Z Z x(s',a)T (s, a,s) = pu(s)
a€A s’cSacA
Vse S

z(s,a) >0 Vse S, Vaec A

To give an interpretation to variables z(s, a), we recall the two fol-
lowing propositions that relate feasible solutions of the dual linear
program to stationary randomized policies in the MDP [14].

Proposition 1. For a policy w, if ™ is defined as:

z7(s,a) = ~'pr(s,a) Vse S Vaec A
t=0

“

where pf (s,a) is the probability of reaching state s and choosing
action a at step t, then x™ is a feasible solution of the dual linear
program.

Proposition 2. If x(s, a) is a solution of the dual problem, then the
stationary randomized policy 0°°, defined by:

z(s,a)

Z x(s, a)

a€A

d(s,a) = Vs € S,Va € A (5)

defines values z°" (s, a) as in Equation 4, that are equal to x(s, ).

Thus, the basic solutions of the dual program D correspond to de-
terministic policies. Moreover, the basic solutions of the primal pro-
gram P correspond to the value functions of deterministic policies.
Those of randomized policies are in the convex hull of those basic
solutions. Note that in an MDP, any feasible value function can be
obtained with a randomized policy [14].

2.2 Multiobjective MDP

MDP has been extended to take into account multiple dimensions
or criteria. A multiobjective MDP (MMDP) is defined as an MDP
where the reward function has been replaced by:

e R: S x A — IR" where n is the number of criteria, R(s,a) =
(Ri(s,a),...,Rn(s,a)) and R;(s,a) is the immediate reward
for criterion <.

Now, a policy 7 is valued by a value function V™ : S — RR",
which gives the expected discounted total reward vector in each state.
To compare the value of policies in a given state s, the basic model
adopted in most previous studies [5, 17, 18] is Pareto dominance
defined as follows: For any two policies 7, 7', for any state s, V™ (s)
Pareto-dominates V™' (s),denoted V™ (s) =p v (s) if and only if:

VT(s) £ V™ (s)andVi=1...n, V() > V" (s)  (6)
Due to the incompleteness of Pareto dominance, there may exist sev-
eral optimal vectors in a given state. For a set X C IR", the set of



Pareto optimal vectors of X is defined by M (X, >p) = {z € X :
Yy € X, noty >p x}.

Standard methods for MDPs can be extended to solve MMDPs al-
though some problems remain open for methods based on dynamic
programming, as noted by [18]. As it is needed later for the expo-
sition of our results, we recall the linear program that has been pro-
posed by [17] for finding non-dominated solutions in a MMDP.

The dual linear program formulated for MDPs can be extended
to a multiobjective linear program as the dynamic of a MDP and
that of a MMDP are identical. We only need to change the objective
function of D by its vector counterpart. Thus we obtain the following
multiobjective linear program vD:

v-max Z Z R(s,a)z(s,a)
s€SacA
s.t. Z x(s,a) — Z Z x(s',a)T(s',a,5) = p(s)
acA s’eSacA
Vs e S

z(s,a) >0 Vse S Vaec A

where v-max is a vector maximization with respect to Pareto domi-
nance. Looking for all non-dominated solutions can be difficult and
time-consuming as there could be many non-dominated solutions. In
fact, there exists instances of problems where the number of solu-
tions is exponential in the number of states. We illustrate this point
by adapting an example proposed by [9].

Example 1. Let N > 0. Consider the following MMDP defined
by (S,A,T,R) where S = {0,1,...,N}, A = {a,b}, Vi =
1,...,N =1 T(,a,i+1) = 1, T(i,b,i + 1) = 1, and the
only non null reward vectors are defined by R(i,a,i+ 1) = (2°,0),
R(i,b,i +1) = (0,2). Here, we can take v = 1 as state N is
absorbing.

In this example, there are 2N+ stationary deterministic policies.
Stationary deterministic policies that only differ from one another on
the choice of the action in the last state N have the same value func-
tions as the reward and the transition in those states for both actions
are identical. The remaining policies induce 2~ different valuation
vectors, of the form (z, 2~ —1—z) forz =0,1,...,2Y — 1. Those
different vectors are in fact all Pareto-optimal as they are on the line
x4y = 2N — 1. It is then infeasible in such a case to determine all
non-dominated solutions.

Besides, in practice, one is generally only interested in one partic-
ular solution among all the non-dominated solutions that gives inter-
esting tradeoffs between all the criteria. A more interesting approach
for MMDP would be to directly search for that particular solution
instead of finding first all the non-dominated solutions.

3 SEARCH FOR COMPROMISE SOLUTIONS

We introduce the notion of scalarizing function that will be used to
discriminate between Pareto-optimal vectors in a given state. For-
mally, a scalarizing function is a function ¢ : IR™ — IR that defines
an overall value function v : S — IR from a vector value function
V:§—R™

v(s) = P(Vi(s), ..., Va(s)) @

3.1 Weighted Sum

The most straightforward choice for ) seems to be the weighted sum.
In this case, v(s) T AiVi(s) where A; > 0,Vi = 1...n
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so as to preserve the monotonicity with respect to Pareto domi-
nance. By linearity of the mathematical expectation and the weighted
sum, optimizing v is equivalent to solving the standard MDP ob-
tained from the MMDP where the reward function is defined as:
r(s,a) = >, AiRi(s,a), Vs, a. In that case, an optimal stationary
deterministic policy exists and standard solution methods can then be
applied. However, using a weighted sum is not a good procedure for
reaching balanced solutions as weighted sum is fully compensatory
operator that does not encode the idea of balanced solutions. This is
well illustrated by the two following examples:

Example 2. Consider the following MMDP with two criteria using
the same valuation scale and characterized by (S, A, T, R) where
S = {1} A = {a,b}, T(1,a,1) = T(1,b,1) = 1, R(1,a) =
(1,9) and R(1,b) = (5,5). In this MDP, there only exists two de-
terministic stationary policies depending on the choice of the ac-
tion in state 1. They are thus denoted a and b respectively. Their
value functions are given by: V(1) = (1/(1 — ~),9/(1 — v)) and
Ve(1) = (5/(1—=7),5/(1=~)). If the rewards of the agents are sim-
ply summed (i.e. we give equal weights to each criterion), then both
policies are optimal and have the same value functions. However,
the policy choosing action b yields a much better balanced vector
and should be preferred.

From the previous example, one could think that by choosing ap-
propriate weights, one could reach a balanced solution. This is not
the case. There exists instances where well-balanced solutions can-
not be obtained by optimizing a weighted sum.

Example 3. Consider the MDP defined by (S, A, T, R) where S =
{1}, A = {a,b,c}, T(1,a,1) = T(1,b,1) T(1,¢,1) = 1,
R(1,a) = (1,9), R(1,b) = (4,4), R(1,c) = (9,1). Here, there
are three stationary deterministic policies. They are denoted a,b and
c respectively. Their value functions are given by: V*(1) = (1/(1 —
1),9/(1 =), VP(1) = (4/(1 =), 4/(1 = 7)) and V*(1) =
(9/(1 —7),1/(1 — v)). By giving equal weights to both criteria,
the policy that chooses action a and the one choosing action c are
equivalent. As soon as the weights are different, only one of those two
policies is optimal and it therefore yields an unbalanced valuation
vector. However, the policy choosing action b is not dominated by the
other policies. As it yields a much better balanced valuation vector,
one could arguably prefer that solution.

In fact, it is possible to reach balanced solutions that are even bet-
ter than those corresponding to deterministic policies. Consider Fig-
ure 1 which represents value functions of deterministic policies in an
initial state for a given MMDP (n = 2). If a weighted sum is used
to combine the two criteria, the only solutions that can be found are
those represented by points a, b and d because they are on the bound-
ary of the convex hull of feasible vectors. However, one could argue
that point c brings a better trade-off between the two criteria. Yet, if
we consider randomized policies, we can do much better as shown in
Figure 2.

The valuation vectors of randomized policies are in the convex hull
of the valuation vectors of deterministic policies, represented by the
greyed zone. The dark greyed zone represents all feasible valuation
vectors that are preferred to point c. The dotted lines linking points
a, b and d represent all Pareto-optimal valuation vectors. It is then
easy to see that point ¢ is dominated by all the randomized policies
that are both in the dark greyed zone and on the dotted line. The next
subsection explains how to reach such points.



Valuation vectors

Figure 1. Figure 2. Better solutions

3.2 Tchebycheff Scalarizing Function

In multiobjective optimization, the question of finding balanced solu-
tions among the non-dominated ones is a crucial issue. The standard
way of generating compromise solutions in the Pareto-optimal set is
resorting to the so-called reference point approach that consists in
finding a feasible vector that minimizes a distance to a prescribed
reference point [15, 19, 4]. The standard approach for that is to min-
imize the Tchebycheff scalarizing function defined for all z € IR"
by:

Pz, A) = max Ailr; —xi| +¢ > Ailri — il

i=1...n

®

where € IR" is the reference point, A\ € IR" is a positive weight-
ing vector and ¢ is a positive real chosen arbitrarily small. The best
compromise solution V7 : § — IR™, called Tchebycheff-optimal,
can then be computed with:

VT = argmin (> p(s)V (s), 7, A) ©)
v seS

where p is a distribution probability over initial states. To apply
this equation, we need to set properly those parameters. Generally,
reference point r is taken as the ideal point. It can be computed
with n different one-dimensional optimizations, that is we solve the
MMDP as a standard MDP successively with reward function R;
for i = 1...n. We denote V** the vectorial value function op-
timal for the i-th criterion. In a state s, the ideal point then can
be formally defined as follows: v] = 3 ses M(s)Vi™ (s) for all

1...n. With the V**’s, a second point can also be defined:
vt = Y scs H(s)minj=1_n V7*(s) which is in fact an approxi-
mation of the Nadir point, i.e. a lower bound of the Pareto-optimal
solutions. We use an approximation of the Nadir point as it is gener-
ally difficult to determine exactly [3]. Then the weights are defined
as follows:

7 =

Wi
TR o
where w € IR™ represents the weights of criteria. The construction
of a compromise solution using Equations 8-10 is illustrated in Fig-
ure 3. The greyed zone represents the feasible solutions. The point
I (resp. A) is the ideal point (resp. approximate Nadir point). The
best compromise solution is the non-dominated point that is on the
line linking I and A when using equal weights w;. Actually, using
Equation 10 with equal weights amounts to projecting point I on the
Pareto-optimal frontier in the direction of A. The direction of pro-
jection can be modified with weights w; to get other tradeoffs as
illustrated on Figure 4.

As shown in [19], this way of constructing compromise solu-

tions guarantees some nice properties. Contrary to the weighted
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sum, here, any Pareto-optimal solution can be reached by minimiz-
ing the Tchebycheff scalarizing function with a proper choice of
w. Moreover, any Tchebycheff-optimal solution is Pareto-optimal.
These properties justified the use of Tchebycheff optimality in mul-
tiobjective path planning problems [6].

Figure 3. Compromise solution Figure 4. Different weights

Coming back to Example 3, the ideal point in state 1 is (9/(1 —
v),9/(1 — 7)), the approximated Nadir pointis (1/(1 —v),1/(1 —
~)) and X can be taken ((1—~)/8, (1—~)/8). Then the Tchebycheft-
optimal value, which is close to 1/2 when ¢ is close to 0, is reached
by the policy choosing action b. This simple example explains why
the Tchebycheff scalarizing function is preferred to any weighted
sum in multiobjective optimization.

As mentioned previously, the quality of compromise solutions
found is even better if we consider randomized policies. In the next
section, we present the problems that we need to overcome for find-
ing Tchebycheff-optimal (possibly randomized) policies and we pro-
pose a solution method for compromise search in MMDPs.

4 SOLUTION METHOD
4.1 Tchebycheff Optimality is State-Dependent

In a standard MDP, an optimal policy is optimal in every initial state.
However, here, the optimality notion based on the Tchebycheff func-
tion depends on the initial state, i.e. a best compromise policy in a
given initial state may not be a best compromise solution in another
state. We illustrate this point with a simple example:

Example 4. Consider an MMDP defined by (S, A, T, R) where S =
{1,2}, A = {a,b}, T and R are defined as follows: T'(1,a,1) = 1,
T(1,b,2) =1,7(2,a,2) =1, 7T(2,b,2) = 1and R(1,a) = (0, 6),
R(1,b) = (5,0), R(2,a) = (0,5), R(2,b) = (2,2). Take v = 0.5.

Point I in state 1 is (7,12), that in state 2 is (4,10). Point A is
equal to (0,2) in state 1 and (0, 4) in state 2. Thus, the weights are
(1/7,1/10) in state 1 and (1/4,1/6) in state 2.

Now, the compromise solution in state 2 is given by (2,7), ob-
tained by choosing actions a or b with probability 0.5. If we applied
this strategy in state 2, then the best compromise in state 1 is ob-
tained by choosing action a with probability 99/169 and action b
with probability 70/169, which yields approximately (3.515, 7.021).
The distance to the ideal is equal to 99/199 ~ 0.498.

However, if we had chosen to take action a in state 2, we could
have obtained a better compromise solution in state 1. Indeed by
choosing action a with probability 29/64 and action b with prob-
ability 35/64, we could have obtained a valuation vector roughly
equals to (3.536, 7.051) whose distance to the ideal point equals to
49/99 ~ 0.495.

From this observation, we can conclude that the best compromise
policy viewed from one state is not necessarily a best compromise
solution viewed from another state.



Therefore, to use the Tchebycheff optimality, one needs to know
the initial state. This is not, in our opinion, a very demanding require-
ment as for most problems, this information is available. Moreover,
when the initial state is unknown, we can instead consider the aver-
age of a value function over all states.

4.2 Dynamic Inconsistency

Due to the non-linearity of the Tchebycheff scalarizing function, we
cannot transform the MMDP into a standard MDP. More specifically,
solving an MDP obtained by aggregating the vector rewards of an
MMDP with the Tchebycheff scalarizing function is not equivalent
to optimizing Equation 9 in the original MMDP.

As another consequence of the non-linearity of the scalarizing
function, we can no longer rely on algorithms based on dynamic pro-
gramming, such as value iteration. Indeed, the natural counterpart of
value iteration for Tchebycheff optimization should be:

1: Vs € S,V (s) — (0,...,0)

2: repeat

3: foralls e Sdo
foralla € Ado

Q(s.a) — R(5,0) +7 Xes T(s, 0,8V (s)
end for
V(s) < argmin, . , ¥(Q(s, a), v1(s), A(s))

8:  end for
9: until convergence of V'

4
5:
6
7

where 1) is defined by Equation 8. Let us apply this algorithm on an
example.

Example 5. Consider the MMDP defined by (S, A, T, R) where

= {1,2}, A = {a,b,c}, T and R are defined as follows:
T(1,a,1) = 1, T(1,b,1) = 1, T(1,¢,2) = 1, T(2,a,2) = 1,
T(2,b,2) = 1, T(2,¢,2) = 1and R(1,a) = (0,5), R(1,b) =
( 0), R(1,¢) = (1,1), R(2,a) = R(2,b) = R(2,¢) = (0,0). Set
=0.5.

So, state 2 is an absorbing state and the only valuation vector
that can be obtained in that state is (0, 0). In state 1, the ideal point
is defined by (10, 10), point A by (0,0) and we set the weights to
(1/10,1/10).

Initialize vo(1) = (0,0). The value of applying action a in state 1
is given by Q(1,a) = (0,5). For action b, we get Q(1,b) = (5,0).
And finally, for action ¢, we get Q(1,¢) = (1,1). Q(1,a) and
Q(1,b) are at a distance of about 1 from the ideal point while Q(1, c)
is at a distance of about 0.9 from the ideal point. If we choose action
¢, v1(1) = (1,1). We can easily see that the next iteration would give
the same computations. Therefore, the algorithm would converge in
two steps and it gives as optimal valuation vector (1, 1) for state 1.
However, it is easy to see that choosing actions a or b with probability
0.5 would have yield much better rewards with respect to Tchebycheff
optimality.

In this example, the ideal point has been computed at the infinite
horizon. We could have also used instead the ideal point for a given
horizon. It is easy to check the same problem occurs.

This last observation motivates us to propose a solving method
based on linear programming.

4.3 Solving Method

Although the Tchebycheff norm is not linear, the dynamic of an
MMDP remains identical to a standard MDP and thus is linear.
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For finding Tchebycheff-optimal solutions, it is therefore possible
to adapt the linear program proposed for finding Pareto-optimal so-
lutions in a MMDP. Compromise solutions can be found with the
following non linear program:

min max A (u.vf — Ri.x) +e€ _IZ A (,u.vf — Ri.il})
s.t. Z z(s,a) — Z Z z(s',a)T(s',a,s) = u(s)
acA s’eSacA
Vse S

z(s,a) >0 Vse S Vae A

where z1.v] —Z,u s)vi (s) and R; x—ZZR s,a)x(s,a).

seS s€SacA
This program can easily be linearized as follows:

min z+e Z i (u.viI —Ri.m)
i=1...n
s.t. z>)\(uvl—R x) Vi=1...n
S asa) -1 Y 3 o )T (s a,5) = (o)
acA s’eSacA
Vse S

z(s,a) >0 Vse S Vae A

Our previous observation concerning the state-dependency of the op-
timality based on best compromise tells us that the Tchebycheft-
optimal solution might change with p, which differs from the clas-
sical case. When we do not know the initial state, distribution yx can
be chosen as the uniform distribution over the possible initial states.
When the initial state so is known, p(s) should be set to 1 when
s = so and to 0 otherwise. The solution found by the linear program
does not specify which action to choose for the states that receive a
null weight and that are not reachable from the initial state as they do
not impact the value of the Tchebycheff-optimal policy.

5 EXPERIMENTAL RESULTS

We tested our solving method on the navigation problem over a grid
NxN. In this problem, the robot can choose among four actions:
Left, (U)p, (R)ight, (D)own. Figure 5 gives the transitions for ac-
tion (R)ight. The whole transition function can then be obtained by
symmetry.

0.1

|08 =] 09
0.1 0.1
Moving to three Moving to Moving to Moving to
available squares a wall a corner a wall in a corner

Figure 5. Transitions

Rewards are two-dimensional vectors whose components are ran-
domly drawn within interval [0, 1]. The discount factor is set to 0.9
and the initial state is set arbitrarily to the upper left corner of the
grid. We ran two series of experiments. As in real problems, criteria
are generally conflicting. For the first set of experiments, to generate
realist random instances, we simulate conflicting criteria with the fol-
lowing procedure: we pick one criterion randomly for each state and
action and its value is drawn uniformly in [0, 0.5] and the value of the
other is drawn in [0.5, 1]. The results over 100 experiments are repre-
sented on Figure 6. One point on that figure (a dot when the weighted



sum is used and a circle for the Tchebycheff norm) represents the op-
timal value function in the initial state for one instance. Naturally, for
some instances, the weighted sum can find a balanced solution. But,
in most cases, the weighted sum gives a bad compromise solution.
Figure 6 actually shows that we do not have any control on trade-
offs obtained with a weighted sum. On the contrary, when using a
Tchebycheff norm, the profile of the solutions are always balanced.

10 T T T T 1
.7 weighted .
r tchebycheff o
8 - _"_ |
7L _
6 _
5L |
4 - K
3 | | | | | |

3 4 5 6 7 8 9

Figure 6. First experiments

To show the effectiveness of our approach, we ran a second set
of experiments on pathological instances of the navigation problem.
All the rewards are drawn randomly as for the first set of experiments.
Then in the initial state, for each action, we choose randomly one of
the criteria and add a constant (here, arbitrarily set to 5). Then by
construction, the value functions of all deterministic policies in the
initial state are unbalanced. Those value functions are represented on
Figure 7 with dots as the weighted sum can only reach deterministic
policies. Reassuringly, best compromise solutions found by minimiz-
ing the Tchebycheff norm are always well-balanced.
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Figure 7. Second experiments

Finally, we give the average execution time in function of the prob-
lem size in Table 5. All the experiments were run using CPLEX 12.1
on a PC (Intel Core 2 Quad CPU 2.83Ghz) with 4Go of RAM. The
first column n gives the number of objectives. The second column
gives the number of states of the problem. Finally, column TW gives
the execution time for the weighted sum approach while column TT
gives the execution time for the Tchebycheff criterion. All the times
are averages over 20 experiments and are given in seconds.

6 CONCLUSION

In this paper, we have presented the search of best compromise so-
lutions in MMDPs with the use of a Tchebycheff distance. Although
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n Size ™ TT
2 400 0.3 0.5
2 2500 6.1 13.8
2 10000 111.3 3194
4 400 1.1 1.1
4 2500 6.1 24.6
4 10000 128.7 614.2
8 400 0.3 1.4
8 2500 6.2 42.8
8 10000 1313 11154
Table 1. Average execution time in seconds

this is a non-linear criterion, we have provided a LP-solvable formu-
lation of the problem. Experiments have shown the practical feasibil-
ity of the approach on difficult instances specially designed to exhibit
conflicting criteria. In all experiments, the Tchebycheff criterion sig-
nificantly outperforms the weighted sum concerning the quality of
compromises found. Interestingly enough, this way of incorporat-
ing non-linear functions in MMDPs could be extended to other non-
linear criteria. For instance, our approach can be applied to multia-
gent problems with a non-linear social-welfare function to determine
policies that fairly share rewards among agents.
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Extracting Features from Ratings:
The Role of Factor Models

Joachim Selke and Wolf-Tilo Balke!

Abstract. Performing effective preference-based data retrieval re-
quires detailed and preferentially meaningful structurized information
about the current user as well as the items under consideration. A
common problem is that representations of items often only consist of
mere technical attributes, which do not resemble human perception.
This is particularly true for integral items such as movies or songs.
It is often claimed that meaningful item features could be extracted
from collaborative rating data, which is becoming available through
social networking services. However, there is only anecdotal evidence
supporting this claim; but if it is true, the extracted information could
very valuable for preference-based data retrieval. In this paper, we
propose a methodology to systematically check this common claim.
We performed a preliminary investigation on a large collection of
movie ratings and present initial evidence.

1 INTRODUCTION

Recommender systems [1, 17] are one of the most prominent applica-
tions of preference handling technology [6] and a highly active area
of research. In particular, fueled by the Netflix competition and its
one million dollar prize money [2], research on collaborative recom-
mendation techniques [21] has recently made significant advances,
most notably through the introduction of factor models [16, 22].

In collaborative recommender systems, users repeatedly express
their preferences for items, which usually is done by giving explicit
ratings on some predefined numerical scale. This data can be modeled
using a rating matrix, whose rows correspond to items, columns to
users, and entries to ratings. Typically, ratings matrices are very sparse,
that is, only a small fraction of all possible ratings have actually been
observed. Personalized recommendations are generated by predicting
unobserved ratings from the available data and, for each user, selecting
those items considered to be most appealing.

Most state-of-the-art collaborative recommendation methods—
including the winner of the Netflix Prize—are based on factor models,
which are known to yield much more accurate predictions than tra-
ditional neighborhood-based methods [14, 15, 22, 23, 24]. In factor
models, each user and each item is represented by a vector in some
shared real coordinate space. The vectors are chosen such that each
observed rating is closely approximated by the dot product of the cor-
responding item and user vectors. The selection of coordinates usually
is formalized as an optimization problem. Predictions for unobserved
ratings are generated by computing the respective scalar products.
Equivalently, this approach can be seen as a factorization of the rating
matrix into the product of an item matrix (whose rows are the item
vectors) and a user matrix (whose columns are the user vectors).

1 Institut fiir Informationssysteme, Technische Universitit Braunschweig,
Germany
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The success of factor models is usually attributed to the intuition
that the coordinate space used to represent items and users actually
is a latent feature space. That is, its dimensions capture the items’
perceptual properties as well as the users’ preference judgments re-
garding these properties. For example, when items are movies, the
individual dimensions are generally thought to measure (more of less)
“obvious” features such as horror vs. romance, the level of sophis-
tication, or orientation towards adults. For users, each coordinate is
thought to describe the relative degree of importance attached to the
respective dimension. This understanding of factor models can be
found throughout the literature, for example, in [2, 15, 16, 18, 23].

Although it is intuively appealing, to our knowledge, the correspon-
dence to features has never been systematically proven, but is only
reported anecdotically. For example, Koren et al. [16] performed a
factorization on the Netflix movie data set and manually interpreted
the first two coordinates for selected movies as follows:

Someone familiar with the movies shown can see clear meaning
in the latent factors. The first factor has on one side lowbrow
comedies and horror movies, aimed at a male or adolescent
audience, while the other side contains drama or comedy with
serious undertones and strong female leads. The second factor-
ization axis has independent, critically acclaimed, quirky films
on the top, and on the bottom, mainstream formulaic films.

Further evidence has been provided by Takacs et al. [23]. After per-
forming a factorization of the Netflix data set, they manually assigned
labels to individual dimensions of their coordinate space, such as
Legendary, Typical for men, Romantic, and NOT Monty Python.

In this paper, we propose a systematic method for studying the
coordinate spaces derived from factor models and apply it the Movie-
Lens 10M data set, a large real-world collection of movie ratings. The
main contribution of our work consists in laying important ground-
work, on which further research in recommender systems and pref-
erence handling can be build. In particular, we see two concrete
directions for future work:

e First, knowing what kind of semantic information is extracted by
factor models—and how it is represented in coordinate spaces—
will enable a deeper understanding of these methods. Ultimately,
these findings may lead to a more systematic development and
refinement of recommender systems. In particular, a systematic
assessment of semantic structures provides an additional way of
evaluating the effectiveness of factor-based recommenders. This
would perfectly complement traditional evaluation methods [11],
which focus on predictive accuracy.

Second, we believe that factor models might be a powerful tool
for automatically extracting meaningful descriptions of otherwise



hard-to-describe items such as movies or songs—particularly, es-
sential features of movies cannot be characterized at all by purely
technical features such as runtime, language, or release date.” But
given a coordinate representation of movies that matches human
perception, the full machinery developed in preference handling
research can be applied [6, 9]. For example, clustering techniques
can give user an initial high-level impression of the available items,
item rankings can be learnt from ordinal preference statements [10]
or utilities [5], and the best items can be retrieved by means of
Top-k algorithms [12].

Since our primary research interest lies in applying preference-
based retrieval techniques to item collections, in this paper we will
concentrate on evaluating the semantic structures contained in the
item matrix A. Performing a similar analysis of the user matrix B
may require entirely different methods.

The paper is structured as follows: After introducing notation and
reviewing the most important factor models, we develop general guide-
lines on how to evaluate coordinate spaces for semantic information.
Then, we illustrate how to apply these guidelines to the evaluation of
factor spaces generated from movie rating data and perform experi-
ments on the MovieLens 10M data set.

2 PRELIMINARIES

In the following, we use the variables ¢ and j to identify items, whereas
u and v denote users. We are dealing with ratings given to I items
by U users. Let R = (r;,) € {RU @} *Y be the corresponding
rating matrix, where r;,,, = §), if item ¢ has not been rated by user u;
otherwise, r; ., expresses the strength of user u’s preference for item
1. Ratings are usually limited to a fixed integer scale (for example,
one to ten stars). Moreover, R = {(i,u) |ri. # 0} is the set of
all item—user pairs for which ratings are known. Let n be the total
number of ratings observed (the cardinality of R). Typically, n is very
small compared to the number of possible ratings I - U (for example,
in the Netflix data set it is 75 ~ 1.4%).

Given some target dimensionality d, the basic idea underlying factor
models is to find matrices A = (a;,) € R™*% and B = (b,.,) €
RV such that their product R=A-B closely resembles R on all
known entries. To quantify this notion of “close resemblance,” the
sum of squared errors (SSE) is popularly chosen. The SSE difference
between the rating matrix R and its estimation 2 = (74,4 ) is defined

as
SSE(R,R) = > (riw—7iu)”.

(i,u)ER

Factor models are typically formulated as optimization problems
over A and B, in which the SSE (or some other measure) is to be
minimized.

Probably the most popular factor model is Brandyn Webb’s reg-
ularized SVD model [16, 18], in which A and B are defined as the
solution of the least squares problem

d
min  SSE(R,A-B)+A > Y (ai, +b.).

’ (i,u) ER r=1

Here, A > 0 is a regularization constant used to avoid overfitting.
More advanced versions of the SVD model exclude systematic
rating deviations from the factorization and model them explicitly

2 A complementary approach to closing this semantic gap is content-based
image and video retrieval [8].
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using new variables. Bell and Koren [3] propose to estimate rating

Tiu by
d

Fiw =+ 0 + 00+ Y Girbrus
r=1
where the constant ;. denotes the mean of all observed ratings; d; and
0y are I + U new model parameters expressing systematic item and
user deviations from p. Again, the parameters are chosen according
to a regularized least squares problem:

d

(Z (af, +b7,)+6+ §u> .

r=1

min
A,B,5,

SSE(R, R) + X

(1,u)ER

The rationale underlying this approach—which we refer to as §-SVD
in the following—is that the removal of item- and user-specific general
trends from the factorization allows to focus on more sophisticated
rating patterns.

The third basic factor model being relevant to our work performs
a non-negative factorization of the rating matrix [23]. It is identical
to the regularized SVD model up to the additional constraint that
all entries of A and B must be non-negative. Extending this model
by explicit item and users deviations is not reasonable since this
would require negative entries in A and B to approximate R close
enough. The non-negative matrix factorization model aims at creating
a coordinate space in which effects of different dimensions on the
estimated ratings cannot cancel out each other. Henceforth, we refer
to this model as NNMF.

3 EVALUATING COORDINATE SPACES

Given an item—feature matrix A € R’*? generated by some factor
model, how can we determine whether the items’ coordinates in this
d-dimensional space resemble a “semantically meaningful” pattern?
The most straightforward approach consists in extending and system-
atizing the casual investigations described in the introduction. This
could easily be done by presenting the item coordinate space to a
number of different people and asking them to label its dimensions.
The correspondence between the generated item coordinates and hu-
man perception could, for example, be done by measuring the degree
of consensus among people or the average time needed to come up
with adequate labels.

Although this kind of investigation seems very reasonable, it con-
tains some severe flaws, which cannot be fixed by careful study design:

1. The dimensionality chosen in most applications of factor models
typically ranges between d = 10 and d = 100. A comprehensive
analysis of the resulting data sets would require the users to com-
prehend high-dimensional spaces, which is impossible even when
using advanced visualization techniques.

. Due to hindsight bias, given enough time, users will be able to as-
sign a fitting label to almost any dimension of the coordinate space.
Chances are good that this effect accounts for rather questionable
labels such as NOT Monty Python.

. By using free association to name dimensions, the collection of
resulting labels tend to show a high variability and reflect individ-
ual differences between users. To produce statistically significant
results, either the sample size must be extended (which requires
more study participants and results in higher costs), or the variabil-
ity must be reduced, for example, by training participants to use an
established domain-specific vocabulary to articulate the semantic
properties they recognize in the data (which also increases time
and effort).



4. Typically, there are many near-optimal solutions to the above men-
tioned optimization problems, which can be transformed into one
another by rotation of the coordinate axes. This is because, for
any invertible matrix M € R, the solution pairs (A, B) and
(AM, M ™' B) produce the same SSE. Although regularization
usually enforces the theoretical existence of a unique optimal so-
lution pair, in practice the enormous problem size often allows
only finding one of the many near-optimal solutions. Consequently,
the direction of the coordinate axes is completely arbitrary, which
makes the task of assigning labels a hopeless undertaking.

3.1 Some Guidelines

In this section, we devise a set of guidelines on which to base more
appropriate approaches to the analysis of coordinate spaces.

e In the view of problems (1) and (4), we recommend to avoid any
direct human interaction with item coordinates. Instead, human
input should concentrate on describing item properties, which in
turn are related to coordinates as well as compared by algorithmic
means.

e The only effective way to eliminate hindsight bias (2) is collecting
feedback on items before generating and presenting any informa-
tion extracted by the factor models under consideration.

e To resolve problem (3), we primarily recommend to adapt a domain-
specific vocabulary to allow a structurized description of items. For
example, to characterize music, the rich vocubulary developed
by allmusic® seems appropriate; amongst others, it includes very
detailed information about genres, styles, moods, and connections
between artists. Since this kind of semantic information can be
(or already have been) provided by a small number of experts and
usually is little prone to debate, it is easy to assemble and work
with. In later stages of analysis, unrestricted user feedback may be
included to reveal the position and extent of more fine-grained and
rather subjective concepts in the coordinate space.

We also propose to apply a standardization procedure to the gener-
ated coordinate space. This is for the following reasons: First, recall
that, for any invertible matrix M € R<, the solution pairs (A, B) and
(AM, M~ B) are equivalent; to enable comparisons between differ-
ent factor models and even different runs of the same optimization
algorithms, we need to define one solution pair as the standard repre-
sentation. Second, to enable a better separation of different effects in
the data, the axes of the item (and user) coordinate space should be
chosen to be orthogonal. Moreover, axes should be ordered according
to their relative importance (measured by the variance of data along
each axis); that is, the first dimension should be assigned to the most
important axis.

The perfect tool for matching these requirements is the singular
value decomposition, a well-known matrix factorization technique
from linear algebra, which inspired the SVD factor model. It is based
on the fact that, for any rank-d matrix X € I x U, there is a column-
orthonormal matrix U € R*9, a diagonal matrix S € R?*¢, and
a row-orthonormal matrix V' € x U such that X = USV. By
reordering rows and columns, S can be chosen such that its diagonal
elements are ordered by increasing magnitude. Moreover, the diagonal
matrix S can be eliminated from this factorization by setting X =
U'V’, where U’ = US? and V' = USZ. The matrices U’ and V"
are unique if all diagonal elements of S have been mutually different.

3http://www.allmusic.com
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In our setting, we will apply the singular value decomposition to
transform the product X = A - B into a new product A’ - B as just
described. Since rating data tends to be very “noisy,” we can safely
assume that (A’, B’) is a unique representation of (A, B); we did
not encounter any counterexamples during our experiments on large
real-world rating data. Moreover, any equivalent pair (AM, M ™' B)
also gets transformed into (A’, B"), which we define as the corre-
sponding standard representation. It can be computed efficiently using
the product decomposition algorithm proposed in [7, Sec. 3].

3.2 Use Case: Movie Ratings

Based on these guidelines, we now present a concrete method for
performing a basic evaluation of coordinate spaces generated from
movie ratings. Our focus rests on immediate applicability, so we relate
the item coordinates to reference data that is already available.

The reference source for all kinds of movie-related information is
IMDb, the Internet Movie Database®, which currently covers about
1.6 million titles. Most of IMDDb’s data has been created with the help
of its users. Therefore, a large proportion of the available content can
freely be downloaded and used for non-commercial purposes®. Based
on this comprehensive data, one should be able to cross-reference any
collection of movie ratings with IMDb.

For the semantic evaluations we are going to perform, the follow-
ing attributes of titles may prove helpful: genres, certifications (e.g.,
USA:PG for parental guidance suggested), year of release, and plot
keywords. To illustrate the general procedure, we will only exploit
genre information in this paper. Extendig our method to other types
of semantic information is straightforward. Checking the correspon-
dence between genres and item coordinates also makes up a good first
test of whether at least some basic semantic properties of movies are
represented in coordinate spaces, which is exactly the purpose of the
current work.

IMDb recognizes 28 different genres, from Action to Western,
where each movie may belong to multiple genres. The assignment
of genres is done by IMDb’s expert staff in cooperation with IMDb
users. To enforce consistency, this process is based upon a collection
of publicly available guidelines®. Therefore, this data source matches
the requirements developed in the previous section.

To analyze whether the distribution of genres in coordinate space
displays any significant pattern, we turn to established classification
algorithms, which explicitly have been designed to exploit any rel-
evant patterns in the data if there are any. In particular, we propose
to measure the degree of adherence to a pattern by the classifica-
tion accuracy shown by these algorithms when predicting the genre
of movies based on their coordinates. In essence, we transform our
analysis into a sequence of binary classification problems (one for
each genre), which enables us to build on solid grounds. Following
the common methodology, we use cross-validation; that is, accuracy
is measured on a data set, which is independent of the one used to
train the classifier. By applying proven techniques to counter overfit-
ting, our approach also overcomes any possible problems related to
hindsight bias.

For a start, we selected two popular classification algorithms, which
are able to detect different kinds of patterns in the data: support vector
machines and kNN-classifiers.

Support vector machines will be used in two different flavors: first,
using a linear kernel (refered to as SVM-lin), and second, using a

4http://www.imdb.com
5nttp://www.imdb.com/interfaces#plain
6 http://www.imdb.com/updates/guide/genres



Gaussian radial basis function kernel (SVM-RBF). Linear support vec-
tor machines will show a high classification accuracy if most movies
of the respective genre are grouped at one side of the data set, which
can be separated from all remaining movies by a hyperplane. For
example, this can be used to disprove the hypothesis that there exists
a direction in the coordinate space along which, say, the amount of
action, increases monotonically. In contrast, the SVM-RBF classifier
detects whether groups of movies with the same genre tend to be
located in close vincinity.

kNN-classifiers perform well if the distance between movies having
the same genre typically is smaller than the distance to movies not
having this genre. Therefore, they can be used to check whether genres
form spatially separated patterns in coordinate space. Since factor
models are not based on a notion of proximity, it is not clear what
measure of distance suits factor models best. We will try out the
following four measures: Euclidean distance, standardized Euclidean
distance (where, to ensure equally weighted dimensions, coordinate
values are divided by the standard deviation of the data with respect
each dimension), negative scalar product (which essentially adapts the
method of rating prediction to measure distance), and cosine similarity
(which is monotonically related to the angle between two vectors).

To evaluate the true benefit of coordinate spaces generated from
factor models, we propose the following baseline, which is derived
from traditional neighborhood-based recommendation methods [20]
and constructed as follows: First, for any items ¢ and j, we compute
their Pearson correlation coefficient

2uer, , (Piw = i) (Tju — 115,6)

Ve, (i = 139)* [ Suem, , (e = 113.0)?

Qij =

)

where R;,; is the set of all users who rated both 7 and j, and y1;,; is the
mean rating given to item ¢ by users who rated both ¢ and 5. If R; ;
is empty, then g;,; is undefined. The Pearson correlation coefficient
0i,; measures the tendency of users to rate items ¢ and j similarly. To
avoid biased estimates in cases where n; ; = |R; ;| is very small, we
derive a new measure of similarity

sig = —L— i
’ ni;+A
from p; ; by shrinking towards zero [15]. Here, A > 0 is a regulariza-
tion parameter. Finally, we carry over these similarity into distances
by applying a logarithmic transformation:

1+87;‘
dij=—In (=250 )
J n( 2 )

To derive a d-dimensional coordinate space in which items ¢ and j
approximately have distance d; j, we use metric multidimensional
scaling [4]. Since neighborhood-based recommendation methods are
usually outperformed by factor models, we expect our baseline coor-
dinate space to be far inferior to those constructed using factor models.
We refer to our baseline model as MDS.

4 EXPERIMENTS ON MOVIELENS 10M

We applied our approach to the MovieLens 10M data set ’, which
consists of about 10 million ratings collected by the online movie
recommender service MovieLens®. After postprocessing the original
data (removing one non-existing movie, merging several duplicate

movie entries, and removing movies that received less than 20 ratings),
our new data set consists of 9,984,419 ratings of 8938 movies provided
by 69878 users. The ratings use a 10-point scale from 0.5 (worst) to 5
(best). Each user contributed at least 14 ratings.

Our analysis requires the genre information maintained by IMDb,
so we had to map each movie in the data set to its corresponding IMDb
entry. This task has been simplified a lot by the fact that all items
in the MovieLens 10M data set are relatively well-known movies
developed for cinema.” We mapped about 8000 movies automatically
by comparing titles and release years; the remaining movies have
been assigned manually or semi-automatically.

To avoid the problem of learning from very small samples for now,
we did not use all 28 genres distinguished by IMDb. Instead, we take
only those genres into consideration that have been assigned to at
least 5% of all movies in our data set. Table 1 lists all remaining 13
genres and their relative frequencies. On average, 2.3 genres have
been assigned to each movie.

Genre % Genre %
Action 16.0 Horror 10.1
Adventure  12.7 Mystery 9.1
Comedy 38.2 Romance  25.2
Crime 16.6 Sci-Fi 8.6
Drama 54.6 Thriller 242
Family 8.4 War 5.2
Fantasy 8.3
Table 1. Relative frequencies of genres.

4.1 Generating Coordinate Spaces

We implemented each of the four coordinate extraction methods in
MATLAB and executed them on our rating data.

For SVD, §-SVD, and NNMF, we followed the literature and used
an optimization procedure based on gradient descent; to reduce com-
putation time, we applied the Hessian speedup proposed in [19].
Adapting the common methodology, we chose the regularization
parameter A by cross-validation such that the SSE is minimized on
randomly chosen test sets. We ended up with a value of A = 0.04 for
each of the three algorithms.

Since optimization by gradient descent is known to get stuck in
local extrema of the function to be minimized, we ran the three pro-
cedures at least three times, each with different initial coordinates,
which have been chosen randomly. For each result, we computed the
standardized solution pair as described in the previous section. We
found that the solutions generated by each extractor do not differ
significantly after standardization. This indicates that our coordinate
spaces match the unique solution of each optimization problem.

For our MDS procedure, we used the regularization constant A =
20, which we determined by adapting the recommendation Koren gave
for the Netflix data set [15]. The coordinates have been generated
by MATLAB’s mdscale function using the metric stress criterion.
Since in our data set about 14 percent of all movie—-movie pairs had
no raters in common, we treated the respective entries of the distance
matrix as missing data.

To measure the effect of dimensionality, we generated three differ-
ent coordinate spaces with each extractor by varying the parameter d.
We chose d = 10, d = 50, and d = 100.

" http://www.grouplens.org/node/73
8 http://www.movielens.org
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9 This is the reason why we did not consider the Netflix data set. It consists of
all kinds of DVD titles, which often lack a clear correspondence in IMDb.



4.2 Applying the Classifiers

In total, we used 14 different classifiers to evaluate each of the 12
coordinate spaces with respect to each of the 13 genres.

We implemented the two support vector machine classifiers by
soft-margin SVMs with parameters C' = 4 and (for SVM-RBF) v =
0.1, which have been determined by cross-validation to maximize
classification accuracy.

Each of the four different kNN-classifiers will be applied to the data
sets with three different choices of k. To measure whether movies of
the same genre tend to occur in larger groups, we chose k = 1, k = 3,
and k£ = 9. In the following, we will refer to these 12 classifiers as
kENN-Eucl, kNN-sEucl, kNN-scal, and ANN-cos.

To enable comparisons among classifiers and data sets, we gen-
erated 20 pairs of training and test sets, each by randomly chosing
40% of all movies for training and 10% (of the remaining movies)
for testing. For each of the resulting 2184 combinations of coordinate
spaces, classifiers and genres, we use the same 20 pairs of item sets
for training and testing. In each case, we measured the classification
accuracy. All results reported below are averages over the 20 runs.

4.3 Results

Probably the most popular way of assessing a classifier’s performance
is measuring its accuracy, that is, the fraction of test items which have
been classified correctly. However, in our setting, this measure is not
very helpful. To see this, recall that the relative frequency of genres
is very different in our data set. For example, over half of all movies
belong to the genre Drama, but there are only about 5% War movies.
While attaining an accuracy of 95% would be significant for the genre
Drama, it can easily be achieved for the genre War just by classifying
any movie as non-War. To enable comparisons across genres, we
propose to use a modified version of Cohen’s kappa measure.

Any result of a binary classification task can be described by four
numbers, which sum up to 1: the fraction of true positives (cvp),
the fraction of false positives (asp), the fraction of false negatives
(aum), and the fraction of true negatives (o). Accuracy is defined
as acc = oy + ay. Moreover, the accuracy of a static majority-
based classifier (which always returns the label of the more frequent
class) is acemy = max{awyp + am, ap + am}. We propose to use
this kind of naive classifier for normalizing the accuracy and define
k = (acc—acemy) /(1 —accmyj). This measure expresses a classifier’s
relative performance with respect to the majority-based classifier. If
acc = 1then k = 1, if acc > accmyj, then & > 0, if acc = accmyj,
then k = 0, and if acc < accmyj, then k < 0.

By measuring accuracy in terms of , we can average classification
performance over different genres. Tables 2—5 report the mean ks
over all 260 classification results obtained for each combination of
coordinate space and classifier type. All entries larger than 0.10 have
been marked in boldface. We can observe the following:

e The coordinate space derived by NNMF does not contain much
helpful information about genres that can be exploited by our
classifiers. The performance in all other spaces is significantly
better.

e Except for NN-sEucl, classification performance generally im-
proves with increasing dimensionality. However, the difference in
performance between d = 10 and d = 50 is much larger than the
one between d = 50 and d = 100. This indicates that our order-
ing of dimensions during standardization indeed captures some
notion of relative importance. This is probably also the reason for
NN-sEucl’s decreasing performance with growing d; treating all
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SVD-10 SVD-50 SVD-100

SVM-lin 0.08 0.18 0.20
SVM-RBF 0.15 0.23 0.25
INN-Eucl —0.24 —0.21 —0.19
3NN-Eucl 0.01 0.05 0.04
9NN-Eucl 0.12 0.16 0.14
INN-sEucl —0.25 —0.27 —0.31
3NN-sEucl 0.01 0.00 —0.06
9NN-sEucl 0.12 0.12 0.04
INN-scal —0.42 —0.30 —0.30
3NN-scal —0.16 —0.03 —0.03
9NN-scal 0.01 0.11 0.12
INN-cos —0.25 —0.18 —0.16
3NN-cos 0.00 0.06 0.06
9NN-cos 0.12 0.17 0.16

Table 2. Kappas for coordinates generated by SVD.

6-SVD-10  §-SVD-50  6-SVD-100

SVM-lin 0.07 0.16 0.18
SVM-RBF 0.13 0.20 0.23
1INN-Eucl —0.26 —0.26 —0.26
3NN-Eucl —0.01 0.01 —-0.02
9NN-Eucl 0.11 0.12 0.08
INN-sEucl —0.26 —-0.29 —0.36
3NN-sEucl 0.00 —0.03 —0.11
9NN-sEucl 0.11 0.09 —0.01
1NN-scal —0.41 —0.28 —-0.22
3NN-scal —0.06 0.02 0.06
9NN-scal 0.05 0.13 0.16
INN-cos —0.26 —0.19 —0.16
3NN-cos 0.00 0.07 0.09
9NN-cos 0.12 0.18 0.19

Table 3. Kappas for coordinates generated by 6-SVD.

NNMF-10 NNMF-50 NNMF-100

SVM-lin 0.02 0.05 0.11
SVM-RBF 0.02 0.09 0.14
INN-Eucl —0.56 —0.47 —0.41
3NN-Eucl —-0.20 —0.16 —0.13
9NN-Eucl —0.02 0.01 0.02
1INN-sEucl —0.56 —0.47 —0.45
3NN-sEucl —-0.20 —0.16 —0.16
9NN-sEucl —0.02 0.01 0.00
1NN-scal —0.37 —0.34 —0.34
3NN-scal —0.11 —0.10 —0.09
9NN-scal —0.02 0.00 0.02
INN-cos —0.56 —0.45 —041
3NN-cos —0.20 —0.15 —0.13
9NN-cos —0.03 0.02 0.03

Table 4. Kappas for coordinates generated by NNMF.

MDS-10 MDS-50 MDS-100

SVM-lin —0.16 0.15 0.19
SVM-RBF 0.03 0.16 0.17
INN-Eucl —0.29 —0.19 —0.18
3NN-Eucl —0.01 0.06 0.06
9NN-Eucl 0.13 0.18 0.18
INN-sEucl —0.29 —0.23 —0.29
3NN-sEucl —0.01 0.05 —0.01
9NN-sEucl 0.13 0.17 0.12
1NN-scal —0.29 —0.19 —0.18
3NN-scal —0.01 0.07 0.08
9NN-scal 0.12 0.18 0.18
INN-cos —0.28 —0.18 —0.16
3NN-cos 0.00 0.07 0.08
9NN-cos 0.13 0.19 0.19

Table 5. Kappas for coordinates generated by MDS.



dimensions equally seems to overweight information from dimen-
sions at the end of the list.

The SVM-RBF classifier slightly outperforms SVM-lin, but is
comparable in performance to 9NN-Eucl, 9NN-scal, and 9NN-
cos. This indicates that genres indeed tend to cluster in coordinate
spaces, even with respect to different measures of distance.

The NN-classifiers display bad performance for k = 1 and k = 3,
which indicates that, although movies of the same genre roughly
occur in clusters, each cluster usually also contains movies that do
not have assigned the respective genre.

In contrast to our expectations, the performance in coordinate
spaces generated by factor models is comparable to the perfor-
mance shown on our baseline coordinate space MDS.

Moreover, the results suggest that the performance of kNN-
classifiers might even further increase for larger values of k. To check
this, we performed some preliminary tests with & = 20, but have not
been able to confirm this conjective.

We also investigated the influence of individual genres on classi-
fication performance; as an example, the results for SVM-RBF are
reported in Table 6. Entries larger than 0.20 have been indicated. We
can see that some genres, such as Horror and Drama, can clearly be
identified by the classifier, while others cannot. We have expected
much better performance on clear-cut genres such as War.

SVD-100  §-SVD-100 NNMF-100 MDS-100

Action 0.34 0.31 0.22 0.22
Adventure 0.13 0.12 0.08 0.00
Comedy 0.45 0.42 0.25 0.42
Crime 0.08 0.06 —0.01 0.00
Drama 0.47 0.43 0.37 0.44
Family 0.43 0.46 0.31 0.34
Fantasy 0.03 0.05 0.01 0.00
Horror 0.56 0.54 0.31 0.61
Mystery 0.06 0.04 —0.00 0.00
Romance 0.11 0.10 —0.00 0.00
Sci-Fi 0.23 0.20 0.09 0.00
Thriller 0.31 0.27 0.14 0.15
War 0.05 0.06 —0.00 0.00

Table 6. Kappas for SVM-RBF by genre.

In summary, these preliminary experiments suggest that the coordi-
nate spaces derived by SVD, §-SVD, and MDS indeed contain some
significant semantic information about the represented movies. How-
ever, the situation is by far not as clear as claimed by the literature.

5 CONCLUSION AND OUTLOOK

In the current paper, we presented a general methodology for system-
atically analyzing whether coordinate spaces generated from factor
models contain semantic information, as it is commonly claimed. We
applied our approach to the MovieLens 10M data set and found initial
evidence for this claim.

Our results encourage us to follow this line of research in several
ways. First, we would like to investigate whether our results also
carry over to more advanced and complex factor models, which have
been proposed very recently [13, 15]. It would also interesting to see
what more traditional methods such as multidimensional scaling can
contribute to the problem of feature extraction from rating data, since
our results indicate that these methods can sucessfully be modified
for use in our new setting.
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Preference Dominance Approaches for Conversational
Recommender Systems

Walid Trabelsi and Nic Wilson and Derek Bridge' and Francesco Ricci?

Abstract. Conversational recommender systems typically involve
iteratively showing the user a small set of options for them to choose
between. In order to choose an appropriate set to display at each
stage, it is useful to have information regarding the user’s relative
preference between options: specifically whether an option is dom-
inated by others with respect to the user’s preference relation. This
paper describes a simple semantic framework for preference domi-
nance, and two instances of the framework are developed for a re-
cent kind of conversational recommender system. The first is based
on a basic quantitative preferences formalism, where products are
compared using sums of weights of features, and the input language
involves comparisons between options. The second is a qualitative
preference formalism, where models are a kind of generalised lexico-
graphic order, and the inputs are comparative preference statements
(in a language generalising CP-nets). A key feature of both methods
is that deductions of preference dominance can be made efficiently,
since this procedure needs to be applied for many pairs of products.
The two approaches have been implemented, with encouraging ex-
perimental results.

1 Introduction

In an era of overwhelming choice, recommender systems are a new
source of assistance, helping their users to decide which goods, ser-
vices or information to purchase or consume [1]. These systems infer
user preferences from data gathered either explicitly, e.g. in the form
of product ratings, or implicitly by observing user behaviour. The
prediction algorithms used within recommender systems include col-
laborative filtering, content-based filtering and case-based reasoning
[1, 6]

No matter how good recommender systems become, they are un-
likely ever to be sufficiently prescient that their first set of recom-
mendations always satisfies the user. Conversational recommenders
allow for this, and recognise that their users may be willing and able
to reveal more of their constraints and preferences, over a short di-
alogue. This is also an opportunity for the recommender system to
guide the user by asking questions, giving advice, displaying can-
didate products, and giving explanations [11, 6, 13, 12]. In 2007,
Bridge & Ricci introduced a new kind of conversational recommen-
dation, which they call Information Recommendation [7]. We de-
scribe Information Recommendation in Section 5. We use it as the
setting in which we explore different models of user preferences.

! Department of Computer Science, University College Cork, Ireland, email:
{w.trabelsi,n.wilson} @4c.ucc.ie; d.bridge@cs.ucc.ie

2 Faculty of Computer Science, Free University of Bozen-Bolzano, email:
fricci@unibz.it
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Conversational recommender systems typically involve iteratively
showing the user a small set of options (e.g., products) for them to
choose between. In order to choose an appropriate set to display at
each stage, from a much larger collection of options, it is useful to
have information regarding which options are likely to be preferred
to others by the user, based on previous responses they have given
in the dialogue; if one assumes that the user has some kind of pref-
erence relation over products, this amounts to determining if certain
products are dominated according to this preference relation.

This paper describes, in Section 2, a simple semantic framework
for this kind of reasoning, where a set of models of the user is as-
sumed, with an associated preference ordering, along with a satis-
faction relation between models and preference statements in an ap-
propriate language. Based on such a framework, given a set of in-
put statements, we infer that one choice is preferred to another if
this preference holds for all models satisfying the input statements.
Two instances of the framework are developed. The first, described
in Section 3, is based on a simple quantitative preferences formalism,
involving a sum of weights, with an associated language of linear in-
equalities. The second (see Section 4) is a qualitative preference for-
malism, where models are a kind of generalised lexicographic order,
and the inputs are comparative preference statements (in a language
generalising CP-nets [3]). A crucial feature of both methods is that
deductions can be made efficiently, since this procedure of testing
dominance needs to be applied for many pairs of products.

Both the quantitative and the qualitative approaches are developed
in Section 5 for Information Recommendation [7]. Implementations
of the methods have been experimentally tested, as described in Sec-
tion 6.

2 A Framework for Dominance of Preferences

We assume a set Q of outcomes, representing possible choices, for
example, products that a user is interested in buying. We would like
to generate some kind of (partially ordered) preference relation on Q,
based on previous information we have received regarding the user’s
preferences. This section describes a simple semantic framework for
generating such a preference relation. We will define in Section 3 and
Section 4 two instances of the framework.

In order to make non-trivial inferences regarding the user’s relative
preferences over outcomes, we will have to make some assumptions.
We assume information of the following form:

e A set of models M: each of these is intended to represent a possi-
ble user (or way the user could be). Associated with each M € M
is a total pre-order =), on outcomes, i.e., a reflexive, transitive
and complete relation (so for all outcomes o and 3, we have either
o =y B or B =y o (or both).
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is f1f>f3. Otherwise, o and B agree on the most important variable.
The user may then have a next most important variable; which this
is can depend on the value assigned to the most important variable
(thus this model allows conditional preferences). If there is no such
next important variable, then o and 3 are considered equally prefer-
able according to this cp-tree. Thus the cp-tree 6 generates a total
pre-order =5 on outcomes.

Note that a node in the cp-tree in Figure 1 is associated with a
single variable. In fact, we can allow a more general representation,
where at most 7y variables (where e.g., Y = 1, 2 or 3) are associated
with a node, along with a total pre-order over the assignments to that
set of at most 7y variables. For example, if a node is associated with
the pair of variables Y = {F,,F3} then the local ordering is over as-
signments to ¥, and might be e.g., fof3 > fo.fs = fofs > Hfs. Let
M (y) be the set of cp-trees over Q, where the set of variables asso-
ciated to a node involves at most Y variables. A 1-cp-tree over Q is
defined to be an element of M (1), i.e., a cp-tree with a single vari-
able being associated with each node. The local ordering associated
with a node associated with feature F;, must then be f; > f;, since
including a feature is always at least as good as not including it. Full
definitions of cp-trees are given in [16].

The Language: The preference language will include preference
statements that compactly express comparative (and sometimes con-
ditional) preferences. There is a substantial and fast growing litera-
ture on this topic in the Al and Philosophy of Science communities,
seee.g., [14,9, 3, 15,5, 4, 16].

Each statement ¢ in the language has an interpretation ¢*, which
is a relation between outcomes, giving the direct implications of ¢
regarding preferences between outcomes. We say that total pre-order
= satisfies @ iff = extends ¢*, i.e., if (&, ) € @* implies o > f.

The language will include only comparative preference statements
¢ of the form p > g || T, where P, Q and T are sets of features, and
p is an assignment to P (i.e., a function from P to {0,1}), and ¢ is
an assignment to Q. Informally, the statement p > ¢ || T represents
the following: p is preferred to ¢ if T is held constant. Formally,
the semantics of this statement is given by the relation @* which is
defined to be the set of pairs (a.,3) of outcomes such that o extends
p (i.e., arestricted to P equals p), and B extends ¢, and o and f§ agree
onT:o(T)=B(T). A very important kind of input statement is one
expressing a preference for one outcome, o, over another, 3. This
can be written as o > f3 || 0; as above we also write such a preference
statement as o > .

Since including a feature is at least as good as not including it,
we always include, in the set @ of input statements, the preference
statement f; > f; | V'\ {F;} for each feature F;. Hence our language

is strongly related to Conditional Importance Networks [4].

Comparative preference dominance relation. We define the set

of models of users to be the M (y) for some y= 1,2, or 3. Each cp-
tree G generates a total pre-order = on outcomes. Let ¢ be a cp-tree
and let @ be an input comparative preference statement. G satisfies
¢ if and only if = satisfies @, which is if and only if >5 extends
¢*. In the same way as in Section 2 and Section 3, we define, for a
given set of input comparative preference statements @, ¢ (or more
precisely, >;;fy), in the following way: o =g P holds if and only if
o =¢ P holds for all cp-trees ¢ in M () satisfying P.

Example 1 continued. With the cp-tree semantics, when y = 1,
the pair of statements & implies the preference statement fi f> f3 >

fifofs, so we have f1f>fs %g' fifof3. The reason is that, for any
1-cp-tree G satisfying fi f>f3 > fif>f3, the most important feature
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must be either F; or F3. (If F, were the most important feature, then
we would not have fi f>f3 =c fi.f>f3, because the local ordering is
f> > f, since the presence of a feature is never worse than its ab-
sence.) Similarly, if 1-cp-tree G satisfies f1 f>f3 > f1/>f3, then the
most important feature must be either F; or F;,. Hence for any 1-cp-
tree satisfying @, F} is the most important variable. The top node then
decides pair of outcomes f f> f3 and fi f> f3. Since the local ordering
of this node must be f; > fi, we have fi f>f53 = fi/of3. Hence we
have fif>f3 kgjl fif>f3. The qualitative and lexicographic nature
of the cp-trees semantics ensures this inference, in contrast with the
numerical sum of weights method.

Example 2 continued. In contrast with the sum of weights se-
mantics, ¥ does not imply fi f>f3f4 > fifofsfs. To show this we
can construct a 1-cp-tree ¢ with Fy4 as the most important (top) vari-
able, and where, given f4, F3 is more important than F; which is
more important than F>, and given f, F> is more important than
F3 which is more important than F;. ¢ then satisfies ¥, but not
N1f2f3fa > fifafsfa.

A key issue here is that cp-trees can represent conditional prefer-
ences: the preferences can be different given f from those given fj.
In contrast, the sum of weights semantics assumes preferential inde-
pendence, so preferences are not conditional at all, which is why the
inference holds for the sum of weights semantics.

The pair of examples shows that the two preference dominance
techniques are incomparable: %gl can sometimes include prefer-
ences not included in &ﬁgv , and vice versa.

Computation of Preference: Given set of preference statements
@, and outcomes o and B we can determine in polynomial time
whether or not o =¢ [} holds, using the algorithm given in [16], as
shown by Theorem 1 in [16].

5 Development of Approaches for a Conversational
Recommender System

We compare the Sum of Weights Model and the Comparative Pref-
erences Model in the conversational product recommender system
application first described in [7]. In this setting, a user repeatedly ed-
its and resubmits a query until she finds a product that she wants. The
recommender system: observes the user’s actions; infers user prefer-
ences; uses the preference statements to deduce which queries a user
is likely to try next; and advises the user to avoid those that are unsat-
isfiable. In [7], users are represented by the Sum Of Weights Model.

Below we describe this recommender system in more detail; we
relate it to the framework for dominance of preferences presented
above; and we show how users can alternatively be represented by
the Comparative Preferences Model.

In this setting, outcomes Q, over which preferences are expressed,
are queries over a set of features Fi,...,F, (rather than e.g., prod-
ucts). If a user issues query ¢ and if f; € ¢, this means that the user
is interested in products that have the ith feature. In accordance with
most Web-based product search systems, f; ¢ ¢ means only that the
user has not (yet) declared any interest in feature F;; it does not mean
that the user wants products that lack the ith feature.

A query is satisfiable if and only if there exists a product which
has all the features in the query; otherwise, it is unsatisfiable. Users
cannot be expected to know in advance which queries are satisfiable
although they may have incomplete knowledge of this.



The dialogue

In the kind of system envisaged in [7], the user submits an initial
query, typically one that is quite under-specified: ‘to test the water’.
In our experiments we use an empty initial query.

The recommender system does not know the user’s preferences

and does not ask about them. It may only infer them from the se-
quence of queries that the user submits. As the dialogue proceeds,
the recommender system will infer preference statements expressed
in preference language £. We will denote the current set of state-
ments by &. Initially ® contains a set of ‘background’ assumptions.
In particular, we wish to express that including a feature in a query is
at least as good as not including it. For the Sum of Weights Model,
initially @ = Pos, i.e. the set of constraints w; > 0, fori=1,...,n. For
the Comparative Preferences Model, initially ® contains the prefer-
ence statement f; > f; | V \ {F} for each feature F;.

The interaction between the user and the recommender system

proceeds as follows:

1.

The recommender system analyzes g, with particular regard to dif-
ferences between current query ¢ and the previous query the user
submitted. (In the case where g is the very first query, the previ-
ous query is the empty set.) The system induces some additional
preference statements to add to inputs .

The recommender system generates a set of candidate next pos-
sible queries and prunes this set to those that are satisfiable and
undominated (see below). It advises the user to confine her next
query to this set.

The user chooses and submits her next query. This becomes the
new current query ¢q. In the experiments reported in the next sec-
tion, we arrange that the user always chooses one of the queries
that the system advises (although this might not be so in practice.)

Steps 1-3 are repeated until the user is satisfied with ¢ or the set of
undominated, satisfiable candidates is empty, in which case as far as
the recommender system is concerned g cannot be bettered. At this
point, the user can request to see the products that satisfy q.

The goal of the recommender system is to give the advice that has

the greatest value. We consider this to be that which minimizes the
total quantity of advice given and the dialogue length, while guiding
the user to the best product.

During step 2 above, the recommender system computes the fol-

lowing three sets of queries:

Candidates: Candidate queries are ones which are close, in a par-
ticular sense, to the current query. Each is a low-cost edit to the
current query. For example, for each f; € g, the set of candidates
will include the query that results from adding just feature f; to g.
Satisfiables: The recommender system never includes unsatisfi-
able queries in its advice: they make interaction length longer
without leading the user to the best product. Hence, the system
eliminates from Candidates those queries which are unsatisfiable;
the remaining queries are called the Satisfiables.

Undominated: The system could advise the user to confine her
query to Satisfiables. However, this set can be large. Hence, the
system eliminates from Satisfiables each query which is domi-
nated by (i.e., worse than) some other member of Satisfiables; the
remaining set of queries is called Undominated. The dominance
relation is based on what is induced in step 1 above. The rationale
is to exclude from the system’s advice queries that, on the basis of
what the system has induced about the user’s preferences, it thinks
the user would regard as inferior.
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In the following, we will explain how to obtain the three sets of
queries.

Generating the candidates: Real user behaviour in query edit-
ing tends to proceed with modifications of limited ‘reach’. Hence,
following [7], we define Candidates as the set of queries which we
obtain by applying three editing operations, Add, Switch and Trade,
to the current query. These operations are defined as follows. Given
current query g and f; & g, then Add(q, f;) adds just feature f; to
g, giving the new query g U {f;}, which we sometimes write as
q'. Switch(q, fi, f;) where fi € q,f; & q,i # j discards feature f; in
favour of feature f;, giving the new query ¢\ {fi} U {f;}. Finally,
Trade(q7fi7fj7fk) where f; € q?fj Zq, fx € q,i # J,i £k, # k dis-
cards feature f; and introduces features f; and f.

Checking satisfiability: As defined earlier, a query is satisfi-
able if and only if there exists a product which has all the features
present in the query. (It may also have other features, not present
in the query.) To produce Satisfiables requires eliminating unsatisfi-
able queries from Candidates. If products are stored explicitly in a
database, satisfiability of a candidate query can be checked by a scan
of the database. For configurable products, where the set of products
is represented as a set of solutions to a Constraint Satisfaction Prob-
lem, satisfiability of a candidate query can be checked by determin-
ing if the CSP has solutions containing all the features in the query
(which can be checked by checking satisfiability of an augmented
CSP).

Checking for dominance: The final pruning of the satisfiable can-

didate queries can be performed using one of the two strict domi-
nance approaches described earlier. In either case, g € Satisfiables is
pruned if it is strictly dominated, i.e., dominated according to rela-
tion =g, by ¢’ € Satisfiables. This dominance relation is based on
the set ® of formal preference statements which are induced in step
1 of the dialogue.

It remains for us to explain what the system induces in step 1
above, when it observes the user’s queries. We explain this below for
each of the two preference models. Due to space limits, we confine
our treatment only to what can be inferred when the system observes
the user adding a feature f; to a query g, Add(q, f;). However, our
system induces preference statements for Switch and Trade as well
as for Add.

Generating induced preference statements for sum of weights
model: If the user has added feature f; to query g, then statements
q' > ¢’ are induced for all fi € q,i# junless Add(q, f;) = g is
unsatisfiable. This assumes that the value of the new query must be at
least as much as the value of other satisfiable queries that could have
been generated by adding other features. This implies that the weight
vector satisfies the linear inequality w; > w;. However, we do not
infer ¢' > ¢/ in all cases. In particular, we do not infer it if Add(q, f;)
is unsatisfiable. Users may have (incomplete) knowledge of which
queries are unsatisfiable: if she knows a query is unsatisfiable, then
she will not submit it. We ‘play it safe’: when ¢/ is unsatisfiable, in
case the user knows this, we do not assume that the query that she
does submit has higher weight than this unsatisfiable query.

Generating induced preference statements for comparative
preferences model: Again consider the situation where the user
has chosen to add feature f; instead of feature f;. There is more than
one way one might induce a comparative preference statement from
this decision by the user. We consider two, each being a kind of coun-



terpart for the constraint w; > w; induced for the sum of weights
approach.

Basic: Let g be the current query, let ¢’ be the current query g with
the feature f; added, and let ¢/ be ¢ with the feature fj added.
A basic, somewhat conservative, approach is to just model the
preference of feature i over feature j by the preference statement:
g > q’||0, ie., ¢' > ¢/, which just expresses a preference for g
over ¢/.

Importance: Alternatively, and less conservatively, we can induce
fi > fillV\ {F;,F;}, which says that the presence or not of the
feature F; is more important than the choice of F;. Thus, whatever
the state of the feature F; in the query the user will prefer F; to
be present in the query so that this feature is included in the best
product.

Note too that, in either case we ensure that the recommender sys-
tem ‘plays it safe” when inducing preference statements, in the same
way that we explained for the Sum of Weights Model.

6 Experiments

In this section, we report experiments with simulated users that
demonstrate the feasibility of using both the Sum of Weights Model
and the Comparative Preferences Model within the conversational
recommender system that we described above. We use two separate
product databases, that we scraped from the Web, each describing
hotels by their amenities expressed as Boolean features such as air-
port shuttle, pets permitted, restaurant on-site, etc. The Marriott-NY
database records 9 features about 81 hotels; many offer the same
amenities, and so there are 36 distinct products in the database. The
Trentino-10 database records 10 features about 4056 hotels, of which
133 are distinct.

The simulated users behave in the following somewhat idealized
way: within a dialogue, they do not try queries that they have tried
earlier in the dialogue; they are aware of their own preferences and
never choose a next query that would be inferior to the current one;
and they take heed of all advice given, i.e. if the recommender sys-
tem tells them to confine their next query to a certain set, then they
do so; indeed they choose the best possible query from this set. (In
the terminology of [7], these are optimizing users.) The user’s true
preferences are represented either in the Sum of Weights Model by
randomly generating weight vectors over product features or in the
Comparative Preferences Model by randomly generating cp-trees
over product features. While this vector or cp-tree is known to the
simulated user and used for query selection, it is not known to the
recommender system, which knows only what it induces and adds to
& when observing user query behaviour.

In the experiments, we pair the users with each of several recom-
mender systems. One recommender system uses the Sum of Weights
Model. Six use the Comparative Preferences Model, differing first on
which of the two alternative preference statements they infer (Basic
or Importance), and on their value for y (1, 2 or 3). For each pairing of
a user with a recommender system, we ran 500 simulated dialogues.

The experiments allow us to compare the pruning rate achieved
by using the Sum of Weights Model with those achieved by the six
recommender systems that use the Comparative Preferences Model.
The pruning rate is defined as follows:

|Satisfiables \ Undominated)|

100
|Satisfiables| X

pruning rate =
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It shows the extent to which an approach eliminates what it takes to
be inferior satisfiable candidate queries from its advice. Other things
being equal, the shorter the advice the better, as this reduces the
choice the user has to make. The results in the case where the users’
true preferences are represented in the Sum of Weights Model are
shown below.

[ v=t [ v=2 [ v=3
Marriott-NY
Comp. Prefs. Basic 87.50 | 14.48 | 12.65
Comp. Prefs. Importance | 87.50 | 87.49 | §87.42
Sum of Weights 87.38
Trentino-10
Comp. Prefs. Basic 87.49 | 16.51 | 13.98
Comp. Prefs. Importance | 87.42 | 87.57 | 86.72
Sum of Weights 85.72

The table shows that, in nearly all settings, the Comparative Pref-
erences approach is pruning non-optimal queries a little more than
the Sum of Weights approach. For example, in the Marriott-NY part
of the table, the Comparative Preferences Model using Basic pref-
erence statements and with y = 1 eliminates 87.5% of satisfiable
candidates in dialogues about the Marriott-NY database, where the
Sum of Weights approach prunes 87.38%. The tables also show that,
on the whole, with the Comparative Preference Model, the amount
of pruning increases as the preference statements induced become
less conservative (from Basic to Importance). For example, in the
Trentino-10 part of the table with Y = 2, pruning goes from 16.51%
Basic to 87.57% Importance. (The very slight exception to this for
the Trentino-y = 1 case is probably due to random variation in tie
breaking.)

Furthermore, we see that the parameter v, (the maximum number
of variables that are associated with a node in a cp-tree), affects the
degree of pruning. Specifically, as Y increases, the number of queries
pruned tends to decrease. For example, in the Marriott-NY part of
the table with preference statements Importance, pruning goes from
87.50% (y=1) to 87.49% (y=2) to 87.42% (y = 3). This is a re-
flection of the monotonicity with respect to Y observed above (how-
ever, pruning is to do with strict dominance, which is not necessarily
monotonic with respect to ¥, but very often will be, because of the
monotonicity of dominance.) The effect is especially marked in the
Basic model where the pruning rate falls from nearly 90% to around
16.5% or less. When 7 is increased from 1 to 2, many queries of the
Trade form become undominated in the Basic model, because of the
more expressive preference relations which can be represented by
cp-trees with y = 2 (allowing more than one feature to be assigned at
a node). With the stronger Importance preference form, these Trade
queries are still dominated.

What is also of concern from a practical point of view is the av-
erage length of the advice that the system gives, i.e., the number of
options the user has to choose from; this is inversely related to the
pruning rate. Except in the cases where pruning is very low (Basic
with Y= 2 or 3), advice from the Sum of Weights recommenders is
very slightly longer than it is in the case of the Comparative Pref-
erences recommenders, being around 10 for both datasets. Dialogue
lengths are very similar in the case of all recommenders: around 6
steps on average for Marriott-NY, and around 6.8 steps for Trentino-
10.

Of course, it is not enough to know that one approach prunes more
than another, or gives shorter advice. If it were doing so to the detri-
ment of other factors, in particular the ability of the user to reach the
best product, then the extra pruning would be of little value. We have



measured the extent to which the final queries that the user reaches
in a dialogue (and hence the final product that she might choose)
agree across the different recommenders. Space limits preclude the
inclusion of detailed results but we find that the Comparative Prefer-
ences approaches agree with the Sum of Weights approach between
91 and 99% of the time, and the more an approach prunes, the less
this agreement is. For example, for Trentino-10, Basic y = 1 agrees
with Sum of Weights 92.6% of the time; this rises to 96.2% for y=2;
and it falls to 92% for Importance y = 1.

Where the user’s true preferences are represented in the Sum of
Weights Model, we have also measured the amount by which the
utility of the product that the user ultimately chooses falls short of
the utility of the best product that she could have reached, normal-
ized by the difference between the products of highest and lowest
utility. Unsurprisingly, these follow a similar pattern to the percent-
age agreements reported in the previous paragraph. The values are
very close to zero, ranging from 0 to 0.008.

When 7 = 1, the time taken by the different implementations of
the pruning is roughly similar—for example, around 0.2 seconds for
a dialogue with the basic comparative preferences pruning for the
Trentino dataset—with the sum of weights linear programming algo-
rithm taking a little longer than the two others. The computation time
increases exponentially with 7; for example, the Basic-Trentino-y =3
dialogue takes on average around 7.5 seconds.

Overall, for this experimental setup it seems that it is better to use
the more restrictive set of models corresponding to Y= 1, at least for
the Basic preferences input form, because, it generates much greater
pruning, leading to manageable sets of options for the user, and is
computationally cheaper. However, in other situations the more cau-
tious reasoning corresponding to y = 2 or 3 might pay off in terms of
the final quality of solutions.

We have shown results in the case where the user’s true prefer-
ences are represented in the Sum of Weights Model. Space limits
prevent us from showing what happens when their preferences are
modeled using cp-trees. Suffice to say that the numbers are very sim-
ilar and follow similar patterns to those reported above.

7 Discussion

There has been a lot of excellent theoretical work produced on com-
parative preference formalisms in recent years, for example, the
award winning papers [3, 10]; however, development towards ap-
plications has been lagging somewhat. A major contribution of this
paper is to show how a comparative preferences approach can be
adapted for a conversational recommender system. For this kind of
application it is important that the preference language allows the ex-
pression of direct comparisons between outcomes (that one outcome
is preferred to another); and also that the inference technique is both
efficient and rather adventurous in its inferences (or else the pruning
of possibilities is too weak). The language, inference method and al-
gorithm described in [16] fit these requirements. We have shown that
it is possible to implement this inference method so that it is effi-
cient in a practical (rather than theoretical) sense, as part of a form of
conversational recommender system. We have tested our method on
datasets involving real hotel data, and shown that it leads to strong
pruning of possibilities, but without eliminating the best options,
even when ‘best’ is defined based on a different semantics (based
on a sum of weights of included features).

An attractive feature of the comparative preferences approach is
that it would also allow general conditional preference statements to
be expressed by the user, such as If the hotel is not in the city centre,
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then 1'd like there to be an on-site restaurant. Such statements can
further strengthen the pruning capability, and could potentially be
re-used for different searches.

In future work, we will extend these approaches for other kinds of
recommender systems, including for non-boolean features, and for
configurable products, where the set of possibilities is expressed im-
plicitly as the solutions of a Constraint Satisfaction Problem. We will
also consider other inference procedures. For instance, the weighted
sum model can be easily extended to a sum of functions of more than
one variable (a GAI representation [2]).
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Alice and Bob Will Fight: The Problem of Electing a
Committee in the Presence of Candidate Interdependence’

Joel Uckelman?

Abstract. The problem of electing a committee which satisfies voters
is one for which good solutions are scarce. Extending single-winner
voting rules to the multi-winner case works well only when voters
have no preferential dependencies among candidates for the commit-
tee. (Our motivating example is a voter who believes that Alice and
Bob are the best candidates, but also that the worst possible committee
is one with both Alice and Bob.) In order to tackle the interdependence
problem, we propose a voting rule called the Goalbase Summation
Rule (GSR), which uses goalbases (sets of weighted propositional
formulas) as ballots. Using goalbases as ballots lets voters express
complex preferences in a compact fashion, while the computational
complexity of finding winning committees remains reasonable when
the number of seats is fixed. Additionally, the GSR is able to simulate
and extend many existing voting rules.

1 Introduction

The problem of electing a committee which satisfies voters is one for
which good solutions are scarce. There have been numerous attempts
to devise methods for committee election, some which have their
origins in single-winner voting methods [4, 5, 6], others of which are
intended to produce outcomes which are proportional in some way
[7, 18]. Single-winner voting systems frequently fail to respect voter
preferences when extended to a multi-winner setting, due mainly to
the fact that they deny voters the ability to express interdependence
among candidates. Moreover, the way in which such systems measure
the “representativeness” of committees may not be at all similar to
the way in which voters measure it.

Overcoming preferential dependence is an important issue in de-
cision making, whether the voters are people or software agents.
In this latter guise, the problem arises in Multiagent Systems and
Computational Social Choice—where there is an extensive liter-
ature on preference representation and associated problems (e.g.,
[8, 9, 10, 13, 14, 15, 16, 17, 20, 21])—and hence solutions for the
problem are applicable to Al To tackle the interdependence problem,
we propose a voting method which uses goalbases as ballots, in the
spirit of combinatorial vote [15].

In Section 2, we present some known methods for committee se-
lection and find fault with them due to their lack of expressive power.
In Section 3 we introduce the Goalbase Summation Rule, which uses
sets of weighted propositional formulas as ballots, is able to handle
dependencies between candidates in a compact fashion, and can simu-
late and extend many other voting rules. In Section 4 we consider the
computational complexity of finding winning committees using this

L A 2-page version of this paper will appear in the proceedings of ECAI-2010.
2 Institute for Logic, Language and Computation, University of Amsterdam.
Email: j.d.uckelman@uva.nl
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method. Finally, Section 5 discusses issues arising from the use of the
GSR and touches on several avenues for further investigation.

2 Existing Methods for Committee Election

Voters cast ballots for candidates; voting theory concerns itself with
the properties of voting rules, which map collections of ballots to win-
ners (a subset of the candidates). In what follows, we make frequent
reference to four voting rules: Plurality is the familiar method where
each voter casts a single vote. Approval permits a voter to cast at most
one vote per candidate. Borda has voters ranking the candidates, with
each candidate receiving a number of points equal to the number of
other candidates who rank below him. Cumulative vote gives each
voter a supply of points which he may distribute over the candidates as
he wishes. In all four cases, the winner is the candidate who receives
the most points. There are many other voting rules, but these four
suffice for our present purposes.

Various methods for committee elections have been proposed. (For
a general discussion of the difficulties of committee elections, see
[8] and [16].) The naive—and perhaps for that reason, most widely
used—approach is to extend single-winner plurality to choose more
winners.

Definition 1 (m-vote, ¢-support, top-k). Call a voting rule m-vote if
each voter may cast at most m votes; £-support if each voter may cast
at most € votes per candidate; and top-k if the k candidates receiving
the most votes are the winners.

Each tuple (k, ¢, m) where k,¢,m € N and £ < m defines a
voting rule. Standard, single-winner plurality is the 1-vote 1-support
top-1 rule, while approval voting is the n-vote 1-support top-1 rule.
Cumulative vote is m-vote m-support top-1, while Borda is %-
vote n — 1-support top-1 with the additional constraint that support
must be given exactly in the amounts n — 1,7 — 2,...,1,0.

All m-vote ¢-support top-k rules have the following flaw when
k > 1: Voters for whom the candidates are not independent may have
no principled way to vote. For example, suppose that we are electing
a three-seat committee from the five candidates Alice, Bob, Charlie,
Dave, and Elaine (a, b, ¢, d, e, respectively). Suppose further that a
voter Valerie believes that

1. Alice and Bob are the best candidates, so any committee with one
of them is better than any committee with neither, and

2. Alice and Bob will fight if they are on the committee together, so
any committee with both is worse than any committee with neither.

These two constraints generate the preference order

acd, ace, ade, bed, bee, bde > cde > abe, abd, abe,



Figure 1. A realistic order on ballots.

as seen in Figure 1, where the committees are represented as binary
vectors and nodes at the same level are equally preferred.

How should Valerie vote if faced with an m-vote £-support top-3
rule? If Valerie votes for both Alice and Bob in hopes that only one
will win, she risks electing one of her least-favored committees. If
Valerie votes for neither Alice nor Bob in hopes that other voters
will prefer one over the other, she risks electing her second choice
committee cde. If Valerie votes for Alice but not Bob, or Bob but not
Alice, she has no principled way to choose between these options, as
she prefers Alice-committees and Bob-committees equally. In fact,
Valerie’s problem arises for nearly all such rules:

Proposition 2. Let a,b,x,y € C (the set of candidates) be distinct,
¢ C C\{a,b,z,y}, and |C| > 4. Then no m-vote L-support top-
k rule has a ballot compatible with (i.e., induces an order which
extends) the partial order abC < xyc < axc, byc, for k > 2.

Proof. Fix aballot ¢y, ..., cn, where ¢; denotes the number of votes
given that candidate. Suppose that the ballot induces the order abc <
zyC < axc, byc. Wlog,let¢=0.Soa+b<z+y<a-+z, b+y.
Butthena+b <a+2x = b<z,andx+y <b+y — z <,
contradiction. O

As summing votes seems to drive this impossibility result, we could
try a distance-based vote aggregator such as minisum [4]. Consider
ballots and committees as binary vectors; then the winning committee
minimizes the sum of the Hamming distances to the ballots cast:

cisawinner < V¢’ € C*: ZH(C, b) < ZH(c/,b),
beB beB

where C* is the set of k-seat committees and B is the multiset of
ballots cast, expressed as binary vectors. (The Hamming distance H
between a ballot and a committee is the least number of bits which
must be flipped to transform one vector into the other. For example,
H(01010,01101) = 3.) Intuitively, any winning committee is one
which is as similar in membership as it can be to as many ballots as
it can be. This intuition is wrong: Any m-vote 1-support k-minisum
winner will consist of the top k candidates [6, Appendix, Prop. 4].
Consider instead minimax [6], where

cisawinner <= V¢ € C*: maxH(c,b) < maxH(c, b),
beB beB

with the variables as before. The m-vote 1-support k-minimax rule is
not the same as any summation rule for nontrivial numbers of voters
and candidates, but has the quirk that the number of each type of ballot
cast is irrelevant and the farthest outlier has the most influence on the
result. If one incorrigible voter casts the ballot 00101 while all others
choose 11101, then it makes no difference if there are two, ten, or a
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Figure 2. Order on ballots induced by Hamming distance from 10110.

million ballots cast in total—the winning three-member committees
are 10101 and 01101. Usually this is not a desirable feature (though
it arguably is appropriate in some circumstances, e.g., multilateral
treaty negotiation [4]).

While the intent of minimax is to minimize the dissatisfaction of the
farthest outlier, the rule is to minimize the dissimilarity between the
farthest outlier’s ballot and the winning committee. But why should
we suppose that the farthest outlier (or any voter, for that matter)
actually cares about his ballot’s similarity to the winning committee?
It is quite reasonable to think that some voters’ committee preferences
will not track the Hamming distance at all. For example, if c is voter
v’s preferred committee, then any substitution of n members in c is
strictly better according to Hamming distance than every substitution
of m members, for n < m, and all committees ¢’ which are Hamming-
equidistant from c are equally preferred by v—both of which are
dubious when applied to voters electing real committees.

Returning to our previous example, observe that Valerie’s pref-
erence ordering is sensitive to small changes in committee compo-
sition. Each of the best committees is only one substitution away
from some worst committee. Put another way, the Hamming distance
between some pairs of best and worst committees is 2, which is al-
ways the minimum Hamming distance between two committees of
the same size. From Valerie’s point of view, acd ~ bde > abc; but
H(10110,01011) = 4 while H(10110,11100) = 2, so the ordering
induced by the Hamming distance from acd is acd > abc > bde,
thus putting an optimal committee last and one of her least favored
committees in second place (cf. Figures 1 and 2). If we use a minimax
procedure and have many voters with preferences like Valerie’s, we
risk an outcome that is similar in composition to voters’ first choices,
yet is widely disliked. Furthermore, m-vote 1-support k-minimax
rules suffer from the same limited expressivity as top-k rules were
shown to in Proposition 2.

The problem we have identified is that the question of committee
membership for one candidate is not necessarily independent of the
question of committee membership for some other candidate.® To bor-
row from the language of utility functions, some voters have nonmod-
ular preferences. It could be argued that the problem is caused not by
the voting methods we examined, but rather because of the way they
are applied: The candidates are individuals rather than committees. If
committees were raised to the status of first-class citizens—that is, if
voters were to vote for whole committees rather than for individuals—
perhaps we would not have this problem. However, this approach
is unhelpful implemented one way, and scales poorly implemented
another. For example, the 2003 Game Theory Society election filled

3 There is a similar problem with the election of representative assemblies—
not only might a voter have complex preferences over the composition of
the assembly, but preferences over candidates for his district might depend
on candidates for other districts where he isn’t even able to cast a vote [2].



12 seats from a slate of 24 candidates, giving 2704156 possible com-
mittees for voters to consider [6]. This is still manageable if the voter
is queried for his most preferred committee only—but then we are
left with no information about candidate interdependence, and so we
are no better off than before. It is also likely that no two voters will
share the same committee as their first choice, so the result will be a
many-way tie. If we ask voters for rankings, we begin to sink into the
combinatorial morass: Voters would balk at ranking their top 0.001%
of the possible committees let alone all 2.7 million of them, and even
if the voters were able to rank all of the possible committees the vote
tabulator would be overwhelmed by the data.

The unsuitability of single-candidate voting systems for electing
committees may also be seen by observing how many voter profiles
single-candidate voting methods can accommodate. The most expres-
sive voting method considered above is approval voting, where every
subset of candidates is a valid ballot. (All other methods mentioned
restrict the set of valid ballots to a proper subset of the powerset of
candidates.) In comparison, there are

(% > i®
J

® .
> > ()

i=1j=1
distinct voter profiles over k-seat committees chosen from n candi-
dates, which, for any useful value of n, dwarfs the 2" distinct approval
ballots.* Taking the Game Theory Society election as our example,

24 )
the largest term in the sum is (f;l) (2) — 270415674156 which is

rather large.® Clearly, we need a different approach.

3 Extending Voting Rules By Goalbase Ballots

Rather than electing a committee by voting for individual candidates,
we might consider voting for properties of the winning committee.
What Valerie wants is to indicate her preference for “Alice-XOR-
Bob-ness” in the winning committee. Now we present a balloting
framework in which this is expressible.

First, we require some definitions, following [21]:

Definition 3 (Goalbases and Utility Functions). A goalbase G is a
set of weighted propositional formulas (¢, w), where ¢ is formed
from Boolean connectives and propositional symbols from the set
PS, and w € R. A utility function u: 27° — R maps models M C
PS to their values. Each goalbase G generates a utility function
uc such that ug(M) = 3= yea e, W Var(G) is the set of
propositional symbols occurring in G.

Imaginge a voting rule where voters submit goalbases with binary
weights as ballots. Valerie might then wish to cast G = {(—a V

=b,1), (a V b, 1)} as her ballot. The utility function ug which this
ballot generates,

2 ifa € M,b¢ M or vice versa,
={1 ifab¢ M,
0 ifa,be M,

ua(M)

4 A set of size n may be partitioned into k nonempty subsets {Z} ways (where
{Z} = % Z§:1 (—1)k—J (’;)]” denotes a Stirling number of the second

kind [11, Section 6.1]), and in each case these k subsets may themselves be
strictly ordered in k! ways. Thus the number of (not necessarily strict) linear

orders on nitems is > iy k{7 } = >5_, Z?Zl(—l)k*j (’;)j"

5 For comparison, an estimated 106 billion people had ever lived as of the year
2002 [12]. The profile space is more than adequate to permit every person
who has ever lived a unique opinion on the 2003 Game Theory Society
committee election.

(0]

induces an ordering on the committees which coincides exactly with
Valerie’s preference ordering. The models acd and bde score 2, ahead
of cde which scores 1, ahead of abc which scores 0.

Here we formulate a general voting rule using goalbases as ballots,
in which winners correspond to the optimal states over the sum of all
voters ballots:

Definition 4 (Goalbase Summation). If G, G’ are goalbases, then

G@G’—{(<p, Sa+ Zb)

(p,a)€G (¢,b)EG’

¢ € For(GU G’)}}

is their formula-wise sum, where For(G) = {¢ | (¢, w) € G}.

Definition 5 (Optimal k-Sized Models). The set opt, (G) is the set
of optimal k-sized models according to the goalbase G:

opt, (G) = argmax ug(M).
MCPS
|M|=Fk
Definition 6 (k-Seat Goalbase Summation Rule). The k-Seat Goal-
base Summation Rule (GSR) is the voting rule where voters v € V
submit goalbases as ballots and the winning committees are the mem-

bers of opty, (B, ey Gv)-

Our first observation about the GSR is that when k = 1, we have a
voting rule which generalizes a wide variety of standard single-winner
rules in the sense that it accepts all of their ballots (after a bijective
mapping to goalbases) as valid ballots itself. For example, plurality
ballots correspond to goalbases {(c,1)} where c is the voter’s top
choice; approval ballots correspond to goalbases {(c,1) | ¢ € A},
where A is the set of the voter’s “approved” candidates. In fact, there
is an obvious mapping for all m-vote ¢-support top-k voting rules:

Proposition 7. Let B be a set of m-vote £-support ballots. For each
ballot b = ve,,...,v., € B, represented as a vector of votes for
each candidate, define the goalbase Gy, = {(ci,v¢;) | 1 < i < n},
collecting all G, € G. Then k-GSR with ballots G will choose the
same winners as the m-vote L-support top-k rule with ballots B.

On its face, this is just a baroque way of rewriting the ballots of
existing voting rules, so is not interesting by itself; rather, the interest
is in what it points to: Voting rules we can simulate using GSR we
can also extend. The problem we identified in Section 2 was that
multi-winner extensions of single-winner voting rules have too little
expressive power when voters have non-independent preferences. The
ballots used by each of these rules are a proper subset of all possible
goalbase ballots; therefore, relaxing the restrictions on allowable
ballots is a direct way of increasing the expressivity of such rules.

This relaxation of ballot restrictions may be done in both the single-
and multi-winner cases. We briefly consider the properties of 1-GSR:

Recall that cumulative vote is the single-winner voting rule where
each voter is permitted to distribute some number of votes m over the
candidates however he sees fit. (That is, cumulative vote is the m-vote
m-support top-1 rule.)

Fact 8. If no restrictions are placed on ballot goalbases, then 1-GSR
is cumulative voting without vote limits.

Cumulative voting without vote limits is not a practical voting
method, since for voters it is equivalent to playing the game of which
voter can write down the largest number for his favored candidate.
(Unrestricted 1-GSR is the finite-vote, finite-support top-1 rule.) How-
ever, if we restrict the weights appearing in the goalbase ballots to
some range of N, then we have the following correspondence:



Fact 9. Ifeach goalbase G; uses weights from 0, . .., n € Nonly and
Z(W wea; W < m, then 1-GSR corresponds to m-vote cumulative
voting.

The following is an example of how relaxing restrictions on goal-
bases can yield new voting rules:

Example 10. Call Property Approval Voting (PAV) the voting rule in
which properties of the outcome (rather than individual candidates) are
the objects of approval or disapproval. Any goalbase G having 1 as the
sole permissible weight for any formula constitutes an admissible PAV
ballot. However, some formulas will be useless: Any formula which
implies a conjunction of positive literals longer than the intended
number of winners, and any formula which implies a conjunction
of negative literals longer than the intended number of losers, will
effectively be equivalent to L. A significant difference between AV
and PAV is the range of preorders of which they permit representation.
Every AV ballot induces a dichotomous order, while PAV supports
much more. In the case where there are three candidates a, b, ¢, the
PAV ballot {(a, 1), (a V b, 1)} induces the (non-dichotomous) order
a > b > ¢, since the state {a} receives two points, {b} one point,
and {c} zero points. (Only singleton states are relevant here, since we
are considering the single-winner case.)

In fact, there is a general way of representing any strict linear order
a1 > az > -+ > ap, with a PAV ballot:

(al V---Van—2V An—1, 1)
(@1 V- Van—21)

(a1 V a2, 1)
(al’ 1)

The clause which ends with a; is the one which causes a; to be
ordered strictly above a;+1, so by omitting that clause we can get a
ballot where a; ~ a;41. This is sufficient to induce any weak linear
order over the candidates. Thus, in the single-winner case, PAV is a
variant of the Borda rule.

4 The Complexity of Deciding Winning Slates

If we are to use goalbases as ballots, then in the multi-winner case
finding winning committees is an optimization problem. The problem
of deciding whether some utility threshold may be reached given a
goalbase representation of a utility function arises in other applications
of goalbases (e.g., when using goalbases as combinatorial auction
bidding languages as in [20, Chapter 6]). Following [21], we give a
formal definition of this decision problem, known as MAX-UTIL:®

Definition 11 (MAX-UTIL). The decision problem MAX-UTIL has as
input a goalbase G and K € 7, and outputs 1 if some M € 2% has
ug(M) > K, and 0 otherwise.

Determining the winner of an election where goalbases are bal-
lots is related to solving MAX-UTIL for the sum of those goalbases.
MAX-UTIL for goalbase languages with straightforward definitions
tends to be either trivial or NP-complete (see [21, Section 5] and [20,
Section 5.5]).

Because we are concerned here with electing committees of a size
fixed prior to the election (as opposed to the open-ended committees

6 In [20, 21] a parametrized version of MAX-UTIL is used. We treat the
parameters informally here.
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discussed by Brams et al. [6]), we cannot apply MAX-UTIL directly to
the sum of voters’ goalbases in order to determine the winners of the
election. Doing that might yield a model with the wrong number of
winners. We must do something to ensure that only models which fill
k seats are potentially optimal. One approach to adapting our winner
determination problem to MAX-UTIL is to augment the sum of the
voters’ goalbases with formulas which increase the utility of k-sized
models (or decrease the utility of non-k-sized models).
First, some notation is required. Define the following formulas:

\/{/\Xlxg%andm:k}

P<k = TP>k41

Y=k = P<k N\ P>k

P>k

and the quantity

= Z{|w| ‘ (p,w) € @Gi}7

where G is the goalbase of voter i. The formula ¢—y, is such that a
model M = ¢— iff |M| = k. The quantity ¢ is a (not necessarily
tight) upper bound on utility change between arbitrary models for
ug, ¢, Note that > has (}) disjuncts, and so is potentially a very
long formula.” However, in the context of committee elections 7 and
k—the numbers of candidates and seats—will tend to be small, and,
as will be seen below, (o—j, appears exactly once in the goalbase which
represents the voters’ preferences.

Suppose that @, G; is the sum of voter goalbases in a k-seat
committee election. Let

G- (@ Gi) @ {(p=r, 0+ 1)}.

Since § is an upper bound on utility change between models for
ug, G;» We can say the following: If M, N are models such that
M = p—p and N = @—i, then ug (M) > ug(V), as the greatest
possible utility loss of moving from N to M in ug, g, is 4, and
making p—y, true results in a gain of § 4+ 1. Thus, since any model
of size k is strictly better than every model of any other size, we are
guaranteed that all models which yield maximal utility are of size
k. Moreover, since ¢y, is true on every model of size k, it does not
affect their utility relative to one another, so augmenting @, G with
(¢=k, 0 + 1) preserves the ordering of (relevant) models.

Therefore, we may easily adapt the input to force size-k models to
the top of the ordering and use an off-the-shelf algorithm for deciding
MAX-UTIL to determine winners—though this may be impractical
due to the complexity of MAX-UTIL for unrestricted goalbases. If
@, G is confined to something less than the full goalbase language,
however, we may be able to use that to our advantage. The following
proposition shows that when solving MAX-UTIL we may always
reduce a goalbase outside a given language £ to a goalbase inside
the language by solving a simpler version of MAX-UTIL at most an
exponential number of times:

7 While it is not possible to shorten ¢, using standard Boolean connectives,
we can be more concise if we are willing to augment our language with a
cardinality operator. For example, Benhamout et al. [1] consider a variant
of propositional logic in which there are pair formulas (p, L), where £
is a multiset of literals and p specifies how many elements of the multiset
must be true in order for the (p, £) to be true. Clearly (|PS|/2, PS) is
equivalent to ¢ |ps| /2, but exponentially shorter. Hoos and Boutilier [13]
propose a similar, though less powerful, k-of operator—less powerful due
to the fact that their (bidding) language lacks negation, and so any k-of
operates on atoms only.



Proposition 12. IfG € L, G’ ¢ L, and L is closed under substitu-
tion of logical Constants]l‘or atoms, then MAX-UTIL for G ® G’ can
be solved with < 21V* (&)l cails 10 a MAX-UTIL oracle for L.

Proof. There are 2IVar(@)1 models on just the variables occurring in
formulas in G’. For each model over the variables in G, we substitute
T and L into G @ G’ as per the model and carry out MAX-UTIL on
the modified G @ G'. O

If Var(G") is small and does not depend on PS, decomposing a
goalbase containing alien formulas in this way is potentially feasible.
However, the formula ¢, contains every atom in PS at least once
and hence the upper bound we get is exponential in |PS|, which is
unhelpful. (For a discussion of the substitution closure condition, see
[20, Section 5.7.1].)

An alternative approach is to modify the decision problem instead
of the goalbase. Perhaps MAX-UTIL is not the right decision problem
unless we have the same number of candidates as seats—in which
case, why vote? Instead, we define a variant of MAX-UTIL where
exactly k atoms must be true in any solution:

Definition 13 (k-MAX-UTIL). The decision problem k-MAX-UTIL
has as input a goalbase G and K € 7, and outputs 1 if some M €
opty (G) has ug(M) > K, and 0 otherwise.

k-MAX-UTIL is the decision-problem version of finding members
of opt, (G), just as MAX-UTIL is the decision-problem version of
finding members of opt(G) UZ‘S' opt, (G).

Fortunately, having a fixed number of seats to fill dramatically
reduces the complexity of finding a voter’s preferred ballot:

Proposition 14. k-MAX-UTIL € P, for fixed k € N.

Proof. For any given k and PS, there are (/”°') models of size k to

n

< %> which grows polynomially

O

check. It is always the case that (}})
inn = |PS| for any fixed k.

This makes whatever goalbase language we want for representing
our voters’ ballots computationally tractable (though not necessarily
trivial) so long as the number of seats and candidates is not too
large. In particular, it is well within the capabilities of contemporary
desktop computers to determine the winners in committee elections of
a size similar to that conducted by Game Theory Society in 2003 (see
Section 2), where there would be only 2.7 million models to check.
In practice, an off-the-shelf integer program solver could be used to
find winners, since any set of ballots can be converted to an integer
program.

5 Discussion & Future Work

Many paths are yet to be explored. In this section we give an overview
of those of which we are aware.

In order to use goalbase ballots for multi-winner voting, we must
place some restriction on the weights which are available to voters.
As noted after Fact 8, cumulative voting without point limits is not
a sensible voting method. Having established that restrictions are
needed, we are faced with the problem of selecting some—it is not
presently obvious which restrictions are most suitable. The restriction
which cumulative voting itself suggests is to limit the sum of weights
in any goalbase: Z(%w)eG w < K.3 This is a limit on the input

8 If we permit negative weights, then we would need to place an upper bound
on the sum of the absolute values of the weights instead of on the sum of the
weights. In this way we avoid ballots like {(a, —21909), (b, 21990 4 10)}
which the voter could otherwise claim is a 10-point ballot.
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space. Another approach is to restrict the output space: For example,
we might limit the utility of any admissible state: ug (M) < K for
all M C PS where | M| = k.

There are advantages and disadvantages to both methods. If our
voter is a person, he will find it easier to cast a valid sum-limited
ballot than a valid state-limited one. Input limits are not uncommon:
For example, in the U.S., the State of Illinois used single-winner
cumulative voting with a 3-point limit (i.e., 3-vote 3-support top-1)
within districts for electing members of its House of Representatives
from 1870 to 1980 [19, 22]. Corporate boards of directors are usually
elected using cumulative voting, where the point limit for each voter
is the number of shares he owns. We know of no uses of output
limits. Presumably this is because it is hard to see when working
in the input space whether output limits are being respected; output
limits expect too much of the average voter. However, output limits
on elections of the size human voters are likely to face will not be
difficult for machines to enforce, so might be practical if voters use a
computer-aided voting system. This is a user-interface issue.

Point limits also raise a fairness issue. For simplicity, we use a
single-winner example, though the problem it illustrates is general.
The sum-limit Z( oyeaW < K will not always produce utility
functions having equal sums for singleton models. E.g., consider the
goalbase ballots G1 = {(a, 10)} and G2 = {(a V b, 10)}. The latter
has a singleton state sum of 20 (ug, ({a}) = 10, ug, ({0}) = 10),
while singleton states for the former sum only to 10 (uc, ({a}) =
10). The sum-limit gives voters with top-heavy preferences more
influence on the outcome than voters with balanced or bottom-heavy
preferences. We could try to mitigate this by “normalizing” formulas
based on the number of states they affect, e.g., (a V b,10) could
be translated to (a,5), (b, 5), but this would seem to disadvantage
voters who have top-heavy preferences. If (\/ PS \ {a}, 10), after
normalization, gives one point to everyone but candidate a, that is
not likely to be very effective for voters who dislike a but otherwise
do not distinguish among the other candidates. Or we could try other
ways of normalizing—I afage and Lang [14, Section 3.2.3] suggest
postprocessing (dis)utilities to equalize entropy across agents—which
will potentially have some other differential effect on voters.

The basic question here seems to be how to set the value of prefer-
ences which are not over single states against those which are. What
is an appropriate measure of voting power here? Input limits seem
to favor top-heavy voters, output limits seem to favor bottom-heavy
voters. One way of quantifying the effect that a proposed weight
limit could have is by considering the efficacy of voters with different
preferences under that weight limit. (The efficacy of a ballot for a
voter is a measure of how often that voter will be pivotal if he casts
that ballot.) Ideally, all voters would have equally efficacious ballots
to cast. Brams and Fishburn [3, Chapter 5] calculate the efficacy of
ballots for approval voting and find that not all ballots are equally
effective. If we assume that our voters are truthful, what this means
is that approval voting is advantageous for voters with some kinds of
preference orders and disadvantageous for others. A similar analysis
could be done for cumulative voting with goalbase ballots, with an
eye to which weight restrictions treat voters most equitably.

With any voting system, there are questions about whether it en-
courages or discourages strategic voting. The manipulability of a
voting system must always be considered in the context of a notion
of sincerity, for we cannot say whether a voter is misrepresenting
his preferences if we cannot first say what it would be for a voter to
represent his preferences accurately.

Consider, first, voting systems with ordinal ballots. Many standard
systems—e.g., plurality, approval, Borda—use ballots which contain



purely ordinal information. In the case where there is an allowable
ballot which induces the same preorder over outcomes as the voter’s
true preorder, then any reasonable notion of sincerity should deem
that ballot sincere (and any ballot which does not induce that same
preorder, insincere). This means, for example, that for voters with
strict linear orders, there will always be unique sincere plurality and
Borda ballots; and similarly, for voters whose preferences are dichoto-
mous (and not wholly indifferent), there will be a unique sincere
approval ballot. However, this will not be the case for voters with
other kinds of preorders. There are no approval ballots which express
nondichotomous preferences (e.g., z > y > z); standardly, Borda
does not permit ties, so voters with weak (instead of strict) orders will
have no ballots which express their preferences exactly.

What should count as sincere in the space of cardinal ballots is
not immediately obvious. A voter’s preferences may be inexpressible
as a result of restrictions on the ballot language, and this can result
in the existence of multiple sincere ballots which the voter could
cast. Endriss [9] explores the existence of multiple sincere ballots for
approval voting and shows that the Gibbard-Satterthwaite Theorem is
avoidable in that context; Endriss et al. [10] present several measures
of sincerity for languages where ballots are preorders, and examine the
consequences for strategyproofness under these. This line of research
could be continued for goalbase ballots, first by developing reasonable
notions of sincerity, and secondly by determining which language
restrictions induce sincerity in rational voters. Meir et al. [17] avoid
the problem of sincerity in multi-winner voting altogether by defining
manipulation as an optimization problem asking whether, given the
ballots of some other voters, there is a ballot which the manipulating
voter may cast which yields him at least ¢ utility. The question of
whether a better ballot exists is more general than, and serves as a
proxy for, the question of whether a better insincere ballot exists—
though this still leaves open the possibility that some ballot which is
optimal is nonetheless also sincere, and so does not exactly capture
classical manipulability.

Finally, we might consider questions about the difficulty of finding
a sincere ballot given a voter’s preferences. It would not be surprising
to learn that for some languages, it is always in the voter’s best
interests to cast a sincere ballot, but nonetheless quite difficult for him
to determine which ballots are sincere for him. Strategyproofness is
not worth much in this case. A method for constructing sincere ballots
will be essential for any language intended for human voters.

6 Conclusion

In this paper we considered some methods for electing committees
and demonstrated that they lack properties which are desirable when
conducting multi-winner elections. In particular, single-winner voting
methods lack the expressivity to extend well to the multi-winner case.
The observation that it is possible to simulate many single-winner
voting methods using the Goalbase Summation Rule, which takes
goalbases as ballots, suggests one way of extending the expressivity
of existing voting methods for use in a multi-winner setting. Because
multi-winner elections tend to have the number of winners fixed be-
forehand, the complexity of determining winners (using the decision
problem MAX-UTIL) is limited, even when the goalbase language is
unrestricted. Along these lines, we suggest as an example a multi-
winner extension of approval voting, which we call Property Approval
Voting. Finally, we discuss the possibilities for future work: the need
to find useful limits on weights in goalbase ballots; the fairness of
these limits, since they may differentially affect voters with dissimilar
preferences; and issues related to sincerity and strategic voting.
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Preferences, Utilities, and Quantitative Judgments

Richard J. Wallace and Gordon Rios!

Abstract.
tive decision analysis, which of course includes portiohthe Al
preferences field when used in interactions with human Iseitrg
such settings, all multi-attribute decision aids mustiediome sort of
preference ordering, and this entails quantitative judgmeTherein
lies the rub: since all quantitative judgments involve dtge pro-
cesses, they have certain properties that may or may nohritac
properties assumed by the corresponding model. In addisioch
judgments are subject to biasing effects, such as rangenterasy
effects, in varying degree depending on the nature of thgmuht.
Fortunately, there is a field of psychology, called psyclyspts, that
deals specifically with such judgments and their properfiéss pa-
per surveys the field and explains how it can be applied tosasse
the soundness of quantitative judgments made in the cootexdn-
structing preference orderings, and what general lessagist roe
learned. Note: this is distinct from issues of descriptigequacy of
the models, which may be entirely irrelevant in the presimépset-
ting.

1 INTRODUCTION

In the area of preference handling in artificial intelligenone im-
portant concern is the design of systems to support humasiadec
making. This falls under the larger heading of prescriptieeision
analysis. The latter term is used to designate the appitatf for-
mal or semi-formal procedures, based in part on assumptibast
rationality, in order to aid decision makers (DM) [2]. In tiiéddle of
the last century, it split off from the older area of normatdecision
analysis, which is concerned with characterising ratiaedision
making according to first principles as well as with formabpper-
ties of certain forms of orderings. Both areas should béndjstshed
from descriptive decision analysis, which is concernedhdécision
making as an empirical phenomenon. (Some authors havestedge
adding “constructive decision analysis” to this triad [Flowever,
the term “constructive” in this context is not commensunaieh the
other three categories, since it refers to a certain petispean pre-
scriptive — and descriptive — decision making, rather thalisanct
form of endeavour.)

Within the prescriptive framework, we are generally coneer
with situations in which there are several or many critesiamhich
the DM might judge his/her choices. (In simpler situationis iex-
pected that the DM can order choices unaided.) We are threrafo
the domain of multi-criteria decision analysis (MCDA). Taeare
numerous formal or semi-formal methods in MCDA; all involwe
analytical phase, where a complex alternative is decontbivge a
set of attributes, and a compositional phase, where theexddar
scaled preferences for single attributes are combined gnreggted
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This paper is concerned with a major hiatus in prescrip-

into a single ordering or scale of value, the latter usuadin des-
ignated as a “utility scale”.

Ordering or scaling involves judgments made by the human dec
sion maker. In decision aiding of this form there is, theref@n un-
avoidable psychological element. This is because humagnjedts
are psychological phenomena, with certain propertiesrthat be
elucidated by empirical investigation. As a result, anyspriptive
method involves the assumption that the particular kindidgment
carried out under that method has properties commensuriite w
those specified by the model of preferences that the mettsones.
Deciding whether the assumption is met, therefore, depenpart
on empirical tests of the features of the judgment made b{ptfe

Note that we are not concerned with (nor will we discuss) the
descriptive adequacy of these models. So we will not preaent
Kahnemann-and-Tversky-like discussion of the vagariebushan
decision making [39]. In our view, this is a red herring sind€EDA
models are not meant to be psychological models of choidew~o
ing Roy [30], we consider these methods as decision aidswend
take the view that MCDA models are built to serve that purpdbes
means that the orderings or utility scales derived in thegiptive
context are artificial, i.e. they are prosthetic devices sbi. In fact,
they constitute a form dfiuman artificial intelligencethat is, artifi-
cial intelligence in which a person is an essential compbrather
than a device like a computer. (This is discussed at greateth
elsewhere; see [41].)

The question, then is, can we interrogate the psycholodgjieal
erature to determine whether the judgments in question heeea
studied, and if so, can we determine whether the featureBeskt
judgments are consistent with the features implied by tresam
model? Since all decision models involve "preference &ifmn”,
which comes down to psychological scaling, the issue cartespd
succinctly as: what is the nature of the human DM'’s scalinilitigs?

We have two objectives in this endeavour. One is to avoiaintr
ducing bias in DM’s judgments. The other is to avoid asking DM
for judgments that he/she can't really carry out — at leastimthe
manner prescribed by the model.

For brevity, in this paper we largely restict ourselves gkless
choice. This is in some ways unfortunate because of the irapos
of expected utility models and the special questions thataron-
cerning judgments made in this context. However, the basiges
we address can all be discussed within this restricted arena

One last introductory note before we start. This paper idastd
on a reading of a single textbook or a few well-known papéris |
derived from a study (by the first author) of a large swath efliter-
ature on decision making as well as several hundred papeesicg
most of the field known as “psychophysics” (see below). Thaibi
icance of this will be made clearer toward the end of the paper



2 WHAT JUDGMENTS ARE WE TALKING his collaborators at the Institute for Systems Analysis inskbw
ABOUT? [19]. The VDA method that we will consider belongs to a grodp o
methods collectively referred to as ZAPROS [20]. We assuset af
Every preference or utility model, when it is applied to hunakci- attributes anqh attribute values; in addition, we assume awgak pref-
sion making, involves some sort of quantitative judgmerawiver, ~ €€Nce ordering over the values of each attribute. Gives) W can
such judgments differ depending on the model, particulariphe ~ 'epresent attribute vectors b_y vectors of ranks; e.g.:{llﬁea_ns the
field of MCDA. Here, we will consider several prominent magel Nighest-ranked value for attribute 1, the second-higwsatributes
and the judgments required. We assume that the attributieesues 2 and 3: ZAPROS_ methods are based on a'partlcular klngl ofdpaire
have already been decided on; we are concerned with the prtgm comparison of attribute vectors. The comparison procelsaged on
made by DM in the course of constructing a preference orgerin the idea of a reference vector, which is either (1,1,..t1p07, ...,
usually via a utilityscale We assume the standard vector-of-values™: I-- all of the best (highest-ranked) or all of the wordties. DM
model of alternatives throughout, with various kinds of mggtion ~ [Ir'St compares pairs of near-reference vectors, where aipiwe at-
specified by different models. We also assume a single DMoagh ~ ibute has the reference value; e.g. (1, 1, 2) versus (1). &rbm

collective decisions can often be made with the same fosmaliand ~ this we can infer further preferences, e.g. (1, 1-2)1, 3, 1). There
judgments, cf. [17]. is, of course, more to the story, but this is sufficient for purposes.

Here, we also point out a textual notation used throughautekt: ~ Although it may not be immediately obvious, the judgmentuie

single quotes are scare quotes, for figurative or otherwisiggmatic ~ here is the same as that for MAVT, i.e. a comparison of diffees

terms, while double quotes around single words or compoendgt I value. o ) .

are quotation marks meant to indicate standard terminology Outranking models, as the name indicates, involve asgeafer-
The classical multi-attribute utility model is based on tigtion ~ Natives in terms of their ranking within each attribute ghare the

of an additive utility function, which involves scaling lities of sep- arguments in favour of the statement outranksb™ [40], p. 59).

arate attributes and then combining them according to aitieeld " the ELECTRE | model, the user must, therefore, compareegal

model [17]. Since we are talking about riskless choice, wedefer ~ Within each attribute and also assign attribute weight. [28e for-

to [17] and call this the multi-attribute value model, witbranym ~ Mer can be accomplished by paired comparison judgmentsoudh

MAVT, although the first author prefers to use the term “tyfliin 1t iS not clearly specified in the model, it appears from réaeork

its generic sense, as a “subjective scale of values’ [25], ‘an- that ratio judgments are used in determlnllng weights [12]. ‘

pected utility” to designate utility based on prospectsgregation of In contrast to the MCDA systems mentioned above, some promi-

this sort requires coefficients associated with each iddaii utility, ~ N€nt preference models in Al, such as CP-Nets [6], requiteim-

which along with the individual utilities must be based omedkind ~ PI€ ranking judgments. Although itis not entirely clearfrdescrip-

of human judgment. This judgment consists of specifyingwerval  ions such as [8], it appears that paired comparison judgsveould

on one utility scale that matches a given interval on anofffeat the P sufficient across each domain, for each combination efpaal-

judgment is meant to reflect the idea of comparing margirtaeraf ~ U€S: o o

substitution is not of concern here. What is important is thejudg- Some readers may be thinking at this point, YVeII, of course-p

ments is one of comparing two differences in intensity; rovee, ple can make these kinds of judgments. So what's the proBlghe

these are differences assumed to be associated with twidosc ~ Problem is this. People will carry out a task such as fractiom
derived from the same non-sensory continuum. (e.0. “X is one-half the intensity o¥™) or interval comparison and

Although the basic MAVT procedure is that just describegygh ~ May even return results that are more-or-less consistithoggh it
are a number of reports in the literature regarding additioelels, 1S usually not clear from reported cases how often they akecas

where “surrogate” judgments are used to estimate singhesional  © make th&sam_ejudgn_]ent d_uring a decision analy§is_session, or
utilities and attribute coefficients, or weights. Among then- to what degree |n_cc_)n3|sten0|es are ‘corrected’). Thissalftdoes
probabilistic methods, these include bisection, diretings, and “or- N0t mean that their judgments actually correspond to trendiigh-
dered metrics”; the first uses a numerical interval, thesgesually ~— Powered assumptions entailed by the model. As we will seeplpe
involves a discrete integer scale such as [-3, +3], the ihirdives &€ Very good at using whatever cues are available in ordencet
comparison of differences [13]. expectations”, in this case the expectations of the detiaimlyst.
Perhaps the most prominent surrogate MAVT method is SMARTAS @ r_ule, careful inves_tigation is_ req_uired to determine Mture
[9]. In SMART, after ranking the attributes, their weightee ale- of the judgments made in these situations, and to determiether
termined by assigning a standard value of 10 to the lowestedh human DMs even have the abilities that are being assumesl withi
attribute (a modulus) and assigning a number to each sieeegs  PeCOMe clear in the next section. To put the point another thay
tribute in the ranking that reflects thatio of importance between it PSychological evidence concering human quantitativeruehts,
and the modulus (a “multiplication” judgment). Values areaved |nclu_d_|ng mode_ls, may e_lllow us to eyalu_ate_thls issue on H_msbof
by estimating their positions on a 0-to-100 scale. empirically-derivedprinciples And this will give us a better idea of
The Analytical Hierarchy Process (AHP) model involves &les ~ Whether a particular MCDA procedure is justified than we can g
ratio scaling. In line with this idea, DM's compare valuesaof at- from ‘intuition’ or experience in the decision analysisusition.
tribute as well as attributes themselves by making ‘ratidgments
of the following so_rt: given two attibute-values (or attrtbs), thg 3 PSYCHOPHYSICS AND SCALING
greater of the two is given a value of 1; the DM then has to give a
value to the other that is some fraction representing the iratitility 3.1 Basic ideas and findings
(or, in the case of two attributes, importance) betweenwieetems.
As we will see in the next section, in this case DM's are makingWe have now seen something of the judgments that the DM is ex-
“fractionation” judgments. pected to make in the decision analysis situation. Next, wietny
Verbal Decision Analysis (VDA) was developed by Larichedan to determine whether human beings can actually make thesge ju
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ments in the manner required by the decision model. For tinis p
pose, we turn to an area of psychology that has been conceitied
these questions, but in more general terms, a field known ss “p
chophysics”.

Psychophysics can be thought of as the study of the abilityetice
quantitative judgments. The name given to the field reflasterig-
inal goal, which was to delve into the relation between thesptal
and mental worlds. As such, psychophysics began as a stubr-of
tain judgments related to sensory input, in particular,réfative in-
tensities of two stimuli, for example, two lights presentegether or
in succession or two weights lifted in succession. In one dghe hu-
man “Observer” (O) might be asked to tell the experimentdctvbf
the two lights was the brightest; in the latter case, O mighasked
to say whether the second weight was heavier or lighter thafirst.
Toward the end of the 19th century, some investigators begstady
more complicated judgments. An example is the bisectiogrjueht:
given two tones, say, of different intensities, O’s task lddae to ad-
just a third tone so its loudness was midway between the otfer

One of the enduring obsessions of this field, dating from Rech
who can be said to have founded psychophysics as a disteeiohr
inquiry, is the idea of deriving sensosgalesthat bear a functional
relation to intensities along various physical continu [Examples
are scales of brightness, based on variations in light &itethere,
we are being purposely vague regarding the actual physipait),
scales of loudness based on sound intensity, scales ofesabased
ultimately on differences in weight.

Fechner did not believe that “sensation” could be measured d
rectly. Instead, he derived his scales from judgments aft ‘fotice-
able differences” (JNDs) between the intensities of twmsti pre-
sented for comparison. A JND is defined as the smallest diffa
that leads to a judgment of difference ‘in sensation’. H&exhner
used a simplification, which he called “Weber’'s Law”, after ear-
lier investigator of these judgments. This ‘law’ stated tha ratio of
the JND to the intensity of the “standard” used for comparisoa
constant, i.e.

k=AI/I

where | is the intensity of the standard ahdt AT is minimum in-
tensity necessary or perceive/judge that the two stimelidiferent
along the given sensory dimension. By considering thisticelan
the limiting case and integrating across all JINDs in thetliféch-
ner derived a logarithmic relation, “Fechner’'s Law” or Miagmel,

S =k xlogl

where S is the intensity of the sensation. This general piweeis
now referred to as an indirect method of scaling sensatiossrsory
judgments.

Beginning in the 1930’s, but only gathering real momenturthe
1950’s, an alternative approach was developed, which udieect
methods” of scaling. These are related to earlier techsidjige the
bisection method mentioned above. In fact, the latter cagener-
alised to equisection methods (where the interval definettidéywo
boundary stimuli is to be divided intk equal parts), which are now
usually called “category judgments”. Note that this formjadg-
ment involves comparing differences. In addition to theagptually
straightforward equisection judgments, other scalingneges are
possible that are based on comparing differences.

In addition, there is a class of methods based on ‘ratio’ juelgts.
These can be either “estimation” or “production” methodghk first
case, O gives a numerical response to indicate the raticelestivvo
stimuli, while in the second case O adjusts the intensitysifraulus
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so that it stands in a certain ratio to the standard. Exangfldsect
estimation include

1. judging the intensity-ratio between a pair of stimuliatio esti-

mation”),

2. given a standard stimulus intensity which is assignegengium-
ber (the “modulus™), O judges a succession of stimuli, giviach
a numerical value that represents the ratio in intensitwéen it
and the standard along the prescribed continuum (“magmitse
timation”),

. avariant of magnitude estimation in which no standardvisrg
instead, after familiarising himself with the range of sfiihpre-
sented, O gives numerical responses that are meant to tbféact
relative intensities along the given continuum.

Using direct methods, S. S. Stevens and others have dersyed p
chological scales for a large variety of perceptual comifg4]. In
contrast to Fechnerian scaling, these scales are “powst lafnthe
form:

S = al”

More generally, (due in large part to disparities with thmaggie form
of the exponential function that occur with low stimulusensities)
the ‘law’ has the form:

S = CL(I — [o)n

wherel is called an “effective threshold”. Typically, in the expre
sion on the right-hand side, the exponent has a value thatisc-
teristic of the continuum being examined. For example, ¥porent
given by Stevens for loudness measured in decibels is 0.6.

An important development in psychophysics that occuredr#t fi
third of the 20th century, was the proposal by Thurstone plagt
chophysical methods could be appliedrton-sensoryphenomena,
and that scaling procedures could also be used in these [84es
Among the attributes studied are attitudes (especialigrattitudes)
[37], judgments of pleasantness and unpleasantness [d]juag-
ments of occupational prestige [15]. Obviously, this egten also
takes in the notion of utility, and in fact Thurstone carr@d some
of the earliest studies that were meant to assess subjeative.

3.2

In the decades that followed Fechner's work, there was aicert
amount of critical discussion concerning the notion of assen
threshold, as revealed by psychophysical judgments. Tl pnab-
lem is that in psychophysical tests there is no clear saparae-
tween intensities that bring forth one kind of judgment, dighter”

or “uncertain”, and another, e.g. “heavier”. In fact, takindgments
of heaviness as an example, for a standard stimulus of 108@gan
series beginning with 90g and ending with 110g, it is foundtth
the proportion of “heavier” judgments increases steadilpuighout
the series. Thus, there is no evidence for a ‘transitiontpaihere
there is a qualitative change in the perception of relate@viness.
Because of this, certain conventions had to be used in sjpagi&
JND. Repeated judgments of the same stimulus intensityffardi
ence in intensity were made, and the JND was defined as tffet-dif
ence where the proportion of “different” judgments equik®me
specified fraction of the total, e.g. 0.5.

This basic finding eventually led to a new theoretical framew
for judgments of this type, known as the Theory of Signal Debe
(TSD). TSD was based on concepts from the field of signal pssce
ing, and was introduced as a model of psychological judgésrian

Issue 1: variability of judgment



the mid-50's [35]. The fundamental idea in TSD is that thencted
involved in detecting a stimulus is noisy, so the stimulussignal,
always occurs against a background of noise. The task obbereer
is then to determine whether a given psychological evernessmts
a signal or not. Both signal and noise are modelled as prhiyabi
distributions along the intensity dimension (usually @sed to be
Gaussian), and under ‘threshold’ conditions, these bigtions over-
lap, perhaps to a considerable degree. The Observer musfdte
use some kind of criterion to decide whether a signal ocdurre

OVONEEE: MAGHTLOR ModucTo ‘

Figure 1. Distributions of judgments to specific stimuli in magnitude
production task based on loudness.

Considerable variability is also found for direct estiratjudg-
ments. In some cases it can be quite large, and it increaseshei
intensity of the comparison stimulus [32, 21]. An examplghiswn
in the figure above, which shows frequency distribution®aflhess
settings for one individual for different numerical valuesch con-
nected curve is for one such value); the abscissa is dedq3§
top panel of Figure 8). This is why in most studies centratiesicy
statistics are used, in particular the median or the gedcmagan.

Magnitude estimation judgments also show considerabler-int
Observer variability. Even under the same experimentatlitioms,
the exponents for different Observers can vary by at ledsttBis
was found for a variety of continua. The most reasonableaggtion
is that different Os are using different criteria for judgmen these
cases.That some of this difference is due to different useuof-
bers in judging intensity has been shown by comparing pdawer-
exponents for the same Os across modalities (in this casghtwve
taste and smell). Positive correlations were found, whialicated
that Os tended to use the same numerals in each case [265Ubhis
gests that Observers do not have a sound foundation for gnakirh
judgments, so they cannot apply numbers in these situatiaeson-
sistent fashion.

3.3

Context effects in quantitative judgments take many forohig28]).
At the same time, they can be divided into two rough groupsgea
and centering effects and sequential effects.

A classic example of range effects is by [14]. The task wasto d
cide whether the stimuli within a certain range of interstivere

Issue 2: biases and contextual factors

the intensity value for half-loudness was within the ran§@ten-
sities presented, (ii) despite large differences amoriganselves,
even within one range, judgments for individuals were gsitble.
The author interpreted the results as showing that Ss cailden
ally judge whether a tone was half as loud as another (in hislsyo
“Os have little or no idea what they are doing in this type afgu
ment” [14], p. 222), and so they arbitrarily chose an intgnaithin
the given range to represent this. Having made this sefecti@y
are able to remember the value and make stable judgememiarSi
results have been found with other sensory continua.

Sequential effects, where the current judgment is affeloted by
the prior stimulus and response are found for direct as veeithai-
rect judgments. In general, they either take the form ofnaitsiion
(to the previous judgment) or contrast. For example, in riada
estimation tasks there is a pronounced degree of assiomiltdithe
previous presentation and response, and a weaker corffemsteth
respect to presentations just before the last [16]. Pastly @esult of
such effects, researchers in the field have come to regalieti
judgments as being ‘relative’ rather than absolute.

3.4 Issue 3: nature of ‘ratio’ judgments

Here, we briefly review two kinds of study. The first is con@zin
with testing properties that ‘ratio’ judgments should hdvaue ratio
operations are involved. An example concerns tests of aeptppf
ratio scales called the “product axiom”. Giver, the “psychological
magnitude of Stimulug’ and ¢;; = ¢;/¢;, the product axiom states
that for all triplesi, j, k,

Gij X Qi = Pik

The experimental evidence does not support this relatioh [1

The second kind of study is concerned with the question of
whether ratio and difference judgments are based on the same
tal operation(s). It deals directly with the issue of whetbs in di-
rect estimation experiments actually do what they are uogtd to
do. This work was originally inspired by a problem that areden
scales based on magnitude judgments were compared witbsscal
based on category (involving equisection and thereforfergifices).
The two kinds of scale seemed to have a nonlinear relatioadh e
other. Torgerson [38] argued that there was one operatairutider-
lay both kinds of judgment, and that it was probably a kindiéfed
ence operation. To state this more precisely, while thedperation
model says:

Rij = J'(sj/si) Dij = J(sj — si)
the one-operation model says:
Rij = J'(s; — 1) Dij = J(sj — s1)
whereR and D are ‘ratio’ and ‘difference’ estimates, arg ands;
are subjective values of stimyliandi [23].
Evidence supporting the one-operation model consists robde

strations that certain context effects (e.g. stimulus isggeand dis-
tribution) affect ‘difference’ and ‘ratio’ judgments in ¢hsame way

more or less than half as loud as a standard (1000 Hz) tone of 9[24, 22], and that when Os perform both kinds of judgmentrthei

db. There were three experimental groups which differegl onthe
range of intensities that they heard: a 55-65 db group, a568b7
group, and a 75-85 db group. A value for half-loudness waaioéd
by interpolation. The main findings were, (i) for each grodgOos
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scales are monotonically related [4, 15]. Despite the taat some
studies have adduced evidence for the two-operation mtiaepre-
ponderance of evidence supports the one-operation magelcially
for non-sensory judgments. (For further discussion, s8g)[1



3.5 Discussion

many, from Von Neumann and Morgenstern to S. S. Stevens. This
does not mean that formal approaches are misguided perrsen&o

This short summary of some aspects of a very complicated ﬁel‘i'hing, they are the main vehicle we have to express normative

serves to indicate some pitfalls in asking people to makentijaa
tive judgments. To quote the title of a paper by an authonityhie
area, "Quantitative subjective assessments are almoaysallbiased,
sometimes completely misleading” [27]. As a result, suclgjuents
perhaps always require independent corroboration. In Liagim
view, Stevens’ main mistake was to overlook this [18].

Stevens, in fact, made the remarkable assumption that Q@sve
could ‘read out’ some value of their sensations, analogousk-
ing a physical measurement, although he admitted that ictipea
his methods required various forms of randomization anda@ieg
(which as Lamming says, removed “the net effect of thoserqtiig-
mental factors which contributed more than 90 per cent of/etre
ability” [18], p. 123). But is this not the same assumptiondedy
decision analysts when they try to construct utility scaleselicit
preferences”? Except that here there is not even the plitysitdfi
varying an external stimulus intensity independently ofgjoents.

4 STUDIES OF UTILITY ASSESSMENT

Down through the years there have been studies that comgdred
ferent MCDA methods using the same sets of alternativeseMbr
ten than not marked discrepancies are found in the resutiiped
by different methods. Although it is difficult to pinpointelreasons
for this, if we consider the findings discussed in the previeac-
tion, such results are not surprising, and in some cases wpdaiat

cepts usually placed under the heading of principles obmatity.
And, of course, they allow us to examine ideas like prefezaran-
sistency in great depth.

Among the phenomena demonstrated in psychophysical experi
ments, some are particularly relevant here:

e Variability of judgments, which translates into unreliiéyiin the
present context (cf. [5]).

e Biasing effects, which include perceptual and responsectsff
plus the willingness on the part of the DM to make judgmenénev
when there is evidence that the judgments don’t actuallgimtie
assumptions behind them.

e Non-substitutability of surrogate judgments.

e The problematic nature of ‘ratio’ judgments.

In previous work, we have attempted to begin formalisings¢he
under the rubric of “soundness-in-practice”, for examplging the
idea of relational homomorphisms holding between the madel
empirically based representations of the actual judgnidiis

Some readers may have wondered about the relevance ofcsatisfi
ing in this context. In our view, it is probably a red herritigcan be
argued that this idea stems from a failure to appreciateithat®on
that organisms often find themselves in. That is, it failsdlnawl-
edge the cost of information gathering, as well as the faat tve
cannot spend all our time on one judgment, and the coroldrich

out connections. To take one example, a comparison of AHP ang that there are many situations where one cannot realistideter-

MAVT (using surrogate direct rating judgments based on »0-1
scale) showed systematic deviation from the line of perfectela-
tion [3]. This may be due in part to a range effect, since tmgea

mine which alternative is better. In fact, this is why we arerested
in developing decision aids (and if we were mere satisifi¢genuld
be difficult to explain this interest). The purpose of thipgathen, is

of numbers used with MAVT was much larger (AHP uses numbersnot to promote satisficing, but to promote realism, whichmsaging

between 1 and 9 inclusive).

Since it is perhaps the most problematic aspect of additilieyu
scaling, some studies have dealt specifically with the wgighof
attributes. In one study the original MAVT method was conegar
with several surrogate judgments, including ratio, “swimgights”,
and “pricing out” [5]. Another study included comparisortleen
two commercial systems, one based on tradeoff/indiffergndg-
ments, the other based on ratings using a slider anchorédtheét
best and worst-ranked values [20]. In both studies there werked
inconsistencies among methods; again, this is not sungragice one
appreciates the fact that different kinds of judgments dea djffer-
ent results and that often different methods involve défebiasing
effects, as noted above. An important conclusion is that¢gate’
judgments (here ratings) are not genuine substitutes otipea

Interestingly, the study by [5] also found that tradeoffifference
judgments were less reliable than the others. This is an rirapb
point that accords with the earlier discussion of variapiin judg-
ment. At the same time, it should also be clear that, per fréater
reliability does not imply greater validity; it may just bleat in one
case, previous judgments were easier to remember.

5 SOME INITIAL CONCLUSIONS
5.1 Prescriptions for prescriptive decision analysis

We conclude that, despite their elaborate conceptual mewhi
MCDA techniques are basically heuristic in nature. Scaling-

ity’ or even forming a preference ordering is, therefore akin to
measurement in the physical sciences. This is a trap thartasd
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ideas of optimisation in a more thoughtful and appropriatener.

5.2 Other considerations

Utility ‘scaling’ is telling us something about the processnvolved
in psychological scaling. Itis an indication that such swais always
basically inferential in nature, even in the case of soech#iensory
scales. For if a human observer can construct a scale witdmut
sensory underpinning, as when supposedly comparing tviereiit
rates of increase in some abstract dimension of preferesice; the
process must be largely centralised or internal.

In the Introduction, we noted that this paper is based on @ystu
of a large number of papers. Perusal of this literature sexvéring
home the fact that in psychology every principle, nay evéagt',
comes with a raft of conditions and caveats. Because of pojsi-
lar works on psychology (including the now-popular works ks
havioural and neuro- economics) are always misleading,utoitp
mildly. Here is one example. We all know about the “magic nemb
7, plus or minus 1”; in fact, Saaty refers to it explicitly iasjifying
some features of AHP [31]. But how many know that the basic ex-
periments leading to this idea contained an important eaording
factor? This is that the amount of information was confouheéth
the average interval between presentations of a stimutuisiterval
during which O was occupied with other judgments. This makiss
experimental paradigm a variant of the classical paradgrntefsting
short-term memory: present a stimulus, followed by menttviies
to prevent rehearsal and transfer to long-term memory, &ed an
interval prompt for recall. So the fabled “single channeBynin this



case be a memory effect [33] For the user of psychologicaivkno
edge, then, the message is always “caveat emptor”.

6 NEW ATTITUDES, NEW APPROACHES

Among the implications for preference and utility analygisthin
the prescriptive framework) are these:

(i) Itis likely that judgments should be considered as randari-
ables. This is not just a matter of identifying “error”, vaibility
seems inherent in such judgments.

(ii) Both the stimulus (perceptual) and response aspegtgighments

must be considered in evaluating these methods.

More generally, although the argument in this paper is name
to imply that one should avoid deriving preference ordesiagutil-
ity scales altogether, it suggests that other approaclmgdshe ex-
plored. It also implies that utility cannot be viewed as a suea
commensurate with physical measures (which we then go arpto *
timise’). In the prescriptive context, it should perhapsreated more
as a goal. That is to say, the goal of prescriptive analysislghoe a
consistent preference ordering (which implies a utilitydtion), but
this should not be imposed top-down. That is, it should bewadstrd
for judging the quality of output, especially since a wilfinction
embodies principles of rationality, in particular, traisiy. Putting
this another way, we want a system that acts to achieve t¢ensis
but we don’'t want to impose this property in the first placensis-
tency then becomes something that is maximised rather trae-s
thing that is enforced.

Currently, we are beginning to develop models and methons co

mensurate with this approach. In this connection, comdtsaitisfac-
tion as a means of maximising coherence may be a useful atiemt
[36]. In addition, we think that the ‘Bayesian style’ of upitg prior
probabilities could be used in a more thorough-going wap thés
presently. In this case, aggregated (constructed) atlitbuld be re-
placed by probability-of-satisfaction measures. Unfoatiely, space
precludes delving into these topics further in the presapep
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A Database Approach to Dynamic Group Formation

Florian Wenzel and Werner KieBling'

Abstract. Modern communication technologies, in particular social
network services and mobiles Internet applications, have generated a
tremendous hype enabling new forms of human interaction patterns.
Millions of users voluntarily give away their preference profiles and
want to share common interests in groups. Thus, the proper and effi-
cient management of group preferences becomes a challenging area.
Since any approach towards its solution should be scalable to even
very large user groups, we propose a database-centered framework
in this paper. We extend a well-known constructor-driven approach
for modeling preferences as strict partial orders towards modeling
and optimization capabilities for dynamic group formation. Since the
quality of group formations can be judged by semantic aspects like
e.g. group homogeneity, group optimization techniques must be ca-
pable to properly take this aspect into consideration. In more detail
we describe how to model the quality of group formations depend-
ing on individual group member preferences. Then we propose sev-
eral optimization heuristics for subgroup formation, based on laws
of preference algebra and also on statistical knowledge. In summary
we are confident that the preliminary results presented here can be
extended towards intuitive, robust and scalable algorithms for the dy-
namic management of even very large user groups with sophisticated
preference profiles.

1 Introduction

Modern communication techniques and social networking services
in particular lead to a shift from personal contact to virtual interac-
tion. For traditional interaction patterns the concept of homophily
states that social network ties and hence groups are based on
similarities in common traits such as age, race or religion and
also on common interests and beliefs [10]. Studies show that this
phenomenon is not restricted to conventional social networks but
can also be observed in corresponding virtual counterparts such as
MySpace [13]. Consequently, just like groups based on personal
contact, virtual groups are defined by common preferences.
Features such as creation and administration of groups are the status
quo of social networking services. Users can find existing groups via
full-text search or create a new group profile. However, these profiles
merely provide additional functions besides a forum for group mem-
ber interaction. The determination of a common group preference
based on the interests of its members hence would be a leap in
technology for social networking services. Such a group preference
can be used to determine a common outcome for the group based on
single member preferences. In a fictional social network platform
for outdoor enthusiasts, a group representing the local hiking club
could determine a suitable tour for the annual hiking trip from a data
set of tour candidates based on the preferences of its members.
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Introductory Example: Annual hiking trip

In order to determine a common tour for the annual hiking club trip,
members Tom, Billy, Sam and Tina state their individual preferences
concerning tour attributes. The task now is to find suitable tours
based on these stated preferences. This procedure induces the notion
of quality of the group result for a single member. Since Billy
and Sam are advanced hikers, the creation of subgroups such as a
beginner and advanced group becomes an additional issue. O

While the modeling of single user preferences is a widely studied
research area, the formation of group preferences as well as the opti-
mization of single user allocation to subgroups based on a preference
framework is a new aspect that is addressed in this paper. Several re-
lated research areas define problem specifications which are based on
groups and consensus decisions. In [1], a database driven method has
been introduced to combine single user ratings into a common group
recommendation by collecting or estimating single user ratings for
a movie and subsequent numerical combination. Within the field of
operations research, various contributions approach the problem of
group decisions in the context of decision support systems. To find a
group consensus, numerical means such as utility functions [11] and
methodologies accounting for fuzziness of preferences [7] as well
as database-aided solutions [14] have been developed. In the context
of multi-agent systems, preference aggregation is often achieved by
voting techniques that find consensus winners for a group decision
[2]. The topic of interest-matching in this context provides metrics
to determine the similarity of preferences between agent pairs [16]
which could in turn be used to group agents according to similarity.
These approaches are all acting on the assumption that a consensus
has to be found for a single group with a predefined set of mem-
bers. However, even individuals with generally similar interests differ
in specific preferences, e.g. individuals might differ in their prefer-
ence about tour difficulty while sharing a common interest in hiking.
Hence, it is more intuitive to create multiple subgroups such as a be-
ginner and an advanced group of an initial group. In addition, groups
incorporate a hierarchy that is indispensable for the determination of
a group consensus. This fact makes a pairwise comparison of single
members based on preference similarity only partly applicable.
These fundamental observations give raise to a framework to group
formation that is presented in this paper. It provides a quality measure
for group preference results which is vital to control the homogeneity
of a group. In cases in which the initial group quality proves to be un-
satisfying, heuristics are introduced that optimize the overall group
quality by forming higher quality subgroups. To handle large group
sizes which are common in application areas such as social network
services with millions of users, a database centered approach is pur-
sued. The selection of suitable heuristics follows the tradition of op-
erator tree and query optimization which is an area of expertise of
database systems.



The remainder of this paper is organized as follows: Section 2 out-
lines the technical foundations that are necessary to formally describe
individual preferences. Then, explicit ways to combine these single
valuations into a common group preference are described followed
by a depiction of numeric means to determine the quality of the
corresponding group result in Section 3. Based on quality calcula-
tions, Section 4 presents heuristics designed to improve group qual-
ity through dynamic creation of subgroups. The laws of preference
algebra defined by [8, 9] as well as statistical data provided by the
database serve as background knowledge for this optimization pro-
cess. Finally, Section 5 sums up our preliminary results and points
out areas of ongoing research.

2 The Preference Model

In databases, a preference P = (A, <p) is usually expressed as a
strict partial order < p over a set of attributes A [8, 3]. This approach
supports quantitative preferences on numerical attributes as well as
qualitative preferences on categorical domains. Moreover, it is the
key to efficient query processing through algebraic optimization
[6, 3] and fast evaluation algorithms such as Hexagon [12] or LESS
[5]. Preferences can be constructed inductively, starting from base
preferences on single attributes.

Base Preferences

In order to express preferences on single attributes, the preference
framework defined in [8, 9] provides a base preference hierarchy
for both numerical and non-numerical domains. The following
preferences are presented exemplarily:

e POS(A,pos): values contained in the set pos are preferred.

e NEG(A,neg): values not contained in the set neg are preferred.

e AROUND(A, z): numeric values with closest distance to value x
are preferred.

e BETWEEN(A, [low, up]): numeric values inside the numeric in-
terval [low,up] are preferred. If no such values exist, values with
closest distance to the interval are preferred.

All base preferences described in this paper can be considered as
subconstructors of the SCORE preference. Given a scoring function
f: dom(A) — R, P is a SCORE preference on attribute A and is
formally expressed by SCORE(A, f), if for Vz,y € dom(A):
z <p yiff f(z) < F(y).

Preference Terms

Base preferences Pi,..., P, are further combined to complex
preference terms with the help of complex preference constructors
which again represent strict partial orders. These include amongst
others:

e Pareto Py ® P»: P; and P» are equally important.
e Prioritization P; & P»: P is more important than Ps.

The Pareto constructor values participating preferences equally
while in contrast the Prioritization constructor favors the preference
provided as first attribute. Only in cases in which two tuples
are equally important concerning the first preference, the second
preference is evaluated by the Prioritization constructor.

Preference terms describe soft constraints that should preferably
be fulfilled in contrast to hard constraints as specified by relational
algebra that have to be fulfilled without exception. These constraints
are expressed as queries on tuples of database sets that represent
a part of the real world. Consequently, preference queries return a
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Best-Matches-Only (BMO) result containing perfect matches if such
tuples exist or the best matches possible but nothing worse. For this
purpose, a preference term P can easily be embedded into relational
queries on a relation R by the use of a winnow operator [3], which
is identical to the preference selection operator o[P](R) of [8].
The presented model explicitly allows the expression of multiple
base preferences on the same attribute which lays the foundation for
complex group preferences.

Group Preferences
The formation of group preferences is performed in three consecutive
steps:

e A group member U; representing a social network service user
states preferences on single attributes A with finite domains
dom(A).

e Base preferences Piy,, ..., Pxy, are combined to a user prefer-
ence term Ty, using complex preference constructors.

e Preference terms Ty,, ..., Ty, of n users are combined using
aforementioned complex constructors to form a common group
preference term 7y, oup-

Group Hierarchies
The last step is the accumulation of single user preference terms into
a common group preference term T'y,oup. This process again uses the
introduced complex constructors. Depending on the choice of Pareto
or Prioritization in formation of Tg;.ovp, different group hierarchies
are induced.

M

The group preference expressed by Equation 1 defines a group in
which all group members are of equal importance. In contrast, Equa-
tion 2 describes a hierarchy with one group leader U; among other-
wise equally valued group members Us, ..., U,.

Tgroup - TUl & (TU2 ®X...Q TUn)

Tgroup = TU1 ®...Q TUn

@

While these two group hierarchies are prevalent constellations, vir-
tually all combinations of complex constructors are possible.

3 Quality Measures

Obviously, a group preference can be constructed out of any combi-
nation of single user preferences. However, groups vary in quality
depending on the homogeneity of single member preferences. This
behavior of the BMO set resembles group formation processes
in real life situations. If a group varies significantly in individual
opinions, it becomes less likely that a common compromise is going
to satisfy each single member. Therefore, this finding is consistent
with the concept of homophily stated in Section 1. In order to
determine the overall quality of a BMO set for a group, measures
on three different layers have to be assessed. The first step is to
determine the quality of each individual BMO tuple for a single
member U,. Next, these single valuations have to be combined to
an overall quality estimate for member U; regarding the total of
tuples of the BMO set. Finally, this overall value of user U; has to be
compared to all other users Uy, ...,U;—1,Uit1,...,Un.

Numeric Representations

In a first step, the quality of a tuple has to be evaluated for a single
user. In the context of e-commerce, precedent findings concerning
this task have been published by [4]. To extend single user quality
values to establish a common group quality, it is beneficial that each
base preference can be considered as a subconstructor of the SCORE



preference. This fact provides the necessary transition to a numerical
domain through the definition of specific SCORE functions fp
for each base preference constructor P. A function for the POS
constructor PO.S(A, pos) is described in equation 3:

1, if v € pos

fros(v) = { 3

0, else

For NEG, the function is defined to return zero if v € neg and oth-
erwise one. Furthermore, a function for the AROUND constructor
AROUND(A, ) is depicted in Equation 4 for infimum in fa, supre-
mum supa of dom(A) and Ad := mazx(z — infa; supa — x):

1

A (Ad— o — o) @

farounn (v) =

All functions are normalized to return values within the interval
[0,1] with 1 being the best value.

Single Tuple Quality

In order to obtain an overall numeric value for a preference term
Ty, on a tuple ¢ of a relation R with attributes A1,..., A,, base
preferences Pi,..., P, of Ty, have to be inspected. Since all
described base preferences are subconstructors of the SCORE
preference, each preference P; = (A, <p,) can be expressed as
SCORE(A;, fp,). Inturn, fp;(A;) is the numerical representation
of that base preference. Finally, these numerical values are combined
using a weighted sum function F:

Pry, (8) =3 _wi- e (t[AD) )

The result provides a close approximation of the value of a tuple
t for user U; depending on Ty,. One remaining task is the exact
specification of single weights w;. Similar to terms in relational
algebra, preference terms can be depicted as operator tree with
complex constructors as inner nodes and base preferences as leaves.

(&)
DO (&)
€  ® DENO
®) @9 ® € @9

(a) Initial binary tree (b) Transformed tree

Figure 1: Operator tree transformation

Initially, this tree is binary as shown in Figure 1a but taking the as-
sociativity of the Pareto operator into account it can be transformed
as depicted in Figure 1b. This transformation is utilized as input for
the following Preference Weight Determination (PWD) Algorithm:

Algorithm 1: PWD-Algorithm

input: finite set of operator tree nodes, input weight wini: > 0, A
output: Wi, ..., wy >0

init: inspectNode(root, winst, 0.99)

INSPECTNODE(NODE, WEIGHT, \)

switch(node.type):
case Pareto:
for i <— 1 to node.childCount
do inspectNode(child;, weight / childCount);
case Prioritization:
inspectNode(leftChild, A-weight);
inspectNode(rightChild, (1 — X)-weight);
case leaf:
node.weight := weight;

The task of the weights is to mimic the behavior of these complex
preference constructors as precisely as possible. The algorithm
distributes weight according to a 99 to 1 ratio as specified by A for
Prioritization nodes between the left and the right child node, deem-
ing the left subtree as more important. No A\ value can in general
achieve the same behavior as a Prioritization [3, 9]. However, by
tweaking A the cases in which the right subtree affects the result
even with the left subtree value not being equal can be minimized
which is the measure of precision in this case. For Pareto nodes, the
weight of the parent node is distributed equally among children. It
can be easily verified that the algorithm terminates for finite operator
trees with non-zero weights w; for w;nit > 0.

Example 1: Weight determination
For the operator tree of Figure 1b of preference term
P1& (P2 ® (P3 ® P4)) the algorithm is initialized with the
root node and w;nst = 100. According to the Prioritization rule, the
left child node is assigned a weight of 99 and is treated next. The
recursive call determines that a leaf is reached and a final weight
of wi = 99 is assigned for P;. Next, the right child of the initial
Prioritization node is inspected with a weight of 1. According to the
Pareto rule, this weight is distributed equally across child nodes. The
recursive call for the children again determines that a leaf has been
reached and assigns weights wo = 0.33 for P>, ws = 0.33 for Ps
and wy = 0.33 for P,. With no more inner nodes left, the algorithm
terminates. ]
The arbitrary choice of w;y.+ calls for a normalization of the initial
weighted sum function F to return values in the interval [0,1] with
1 being the desired outcome. Furthermore, a transformation into a
quality measure is performed which characterizes the quality devia-
tion (Q) of a tuple with regard to the desired optimum:

Qui(t) = 1— wl Fry, (1) ©)

init

BMO Set Quality
Based on the deviation measure for single tuples, the overall quality
of a BMO set B provided by Ty,oup for a user U; can be calculated

as the average of deviations to single tuples ¢1, ..., t; of B:
. 1<
Qu;(B) = i > Qui(t) ©)
1=1

Equation 7 describes the normalized total deviation of a user U;
to a group BMO set B. The lower the quality deviation, the better
the BMO set satisfies the user’s true wishes. Thus, the presented
measure provides an approximation of the quality of a BMO set for
a specific user.

Example 2: BMO set quality for a single user
Table 1 displays a group BMO result set determined according to
[15]. Further a single user preference for user U; Tina is provided:

Ty, := POS(difficulty, {easy}) ® AROU N D(distance, 5)



Table 1: Sample group BMO set B

id | distance | difficulty
1 90 hard

2 5 easy

3 40 medium
4 20 easy

5 70 hard

A numeric value for POS preferences can be calculated via Equation
3, a value for AROUND via Equation 4. The PWD-Algorithm returns
wy = 50 and wy = 50 for wini = 100. Qu, (t1) for the tuple with
tour id = 1 is calculated as follows:

1 85 — 85
Quy(t) =1 — 355+ (500450 =

_ =1

100 )
Accordingly, deviations to tuples with id 2, 3, 4 and 5 can be calcu-
lated. An overall deviation to B is finally given as:

5
Qu,(B) = é > Qu, (t:) = 0.54
=1

Group Quality =

The overall quality of a group BMO set B for the entire group is
composed of quality measures of each of the n group members:
- 1 < -

Qa(B) = - ; Qui(B) ®
The resulting quality measure also returns values in the range of
[0,1]. The goal for optimization processes therefore is to form
groups in such a way that Q)¢ is close to zero. However, the average
of single user quality evaluations can’t be the only criterion for
the performance of a group. With reference to the concept of
homophily, the homogeneity of the group becomes of importance,
too. A good average quality can still contain a set of individuals with
extremely different quality values for the common group BMO set.
Therefore, the variance of quality values also has to be considered.
Equation 8 and the variance measure together provide an effective
means to calculate the quality of a BMO result set for an entire group.

Example 3: Group BMO set quality and variance

Coming back to the introductory example, preferences of Uz Tom,
Us Billy and Uy Sam are stated additionally to the preferences
of U; Tina from Example 2, on a database relation tourinfo(ID,
distance, difficulty, description) which is not shown here but which
can be very large in practise. A group preference is formed by a
Pareto combination of Ty, ..., Ty, as described by Equation 1.
The resulting BMO set Bis depicted in Table 1.

e Ty, := NEG(difficulty, { hard}) ® AROU N D (distance, 10)
o Ty, := NEG(difficulty, {easy}) ® AROU N D (distance, 90)
e Ty, := POS(difficulty, {hard}) ® AROU N D(distance, 70)

Similar to Example 2, single user deviations are determined:

e Qu,(B) =0.42
e Qu,(B) =0.49
e Var(Qa(B)) = 0,002
O
The subsequent section is explaining how these quality assess-
ments can be used to generate higher quality groups.

4 Dynamic Subgroup Optimization

Acting on the assumption that group heterogeneity leads to poor
group quality with regard to a common group preference, the
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formation of subgroups leads to more homogeneous groups and
defines the subsequent optimization problem.

Optimization Problem: Find partitions gi,...,g4 of the ini-
tial group G with minimal Qg (By;),Vj € {1,...,q}.

In order to perform this partition, thresholds for group quality
have to be defined. Once these are violated, partitioning processes
are started. For this purpose, the semantics of preference terms pro-
vide valuable information about starting points for group formation.
In particular, semantics can be used as background knowledge for
heuristics that determine the most efficient subgroup composition.

Laws of Preference Algebra
The preference framework of [8, 9] is both an algebraic means for
group term optimization as well as a first indicator for the efficient
formation of subgroups by predicting group quality changes under
certain conditions. Here we provide additional algebraic laws which
are particularly useful for our purposes. In the following, the proof
for Lemma 1 is pretty straight forward while the proof for Lemma 2
follows from the Non-Discrimination Theorem of [8]. Let P1, P> be
preferences on the same attribute A:
Lemma 1

Pl&Pz&P1EP1&P2

This elimination rule can be extended to an arbitrary number of pref-
erences. Lemma 1 formally describes the fact, that in the case of
Prioritization the addition of similar preferences to an existing group
doesn’t change the overall group outcome. Considering the aspect of
group quality this means that adding similar users to the same group
in this case doesn’t negatively affect the group quality for a single
member. Consequently, users that share the same preferences should
be allocated to the same subgroup.

Furthermore, initial group preference terms 7y,oup can be investi-
gated to gain starting points for subgroup formation. Contrary pref-
erences on the same attribute by different individuals are such an
indicator, finding their formal equivalent in dual preferences. The
dual preference P° of preference P reverses the order on P, so that
x <ps y only holds if y <p x. The intuitive assumption that group
members that have dual preferences on the same attribute might be
better of being placed in separate groups is backed up by findings in
preference algebra for preferences on an attribute A:

PP’ =A4A" )

The Pareto combination of dual preferences on the same attribute
leads to an Antichain preference A~ for which all attribute values
are indifferent [8].

Finally, Lemma 2 defines semantic constructs for which transforma-
tions help to clarify the outcome of a corresponding preference term.
In part b) of the Lemma, adding another preference P; to the pre-
existing term P; & P» doesn’t influence the group outcome at all.

Lemma 2

a) (PL&P)Q@P,=Pi QP
b) (PL& P)®@ PL =P &P,
) (PL&P)R(P&P)=P QP

Several indicators for the prediction and optimization of group
outcomes are provided by underlying preference terms, giving the
presented approach an advantage over purely numerical solutions.
Based on an initial group preference term Tg,oup the presented
Lemmas help to identify indicators for subgroup formation and



provide a means to predict group quality changes through the
grouping process under certain preconditions.

Algebraic and Statistical Heuristics

Once a violation of quality thresholds is detected, several heuristics
can be applied to find a decomposition of the initial group into higher
quality subgroups. These heuristics preserve group hierarchies since
subgroup formation is achieved by defining a filter preference
Priter that is inserted in front of Tg,oup via a Prioritization
constructor. Thus, the hierarchy is still defined by Tgroup, only the
range of possible results is narrowed down by the filter.

While the defined preference algebra of [8, 9] in general and the
presented Lemmas as well as Equation 9 in particular provide a
rich background for heuristics triggered by semantic indicators,
statistical heuristics help in cases where semantics don’t provide
such information. This holds in particular for the Pareto constructor
’®’. E.g. constructors like AROUN D(A, x) are weak orders, but
terms like AROUND(A, z1) ® AROUN D(A, z2) are no longer
weak order preferences, hence cannot be simplified by an equivalent
AROUND(A, z) for some z. Next we propose two heuristics
which demonstrate the possibility of implementing both semantic as
well as statistical optimization strategies.

> Dual Preference Heuristics: As already stated before, dual
preferences lead to a poor group quality. The presented heuristics
attenuates these effects by splitting the group contingent on the value
of the critical attribute. Considering a preference P on attribute A, the
dual preference P° on the same attribute and the group preference
Tyroup, two groups are formed according to the following scheme:

o Tg1: =P & Tyroup o Teo: =P & Tyroup
The two groups defined by preference terms 71 and T2 differ in
allowed values for the critical attribute A. Based on the BMO sets
Beai and Bgs for both subgroups defined by Tz1 and T2, users
are assigned. A user U; is accordingly designated for the subgroup
with higher single user quality, e.g. if Qu, (Bc1) < Qu, (Bg2) then
U; is assigned to the subgroup represented by 7.

Example 4: Application of the Dual Preferences Heuristics

Since Tyroup of Example 3 contains dual preferences
POS (difficulty, {easy}) and N EG (difficulty, {easy}) of Tina and
Billy the Dual Preferences Heuristics can be applied, leading to the
following subgroup terms:

o Tc1 := POS(difficulty, {easy}) & Tyroup
o Tgo := POS(difficulty, {easy})’ & Tyroup

The two resulting BMO sets Bgi = o[Tc1](R) and Bg2 =
o[Tg2](R) are shown in Figure 2a and 2b.

id | distance | difficulty lld dlsgg‘ce d‘f;z“y

2 3 casy 3 40 medium

4 20 casy 5 70 hard
(a) BMO set for T1 (b) BMO set for Tery

Figure 2: Dual Preferences Heuristics: BMO sets for subgroups

With Qu, (~BG1) = 0.05, Qu,(Bc1) = 0.05, Qu, (~BG1) = 0.96
and Qu,(Bg1) = 0.54 for subgroup one and Qu, (Bg2) = 0.86,
QU2 (BGQ) = 0.67, QUS (BGQ) =0.13 and QU4 (BGQ) =0.271tis
obvious that U; Tina and Uz Tom are allocated to the first ’beginner”

group and Us Billy and Us Sam belong to the second “advanced”
group. The implementation of the heuristics hence improved group
qualities to Qg (Bg1) = 0.05 and Q¢ (Bgz2) = 0.20. O

> Growing Intervals Heuristics: Another evidence for in-
consistent groups can be gained from AROUND preferences on
the same attribute by different group members. A preference
AROUN D(A, x) determines a preferred numeric value x for an at-
tribute A. Collecting values x from n users leads to a distribution con-
taining values x1, . . . , ,, from which three possible patterns emerge
as shown in Figures 3a through 3c.
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(c) Two cumulation points
Figure 3: Different distributions of preferred values

Figure 3a depicts a case in which preferred values are cumulated in
one delimited area of the domain between the arbitrary infimum 0
and supremum 50, predicting a homogeneous group preference with
regard to the examined attribute. A contrary scenario is depicted in
Figure 3b where no cumulation point can be identified. The most in-
teresting case for subgroup formation is shown in Figure 3c because
it contains multiple cumulation points. Given the definition of supa
and inf4 for the domain of an attribute A as well as the maximum
maz, and minimum min, of values x;, these three cases can be
determined by Equation 10.
MmaT; — Ming

9= (supa —infa)

10)

To be more precisely, the quotient helps to discriminate between the
desired case of Figure 3a in which it is below some threshold of 0.4
and the suboptimal cases of Figure 3b and 3¢ with ¢ > 0.4. To distin-
guish between the two last mentioned scenarios, the maximum dis-
tance d,q; between adjacent values x; and x5, ¢,5 € {1,...,n} has
to be calculated. This distance is higher than one quarter of the dif-
ference supa — in fa in Figure 3c and lower in Figure 3b.

With means to differentiate between possible distributions of values
x; in place, countermeasures for undesired distributions can be im-
plemented. The case depicted in Figure 3c is ideal for the formation
of separate subgroups which in turn only contain a single cumulation
point each. The presented heuristics targets exactly this kind of dis-
tribution and is designed to form two subgroups. It is called Growing
Intervals Heuristics because clusters are created in an iterative fash-
ion by defining initial cluster cores as intervals that grow with each
iteration step. In a first step, values x; each form single intervals
[x1,21], ..., [Tn, zx]. With every iteration, these intervals grow by
one unit into each direction, e.g. [x1—1,z1+1], ..., [zn—1,z,+1].
By and by, the clusters overlap and merge until in the end only two
clusters are left. This process can also be specified as follows:



e Determination of two adjacent values z;, x; with
dagj > 5 (supa —infa).

e Formation of two cluster intervals [in fa, [z;+ & (supa—infa)]]
and [[z; — £ (supa —infa)], supal.

e Specification of the two clusters by determining the minimal and
maximal values minc, and mazc, of cluster C;,¢ € {1,2} and
the maximal distance d¢, of arbitrary values of each cluster.

The described specification step leads to two final cluster intervals:
e first cluster: [max(minc, — [d%],inf/;);maxcl + (d%ﬂ
e second cluster: [ming, — (d%};min(maxci, + fd%] ;supa)l

The presented formal procedure determines the number of needed it-
erations by taking the maximal distance between values of each clus-
ter into account that has to be overcome. With the two crucial cluster
intervals C1 = [z1,y1] and C2 = [z2, y2] defined, two subgroups
can be formed according to the following scheme:

e Tg1:= BETWEEN(A, [z1,y1]) & Tgroup

e Tay := BETWEEN(A, 2, y2]) & Tyroup

The allocation of single users U; to subgroups represented by
Tc1 and Tg2 is performed by the evaluation of single user quality
for BMO sets BGl and BGQ as already described for the Dual
Preference Heuristics.

Example 5: Application of the Growing Intervals Heuristics

Based on previous examples, the intervals Ci [5,18] and
Cy := [63,90] are determined for infs = 5 and supa = 90 which
are afterwards refined to C := [2,13] and C5 := [60, 100], leading
to the following subgroups:

e Ty := BETWEEN (distance, [2,13]) & Tgroup
e Tao := BETW EEN (distance, [60,100]) & Tyroup

The corresponding BMO sets o[T¢1](R) and o[Ta2](R) are de-
picted in Figures 4a and 4b.

id | distance | difficulty id | distance | difficulty
> 5 s 1 90 hard
Y 70 hard

BMO set for T
@ seriortat (b) BMO set for To

Figure 4: Growing Intervals Heuristics: BMO sets for subgroups

Examining single user distances Qu, (Bg1) = 0, Qu,(Ba1)
0.03, QU3 (éc,q) 1 and~ Qu, (BGl) = 0.88 for the first and
QUl (5(}2) = 0.94, QU2 (BGQ) = 0.91, QUS (BGQ) = 0.06 and
Qu, (Bg2) = 0.06 for the second subgroup it again becomes obvi-
ous that U; Tina and U; Tom should be assigned to group one and
Us Billy and Uy Sam to group two. Accordingly, Qc(Ba1) = 0.02
and Q¢ (Begz) = 0.06. O

5 Summary and Outlook

The presented database driven approach provides a quality measure
for group preferences as well as heuristics that dynamically optimize
the group outcome by generating subgroups at decision time, thus be-
ing sensitive to changes of the underlying data set. Based on the pref-
erence algebra of [3, 8] it defines a semantic background for group
preferences that is missing in purely numerical approaches. Addi-
tionally, complex group hierarchies can be incorporated into prefer-
ence terms through complex constructors. Known efficient database
algorithms permit a very fast calculation of Pareto sets which are an

90

integral part of group preference terms. As a result, we claim that
our group preference formation approach has the potential to dis-
play a high performance concerning scalability, which is important
in application areas such as social network services with millions of
users. Algorithmic strategies that explore very large numbers of pos-
sible combinations could also be implemented efficiently.

Our next efforts will include the evaluation of preliminary results as
well as intensive benchmarks to gain more experience. For this pur-
pose, both actual data of hiking tours in Germany provided by Alp-
stein Tourismus GmbH (http://www.alpstein-tourismus.de) as well
as artificial data will be used. Additionally, other allocation methods
based on preference similarity will be evaluated. To confirm predic-
tions for scalability, tests will include the integration of group prefer-
ences into a social networking service to create a realistic test envi-
ronment. Concurrently, algebraic identities in preference terms will
be examined to find more semantic triggers for subgroup heuristics.

REFERENCES

[1] Sihem Amer-Yahia, Senjuti Basu Roy, Ashish Chawla, Gautam Das,
and Cong Yu, ‘Group Recommendation: Semantics and Efficiency’,
PVLDB, 2(1), 754-765, (2009).

Handbook of social choice and welfare, eds., Kenneth J. Arrow,
Amartya K. Sen, and Kotaro Suzumura, Elsevier, Amsterdam, 2002.
Jan Chomicki, ‘Preference formulas in relational queries’, ACM Trans-
actions on Database Systems (TODS), 28(4), 427-466, (2003).

Stefan Fischer, Werner Kiefling, and Timotheus Preisinger, ‘Prefer-
ence based Quality Assessment and Presentation of Query Results’, in
Flexible Databases Supporting Imprecision and Uncertainty, eds., Glo-
ria Bordogna and Giuseppe Psaila, pp. 91-122, Secaucus, NJ, USA,
(2006). Springer-Verlag New York.

Parke Godfrey, Ryan Shipley, and Jarek Gryz, ‘Maximal vector com-
putation in large data sets’, in VLDB ’05: Proceedings of the 31st in-
ternational conference on Very large data bases, pp. 229-240. VLDB
Endowment, (2005).

Bernd Hafenrichter and Werner Kiefling, ‘Optimization of relational
preference queries’, in ADC '05: Proceedings of the 16th Australasian
database conference, pp. 175-184, Darlinghurst, Australia, (2005).
Australian Computer Society, Inc.

Hsi-Mei Hsu and Chen-Tung Chen, ‘Aggregation of fuzzy opinions un-
der group decision making’, Fuzzy Sets and Systems, 79(3), 279 — 285,
(1996).

Werner KieBling, ‘Foundations of Preferences in Database Systems’,
in VLDB 2002, Proceedings of 28th International Conference on Very
Large Data Bases, Hong Kong, China, pp. 311-322, (2002).

Werner KieBling, ‘Preference Queries with SV-Semantics’, in Advances
in Data Management 2005, Proceedings of the Eleventh International
Conference on Management of Data, Goa, India, pp. 15-26, (2005).
Miller McPherson, Lynn Smith-Lovin, and James M Cook, ‘Birds of a
Feather: Homophily in Social Networks’, Annual Review of Sociology,
27(1), 415-444, (2001).

Ojelanki K. Ngwenyama and Noel Bryson, ‘Eliciting and mapping
qualitative preferences to numeric rankings in group decision making’,
European Journal of Operational Research, 116(3), 487 — 497, (1999).
Timotheus Preisinger and Werner KieBling, ‘The Hexagon Algorithm
for Pareto Preference Queries’, in Proceedings of the 3rd Multidisci-
plinary Workshop on Advances in Preference Handling, (2007).

Mike Thelwall, ‘Homophily in MySpace’, Journal of the American So-
ciety for Information Science and Technology, 60(2), 219-231, (2009).
Rudolf Vetschera, ‘Integrating databases and preference evaluations in
group decision support : A feedback-oriented approach’, Decision Sup-
port Systems, 7(1), 67 — 77, (1991).

Florian Wenzel and Werner KieBling, ‘Group Preferences in Social Net-
work Services’, in Proceedings of the 22nd Workshop ”Grundlagen
von Datenbanken 2010” (GvD-2010), Bad Helmstedt, Germany, eds.,
Wolf-Tilo Balke and Christoph Lofi, (2010).

Andrew W. Wicker and Jon Doyle, ‘Interest-Matching Comparisons
using CP-nets’, in Proceedings of the 22nd AAAI Conference on Artifi-
cial Intelligence, Vancouver, BC, Canada, pp. 1914-1915. AAAI Press,
(2007).

(2]
(3]
[4]

[5]

(6]

(71

(8]

[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]



