Foreword

It’s been almost ten years since Andréka, van Benthem and Németi proved
decidability of the guarded fragment of first order logic (see ‘Modal Logics and
Bounded Fragments of Predicate Logic’ in Journal of Philosophical Logic, 1998,
27(3), or ‘Back and Forth between Modal Logic and Classical Logic’ in Bul-
letin of the Interest Group in Pure and Applied Logics, 1995, 3). Given how
expressive guarded quantification is, this result gave logicians a powerful tool
for proving decidability of many formalisms arising in computer science appli-
cations, and generated extensive research into guarded quantification in logics
other than first order (for example, Erich Griadel and Igor Walukiewicz proved
decidability of the guarded fragment of fixed point logic in Guarded Fized Point
Logic, Proceedings LICS’99, 1999, pp. 45-54) and into various generalisations of
guarded quantification. A wealth of new proof techniques has been developed
as a result of this research. This workshop brings together work on new guarded
fragments and on applications of guarded quantification in computer science.

The workshop is held as a part of the 16th European Summer School in
Logic, Language and Information (Nancy, 2004). It contains a mixture of in-
vited and contributed talks. The paper by Dietmar Berwanger and Achim
Blumensath was originally published in E. Gradel, W. Thomas and T. Wilke
(Eds.): Automata, Logics, and Infinite Games, LNCS 2500, pp343-355, 2002,
and is reproduced with the kind permission of Springer-Verlag. The paper by
TIan Hodkinson was published in Studia Logica 72(2):185-197, 2002, and is re-
produced with the kind permission of Kluwer Academic Publishers.

Natasha Alechina
(Workshop organiser)
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Optimising minimal Herbrand model generation
procedures for guarded formulae, description and
modal logics

Lilia Georgieva

Department of Computer Science, Heriot-Watt University
Edinburgh EH14 4AS, United Kingdom, 1ilia@macs.hw.ac.uk

Abstract. In this paper we develop efficient minimal Herbrand model generation procedures
for decidable by hyperresolution syntactically defined clausal classes, clausal classes rendered
by formulae in first-order logic, which contain guarded and loosely guarded formulae and
clausal classes rendered by formulae in description and modal logics. The procedures use
complement splitting and a restricted application of either model constraint propagation
rule or local minimality test and consequently optimise known minimal Herbrand model
generation procedures.

1 Introduction

Computing models is a task complementary to refutational theorem proving. Its
importance is due to the potential application areas including disproving conjectures
in classical theorem proving [11], natural language [5], deductive databases [10,26]
and model-based diagnosis [3].

Characterizing classes of inputs for which termination is guaranteed, defining
appropriate formalisms for representing such models, and providing algorithms for
working with the resulting model representations is recognized as a challenge in
automated deduction [9,20]. A theorem prover that terminates without finding a
refutation proof and outputs a countermodel provides the user with information,
suitable for subsequent optimisations.

This is the advantage of hyperresolution decision procedures for satisfiable causal
sets of range restricted clauses [7], i.e. for clauses whose negative literals contain all
the variables of the clause. Provided that a hyperresolution derivation terminates,
it generates Herbrand models for such classes. An example of a clausal class for
which hyperresolution terminates is the class of Horn clauses. The reasoning process
corresponds to the standard fixpoint iteration and Herbrand models are generated.

In general hyperresolution does not terminate on non-Horn clauses. There are,
however, non-Horn clausal classes that can be decided by hyperresolution, e.g. clausal
classes resulting from formulae in classical and non-classical logic [6, 16-18, 25], sat-
isfiable syntactically defined clause classes which allow for the embedding of guarded
formulae [14,9,19]. In these cases disjunctions resulting from non-Horn clauses are
handled by the splitting rule, which introduces branching in the forward reasoning
process. Splitting is crucial if atoms in disjunctions share variables. However, the
range restrictedness of clauses ensures that the disjunctions always become ground
and instansiated and thus the disjointness of variables is not critical before splitting.

In previous work [12, 14, 15] we have shown that hyperresolution generates Her-
brand models for formulae in the guarded fragment of first order logic and syntac-
tically defined clausal classes and have investigated the construction of Herbrand



models from the conclusions of any hyperresolution derivation. We have also ana-
lyzed the syntactical properties of the constructed Herbrand models not all of which
are minimal. We have proposed three ways of refining hyperresolution so that it is a
minimal model generation procedure which constructs only minimal Herbrand mod-
els for the considered clausal classes. The refinements are based on hyperresolution,
(complement) splitting and either model constraint propagation or local minimality
tests. In this paper we continue this line of investigation and show that the mini-
mal Herbrand model generation procedures can be further optimised so that first
the application of the model constraint propagation rule is limited to certain open
branches only and secondly so that the minimality test uses a constraint which con-
tains strictly fewer literals than the minimal Herbrand model generation procedure
developed in [24]. Throughout we employ the approach of Hasegawa et. al [16] and
adopt it to our framework.

The optimised minimal Herbrand model generation procedures described in this
paper are relevant for multi-modal and description logics, decidable fragments of
first-order logics, including the fragment GF1~ which is a subfragment of the guarded
fragment and syntactically defined clausal classes, among which the clausal class
BU, which contains formulae in the guarded and the loosely guarded fragments and
for which hyperresolution is a decision procedure and leads to automatical model
generation.

The structure of the paper is as follows. Notational conventions and basic defini-
tions are given in Section 2. In Section 3 we discuss approaches for minimal Herbrand
model generation by hyperresolution. Optimising minimal Herbrand model genera-
tion

The calculus which is used to determine satisfiability of the clause sets considered
in this paper is denoted by R"™?. It uses the following expansion rules.

N s NU{C, Vv Cy}
P Splitting:
Deduce: ey plitting: e T T NU{G)
where C is a resolvent or factor. where C and () are variable disjoint.

The inference rules for hyperresolution and factoring are:

CyVA ... CoVA, =Api V...V—2Ay, VD
(CyV...vCy,V D)o

where (i) o is the most general unifier such that A;0 = A, ;0 for every i,
1 <i<mn,and (ii) C; V A; and D are positive clauses, for every i, 1 <i < n.
The rightmost premise in the rule is referred to as the negative premise and
all other premises are referred to as positive premises.
CVALVA,

(O V Al)O'
where o is the most general unifier of A; and A,.

Hyperresolution:

Factoring:

Factoring is not required for the completeness of our decision procedure, but it helps
avoiding applications of splitting to clauses containing duplicate literals.

A derivation in R™P from a set of clauses N is a finitely branching tree T' with
root N. The tree is constructed by applications of the expansion rules to the leaves so
that factoring, splitting and hyperresolution are applied in this order. It is taken for
granted that at no stage in the derivation the clause sets contain duplicate clauses.



Any path N(= Ny), Ni,... in a derivation T is called a closed branch in T if the
clause set Uj Nj; contains the empty clause, otherwise it is called an open branch.
We call a branch B in a derivation tree complete iff no new successor nodes can
be added to the endpoint of B by R™P. A derivation T is a refutation if every
path N(= Ng),Np,... in it is a closed branch. A derivation T is a refutation if
for every path N(= Np), Vy,... the clause set Uj N; contains the empty clause. A
derivation T from N is called fair if for any path N(= Ny), N1,...in T, with limit
Noo = U, Nk Nk, it is the case that each clause C' that can be deduced from non-
redundant premises in N is contained in some N;. If N(= Np), Ny, ... is a path
with limit N, then we say that N, is saturated up to redundancy.

Theorem 1 ([2]). Let T be a fair theorem proving derivation from a set N of
clauses. Then: (i) N is satisfiable if and only if there exists a path in T with limit
Ny such that Ny is satisfiable. (ii) N is unsatisfiable if and only if for every path
N(= Ny), Ny, ... the clause set U; Nj contains the empty clause.

We denote the set of positive ground unit clauses in a branch B of T" by B. Then
B is a Herbrand model for N. We say that B is a (partial) Herbrand model for N,
represented by the open branch B. Analogously, {B} stands for | J{—A4;},1 <i < n,
where the atoms A; are all positive ground unit atoms such that B = A4;, 1 <i < n.

2 Minimal Herbrand model generation by hyperresolution

In this section we provide an outline of the known approaches for minimal Herbrand
model generation.

The approach of Bry et al. [7]. A crucial feature of the approach is the complement
splitting rule. The complement splitting rule prevents the generation of duplicate
models and is applied to ground disjunctions. The rule is called folding down in [21]
and was first implemented in SATCHMO [23]. The rule is defined as follows.
Complement splitting
Nu{CvV D}
NU{C,-D} | NU{D}

where =D = =A; A ...—A,, if D = A, v...V A,. Complement splitting can also
be seen as a combination of the cut rule (applied to D), clause reduction (replacing
C'V D by C in the presence of =D), and subsumption deletion (removing C'V D
in the presence of D). calculus developed in [12]. Hyperresolution combined with
complement splitting is sound and complete [7]. The use of complement splitting
ensures that whenever the rule is applied to a clause C'V D, the two branches consider
different valuations for D. However, the use of complement splitting alone on clausal
classes for which R™P terminates does not ensure that only minimal Herbrand models
are generated. In addition, the branches of the derivation tree are investigated in a
particular order, namely, the branch for N U {C,—D} is to be investigated before
the branch for N U {D} and the derivation tree is to be built depth-first.

In order to ensure that whenever a complete and open branch B is obtained,
none of the remaining branches will generate the same Herbrand model or a model,
which is larger for the branch B the procedure proceed as follows.




Let Ay, ..., A, be all the positive ground unit clauses in B. Then the clause
A1 V...V A, is added to the clausal sets on all the branches, which still need to
be investigated and consequently in case another branch containing A, ..., A, is
encountered, this branch will be immediately closed by a hyperresolution inference
step. A derivation tree T constructed by R™P, the rule above, and complement
splitting satisfies the following properties: (i) Inference rules are applied only to the
left-most branch of T, which is not complete. (ii) Suppose Ny,..., N, are the clause
sets labeling the leaves of branches T', which are enumerated left-to-right, such that
no further inference rules can be applied to Ny and Ay, ..., A, are the unit clauses
in N;. Then T is replaced by T" where T” is identical to T, except that the leaves
Ns, ..., Ny are replaced by No U {—=A; V...V A, },...,NyU{=4; V...V -A,},
respectively. The disjunction of negated ground atoms —A; V...V =A, is called a
model constraint. The act of replacing Ns, ..., N; by NoU{=A4;V...V-A4,}, ..., NU
{=A1 V...V =A,} is called model constraint propagation.

Provided that the open branches of the derivation tree 7', constructed by R™? do
not contain negative literals, whenever a branch is extended by a R"P step all positive
premises are true in the Herbrand interpretation H, defined by the ground literals
that are already present in the branch. If H is a minimal model of N there is an
open branch B in T', such that B coincides with the ground atoms in H. Complement
splitting ensures that for any two open branches B; and B; of the derivation tree
B;  B;. The open branches By, ..., B;,... B, of T can be enumerated left-to-right so
that the set of ground unit clauses in the leftmost branch, i.e. B; represents a minimal
model of N. Minimal models for range-restricted clauses, on which hyperresolution
terminates are preserved under complement splitting [7].

Generalisation of the approach of Bry et al. [12] This approach uses (complement)
splitting and model constraint propagation. In contrast to the approach by Bry et
al. [7] the parameters branch selection and complement splitting are optional and
arbitrary branch selection is possible when constructing a hyperresolution derivation.
The model constraint propagation rule is applied as before to a branch B but is
defined differently.

Model constraint propagation: If B = A,,..., A, is the Herbrand model of an
open, non-finished branch B, which is complete with respect to R"P, then the rule
adds the clause B = —A; V...V -4, to all leaves of branches in the derivation tree,
which are incomplete with respect to R:f'i'r’] or are marked finished.

Once the rule has been applied, the branch B is marked finished. A branch, on
which the rule has not been applied is marked as non-finished.

As before the clause B is called a model constraint. The model constraint propa-
gation rule ensures that no model B’, which is a superset of B is computed. Because
B may not be a minimal model, it is not enough for the model constraint propaga-
tion rule to add a model constraint to branches, which are incomplete with respect
to R"P (i.e. branches, which can be further expanded by the application of an R"P
inference rule). A model constraint is also added to branches, which are complete
with respect to R™P. This ensures that for any branch B’, which would otherwise
generate a non-minimal model B’, eventually the model constraint B of a branch B



with B C B' is propagated to B’. In this case, adding the model constraint B to the
leaf of B’ changes the status of B’ from complete to incomplete, and it is possible
to perform a single additional hyperresolution inference, which closes B’. If B is the
set of positive ground unit clauses in the limit of an open branch in a derivation tree
from N, B forms a minimal Herbrand model for N. The procedure generates only
minimal Herbrand models for N and it generates all minimal Herbrand models for
N only once.

Procedural minimal Herbrand model generation [24] An alternative way of reducing
the space requirement of minimal Hebrand model generation for range restricted
clauses, clauses rendered by decidable fragments of first-order logic, and syntactically
defined clause sets which can be decided by hyperresolution is by following the
approach of Niemeld [24] which has been applied and refined in [1, 4]. The approach
is based on the following observation.

Given a (finite) set H of positive ground atoms (or unit clauses) define: -H =
{-A | A€ H} and H = \/,_; —A. Let N be a set of clauses and U be the set
of all atoms over the Herbrand universe of N. Let H be a finite Herbrand model
of N. Then H is a minimal Herbrand model of N if and only if MMT(N,H) =
N U—(U — H) U {H} is unsatisfiable. This minimality test is called groundedness
test.

3 Optimising minimal Herbrand model generation

An issue from our perspective is that all minimal Herbrand model generation ap-
proaches described in Section 2 perform unnecessary minimality tests for models
that are already minimal. A method which uses branching lemmas and is proposed
by Hasegawa et al. [16] which we study next enchances their efficiency.

Branching lemmas correspond to application of factorization to minimal model
generation [21] and their use is justified by the notion of proof commitment.

Proof commitment between two Herbrand models H and H' occurs when a
branch extended below a node which contains a literal in H' is closed by a negation
of a literal in H. If no proof commitment occurs between a newly generated model
and any other model H' that has been previously derived on an open branch of
the derivation tree the model H' is guaranteed to be minimal and consequently the
minimality test may be omitted.

The method also employs branching assumptions which as defined in [16] cor-
respond to an application of the complement splitting rule. As previously stated
complement splitting rule guarantees that the leftmost branch of the derivation tree
is always minimal [7]. However, Herbrand models generated on other branches are
not necessarily minimal. In order to distinguish between branches which are likely
to lead to generation of non-minimal Herbrand models, using this approach open
branches are divided into safe and warned [16].

Definition 1. Let L; be a ground literal in a ground disjunction Ly V ...L,. The
literal L; is called a committing disjunct if a branch expanded below L; is closed by
the branching assumption [=L;] of some right sibling disjunct L; (i +1 < j < n).
Every right sibling disjunct Ly is called a committing disjunct from L;.



Definition 2. IfL; € Ly V...V L, is not a committing disjunct, —~L; is added to to
every right sibling disjunct Lj(i +1 < j < n. —L; is called a branching lemma and
is denoted by [|L|].

Let H be a Herbrand model obtained in a model generation tree. If the model
contains a committed disjunct L; in L, V...V L, each committing disjunct appearing
as a left sibling of L; is said to be committing disjunct relevant to H. The model H is
called a safe model if it contains no committed disjuncts. If H contains a committing
disjunct H is called a warned model.

Branching lemmas lead to pruning branches that lead to nonminimal models and
to reducing the minimality test [16].

Theorem 2. If a generated on an open branch Herbrand model is safe, H is assured
to be minimal and no minimality test is required.

Proof. Assume that a generated model is safe. Then by definition L; € H is not a
committed disjunct and for each left sibling disjunct L,(1 < k < j —1), a model H'
which contains Ly, satisfies the following: (i) L; ¢ H' under the branching assumption
[-L;], (ii) Ly ¢ H under the branching assumption [L;], and (iii) Ly ¢ H under
the branching lemma ||—Lg|[. Thus H is not subsumed by H’ i.e. H is a minimal
Herbrand model.

If an obtained model H is warned it is not necessary to perform a minimality test
on H against all models that have been obtained. Minimality test can be performed
only against such models that contain committing disjuncts relevant to H. This is
called a restricted minimality test.

Theorem 3. Let T be a derivation tree constructed by hyperresolution from a set
of clauses N and let Ny and Ny be sibling nodes in T, let L; be a literal in N; and
let T; be a subproof tree below N; (i=1,2). If Ny has a descendant node N3 labeled
with Ly, then for each model H through a subproof tree Tz below N3, there exists a
model H' through T, such that H' C H

A factorization dependency relationship on a proof tree is a strict partial ordering
< relating sibling nodes in the proof tree. A relation N; < N, means that searching
for minimal model below N5 is committed to that below V.

Given a proof tree and a factorization dependency relationship < on T first select
a node N3 labeled with L; and another node N; labeled with the same literal such
that: (i) N3 is a descendant of a node Ny which is a sibling of Ny, and (ii) Ny £ Nj.
Next, close the branch extended to N3 and modify < by adding a relation N; < N,
then forming the transitive closure of the relation. The proof of N3 is committed to
Ni. Minimal model generation with factorization is complete, i.e. if a minimal model
H of N is constructed by model generation, then H can be constructed by model
generation with factorization. Given a satisfiable set of range-restricted clauses N
and a derivation tree T constructed by model generation with factorization, any
minimal model of N is represented by an open branch of T

Theorem 4. Let N be a set of clauses and T be a derivation tree from N by model
generation with factorization. Let Ny and Ny be sibling nodes in T, let T; be a subproof
tree below N; and and H; be a model through T; . If Ny A Ny then H; € Hs.



Theorem 5. Let T be a derivation tree constructed by a depth first left first search
and model generation with factorization. If a model Hy is generated on an open
branch to the right of a model Hy in T then Hy € H;.

Corollary 1. Let N be a satisfiable set of range restricted clauses and T be a deriva-
tion tree constructed by model generation with branching assumptions, branching
lemmas and restricted minimality test. The open branches of T correspond to mini-
mal Herbrand models of N.

Let N be a set of range-restricted clauses, T' be a proof tree of N by model generation
with factorization, and H be a Herbrand model of N. For each literal L € H, let
Ny, denote a node labeled with L on the branch that corresponds to H. Let H, be
the set that satisfies the following condition: for every L € H, there exists a node N
such that N;, < N. Note that H, is a set of committed disjuncts in H. The shortened
negative clause C'y, consists of the negations of all literals in H,.

Theorem 6. Let N be a set of clauses. H is a minimal Herbrand model of N if and
only if Ny, = N UH U {Cpq,} is unsatisfiable, where H = J,{-L;} ¢ H.

4 Hyperresolution as a minimal Herbrand model
generation procedure

In this section we list the clausal classes and fragments for which the minimal Her-
brand model generation approaches and optimisations described above are applica-
ble.

The usability of hyperresolution as a decision procedure and a minimal Herbrand
model generation procedure has been studied in the context of clausal classes ren-
dered by modal and description logics and syntactically defined clause classes. An
example is the clausal class, associated with the encoding in clausal form of the ex-
tended multi-modal logic K,y(N,U,—) [8,18] and the corresponding reduct of the
description logic ALB without the top role and role negation [17].

The encoding of the multi-modal logic K(,,)(N, U, —) in clausal form consists of
the clauses given in Fig. 1 [8], where P(s) stands for a literal in {P;(s), Q,(s)}4,4 and
R(s,t) stands for a literal in {R;(s,t), R;(f, s), Q%" (s,1), Q%" (t, )} a. The symbols
Q* and Q7 are associated with positive and negative occurrences of a relational sub-
formula o and @, denotes an occurrence of a predicate symbol. The corresponding
class of clauses rendered by formulae in ALB is known as the class of DL-clauses [17].
All functional terms in these clause classes are covering and unary. All literals contain
either one or two variables, and a literal is ground, whenever it contains a constant
symbol.

A clausal class, which is decidable by ordered resolution is the clausal class
DL* [8]. It consists of clauses which have the following properties: (i) all literals are
unary or binary; (ii) there is no nesting of function symbols; (iii) every functional
term in C' contains all the variables of C'; (iv) every binary literal even if it has
no functional terms contains all variables of C'. Syntactically defined clausal classes
that are decidable by hyperresolution are investigated in [14,9,19] and include the
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—Qy () V ~Pi(z) if o =i

Qe (z) V ~R(z,y)[VP(y)] if =g [p=[a]l]

Qo (@) V Rz, () N

Q) V P(f()) } o= (o)

—Qy(z) V P(x) e

Q@) V P(a) } temony

—Qy(z) VP(z) vV P(z) ifp=0Vy

-Q7,(z,y) vV R(z,y)[VR(z,y)] if & = 81 A [V]B2 has pos. polarity
Q" . (z,y) V- R(z,y)[V-R(z,y)] if a =1 A[V]B2 has neg. polarity

Fig. 1. Schematic clausal form for K,,,(N, U, ).

classes PVD, KPOD and BU. The approaches are also applicable to the first-order
fragment GF1~ [22] and its extensions on first-order level [15].

Grouping is a global condition of predicate symbols in GF1~ and all occurrences
of a predicate symbol in a guard position must satisfy the given grouping of the
predicate symbol. Each predicate symbol P is uniquely associated with a pair (4, j) of
non-negative integers, such that if the arity of P is n then i+7 = n. This pair is called
the grouping of the predicate symbol. Sometimes the grouping (i, j) of a predicate
symbol P will be made explicit by writing P(7). The notion of grouping is extended
to literals in the following way. A literal L is said to satisfy the grouping condition
with respect to the sequences T and 3, if L = (=)P%)(7,5) or L = (=)PUN)(3,7),
where 7 is an i-sequence of variables, and s is either a j-sequence of variables disjoint
from T or a j-sequence of terms of the form f(Z) where Z C 7, and T is non-empty.

The set of formulae in GF1™ is defined to be the smallest set satisfying the
following conditions:

(i) T and L are GF1~ formulae,
(i) if P is an n-ary predicate symbol and T is a sequence of n variables, then P(T)
is a GF1~ formula,
(iii) if ¢ and ¢ are GF1~ formulae then so are =g, ¢ A, ¢ V 1), and
(iv) if ¢(7) is a GF1~ formula, G is a predicate symbol with grouping (i, j), and
T,y are non-empty variable sequences of length 7 and j with no variables in
common, then the following formulae are GF1~ formulae.

Iy (GH)(T,9) A 6(7)) vy(G (T, 7) = ¢(7))

3G (T, 7) A ¢(T)) VE(G)(T,7) = 6(T))
Note how the role of ¥ and 3 may be interchanged in the guard. Occurrences of
atoms in guard positions such that (iv) is satisfied are said to satisfy the grouping

restriction.
Examples of GF1~ formulae are the following.

q(l’, y) A Ell‘a y(’l“l(Z, %y, y) /\p(SL’, y))v p(l’, y) /\p(ya ‘T)a
\V/‘(I,‘y(TQ(IL’, Y, Z) - (p(IL’, y) A E|Z(’I“2(l‘, Y, Z) A q(Z, Z))))
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The grouping of the predicate symbols r; and 79 is (2, 2) and (2, 1), respectively, while
for the remaining predicate symbols the grouping is immaterial because they are not
on guard positions. All free variables in GF1~ formulae are implicitly existentially
quantified. Note that making the existential quantification of z and y explicit in the
second example would result in a formula which is not in GF1~ (it would still be a
guarded formula though). Other examples of guarded formulae which do not belong
to GF1~ are Vzy(q(z,z,y) — L)) and Vay(p(z,y) — Izp(y, z)). The first formula
is not in GF1~

The subformula | guarded by ¢(z,z,y) in the first formula contains no free
variables and therefore the condition that the bounded variables z and y occur in
the guarded formula is not observed. The second formula is closed. The formula
Vay(p(z,y, 2) — Jzp(y, z, 2) A r(z)) also does not belong to GF1~.

The language of BU is that of first-order clausal logic. Additionally, each predi-
cate symbol is associated with a unique grouping. Repetitions of variables and terms
in any of the sequences are allowed.

Furthermore, an acyclic relation >4, called an acyclic dependency relation, is
defined over the predicate symbols. Let =1 be the transitive closure of =4. Then
1 is an ordering on predicate symbols. This ordering extends to atoms, literals
and clauses by the following definitions. Given two literals L; = (=) P;(5) and Ly =
(m)Py(t), Ly =p Lo iff P, =} P,. The multiset extension of the ordering > p, also
denoted by >p, defines an ordering on ground clauses. The acyclicity of >, implies
that >p is also acyclic.

Given a finite signature Y such that (i) any predicate symbol has a unique
grouping, and (ii) there is an acyclic dependency relationship >, on the predicate
symbols in X', we define the class BU of clausal sets over X' as follows. A clausal set
N belongs to BU if any clause C' in N satisfies one of the three conditions below as
well as the following. If C' is a non-ground and non-positive clause then C' is required
to contain a strictly > p-maximal literal, which is negative and non-functional. This
literal is called the main literal of the clause. The predicate symbol P of the main
literal must either have the grouping (0,%) or (i,0), where i is the arity of P.

Condition 1: (' is a non-positive, non-ground and non-functional clause and the
following is true.
(a) The union of the variables of the negative part can be partitioned into two
disjoint subsets X and Y, at least one of which is non-empty.
(b) For every literal L in C, either the variables of L are (i) subsets of X, or (ii)
subsets of Y, or (iii) there are non-empty sequences ¥, 7, such that T C X,
7 C Y and L satisfies the grouping condition with respect to T and 7.
(c) Either the main literal contains all the variables of the clause, or it contains
all the variables from one of the sets X and Y, and there is a negative literal
L whose arguments satisfy (b.iii) and which contains all the variables from Y’
if the main literal contains all the variables of X, or all the variables from X
if the main literal contains all the variables of Y.
Condition 2: (' is a non-positive and non-ground functional clause and the follow-
ing is true.

(a) The main literal of C' contains all the variables of C'.

12



(b) Every other literal L in C satisfies the grouping condition with respect to

two disjoint sequences of variables T and 7, or with respect to two sequences

T and fz(u;), where T is a sequence of variables and fz(@;) is a sequence of
terms f;(w;) such that u; C T.

Condition 3: (' is a positive ground unit clause, its arguments are constants and

its predicate symbol has grouping (0, ) or (,0).

The following are examples of BU clause sets:

{R(a,b), P(x, f(v,y))V -R(z,y)}
{P(a,b), =P(z,y)V Q(z,z,y, f(z,x))}
{ Q?)(aa a1,a2);

_'Q?)(l‘a Y, Z) Vv _'QQ(‘T) Vv P(l‘a x,y, Z)a

_ng(l', Y, Z) \% Q?(x) \% Ql(ya Y, Z) \4 QO(Za y)a

_'QZ(«T) V _|P(ZU, xla yla Z,) \ Ql(xla yla ZI) \ Qﬂ(xa ZC,),

_'Ql (l‘la yla Z,) Vv QO (yla Z,)a

_'Qﬂ(yla ZI) \ P(yla yla Zla g(zla y,))}

Under the assumptions that (i) R >, P, (ii) R has grouping (0,2) and P has
grouping (1, 1) the first set belongs to BU. The second set belongs to BU provided
P >4 @, the grouping associated with the predicate symbol P is either (0,2) or
(2,0), and the grouping associated with the predicate symbol @ is (3,1). For the
third set to belong to BU the ordering among the predicate symbols must be Q3 >4
Q2 =4 Q1 >4 Qo >4 P, P must have the grouping (3,1), Q3 the grouping (0, 3) or
(3,0), Q2 the grouping (0,1) or (1,0), any grouping (i, j) such that i + j = 3 can
be associated with @1, and the grouping (0, 2) or (2,0) must be associated with Q.
The following clause sets do not belong to BU.

{R(a,b), P(z,f(z,y),y) vV ~R(z,y)}

{P(a), ~P(z)V P(f(z))}
The arguments of the atom P(z, f(x,y),y) in the first clause set cannot be parti-
tioned into two disjoint sequences of variables and terms so that they satisfy the
grouping condition. The second clause in the second set does not contain a strictly
maximal negative literal, with respect to any acyclic dependency relation. In gen-
eral, this excludes clauses where the predicate symbol of the main literal occurs both
positively and negatively. Thus the transitivity clause and the symmetry clause do
not belong to any clausal set in BU. Also the reflexivity clause and the seriality
clause are excluded from BU clause sets, because every non-ground clause must con-
tain a negative main literal. Thus, other than irreflexivity =R(x,z) and properties
which can be expressed by negative unit clause, for example, seriality of the com-
plement of a relation =R(z, f(z)), none of the standard properties of relations can
be formulated in BU.

A main motivation for studying classes like GF1~ and BU is that a variety of
expressive modal and description logics can be embedded into them. Expressive
modal and description logics have found applications in such varied areas as, for
example, verification, programme analysis, knowledge representation, deductive data
bases and the semantic web.

13



5

Conclusion

In this paper we showed that minimal Herbrand model generation procedures for
decidable by hyperresolution clausal classes can be optimised. The optimisations are
achieved by restricted applications of either model constraint propagation rule or
local minimality test and apply the approach of Hasegawa et al. [16] to methods for
minimal Herbrand model generation developed in 7,13, 24].
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The semijoin algebra and the guarded fragment

Dirk Leinders
Jerzy Tyszkiewicz *
Jan Van den Bussche

Abstract

The semijoin algebra is the variant of the relational algebra obtained
by replacing the join operator by the semijoin operator. We discuss some
interesting connections between the semijoin algebra and the guarded frag-
ment of first-order logic. We also provide an Ehrenfeucht-Fraissé game,
characterizing the discerning power of the semijoin algebra. This game
gives a method for showing that certain queries are not expressible in the
semijoin algebra.

1 Introduction

Semijoins are very important in the field of database query processing. While
computing project-join queries in general is NP-complete in the size of the query
and the database, this can be done in polynomial time when the database schema
is acyclic [12], a property known to be equivalent to the existence of a semijoin
program [3]. Semijoins are often used as part of a query pre-processing phase
where dangling tuples are eliminated. Another interesting property is that the
size of a relation resulting from a semijoin is always linear in the size of the
input. Therefore, a query processor will try to use semijoins as often as possible
when generating a query plan for a given query (a technique known as “pushing
projections” [7]). Also in distributed query processing, semijoins have great
importance, because when a database is distributed across several sites, they
can help avoid the shipment of many unneeded tuples.

Because of its practical importance, we would like to have a clear knowledge
of the capabilities and the limitations of semijoins. For example, Bernstein, Chiu
and Goodman [4, 5] have characterized the conjunctive queries computable by
semijoin programs. In this paper, we consider the much larger class of queries
computable in the variant of the relational algebra obtained by replacing the
join operator by the semijoin operator. We call this the semijoin algebra (SA).
A join of two relations combines all tuples satisfying a given condition, called

*This author has been partially supported by the European Community Research Training
Network “Games and Automata for Synthesis and Validation” (GAMES), contract HPRN-
CT-2002-00283.
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the join condition. A semijoin differs from a join in the sense that it selects
only those tuples in the first relation that participate in the join. The semijoin
algebra is a fragment of the relational algebra, which is known to be equivalent
to first-order logic (called relational calculus in database theory [1]).

Interestingly, there is a fragment of first-order logic very similar to the semi-
join algebra: it is the so called “guarded fragment” (GF) [2, 8, 9, 10], which has
been studied in the field of modal logic. This is interesting because the motiva-
tions to study this fragment came purely from the field of logic and had noth-
ing to do with database query processing. Indeed, the purpose was to extend
propositional modal logic to the predicate level, retaining the good properties of
modal logic, such as the finite model property. An important tool in the study
of the expressive power of the GF is the notion of “guarded bisimulation”, which
provides a characterization of the discerning power of the GF.

We will show that when we allow only equalities to appear in the semijoin
conditions, the semijoin algebra has essentially the same expressive power as
the guarded fragment. When also nonequalities or other predicates are allowed,
the semijoin algebra becomes more powerful. We will define a generalization of
guarded bisimulation, in the form of an Ehrenfeucht-Fraissé game, that char-
acterizes the discerning power of the semijoin algebra. We will use this tool to
show that certain queries are not expressible in SA.

2 Preliminaries

In this section, we give formal definitions of the semijoin algebra and the guarded
fragment.

From the outset, we assume a universe U of basic data values, over which
a number of predicates are defined. These predicates can be combined into
quantifier-free first-order formulas, which are used in selection and semijoin
conditions. The names of these predicates and their arities are collected in the
vocabulary Q. The equality predicate (=) is always in 2. A database schema
is a finite set S of relation names, each associated with its arity. S is disjoint
from Q. A database D over S is an assignment of a finite relation D(R) C U"
to each R € S, where n is the arity of R.

Proviso. When ¢ stands for a first-order formula, then p(z1,...,z;) indi-
cates that all free variables of ¢ are among x4, ..., .

First, we define the Semijoin Algebra.

Definition 1 (Semijoin algebra, SA). Let S be a database schema. Syntax
and semantics of the Semijoin Algebra is inductively defined as follows:

1. Each relation R € S is a semijoin algebra expression.

2. If Ey, E5> € SA have arity n, then also Ey U Es, Ey — Es belong to SA and
are of arity n.

3. If E € SA has arity n and X C {1,...,n}, then mx (E) belongs to SA and
is of arity #X.
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4. If Ey, Ey € SA have arities n and m, respectively, and 0y (z1,...,z,) and
O2(z1,. .., Tn,Y1,--.,Ym) are quantifier-free formulas over 2, then also
09, (F1) and Ey xg, E> belong to SA and are of arity n.

The semantics of the projection, the selection and the semijoin operator are
as follows: mx(E) := {(a;)iex | (a1,...,an) € E}, 09, (E) := {(a1,...,a,) €
E | 01(&1, . ,an) hOldS}, E1 X9, E2 = {(al, . ,an) S E1 | E'(bl, .. ,bm) S EQ,
O2(ay,...,an,b1,...,by) holds}. The semantics of the other operators are well
known.

Now, we recall the definition of the guarded fragment.
Definition 2 (Guarded fragment, GF). Let S be a database schema.
1. All quantifier-free first-order formulas over S are formulas of GF.

2. If ¢ and ¢ are formulas of GF, then so are =, ¢ V9, o A, o = 1 and
@ .
3. If o(z,y) is a formula of GF and «(%,¥) is an atomic formula such that

all free variables of ¢ do actually occur in « then 3F(a(Z,7) A @(Z, 7)) is
a formula of GF.

As the guarded fragment is a fragment of first-order logic, the semantics of GF
is that of first-order logic, interpreted over the active domain of the database [1].

3 Semijoin algebra versus guarded fragment

In this section, 2 = {=} consists only of the equality predicate. Suppose fur-
thermore that we only allow conjunctions of equalities to be used in the semijoin
conditions; selection conditions can be arbitrary quantifier-free formulas over (2.
We will denote the semijoin algebra with this restriction on the semijoin con-
ditions by SA=. Before we prove that SA= is subsumed by GF, we need a
lemma.

Lemma 3. For every SA= expression E of arity k, for every database A and for
every tuple Z = (z1,...,2k) in E(A), there exists R in S, an injective function
fAL ...k} = {1,...,arity(R)}, and a tuple t in A(R) such that /\f:1 z; =
by

Proof. By structural induction on expression E. O

Theorem 4. For every SA™ expression E of arity k, there exists a GF formula
wg such that for every database D, E(D) ={d € D | pr(d)}.

Proof. The proof is by structural induction on E.
e if Eis R, then pg(z1,...,x) := R(z1,...,Tk)-

e if Eis By UE,, then pg(x1,...,2%) := g, (X1, -, 2%) V @B, (T1, ..., Tk).
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o if Fis By —FE,, then pg(z1,...,2k) := ¢, (1, .., k) N g, (T1,...,Tk).

o if Eis 0g(E1), then pg(x1,...,2k) := g, (T1,...,2k) ANO(T1,...,Tk).

o if Eism,,  ; (E1) with E; of arity n, then, by induction, ¢g, (21, ..., 2n)
defines all tuples in E;(D). By Lemma 3, ¢g, (Z) is equivalent to the
formula obtained by replacing in ¢ :=

VoV 3)ieeB® A erltray,-- - tim))
ReS f:{1,..,n}—
{1,...,arity(R)}

each ty; by 2;, © = 1,...,n. In this formula, @ is a shorthand for
the set {1,...,arity(R)} — f({1,...,n}). Formula ¢ should now only
select components i1, ...,ir out of this formula. To this end, we mod-
ify ¢ such that in each disjunct it quantifies over (t;);eqr with Q' =
{1,...,arity(R)} — f({i1,...,ix}) and in each disjunct ts(;, is replaced
by z;, I =1,...,k. Now pg(z1,...,2) is obtained.

o if Eis Ey xg B, with § = \;_, z;, = yj, and E» of arity n, then, by induc-
tion, g, (x1,...,x) and @g,(21,-.-,2,) define all tuples in E; (D) and
E5(D) respectively. By Lemma 3, pg(z1,...,z)) is obtained by replacing
in formula x :=

gﬁEl(.CL‘l,...,.fL‘k) N

V V'  3t)iear (RE) A @mltrays---stpm)
ReS f:{1,...,n}—
{1,...,arity(R)}
each tyy by =;,, I = 1,...,s. Note that condition 6 is enforced by
repetition of variables z;. In this formula, Q" = {1,..., arity(R)} —

f({.haa]s})
o

By the decidability of GF, we obtain:
Corollary 5. Satisfiability of SA= expressions is decidable.

With decidability of SA expressions, we always mean finite satisfiability,
because a database is finite by definition.

The literal converse statement of Theorem 4 is not true, because the guarded
fragment contains all quantifier-free first-order formulas, so that one can express
arbitrary cartesian products in it, such as {(z,y) | Si(z) A S2(y)}. Cartesian
products, of course, can not be expressed in the semijoin algebra. Nevertheless,
the result of any GF query restricted to a single relation by a semijoin is always
expressible in SA=:

Theorem 6. For every GF formula ¢(x1,...,xy), for every relation R (with
arity n), for every injective function f : {1,...,k} — {1,...,n}, the query
{Z | ¢(Z)} ¢ R in which 0 is /\f:1 T = Yy(i), 15 expressible in SA.
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Proof. By structural induction on ¢, we construct the desired semijoin expres-
sion Eég

o if o(x1,...,2) is T (x4, ..., x;) then Eé’f = (1), £ (k) (R) X9 T', where
0 is (Cﬂil = y1) A (iIZiQ = y2) AN...A (iIZil = yl);

o if p(z1,...,x) is (x; = x;) then Ei:g = 0= (Tr1),... £ () (R));

o if p(z1,...,z1) is¥(xy1,...,2x) VE(T1,...,T)) then E};’f = Ed’j’f;UEg,’,f;

o if p(x1,...,xp) is "p(x1,...,x) then E{;’f =T, f (k) (R) — Ei’f;

e suppose ©(x1,...,2x) is IZ(a(F, Z) A (T, Z)), where a is atomic with
relation name T'. Let z;,,...,z;, be the different occurrences of variables
among x1,...,Z in a. Now, Ei’f =T, £ (k) (R) Xo Ei’fﬂ where 6 is
(i, = Y1) A(xiy =Y2) A... A(zi, =y,) and g is the function that maps
j € {1,...,r} tothe position of z;; in & and that maps j € {r+1,...,7+I}
to the position of z;_, in a.

O

Taking £ = 0 and R equal to any nonempty relation in the above theorem,
we obtain:

Corollary 7. Over the class of nonempty databases GF sentences and 0-ary
SA= expressions have equal expressive power.

Here, a database is said to be empty if all its relations are empty.

Let us now allow arbitrary semijoin conditions (still over equality only).
Specifically, nonequalities are now allowed. We will denote the semijoin algebra
over Q = {=} by SA#. Then, GF no longer subsumes SA#. A counterexample
is the query that asks whether there are at least two distinct elements in a single
unary relation S. This is expressible in SA7 as S X, ,, S, but is not expressible
in GF. Indeed, a set with a single element is guarded bisimilar to a set with two
elements [2, 10].

Unfortunately, these nonequalities in semijoin conditions make SA undecid-
able.

Theorem 8. Satisfiability of SA7 expressions is undecidable.

Proof. Gradel [8, Theorem 5.8] shows that GF with functionality statements
in the form of functional[D], saying that the binary relation D is the graph
of a partial function, is a conservative reduction class. Since functional[D] is
expressible in SA7 as D X, =y, azozys D = 0, it follows that SA7 is undecidable.

O

In the next section, we will generalize guarded bisimulation to the semijoin
algebra, with arbitrary quantifier-free formulas over Q as semijoin conditions.
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4 An Ehrenfeucht-Fraissé game for the semijoin
algebra

In this section, we describe an Ehrenfeucht-Fraissé game that characterizes the
discerning power of the semijoin algebra.

Let A and B be two databases over the same schema S. The semijoin
game on these databases is played by two players, called the spoiler and the
duplicator. They, in turn, choose tuples from the tuple spaces T4 and Tg, which
are defined as follows: T := Upeg U {mx(A(R)) | X C {1,...,arity(R)}}, and
Tp is defined analogously. So, the players can pick tuples from the databases
and projections of these.

At each stage in the game, there is a tuple @ € T4 and a tuple b € Tg. We
will denote such a configuration by (A, a; B, b). The conditions for the duplicator
to win the game with 0 rounds are:

1. VR € S,¥X C {1,...,arity(R)} : @ € mx(A(R)) & b € mx(B(R))

2. for every atomic formula (equivalently, for every quantifier-free formula)
0 over Q, 6(a) holds iff 8(b) holds.

In the game with m > 1 rounds, the spoiler will be the first one to make a
move. Therefore, he first chooses a database (A or B). Then he picks a tuple
in Ty or in Tp respectively. The duplicator then has to make an “analogous”
move in the other tuple space. When the duplicator can hold this for m times,
no matter what moves the spoiler takes, we say that the duplicator wins the
m-round semijoin game on A and B. The “analogous” moves for the duplicator
are formally defined as legal answers in the next definition.

Definition 9 (legal answer). Suppose that at a certain moment in the semi-
join game, the configuration is (A, a@; B, b). If the spoiler takes a tuple & € T in
his next move, then the tuples d € T, for which the following conditions hold,
are legal answers for the duplicator:

1. VR € S,¥YX C {1,...,arity(R)} : d € mx(B(R)) & ¢ € nx(A(R))
2. for every atomic formula # over Q, 6(a, ¢) holds iff (b, d) holds.

If the spoiler takes a tuple d € T'g, the legal answers ¢ € T4 are defined identi-
cally.

In the following, we denote the semijoin game with initial configuration
(A, a; B,b) and that consists of m rounds, by G,,(4,a; B,b).
We first state and prove

Proposition 10. If the duplicator wins G,,(A,a; B,b), then for each semijoin
expression E with < m nested semijoins and projections, we have @ € E(A) &
be E(B).
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Proof. We prove this by induction on m. The base case m = 0 is clear. Now
consider the case m > 0. Suppose that @ € E; xy Fy(A) but b € Ey x¢ Ex(B).
Thena € FEi(A) and 3¢ € Ey(A) : (a, ¢), and either (*) b € E; (B) or (**) =3d €
E5(B) : §(b,d). In situation (*), @ and b are distinguished by an expression with
m — 1 semijoins or projections, so the spoiler has a winning strategy; in situation
(**), the spoiler has a winning strategy by choosing this ¢ € F,(A) with 6(a, ¢),
because each legal answer of the duplicator d has (b, d) and therefore d ¢ E»(B).
So, the spoiler now has a winning strategy in the game G,,_1 (A4, ¢ B, d). In case
a projection distinguishes @ and b, a similar winning strategy for the spoiler
exists. In case @ and b are distinguished by an expression that is neither a
semijoin, nor a projection, there is a simpler expression that distinguishes them,
so the result follows by structural induction. O

We now come to the main theorem of this section. This theorem concerns
the game G (A, @; B, b), which we also abbreviate as G(A, a; B,b). We say that
the duplicator wins G(A,a; B,b) if the spoiler has no winning strategy. This
means that the duplicator can keep on playing forever, choosing legal answers
for every move of the spoiler.

Theorem 11. The duplicator wins G (A, a; B, b) if and only if for each semijoin
expression E, we have a € E(A) & b€ E(B).

Proof. The ‘only if’ direction of the proof follows directly from Proposition 10,
because if the duplicator wins G(A,a; B,b), he wins G,,(A,a; B,b) for every
m > 0. So, @ and b are indistinguishable through all semijoin expressions. For
the ‘if’ direction, it is sufficient to prove that if the duplicator loses, @ and b are
distinguishable. We therefore construct, by induction, a semijoin expression E7
such that (i) @ € EL(A), and (ii) b € EZ(B) iff the duplicator wins G.(4,a; B, b).
We define E? as

a0, ( ) N m~(R)) - | U mx(R)

RES {XCZ|acnx(A(R))} RES {XCZ|agrx(A(R))}

In this expression, Z is a shorthand for {1,...,arity(R)} and 65 is the atomic
type of a over (2, i.e., the conjunction of all atomic and negated atomic formulas
over () that are true of a.

We now construct E? in terms of EL ™'

S

(B o B2 0 (B2 = [J U (B2 %o () (BZTH)mY))
ZETA j=1 0 TETA
9(a,c)
In this expression, 6z is the atomic type of a and ¢ over (); s is the maximal
arity of a relation in S; € ranges over all atomic 2-types of two tuples, one with
the arity of @, and one with arity j. The notation E°°™P! for an expression of
arity k, is a shorthand for

(Y U mx(R)) - E
ReS X C{1,...,arity(R)}
#X—k
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O

5 Queries inexpressible in the semijoin algebra

Grédel [8] already showed that transitivity is not expressible in the guarded
fragment. We will now show that transitivity is still inexpressible in the more
powerful semijoin algebra.

Theorem 12. Transitivity is inexpressible in the semijoin algebra.

Proof. We will give two databases A and B over the schema S containing a
single relation R, that are indistinguishable by semijoin expressions, and with
the property that R is transitive in A and not in B. These databases are shown
graphically in Figure 1.

Figure 1: Databases A (left) and B (right) that imply inexpressibility of tran-
sitivity in the semijoin algebra

In this figure the edges represent the relation R. A moment’s inspection re-
veals that the duplicator has a winning strategy in the semijoin game G (A4, (); B, (}).
For the sake of completeness we give here the formal strategy. We do this by
using the following bijections from tuple space T4 to Tg.

f:TA—>TB g:TA—>TB
a—~g | ab— gh a—j ab— jk
b—h bc — hi b—k be — kl
cH i de — jk c—1 de — gh
dw—j ef — ki d—g | ef — hi
e—k ac— gl e—h ac v ji
f=l df — ji f—=i df — gl

When the spoiler makes his first move, the duplicator has a legal answer by
taking the image or pre-image of the spoiler’s chosen tuple under bijection f.
The duplicator now continues answering each spoiler move by applying f or f~!
to the chosen tuple, until:

e in configuration (A, ac; B, gl) the spoiler chooses bc or kl, or

e in configuration (A, be; B, hi) the spoiler chooses ac or ji, or
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e in configuration (A, df; B, ji) the spoiler chooses ef or hi, or
e in configuration (A, ef; B, kl) the spoiler chooses df or gl.

In either case, the duplicator answers with the tuple obtained from applying
g or g~ ! to the chosen tuple, and from then, he follows strategy function g.
Following g, he switches back to strategy function f whenever:

e in configuration (A, ac; B, ji) the spoiler chooses bc or hi, or
e in configuration (A, be; B, kl) the spoiler chooses ac or gl, or
e in configuration (A, df; B, gl) the spoiler chooses ef or kl, or
e in configuration (A, ef; B, hi) the spoiler chooses df or ji.
O

Another example of a query inexpressible in the semijoin algebra is the
following:

Theorem 13. The query R = m (R) X m2(R)? about a binary relation R is
inexpressible in the semijoin algebra.

Proof. In Figure 2, two databases A and B are shown where A satisfies the

query and B does not. The duplicator has a winning strategy in the semijoin
game G (4, (); B, (). U

@
—

Figure 2: Databases A (left) and B (right) that imply inexpressibility of the
query of Theorem 13.

6 Impact of order

In this section, we investigate the impact of order. On ordered databases (where
Q now also contains a total order on the domain), the query that asks if there
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are at least k elements in a unary relation S becomes expressible as at_least(k),
which is inductively defined as follows:

atleast(l) := S
atleast(k) = S Xg <y (atleast(k — 1))

Note that this query is independent of the chosen order. This parallels the
situation in first-order logic, where there also exists an order-invariant query
that is expressible with but inexpressible without order ([1, Exercise 17.27] and
[6, Proposition 2.5.6]).

Transitivity remains inexpressible in the semijoin algebra even on ordered
databases. Consider the following databases A and B over a single binary rela-
tion R: A(R) is the union of X, Y and Z, where X = {1,...,m} x {2m + 1},
Y ={£2m+1} x{m+1,....,2m}, and Z = {1,...,m} x {m + 1,...,2m};
B(R) = A(R) — {(™1,m + =£1)}. Clearly, R is transitive in A, but not in B.
We have shown elsewhere [11] that when m = 2n + 1, the duplicator has a win-
ning strategy in the n-round semijoin game G, (4, (); B, ()). By Proposition 10,
transitivity is not expressible in SA with order.
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Abstract

Traditional databases do not explicitly represent the portions over their
schemas for which they are sound and complete. This paper proposes a
method by which very fine grained meta-data descriptions may be attached
to relational data sources to describe, among other things, the portions of var-
ious tables for which the database has complete data. Because of the formal
properties of the meta-data description language, itself expressible within the
guarded fragment of first-order logic, intensional descriptions of the cover-
age offered to a specific query may be generated. The techniques discussed
in this paper are general and may apply to many scenarios where fine-grained
meta-data descriptions are associated with tuple sets.

1 Introduction

Often one is prepared to make very specific declarations of soundness and com-
pleteness in a database. For example | am willing to say that my database has
correct records for all of the commercial airports in Sweden. | may continue and
declare that my database has all the schedule information for all of the flights to the
Swedish airport with code ‘UME’ on a specific date. In any case these declarations
of local soundness and completeness are fine-grained vavasare asserted as a
dynamic part of populating or modifying the database.

The problem is that these declarations should be merged and managed so that
when the database is queried, a coherent description of the database’s completeness
(or incompleteness) may be provided with respect to the specific query. Thus when
the user asks for all the airport tuples in Sweden, Norway or Denmark they should
be informed that their answer is complete for Sweden and not so for the remaining
countries.

IHereafter let us assume that such views are sound. The notion of complete in this case corre-
sponds to the closed world assumption being applicable over the view.
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More abstractly, consider that we have a sat efews: v, ..., v, that describe
the portion of the schema for which the database has sound and complete coverage.
The problem is, given a quety to calculate the portion ef that may be answered
with certainty’ using the views. The answer to this problem is a disjoint partition
of the original queryy into two querieSycertain 8NdQuncertain Whereqeertain IS
the portion of the query that may be answered with certaintyqgid tain iS the
remainder that may ndite answered with certainty over the views.

In relation to the general problem of answering queries using views(see [14]),
the problem here is to obtain a maximally contained rewriting of a query using
a set of closed-world views. Of note the language in which views (or queries)
are expressed is well-beyond [6] the class of conjunctive queries [7]. The key to
obtaining a solution to this problem, is the limitation of projection to whole schema
tuples [16] and the restriction of tuple calculus formulas to a decidable class that
may be translated to the guarded fragment of first-order logic [2].

The plan of this paper is as follows. Section 2 covers basic definitions and
introduces the notion aéchema tuple querieshich give us a convenient way
to describe sets of tuples within database tables. Section 3 presents the guarded
schema tuple query languager and its extension to full multi-typed disjunction,

QaT. Additionally section 3 shows that one can calculate syntactic difference and
intersection as well as decide query containment for queries expressed @4thin
Section 4 discusses some of the formal limitations‘gt (and QzT) and some

weak methods that might remedy them. Section 5 presents a solution to the prob-
lem of deriving maximally contained rewritings where the query and view descrip-
tions are expressed within the languager and the certain answer description is
expressed within the languadg;t. Section 6 discusses this work in relation to
related work. Section 7 concludes this paper and outlines some of the prospects for
future work in this area. The proofs are given in the appendix.

2 Basic Notions

Let us assume the existence of three disjoint s&fs:the universal domainof
atomic values®, predicate nameand 4, attribute names Without loss of gen-
erality, let us assume thdt is a countably infinite, totally ordered set. Létbe

a distinct symbol representing the type@f A relation schema Rs a sequence
(A1:U,...,Ar:U) wheren > 1 is called thearity of Rand allA; € 4 are distinct
attribute names. Alatabase schema B a sequencéP; : Ry, ...,Pn : Rn), where
m> 1, PB’s are distinct predicate names aRgk are relation schemas. mlation
instance rof Rwith arity nis a finite subset ofi". A database instance df D is

a sequenceéP; : ri,...,Pn: rm), Wherer; is a relation instance d® fori € [1..m|.
Hereafter we assume the database schema is fixed and thus drop refef@nce to

2The notion of certain answers here is that of certain answers in [1] under closed-world views.
Specifically an answarto queryq is certain, if it is an answer tg over all databases wherve, ..., v,
are sound and complete views. See the formal definition of certain answers in section 5.
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2.1 Tuple Relational Calculus

The tuple relational calculus is a ‘syntactic sugar’ over first order logic that lets us
range variables over tuples of a relation, rather than over constants within a fixed

argument position of a relation. Tuple calculus is widely used in database research

and was introduced by Codd [9].

Let Z be the set of all tuple variables and foe Z let za be thecomponent
referenceo attributea of the relation over whiclz ranges. We say that such com-
ponent references ameaningfulif a is indeed an attribute of the relation over
which zranges. LeB denote one of the operators(>,<,>,< or #), lete denote
a set membership operatar ¢r ¢).

Let us inductively define thauple relational formulas The atomic tuple for-
mulasare:

1. Range Conditions: P(z), whereP is a predicate name arzd: Z.

2. Simple Conditions: X0Y, whereX is a component reference avd= U.
3. Join Conditions: X8Y, where bothX andY are component references.
4

. Set Conditions: XeY, whereX is a component reference aids a set of
constants drawn fronal. (e.g.X.A € {y1,...,Yn})

All atomic formulas are tuple relational formulas andFif andF, are tuple
relational formula, wher&; has some free variable thenF, AR, F VR, —F,
(3z)F1 and(Vz)F; are also tuple relational formulas. The Be¢e(a) C Z denotes
the free tuple variables of the formula We say a condition immeaningfuif all of
its component references are meaningful. We say that a formsida# all of its
tuple variables range over a fixed number of relations.

2.2 Integrity Constraints

As is common, primary keys are expressed through functional dependencies and

functional dependencies are expressed as universally quantified tuple formulas
Specifically the functional dependendy— A over the relatior® whereW is a set

of mattributes and\ is a single attribute dP is expressed as the universally quanti-
fied formula: (VX) (Vy) (P(X) AP(Y)A Y.W1 = X.W1 A ... AY.Wm = X.Wm = .2 =X.a).

We shall use the symbdl to denote the set of all of the functional dependencies
that hold over the database.

Foreign key constraints are simply a special case of inclusion dependencies. An

inclusion dependency from the arbitrary sequence of attritaytes, an, in relation

P to the arbitrary sequence of attributgs..., by, in P’ is expressed as the formula:
(VX) (P(x) = (3y)(P'(y) Ax.aa = y.b1 A ... AX.am = y.bm)). We shall use the symbol
| to denote all of the inclusion dependencies that hold over the database.
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Example 1 (A relational database schema):

City(name, countrylatitude, longitude)

Airport(code country, latitude, longitude)

Flight(fnum carrier, fromirport, tOairport)

Schedule(flight;ign:, date depTime, arrTime)
where the primary keys are underlinadd the foreign keys are subscripted by the
relation to which they refer

2.3 Schema Tuple Queries

So much for relational orthodoxy, we now introduce the notion of typed schema
tuples and schema tuple queries.

Definition 1 (Schema tuples)
Theschema tuple of the database instandas the pair(PR, : 1), where 1<i<m
andpis a single tuple im;.

Example 2 (Two example schema tuples)
T1 = <Airport: ’'ULM’,’Germany’,47,13>
Tp =<City: 'ULM’,'Germany’,47,13>

We say thatypgt) = R and we say the componentsoére the components
of W The schema tuple is equal to the schema tupte if and only iftypgty) =
type(t2) and they match on alomponents. Thus; # 12 even though they have
equal corresponding components.

Definition 2 (Schema tuple queries)
A schema tuple querg an expression of the forgx|a}, wherea is a tuple rela-
tional formula over the single free tuple variable

When we write the expressidx|a} we normally assume that the expression
a is over the free tuple variabbe For the schema tuple T € {x|a} if {t/x}(a)
where{t/x}a means to substitute the tetrin place ofxin a. Thus aschema tuple
gueryis simply the intensional description of a schema tuple set. The actual tuples
within this set are the extensional answers to the schema tuple query.

3 Guarded Schema Tuple Query Languages

We shall now turn our attention to an interesting sub-language of the language of
tuple relational formulas.
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3.1 LgTt and its decidability

We shall inductively define the set gliarded componentdlote that in this defini-
tion, we assume that the guarded compomngenter the variables may be written
ass- (3y)(P(y) A @) wheresis the sign (empty or1), P(y) is the guard angis the
bodyof the component.

Definition 3 (Guarded components)

1. The formula3y)(P(y) A @) is a guarded component whepés a conjunction
of meaningful set and simple conditions limited to the operatomnd #
overy.

2. If y andy’ are guarded componedtshen(3y)(P(y) A@AS - (3y) (P (Y) A
ya=Y.bA()) is a guarded componénivherey.a = y.b is a meaningful
equality join between the attribugeof P and the attributdé of P'.

3. If g and¢ are guarded components, thén ¢ and— are guarded compo-
nents.

Note that the guarded componeptmay be written ag3y)(P(y) A @ A @ A
...\ @), Whereq is thei-th conjunct ofgp. We say that the guarded component
is normalif it is written so that all the simple and set conditions oyare grouped
in @y and eachy for 0 < i < ninvolves exactly 1 normal child-component.

Definition 4 (The language.gT)
The language st consists of all formulas of the form,

P(X) A (ALo®)

obtained from a normal guarded component over the variable

Thus the languagécT is obtained by simply removing the existential quanti-
fier at the head of a normal guarded component. Note that queries builtsing
arenon-cyclic A query is said to beelf-joiningif the queries descendent com-
ponents have a variable that ranges over the same relation that the free variable
ranges over. Finally we speak of thdth of a query as the depth of the deepest
descendent of the head component of the query. Of the following queriesgonly
is self joining and no query has a width greater than 3.

Example 3 (Queries and views built usingsT)

Swrittens- (3y) (P(y) A@) ands - (3y)(P'(y') A @) respectively.

4y is said to be ahild-componentf Y in this case. Likewisey is said to be thearentof
Y. This naturally leads to the corresponding notidescendentancestoy components of a given
component.



vy :“The airports in Sweden”
{x|Airport(x) A x.country= “Sweden’}

g1 :“The airports in Scandinavia”
{x|Airport(x) Ax.countrye {“Sweden’ “Norway”, “Denmark”} }

vy “Flights within Sweden”

{x|Flight(x)A
(3ya) (Airport(y1) Ayir.code= x.to Ay;i.country= “Sweden’) A
(Jy2) (Airport(y2) Ayz.code= x. fromA y,.country= “Sweden’) }

g2 :“Flights to Ume, not from Arlanda”
{x|Flight(x)A
(Jy1) (Airport (y1)A
yi.code= x.toAy;.code= “UME” Ay;.country= “Sweden’)A
—(3y2) (Airport(y2)A
y2.code= x. fromAys.code=“ARN” Ay,.country= “Sweden’)}

v3 :“Schedules for domestic flights to Uraén first 2 days of December, 2003”
{x|Schedulé&)A
x.datee {“2003120120031202%
(3ya) (Flight(y1) Ax. flight = y1. fnumn
(Iy2) (Airport(y2) Ays. from= ys.coden y,.country= “Sweden’) A
(Jys)(Airport(ys) Ayi.to = yz.codeA ys.country= “Sweden’A
ys.code=“UME”"))}

gs :“Swedish airports that have flights to every other airport in Sweden”
{x|Airport(x)A
x.country= “Sweden’A
—(3Jy1) (Airport(y1) Ays.country= “Sweden’A
—(3y2) (Flight(y2) Ayo. from= x.codeA y,.to =y;.code)}

Note that ingz we assume that all airports have a flight to themselves.

Theorem 1 (Lgt is decidable for satisfiability)

For all £ € LgT over the free variablg, we may decide if there exists a database
instanced, satisfying the inclusion dependenciegor which {1/x}¢ wheret is a
schema tuple iml.
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3.2 The LanguageQgT

We define the languag@sT as the closure of gt over disjunction where the free
variable within each disjunct may range over a different relation.

Definition 5 (The language&)sT)
g € Qg if qis written as a finite expressida Vv ... V ¢, where eaclf € LT and/
is over the free tuple variable

Theorem 2 (QgT is decidable for satisfiability)

For allg € QgT over the free variablg, we may determine if there exists a database
instanced, satisfying the inclusion dependencledor which {t/x}q wheret is a
schema tuple iwl.

3.3 Syntactic intersection and difference

We may describe the set difference (or intersection) of two queries built@yer
with a third query built oveQgT.

Theorem 3 (Syntactic intersection st queries)
Letg; € Qzt andgz € Qgr. Then there is &3 € Qg7 such that for all database

instancegx|a1 } N{x|az} = {x|az}.

Theorem 4 (Syntactic difference afgt queries)
Letg; € Qet andgz € Qar. Then there is &3 € Qg7 such that for all database

instancegX|d1} — {x|02} = {x|qa}.

3.4 Query containment

Theorem 5 (C,= and disjointness oveQsT)
If g1 € QaT, G2 € QT andl are the set of inclusion dependencies, then one may
decide if:
1. {x|au} < {X|a}
2. {Xon} = {x|o}
3. {X|o} N{X|qz} = 0.
are necessarily true over the set of all database instances for ivniddis.

4 Weak Properties

There are two issues that remain formally unresolved in this wemforcing func-
tional dependencieand simplifying queries In both cases we comment on the
formal difficulties as well as on weaker methods to practically address these is-
sues.

33



4.1 Enforcing Functional Dependencies

Unfortunately there are limitations when considering decidability’gf under
functional dependencies. The guarded fragment is not decidable in the company of
assertion statements [12]. Thus the following query is deemed to be satisfiable:

{x|Flight(x)A
(Jy1) (Airport(y1) A x.from=y;.codeA y;.country= “Sweden’)
(Jy2) (Airport(y2) A X. from = yp.coden y,.country= “Norway”) }

The approach here is to rewrite expressiongdn into enhanced expressions
that capture at least some of the relevant functional dependencies. Thus for the
functional dependend¥¥ — A over the relatiorP, a simple case of this is achieved
by rewriting any component3dy)(P(y) Ay.a = c) wherec € U, to (3y)(P(y) A
ya=-cA —=(3Y)(P(Y)A yw; =Y. Wi A ... AY.Wm =Y .Wn AY.a# c)). Clearly this
does not cause any problems because the langlggstays closed under such a
transformation.

Thus based on the functional dependea&ye — country holding overrirport
we transform the query from above to:

{x|Flight(x)A
(Iya) (Airport(y1) Ax. from = yj.codeny;.country= “Sweden”
—(3ys) (Airport(ys) Ay1.code= yz.codenys.country “Sweden’))
(Jy2) (Airport(y2) A X. from = ys.codeA y,.country= “Norway”
—(3ya) (Airport(ys) Ayo.code= ys.codeA ys.country# “Norway”)) }

In this case the functional dependency is reflected and the query is correctly
deemed to be unsatisfiable. This technique, by itself, still lacks strength. Consider
the example query:

{x|Schedulé&)A
(3y1) (Flight(y1) A x. flight = y;1. fnuma
(3yz2) (Airport(y2) Ayi. from= y,.codeA y,.country= “Sweden’)
(Jys) (Flight(ys) A x. flight = y3. fnuma
(3ya) (Airport(ya) Ays. from= ys.codeA ys.country= “Norway”))

In this query the above technique is insufficient because the functional depen-
dencies oveFlight never get a chance to impact the decision. What we need is
an extended technique to push constants throughout the query based on functional
dependencies. To get a clearer view of this process, consider that the child rela-
tionship between guarded components defines a path through the schema that uses
either foreign key to primary keydreign key referengeor primary key to foreign
key (primary key referenced bywteps. Let us assume the existence of a function
that maps a given primary key const&rib a corresponding foreign key constant
within the same table. Such a function is defined for every pair of primary/foreign
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key attributes of a table. We denote this function on the relafidretween the
primary keyK and the foreign key attributd asFKR ,(U") — U wheren is the
number of attributes iK. '

If we Skolemize the translation of our query in FOL, then (at least) all of the
domain variables corresponding to the free variatiéll have Skolem constants
We may then use the$e&K functions to push constants through foreign key refer-
ences. Interestingly this technique works no matter what the sign of the quantifier
and stands as an orthogonal technique to standard Skolemization. The process
is guaranteed to generate a finite Herbrand universe because the queries are non-
cyclic and thus the application of tieK function will be finite. If this technique
is used along with the rewriting technique above then the problem query above is
deemed unsatisfiable.

One can imagine an even more extended version of this approach where each
descendent component of a query is individually tested as a separate satisfiability
problem, complete with rewriting arfelK based constant propagation. Though of
practical importance, it is unlikely that such an approach will ever fully resolve
the formal difficulties of enforcing functional dependencies oggr. Further
evidence for this limitation comes from the undecidability of inferring additional
inclusion or functional dependencies from a given set of functional and inclusion
dependencies [17][8]. Recent progress [15] has been made to tease out those cases
where the interaction is limited, and it remains a goal to incorporate such results
into the approach described here.

4.2 Simplification

Given an expressione Qgt We say thaty is aequivalent rewritingpf q if there is
a finite sequence of semantically equivalent formgjas..gn, such that; is g and
Om is  and eachy;; is obtained fronm; by applying arewrite rule The rewrite
rules that we use include the routine rewrite rules [19] and several special cases
designed around the syntactic form @§r. Of interest we also include rewrite
rules that test if two distinct existential variables can be merged or if one may
drop variables, components or conditions wholesale. In such cases, an explicit
equivalence test is issued to insure that a semantically equivalent query has been
written.

In summary, we have a set of sound, but not necessarily complete set of rewrite
rules for queries iMQst. We employ these rewrites to search $tiorter (in terms
of the number of conditions) equivalent rewritings of a query. In practice we are
able to simplify a wide class of queries within reasonable time.

5Note that the unique names assumption does not hold over such constants.
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5 Reporting Completeness

We now shall solve a general case of the problem posed in the introduction. Namely
for the queryg and then viewsvy, ..., v, expressing sound and complete coverage,
we seek to partition the query into the two disjoint piegGeStain @NdQuncertain

where the portiori..tain May be evaluated over the database to retrieve all avail-
able certain answers to the query. Let us define certain answers in this context.

Definition 6 (Certain answers)

Given a set of sound and complete views..., v, each written{x;|v; }, a tuplet is
acertain answeto the query{x|a}, if and only ift € {x|a} for all database states
d consistent with the extensionsof, ..., v,.

Naturally for the problem here we assume that Lgt andv; € Lg7. The
problem is thus to show a procedure to obtain a schema tuple qugry that
obtains only the certain answers{tda} given the sound and complete views.

5.1 Obtaining certain query descriptions from a single view

We observe that it is not necessarily the case #mgttuple from a view whose
description semantically intersects with the query description, will actually be a
certain answer to the query. Formally, for thth view, if T € {x[{x/X}{ AVi}
then it is not necessarily true thats a certain answer tx|¢}.

For intuition consider that a schema tuple view writtenigr, on its own, in
not able to evaluate conditions on other relatfor8o, when considering a query
posed over a single view, we just as well mighincatethe query so that it ige-
finableover the view. Formally query truncation is carried out by singiypping
all non-free variables of the query formula Dropping a variable means that the
variable and any corresponding components using the variable are removed. The
result of this process is writtefx|drop(¢) } and it always results in a more general

query.

Theorem 6 (Certainty test over single views)
T is a certain answer to the not self-joining quéry/} posed over the single view
{X|v} if and only if for all database instancest € {X'|{X'/x}drop(¢) Av} and

{X{X /x}drop(¢) Av} = {X|{X /x}{ AV}.

5.2 Obtaining certain query descriptions over a set of views

In the actual algorithm we search out the most general view combinations that
return certain answers to the query. We call each view combinajitemaSpecif-

ically a plan is a rewrite of where variables are singly matched with views from
the given set oh views. The manner in which this is achieved is straightforward. A

6Self-joining queries are an exception to this statement.
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search tree is built where each node contains a plan. The original query faimula
is the plan within the root node of a search tree. Nodes are expanded, by replacing
an unmatched variable from the origiffakith a view description from the set of
views. Formally, assume that the compon@iy) (P(y) A @ A @A, ..., A@) Occurs
within the plan¢’ andv; is P(x) A¢@. The match betweepnandv; is reflected in the
rewritten component3x ) (P(xi) A {Xi/Y}@ A {X/Y}@A, ..., A{Xi/Y} @ A @). We
say that?” € Lt is obtained fron?¥’ where such a component has been rewritten.
At the level of the search tree, we say the node with the glas obtained from
the node with the plad by matching the variablg within ¢’ to the viewv;.

Variable matching occurs top-down in the plan moving from parent to child
components if. The termination test for node expansion is if the node meets one
of the following three conditions:

1. The node’s plan is unsatisfiable.

2. The node’s plan, with unmatched variables dropped, can be used to give
certain answers to the query.

3. There are no remaining unmatched variables within the node’s plan.

This process results in a finite tree©f(nm)™) nodes where is the number
of views andm s the number of tuple variables i This tree is traversed and the
set of certain answer generating plans are obtained. These plans are pooled into an
expression irQgT that intensionally describes the certain answers. This expression
may be evaluated over the database to generate the actual certain answers, or it may
be simplified and presented as a summary description

Theorem 7 (Certain answers over a set of views)

Given a set of sound and complete views...,v,, each written agx;|v;} where
Vi € LgT and the non self-joining query|¢}, the certain answers fx|¢} may be
written as the expressiofx|o} whereo € Qgr.

5.3 Examples of certainty reporting

Here we see the ideas of reporting completeness in action. These examples draw
upon expressions from example 3 as well as the following additional inputs:

v4 :“Schedule information for all domesic Swedish flights for
November 30 and December 1, 2003”

{x|Schedulé&)A
x.datee {“20031130", “20031201}A

"It is possible that such descriptions include impossible states that violate the functional depen-
dencies of the database. Thankfully, by definition, such descriptions are never answer yielding.
Moreover if the techniques of section 4.1 are used, many empty answer reports will not occur in
practice.
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(Jy1) (Flight(y1) A x. flight = y1. fnuma
(3y2) (Airport(y2) Ayi.from= y,.codeny,.country= “Sweden’) A
(Jys)(Airport(ys) Ayi.to = yz.codeA ys.country= “Sweden”) }

04 :“Schedule information for flights arriving in Undeor Luleéd, Sweden”
{x|Schedulé&x)A
(3ya) (Flight(y1) Ax. flight = y;. fnumn
(Jy2) (Airport(y2) Ays1.to = yo.codeAys.codec {“UME” | “LUL" }A
y2.country= “Sweden’))}

Example 4 (Example outputs)
Assuming that the set of views ave,v,,vs andv, from above, query; ... is
exactly the form ofs4, for queryqa:

qzcertain :
{x|Flight(x)A
(Jy1) (Airport(y1)A
Ayz.code= x.toAy;.code=“UME” Ayj.country=“Sweden’)A
—(3y2) (Airport(y2)A
yz.code= x. fromAy,.code= “ARN” Ay,.country= “Sweden’)
(Jys)(Airport (ys) Ays.code= x.from Ays.country = “Sweden”)}

qs may be answered completely and for quegy

q4cerlain :
{x|Schedulé&)A

x.date € {“20031130",“20031201",“20031202"} A
(Jy1) (Flight(y1) A x. flight = y;1. fnuma
(Iy2) (Airport(y2) Ays1.to = yo.codeAys.codec {“UME” | “LUL" }A
y2.country= “Sweden”)
V
Schedulé&)A
x.date € {“20031201",“20031202"} A
(3y1) (Flight(y1) A x. flight = y31. fnuma
(3y2)(Airport(y2) Ayi.to = ys.codeAy,.code= “UME” A
y2.country= “Sweden’))}

Material in bold states what additional conditions are necessary for certainty given
that the viewsry, vo, v3 andv, are sound and complete.

5.4 Simplification of a set of views

As a final issue, we consider that one would like to compile view descriptions
off-line into more compact semantically equivalent forms to speed up on-line pro-
cessing. This is simply the minimization process of 4.2 with the added constraint
that any rewriting of the set of views, ..., v, to v}, ...,v), must be semantically
equivalent ananust able to give certain answers to each input wew.., vy,.
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6 Related Work

The problem addressed in this work relates to the two problems of deriving maxi-
mally contained rewritings of a query over a set of views [14] and the problem of
obtaining certain answers [1][13] over closed-world views. In fact, we combine
these problems into the single problem of deriving a certain rewriting of a query,
given a set of closed world views.

The derivation of the certain answer description, is greatly simplified by the
schema tuple query assumption. To the author's knowledge no prior work has in-
voked the ‘schema tuple query’ restriction explicitly. Certainly one could imagine a
regime in which the schema tuple restriction would be enforced over non-recursive
Datalog. In such a cas@zt would be correspond to the class of non-recursive
Datalog programs with negation in their rule bodies.

Though it may seem to be an odd restriction, there are two principle reasons
why the schema tuple restriction is made: The first reason is that set difference
is fully defined over schema tuple query answer&esince the atoms of sets
are whole tuples, we can speak of taking the ‘typed’ difference between two tuple
sets. In fact we can derive such query differences syntactically without having to
materialize answer sets (see theorems 3 and 4). We may also speak of taking differ-
ences between tuple sets of heterogeneous types. If, however, we relax the schema
tuple query restriction and permit projections and thus non-typed relations, then
we face the prospect of taking differences between non-union compatible, non-
typed relations. The second reason for the schema tuple restriction centers around
the perspicuity of intensional descriptions. Because tables correspond roughly to
the nouns and verbs of a domain, descriptions should center around collections of
such objects. Unrestricted projection would probably so complicate query expres-
sions that the task of generating crisp, understandable natural language descriptions
would be doomed.

The limitations of the schema tuple restriction may usually be overcome by
considering a virtual, highly decomposed version of the schema. Alternatively one
may enable projection and simple aggregation as an activity on the periphery of a
core schema tuple expression processor. Finally it should be noted that there is a
very direct correspondence between queries specifigiginand standard SQL.
Queries inLgT mirror the SQL of the form:

SELECT *
FROM R AS x
WHERE
[NOT] EXISTS (sub-query) AND ... ;

8Decidable description logics [10] of the tyge.C and beyond also share this propeyX) -
B(x) may be represented &¢x) 1 —B(x)). Description logics typically use unary and binary predi-
cates which formalize traditional semantic network role/filler systems. As such they are interesting
fragments of logic over predicates of at most two variables [4]. For an in depth discussion of this
limitation with respect to databases see [16].
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where thesub-query is of the same form. Naturally simple and join conditions
may be added to such queries and there may be more than one sub-query.

The languagelgT is related to the language described in [16], when the au-
thor was unaware of the guarded fragment [2] of first-order logic. This prior
language, now namedsgT relied on the decidability of thel*v* fragment [3]

Interestingly this fragment is not normally decidable under complementation
(—FV*p = V*I*p), yet LspTiS. The reason thafsgt stays closed under com-
plementation is intimately connected with the aforementioned schema tuple query
assumption. In any case it will be interesting to compare the practical and theoret-
ical trade-offs betweersgt and LgT.

It should finally be mentioned that the practical problem addressed in this work
is very similar in spirit to the problem confronted by the PANORAMA system [18].
PANORAMA allows users to attacpropertiesto views and then decides which
other views inherit such properties. PANORAMA's view definition language is
strictly conjunctive [7] and the set of properties inclusindnesscompleteness
andemptinessbut it is an open, extensible set. PANORAMA associates a meta-
schema with the actual schema where the meta-schema encodes the view defini-
tions with associated properties. Queries are processed over both the base relations
as well as the meta relations. The normal extensional answer is augmented with
a set of view/property pairs that cover the extensional answers. The technique is
efficient, yet incomplete. That is not all relevant covering views will be reported
in the meta-answer. Motro terms his approaddebraicand contrasts it with the
logical based work isemantic query optimizatidb].

7 Conclusions and future work

The main result of this paper is to show that if sound and complete materialized
views are described using the languags and the user’s query is specified using
the language.gT and is not self-joining, then one may generate intensional de-
scriptions (within the languag@gt) of the certain answers of the query over the
views. Moreover one may directly apply the resulting query over the materialized
views to obtain such certain answers.

The languages<st and Qzt may be translated into the highly expressive
guarded fragment of first order logic [2][12]. We envision the application of these
results in a number of areas including, but not limited to, data warehousing, se-
mantic query optimization and cooperative query answering.
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10 Appendix

Proof of Theorem 1:

Let L be a first order language. Tleomic formulagor atoms) ofL are of
the usual formsv; = v, for domain variables1,v, andP(vy, ..., v,) for the n-ary
relation symboP € P.

Definition 7 (Guarded formula [2])
Theguarded formula®f L are defined inductively as follows.

1. An atomic formula is a guarded formula
2. If ¢, are guarded formulas, thgm\ Yy and—¢ are guarded formulas.

3. Letvbe a finite, non-empty sequence of domain variahjes ,guarded for-
mula andG an atom such thdree(y) C Free(G). Then(3v)(GAY) is a
guarded formula wheré is called theguard of the quantifier.

Sentences within the guarded fragment with equality are decidable for satisfi-
ability, have the finite model property and have the tree model property [2][12]. If
we can translate any expressibr Lt as well as well as the inclusions depen-
dencied into the guarded fragment, then theorem 1 will be proven.

Translation of ¢ € Lt to the guarded fragment

Because we test for satisfiability, the free variable ¢f considered existen-
tially quantified: ¢/ = (3x)(¢). This re-frames the problem to that of showing
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that guarded components of the tuple calculus, defined inductively in definition
3 may always be translated from the ‘syntactic sugar’ of the tuple calculus into the
guarded fragment of first order logic.

In what follows, the notatioty corresponds to expansion of tuple variable
to a set of domain variables. These variables range over the first order preR_iicate
which corresponds B in the tuple calculus. When necessary, we write the individ-
ual variables in the first order case. That is we wiiB;), ..., (3yn) (P(Y1, ..., Yn) A
...). Constants are handled through introducing special unary ‘constant relations’
for each constant appearing in a query. Additionally we enforce mutual exclusion
between such constant relations, for exantphe (Norway(v) = —Swede(v))

It suffices to show that each resulting guarded component in the inductive def-
inition presented in definition 3 may be translated into a first order formula of the
guarded fragment.

1. The tuple formuld3y)(P(y) A @) is translated to the formul@y) (P(Y) A @)
whereq corresponds to the first order expansion of all the conditions of the
tuple formulag. In performing this translation, set operatoesgnd ¢) are
rewritten using= and # and all simple conditions are expressed through
ranging domain variables over introduced constant relations. The resulting
formula rests within the guarded fragment.

2. AY)(Py)AoAS - (3Y)(P(Y)Aya=Y.bAg)) is a guarded component
wherey.a = y'.b is a meaningful equality join between the¢h attribute of
P and thej-th attribute ofP’. The translation of this component into the

guarded fragmenti_s{EIyl), ey (V) oy (3YN) (P()?)i\cp/\ CRE\ D (ayjfl)
(Elylj+1)7""(zl>/|'1’) (P/O/l?"'7)/j717yi>ylj+1a"'a n’) /\([,'f))

3. Conjunction and negation of guarded components are merely translated down
to the first order fragment, where they are permitted.

Translation of inclusion dependencies to the guarded fragment

Each inclusion dependency Inis written in tuple calculus aévx)(P(x) =
() (P'(y) Axap = y.br A ... AX.am = y.bm)). Such expression may be translated
to the guarded fragment ag3x)(P(x) A —(3y) (P (Y UX) wherey are the vari-
ables iny which are not joined on and are the variables ir which are joined on
where it is assumed that such variables will be properly order@dyhuUX). This

resulting expression is within the first order guarded fragment.

The translation of the guarded component plus the translation of the inclusion
dependencies are conjoined together and the resulting formula is decided for satis-
fiability [11]. O

Proof of Theorem 2:
Proof:
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A satisfiability test may be conducted for each disjuncgaf Qzr. Since the
number of disjuncts is finite, based on theorem 1 this process will terminate with a
correct answer

Proof of Theorem 3:
A simple consequence of associativity and distributivity\asver\/. O

Proof of Theorem 4:
A simple consequence of DeMorgan’s law, associativity and distributivityafer
v.d

Proof of Theorem 5:

listrue iff {x|a1} — {X|gz2} = 0 under the constraints This may be decided based
on theorems 2 and 4. The decidability of 2 follows directly from the ability to de-
cide predicate 1. The decidability of 3 follows directly from the theorems 2 and 3.
O

Proof of Theorem 6:
If Tis a certain answer tox|¢} thent € {x|¢} for all database statesconsistent
with the extension{xX'|v}. Clearly, thereforer € {X'|v}. More specificallyt €
{X{X/x}¢ Av}. Now, since any possible state of affairs might exist for relations
other than the single relation whichranges over, there are always states that
could rule a tuple in or out based on whetté&r arbitrary sub-components are
satisfied. Thus for an answer to be certain, that is unable to be ruled in or out based
on states outside of, the sub-components éfmust not play a role. Thus e
{X|{X /x}drop(¢) Av} Since it is the case thate {X|{X'/x}¢ Av}, and dropping
components may only generalize a query, it must be{tkiafx' /x}drop(¢) Av} =
{X|{X /x}eAV}.

If {X[{X/x}drop(¢) Av} = {X|{X/x}¢ Av} for all database states andtit
{X] {X/x}drop(¢) Av} thent € {X|{X/x}¢ Av}. Thereforet € {x|¢} andt €
{X'|v} since, by definition all database states incl§#év}. Thereforet is a cer-
tain answerd

Proof of Theorem 7:
Naturally we takeo to be the expression derived using the algorithm in section 5.2.
If T € {x|o} thent is a certain answer tox|¢} given the sound and complete
viewsvy, ..., vy. This statement is true, becausés written only using views from
vy,...,vy and simple and set conditions that may be evaluated over such views.
Since the views are sound and complete, there is no special database ilstance
that would rulet out of the answer set. Thads certain.
If Tis a certain answer tfx|¢} given the sound and complete views ..., vy,
thent € {x|o}. Itis harder to establish this statement. Assume thata certain
answer to{x|¢} given the sound and complete views ..., v,. Now suppose that
T ¢ {X|o}. This means that € {x|a}, wherea is satisfiable and A 0 is not sat-
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isfiable. It is clear thatr must be written only using views from, ..., v, using
simple and set conditions that may be evaluated over such views — otherwise some
possible state outside of, ..., v, could rulet outside of{x|¢} and thus violate the
assumption that is certain. Now the crux of the issue is whetliemay be written

in a more expressive language that would nuses a certain answer ¢k|¢}. But,

sincel € LT, any such enhancement of expressivity could not be expresdged in
Given this, to make an impact on what gets ruled in or out of the answer &gt of
must not be in a language that is more expressive than We may thus assume
thata € LgT. Now given tha? employs only so many constants in its components
and that a certain answer generating view, as a consequent of theorem 6, must use a
tighter predication for its existential variables thathere are only a finite number

of possible re-writings of tha views into an expression of some widthlodr less.

In fact the algorithm of section 5.2 calculates just this expression fok ge to

the width of the widest disjunct af. The only possibility left is thatt is a rewrite
greater than widtlk that expresses a case of certainty that is not covered Byt

since all additional predications cause further specialization, this is not possible
and thus{x|a} C {x|o}. This is a contradiction of the assumptions above and thus
1€ {xjo}. O
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Abstract. Abstract State Machines (ASMs) provide a formal method
for transparent design and specification of complex dynamic systems.
They combine advantages of informal and formal methods.
Applications motivate a number of computability and decidability prob-
lems connected to ASMs. Such problems result for example from the area
of verifying properties of ASMs. Their high expressive power leads rather
directly to undecidability respectively uncomputability results for most
interesting problems in the case of unrestricted ASMs. Consequently, it
is rather natural to ask whether there exist expressive classes of ASMs
for which we can prove positive decidability and computability results.
In this work, we introduce such a class of ASMs. The idea of this class is
the same as for the guarded fragment of first-order logic. We analyse the
expressive power of this class and prove that it is stronger than Datalog
LITE and the guarded fragment of first-order fixed point logic. Some
decidability and computability results have been proven in earlier works.

1 Introduction

Abstract State Machines (ASMs) have been introduced as an attempt to bridge
the gap between formal models of computation and practical specification meth-
ods. The result is a formal method for transparent design and specification of
complex dynamic systems. ASMs combine advantages of informal methods (un-
derstandability, executability) with the advantages of formal methods (precision
and applicability of mathematical methods and results).

On the one hand, the ASM method is a formal method. There is a precise
semantics and this allows the application of mathematical methods to analyse
ASMs. In particular, these are often results from mathematical logic as ASMs
use classical mathematical structures to describe states of a computation.

Anyhow, ASMs are easily understandable. ASM specifications are easy to
read and to write. And this is one of the most important (pre)conditions for
a broad acceptance in practice and a resulting application. The reason for the
understandability is that ASMs have a very simple syntax that is quite similar
to pseudo-code. And indeed, ASMs are used in practice to specify hardware and
software systems. Reports on this can be found e.g. in [3].
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Furthermore, a number of computability and decidability problems is connected
to ASMs mostly motivated by applications. Examples for decidability problems
are different variants of the verification problem. The general verification prob-
lem - for example - deals with the question whether all computations of an ASM
satisfy a property given in some formalism (usually, some temporal logic). An
example for computability problems is the computation of a minimal slice. A
slice of an ASM consists of a subset of the rules of the original ASM. On a
specified part of the states, this slice behaves in exactly the same way as the
original ASM. The motivation for computing a minimal slice of an ASM comes
from debugging. If an error is observed, the programmer tries to extract that
part of the ASM which is responsible for the error. This part might be much
smaller than the original ASM.

On the one hand, ASMs are a very powerful model of computation and this
is one of their important advantages. In order to witness this, it has been proven
that well-defined classes of ASMs simulate sequential, parallel and quantum
algorithms on their natural abstraction level (see [11], [2], [8]).

On the other hand, the high expressive power leads rather directly to un-
decidability resp. uncomputability results for most interesting problems in the
case of unrestricted ASMs. For instance, the general verification problem is not
decidable and a minimal slice is not computable.

Consequently, it is rather natural to ask whether there exist expressive classes
of ASMs for which we can prove positive decidability and computability results.
In this work, we introduce such a class of ASMs. Some decidability and com-
putability results have already been proven in other works (see [12], [13]). We
analyse the expressive power of this class and prove that it is stronger than
Datalog LITE and the guarded fragment of first-order fixed point logic.

Besides the above aspects, we expect our results to increase the understanding
of Datalog LITE and the guarded fragment of first-order fixed point logic.

Outline. First, we give a short introduction to ASMs. After briefly considering
some decision and computation problems, we introduce the class of guarded
(deterministic) ASMs denoted by GF(D). In the remainder of this work, we
prove that GF(D) is stronger than Datolog LITE and the guarded fragment of
first-order fixed point logic.

2 A Brief Background on Abstract State Machines

In this work, D denotes the class of deterministic ASMs. Readers that are com-
mon with ASMs please note that we do not allow the use import (and do not
consider it in the remainder). As we restrict our considerations to these ASMs,
we give only a short introduction to the class D and do not present further con-
structs. For detailed information on ASMs (formerly called evolving algebras),
see e.g. [10].

The basic idea of ASMs is the following. The states of an ASM are finite first-
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order structures. An ASM is defined via a program that determines the transi-
tions between the states. The basic instructions of programs are update rules of
the form u := v where u and v are terms over a given vocabulary. Further types
of rules have the form if ¢ then R endif and forall z : ¢ do R endforall
where R is a rule and ¢ a first-order formula. Their semantics is the intuitive
one. The rule inside an if-clause is executed if the guard ¢ evaluates to true.
The inner rule of a forall-rule is executed in parallel for all tuples of elements
satisfying the guard ¢ of the forall-rule. A program is a sequence of such rules.
In one step of the program, they are all executed in parallel. The program is
executed repeatedly. This yields a sequence of structures called a run. At first,
a run is infinite as an ASM program can always be applied to an appropriate
structure. But we can cut off a run starting from a certain point in case that
there are no more changes in the states. We say that the ASM halts.

Note that in the above informal explanation and in the subsequent formal
definition, the notion of parallel execution of rules or updates is meant in the
sense of real parallelism. The rules or updates are executed simultaneously and
this is not meant e.g. in the sense of arbitrary interleaving. The updates happen
at exactly the same time. And this is the reason why two updates or rules might
contradict each other. If e.g. the same item should be set to true and to false
at the same time, then this is a contradiction and can not be carried out in a
canonical way. We will later address this problem again and present the solution
chosen in the context of ASM.

Formally, the syntax of ASM rules defining an ASM from D is given in figure
1. The notion of term is defined as usual. As we consider relations as special
functions (i.e., functions that can only develop to true or to false), the outermost
symbol of a term can also be a relation symbol. Terms whose outermost symbol
is a relation symbol are called boolean-valued. Consequently, such terms can
only evaluate to true or to false.

An ASM rule R defines for every state A and every variable assignment ¢ a
set of updates resp. an update set US(R, A, &) (see figure 2).

State. A state of an ASM is a finite first-order structure over the same vocab-
ulary as the program defining the ASM.

Update. An update of a state A is a tuple 8 = (f,a,b) where f is a function
symbol of arity r, @ is an r-tuple of elements from the domain of A and b is
an element from the domain of A. Executing this update means to change the
interpretation of f such that the value of f at a becomes b and the interpretation
of f for the other tuples is left as before. Note that if f is a relation symbol then
b must be contained in the set {true, false}.

Executing in parallel all elements of US(II, A, §) leads to the successor state of
A with respect to IT. A problem arises if two updates in an update set contradict
each other.
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Let 1" be a finite vocabulary (i.e., a finite set of relation and function symbols). The
class of ASM rules over 7" is defined by induction as follows.

Skip Skip is an ASM rule.

Update rule For all terms s over 7" and all terms ¢ over 17", the assignment s : =t
is a rule. If s is a boolean-valued term then ¢ has also to be boolean-valued.

Conditional rule If g is an FO-formula over the vocabulary 7" and R is a rule
(over the vocabulary 1) then if g then R endif is a rule (with guard g).

Block If R; and Rz are rules then do-in-parallel R; Rz enddo is a rule.

Parallelism Let Z be a tuple of variables, R a rule, ¢ an FO-formula over the
vocabulary 7. Then forall z : ¢ R endforall is a rule.

Free and bounded variables are defined as usual with forall z : ¢ binding z. A
program is a rule without free variables.

Fig. 1. Syntax of ASM rules over the finite vocabulary 1

Contradictory. A deterministic update set U is contradictory if it contains a
pair of updates (f,a,b) and (f,a, c) where b # ¢; otherwise U is consistent.

To execute a consistent update set {(f1,a1,b1),..., (fx, Gk, bx)}, set faq,..., fag
to by, ..., by respectively and leave the rest of the interpretations as they are.

To execute a contradictory deterministic update set, do nothing; the new state
is identical to the old one.

Executing IT once for a state A leads to the successor of A.

Successor. For a deterministic program IT, A+ A’ holds if US(I1, A, &) trans-
forms the state A into the state A’. The state A’ is a successor of A with respect
to I1.

The iterated execution of an ASM IT leads to a run of I1.

Run. Let p be a sequence (A;);<x of states where A ranges over the natural
numbers and the first infinite ordinal w. Then pisarunof Pon I if A; Fp A;41
for all i withi+ 1< XA and Ag = 1.

Query. An ASM query is a pair (II,Q) consisting of an ASM program I and a
designated relation symbol Q). With every structure A on which the computation
of IT eventually halts (i.e., no more changes occur in the states), the query (17, Q)
associates the result (I7,Q)[A], ie., the interpretation of @ as computed by IT
on input A.
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The evaluation of a deterministic rule R at a state A under a variable assignment
¢ produces a deterministic update set U = US(R, A, ). To execute R, execute the
update set that is defined by induction on the rule:

US(Skip, A, €) = 0

- US(f(tlv s 7t7‘) =10, A, 5) = {((fv Htlﬂﬁv s HtTﬂ?)v [[to]]?)}
US(R,,A7§) if A ¢ ': g

0 else

US(if g then R’ endif, A,¢) = {
— US(do-in-parallel R; R2 enddo, A, §) = US(R1, A, &) UUS(R2, A, €)

— US(forall z : ¢ R’ endforall, A,&) = J,c,, US(R', A, €[z — a))

For a term ¢, [[tﬂ]g‘ denotes the value of ¢ in A with &.

Fig. 2. Semantics of ASM rules

3 Decidability and Computability Problems

As already mentioned in the introduction, there is a number of decidability and
computability problems connected to ASMs. In this section, we consider two
examples. They are both motivated by the application of ASMs in software en-
gineering as a specification formalism. As writing formal specifications is usually
not an error free process, we are rather early concerned with the task of finding
errors in a specification. There are two basic approaches to detect errors. The
first approach is to verify properties automatically. It is clear that this is not
possible in many cases as the question whether an ASM satisfies a property is
undecidable in the unrestricted version. The second approach is to test ASMs.
The executabilty yields this possibility. We do not consider testing itself but a
technique that might be combined with testing (but can also be combined with
verification). This technique is called slicing.

The verification problem. The aim of verifying ASMs is to prove that the
behaviour of an ASM specification coincides with the desired one. There are
mainly two possible meanings for the question whether “the behaviour of an
ASM specification coincides with the desired one”:

1. Do all computations of an ASM satisfy a property? (general verification
problem)

2. Does the computation of an ASM with a given initial structure satisfy a
property? (restricted verification problem)

While the restricted verification problem is decidable for D and formulae from
temporal first-order logic, the general verification problem is undecidable in this
case.

The reason for the decidability of the restricted verification problem is the
following. As the domain of the states does not change in a run of an ASM from
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D, every run of an ASM in D contains only a finite number of different states. An
upper bound for this number can be immediately computed from the initial state.
It suffices to consider the intial part of the run up to a length coreresponding to
this upper bound in order to descide whether a run satisfies a property expressed
in linear temporal first-order logic. So, the restricted verification problem is
comparable to a model-checking problem with finite space.

The reason for the undecidability of the general verifcation is that the (fi-
nite) satisfiability problem for first-order logic can be immediately reduced to
the general verification problem. Nevertheless, it is possible to find decidable
instances. One of them consists of a well-defined fragment of the class GF(D) of
ASMs (see [12]).

Slicing. In order to debug or to modify an ASM specification, we are most
often not interested in its complete behaviour but only in a specified part of
it. Consider for instance the case of debugging. When an error is observed, the
developer tries to extract that part of the specification which is responsible
for the erroneous behaviour. This set of rules might be much smaller than the
original one and therefore, it might be much easier to catch and correct the
error(s) if he knows this set.

This observation motivates the concept of slicing. By applying this technique,
one extracts rules from an ASM program that are relevant for the behaviour
with respect to the specified parts of the states. The result is a slice which is a
syntactically correct ASM again. The smaller such a slice is the better.

Consider for example an ASM involving a relation R. If we are only interested
in the evaluation of R then we can cut off all rules from the ASM that do not
influence it.

Although a minimal slice is not computable for arbitrary ASMs from D, it
is computable for ASMs from the fragment GF(D) of D (see [13]) which we
consider in the following.

4 The Guarded Fragment

Both problems presented in the preceding section are strongly connected to satis-
fiability problems in mathematical logic. In order to demonstrate this connection,
we consider the ASM defined by the program II := if ¢ then res := true endif
where ¢ is an arbitrary first-order formula not involving the nullary relation
symbol res.

Every computation of IT satisfies the temporal formula (X res) (stating that
res holds in the next state) iff - is not finitely satisfiable.

Similarly, computing a minimal slice for an ASM from D is directly connected
to the satisfiability problem for first-order logic. Skip is a minimal slice of IT
relative to the evaluation of res iff ¢ is not satisfiable. Furthermore, Skip is the
only such minimal slice of IT in this case.

Consequently, the undecidability of the finite satisfiability problem for first-order
logic FO induces the undecidability of the general verification problem and non-
computability of a minimal slice for ASMs from D.
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A further witness for the connection to mathematical logic is that many proofs
of (un)decidability resp. (non-)computability results are reductions of the con-
sidered problems to some (finite) satisfiability problem or vice versa.

The above observations suggest to consider decidable instances of the (finite)
satisfiability problem and to try to obtain decidable resp. computable instances
of decision resp. computation problems for ASMs by introducing similar restric-
tions for ASMs. In the past, a number of concepts has been presented in order
to obtain decidable instances of the (finite) satisfiability problem. Examples are
the so-called prefix classes, restrictions on the vocabularies or the two-variable
fragment. In most cases, a transfer of these concepts is not suitable as the cor-
responding restrictions on the ASMs are very strong.

In [1], an approach to decidable instances of the satisfiability problem for first-
order logic has been presented that is essentially different from the ones men-
tioned above. It originates from an investigation of the reason for the good
model-theoretic properties of propositional modal logic (ML). H. Andréka, J. van
Benthem and I. Németi have considered the translation from ML to first-order
logic a bit closer and detected that in the modal fragment, all quantifications are
guarded by some atomic formula. This observation then lead to the definition of
the guarded fragment of first-order logic.

Definition 1 Let T be a vocabulary containing only constant and relation sym-
bols. The guarded fragment GF of first-order logic is defined inductively as fol-
lows:

1. Ewery relational atomic formula (possibly an equation) belongs to GF.

2. GF is closed under propositional connectives =, \,V, —, <.

3. If ¥(Z,7y) is a formula in GF then I5(a(Z, ) A Y(Z, 7)) and V§(a(Z,y) —
Y(Z, 7)) belong to GF provided that free(yp) C free(a) =z U Y and (T, §) is
a relational atomic formula.

Here, free()) means the set of all free variables of 1.

Based on a number of results (see [1], [5]), Andréka, van Benthem, and Németi
assume that the guarded nature of quantification is the main reason for the
good model-theoretic and algorithmic properties of modal logic. However, most
of the interesting properties are still expressible in GF. The following definition
transfers the idea of GF to the ASMs from D.

Definition 2 The guarded fragment GF (D) of the class D of ASMs is the subset
of D such that every element II of GF(D) uses only relation and constant symbols
and satisfies the following conditions:

— the lefthand side and the righthand side of any update rule are boolean-valued
terms

— every guard of an if-clause in II is in the guarded fragment of first-order
logic
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— every forall-rule has the form forall T : o(Z,y) R endforall where a(Z,q)
is an atomic formula and free(R) C free(a) = {Z, 3}

Note that the definition of the guarded fragment of D can be generalized to any
class C of ASMs (also nondeterministic).

5 Basic properties of Guarded ASMs

In section 3, we have already addressed some properties of GF(D) concerning
decidability respectively computability. In this section, we consider some basic
properties with regard to the expressive power. The aim of this section is to
increase the understanding of GF(D).

To formulate some basic properties of guarded ASMs, we give the definition of
the Gaifman graph of a structure in advance. The Gaifman graph of a structure
A is an undirected graph with the same domain as A. There is an edge between
two elements of the domain iff they coexist in some atomic fact in A.

Definition 3 The Gaifman graph of a relational structure A (with universe A)
is the undirected graph G(A) = (A, EA) where

EA={(a,d’):a# d, there exists a ground atomic formula

AE alby,...,b,) such that a,a’ € {by,...,by}}

An immediate consequence of the definition of GF(D) is that we can not access
pairs of elements that are not connected via an edge in the Gaifman graph. This
fact implies the following lemma.

Lemma 4 Let IT € GF(D) not using constants, A be a state of II, and G 4 =
(V.a, BA) be its Gaifman graph. Furthermore, let B be the state of IT with A+ B
and let Gg = (Vg, EB) be its Gaifman graph. Then EB C EA holds.

As a consequence of this lemma, we obtain some non-computability results. E.g.,
the transitive closure is not computable by an ASM from GF(D). In order to
prove this, consider the class of undirected graphs. In this case, the Gaifman
graph of a state A is obtained from A by removing all self-referring edges. The
Gaifman graph G 4 = (V4, E4) of A given by

(4
a

o

1 aZ a3

is essentially the state itself. The transitive closure of the above graph is

Again, the Gaifman graph Gp = (Vg, EB) is essentially the state B itself. But
EB ¢ EA as (a1,a3) € B4 (but (a1,a3) € EB).

To disprove the converse of lemma 4 we use the notion of equivalence of ASM
in the following sense.
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Definition 5 Two (deterministic) ASM-programs II; and IIy (over the same
vocabulary) are equivalent if for all states A and B (of II1 and Il ) the following
holds. Aty B if, and only if, AFm, B .

Lemma 6 There exists a relational ASM II € D that is not equivalent to an
ASM from GF(D) and for all states A and B of I with Gaifman graphs G 4 =
(Va, EA) and G = (Vs, EB) the following holds. If Aty B then EB C EA.

Proof. In order to prove the lemma, we give a simple example of an ASM IT € D
over the vocabulary {E/2, P/0} (E is a binary relation symbol and P is a nullary
relation symbol). Consider the ASM defined by

if Vazyz (Fxzy A Eyz — Exz) then P := false endif

As we have only negative updates in I, for all states A and B with Gaifman
graphs G4 = (V4, EA) and G = (V, EB) the following holds. If A -7 B then
EB C EA.

Now, we prove that there is no ASM II' € GF(D) that is equivalent to II. The
proof is done by contradiction. Assume that there exists an ASM I’ € GF(D)
that is equivalent to I1.

We first demonstrate how we can rewrite II’ such that we obtain an equivalent
ASM from GF(D) of the form if ¢ then P := false endif.

As IT' is equivalent to IT, II’ cannot change other relations than P and P is
nullary. Consequently, if 7T’ contains an update rule with another lefthand side
than P then this update rule is never executed. Therefore, we can remove this
update rule from II’ resp. replace it by Skip.

Furthermore, every update rule of the form P := ¢ where ¢ is an arbitrary
boolean-valued term can be replaced by the parallel composition of if ¢ then P :=
true endif and if —t then P := false endif. Again, as II’ is equivalent to IT and
II updates P to true in no case, the first conditional rule in the above parallel
composition can be removed. Therefore, we obtain if =t then P := false endif
instead.

As a first consequence of the above observations we can assume that every
update rule appearing in IT’ is equal to P := false. Another consequence of these
observations is that we can assume that no variable appears in an update rule
of IT'. Hence, the successive application of the equivalence preserving rewriting
rules given in figure 3 to II’ leads to an ASM from GF(D) that is equivalent to
I’ and thus to II. If these rules are applied until no more of them is applicable
then we obtain an ASM from GF(D) of the form if ¢ then P := false endif.

As this ASM is equivalent to IT, v is equivalent to Vayz (Fxy A Eyz — Exz)
and therefore, 1 expresses that E is transitive. As the above ASM is in GF (D), ¢
is in GF. Consequently, transitivity is expressible in GF. This is a contradiction
as it is a well-known fact that transitivity is not expressible in GF. a

Note that this proof is essentially a reduction to the respective property of GF
and therefore, this is a further witness for the strong connection between ASMs
and logic.
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l original rule [ equivalent rule

forall Z : a(Z,y) do if 3z(a(Z, ) A ¢(Z)) then
if ¢(Z) then P := false endif P := false
endforall endif
if ¢ then if o A9 then II endif
if ¢ then I endif
endif
do-in-parallel if o V¢ then P := false endif
if ¢ then P := false endif
if ) then P := false endif
enddo

Fig. 3. Rewriting rules applied in the proof of lemma 6

Though we have seen some limits of GF(D) in this section, many interesting
properties are nevertheless definable in GF(D). We demonstrate that in the
remainder of this work.

6 Guarded ASMs are Stronger than Datalog LITE

In this section, we compare GF(D) to Datalog LITE (see [4]). Datalog LITE is
a deductive query language with a linear time model checking algorithm. It is
a guarded version of stratified Datalog additionally allowing a limited form of
universal quantification in rule bodies.

Despite linear time evaluation, Datalog LITE is highly expressive. In [4],
it has been proven that Datalog LITE is equivalent in expressive power to
alternation-free guarded fixed point logic, a natural fragment of the guarded
fixed point logic. Well-known logical formalisms such as propositional multi-
modal logic, computation tree logic (CTL), the alternation free p-calculus, each
correspond to well-defined and syntactically simple fragments of Datalog LITE.

In the next section, we prove that the restriction to the alternation-free fragment
is not needed for comparing GF(D) to guarded fixed-point logic. This restric-
tion has been necessary for the comparison of Datalog LITE to guarded fixed-
point logic. Furthermore, we even obtain a strict result in the case of GF(D)..
Le., GF(D) is stronger than guarded (first-order) fixed point logic. Though this
proposition already implies that GF(D) is stronger than Datalog LITE, we prove
it elementarilly. We expect to obtain a better insight to the connection between
Datalog LITE and GF(D) in this way as the proof is much more straightforward.

A Datalog rule is an expression of the form H < By, ..., B, where H, the head

of the rule, is an atomic formula Ru; ...us, and By, ..., B;, the body of the rule,
is a collection of literals (i.e., atomic formulae or negated atomic formulae) of
the form Sv;...v; or =Svy...v; where uq,...,us,v1,...,v; are variables. The

relation R is called the head predicate of the rule.

10
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A basic Datalog program II is a finite collection of rules such that none of
its head predicate occurs negated in the body of any rule. The predicates that
appear only in the bodies of the rules are called extensional or input predicates.
Given a relational structure A over the vocabulary of the input predicates, the
program computes, via the usual fixed point semantics, an interpretation for
the head predicates. A Datalog query is a pair (II,Q) consisting of a Datalog
program II and a designated head predicate @ of II. With every structure A,
the query (I1, Q) associates the result (I, Q)[A], ie., the interpretation of Q as
computed by IT on input A.

A stratified Datalog program is a sequence II = (I, ..., II,.) of basic Datalog
programs which are called the strata of IT, such that each of the head predicates
of IT is a head predicate in precisely one stratum I7; and is used as an extensional
predicate only in higher strata II; for 7 > . In particular, this means that

1. if a head predicate of stratum II; occurs positively in the body of a rule of
a stratum II;, then j <, and

2. if a head predicate of stratum I7; occurs negatively in the body of a rule of
stratum I7;, then j < i.

The semantics of a stratified program is defined stratum per stratum. The ex-
tensional predicates of a stratum I1; are either extensional in the entire program
IT or are head predicates of a lower stratum. Hence, once the lower strata are
valuated, we can compute the interpretation of the head prediates of II; as in
the case of basic Datalog programs.

A Datalog rule is monadic if each of its literals has at most one free variable.
Note that this does not necessarily imply that only unary predicates are used.
We permit the appearance of literals =Sv; ... v, with k£ > 1 that may contain
repeated occurrences of a single variable. A Datalog rule is guarded if its body
contains a positive atom (the guard of the rule) in which all free variables of the
rule occur.

A generalized literal G is an expression of the form Vy; ...y, (o — 3) where
«a and (3 are atoms, and free() C free(a). The free variables free(G) of G are
given by free(a) — {y1,...,Yn}-

A Datalog LITE program is a stratified Datalog program whose rules are
either monadic or guarded and which contains (unnegated) generalized literals.
The notions of guardedness and stratification are extended to generalized literals.

The proposition of the following lemma essentially says that GF(D) is strictly
more expressive than Datalog LITE. The notion of ASM query allows to compare
ASMs and Datalog LITE directly. An ASM query (I1asm, @) is equivalent to
a Datalog LITE query (IIpataiog, @) if, and only if, for every state A (over an
appropriate vocabulary) and every tuple a of elements from the domain of A

ac (HASM7 Q)[.A] if, and only if, a € (HData10g7 Q)[.A]

Consequently, we consider equivalence with respect to the result of a computa-
tion. Another possibility would be to compare programs stepwisely as we did

11
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it for two ASMs. This means that we consider each state in a computation of
an ASM and compare it to the corresponding state in the computation of the
Datalog LITE program. The ASM and the Datalog LITE program are equiva-
lent in the case where the states are identical in each step of every computation.
But as we compare GF(D) to a logic fragment (namely, the guarded fragment of
first-order fixed-point logic) in the next section where we do not have this notion
of equivalence, we restrict to equivalence of queries in this case. This means that
we consider equivalence with respect to the result of a computation.

Lemma 7 Every Datalog LITE query is equivalent to a GF(D) query. Con-
versely, there exists a GF(D) query for which there is no equivalent Datalog
LITE query.

Proof. First, we show that GF(D) is at least as strong as Datalog LITE. The idea
of this part is to translate Datalog LITE programs to ASMs from GF(D). We
construct this translation stepwisely by starting with translating Datalog rules.
Here, we have to distinguish between the two types of rules, namely monadic and
guarded ones. We then proceed with the translation of basic Datalog programs.
Essentially, the translation of a basic Datalog program is the parallel composi-
tion of the translations of the contained rules. Finally, we construct from these
components a translation for a Datalog LITE program. The stratification re-
quires an additional construct. At the end, we prove strictness via an example
consisting of an ASM for which there exists no corresponding Datalog LITE
program.

The first step in the translation is to map every Datalog LITE rule R to an ASM
rule a(R) € GF(D). If R is monadic then it has the form Pz « B where B is
a sequence of literals each with at most one variable. Let S be the set of all
literals in B with free variable . Then a(R) is the rule

forall x : true do

if /\5655 B A /\yefree(R)_{z} (Ely /\[3655 6) then Pz := true endif
endforall

Else R is a guarded rule. Let g be the guard of R with free(g) = {Z}, « be its
head and B its body. Then a(R) is the rule

forall z : g do
if Aj appears in g 3 then a = true endif
endforall

where T is a tuple of variables containing exactly the free variables of g.
This completes the translation of single rule. In the next step, we define the
translation of a Datalog program frmom the translations of the contained rules.

A basic Datalog program D consisting of the rules Ry,..., R, is translated to
do-in-parallel a(R;)...a(R,) enddo.

12
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Let D = (Dy,...,D,) be a Datalog LITE program whose strata are basic Dat-
alog programs. In addition to those relation and constant symbols from the vo-
cabulary of D, the vocabulary of the resulting ASM contains r nullary boolean
constant symbols computed,, ..., computed, _; marking whether the computa-
tion of the ¢-th stratum is completed. Initially, computed,, ..., computed, _; are
all interpreted by false. D is translated to the ASM defined by

do-in-parallel
if —computed, then
do-in-parallel
a(Do)
if o then computed,, := true endif
enddo
endif
Ay
Ay
enddo
where A;, i € {1,...,r} abbreviates

if computed;_; A ~computed; then
do-in-parallel

a(D;)
if ¢, then computed, := true endif
enddo
endif
and the formulae ¢;,i € {0,...,r}, intuitively expresses that the computation
of the i-th stratum is completed. Formally, the formula ¢;,i € {1,...,r} is given

by

N vzl A snrn A Iy N\ 8| | —Px| A

Remon(D;) BeSE y€Efree(R)—{z} pesSk

/\ Vey...x, |g — /\ 8| —a

a«— BeEguarded(D;) with guard g 3 is in B but not g

where mon(D;) denotes the set of monadic rules in D; and guarded(D;) is the
set of guarded rules in D;.

In the rest of this proof, we show that GF(D) is strictly stronger than Datalog
LITE. ILe., there exists a GF(D) query for which there is no equivalent Datalog
LITE query. In order to prove strictness, we use the following proposition that
has been proved in [4].

13
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Let I be a Datalog LITE program with head predicates T, ..., T, and
let 774, ..., TA be the relations computed by IT on an input structure A.
The Gaifman graph of the expanded structure (A, T, ..., TA) coincides
with the Gaifman graph of A.

There exists an ASM II € GF(D) whose vocabulary does not contain constant
symbols and a state A of IT such that the Gaifman graph of the state B with
A Fp B and the Gaifman graph of A do not coincide. A witness is the ASM
I € GF(D) defined by forall zy : Fxy do Fxy := false endforall. O

7 Guarded ASMs are Stronger than Guarded Fixed
Point Logic

The most important extension of propositional modal logic (ML) is the modal
p-calculus. It extends ML by least and greatest fixed points. This motivates to
extend GF also by least and greatest fixed points leading to the guarded fixed
point logic uGF.

uGF is the second mechanism to which we compare GF(D). It has first been
considered in [9]. Further considerations can be found in [6] and [7].

Definition 8 Guarded fized point logic pGF is obtained by adding to GF the
following rules for constructing fized point formulae.

Let W be a k-ary relation variable and T = x1...x be a tuples of dis-
tinct variables. Further, let (W, ) be a guarded formula where W appears only
positively and not in guards. Moreover, we require that all the free variables of
(W, ) are contained in T. For such a formula ¥(W,T), we can construct the

ormulae _ _
formula lfp, yw(Z) and gip, ()

The semantics of the fixed point formulae is the following. Given a structure A
and a valuation x for the free second-order variables in 1, other than W, the
formula (W, Z) defines an operator on k-ary relations W C A¥, namely

YAX(W) = {a e A" A x E p(W,a)}

As W occurs only positively in 1, this operator is inductive. Therefore, it has a
least fixed point Ifp(*4X) and a greatest fixed point gfp(y»*X). The semantics
of least fixed point formulae is defined by

A, x E [iip(AX)] (a) iff @ € lp(yAx)

and
A x E [gfp(v?)] (@) iff a € gfp(yX)
W is the fixed point variable of [gfp WZ.4](Z) resp. [lfp WZ.4](Z).

In the remainder of this section, we compare the expressive power of GF(D) to
the expressive power of the guarded fixed point logic.
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In [4], it has been proven that every alternation-free sentence in pGF is equivalent
to a Datalog LITE query. Conversely, every Datalog LITE query is equivalent
to an alternation-free formula in uGF. This proposition and lemma 7 imply the
following corollary.

Corollary 9 Every alternation-free sentence in uGF is equivalent to a GF(D)
query. Conversely, there exists a GF(D) query for which there is no equivalent
alternation free formula in pGF.

But this lemma can even be sharpened. Namely, it does not only hold for the
alternation-free fragment of uGF but for the complete guarded fixed point logic.

The intuitive reason why we can abandon the restriction of alternation-
freedom is rather simple. A Datalog LITE program is arranged in strata which
can only be processed in a top-down order. Once a stratum has been left, it is
not possible to return to it again. This restriction is the main reason for the
necessity of alternation-freedom. For GF(D), we do not have any restriction on
the order of executing parts of an ASM and can abandon alternation-freedom.

In order to shorten the proof given in the remainder of this work, we give
the following definition in advance.

Definition 10 Let IT € D be an ASM and A be a state of II.

1. Let (A;)iew = Ao, A1, Ag, As, ... be the run of IT on A = Ay. Assume that
there exists an i € IN such that A; coincides with A;y1. Let n be the smallest
such number. Then A}, denotes the state A,,.

2. Furthermore, let a be a tuple of elements from the domain of A and R be a
relation symbol whose arity corresponds to the length of a. Then we say that

a € (I1, R)[A] holds iff A%, = Ra.

Note that an index as referred to in the above definition does not exist in every
run of every ASM in D. But in the following considerations we compare the
expressive power of GF(D) and uGF and because of the inductivity of the oper-
ators defined by the formulae in the fixed point constructs, we can restrict our
considerations to ASMs where we can find such an index for all runs.

The notion of Datalog LITE query respectively ASM query provides the
possibility to compare Datalog LITE respectively ASMs with uGF formulae.
Essentially, the vocabulary of the Datalog LITE program respectively the ASM
1T is supposed to contain a distinguished relation H that is initially empty. Then
the query (II, H) and the formula ¢ are said to be equivalent in the case that
for every state A and every tuple a of elements from the domain of A

a € (I, H)A if A o(a)

holds. Consequently, when the computation halts, the relation H contains ex-
actly those tuples that satisfy the formula .

Theorem 11 Ewvery sentence in uGF is equivalent to a GF(D) query. Con-
versely, there exists a GF(D) query for which there is no equivalent formula in
uGF.
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Proof. First, we prove that every sentence in uGF is equivalent to a GF(D)
query. This is done via constructing for an arbitrary yGF-sentence an equivalent
GF(D)-query.

W.lo.g., we can assume that different quantifactions use distinct variables.
We can establish this form via simple renamings. If we do not assume this, we
would have to distinguish in the following syntactically equal subformulae that
occur in different places.

Let ¢ be a uGF sentence, and ¢ a subformula of . If ¢ is not a sentence
then let o, be the guard of the innermost quantifier dominating ¢. Obviously,
free(p) C free(a,). In the case where ¢ is a sentence, we can set «, := true.

We now associate with every subformula ¢ of ¢ an ASM II, and a relation
H, where H, has the same arity as ¢. Let A be the state that results from A
by extending the vocabulary with the new relation symbols introduced in the
construction and intitializing these relations with the empty set (resp. by false
if they are nullary). Then our construction ensures that

a € (I, H,)[A] iff A £ o(a)

for every structure resp. state A and every tuple a that is guarded by a,. In the
case that ¢ is a sentence (in particular for ¢ = 1)), this means that (/1,,H,)
evaluates to true on A iff A = ¢(a).

Furthermore, we associate with every subformula ¢ of 1, that is non-atomic
or uses a fixed point variable, a relation computed,,. This relation has the same
arity as ¢ and indicates for a tuple a of elements from the domain of the con-
sidered structure (with given valuations of the relation variables) whether the
computation of the valuation of ¢ has already been completed (for the tuple a).
For atomic formulae ¢ not involving a fixed-point variable, computed,z has to
be replaced by true in the following.

In order to simplify the construction, we eliminate the use of gfp by using
the duality for greatest and least fixed points:

gfpz w (T, W) = =lfp; y—§(z, ~W)

where £(Z, —W) is obtained by replacing subformulae Wt by =Wt in £(Z, W).
Now, we define for every pGF-sentence ¢ an ASM II, € GF(D) that is

equivalent to ¢ in the already defined sense. I, is defined by induction on ¢.

We partially omit do-in-parallel if it is understood, e.g. inside a forall-rule.

If ¢ is an atomic formula then II, consists of the single rule

forall z : p(z) do
H,Z = true
computed,,z := true
endforall

If ¢ does not use a fixed-point variable then H, is initialized by the empty
relation. Consequently, H, contains exactly those tuples of elements satisfying
@ after executing the above updates.
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Else, the valuation of ¢ may change. But we know that all fixed point operators
are inductive. Therefore, it is not possible that a tuple is first contained in
a relation interpreting a fixed point variable and at some point it is removed
except that the fixed point formula with the involved fixed point variable has to
be evaluated from new (starting with the empty relation).

If ¢ = v A0 then II, is the following rule where z’ and z” are subtuples of Z.

do-in-parallel
11,
Iy
forall z, y: a,(Z,7) do
if computed,Z’ A computedyZ” then
if H,z' N Hyz" then H,Z := true endif
computed,, T := true
endif
endforall
enddo

In order to compute the value of a conjunction of two formulae we require that
the valuations of both formulae are already known resp. computed. The inter-
pretation of H, Ay is the conjunction of the relations H, and Hy.

If ¢ = =0 then II, is the following rule where z’ is a subtuple of Z.

do-in-parallel
H19
forall Z,y: o, (Z,7) do
if computedyz then
if ~HyZ' then H,Z := true
else H,7 := false endif
computed,,z := true
endif
endforall
enddo

Hy is complemented on the tuples of interest. The set of tuples in which we are
interested is defined by aw. In order to complement Hy, this relation has to be
computed on this set of tuples.

If ¢ = Vy(ay — V) then II, is the following rule where ' is a subtuple of z, z”
is a subtuple of ' and z’ is a subtuple of z

do-in-parallel
forall z,y: o, (z,y) do
Iy
if Vz(ay(Z',z) — computedy(z”, z’)) then
if Vz(aw(Z',2) — Hy(z",Z')) then H,Z := true endif
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computed,z’ := true
endif
endforall
enddo

When the value of the formula ¢ is determined, the valuation of ¥ has to be
known for all important variable assignments. These are indicated by ay.

If ¢ = [fpy, z9(W,2)](Z) then, by the induction hypothesis, there is an ASM
from GF (D) computing the update operator defined by ¥(W, z). Let &1,...,&m
be those subformulae of ¢ involving the fixed point variable W which do not
have a fixed point constructor outermost. Furthermore, let p1,...,p, be the
other subformulae of ¢ involving W. That is, those subformulae which contain
W and have a fixed point constructor outermost. Let II s/o be the following rule.

do-in-parallel
Iy
forall z: a,(z,y) do
if computedyZ then // computation with current values completed
if -(Wz < 9(z)) then  // fixed point not yet reached
do-in-parallel
if ¥ then Wz := true endif  // update of fixed point variable

// Compute the valuation of those formulae that use the fixed

// point variable W. The valuation of these formulae might have
// changed as W has changed. If such a formula has a fixed

// point variable constructor outermost then the respective

// fixed point has to be computed new. Until this computation is
// not finished (i.e., the fixed point is not yet reached) the value
// of the respectively computed is false for all important tuples.

forall @, : He, (Ge,) do He, (g, ) := false endforall
// & has to be computed again with new interpretation of W
forall z, : ag, (%, %, ) do computed,, (74, z¢,) := false endforall

forall ug,, : He, (4, ) do He, (te,, ) := false endforall
forall z¢,, : ag,, (2, Z,,) do computed, (:fgin,éém) := false endforall

forall z,, : a,, (", Z,,) do computed , (zP1, z,, ) := false endforall

forall z,, : a,, (2", %,,) do computed (zPn, z, ) := false endforall
enddo
endif
endif
endforall
if VZ(a,(Z,95) — (W (z) < 9(z))) then
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forall 7 : a,(Z,y) do computed,(Z) := true endforall

endif
enddo
where z& and # (i € {1,...,m}, j € {1,...,n}) are subtuples of Z, z& is a
subtuple of Z& (i € {1,...,m}), and Z° is a subtuple of ## (j € {1,...,n}).
Furthermore z;, is a subtuple of Z¢, (i € {1,...,m}) and Z, is a subtuple of z,,

(je{1,...,n}).

11, results from II s/o by replacing all occurences of W and Hy by H,. II, sim-
ulates the computation of the least fixed point stepwisely. The comments given
in the ASM explain its work.

After the construction of II, as described above, we have to remove the updates
of computed,, for all atomic formulae o not using a fixed point variable resp. we
have to replace it by Skip. Remember that for atomic formulae ¢ not using a
fixed point variable, computed,,z has to be replaced by true.

Initial states are those which satisfy the following three formulae.

A Ve (—HZe),
£ is a subformula of ¢
/\ VZ¢(—computed, T ),
£ is a subformula of ¢
A Vijy (=Viy).
V is a relation variable

appearing in ¢

This completes the construction of the GF(D)-query equivalent to .

We still have to prove that there exists a GF(D) query for which there is no
equivalent formula in pGF. But this is rather clear. There are mainly two con-
structs in GF(D) that can not be simulated in 4GF. Each of the constructs alone
would already imply the above proposition and therefore, we have at least two
possibilities to prove it. We present them both in the remainder of this proof.
Each of them exploits one of the additional constructs.

First, GF(D) admits positive and negative updates. This means that it is allowed
to use updates of the form « := false and updates of the from « := true both
in ASMs from GF(D). Therefore, the evaluation of the dynamic relations is not
always inductive. It even does not need to halt. In contrast to this, the evaluation
of a fixed-point variable is always inductive in pGF. As a consequence, such
evaluations of dynamic relations can not be simulated in ©GF.

A concrete example for such an ASM is the one defined by the program

do-in-parallel
forall z : Rz do
if -Qz then Qz := true endif
endforall
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forall z : Rz do
if Qz then QI := false endif
endforall
enddo

Second, the guards in uGF are not allowed to contain fixed-point variables.
There is an extension of uGF (we denote it by uGF¢) that admits to use fixed-
point variables in the guards. M. Otto has proven that there is a uGF°-sentence
that is not equivalent to a uGF-sentence. But in GF(D), dynamic relations are
allowed to appear in the guards and with the translation of pGF-formula given
in this proof, we have also shown that every sentence in uGF® is equivalent to a

GF(D)-query. This implies immediately the above proposition. ad
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19 Automata for Guarded Fixed Point Logics

Dietmar Berwanger and Achim Blumensath

Mathematische Grundlagen der Informatik
RWTH Aachen

19.1 Introduction

The guarded fixed point logics uGF and pCGF introduced in the previous chap-
ter extend the guarded fragments of first-order logic GF and CGF on the one
hand and the modal p-calculus on the other hand. Thereby, the expressive power
of the underlying formalisms is increased considerably. On transition systems,
for instance, uGF already subsumes the p-calculus with backwards modalities.
Hence, the question arises, whether these logics are still manageable algorithmi-
cally. In this chapter we will study the complexity of their satisfiability problems.

As a consequence of the general criterion stated in Theorem 18.23, it fol-
lows that the satisfiability problems for uGF and pCGF are decidable. Yet, the
argument, does not allow us to derive precise complexity bounds for the deci-
sion problem. A lower bound can be obtained from the respective results for L,
and GF. For L,, the satisfiability problem is EXPTIME-complete [2], whereas for
GF it is complete for 2EXPTIME [5]. However, if we consider formulae of bounded
width, i.e., with a bounded number of variables, it becomes EXPTIME-complete
as well.

Following Gradel and Walukiewicz [6,5] we will prove that even for uCGF,
the strongest logic considered, the satisfiability problem is still in 2EXPTIME
in the general case, and in EXPTIME for formulae of bounded width. In other
words, the fixed point extensions of guarded logics are almost for free in terms
of complexity of the satisfiability problem.

Given the expressive power of these logics, this result is rather surprising. For
instance, in contrast to L, already the weakest guarded fixed point logic uGF
lacks the finite model property. An example of a formula with only infinite
models was given in the previous chapter:

(3zy.Exy) A (Vay.Ezy)(32.Eyz)[LFP; . (Vy.Eyz) Zy](2).

A crucial model theoretic aspect of guarded logics is their (generalised) tree
model property stated in Theorem 18.16. Informally, this asserts that models
of guarded formulae can be represented as trees. In [8,4] Vardi and Grédel em-
phasise that the tree model property seems to be the key feature responsible for
the good algorithmic behavior of modal logics because it makes them amenable
to automata-theoretic techniques for solving satisfiability and model-checking
problems. The generalised tree model property allows us to lift these techniques
to guarded logics. In order to decide whether a given formula v is satisfiable
one can construct two automata: the first one, called model checking automaton,

E. Griidel, W. Thomas, and T. Wilke (Eds.): Automata, Logics, and Infinite Games, LNCS 2500, pp.343-355, 2002
@© Springer-Verlag Berlin Heidelberg 2002

Reproduced with the kind permission of Springer-Verlag
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344 Dietmar Berwanger and Achim Blumensath

takes an appropriate representation of a structure as input and accepts if and
only if the structure satisfies 1; the other automaton recognises the set of all
appropriate representations. Then, the formula is satisfiable iff the product of
these automata recognises a non-empty language.

This scheme outlines the plan of the present chapter. First, we introduce
appropriate tree representations of structures in Section 19.2 together with a
suitable automata model. For a better understanding we will proceed on two
tracks. On the one hand, we define the unravelling tree of a structure. The nodes
of this tree are associated to the guarded sets of the structure, in such a way that
every node has all guarded sets represented in its successors. This rich encoding
allows checking of the encoded model by rather simple automata. Moreover,
the underlying technique was already discussed in the previous chapter, in the
proof of Theorem 18.17. On the other hand, we introduce decomposition trees
which, being more compact representations, require more sophisticated two-way
automata for model checking.

Section 19.3 is dedicated to the construction of the model checking automa-
ton. Starting from input structures encoded as unravelling trees, we define a
one-way automaton which, when viewed as a two-way automaton, still recog-
nises the same structures, but in a different encoding, as decomposition trees.
At that point, the two tracks of our exposition converge.

Finally, Section 19.4 concludes the reduction by presenting an automaton
which recognises valid decomposition trees. Putting all pieces together we are
able to derive the desired complexity bounds for the satisfiability problem.

19.2 Requisites

19.2.1 Clique guarded fixed point formulae

When speaking of formulae we always mean pCGF-formulae as introduced in
the previous chapter. To simplify our notation we will, however, omit the clique
guards, i.e., instead of (3%.clique(Z))n(Z) we will write 3Z.n(Z) and accordingly
for universal formulae.

Furthermore, we will assume that all formulae are well named and in negation
normal form, that is, fixed point variables are defined at most once and negation
applies to atomic formulae only. Clearly, every uCGF-formula can be rewritten
to meet these requirements.

A crucial parameter of a formula is its width which is defined as the greatest
number of free variables occurring in a subformula. Equivalently, a formula has
width k iff it can be transformed, by renaming of variables, so that it uses only
k variables. In the following we will always assume that every formula of width &
is written with the variables {zq,z1,...,Zr_1}.

19.2.2 Tree representations

In order to use tree automata for model checking and satisfiability we encode
structures by trees. Recall that every subformula of a formula of width k& can
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19 Automata for Guarded Fixed Point Logics 345

Fig.19.1. A structure with relations of arity 1, 2, and 3 and its Gaifman graph

refer to at most k structure elements at the same time, which, moreover, have
to be guarded. On account of this, we associate to a given structure 2 a tree
whose nodes are labelled by the substructures of 2 induced by at most & guarded
elements. In addition, the overlap of two adjacent nodes is stored in the label of
their common edge.

Let us fix some notation for the remainder of this chapter. The set of guarded
subsets of size at most k of a o-structure 2 is denoted by

Iiv(A) :={K C A| K is k-clique-guarded in 2 }.

The substructures induced by these sets are mapped onto the fixed universe
[k] = {0,...,k — 1} and then arranged to form a tree while keeping track of
overlaps along the edges. Thus, the nodes of the resulting trees are labelled by
the alphabet

XY :={¢€| Cis a o-structure over a universe C C [k] }

while the edges are labelled by subsets of [k]. We call trees labelled by these
alphabets shortly k-type trees. When we speak about a D-edge, we mean an
edge labelled with D C [k], and a D-neighbour or D-successor of a node is a
neighbour respectively a successor along some D-edge.

Definition 19.1. For a given width k&, the k-unravelling tree of a structure 2
is the k-type tree T over the set of nodes I'y(2)* labelled as follows:

(i) The root of T is labelled with the empty structure (§, o) and all outgoing
edges are labelled with ().
(ii) Every node v € I, (2)*K is labelled with an isomorphic copy € of |k, the
restriction of 2 to K € I',(2).
(iii) If 7 : A|g — € and 7' : A|'x — € are isomorphisms labelling, respectively,
a node v € I',(A)*K and its successor v' = vK', then 7 and 7’ agree on
K N K' and the edge (v,v") is labelled with 7(K N K').
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Remark 19.2. Tt is easy to see that for every D-edge (v,v') of an unravelling
tree T the following conditions hold:

(i) Consistency: the labels € of v and €' of v agree on D, that is, €|p = ¢'|p.

(ii) Completeness: for any H C [k] the H-successors of v and v' agree on
DN H, i.e., there is a one-to-one map assigning to each H-successor w of v
an H-successor w' of v' such that the labels of w and w" agree on D N H.

Generally, we call a k-type tree consistent, if it satisfies the first condition.
Let us now look at the relationship between a tree representation and the encoded
structure.

Definition 19.3. Given a consistent k-type tree T', consider the disjoint sum of
its node labels,

D= U{ (€,v) | € is the label of v € T' }.

Let ~ be the least equivalence relation on the universe of © with
(i,v) ~ (i,v") if v’ is a successor of v and i is in the label of (v,v').

Then, by consistency of T', ~ is a congruence relation on . We call the quotient
® /.. the structure recovered from T

Definition 19.4. The k-unravelling A*) of a structure 2 is the structure
recovered from the k-unravelling tree of 2.

Since pCGF is invariant under guarded bisimulation (see [5]), it follows that
sentences of width up to k cannot distinguish between a structure 2 and its
Ek-unravelling 2A*).

Proposition 19.5. Fvery structure 2 is k-clique bisimilar to its k-unravelling
Ak . That is, for all uCGF-sentences 1) of width at most k we have

A=y iff AW .

If we recall the notion of tree decomposition of a structure introduced in the
previous chapter we can easily establish the following connection.

Proposition 19.6. A k-type tree T is a tree decomposition of some structure A
iff the structure recovered from T is isomorphic to 2.

This relationship suggests tree decompositions as candidates for structure
representations.

Definition 19.7. For a given width k, a k-decomposition tree of a structure
2 is a k-type tree T where

(i) for every K € I, (%) there is a node labelled with (an copy of) 2|k;
(ii) the labels of any two nodes connected by a D-edge agree on D;
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{1}| P
2] 1}

N

Fig.19.2. A k-decomposition tree of the structure in Fig.19.2.2

(iii) every node v is labelled with 2|x for some K € I,(2) via an isomorphism 7.
Moreover, for each K' € I',(2() there is a node v’ labelled with 2|g, such
that all edges on the path between v and v’ include 7 (K NK') in their labels.

Remark 19.8. (i) The k-unravelling tree of a structure is also a k-decomposition
tree of that structure.

(ii) Each k-decomposition tree of a structure 2 induces a subtree in the k-
unravelling tree of 2.
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Fig. 19.3. The structure recovered from the decomposition tree in Fig. 19.2.2

It is an easy exercise to show that the process of k-decomposing a structure
preserves its properties up to bisimulation, yielding a more compact representa-
tion than unravelling does.

Proposition 19.9. Given a structure 2, let 2" be the structure recovered from
a k-decomposition tree of . Then 2 and A’ are clique-k-bisimilar.

19.2.3 The automata model

We employ alternating automata that work on trees where nodes and edges are
labelled.

Definition 19.10. An alternating tree automaton over a node alphabet X
and an edge alphabet A is given by a tuple

A=(Q,%,4,0,q,0)

where @@ = Qo U @1 is the set of existential and universal states, q; designates
the initial state, 2 : ) — w is a parity condition and

§:Qx Y > Z(AxQ)
is the transition function. The pairs (d,q) € A x @ are called transitions.
We define the behaviour of such automata by way of games.

Definition 19.11. Let A = (Q, X, A,4,q1, 2) be an automaton and T an ap-
propriately labelled tree. The game G(A, T) associated to A and T is the parity
game with positions ) x T and acceptance condition (2 played as follows.

Every play starts in state gr at the root of 7. Assume that the play reached
some position (g,v) where the node v is labelled with e. If ¢ belongs to Qo,
Player 0 can move to a position (¢',v") if

(i) there is a transition (d, q¢") € d(q,¢) and
(if) v’ is a d-successor of v.
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19 Automata for Guarded Fixed Point Logics 349

The moves of Player 1 are defined analogously.
The language L(A) accepted by a tree automaton A is the set of all trees T,
such that Player 0 has a winning strategy in the game G(A,T).

Usually, automata are defined as devices scanning their input only in one
direction. However, for our purpose it is convenient to allow them to move back-
wards and remain still as well.

Definition 19.12. An alternating two-way tree automaton is given in the
same way as a (one-way) alternating automaton,

A =(Q, %, 4,6,q1,9)

where acceptance is defined in a different way. The game G(A%,T) associated
to a two-way automaton A2 and a tree T is the parity game obtained as in
Definition 19.11, but replacing rule (ii) with

(ii’) either v’ = v or v' is a d-neighbour of v.

The language L(A?) accepted by a two-way tree automaton A2 is the set of all
trees T such that Player 0 has a winning strategy in the game G(A2,T).

19.3 Model Checking

The results presented in Chapter 14 and 10 reveal a close relationship between
alternating automata and games on the one side, and logical formalisms on the
other side. The automaton constructed in Section 10.3 for L, translates first-
order operations into state transitions, while fixed point predicates are encoded
as priorities.

In a similar way, we will construct automata for yCGF. But unlike L,,, where
a formula is evaluated at a single node of a transition system, a yCGF-formula
with several free variables may involve several structure elements. Since these
elements have to be clique-guarded, they appear together in the label of some
node in the unravelling (or, decomposition) tree. To allow our automaton to
access the structure in the node labels of the input tree, its states will contain
two components: a subformula, and an assignment of the variables appearing
free therein.

The closure cl()) of a formula v is the set consisting of all subformulae of 1)
together with the formulae true and false.

Definition 19.13. To any formula ¢ € uCGF of width k we associate the
automaton Ay = (Q, Xy, Z([k]), 0, q1, 12) over k-type trees where the state set

Q:={(,B) | €cl(¥) and B: {zo ... zp-1} = [k] }
is partitioned into existential and universal states by

Qo :={(p,B) | p =false, or p =V, or p =3j.n}, and
Q1 ZZQ\QO-
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The initial state is gr = (¢, ) where () stands for the void assignment.

It remains to specify the transition function. To simplify our notation we
use expressions (H)S with H C [k] and S C @ to denote the set of transitions
{D C k]| HC D} xS. In particular, when we refer to the universe of ¢ we
write (-}S instead of (C')S. Furthermore, omitting parenthesis, we simply write
d(p, B, €) instead of 6((p, 8), €).

(i) If p = true or ¢ = false then §(p, 8,€) = 0.
(ii) If ¢ is a o-atom or a negated o-atom then

(H(true,0)} if €, | ¢,
(M (false,0)} if €, 5 = ¢.

(iii) If o =9 A or ¢ =75 Vo) then
(¢, 8,€) = (H{(n,8), (¥, 8)}-
(iv) If (%) = FP7y(n)(Z) then
(¢, 8,€) = (-{(n, )}
(v) If (%) = TZ and FPr;(n)(Z) is the unique definition of T in ¢ then
(¢, 8,€) = (-{(n, )}
(vi) If o(z) = Fy.n(z,y) or p(x) = Vy.n(z,y) then
3, 8,€) =({ (0, 8') | B'z = Bla } U(BE)M{ (v, B)}-

Finally, if the fixed point variables of i) occur in the order Zy, ..., Z, the parity
condition is given by

8(p, 8,€) = {

2i ¢ = Z;% and Z; is a GFP-variable,

2i+1 p=2;% and Z; is an LFP-variable,
2, B) =49 2n+4 ¢ =VYyn,

2n+3 ¢ =4dy.n,

2n + 2 otherwise.

The automaton works in a similar way as the L,-automata defined in Sec-
tion 10.3: disjunctions are decomposed by Player 0, conjunctions by Player 1 and
fixed points are regenerated. Atomic statements are verified locally and termi-
nate the run. Acceptance of infinite runs is determined by the priority function
which reflects the nesting and type of fixed point definitions. Note that, except
when dealing with quantifiers, the automaton changes only the formula compo-
nent of its states, while the variable assignment remains the same. Moreover,
the (-)-transitions allow to move only to successors that retain the structure
information of the current node.
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To understand the handling of quantification, consider, e.g., an existential
formula ¢(Z) = 3y.n(Z,y). Player 0 may use a transition from (5(zZ)){(v,5)}
to proceed to a successor that retains the structure living on elements currently
assigned to the free variables Z. In this way, he can reassign the quantified
variables § to elements of the chosen successor. After such a move, the formula
in the new state is still ¢ and Player 0 is again in turn to move. But, as existential
formulae have odd priority, he can reiterate these moves only finitely many times
and must then take a transition of the form (-){ (n, ') | #'|z = Blz }-

Given an input tree that k-unravels a structure 2, the structures labelling
the nodes are all induced by k-cliques in 2. Moreover, from each node (a copy
of) every other k-clique of 2 is accessible within one move.

It remains to prove that our construction is correct, that is, that we can use
the automaton defined above to solve the model checking problem for uCGF.

Proposition 19.14. Given a formula v of width k and a structure U, the au-
tomaton Ay accepts the k-unravelling tree of 2 iff A |= .

Proof. Tt is convenient to argue in terms of games. Model checking games for
pCGF were introduced in [1] as a generalisation of the model checking games
for L,,. Although defined for finite structures, the extension of these games to
the transfinite case is straightforward.

Let T be the k-unravelling tree of the structure 2. We will show that the
game which determines acceptance of T' by the automaton A, is essentially the
model checking game associated to 2 and ).

Let G be the acceptance game G(Ay,T). We can simplify this game by col-
lapsing positions which share the same formula and map its free variables to the
same part of the structure.

Recall that any node v of T' is labelled via some isomorphism 7. Furthermore,
at every position (p,3,v) in a play of G, the image of 7 includes the image of
the assignment 3. Thus, we can define a mapping from the positions of G to
{(o,x) | ¢ €cl(®) and x : {zo...zx—1} = A} as follows:

T (0, B,0) B (o, T B).

By the construction of G, we can easily verify that this mapping induces a
congruence relation ~ among the positions of G,

(9, 8,0) R (9, 8,0) iff (2, B,0) = (19, 8,0"),

which is also a bisimulation on G. R

Consider now the (strong homomorphic) image G of G under ~. On the one
hand, G and G are bisimilar via = and, consequently, the same player has a
winning strategy in both plays. On the other hand, G is almost the model check-
ing game G' = G(A, 1) as defined in [1]. The only difference arises at positions
(¢, x) where @ is an existential or universal formula, say ¢ = 3gn(z, 7). Then,
the model checking game allows moves to (1, x’) with x’ such that

(i) x and x' agree on the values of Z and
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(ii) &, x" [ clique(z,y),

whereas in G the legal moves go either to (p,x") with x' as above, or to (1, ).

Nevertheless, we will show that the same player wins both G’ and G. If
Player 0 has a winning strategy in the model checking game G', he can also
play this strategy in G, as long as no existential formula is met. Otherwise, at
positions (p,x) as above, he can imitate the move to the position (n,x') he
would perform in G' by taking two steps:

(i) move to (p,x’); this is possible since, for every x' agreeing with y on the
free variables of ¢, the position (¢, x') is reachable from (¢, x) in one step.
(ii) At (p,x") it’s still Player O turn: move to (1, x").

Towards a contradiction, let us assume that Player 1 wins this play. Then, after
any universal formula ¢ = Vyn(z,y) occurring in the play, there can follow
only finitely many positions with ¢ until Player 1 chooses some position (1, x');
otherwise he would lose with the highest even priority. But then, Player 1 also
wins by choosing (¢, x') right from position (p, x) and proceeding with (1, x').
However, these two moves translate into one move in the corresponding play of
G’ which leads Player 1 to a win in G despite Player 0’s winning strategy, which
is not possible. This concludes our proof that a player has a winning strategy in
the model checking game iff he has one in the acceptance game.

The correctness of our construction relies on the fact that the input trees are
complete in the sense of Remark 19.2 (ii). That is, if the current node is labelled
by a k-clique of the represented structure, then every other k-clique appears in
the label of some successor node. Unfortunately, it is very hard to check whether
a given tree satisfies this property. By letting 4, run as a two-way automaton
A2, we can relax this requirement and claim instead that every k-clique shall be
reachable via a finite path from the current node.

Proposition 19.15. Given a formula ¢ of width k and a structure 2, let T be
a k-decomposition tree of 2. Then the automaton Ai accepts T iff A |= .

Proof. The idea is to show that A2 runs on T in a similar way as its one-way
variant does on the k-unravelling tree 7" of 2. Towards this we will transform
the acceptance game Q(Ai,T) by introducing shortcuts into a game which is
bisimilar to the acceptance game G(A,T') of the one-way automaton.

Let G* be the least game extending G := G(A2, T) by new transitions in such
a way that, whenever there are two transitions

(¢, B,0) = (¢, 8,0") = (,8,v")

in G*, the shortcut (p, 3,v) = (¢, 3,v") is also a transition in G*.

Observe that the new transitions just shortcut a sequence of steps in the
original game, all performed by the same player. To see that this does not change
the winning partitions, assume, towards a contradiction, that Player 1 has a
winning strategy for G* while Player 0 has one for G. All moves in G are still
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available in G*, so Player 0 can apply his winning strategy for G in the play 7
of G* against the winning strategy of Player 1. Let us now look at the play
in G in which both players move like in 7 except at positions (p, 3,v) where
Player 1 used a shortcut to, say (p,3,v"), for ¢ a universal formula. At that
point, Player 1 can move step by step via finitely many positions (¢, 5, w) along
the path leading to the destination of the shortcut. From there, the play proceeds
like in 7. Clearly, Player 1 wins this play in G in contradiction to our assumption
on Player 0’s winning strategy.

The mapping = which was defined in the proof of Proposition 19.14 can be
applied to the positions of G*. It induces a congruence relation on G* and, as
such, a bisimulation betweer}\ G* and its strong homomorphic image G*. This
image is precisely the game G(,,T") which is bisimilar to G(y,T").

Accordingly, the automaton Ai accepts the k-decomposition tree T iff Ay,
accepts the k-unravelling tree T".

19.4 Satisfiability

The model checking automata introduced above operate correctly on inputs
which represent structures. But in order to solve the satisfiability problem this
does not suffice. We need to make sure that all inputs which do not represent
structures are rejected.

Checking representation validity. From a given a k-type tree T, we can
recover a structure according to Definition 19.3, only if T is consistent, that is,
if every node agrees with its D-neighbours on the D-part of its label.

Provided T is consistent, let 2 be the recovered structure. Now T is a k-
decomposition tree of 2 iff every node label of T" induces a clique in 2. This is
crucial, since the model-checking automaton assumes that all elements appear-
ing in the label of its input represent clique-guarded elements of the structure.
Another way to formulate this condition is: For every node v and every pair of
elements {7,j} C [k] in its label, there is a node v' in which ¢ and j are guarded
by an atom and all edges on the path between v and v include {i,;j} in their
labels.

Now, we build an automaton that checks the above two conditions.

Definition 19.16. For every width k, we construct a two-way automaton A2 =
(Q, X, Z([k]), 0, check, 2) over k-type trees whose set of states is partitioned
into

Qo = {false} U[k]> and
Q1 = {true,check} U{Ra | R € o, a C [k] }.
In state check the automaton allows Player 1 to move freely on the input

tree to reach a node where either the consistency or the guardedness condition
may be violated. At that event, state Ra records the loss of the atom Ra along

76



354 Dietmar Berwanger and Achim Blumensath

an edge that preserves a while the states (i,7) € [k]? indicate the search for
witnesses to the guardedness of ¢ and j. The transitions are as follows.

§(check, €) = (#){check} U | J{ (@){Ra} | ¢ |= Ra}
U (M (0,5) | € clique(i, j) }.

At a node where the elements i and j are not guarded, Player 1 can challenge
his opponent to find a node where {i,j} appear guarded, along a path where
these elements persist in the edge labels.

.. {true ¢ = clique(s, j),
(). ¢) = LAt € = cliauelig)
(i, iH{(,j)} otherwise.
Also, Player 1 may pick a currently valid atomic fact to check whether it is indeed
preserved along the edges that contain all involved elements in their label.

(R, €) {(-){true} ¢ - Ra,
(-y{false} otherwise.
If the player agree on a local test, the run is finite: §(true) = §(false) = 0.

On an infinite run, the automaton assumes forever either the state check or
some state (i, 7). Since in the first case Player 0 should win, we set £2(check) = 0.
In the second case, instead, Player 0 should lose, because he does not provide a
witness to the guardedness of ¢ and j after a finite number of steps. To enforce

that, we set 2((i,7)) = 1 for all (i,5) € [k]>.

It is easy to see that the above checks ensure the consistency and the guard-
edness of the input tree.

Lemma 19.17. The automaton A3 recognises the set of k-decomposition trees
of all o-structures.

Reduction to the emptiness problem. After having constructed an automa-
ton Afb for the model checking of a tree representation and an automaton A2
to check the validity of the input tree, we can build the product automaton
By := A7 x Aj which recognises precisely the set of k-decomposition trees of
all models of . In this way, the satisfiability problem for v is reduced to the
emptiness problem for B?p.

Proposition 19.18. A uCGF formula v is satisfiable iff L(Bi) #0.

Emptiness of two-way automata. In order to establish the complexity of
the emptiness problem for our automata model we will reduce it to the two-way
automata introduced by Vardi [9] defined for input trees of bounded branching
degree.
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Lemma 19.19. Any two-way automaton recognising a non-empty language, ac-
cepts some tree whose degree is bounded by the size of its state set.

Proof. Let A% be a two-way automaton accepting some input tree T'. Hence,
Player 0 has a winning strategy in the parity game G(A?,T) and, by [3,7], even
a memoryless one: f: Qo xT — @ x T. For any node v € T', let S(v) be the set
of nodes targeted by f at some position with v:

Sw):={v' €T| f(g,v) € Q x {v'} for some q € Qo }.

Consider now the tree T” obtained from T by discarding at every node v
those successors which are not in S(v). Since |S(v)| < |Qol, this yields a tree of
branching degree bounded by |Qo| < |@]. Moreover, f is still a winning strategy
in G(A%, T"). In other words, the automaton A2 also accepts T".

19.5 Complexity

Since Vardi’s automata work on trees with unlabelled edges, we have to remove
the edge labels and place them into their target node. Then, our automaton has
to verify the validity of taken transitions, thus, requiring a blow-up of its state
set by the size of the edge alphabet. Taking into account this modification, we
can transfer the complexity of the emptiness test of Vardi’s automata to our
model.

Theorem 19.20. The emptiness of a two-way altemgting automaton with s
states and t edge symbols can be decided in time 2°((59)7),

For the computations in the remainder of this chapter, let us fix a formula 1)
of size n and width k. Note that, the number of states of the automata Ai and
Ay is bounded by O(n-k¥). Accordingly, their product B}, has at most O(n*k*)
states. From Lemma 19.19 we can now infer a stronger variant of the tree model
property for uCGF.

Proposition 19.21. Any satisfiable uCGF-formula of width k has a model with
a tree decomposition of width at most k — 1 and branching degree bounded by
O(n’k**).

By Theorem 19.20, the reduction of the satisfiability problem for ¢ to the
emptiness of B?p yields the following complexity bounds:

20((nkk)4) _ 20(n424k losk) _ 22O(n)-

When k is bounded by a constant, the above expression boils down to 20(n*),
Since the complexity results on CGF quoted in the introduction of this chap-
ter imply hardness of this bounds, we can state:

Theorem 19.22. The satisfiability problem for uCGF is 2EXPTIME-complete
in the general case. For clique guarded fized point sentences of bounded width it
is EXPTIME-complete.
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Counting Quantifiers and the Stellar Fragment
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Abstract

This paper defines a class of clauses which we call the stellar fragment,
and establishes that both the satisfiability and finite satisfiability prob-
lems for this fragment are complete for nondeterministic exponential time.
It is shown that the stellar fragment is closely related to the familiar two-
variable fragment of first-order logic with counting quantifiers, C*. Our
results thus demonstrate that finite satisfiability of C*-formulas is de-
cidable in nondeterministic exponential time. Our method also yields a
much easier proof of the previously known result that the satisfiability of
C?-formulas is decidable in nondeterministic exponential time.

1 Background

The two-variable fragment with counting quantifiers, C?, is the set of function-
free first-order formulas containing at most two variables, with the numerical
quantifiers 3,z permitted. Although C? lacks the finite model property, satis-
fiability of C2-formulas is decidable. This was first shown by Gridel, Otto and
Rosen [2], and by Pacholski, Szwast and Tendera [4] (with a preliminary version
appearing in [3]), where a NEXPTIME complexity bound is obtained. Grédel,
et al. also report the decidability of the finite satisfiability problem for C?2, but
give no upper complexity bounds.

This paper defines a class of clauses which we call the stellar fragment, and
establishes, via a reduction to integer programming, that the satisfiability and fi-
nite satisfiability problems for this fragment are both NEXPTIME-complete. It
is also shown, using techniques from resolution theorem-proving, that the stellar
fragment has essentially the same expressive power as C2. Our results demon-
strate that the finite satisfiability problem for C?-formulas is in NEXPTIME,

*This is a simplified version of a paper originally posted on the Mathematics Preprint
Server (http://www.mathpreprints.com/math/Preprint/show/index.htt). It was written in
part during a sabbatical visit to the Division of Informatics, University of Edinburgh. The
author acknowledges the support of the EPSRC (grant number GR/S22509). The author
would further like to thank Prof. Andrei Voronkov for helpful conversations and Dr. Ulrike
Sattler for her comments on the manuscript.
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2 THE STELLAR FRAGMENT 2

and furthermore yield a new and more perspicuous proof that the satisfiability
problem for C2-formulas is in NEXPTIME.

The plan of the paper is as follows. The next section introduces the stel-
lar fragment, and shows that both satisfiability and finite satisfiability for this
fragment are NEXPTIME-hard. Section 3 shows that the finite satisfiability
problem for the stellar fragment is in NEXPTIME. Section 4 shows that the
satisfiability problem for the stellar fragment is in NEXPTIME. Section 5 ex-
plores the connection between the stellar fragment and C?.

In the sequel, we take C to be a set of constants, F a set of unary function-
symbols P a set of unary predicates and Q a set of binary predicates. We
assume the signature (C,F,P,Q) as a default unless otherwise stated. A lit-
eral is an atom(ic formula) or the negation of an atom. A clause is a (finite)
disjunction of literals. We allow the falsum L as a clause (the ‘empty’ clause),
and we occasionally write clauses as implications where this makes for clarity.
Semantically, we treat clauses as shorthand for their universal closures: in par-
ticular, we say that a structure 2 satisfies a clause v, and write 2 |= v, if the
universal closure of 7 is true in 2. If " is a set of clauses, denote by ||T'|| the total
number of symbols in I". If o is an atom, we write +« to stand ambiguously
for a or —av. (Disambiguation of £ is assumed to be uniform within the obvious
contexts.) Throughout this section and the next, we shall assume nontrivial
domains. That is, we take a set of clauses to be satisfiable if it is satisfied in a
structure 2 with |A| > 1. It is easy to see that this assumption does not affect
the complexity results reported here.

2 The stellar fragment

We now turn to the clausal fragment which forms the main topic of this paper.

Definition 1. An atom is stellar if it is of one of the eleven forms

p(z) p(fz) q(z, ) q(fx, fx)  q(z, fr) q(fz,x)

TRC fr=~c fr~x fr=~gx fgx ~ x,

where x is a variable, p a unary predicate, ¢ a binary predicate, ¢ an individual
constant and f, g function-symbols. A literal is stellar if the atom it features
is stellar; a clause is stellar if all its literals are stellar and all have the same
variable. The set of all stellar clauses will be called the stellar fragment.

The term “stellar” alludes to the system of sidereal metaphors adopted by Pa-
cholski et al in their work on the fragment C2. Its appositeness should manifest
itself in the course of the paper.

Example 1. The clause p(z)V fgz ~ z is stellar. However, p(z)Vq(fgx)V fz ~
gz and p(x)V fgx ~ ¢ are not stellar, because the atoms ¢(fgz) and fgz ~ c are
not among the eleven forms above; likewise, p(z) V q(y) is not stellar, because
it has two variables.
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2 THE STELLAR FRAGMENT 3

Although stellar clauses by definition feature only non-ground atoms, certain
ground literals are logically equivalent to stellar clauses, thus:

+p(e) = (= ¢ — £p(x)) tp(fe) = (z = ¢ — £p(fr))
+ (r~c— tzxx~d) tfemd=(z=c— fxxd).

Accordingly, we shall occasionally treat such literals as stellar clauses by cour-
tesy, understanding that they could be equivalently expressed as such.

The restrictiveness of Definition 1 is deceptive, for the stellar fragment is in
fact highly expressive. In particular, it is easily seen that the stellar fragment
lacks the finite model property. Thus, for example, the clauses

gfr=x fe#c

state that f is injective but not surjective.

Indeed, rather more can be said on the subject of the sizes of satisfying
structures. Let Xi,...X,, X{,... X} | be unary predicates and f a unary
function-symbol. Consider the clauses

Xi(2) A A X (2 )A—|X(z) X5 (2) (1<i<n)
Xi(2) A Xn(2) = Xp41(2)

X7 (2) = =X;(fz) (I<j<i<n+1)

X7 (2) = Xi(f2) (1<i<n)

+X;(2) A X[ (2) — £X;(f2) (1<i<j<n

This clause set, which we shall denote by ' o f XX works as a kind of counting
machine. If 2 }: L, ;xx and a € A, say that the indez of a is the integer in

the range [0,2" — 1] whose n- digit binary representation d, ...d; is given by
& — 1 if A E X;al
"0 otherwise.

A little checking shows that, if f%(a) = a’, the index of a’ is one greater than
the index of a (mod 2™).

Using this technique, we can write clause sets which are finitely satisfiable,
but only in very large structures. Let ' nf XX be as above, and I‘n hX X" the
corresponding clauses with f replaced by another function-symbol h. Now let
A be all these clauses together with

~Xn(2) mgfzmz fz% hz
~X511(2) = ghz x 2 -X;(c) (1<i<n)

The clause set A is certainly finitely satisfiable, as depicted schematically in
Fig. 1. (Unimportant functional links have been suppressed for clarity.) It
is easy to see that any model of A incorporates a binary tree of depth 2",
with f and g mapping each element with index less than 2" — 1 to an element
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0 f h
®
=
= f h f h
2 j/O\\ h
»_o1 O O

Figure 1: Schematic diagram of a model of A.

with index one greater; and this tree has 22° — 1 nodes. Thus, the size of the
smallest satisfying model for clause sets in the stellar fragment may grow doubly
exponentially as the size of the clause set itself. (It follows from Theorem 2 below
that things never get essentially worse than that.)

The very same technique can be used to prove a lower complexity bound for
the stellar fragment. Denote by N,, the natural numbers less than m. Recall
that an exponential tiling problem is a triple (T, H, V'), where T is a finite set and
H and V are binary relations over T. We call the elements of T tiles, and we call
H and V the horizontal constraints and the vertical constraints, respectively. An
instance of (T, H,V') is a list tg,...t,—1 of elements of T (repetitions allowed).
Such an instance is positive if there exists a function 7 : No» X Non — T such
that: (i) 7(4,0) = ¢; for all ¢ (0 <i <n—1); (ii) (7(¢,7),7(i + 1,7)) € H for all
i,7 (0<i<2"—=1,0<j<2"—1); and (iii) (7(¢,5),7(i,5 + 1)) € V for all
1,7 (0<i<2"—1,0<j < 2" —1). We refer to 7 as a tiling. Intuitively, the
elements of T" represent colours of unit square tiles which must be arranged so
as to fill a grid of 2" x 2" squares. The constraints H (respectively, V') list which
colours are allowed to go to the right of (respectively, above) which others. To
show that a problem is NEXPTIME-hard, it suffices to encode it, in polynomial
time, as an exponential tiling problem (7', H, V).

Theorem 1. The satisfiability and finite satisfiability problems for the stellar
fragment are both NEXPTIME-hard.

Proof. For n >0, let Xy,...X,,, X7,... X, Y1,...Y,, Y{",... Y | be unary
predicates, and let and h, v be unary function-symbols. Now form the clause
sets Fn,h,?,?* Fn,v,?,?* as explained above, and let I'xy be all these clauses
together with

+X;(2) — £X;(vz) (1
LYi(2) — £Yi(h2) (1
If A ET'xy and a € A, we can think of the satisfaction of the X; by a as

defining the x-coordinate of a in the range [0,2" — 1], and the satisfaction of the
Y; by a as defining its y-coordinate in the same range. These coordinates assign
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every element a location on an exponentially large grid. In terms of this grid,
the function h* moves horizontally one step to the right, while the function v*
moves vertically one step up (with wrap-around in both cases).

Let cg,...,cn_1,c" be individual constants and let I’y be the collection of
clauses
ﬁXi(Co) (0 < ) <n-— 1)
=Y;(co) (0<i<n-1)
\/ -Xi(z)V \/ -Yi(z)Vz= "
0<i<n—1 0<i<n—1

stating that ¢y has grid-coordinates (0,0) and that ¢* is the only element with
grid-coordinates (2 — 1,2" — 1). Finally, let I'* be the pair of clauses

h*hz =~ z vivz &z,

stating that the functions A and v have respective inverses h* and v*. Let
F=TxyUlogul*.

We adopt the following notation. For I,m > 0, let 7[l, m]| denote a term formed
by applying [ copies of the function-symbol h and m copies of the function-
symbol v to the constant cy in some order or other.

Claim 1. For any l,m (0 < l,m < 2" — 1), and any pair of terms Ty[l,m],
To[l, m], the clauses T' entail the literal T1[l, m] = T3[l, m].

Write 2" — 1 = N. Evidently, I' = X;(7[N, N]) and T = Y;(T[N, N]) for all
i (0 <i<mn-—1), whence I' E T1[N, N] =~ ¢*. Likewise, I' = T3[N, N] = c*.
This establishes the claim for [ = m = N. Now consider any pair of terms
;[N — 1,N] (j = 1,2). Since h(Z;[N — 1,N]J) is of the form 7/[N,N] for
some T} , we have already proved I' = h(Ti[N — 1,N]) ~ h(Z2[N — 1, N]).
Using I'*, we have I = T1[N — 1, N] = T3[N — 1, N]. Symmetrically, we have
I' E T1[N,N — 1] = T3[N,N — 1]. By repeating this argument a sufficient
number of times, the claim is proved.

Thus, any model of I' must contain a collection of (27)? elements organized
by the function-symbols h and v into a grid. Treating each ¢t € T as a unary
predicate, let I'; be the collection of unit clauses

h(Ci) X Cit1 (O <i<n-— 1)
ti(ci) (0<i<n-1)

stating that the squares (0,0), ..., (n—1,0) are to be tiled with colours ¢y ...%,_1,
and let 't be the set of clauses

—t(z) V —t'(2) (for t,t' € T with t # t')

\ t@),

teT
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stating that each square on the grid must be covered by exactly one colour of
tile. The horizontal constraints can then be encoded by the clauses I'jz
X*

n

(z)V—t(z)V—t'(hz)  (t,t)€H

and the vertical constraints by a set of clauses I'y similarly. Consider the claims
1. TUT';UT'r UT'y UTy has a model;
2. to,...,tn—1 is a positive instance of the exponential tiling problem (T, H, V);
3. TUl';ul'r UT'y UT'y has a finite model.

The above construction shows that (1) implies (2) and that (2) implies (3). It
is trivial that (3) implies (1). O

3 Upper complexity bound: finite satisfiability

In spite of the large-model properties established in the previous section, both
the satisfiability and the finite satisfiability problems for the stellar fragment
are in NEXPTIME. The following terminology and notation will prove useful.

Definition 2. Let the structure 2 be given. For a’ # a, we write a Lo it

f*(a)=ad',and a — d ifa I, o' for some function-symbol f. Mildly abusing

notation, we speak of the ray a & or a = @ to denote a pair of (distinct)
elements so related. If a — @’ and @’ — a we say that the rays in question are
invertible, and write a < ad’.

Note that a — a is false by definition: functional links always feature distinct
elements.

The following definitions recapitulate and extend some very familiar concepts
from model theory. (Assume throughout the default signature (C,F,P,Q)).

Definition 3. A I-type is a triple (C, P,Q) where CCC PCP Q C Q.

Let 2 be a structure, with a € A. Then the triple

= <{C € C|a - Cm}a {p € P|a € pﬂ}7 {q € Q|<(l, CL> € qu}>

is a 1-type, called the 1-type of a in 2, and denoted tp®[a], or simply tp[a] if 2 is
clear from context. It is obvious that m = tp*[a] provides a complete individual
description of a in 2 in the following sense. Suppose 7 is a function-free stellar
clause and 2 = 7[a]; then for any structure B with b € B such that tp® [b] = 7,
we have B |= «[b]. In that case, we may write m |= v, since the 2 and a
are immaterial. Furthermore, given 7 and « encoded as strings of symbols in
the usual way, a trivial (polynomial time) syntactic check determines whether

T .
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Definition 4. A ray-type is a sextuple p = (7*, F, G, R, S, 7r), where 7*, 7 are
1-types, ) # F CF, G CF, RC Qand S C Q. We denote the respective
components of p by 77, F,, Gy, R, S, and 7,. If p is a ray-type with G, # 0,

then p is said to be invertible, with inverse p=' = (1,,G,, F,, S,, R, 7).

The intuition behind ray-types is as follows (see Fig. 2a). Let 2 be a structure,
and a, a’ distinct elements of A with a — a’. Setting

7 = tp*[a] ™ = tp™[d]
F={feF| /) =} G=1{geF| ") =a}
R={qeQ|AEqla,d]} S={qe QA qld,a]},

the ray-type p = (7*, F, G, R, S, ) describes the relationship between a and a’
in A. When 2 is clear from context, we write a 2 a’ in this case, and say that
a’ absorbs a ray of type p emitted by a.

Definition 5. A star o is a set of ray-types such that:
1. the (nonempty) sets F, (p € o) are pairwise disjoint; and
2. the 1-types 7 (p € o) are all identical.

The common 1-type 7} for p € o is denoted by tp(o); in addition, we write:

H, =F\ |J F,.

peo

Note that, if H, = 0, then {F, | p € o} is a partition of F; otherwise, { H }U{F}, |
p € o} is a partition of F.

The intuition behind stars is as follows (see Fig. 2b). Let 2 be a structure, and
a€ A Set
o={p| forsomed € A, a2 d'}.

Then ¢ is a star, called the star of a, and denoted st*[a], or simply st[a] if A
is clear from context. Thus, for each a € A, tp(stla]) = tpla], and for each
p € st[a] and each f € F,, 7, = tp[f*(a)]. Finally, we note that, if o is st*[a],
then H, is the set of function-symbols & such that h*(a) = a. It is obvious
that o = st®[a] provides a complete local description of a in 2 in the following
sense. Suppose 7 is a stellar clause, and 2 |= v[a]. Then for any structure B
with b € B such that st® [b] = o, we have B = v[b]. In that case, we may write
o E 7, since the 2 and a are immaterial. Again, given o and v encoded as
strings of symbols in the usual way, a simple (polynomial time) syntactic check
determines whether o = .

The following general observations on structures simplify the ensuing anal-
ysis.

Definition 6. Let 2 be a structure. We say that 2 is chromatic if

1. For all (distinct) a,a’ € A, if a < d/, then tpa] # tp[a’].
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7% = tp(stla])

a) Ray from a to o' with ray-type (7, F,G,R, S, @) b) Star of a, showing H,

Figure 2: Schematic diagram of a ray and a star.

2. For all pairwise distinct a,a’,a” € A, if a < a' and a’ < a” then tp[a] #
tpla”].

In addition, let m be an integer. We say that 2 is m-differentiated if, for every
1-type 7, the number u of elements in A realizing 7 satisfies either u < 1 or
U > m.

Lemma 1. Let m > 1 and A be a structure interpreting at most n function-
symbols. Then A can be expanded to a chromatic, m-differentiated structure by
interpreting at most log(n? +n + 1) + log(m — 1) + 1 (rounded up) new unary
predicates.

Proof. Consider the (undirected) graph G on A whose edges E are the pairs of
distinct elements connected by a chain of 1 or 2 invertible rays, that is:

E={(a,d) |a+d}U{(a,d")|a+ a and a’ < a” for some a'}.

The degree of this graph is bounded by n? +n. Now use a greedy algorithm to
colour G with n?+n+1 colours. By interpreting log(n?+n+1) (rounded up) new
unary predicates to encode these colours, we thus ensure that the structure is
chromatic. Finally, for each 1-type 7 (in the expanded signature) realized more
than once but fewer than m times, colour the elements realizing 7 using m — 1
different colours. By interpreting log(m —1) (rounded up) new unary predicates
to encode these colours, we ensure that the structure is m-differentiated. O

We are now in a position to establish our first main result on the stellar
fragment.

Theorem 2. LetT be a set of simple stellar clauses over the signature (C,F, P, Q),
and let n be such that |F| < n, |P| <n, |Q|] <n and |C| < 2". IfT is finitely
satisfiable, then T' is satisfied in a structure whose size is bounded by a doubly
exponential function of n.
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Proof. Let A be some maximal consistent set of clauses of the forms +c ~ ¢/,
where ¢, € C. (Remember: we write these clauses, in stellar form, as x ~ ¢ —
+x ~ ¢.) Such a clause set partitions the set C into at most |C| < 2™ cells in
the obvious way. We address the problem of determining whether 'a = T'U A
is satisfiable.

Let n’ = log(n? +n + 1) + log(3n — 1) + 1 (rounded up), and add n’ new
unary predicates to P to obtain the set P’. If I'a is finitely satisfiable, by
Lemma 1, it has a finite, chromatic, 3n-differentiated model over the signature
(C,F,P’,Q); and if o is the star of any element in such a model, then o obeys
the following conditions. (The final two both follow from the fact that the model
is chromatic.)

(A1) o ET.
(A2) o EA.
(A3) o contains no invertible ray-type p such that 7, = tp(o).

(A4) For each 1-type 7, o contains at most one invertible ray-type p such that
T, = T.

Enumerate the set of all stars satisfying (A1)—(A4) as o1 ...0y. Enumerate
the set of ray-types J{or | 1 < k < N} as p1...pyn. Enumerate the set of
1-types {tp(o) | 1 < k < N} as 71 ... 7. For the purpose of determining the
(finite) satisfiability of T'a, these are the only stars, ray-types and 1-types which
interest us. For any o satisfying (A2), the set of ¢ € C such that ¢ =z &~ ¢ is
either empty or a cell of the partition of C induced by A. Since there are at most
2™ such cells and at most n +n’ unary predicates, we have L < (2" + 1).2"*”.
Moreover, M < L?.2*" and N < M™. Thus, all these numbers are singly
exponential in n.

Now we define arrays H, I, R and § as follows. Let H be the N x L integer-
valued array and I the N x M integer-valued array, with entries given by

He — ].iftp((fk):ﬂ'i I — 1ifpj€O'k
ki — . kj — .
0 otherwise, 0 otherwise.

These arrays are self-explanatory: Hy; = 1 indicates that any element with star
oy has 1-type m;; Ii; = 1 indicates that any element with star o) emits a ray of

type p;.
Now let R be the L x N set-valued array with entries given by
Ri ={j|1<j < M, pj is non-invertible, p; € o and 7, = m;},
and let S be the L x L set-valued array with entries given by

Sii ={k|1<k <N, tp(ox) = and for all p € oy, m, # m;}.
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These two arrays are admittedly somewhat perplexing. The entry R;x is the
set of (indices of) non-invertible ray-types in o} which require absorption by an
element whose 1-type is m;. And the entry S;; is the set of (indices of) stars
whose 1-type is 7;; and which contain no ray-type that requires to be absorbed
by an element whose 1-type is m;. Finally, if ¢ € C, let

W.={k|1<k<Nando, Ez=c}

Using this machinery, we construct a quantifier-free formula of Presburger arith-
metic ¢ra such that ¢ra is satisfiable in Presburger arithmetic if and only if T'a
is finitely satisfiable. To motivate some of the technical details, we first assume
that T'a is finitely satisfiable, and then show, as we construct ¢ra, that it is
satisfiable in Presburger arithmetic. We then establish the converse result: that
if ¢ra is satisfiable in Presburger arithmetic, then I' o is finitely satisfiable.

Suppose then that I'a is finitely satisfiable. Choose a finite, chromatic, 3n-
differentiated model 2 = T over the signature (C,F,P’, Q). For all 4,7 (1 <
i,i' <L),all j (1<j<M)andall k(1 <k<N), define:

u; = |{a € A : tp[a] = m;}

v = {{a,a'y € A% 1 a 25 a'}|

wg = |{a € A: stla] = oy}

tyi =|{a € A:tpla] = my and for all @’ € A, if a — o/, then tp[a’] # 7}
Thus, for 7,4, j, k in the indicated ranges, u; is the number of elements having
1-type m;; v; is the number of rays of type p;; and wy, is the number of elements
having star o;. The quantities ¢;; are admittedly somewhat perplexing. For
all 4,4 (1 < 4,4’ < L), ty; is the number of elements whose 1-type is m; but
which do not emit any ray that is absorbed by an element whose 1-type is ;.

We write @ for the vector (u1,...,uy), and similarly with ¥, @. We write ' to
denote the t;/; in some arbitrary order.

It is immediate from the foregoing definitions that the following constraints are
satisfied:

(B1) 4@=wH

(B2) v=wI

(B3) ti; = Zkesi,i wy, for all 4,4 (1 <i,i < L).
(B4) > ey, wp =1forall ce C.

Finally, the following constraints are also satisfied for all i,4',7, 7',k (in the
appropriate ranges) subject to the indicated conditions:

(C1) If p; is invertible and p}l = pj;s, then v; = vjr.

(C2) If oy contains some p such that 7, = m;, then u; > 0 or wy = 0.
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(C38) 1If oy contains distinct ray-types p, p’ such that m, = 7, = m;, then
u; > 1 or wg = 0.

(C4) Either u; <1 oru; > 3n
(C5) If tp(oy) = m;, then either u; > 1 or wy, =0 or t;7; > |Rirkl-

Constraint (C1) follows from the fact that, if the ray-type p; is the inverse
of the ray-type p;, then every invertible ray contributing to v; will have a
distinct inverse ray contributing to v;j,. To see that (C2) is true, suppose o
contains a ray-type p with 7, = m;. If wy > 0, then at least one ray of type
p is emitted, and this ray must be absorbed by an element a’ of 1-type m;,
whence u; > 0. Constraint (C3) follows by a similar argument. Constraint
(C4) follows from the fact that 2 is 3n-differentiated. To see that (C5) is true,
suppose tp(ox) = m;, with u; < 1 and wg > 0. Then 2 contains exactly one
element a whose 1-type in 2 is 7;; moreover, st[a] = o. It follows that t;/; = |T7,
where T = {a’ € C : tpla'] = my and o' / a}; moreover, |Ryk| is the number
of non-invertible rays emitted by a and absorbed by elements with 1-type ;.
Each of these rays must be absorbed by some element of T (otherwise, they
would not be non-invertible); and distinct rays emitted by a are by definition
absorbed by distinct elements. It follows that t;/; > |Rykl.

Regarding the u;, v;, wy and t;; as variables, the constraints (B1)—(B4) form
a set of equations involving these variables. In fact, each of these equations
is a quantifier-free formula of Presburger arithmetic. Moreover, each of the
conditional constraints (C1)—(C5) forms a Boolean combination of equations
and inequations, obtained by substituting the various values of ¢, ', j, j, k which
make the relevant conditions true. Again, each of these Boolean combinations is
a quantifier-free formula of Presburger arithmetic. Let ¢ra be the conjunction
of all these Presburger formulas taken together. Since 2 satisfies (B1)—(B4)
and (C1)—(C5), it follows that ¢ra is satisfiable in Presburger arithmetic. Of
course, the construction of ¢ra made reference only to I' and A, not to 2!

We now argue the converse: that if ¢ra is satisfiable in Presburger arithmetic,
then I'a is finitely satisfiable. To reduce notational clutter, take the free vari-
ables in ¢ra to stand for the integer values which form a satisfying assignment;
we proceed to construct a model 2 = T'a based on these values.

The first step is to define the domain. For every k (1 < k < N), let Ay be a set
of cardinality wy, and let A be the disjoint union of the A;. We now convert A
into a structure 2.

Interpreting the constants and functional loops of order 1: Given a € A, let k
be such that a € Ay. If ¢ is an individual constant, set ¢* = a if and only
if o), = = = ¢. By (B4), there is exactly one value of ¥’ (1 < k' < N) for
which wgs > 0 and oy | x = ¢; moreover, in that case, wg = 1. Hence, these
assignments interpret every individual constant uniquely. In addition, we decree
that, for every function-symbol h € H,,, h®(a) = a.
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Interpreting the unary predicates and diagonals of binary predicates: 1If p is a
unary predicate, set 2 = pla] if and only if o, = p(x). Finally, if ¢ is a binary
predicate, set 2 |= ¢g[a, o] if and only if o, = q(x,x).

Interpreting the function-symbols and off-diagonals of binary predicates: We
deal with the invertible rays first. For each j (1 < j < M), set D; to be the
union of those Ay, such that p; € 0. It follows from (B2) that |D,| = v;. For
any j (1 < j < M) such that p; is invertible, let j/ be such that p; = pj_l.
By (C1), D; and Dj are equinumerous. (By (A3), they are also disjoint.)
Pick any 1-1 correspondence between them, and for a € D;, let @’ € Dj/ be the
corresponding element. Now set

f*(a)=d forall f € F, A= gla,d'] iff g€ R, (1)
g*(a’)=aforalgeq, A= qld,aliff g€ S,.

In this way, all invertible rays will be properly absorbed. We need to check that
the assignments in (1) can never conflict. But (A3) ensures that if p € oy is
invertible, then 7, # 7, ; and (A4) ensures that, if we have distinct invertible
ray-types p’, p” € oy, then 7, # m,, so that, in particular, o " cannot
belong to a common star oi. It follows that no loops of order 1 or ‘parallel
edges’ can arise in the above assignments.

Having dealt with the invertible rays, we move on to the non-invertible ones.
First, some preliminary definitions. For all ¢ (1 < i < L), let B; be the union
of those Ay such that tp(og) = m;. It follows from (B1) that |B;| = u;, and
thence from (C4) that if |B;| > 1, then |B;| > 3n: if so, let B; be decomposed
into disjoint sets B;g, B;1 and B;o, each containing at least n elements. Finally,
for all ;i (1 < i',s < L), let Cyry = Ukesm Ag. (Think of Cy; as the set of
elements which have been assigned 1-type 7 and do not ‘want’ to emit any ray
p with 7, = m;.) Note that Cy; C By. It follows from (B3) that |Ci;| = tir;.
Now we are ready to deal with the non-invertible rays. We proceed according
to the 1-types they feature. Fix ¢ and i’ (1 <, < L), and consider any non-
invertible ray-type p such that 7, = m; and 7, = m;. We have three cases to
consider. (See Fig. 3.)

Case 1: |B;| > 3n and |By| > 3n. Suppose a € B;. Then for some h
(0 < h <3),a€ B Let k be such that a € A. If o, contains the ray-type p,
let B = h+1 (mod 3), choose a’ € B;p/, and set

f*(a)=d forall f€F, A= qgla,d]iff g€ R, @)
A= qld,aliff g€ S,.

We must check that the assignments (2) do not lead to conflicts created by
parallel edges or loops of order 1 or 2. Since |Byp/| > n, there are always
enough choices for @’ avoiding parallel edges; and the fact that A’ = h+1 (mod
3) guarantees that no loops of order 1 or 2 arise (even if ¢ = i’).

Case 2: |B;] < 1. Suppose a € B;. Let k be such that a € Ay, so that
wg > 0, whence, by (C5), Ci/; is at least as numerous as Ryi. If, then, oy
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Bio
B; B.

Bis i

a a
B2
B; B,
Case 1: |B;| > 3n, Case 2: |B;| <1 Case 3: |B;| > 3n,
|B;s| = 3n B <1

Figure 3: Dealing with non-invertible rays.

contains the ray-type p, select a’ € Cy;, and carry out the assignments (2).
Again, we must check that these assignments do not lead to conflicts. But the
fact that |Cy;| > |Ry;| guarantees that no parallel edges need be created; and
the definition of Cj ; guarantees that no loops of order 1 or 2 can be created.
Notice that all the absorption sites chosen under this case are in Cj ;.

Case 3: |B;| > 3n and |By/| < 1. Suppose a € B;. Let k be such that a € Ay,
so that wg > 0. If p € oy, then, by (C2), |By| =1, and by (C3), p is the only
ray-type p' € o, such that 7, = my. Let o’ be the unique element of B, and
carry out the assignments (2). Again, we must check that these assignments
do not lead to conflicts. The fact that p is the only ray-type p’ in o} with
T, = Ty guarantees that no parallel edges can be created. To see that no loops
of order 1 or 2 can be created, let ¥’ be such that a’ € Ay,. The only danger
is from a non-invertible ray-type p’ € oy with 7, = ;. Let a” be an element
absorbing any ray of this type emitted by a’. Clearly, a” is assigned under
Case 2, guaranteeing that a” € C; ;. But the definition of C;;; ensures that
a ¢ Ci i, so a” # a as required.

Finally, complete the extensions of the binary predicates in some arbitrary way.

From the above construction, it is evident that the following holds for all a € A.
Let k be such that a € Ag; then st®[a] = 0. It is then immediate from (A1)
and (A2) that 2 = T'a. We have thus shown that T'a has a finite model if and
only if ¢ra is satisfiable in Presburger arithmetic. Given the singly exponential
bounds on L, M and N, the size of ¢ra is singly exponential in n.

To complete the proof, suppose I is finitely satisfiable. Let 21’ be a finite model
of I', and let A consist of the clauses ¢ ~ ¢’ true in 2. Construct ¢ra. Since
A =T, ¢ra is satisfiable in Presburger arithmetic. But it is well-known that
any integer programming problem which has a solution at all has a solution
which is bounded by a singly exponential function of the size of the problem (see,
e.g. Papadimitriou [5]), a result which obviously carries over to quantifier-free
Presburger formulas. So choose a solution @, ¥, i, t of ¢ra which is so bounded,
and then build the model 2 of T'a as outlined above. Since |A| = w1+ +wy,
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QA satisfies the size bound of the theorem, and we are done. O

The full strength of the following (slightly fussy) complexity result is needed
for Section 5.

Theorem 3. There exists a non-deterministic algorithm A and a singly expo-
nential function b : N — N with the following property. Let T' be a set of simple
stellar clauses over the signature (C,F,P,Q), where |F| < n, |P| <n, |Q| <n,
|C| < 2™ and ||T|| <2™. Then A(T") has a successfully terminating run in time
bounded by b(n) if and only if T is finitely satisfiable.

Proof. Guess the set of equalities and inequalities A. Given the size bounds
of the theorem, any solution of ¢ra of size O(22") can be checked in time
o@2m). O

That is to say: finite satisfiability for sets of stellar clauses is in NEXPTIME.

4 Upper complexity bound: satisfiability

Having established the complexity of determining finite satisfiability in the stel-
lar fragment, we now turn to the corresponding (general) satisfiability problem.
In fact, there is almost no further work to do.

Let NT be NU{Rq}. We extend the usual ordering > on N to NT by setting

Nog>n for all n € N.

(Of course Ry # Ng.) We extend the operations of addition and multiplication
on N to NT by setting

TL+N0=NQ—|—RZNQ
0-Rog=Ro-0=0
n-Ng=Np-n=>Np if n > 0.

A system of linear equalities and inequalities defining an integer program-
ming problem can of course be re-interpreted so that solutions are sought not
over N but over N*. (We always assume that the coefficients occurring in such
problems are in N.) As an example, the single inequality 1 > 27 + 1 has no
solutions over N, but it does have a solution over N*, namely, z; = Ng.

We have the following result.

Lemma 2. Let ® be a finite set of linear equalities and inequalities
ap +a121 4+ + ann < bo +b121 + - A b

in variables x1,...,x,. Here, all coefficients are assumed to be in N. We take
the size of ®, denoted | ®||, to be measured in the usual way (with binary encoding
if you want). If ® has a solution over NT, then ® has a solution over NT such
that all finite values are bounded by some (fized) singly exponential function of
]
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Proof. Re-order the variables if necessary so that aRg is a solution, with a =
ai,-..,a; € N¥ for some k (0 < k <n) and Xy a (n — k)-tuple of Ngs. Say that
an element of ® does not involve the variable x; if the corresponding coefficients
a; and b; are zero. Let ¥ be the set of elements of ® which do not involve any of

the Tgi1,...,2,. Thus, ¥ has a solution over N, whence it has has a solution a’
bounded by some singly exponential function of || V]| (and hence of || ®|/). But
then it is easy to see that @’y is a solution of ®. O

Theorem 4. Let T be a set of simple stellar clauses over the signature (C,F, P, Q),

and let n be such that |F| < n, |P| <n, |Q| <n and |C| < 2". IfT is satisfi-
able, then T is satisfied in a structure such that, for every star o, the number of
elements whose star is o is either Ry or else is bounded by a some (fized) doubly
exponential function of n.

Proof. Given Lemma 2, the argument of Theorem 2 applies unchanged if we
allow the variables #, ¥, W, t to take the value N,. O

The proof that satisfiability for stellar clauses can be decided in nondeter-
ministic exponential time then follows as for finite satisfiability. Again, for the
purposes of the next section, we state this fact in a rather elaborate way.

Theorem 5. There exists a non-deterministic algorithm A and a singly ex-
ponential function b : N — N with the following property. Let T’ be a set of
stellar clauses over the signature (C,F, P, Q), where |F| < n, |P| <n, |Q| <n,
|C| < 2™ and ||T|| <2™. Then A(T") has a successfully terminating run in time
bounded by b(n) if and only if T is satisfiable.

5 Counting quantifiers

Recall that C? denotes the two-variable fragment of first-order logic with count-
ing quantifiers. In this section, we reduce the problem of determining the finite
satisfiability (satisfiability) of a C?-formula to that of determining the finite sat-
isfiability (respectively, satisfiability) of sets of clauses in the stellar fragment.
Theorems 3 and 5 then establish that the finite satisfiability and satisfiability
problems for C? are in NEXPTIME (assuming that the counting quantifiers are
encoded in unary). The second of these results was previously proved, using a
difficult argument, by Pacholski, Szwast and Tendera [4]. As before, we restrict
attention to domains containing more than one element, since satisfiability of
first-order formulas over one-element domains reduces to propositional logic.

Let ¢ be a formula in C2. Without loss of generality, we may assume that
¢ contains no constants, since these may by eliminated in the standard way.
Thus, we take the the relevant signature to be (P, Q), where P is a set of unary
predicates and Q a set of binary predicates. As a preliminary, we normalize ¢ so
that resolution can be applied. It is routine to show that ¢ can be transformed
into an equisatisfiable formula of the form

¢o =Vavyd (z,y) A\ VeIlyBi(x,y),

1<k<n
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where o and the f3; are quantifier- and function-free formulas in conjunctive
normal form. This transformation is, in essence, the one exploited by Scott [6]
for the purpose of reducing the two-variable fragment (without equality) to the
Godel fragment. In fact, under the restriction that domains contain at least two
elements, ¢ is easily shown to be logically equivalent to a formula of the form

¢1 =Vavy(a(z,y) Ve~ y) A\ VaIly(Bu(z,y) Aw #y),
1<k<n

where the a(z,y) and Si(x,y) are quantifier, equality- and function-free for-
mulas in conjunctive normal form. (For details, see, e.g. Borger, Gridel and
Gurevich [1], pp. 377-378.) The transformation runs in polynomial time if
unary encoding is used to represent the numbers in the quantifiers 3>,, and
exponential time (with exponentially large result) if binary encoding is used.

Our strategy will be to to transform ¢, into a collection G4 of sets of stellar
clauses such that, ¢ is satisfiable over some domain A if and only some I' € G is
satisfiable over A. The most obvious problem is that ¢; contains two variables.
We proceed therefore to re-write this formula so as to eliminate all occurrences
of the variable y. We proceed in three steps.

Stepl: (Skolemization). For each k, (1 < k < n), let f be a new function-
symbol. Defining the formula = (x,y) by

W(.%‘,y):(a(l‘,y)\/J?%y)/\ /\ (ﬁﬁk/(l‘,y)\/QT%y\/fk/J?%y), (3)
1<k'<n

¢1 is evidently equisatisfiable with

¢o =Vayr(z,y) A\ Va(Br(w, frx) Az # fr), (4)

1<k<n
Thus we have eliminated all occurrences of y bound by 3!-quantifiers.
Step2: (Two-variable resolution).

Definition 7. A proper two-variable literal is a literal whose predicate is not
~, and which contains both variables x and y.

In this step, we eliminate proper two-variable literals. Let the formula 7(z,y)
be written as the conjunction of a set of clauses

Z(xay) = {Cl(xvy)a R CM(x7y)},
and decompose each (;(z,y) (1 <i< M) as:
Gilz,y) = G (2, 9) V ¢ (2,), (5)

where all of the literals in C;r (z,y) are proper two-variable literals, and none
of the literals in ¢; (7,y) is. (Note that the ¢;* may be empty, but the ¢; all
contain at least the literal z ~ y.)
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Let Z°° denote the result of saturating Z under resolution, but only allowing
literals in the (" (x,y) to be resolved upon. Since the clauses ;' (x,y) are all non-
functional, Z°° is a finite set of clauses. Let Z° be the subset of Z* consisting
of those clauses none of whose literals is a proper two-variable literal. Finally,
construct the formula

3 = VxVy/\ Z°(x,y)\
/\ Vx(/@k(xvka)/\x%ka/\ﬂ(xaka)/\ﬂ(kaa‘r))' (6)

1<k<n
Lemma 3. The formulas ¢o and ¢3 constructed above are equisatisfiable.

Proof. Visibly, ¢2 = ¢3. It remains to show that, given a model 2 of ¢3, we
can manufacture a model ' of ¢, or, what amounts to the same thing, of

¢h=Vavy N Gy A N\ Vel frx) Ax st fra).

1<i<M 1<k<n

Let 20 = ¢3. Recalling the decomposition (5), if a, b are distinct elements of the
domain A, define

Iy = {i|1<i<M and2 ¢ [a,b]}.
Now define

canp@y) = N G@yn N G

i€1ap i€l

Since every Ci+ is non-functional, so is €;4,53. Moreover, we claim that egq 5y is
consistent. For otherwise, by the completeness of resolution, Z°° and hence Z°
must contain some clause subsuming

\/ Ci_(:v,y)\/ \/ Cz_(:%m)

i€1qp €1

On the other hand, by the definition of I, and Iy,, A = ¢; [a, b] for ¢ € I, and
A b= ¢ [b, a] for i € I, thus contradicting the assumption that 2 = ¢3. Hence
€{a,p} i consistent as claimed.

We may now modify the structure 2 as follows. Impose some arbitrary total
order < on A. For each ordered pair a,b € A with a < b, if

A b la,b] or A W= w[b, a] (7)

change the set of binary predicates satisfied by the pairs a, b and b, a so that a,b
satisfies €{q 4y (2,y). This is obviously possible, since efq 4y (2,y) is consistent
and non-functional. Leave every other aspect of 2 unaltered. Let the resulting
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5 COUNTING QUANTIFIERS 18

structure be 2l'. Since these modifications affect only proper two-variable liter-
als, it follows that A’ |= ¢, [a,b] if and only if % = ¢; [a,b] for all a,b € A and
all i (1<i< M).

We claim that 2" = ¢4. First, we show that, given a,b € A, we have for all i (1 <
i < M), A E (la,b]. Since every clause in Z contains the literal z = y, we may
assume a # b. If ¢ € I, then, however a and b are ordered, the modifications
to A" will ensure that A’ |= (;[a,b]. If, on the other hand, i € I, then, by
definition, A = ¢, [a,b], whence, as we have already argued, A’ = (; [a,b].
Next, we show that, for all k (1 < k < n) and all a € A, A = Bla, £ (a)].
Since 2 = ¢3, we have 2 = 7a, f2(a)] and A = 7[f*(a),a]: in other words,
condition (7) fails if b = f(a). But in that case, the pair (a, f?(a)) satisfy
exactly the same binary and unary predicates in the two structures 2 and 2.
Since 2 = Bila, f&(a)], and since the interpretations of function symbols are
the same in 2 and ', the result follows. UJ

This completes second step: in the formula ¢3, there are no proper two-
variable literals.

Step 3: (Splitting). In this step, we remove all remaining occurrences of y.
Consider again the formula ¢3 as given in (6). Since Z° is obtained from Z*°
by removing any clause containing a proper two-variable literal, we may write
each clause in Z° in the form:

(xy) =@ Vi) varyv \/ ymgzv \/ zxhy (8

1<i<l 1<j<m

where () is a clause not involving the variable y, 6(y) is a clause not involving
the variable x, [ and m are non-negative integers, and the function-symbols g;
(1 <i<l)and h; (1 <j <m)are chosen from fi,... f,. (The occurrence of
literals = ~ h;y arises from the fact that variables can be switched as a result
of resolution steps used to obtain Z°°.) The key idea is to split any formula
VaVy((x,y) into a disjunction of formulas involving one variable.

Lemma 4. Let ¢ be as given in (8), and suppose A |= VaVy(. Then the following
two cases are exhaustive:

1. There are at most m + 1 elements a € A such that A |= —y[a).

2. There are at most I.(m + 2) elements b € A such that 2 = —d[b).

Proof. If Case 1 does not obtain, let ai,...,am+2 be distinct elements of A
such that 2 = —y[ax] for all £ (1 < k < m + 2). Suppose now 2 = —4[b].
Since at most m + 1 of the a; can be either equal to b or of the form hjm(b)
(1 <j<m), we must have some k and some i (1 <k <m+2,1<i<]I)such
that b = ¢g*(as). Thus, there can be at most [.(m + 2) such b. O

This gives us all we need to perform the splitting.
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5 COUNTING QUANTIFIERS 19

Lemma 5. Let ((x,y) be as given in (8) and letcy, ..., Cpmy1 anddy, . .., dijmq2)
be new individual constants. Let 1/)%, 1/12 be the formulas Yay(xz) and Yad(x),
respectively, and let 1/)2 and wé be the formulas:

z/)éj:Va: ~y(z) Vv \/ T~ c
1<k<m+1

A /\ Ve | d(z) VeV \/ T~ gicg V \/ ek = hjx

1<k<m+1 1<i<l 1<j<m

z/J‘é:Va: o(x) v \/ x = dy,
1<k<l.(m+2)

A /\ Vo | y(z) Va~dg Vv \/ dy = gix V \/ x = hjdy

1<k<l.(m+2) 1<i<i 1<j<m

Then, for all i (1 <1 < 4), @/}é = Vavyl(z,y); moreover, if A = VaVyl(z,y),
then A has an expansion A’ such that A’ |= ;. for some i (1 <i < 4).

Proof. 1t is completely routine to show that ¢2 = VaVy((z,y) for alli (1 <i <
4). For the second part of the Lemma, suppose 2 = VaVyl(z,y). I A E 7,/1% or
A E wg, then then we may expand 2( to 2 interpreting the constants ¢, and
dj, in any way whatsoever and we are done. Hence, we may assume that there
is at least one a such that 2 = —v[a], and at least one a such that A = —d[a).
Suppose now that Case 1 of Lemma 4 holds. Thus, we are guaranteed at least
1 and at most m + 1 elements a € A such that 2 = —y[a]. Let a1,...,am4+1
be those elements (not necessarily distinct), and let 2’ be the expansion of 2
obtained by interpreting ¢ as ax (1 < k < m+1) and by interpreting the dj in
any way whatsoever. Then it is easy to check that ' | 1/)2’. A similar argument
shows that, if Case 2 of Lemma 4 holds, then we can obtain an expansion 2’ of
2 such that A’ [= 4. O

Applying Lemma 5 to each ( € Z°, we may transform ¢3 into the equisatis-
fiable formula

/\ \/ 1/12 A /\ Vo (Br(z, frx) ANx % fre An(z, frx) A(frx, ), (9)

CeZo 1<i<4 1<k<n

where the sets of new constants in the formulas ’(/Jé are disjoint for distinct
clauses (. Writing out the definition of 7(z,y) given in (3) and simplifying, we
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5 COUNTING QUANTIFIERS 20

obtain

o= N\ V wi]n

ceZe 1<i<4

/\ Yz (ﬁk(x, frx) ANx % fran

1<k<n

az, fre) N N\ (B (@, frw) V fox & fra)n

1<k/’<n

Ot(fkl', l’) A /\ (—\ﬂk/(ka, :c) V fi frr &~ IE)) . (10)

1<k’<n

This completes the third and final step in the process of eliminating the variable
y: ¢4 is a Boolean combination of universally quantified formulas involving only
the variable z.

Multiplying out all the four-way disjunctions \/, ., -, wé in (10), and per-
forming some routine re-arrangement, we obtain an equisatisfiable formula

o5 = \/ Vm/\Fi(x), (11)

1<i<4l12°]

where each T';(z) is a set of stellar clauses. We at last have the desired collection
of clause sets
Gy ={i|1<i<4”ly

such that ¢, is satisfiable if and only if some clause set in G, is satisfiable.

The only remaining matter of concern is the size of the signature—say,
(C,F,P’,Q')—of the clause-sets Gg. If the original formula ¢ has size n, it
is evident that |P’|, |Q’| and |F| are bounded by a polynomial function of n,
and that |C| and the ||T';|| are bounded by a (singly) exponential function of
function of n. This gives us:

Corollary 1. Finite satisfiability for C? is decidable in nondeterministic expo-
nential time.

Proof. Theorem 3 and the above translation from C? to the stellar fragment. [

Corollary 2 (Pacholski et al.). Satisfiability for C? is decidable in nonde-
terministic exponential time.

Proof. Theorem 5 and the above translation from C? to the stellar fragment. [
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Abstract

We prove decidability of satisfiability of sesrices of the monodic packed fragment of first-
order temporal logic with equality and conneetivUntil and Since, in models with various flows
of time and domains of arbitrary cardinality. We also prove decidability over models with finite
domains, over flows of time including the real order.

1 Introduction

In [6], a new ‘monodic’ fragment of predicate temporal logic was introduced. It consists of those
formulas whose subformulas beginning with a temporal connective have at most one free variable.
It was shown that if the first-order part of the language was also restricted to (roughly speaking) a
decidable fragment of first-order logic, then satisfiability of monodic sentences was decidable over a
wide range of (strict linear) flows of time.

The proof in [6] of decidability of a monodic sentengeelied on representing a temporal model
of ¢ by a ‘quasimodel’. In a quasimodel, each element of the domain at each time is represented
only by itstype — the set of subformulagi(x) of ¢ that are true at the element at that time. The
quasimodel records which types are realized at each time. (The integrity of domain elements over time
is represented in the quasimodel by functions called runs that select a type at each time; monodicity
ensures that this is sufficient.) A quasimodel is simpler than a model because there are only finitely
many types; assuming decidability of the underlying first-order logic, it followed that the existence of
a quasimodel was decidable over a wide range of flows of time.

The crucial lemma in the proof was of course thdtas a temporal model iff it has a quasimodel,
and the crucial part of this was to construct a model &fom a quasimodel. To show that the runs in
a quasimodel could be turned into the points of the domain of a temporal model involved replacing a
first-order structuréM by a larger oneM(¥), for some infinite cardinat. M) should realize the same
types adMl, but each of them should be realized toglements oM®). This was done by excluding
equality from the logic. Then, every elementMfcould simply be ‘duplicatedk times to formM®).
Lacking equality, the logic could not see what had happened.

In the presence of equality, this trick no longer works. As a trivial examyyéy = x) is not
preserved by duplicating elements. Indeed, it was shown in [9] that with equality, the monodic validi-
ties over natural numbers time are not even recursively enumerable, and undecidability results for the
monadic monodic fragment with only two variables but with equality are proved in [2].

In this paper, we show that the decidability argument can be resurrected if we limit the first-
order part of monodic formulas to come from thacked fragment of first-order logic, defined by

*I thank Michael Zakharyaschev for valuable conversations and encouragement.
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Marx in [7]. The packed fragment is more expressive than the guarded fragment and (for non-binary
signatures) the loosely guarded fragment; the clique-guarded fragment of [3] is a syntactic variant of
it. In spite of this rather good expressive power, it is still amenable to duplication of elements. For
example, in a relational signature, tbisjoint union of kK copies of a structur® realizes the same

types adM, if these types consist of packed formulas. But simply duplicating (some) elements of

M as before (see proposition 7 below) works in the presence of constants, and also serves to prove
decidability over temporal models with finite domains.

In section 3.3 we will prove:

Theorem 1 (decidability) Let C beany of {(N, <)}, {(Z,<)}, {(Q, <)}, theclass of all finite strict
(i.e, irreflexive) linear orders, or any first-order definable class of strict linear orders. It is decidable
whether a sentence of the monodic packed fragment with Until, Snce, and equality in a signature
without function symbols has a model with flow of timein C.

Theorem 2 (finite domain decidability) Let C be any of the above, or {(R,<)}. It is decidable
whether a sentence of the monodic packed fragment with Until, Snce, and equality in a signature
without function symbols has a model with finite domain and flow of timein C.

Section 3 contains the proofs, and section 2 the preliminary definitions.

Notation 3 We will usually identify (notationally) a structure! with its domain. We will writecV
for the interpretation iM of a constant of the signature oM.

2 Monodic packed fragment with equality

The following combines the definition of monodic formulas from [6] with a minor modification of
Marx’s definition of the packed fragment.

Definition 4 (monodic packed fragment) LetL be a signature with at most constants and relation
symbols (no function symbols). Ao-formulay is said to be gpacking guardf y is a conjunction

of atomic and existentially-quantified atomic formulas (possibly equalities) such that any two distinct
free variables o¥ co-occur free in some conjunct @f The monodic packed fragmertf predicate
temporal logic in signature consists of the following formulas:

Any atomicL-formula (which can be an equality,, or 1) is monodic packed.

Boolean combinations of monodic packed formulas are monodic packed.

If y is a packing guardp is a monodic packed formula, every free variablé @ free iny, and
y is a tuple of variables, thety(yA ¢) is a monodic packed formula.

If X is a variable an@,p are monodic packed formulas with free variable at mpghend U Y
and¢ Sy are monodic packed formulas. We read thentasritil @', ‘¢ sincel)’, respectively.

The packed fragmenPF(L) of the first-order language ovér consists of those monodic packed
L-formulas that do not involvg or S

Note thatPF(L) is closed under subformulas, including subformulas of packing guards.
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Definition 5 (temporal structures and semantics) LetL be as above and la@t be a strict linear or-
der. AtemporallL-structure with flow of timeT is a paiht = (D, (M;)iet), whereD is a non-empty
set (thedomainof 9t), eachV; is anL-structure with domaif, andc™ = cMv for all constants € L
andalk,ueT.

Given9, t € T, and an assignmet of variables intdD, we define the semantics of monodic
packed formulas written with variables from the domaimafs follows:

e For atomica, we lett,t,h = a iff Mi,h = a.

M, t,h k=~ iff V,t,h [~ ¢, and,t,h = ¢ A Y iff DTt h = b and,t,h = .

om,t,h = 3Ix¢ iff M,t,g= ¢ for some assignmengtthat agrees with except perhaps axn

M, t,h = U Y iff there isu e T with u>t, M,u,h =Y, andM,v,h = ¢ for allve T with
t<v<u

M, t,h = oSy iff there isue T withu <t, M,u,h =, andM,v,h = ¢ for allve T with
u<v<t.

Note that our temporal structures have constant domains and the interpretations of constants and
assignments to variables are rigid. Also, we use the ‘strict’ semantics of Until and 8inceréther

thanu >t, etc). They can express connectives such as the non-strict and weak Until and Since,
Tomorrow, etc. Indeed, [6] proves expressive completeness results for monodic formulas written with
them, over strict Dedekind-complete linear orders.

Notation 6 The notationy(x) will indicate that all free variables of formulf are in the tuple; not
all variables inx need actually occur free if.

Let h assign a tuple of elements oD (we write ‘a € D’ to indicate this) to the variables For
a formulay(x), we may write9t,t = Q(a) rather tharddt,t,h |= . If Y is a sentence, we just write
9, t = Y. Similar notation is used for first-order structures too.

3 Decidability of monodic packed fragment with equality

We now give a decision procedure for the monodic packed fragment.

3.1 Typesinthepacked fragment

Fix a sentencé of the monodic packed fragment written with at most constants and relation symbols
(no function symbols). Ldt be the finite signature consisting of all the constants and relation symbols
that occur ing. For each subformulaU B of ¢, which by monodicity of¢p has either one or no
free variables, introduce a new unary (respectively, nullary) relation syRfypt. Do the same for
subformulas SB of ¢. LetL denote the augmentation bfby these new relation symbols.

For each subformulg of ¢, let  be theL-formula obtained fromp by replacing all maximal
subformulasaU B(y) of g with one free variable, say, by Ryyg(y), replacing all maximal sub-
sentencestU 3 of Y by Ry, and similarly forS Note thatQ is in PF(L) and has the same free
variables ag.

Fix a variablex. For a packed formulg(y), choose a formula(x/y) obtained by renaming the
variables iny in a one-one way so that at mosis free.y(x/y) is packed.

Let G«¢ denote the set of all formulaB(x/y) and their negations, wherg(y) is a subformula of
¢, together with alL-formulasx = ¢ andx # ¢ for constants € L. Note thatG¢ C PF(L).

3
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A type is a maximal boolean-consistent subsetCgp. There are finitely many types. A typeis
said to be aconstant type if x = ¢ € p for some constant € L. For anL-structureM anda € M, we
definetpy(a) = {W(x) € G : M = w(a)}. An elementa e M realizes a typepif p=tpy(a).

Proposition 7 Let N be any L-structure. Let & be a map assigning a cardinal &(p) to each type p,
such that:

e {(p)=0if pisnot realized in N,
e {(p) =1if pisaconstant type that isrealized in N,
e &(p) > |N| otherwise.

Then there is an L-structure N such that each type p isrealized in N& by exactly &(p) elements.

Proof The idea is to make copies of the elements of the domaitbft are not named by constants.
For eacha € N let k5 be a non-zero cardinal such thai = 1 for all constants € L. (We will
impose further conditions on the, later.) We use, j to denote ordinals. The domain Wf will be
{(a,i) :a€ N, i <Ka}. A subsetSof this domain is said to bthin if whenever(a,i), (a, j) € Sthen

i = j. TheL-symbols are interpreted ¢ as follows:

M= (N0
Né = R((ag,i1),...,(an,in)) <= {(as,i1),...,(@n,in)} is thin
andN = R(ay,...,an),

for all constants € L, n-ary relation symbolR € L, and element§ay, i1 ), ..., (an,in) of the domain.
We lettt: N& — N be the homomorphism taking eathi) € Né to a € N. Fix a setV of variables. If

n:V — Né&is an assignment, theyi % toh:V = Nis an assignment of the same variables Mto

Lemma8 Let n :V — N be an assignment, and assume that the range n(V) of n is thin. Then
N&,n = aiff N,n' = o for any atomic L-formula a written with variables fromV .

Proof Because& = 1 for all constantg, the sen (V) U {c’\'E : c€ L aconstaritis thin. The lemma
now follows because the restrictionwto any thin set is a partial isomorphism frax to N. a

Letn : V — N¢ be an assignment with thin range. lydbé a tuple of variables M, and suppose
thath:V — N agrees witm’ except perhaps opn Lift hto an assignmeniy, : V — N¢ by:

_ Jn(w) if h(v) = n’'(w) for somew € V;
(V) = { (h(v),0) otherwise.

Then it is easily checked thaf, is well-definedn, (V) is thin, (n,)’ = h, andny, agrees with) except
perhaps ory.

Lemma9 For any packed L-formula g written with variables fromV, and any assignment n : V —
N& such that n(V) is thin, we have N&,n |= @ iff N,n' = @. Hence, for all (a,i) € N& we have
tone ((8,1)) = tpy(a).
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Proof We give a syntactic proof, by induction dn the lemma can also be proved by bisimulations,
using [7, fact 4.4]. The result for atomig follows from lemma 8. The boolean cases are easy and we
omit them. So consider a packed form@laf the form3y(yA @), wherey is a packing guard andg

is a packed formula for which the claim is assumed inductively.

Assume thalN,n’ = 6. So there is an assignmemntV — N agreeing with’ except perhaps oy —
and withN, h }= yA . By the inductive hypothesi$yé, nn = @. To see thaNé,n, =y as well, take
any conjunctiza of y (z could be empty). SincBl,h =y, there isg:V — N agreeing withh except
perhaps orz and withN,g = a. By lemma 8,N5,(r]h)g = a also, and sd\é,ny = 3z0. Hence,
N&,nh |= YA W, whence certainlNé, np [= 6. Sincen andnp agree on the free variables 6f we
obtainNé, n = 6.

For the converse, assume tht n |= 6. So there is som&:V — N& agreeing with on the free
variables o and withN¢,Z = yA . We may assume thgtis a non-empty tuple of free variables of
y, and that for somgin y we have((v) = {(y) for everyv € V that does not occur free in

It now follows that{(V) is thin. For, letv,w € V be distinct variables such thétv) = (a,i) and

{(w) = (a,]). We require = j. By the assumption just made, we can supposevtabccur free iry.
So there is a conjunéiza of yin whichv,w both occur free. Ifx is an equality, then sinoew are free
in 3za, we have{(v) = {(w), soi = j. So suppose that is of the formR(xy,...,%n), whereR € L.

We haveN?, { = 37R(xq, ..., X,), SO choose an assignmentV — N& agreeing with] except perhaps
onzand withN&, & = R(xq,...,%,). By definition ofN&, {g(x1),...,&(X,)} must be thin. Since this
set containga, i), (a, j), it follows again that = j. We are done.

So by the inductive hypothesibl,{’ |= . Sincemtis a homomorphismi\,{’ |=y. So certainly
N, = 6. Sincel’ andn’ agree on the free variables @fwe haveN,n’ = 6 as required.

Thattpy: ((a,i)) = tpy(a) for all (a,i) € N& is now immediate, since types consist of packed
formulas with at most one free variable, af(@,i)} is thin. a

For each typep realized inN, let R, be the set of elements bfthat realizep. Choose an arbitrary
elementa,, € Ry, letk,, > 0 be such thalR, \ {ap}| +Ka, = &(p), and for all other elementse N
realizing p let k, = 1. Note thak = 1 for each constartt € L. This specifiedNé completely.

Let p be a type. Ifp is not realized inN then&(p) = 0; andp is not realized inN%, since by
lemma 9,tpy:((a,i)) = tpy(@) for all a € N andi < Ka. If pis realized inN, then by lemma 9, the
elements realizing in N¢ are precisely{ (ap,i) : i < Ka,} U{(b,0) : b€ Ry\ {ap}}. This set has
cardinality&(p), as required. a

3.2 Quasimodels

The proof of decidability from now on is exceedingly similar to that of [6], using proposition 7 to
replace lemma 9 of [6]. We include the proof to make the presentation self-contained.

Definition 10 (model) A temporallL-structurét with flow of timeT (say) is said to be enodelof ¢
if Mt =¢ forsomet € T.

A dtate candidate (for ¢) is a set of types. Aealizable state candidate is a state candidate of the
form £ = {tpy(a) : a€ M}, for someL-structureM; M is said torealize 3. A finitely realizable state
candidate is a state candidate that is realized by a fihitgtructure.

Now fix a strict (irreflexive) linear ordef. Given realizable state candidafgs(t € T), arunin
(Z¢)teT is a choice functiom on (X )it (SOpP(t) € Z; for all t € T), satisfying:

1. for all constantg € L and allt,u € T, we havex=c € p(t) iff x=c € p(u),
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2. forallt € T and all subformulasU B(y) of ¢, aU B(x/y) € p(t) iff there isu > t with B(x/y) €
p(u) and withai(x/y) € p(v) forallve T witht <v < u,

3. asimilar clause fogs

Definition 11 (quasimodel) A quasimodelfor ¢ (overT) is a pair((Z;)ieT, R) Where(Zi)ieT IS @
sequence of realizable state candidates®risla set of runs if%;).ct such thak; = {p(t):p€ R}
forallt € T, andd € |JZ; for somet € T. The quasimodel ifinitary if eachZ; is a finitely realizable
state candidate arng is finite.

Theorem 12 ¢ hasa model with flow of time T (and finite domain) iff there isa (respectively, finitary)
quasimadel for ¢ over T.

Proof Let9 = (D,(M)iet) be a model ofh with flow of time T. Expand eaclV; to anL-structure
M by lettingM; = Ry(d) iff 21,t = y(d), for each unanRy € L\ L and eachd € D, and similarly
letting M |= Ry iff 0,t =, for each nullaryRy, € L\ L. Let % = {tpy, (d) : d € D}. For each
d € D definepy : T — Uer 2t by pa(t) = tpy, (d). Then((Zi)iet,{pd : d € D}) can be checked to
be a quasimodel fop overT. If D is finite then clearly théM; and {pq : d € D} are finite, so the
quasimodel is finitary.

For the converse, assume thé&; )1, R) is a quasimodel fop overT. For eacht € T, choose
anL-structureN, finite if possible, that realizeX;. Since there are only finitely many realizable state
candidates, we may assume thBk :t € T} is finite. Letk = max{|N;| :t € T}. Define a multiset
R ) as follows. For each € R, if somep(t) (t € T) is a constant type then put one copypointo
R ®): otherwise, puk copies ofp into R ). For each type and each € T, let

&(p) ={pe R :p(t) = p}|
(the right-hand side denotes multiset cardinality, counting multiplicities).
Lemma 13 For eachtype pandeacht € T,
e &(p)=0if pisnotrealizedin N,
e & (p) =1if pisaconstant typethat isrealized in N;,

e & (p) > |N;| otherwise.

Proof If pis notrealized in\; thenp ¢ %; so there is n@ € X with p(t) = p. Henceg;(p) = 0.

If pis a constant type realized M, then certainlyp € %, so there is at least oee X with
p(t) = p. Suppose that,p’ € R satisfyp(t) = p’(t) = p. We claim thap = p'. Letu € T; we show
thatp(u) = p’(u). Choose a constante L with x=c € p. Sox=ce p(t)np'(t). Asp,p’ are runs,
x=ce p(u)np’(u). Picka,a € Ny with tpy, (a) = p(u) andtpy, (&') = p'(u). ThenN, =a=crad =
¢, soa=a andp(u) = p'(u). Asuwas arbitraryp = p’ as claimed.

Hence, there is exactly oqee R with p(t) = p. Sincep is a constant type, by construction of
R ¥ there is exactly onp € R with p(t) = p. So&(p) = 1.

Suppose now thap is realized inN; and is not a constant type. As befopes 2;. Choosep € R
with p(t) = p. Because is a run, nop(u) (u € T) is a constant type. So by construction ®f),
there arex copies ofp in ). So&(p) = |{p € R™ : p(t) = p}| >k > |Ny|. O
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By the lemma, proposition 7 applies and we can formﬁlmeleructureNtEt for eacht € T. For each
t, the number of realizations of any tygein th is the same as the number pfe R ) such that
p(t) = p. So we may choose a bijectiop: ® <) — N& such thatp & (1t(p)) = p(t) forall p € R,

Let M; be the uniqué&-structure with domair® %) such that, : My — N&' is an isomorphism. We get
M by pulling back theL-structure orN{Et viai; L. Thentpg, (p) = p(t) forall p R® andt € T. So

M EW(p) <= W(x) €p(t), forallp(x) € G, pec R, teT. (1)

Let M; denote thé_-reduct ofV;. Note that for each constaot L,t,uc T, andp € 17(("), we have
M =piff M =p=c, iff x=ce p(t) (by (1)), iff x=c € p(u) (asp is a run), iff M, = p = c (by (1)
again), iffcMv = p. HencecM = cMu. So we can form the temporalstructuredt = (R ), (M¢)et),
since the interpretation of constants is rigid.

Lemma 14 For eacht € T, each subformula y(X) of ¢, and each tuple p € R %), we have
Mt =W(p) <= M =T(p).

Proof By induction ony. For atomicy the result is simple, becaud®,t = (p) iff M; = Y(p); as
P = ¢ andM; expandsM, this is iff M; = Ti(p). The boolean cases are straightforward, noting that
PAX =AY and=0 = -i. We consider the case of quantifiers. Assuming the resuipfrry), we
havedn,t |= Iyg(p,y) iff M,t = Y(p,o) for someo € ™). Inductively, this is iffM; = T(p, o) for
someo € R ¥). This is iff My = 3y@(p,y), iff My = 3yd(p,y).

The interesting case is of course the temporal operators. We orly, &is similar. Consider
a subformulaaU B(y) of ¢. Letp € R(K). We haveMi,t = aU B(p) iff there isu >t in T with
M, u = B(p) andM,v = a(p) for all ve T witht < v < u. Inductively, this is iff there isi > tin T
with My = B(p) andM,, |=a(p) for all ve T with t < v < u. It follows from (1) that this holds iff
there isu >t in T with B(x/y) € p(u) andd(x/y) € p(v) forallve T witht <v < u. Aspis arun,
this is iff aU B(x/y) € p(t). By (1) again, this is ifivi; = aU B(p), as required. |

Since((Xt)ieT, R) is a quasimodel fod, there ig € T andp € Z; with § € p. Choose € R with
p(t) = p. There is at least one copy pfin R %); choose one, and denote it pytoo. Then € p(t),
so by (1),M; = @. By lemma 14, we obtaifil,t = ¢. Thus,$ has a model. We note that if the given
quasimodel is finitary ther® is finite, and we chose this; to be finite. Hencek is finite and the
domain® ) of the resulting modelt is also finite. This completes the proof of theorem 12. O

3.3 Decidability

Lemma 15 It isdecidable whether a state candidate 2 for a sentence ¢ of the monodic packed frag-
ment isrealizable.

Proof Each typep € < satisfiesp C G C PF(L). Therefore A p(x) € PF(L). Hence, up to logical
equivalence, thé-sentence

as = ( E2YAN p(x)> A <VX\/ A p(x)>

pez pez

is in PF(L) too. (The guards fogix, Vx here can be taken to bxe= x.) Evidently,X is a realizable state
candidate iffay has a model, and this question is decidable [7, 3]. a
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We can now prove theorem 1.

Proof [of theorem 1] Let ¢ be a sentence of the monodic packed fragment. We will express the
existence of a quasimodel forby a sentence of monadic second-order logic that can be constructed
effectively and uniformly from.

FormL, G9, etc., as before; this can be done effectively. Introduce a unary predicate v@ijable
for eachy € Gi¢. If pis atype, let

Xp®) = A QM) A A —Qu),

vep we(Go)\p

saying that theQy(t) define the typep att. Let p denote the conjunction of the following three
formulas, saying that th@,, define a run. For brevity, we writaU instead ofaUp(x/y), and
similarly for a SB,a, .

Vvtu /\ (Qx=c(t) > Qu=c(U)),
x=ce o

vtA (QrUB(t) & 3U(t < UAQg(U) AWV(t <V <u— Qa(V)))>,
MECXCP

vt A (Q@(t) < 3uu<tAQg(UAVV(U<V<t— Qa—(V)))>-
aPeGo

By lemma 15, we may effectively construct frapthe finite setS of all realizable state candidates
for ¢. For each> € G let Ps be a unary predicate variable. We now define the monadic second-order
sentencesy as follows:

- PZ<Vt\/ [Pz(t)/\ A ﬁPzr(t)} A VAR :Zes, el )

2e6 2e6 PEDOUSC]

Ave A [Pe) = F Qu(pAxe® AVUA [Rriw) = \/ xq(u>])]>.

pezes YelGd PSS ge’

Evaluated in a flow of tim&, o, says that th&s (X € &) partitionT. Thus, a unique realizable state
candidate>; is allotted to every € T. This, oy says, is done so that some type in sameontains
¢, and for everyt € T and every typep € %, there exists a run (described by @) in (3;)icT that
hits p att. Thus,T |= gy iff there exists a quasimodel fgrover T — for ‘=, let the quasimodel be
((Z)teT, R ), Wwhere® is the set of all runs ifi%; ). By theorem 12, this is if) has a model with
flow of time T.

Clearly, oy is effectively constructible fronp. So to decide whethey has a model with flow of
time T, we only need decide wheth&r|= gy, and this can be done by applying standard results on
decidability of monadic second-order logic.

We use this idea to establish theorem 1. We will be brief; see [6] for more details. The state-
ments (N, <) =0y’ and (Z, <) = 0y’ are decidable, by a result ofughi [1]. It also follows from
Blchi’s theorem that it is decidable whetl@®y is true in some finite linear order. The decidability of
‘(@,<) = gy’ follows from Rabin’s theorem on the decidability 82S[8].

Finally, let F be a class of strict linear orders definable by a first-order senterafelinear
order. By considering the ‘standard translationtpahto two-sorted first-order logic and applying the
downward Lowenheim—Skolem-Tarski theorem, it can be seenditas a model with flow of time
in ¥ iff it has a model withcountable flow of time in . This is iff gy is true in some countable order
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in #. By relativisingay to a unary predicate variable which is stated to satigfye can obtain a
new monadic second-order sente@@, effectively constructible fron, and such thady is true in

some countable order iff iff (Q,<) = 03,)(). By Rabin’s theorem, this last statement is decidable.
a

[6] gives a decision procedure ov@¥, <) of elementary complexity.

Proof [of theorem 2] Using theorem 12 and the arguments of [6, theorem 36, corollar¥; 87]
suffices to show that it is decidable whether a state candikladinitely realizable. Buk is finitely
realizable iffaz (as in lemma 15) has a finite model. The packed fragment has the finite model
property [4, 5], so this is ifiy has a model. The result now follows from the decidability of the
packed fragment. a

Remark 16 Since the packed fragment has the finite model property, any realizable state candidate
is finitely realizable. However, not every satisfiable monodic packed sentence is true in some model
with finite domain. It is readily checked that the monodic packed sentence

¢ = O3x(P(x) A —=(T SP(x)))

is satisfied in the modéht = (N, (M )nen) with flow of time (N, <), domainN, and withPM» = {n},
but is false in all models ove, <) with finite domains. Heredy abbreviatesp A =(TU -V

T S—), stating thatp is always true. Cf. [6, theorem 25]. The set of runs in any quasimodei for
over an infinite flow of time must be infinite.
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