
Foreword

It’s been almost ten years since Andréka, van Benthem and Németi proved
decidability of the guarded fragment of first order logic (see ‘Modal Logics and
Bounded Fragments of Predicate Logic’ in Journal of Philosophical Logic, 1998,
27(3), or ‘Back and Forth between Modal Logic and Classical Logic’ in Bul-
letin of the Interest Group in Pure and Applied Logics, 1995, 3). Given how
expressive guarded quantification is, this result gave logicians a powerful tool
for proving decidability of many formalisms arising in computer science appli-
cations, and generated extensive research into guarded quantification in logics
other than first order (for example, Erich Grädel and Igor Walukiewicz proved
decidability of the guarded fragment of fixed point logic in Guarded Fixed Point
Logic, Proceedings LICS’99, 1999, pp. 45-54) and into various generalisations of
guarded quantification. A wealth of new proof techniques has been developed
as a result of this research. This workshop brings together work on new guarded
fragments and on applications of guarded quantification in computer science.

The workshop is held as a part of the 16th European Summer School in
Logic, Language and Information (Nancy, 2004). It contains a mixture of in-
vited and contributed talks. The paper by Dietmar Berwanger and Achim
Blumensath was originally published in E. Grädel, W. Thomas and T. Wilke
(Eds.): Automata, Logics, and Infinite Games, LNCS 2500, pp343-355, 2002,
and is reproduced with the kind permission of Springer-Verlag. The paper by
Ian Hodkinson was published in Studia Logica 72(2):185-197, 2002, and is re-
produced with the kind permission of Kluwer Academic Publishers.

Natasha Alechina
(Workshop organiser)
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Preliminary programme

9 August Introduction; talks by Johan van Benthem and Ulrike Sattler

10 August

Hans de Nivelle, Automated theorem proving and GF

Lilia Georgieva, Optimizing minimal Herbrand model generation proce-
dures for guarded formulae, description and modal logics

11 August

Dirk Leinders (joint work with Jerzy Tyszkiewicz and Jan Van den Buss-
che), The semijoin algebra and the guarded fragment

Michael Minock, Managing database incompleteness with the guarded
fragment

12 August

Dietmar Berwanger (joint work with Achim Blumensath), Automata for
guarded fixed point logics

Antje Nowack, A guarded fragment for abstract state machines

13 August

Ian Hodkinson, Monodic packed fragment with equality is decidable

Ian Pratt, Counting quantifiers and stellar fragment
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���� �������� ��� ���	�� �� �������� � � &���� ��� ��
������� ����#��#������ �
�� ����
�� �
����� ��������� �
��� ��� �� ������� �� �� ��� ��	 � � � 	 �� ��� ��� 
��� ���
���
�� ��� +��� � �� �������� �� � � &���� � � �� ��������� �� � � �/���� ���� ��� ���	��
��	 � � � 	 �� ��� �������� �� �� � ���� � � � � � ����	 � � � 	 �� � ���� � � � � � �����
��������	���� +�� ����
������ �� ������� ���
�� ����� ��� � � � � � ��� �� ������ �
�
�	� 

�������� � +�� ��� �� ��������� ��	 � � � 	 �� �� ��������� � ������	 � � � 	 ���
���� � � � � � ���� �� ������ �
�	� 

�������� ��
������
��

-��	���� ���� ��� ���� �������� �� ��� ����	����� ���� � � ������
���� �� ���� ��
��� ������� ������	� ��������� &����	�� � ������ �� �/������ �� � ���� ���� ��� ������	�
�������� ��� ��
� �� ��� .������� �������������� �� ��'��� �� ��� ���
�� ��������
���� ��� ������� ������� �� ��� ������� �� � �� � ������� ����� �� � ����� �� ��
���� ������ 
 �� � � �
�� ���� � ��������� &��� ��� ���
�� ����� ���� 
���������
��������� ���
��� ���� ��� ��� �&� ���� �������� 
� ��� 
� �� ��� ����	����� ����
�� 
� ��� +�� ���� �������� 
�	 � � � 	 
�	 � � � 
� �� � ��� �� ��
������� ����#��#����� ��
���� ��� ��� �� ���
�� 
��� ���
��� �� ��� �������� ������� ����
� ���������� � �������
����� �� � � >������ ������ ��� �����#���������� ���
���� �� &���� ����������
����
���������� ��� ������	�� 
���� ���������� ��������� �,��

"	�	��������
� 
� ��	 ����
�
� 
� ��� 	� ��� �#$ +��� �������� 
��� 5����������6
��������� ��� ����� ���������� ������������ �� �������� �� ��� �������� �� ?�� ��
��� �,� ��� ���������� ������ ��������� ��� ���������� ��������� ��� �������� ���
��������� ������ ��������� �� �������� &��� ������
����� � ����������
���� ����	������
+�� ����� ���������� ����������� �
�� �� ������� �� ������ �� � ������ � �
� ��
��'��� ��=��������

����� ����
��	�
 �������
	��� �� � ; ��	 � � � 	 �� �� ��� .������� ����� �� ��
����� ���#'������ ������ 
� &���� �� �������� &��� ������� �� ����� ���� ��� �
��
���� ��� ���
�� � ; ��� � � � ����� �� ��� ���	�� �� �������� �� ��� ����	����� �����
&���� ��� ���������� &��� ������� �� ����

��� �� ��� ������ '�������

9��� ��� �
�� ��� ���� �������� ��� ������ 
 �� ������ �����	�� ) ������� ��
&���� ��� �
�� ��� ��� ���� ������� �� ������ �� �
�%�����	� �

)� ������ ��� ���
�� � �� ������ � �
�	� 

��������� +�� ����� ���������� �����#
������ �
�� ���
��� ���� �� ����� ��� &���� �� � �
������ �� � �� ����
���� ?���
��
� ��� ��� �� � ������� ������ �� �� ��� ���
�� ��� ��� ����� ���������� �������#
���� �
�� �� ��� � ����� ���������� �� ��������� &���� ��� ���������� &��� �������
�� ���� 5���� ��������� &���� ��� �� �
����� �/������ �� ��� ����������� �� �� ����

��������� �
��6� ) ����� ���������� �� ���� ����� �� ��������� &���� ��� ��������
&��� ������� �� ����� +��� ���
��� ���� ��� ��� ������ 
�� &���� &�
�� �����&���
�������� � ���#������� ����� ��� �	���
���� ��� ����� ���������� � �� � ������ 
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&��� � � �� �� ���������� �� 
�� �� ���� ����� ������ ��� ����� ���������� � �� ���
���� �� 
� ������� ��� ����
� �� 
� ���� �������� �� ����������� ��� �� �� ��������
�� ������� � ������ ���������� ����������
���� ���������� &���� ������ 
�� �� � �� ���
��� �� ������	� ���
�� 
��� ���
��� �� ��� ����� �� �� ���� ������ �� � ����	����� ����
���� � � � ����� � ������� .������� ����� ��� � � +�� ������
�� ��������� ����
������� .������� ������ ��� � ��� �� ��������� ��� ������� .������� ������ ���
� ���� �����

&�

	����� ������� '	������ �
�	� �	�	����
� �$( )� ���������	� &�� �� ���
����
��� ����� ��*
������� �� ������� .������ ����� ���������� ��� ����� ����������
���
���� ���
��� �������� �� ��������� ��������� �� '���#����� ������ ��� �������������
��'��� ���
�� ���� &���� ��� �� ������� �� ����������
���� �� �� �����&��� ���
�������� �� 8�����@� �!2� &���� ��� ���� ������� ��� ��'��� �� ��� 2�� +�� ��������
�� ����� �� ��� �����&��� �����	������

��	�� � 5'����6 ��� � �� ������	� ���
�� ����� 5�� 
��� ���
���6 ��'��: �� ;
��� � � 
 �� ��� � ;

�
��� ��� ��� � �� � ��� �� ���
��� ��� � �� ��� ���

�� ��� ����� �	�� ��� .������� 
��	���� �� � � ��� � �� � '���� .������� �����
�� � � +��� � �� � ������� .������� ����� �� � �� ��� ���� �� ))� 5�	�6 ;
� � �5� � �6 � ��� �� 
������'����� +��� ���������� ���� �� ������ ��
���	��	��
�	���

� ���	�	�	�� �	�	�
� �����
�� ����� �����
�	��

)� ���
� ���� �
� ���������	� �� ���� ��� ������� .������� ����� ���������� ��#
�������� ��������� �� 3������ ! ������� 
���������� ���������� ����� ��� ������
���� ��� ������� �������� ) ������ &���� 
��� ����
���� �	���� ��� �� ��������
�� .�����&� �� ��� ��"� &���� &� ��
�� ��/� ��������� ����� �Æ�������

?�������� ������ ���������� �� ����������� �� �������%����� �� ������� �����
���������� �!�� ��� ����� 
�� �� �
���'�� �� ��� ������ �� ��

� 

�����	�� �

-���� ���������� ���&��� �&� .������� ������ � ��� � � ���
�� &��� �
������ �/������ ����& � ���� &���� �������� � ������� �� � � �� ������ �� � ��������
�� � ������� �� �� �� �� ����� ���������� ���
�� ���&��� � ��&�� ��������� �����
��� ��� ����� ����� � � ���� ��� ���� ���	��
��� ����	�� �� �� ���� ������ ��
��� ����	����� ���� ��� ����� � � �� �
�������� �� �� ������� ��� �����*
����� ���
���������� ���� ��� �� ��������

+�� ������ ���� ������� ����
���� ��������
�� &���� �� ��'��� �� ��"� ���#
������� �� �� ����������� �� ��� ���������� ��������� �
��� )� ���	��
��� ������
���������� ��������� �
�� �
�������� ���� ��� �������� ������ �� ��� ����	����� ����
�� ��&��� ������� �,�� .�&�	��� .������� ������ ��������� �� ����� �������� ���
��� ����������� �������� �� ����� �� �������
��� ���&��� �������� &���� ��� ������
�� ���� �� ���������� �� ���#������� .������� ������� 
���� ���� �������� ����
�������� ��� ��	���� ���� ���	 ��� ����	� ��"��

����	
	�� �� �	� 
� �	 � ��
��� ���	��� �� � ��
��� ���*��
��
� 
� � � � � 
�� ��	
���	��� 
� �� 
���	� � 

�������� ���*��
� �� � ����
� 	�����	� �	�
� 
� �� 
�
�	� ��
��	 ����
���� ��������
� ��
�� 
� �
�	 ����� ������� ���*��
� 
� 5� A � � � � �6�
+�	�� ����� ������� ���*��
� 
� �� 
���	� � 
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� 
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� � 

�������� ���*��
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� �� ���	� �
 �

	�	�� ����� ������� ���*��
� 
�5� A � � � � �� �
� �� 
���	� � ����
���� �	��� ���
�� �	�
�	� �� ��
����

��� � �� � .������� ����� �������� �� � ����� ���������� ����� �� ��� �����
�������� � ��������� ����
��� 
� �� 
��� � ��
� ���� ���������� ����
��� ���������
�� � ���� ������� �� 
� �� ���� �� �� ���������� ����
��� ����	��� �� �� +�� ������ ��
������ � ���� ����� �� �� �������� �� ��������� ����
����� �� � �������� � ����������
����
��� � �� ������ � &����� ������

?�������� ������ ���� �� ��
���� �������� ���� ���� �� ���������� ������ ���
�� ���
���� ��� ���������� ���� ��"��

������� �� ,� � �	�	���	� 
� �� 
�	� ����
� '	������ �
�	� �� ���	- � �� �����	�
�
 �	 ������� ��� �
 ���������� �	�� �� �	.���	��

&�

�� )��
�� ���� � ��������� ����� �� ����� +��� �� ��'������ 
� 
 � �� ��� �
��������� ����
��� ��� ��� ���� ���� ������� ����
��� 
�5� � � � �� �6� � ����� � �

&���� �������� 
� �����'�� ��� �����&���: 5�6 
� 

 � � 
���� ��� ��������� ���
������
��
��� 5��6 
� 

 � 
���� ��� ��������� ���
������ �
��� ��� 5���6 
� 

 � 
����
��� ��������� ����� ���
���� +�
� � �� ��� �
��
��� �� � �� ���� � �� � �������
.������� ������

�� �� �������� ������ �� &����� �� �� ��� ��������� �� ������� � ���������� ����
�� � ������� ��� ������ ���� ��	� ���� ��������� >��������� ���� ��� �� ���������
���� ������� �
�� ������ ���� ������� ���������� ����
���� ����	��� �� �� +��� ��
������ � ���������� ���������� �����

�������  � �	� � �	 � �	������
� ��		 

�����
�	� �� ���	��	�
����
� ��
� � �	�

� 
����	� � ��� �	� �� ��� �� �	 ������� �
�	� �� � - �	� 
� �	 � ���	��� �� �� ���
�	� �� �	 � �����

� ��		 �	�
� �� ��/#-$�� ,� �� ��� � �	�
	����� �
�	 �� ���	�	�
���� 
�- ��	� �
� 	�
� �
�	� � ���
��� � �����

� ��		 �� �	�
� ��- ��	�	 	����� �
�
�	� � � ���
��� �� ��
� ���� � � � �

) �������%����� ���������� ������������ �� � ����� ���� �� � ������ ������� ��������
� �������� ������� ����� �� ��� ����� ����� ) �������� �� � �� ����� ���� ���������
��� ������� ����� ����& �� �� ��������� �� ���� ����& ���

��	�� � ����� ���� ��� � �������%����� ���������� ������������� �� � '��� ������
� ���� �� ������� &��� 
� ��� ������� ���� �� ������� &��� ��� ���� ������� �
��
����: 5�6 �� �� � ���������� �� � ���� �� &���� �� � ������� �� ��� ��� 5��6 �� 
� ���
8�/�� ����� ��� ������ �/������ �� �� ��� ������ � �� ������ � �������� �� � ���
���� ������� ��� ��������	� ����
�� �� ��� ��������� +�� ����� �� �� �� ��������� ��
��� >������ ����� ���������� &��� �������%����� �� ��������� ���� �� � ������� �����
� �� � �� ������
���� �� ����� ����������� ���� � ��� �� ������
���� �� �����
���������� &��� �������%������ ��	�� � �����'���� ��� �� �����#���������� ���
��� �

��� � ����	����� ���� � ������
���� �� ����� ���������� &��� �������%������ ���
������� ����� �� � �� ����������� �� �� ���� ������ �� � �

������� !� �	� � �	 � �	� 
� 
����	� ��� � �	 � �	������
� ��		 ��
� � �� �
�	�
�	�	����
� ���� ��
�
��0���
�� �	� �� ��� �� �	 ������� �
�	� �� � - �	� �� �	 � �����

�
��		 �	�
� �� ��� ��� �� �	 � �
�	� ���
��� �� � ,� �� 
� �� ��	� �� 
� ���
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������� "� �	� � �	 � �	������
� ��		 

�����
�	� �� � �	��� ���� �	�� ���� �	��
�
��� �
�	� �	�	����
� ���� ��
�
��0���
�� ,� � �
�	� �� �� �	�	���	� 
� �� 
�	�
����
� �
 ��	 ����� 
� � �
�	� �� �� � ��	� �� 
� ���

#�������� �� �	� � �	 � ���������	 �	� 
� ����	 �	����
�	� 
����	� ��� � �	 � �	����%
��
� ��		 

�����
�	� �� �
�	� �	�	����
� ���� ����
���� ��������
��- ����
����
�	���� ��� �	����
�	� ���������� �	��� ��	 
�	� ����
�	� 
� � 

��	��
�� �
 ����%
��� '	������ �
�	�� 
� � �

��� � �� � ��� �� �����#���������� ���
���� � �� � ����� ���� ��� �� ����� ����������
&��� �������%������ ��� � �� � .������� ����� �� � � 7�� ���� ������� 
 
 �� ���
�� ������ � ���� ������� &��� 
 �� ��� ������ ���� ����������� �� �� ��� �	 ��
��� ��� ���� �����'�� ��� �����&��� ���������: ��� �	��� 
 
 �	 ����� �/���� � ���� �
�
�� ���� �� � � � 8��� ���� �	 �� � ��� �� ��������� ����
���� ���� +�� ���������
������	� ���
�� ���

�������� �� ��� ��������� �� ��� �������� �� �	�

������� $� �	� � �	 � �	� 
� 
����	�� � �� � ������� '	������ �
�	� 
� � �� ���

��� �� ���

; � �� � ����
� �� �����������	- ��	�	 � ;

�
���
�� 

 ��

� ������������	�� 
� 
 �	�	�
� �����
�� �����

�����
�	�� ���������

�� ���� ������� &� ���� ��� ���
��� ������� ��� ��������� ��� &���� ��� ������� .��#
����� ����� ���������� ���������� ��� ������������� ��������� ���	� ��� �������#
����

+�� 
�������� �� ����������
���� �� � �������� ������
�� ��� � ������� .�������
����� ���������� ������
�� ��� ���� ��
���� �� ��� �����/� �� ���
��� ������� ���#
����� �� ����� ��� ����������� ������ ��� ������������� ��'��� ���
�� �������� )�
�/����� �� ��� ���
��� ������ ���������� &��� ��� �������� �� ���
��� ���� �� ��� �/#
������ �
���#����� ����� ��
�5�	�	�6 �1� �1� ��� ��� ������������� ���
�� �� ���
����������� ����� ��� &����
� ��� ��� ���� ��� ���� �������� ��,��

+�� �������� �� ��� �
���#����� ����� ��
�5�	�	�6 �� ���
��� ���� �������� ��
��� ���
��� ��	�� �� 7��� � �1�� &���� �5�6 ������ ��� � ������� �� ���5�6	 ��5�6���
 ���

�5�	 �6 ������ ��� � ������� �� ���5�	 �6	 ��5�	 �6	 �
���
� 5�	 �6	 �

���
� 5�	 �6����� +�� �������

��
� ��� ��

� ��� ���������� &��� ������	� ��� ������	� ���
������� �� � ���������� �
�#
����
�� � ��� �� ������� �� ���
������ �� � ��������� ������� +�� �������������
����� �� ���
��� �������� �� ����
��� ����� �� ���&� �� ��� 
���� 
� 1�%
����	� ��,��
)�� �
�������� ����� �� ����� ���
�� ������� ��� ��	����� ��� 
����� )�� �������� �������
������ ��� �� �&� 	��������� ��� � ������� �� ���
��� &����	�� �� �������� � ��������
�������

) ���
��� ������ &���� �� ��������� �� ������� �����
���� �� ��� ���
��� �����
<�� �1�� �� �������� �� ���
��� &���� ��	� ��� �����&��� ����������: 5�6 ��� �������� ���

���� �� ������B 5��6 ����� �� �� ������� �� �
������ �������B 5���6 �	��� �
��������
���� �� � �������� ��� ��� 	�������� �� �B 5�	6 �	��� ������ ������� �	�� �� �� ���
�� �
�������� ����� �������� ��� 	�������� �� �� 3������������ ��'��� ���
��� �������
���� ��� ��������� �� ����������
���� ��� ��	��������� �� ��2� (� �(� ��� ����
�� ���
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�(�)

���(�) � ���(�) �	 � * ���

���(�) � ��(�� �)+��(�), �	 � * +�,	 +� * +�,�,

���(�) � �(�� 
(�))

���(�) � �(
(�))

�
�	 � * ���	

���(�) � �(�)

���(�) � �(�)

�
�	 � * 	 � �

���(�) � �(�) � �(�) �	 � * 	 � �

���
�(�� �) ��(�� �)+��(�� �), �	 � * �� � +�,�� ��� ���$ ��"�����

�
�
�(�� �) � ��(�� �)+���(�� �), �	 � * �� � +�,�� ��� ���$ ��"�����

�	
� �� �
������
 
"����" 	��� 	�� ����(��	�
)$

������� ���� ���� ��� �� � +�� ���������� ��� ���� ���������� �� ��� '���#�����
�������� �7�� �!!� ��� ��� �/�������� �� '���#����� ��	�� �����

���
���� �� � ������ ��������� �� ��������� ������� �� �7�� ��� ��� ���
�������
�� � ��������� ������ �� � �
��� �������� �
�� ������� ��� ��	�� ���
���� �� ���
��������� ������� C��� ��������� ������ � �� 
��*
��� ���������� &��� � ���� 5�	 �6 ��
���#������	� ��������� �
�� ���� �� ��� ����� �� � �� � ���� �A� ; �� +��� ���� �� ������
��� ��
����� �� ��� ��������� ������� 3�������� ��� ���
���� 5�	 �6 �� � ���������
������ � &��� �� ���� �/������ �� &������ � ������ +�� ������ �� ���
���� �� �/������
�� �������� �� ��� �����&��� &��� ) ������� 
 �� ���� �� ������� ��� ��
����� 

�����
�
���� �	��	
� �
 ��	 �	.�	�
	� � ��� �� �� 
 ; 5�6� �����5�	 �6 �� 
 ; 5�6� �����5�	 �6�
&���� � �� �� �#��*
���� �� 	��������� ��� � �� ������ � �#��*
���� �� 	�������� ��������
���� � �� � �#��*
���� �� ����� �� ��� ���� �5�6 &���� � � �� ��� � �� ���#������

+�� ��� �� ����
��� �� �7�� �� ��'��� �� �� ��� �������� ��� ���������� ���
�����&��� ����������:

5�6 � ��� � ��� �7�� ����
����
5��6 �� � �� �� �#��� ��������� ������ ��� � �� � ��*
���� �� � 	��������� ���� � 5�6

�� � �7�� ����
���
5���6 �� � ��� � ��� �7�� ����
��� ���� �� ��� ��� � 	 �� � � �� ���
5�	6 �� �5�6 �� � �7�� ����
��� ������ �� � ��������� ������ &��� ���
���� 5�	 �6� ���

�	 � ��� ���#����� 	������� ��*
����� �� ������ � ��� � &��� �� 	�������� ��
������� ���� ��� �����&��� ����
��� ��� �7�� ����
����

��5������5�	 �6 	 �5�66 ��5������5�	 �6� �5�66

��5������5�	 �6 	 �5�66 ��5������5�	 �6� �5�66

8��� ��& ��� ���� �� � ��� � ��� �� ������������ �� ��� �
���� 9��
������� ��
����� �� �
��� ��������� �
�� ���� 5�	6 �� �����'�� ��� ���� �� ������� ��	 ��
�����
�	����
��
��

C/������ �� �7�� ����
��� ��� ��� �����&����

�5�	 �6 	 ��	 �5��5�	 �	 �	 �6 	  5�	 �66	  5�	 �6 	  5�	 �6	

���5��5�	 �	 �6� 5 5�	 �6 	 ��5��5�	 �	 �6 	 �5�	 �6666
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+�� ���
���� �� ��� ��������� ������� �� ��� �� �� 5!	 !6 ��� 5!	 �6� ��������	���� &����
��� ��� ��������� ��������� ������� ��� ���
���� �� ���������� ����
�� ���� ��� ���
�� �
��� ���������� )�� ���� 	�������� �� �7�� ����
��� ��� ���������� �/�����������
*
����'��� 8��� ���� ������ ��� �/��������� *
����'������ �� � ��� � �/������ �� ���
������ �/����� &�
�� ���
�� �� � ����
�� &���� �� ��� �� �7�� 5�� &�
�� ����� �� �
�
����� ����
�� ���
��6� 9���� �/������ �� �
����� ����
��� &���� �� ��� ������
�� �7�� ��� ���5�5�	 �	 �6 � �66 ��� ���5 5�	 �6 � �� 5�	 �66� +�� '��� ����
��
�� ��� �� �7��

+�� �
�����
�� � �
����� �� �5�	 �	 �6 �� ��� '��� ����
�� �������� �� ����
	�������� ��� ��������� ��� ��������� ���� ��� ��
���� 	�������� � ��� � ���
� ��
��� �
����� ����
�� �� ��� �����	��� +�� ������ ����
�� �� ������� +�� ����
��
���5 5�	 �	 �6� �� 5�	 �	 �6 	 �5�66 ���� ���� ��� ������ �� �7���

+�� ����
��� �� �� �� ���� �� '���#����� ���
��� ������ )������������ ���� �����#
���� ������ �� ���������� &��� � 
��*
� ���
����� D���������� �� 	�������� ��� �����
�� ��� �� ��� ��*
����� ��� ����&���

7
���������� �� ������� �������� ��� ������ �� �
�
��
 �	�	��	�
� �	����
�� ��
��'��� �	�� ��� ��������� �������� ��� ��

� �� ��� ��������	� ����
�� �� ��� +���
��
� �� �� �������� �� ��������� �������� +��� �������� �/����� �� ������ ��������

��� ���
��� �� ��� �����&��� ��'�������� ��	�� �&� �������� 
� ; 5�6��5�6 ��� 
� ;
5�6��5�6� 
� �� 
� �= �� �

�
� ��� +�� �
������ �/������� �� ��� �������� ��� ����

������� �� ��� ��'��� �� �������� �� ���
�� ���
���� +�� ���������� �� �� �������
���� �� �� ���� ��������

��	�� � '���� ������
�� ! �
�� ���� 5�6 ��� ��������� ������ ��� � 
��*
�
���
����� ��� 5��6 ����� �� �� ������� ���������� ������������ �� �� ��� ���������
������� �� !� &� ��'�� ��� 
���� �� �� ���
��� ���� �	�� ! �� �����&�� ) ���
��� ���
� ������� �� �� �� ��� ���
�� � �� � �����'�� ��� �� ��� ����� ���������� ����& ��
&��� �� ��� �����&���� �� � �� � ���#���
�� ��� ���#������	� ���
�� ���� � �� ��*
����
�� ������� � �������� ��#��/���� �������� &���� �� ������	� ��� ���#�
��������� +���
������� �� ������ ��� ���� ������� �� ��� ���
��� +�� ��������� ������ � �� ��� ����
������� �
�� ������ ��	� ��� ���
���� 5 	 �6 �� 5�	  6� &���� � �� ��� ����� �� � �

#���	
	�� �� � �� � ���#������	�� ���#���
�� ��� ���#�
�������� ���
�� ��� ���
�����&��� �� ��
��

5�6 +�� 
���� �� ��� 	�������� �� ��� ������	� ���� ��� �� ����������� ���� �&�
�������� �
����� " ��� # � �� ����� ��� �� &���� �� ���#������

5�6 7�� �	��� ������� 
 �� �� ������ ��� 	�������� �� 
 ��� 5�6 �
����� �� "� �� 5��6
�
����� �� # � �� 5���6 ����� ��� ���#����� ��*
����� �� �� �
�� ���� � � "�
� � # ��� 
 �����'�� ��� ���
���� ��������� &��� ������� �� � ��� ��

5�6 C����� ��� ���� ������� �������� ��� ��� 	�������� �� ��� ���
��� �� �� ��������
��� ��� 	�������� ���� ��� �� ��� ���� " ��� # � ��� ����� �� � ������	� �������

 &���� ���
����� ������� 5�����6 ��� &���� �������� ��� ��� 	�������� ���� #

�� ��� ���� ������� �������� ��� ��� 	�������� �� "� �� ��� ��� 	�������� ���� "

�� ��� ���� ������� �������� ��� ��� 	�������� �� # �

#���	
	�� �� � �� � ���#������	� ��� ���#���
�� �
�������� ���
�� ��� ��� �����&#
��� �� ��
��

5�6 +�� ���� ������� �� � �������� ��� ��� 	�������� �� ��
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5�6 C	��� ����� ������� 
 �� � �����'�� ��� ���
���� ��������� &��� ������� ��
�&� �������� ��*
����� �� 	�������� � ��� �� �� &��� ������� �� �&� ��*
�����
� ��� ��5$�6� &���� � �� � ��*
���� �� 	�������� ��� ��5$�6 �� � ��*
���� ��
����� ��5$�6 �
�� ���� $� � ��

#���	
	��  � � �� � ������	� ���
�� 
��� ���
��� ��� ���
����� ��� ��������� ���
��� ��������� ������ ��� ���
���� 5 	 �6 �� 5�	  6�

+�� �����&��� ��� �/������ �� �� ���
�� ����:

��5%	 &6	 � 5�	 �5�	 �66 � ��5�	 �6�

�� 5%	 &6	 �� 5�	 �6 ��5�	 �	 �	 �5�	 �66�

� ��5%	 %�	 %�6	

���5�	 �	 �6 � ���5�6 � � 5�	 �	 �	 �6	

���5�	 �	 �6 ���5�6 ���5�	 �	 �6 ���5�	 �6	

���5�6 � �� 5�	 ��	 ��	 ��6 ���5�
�	 ��	 ��6 ���5�	 �

�6	

���5�
�	 ��	 ��6 ���5�

�	 ��6	

���5�
�	 ��6 � � 5��	 ��	 ��	 '5��	 ��66�

E���� ��� ���
������� ���� 5�6 � �� � � 5��6 � ��� ���
���� 5 	 !6 ��� � ���
���
���� 5�	 �6 ��� '��� ��� ������� �� �� � +�� ������ ��� ������� �� �� ���	����
� �� �� ��� ���
���� ���������� &��� ��� ��������� ������ � �� ������ 5 	 !6 ��
5!	  6� ��� ��� ���
���� ���������� &��� ��� ��������� ������ � �� 5$	 �6� 7�� ���
����� ��� �� ������ �� �� ��� �������� ����� ��� ��������� ������� �
�� �� �� ��

�� �� �� �� �� �� � � � �
�� ��	� ��� ���
���� 5$	 �6� �� ��� ���
���� 5 	 $6 ��
5$	  6� �� ��� ���
���� 5 	 �6 �� 5�	  6� ��� ���
���� 5�	 �6 �
�� ���� � A � ; $ ���
�� ���������� &��� ��� ��� ��� ���
���� 5 	 !6 �� 5!	  6 �
�� �� ���������� &��� ���
+�� �����&��� ���
�� ���� �� ��� ������ �� �� �

��5%	 &6	 � 5�	 �5�	 �6	 �6 � ��5�	 �6�

�� 5%6	 �� 5�6 � � 5�5�66�

+�� ���
����� �� ��� ���� � 5�	 �5�	 �6	 �6 �� ��� '��� ���
�� ��� ������ �� �����#
������ ���� �&� �������� ��*
����� �� 	�������� ��� ����� �� ���� ���� ������� ���
���
���� ���������� +�� ������ ���
�� �� ��� ������ ��� ���� ��� ������� � ��������
��/���� ������	� �������� &��� ������� �� ��� ������� ���������� ��������� �� ���#
����� ���� �/��
��� ���
��� &���� ��� ��������� ������ �� ��� ���� ������� ���
�� ����
������	��� ��� ������	���� +�
� ��� ��������	��� ���
�� ��� ��� �������� ���
�� ��
��� ������ �� ��� ���
��� ��� �� �� � )��� ��� ��F�/�	��� ���
�� ��� ��� ���������
���
�� ��� �/��
��� ���� �� ���
�� ����� ����
�� �	��� ���#���
�� ���
�� �
�� ���#
���� � ������	� ���� �������� +�
�� ����� ���� ����F�/�	��� ��5�	 �6 ��� ����������
&���� ��� �� �/������� �� ������	� 
��� ���
��� ��� �/������ ��������� �� ��� ���#
������� �� � �������� ��5�	 �5�66� ���� �� ��� �������� ���������� �� ��������� ���
�� ����
����� �� �� �

) ���� ����	����� ��� ��
����� ������� ���� �7�� ��� �� �� ���� � 	������ ��
�/������	� ����� ��� ����������� ������ ��� �� �������� ���� ����� C/������	�
����� ��� ����������� ������ ��	� ��
�� ������������ �� �
�� 	����� ����� ��� ���
�/������ 	���'������� ��������� ��������� ���&����� ��������������� ���
���	� ����
����� ��� ��� �������� &���
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� �������	��

�� ���� ����� &� ���&�� ���� ������� .������� ����� ���������� ������
��� ���
��������� �� ����������
���� ���
��� ������� ��� �� ���������� +�� ������������� ���
�����	�� �� ���������� ������������ �� ������ ����� ���������� ����������� �
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Abstract

Traditional databases do not explicitly represent the portions over their
schemas for which they are sound and complete. This paper proposes a
method by which very fine grained meta-data descriptions may be attached
to relational data sources to describe, among other things, the portions of var-
ious tables for which the database has complete data. Because of the formal
properties of the meta-data description language, itself expressible within the
guarded fragment of first-order logic, intensional descriptions of the cover-
age offered to a specific query may be generated. The techniques discussed
in this paper are general and may apply to many scenarios where fine-grained
meta-data descriptions are associated with tuple sets.

1 Introduction

Often one is prepared to make very specific declarations of soundness and com-
pleteness in a database. For example I am willing to say that my database has
correct records for all of the commercial airports in Sweden. I may continue and
declare that my database has all the schedule information for all of the flights to the
Swedish airport with code ‘UME’ on a specific date. In any case these declarations
of local soundness and completeness are fine-grained views1 and are asserted as a
dynamic part of populating or modifying the database.

The problem is that these declarations should be merged and managed so that
when the database is queried, a coherent description of the database’s completeness
(or incompleteness) may be provided with respect to the specific query. Thus when
the user asks for all the airport tuples in Sweden, Norway or Denmark they should
be informed that their answer is complete for Sweden and not so for the remaining
countries.

1Hereafter let us assume that such views are sound. The notion of complete in this case corre-
sponds to the closed world assumption being applicable over the view.

27



More abstractly, consider that we have a set ofn views:v1, ...,vn that describe
the portion of the schema for which the database has sound and complete coverage.
The problem is, given a queryq, to calculate the portion ofq that may be answered
with certainty2 using the views. The answer to this problem is a disjoint partition
of the original queryq into two queriesqcertain andquncertain whereqcertain is
the portion of the query that may be answered with certainty andquncertain is the
remainder that may notbe answered with certainty over the views.

In relation to the general problem of answering queries using views(see [14]),
the problem here is to obtain a maximally contained rewriting of a query using
a set of closed-world views. Of note the language in which views (or queries)
are expressed is well-beyond [6] the class of conjunctive queries [7]. The key to
obtaining a solution to this problem, is the limitation of projection to whole schema
tuples [16] and the restriction of tuple calculus formulas to a decidable class that
may be translated to the guarded fragment of first-order logic [2].

The plan of this paper is as follows. Section 2 covers basic definitions and
introduces the notion ofschema tuple querieswhich give us a convenient way
to describe sets of tuples within database tables. Section 3 presents the guarded
schema tuple query languageLGT and its extension to full multi-typed disjunction,
QGT. Additionally section 3 shows that one can calculate syntactic difference and
intersection as well as decide query containment for queries expressed withinQGT.
Section 4 discusses some of the formal limitations ofLGT (andQGT) and some
weak methods that might remedy them. Section 5 presents a solution to the prob-
lem of deriving maximally contained rewritings where the query and view descrip-
tions are expressed within the languageLGT and the certain answer description is
expressed within the languageQGT. Section 6 discusses this work in relation to
related work. Section 7 concludes this paper and outlines some of the prospects for
future work in this area. The proofs are given in the appendix.

2 Basic Notions

Let us assume the existence of three disjoint sets:U, the universal domainof
atomic values, P , predicate namesandA , attribute names. Without loss of gen-
erality, let us assume thatU is a countably infinite, totally ordered set. LetU be
a distinct symbol representing the type ofU. A relation schema Ris a sequence
〈A1 : U, ...,An : U〉 wheren≥ 1 is called thearity of R and allAi ∈ A are distinct
attribute names. Adatabase schema Dis a sequence〈P1 : R1, ...,Pm : Rm〉, where
m≥ 1, Pi ’s are distinct predicate names andRi ’s are relation schemas. Arelation
instance rof R with arity n is a finite subset ofUn. A database instance dof D is
a sequence〈P1 : r1, ...,Pm : rm〉, wherer i is a relation instance ofRi for i ∈ [1..m].
Hereafter we assume the database schema is fixed and thus drop reference toD.

2The notion of certain answers here is that of certain answers in [1] under closed-world views.
Specifically an answerτ to queryq is certain, if it is an answer toq over all databases wherev1, ...,vn
are sound and complete views. See the formal definition of certain answers in section 5.
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2.1 Tuple Relational Calculus

The tuple relational calculus is a ‘syntactic sugar’ over first order logic that lets us
range variables over tuples of a relation, rather than over constants within a fixed
argument position of a relation. Tuple calculus is widely used in database research
and was introduced by Codd [9].

Let Z be the set of all tuple variables and forz∈ Z let z.a be thecomponent
referenceto attributea of the relation over whichz ranges. We say that such com-
ponent references aremeaningfulif a is indeed an attribute of the relation over
which z ranges. Letθ denote one of the operators (=,>,<,≥,≤ or 6=), let ε denote
a set membership operator (∈ or /∈).

Let us inductively define thetuple relational formulas. Theatomic tuple for-
mulasare:

1. Range Conditions:P(z), whereP is a predicate name andz∈ Z.

2. Simple Conditions: XθY, whereX is a component reference andY ∈ U.

3. Join Conditions: XθY, where bothX andY are component references.

4. Set Conditions: XεY, whereX is a component reference andY is a set of
constants drawn fromU. (e.g.x.A∈ {y1, ...,yn})

All atomic formulas are tuple relational formulas and ifF1 andF2 are tuple
relational formula, whereF1 has some free variablez, thenF1∧F2, F1∨F2, ¬F1,
(∃z)F1 and(∀z)F1 are also tuple relational formulas. The setFree(α)⊆ Z denotes
the free tuple variables of the formulaα. We say a condition ismeaningfulif all of
its component references are meaningful. We say that a formula issafeif all of its
tuple variables range over a fixed number of relations.

2.2 Integrity Constraints

As is common, primary keys are expressed through functional dependencies and
functional dependencies are expressed as universally quantified tuple formulas.
Specifically the functional dependencyW→ A over the relationP whereW is a set
of mattributes andA is a single attribute ofP is expressed as the universally quanti-
fied formula:(∀x)(∀y)(P(x)∧P(y)∧ y.w1 = x.w1∧ ...∧y.wm = x.wm⇒ y.a= x.a).
We shall use the symbolF to denote the set of all of the functional dependencies
that hold over the database.

Foreign key constraints are simply a special case of inclusion dependencies. An
inclusion dependency from the arbitrary sequence of attributesa1, ...,am in relation
P to the arbitrary sequence of attributesb1, ...,bm in P′ is expressed as the formula:
(∀x)(P(x)⇒ (∃y)(P′(y)∧x.a1 = y.b1∧ ...∧x.am = y.bm)). We shall use the symbol
I to denote all of the inclusion dependencies that hold over the database.
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Example 1 (A relational database schema):
City(name, country, latitude, longitude)
Airport(code, country, latitude, longitude)
Flight(fnum, carrier, fromAirport , toAirport)
Schedule(flightFlight , date, depTime, arrTime)

where the primary keys are underlinedand the foreign keys are subscripted by the
relation to which they refer.

2.3 Schema Tuple Queries

So much for relational orthodoxy, we now introduce the notion of typed schema
tuples and schema tuple queries.

Definition 1 (Schema tuples)
Theschema tupleτ of the database instanced is the pair〈Pi : µ〉, where 1≤ i ≤ m
andµ is a single tuple inr i .

Example 2 (Two example schema tuples)
τ1 = <Airport: ’ULM’,’Germany’,47,13>
τ2 = <City: ’ULM’,’Germany’,47,13>

We say thattype(τ) = Pi and we say the components ofτ are the components
of µ. The schema tupleτ1 is equal to the schema tupleτ2 if and only if type(τ1) =
type(τ2) and they match on allcomponents. Thusτ1 6= τ2 even though they have
equal corresponding components.

Definition 2 (Schema tuple queries)
A schema tuple queryis an expression of the form{x|α}, whereα is a tuple rela-
tional formula over the single free tuple variablex.

When we write the expression{x|α} we normally assume that the expression
α is over the free tuple variablex. For the schema tupleτ, τ ∈ {x|α} if {τ/x}(α)
where{t/x}α means to substitute the termt in place ofx in α. Thus aschema tuple
queryis simply the intensional description of a schema tuple set. The actual tuples
within this set are the extensional answers to the schema tuple query.

3 Guarded Schema Tuple Query Languages

We shall now turn our attention to an interesting sub-language of the language of
tuple relational formulas.
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3.1 LGT and its decidability

We shall inductively define the set ofguarded components. Note that in this defini-
tion, we assume that the guarded componentψ over the variabley may be written
ass· (∃y)(P(y)∧φ) wheres is the sign (empty or¬), P(y) is the guard andφ is the
bodyof the component.

Definition 3 (Guarded components)

1. The formula(∃y)(P(y)∧φ) is a guarded component whereφ is a conjunction
of meaningful set and simple conditions limited to the operators= and 6=
overy.

2. If ψ andψ′ are guarded components3, then(∃y)(P(y)∧φ∧s′ · (∃y′)(P′(y′)∧
y.a = y′.b∧ φ′)) is a guarded component4 wherey.a = y′.b is a meaningful
equality join between the attributea of P and the attributeb of P′.

3. If ψ andϕ are guarded components, thenψ∧ϕ and¬ψ are guarded compo-
nents.

Note that the guarded componentψ may be written as(∃y)(P(y)∧ φ0∧ φ1∧
...∧φn), whereφi is thei-th conjunct ofφ. We say that the guarded componentφ
is normalif it is written so that all the simple and set conditions overy are grouped
in φ0 and eachφi for 0 < i ≤ n involves exactly 1 normal child-component.

Definition 4 (The languageLGT)
The languageLGT consists of all formulas of the form,

P(x)∧ (
∧n

i=0 φi)

obtained from a normal guarded component over the variablex.

Thus the languageLGT is obtained by simply removing the existential quanti-
fier at the head of a normal guarded component. Note that queries built usingLGT

arenon-cyclic. A query is said to beself-joining if the queries descendent com-
ponents have a variable that ranges over the same relation that the free variablex
ranges over. Finally we speak of thewidth of a query as the depth of the deepest
descendent of the head component of the query. Of the following queries, onlyq3

is self joining and no query has a width greater than 3.

Example 3 (Queries and views built usingLGT)

3Writtens· (∃y)(P(y)∧φ) ands′ · (∃y′)(P′(y′)∧φ′) respectively.
4ψ′ is said to be achild-componentof ψ in this case. Likewise,ψ is said to be theparentof

ψ′. This naturally leads to the corresponding notionsdescendent(ancestor) components of a given
component.
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v1 :“The airports in Sweden”
{x|Airport(x)∧x.country= “Sweden”}

q1 :“The airports in Scandinavia”
{x|Airport(x)∧x.country∈ {“Sweden”, “Norway”, “Denmark”}}

v2 :“Flights within Sweden”
{x|Flight(x)∧

(∃y1)(Airport(y1)∧y1.code= x.to∧y1.country= “Sweden”)∧
(∃y2)(Airport(y2)∧y2.code= x. f rom∧y2.country= “Sweden”)}

q2 :“Flights to Ume̊a, not from Arlanda”
{x|Flight(x)∧

(∃y1)(Airport(y1)∧
y1.code= x.to∧y1.code= “UME” ∧y1.country= “Sweden”)∧

¬(∃y2)(Airport(y2)∧
y2.code= x. f rom∧y2.code= “ARN” ∧y2.country= “Sweden”)}

v3 :“Schedules for domestic flights to Umeå in first 2 days of December, 2003”
{x|Schedule(x)∧

x.date∈ {“20031201”, “20031202”}
(∃y1)(Flight(y1)∧x. f light = y1. f num∧

(∃y2)(Airport(y2)∧y1. f rom= y2.code∧y2.country= “Sweden”)∧
(∃y3)(Airport(y3)∧y1.to = y3.code∧y3.country= “Sweden”∧

y3.code= “UME” ))}

q3 :“Swedish airports that have flights to every other airport in Sweden”
{x|Airport(x)∧

x.country= “Sweden”∧
¬(∃y1)(Airport(y1)∧y1.country= “Sweden”∧
¬(∃y2)(Flight(y2)∧y2. f rom= x.code∧y2.to = y1.code))}

Note that inq3 we assume that all airports have a flight to themselves.

Theorem 1 (LGT is decidable for satisfiability)
For all ` ∈ LGT over the free variablex, we may decide if there exists a database
instanced, satisfying the inclusion dependenciesI , for which{τ/x}` whereτ is a
schema tuple ind.
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3.2 The LanguageQGT

We define the languageQGT as the closure ofLGT over disjunction where the free
variable within each disjunct may range over a different relation.

Definition 5 (The languageQGT)
q∈ QGT if q is written as a finite expressioǹ1∨ ...∨ `k where each̀ ∈ LGT and`
is over the free tuple variablex.

Theorem 2 (QGT is decidable for satisfiability)
For allq∈QGT over the free variablex, we may determine if there exists a database
instanced, satisfying the inclusion dependenciesI , for which{τ/x}q whereτ is a
schema tuple ind.

3.3 Syntactic intersection and difference

We may describe the set difference (or intersection) of two queries built overQGT

with a third query built overQGT.

Theorem 3 (Syntactic intersection ofQGT queries)
Let q1 ∈ QGT andq2 ∈ QGT. Then there is aq3 ∈ QGT such that for all database
instances{x|q1}∩{x|q2}= {x|q3}.

Theorem 4 (Syntactic difference ofQGT queries)
Let q1 ∈ QGT andq2 ∈ QGT. Then there is aq3 ∈ QGT such that for all database
instances{x|q1}−{x|q2}= {x|q3}.

3.4 Query containment

Theorem 5 (⊆,= and disjointness overQGT)
If q1 ∈ QGT, q2 ∈ QGT andI are the set of inclusion dependencies, then one may
decide if:

1. {x|q1} ⊆ {x|q2}
2. {x|q1}= {x|q2}
3. {x|q1}∩{x|q2}= /0.

are necessarily true over the set of all database instances for whichI holds.

4 Weak Properties

There are two issues that remain formally unresolved in this work:enforcing func-
tional dependenciesandsimplifying queries. In both cases we comment on the
formal difficulties as well as on weaker methods to practically address these is-
sues.
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4.1 Enforcing Functional Dependencies

Unfortunately there are limitations when considering decidability ofLGT under
functional dependencies. The guarded fragment is not decidable in the company of
assertion statements [12]. Thus the following query is deemed to be satisfiable:

{x|Flight(x)∧
(∃y1)(Airport(y1)∧x. f rom= y1.code∧y1.country= “Sweden”)
(∃y2)(Airport(y2)∧x. f rom= y2.code∧y2.country= “Norway”)}

The approach here is to rewrite expressions inLGT into enhanced expressions
that capture at least some of the relevant functional dependencies. Thus for the
functional dependencyW→ A over the relationP, a simple case of this is achieved
by rewriting any component(∃y)(P(y)∧ y.a = c) wherec ∈ U, to (∃y)(P(y)∧
y.a = c∧ ¬(∃y′)(P(y′)∧ y.w1 = y′.w1∧ ...∧y.wm = y′.wm ∧y′.a 6= c)). Clearly this
does not cause any problems because the languageLGT stays closed under such a
transformation.

Thus based on the functional dependencycode→ country holding overAirport
we transform the query from above to:

{x|Flight(x)∧
(∃y1)(Airport(y1)∧x. f rom= y1.code∧y1.country= “Sweden”
¬(∃y3)(Airport(y3)∧y1.code= y3.code∧y3.country6= “Sweden”))

(∃y2)(Airport(y2)∧x. f rom= y2.code∧y2.country= “Norway”
¬(∃y4)(Airport(y4)∧y2.code= y4.code∧y4.country6= “Norway”))}

In this case the functional dependency is reflected and the query is correctly
deemed to be unsatisfiable. This technique, by itself, still lacks strength. Consider
the example query:

{x|Schedule(x)∧
(∃y1)(Flight(y1)∧x. f light = y1. f num∧

(∃y2)(Airport(y2)∧y1. f rom= y2.code∧y2.country= “Sweden”))
(∃y3)(Flight(y3)∧x. f light = y3. f num∧

(∃y4)(Airport(y4)∧y3. f rom= y4.code∧y4.country= “Norway”))

In this query the above technique is insufficient because the functional depen-
dencies overFlight never get a chance to impact the decision. What we need is
an extended technique to push constants throughout the query based on functional
dependencies. To get a clearer view of this process, consider that the child rela-
tionship between guarded components defines a path through the schema that uses
either foreign key to primary key (foreign key reference) or primary key to foreign
key (primary key referenced by) steps. Let us assume the existence of a function
that maps a given primary key constantk to a corresponding foreign key constant
within the same table. Such a function is defined for every pair of primary/foreign
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key attributes of a table. We denote this function on the relationR between the
primary keyK and the foreign key attributeA asFKR

K,A(Un) → U wheren is the
number of attributes inK.

If we Skolemize the translation of our query in FOL, then (at least) all of the
domain variables corresponding to the free variablex will have Skolem constants5.
We may then use theseFK functions to push constants through foreign key refer-
ences. Interestingly this technique works no matter what the sign of the quantifier
and stands as an orthogonal technique to standard Skolemization. The process
is guaranteed to generate a finite Herbrand universe because the queries are non-
cyclic and thus the application of theFK function will be finite. If this technique
is used along with the rewriting technique above then the problem query above is
deemed unsatisfiable.

One can imagine an even more extended version of this approach where each
descendent component of a query is individually tested as a separate satisfiability
problem, complete with rewriting andFK based constant propagation. Though of
practical importance, it is unlikely that such an approach will ever fully resolve
the formal difficulties of enforcing functional dependencies overLGT. Further
evidence for this limitation comes from the undecidability of inferring additional
inclusion or functional dependencies from a given set of functional and inclusion
dependencies [17][8]. Recent progress [15] has been made to tease out those cases
where the interaction is limited, and it remains a goal to incorporate such results
into the approach described here.

4.2 Simplification

Given an expressionq∈QGT we say thatq′ is aequivalent rewritingof q if there is
a finite sequence of semantically equivalent formulasq1, ...qm such thatq1 is q and
qm is q′ and eachqi+1 is obtained fromqi by applying arewrite rule. The rewrite
rules that we use include the routine rewrite rules [19] and several special cases
designed around the syntactic form ofQGT. Of interest we also include rewrite
rules that test if two distinct existential variables can be merged or if one may
drop variables, components or conditions wholesale. In such cases, an explicit
equivalence test is issued to insure that a semantically equivalent query has been
written.

In summary, we have a set of sound, but not necessarily complete set of rewrite
rules for queries inQGT. We employ these rewrites to search forshorter(in terms
of the number of conditions) equivalent rewritings of a query. In practice we are
able to simplify a wide class of queries within reasonable time.

5Note that the unique names assumption does not hold over such constants.
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5 Reporting Completeness

We now shall solve a general case of the problem posed in the introduction. Namely
for the queryq and then viewsv1, ...,vn expressing sound and complete coverage,
we seek to partition the query into the two disjoint piecesqcertain andquncertain
where the portionqcertain may be evaluated over the database to retrieve all avail-
able certain answers to the query. Let us define certain answers in this context.

Definition 6 (Certain answers)
Given a set of sound and complete viewsv1, ...,vn, each written{xi |νi}, a tupleτ is
acertain answerto the query{x|α}, if and only if τ ∈ {x|α} for all database states
d consistent with the extensions ofv1, ...,vn.

Naturally for the problem here we assume thatα ∈ LGT andνi ∈ LGT. The
problem is thus to show a procedure to obtain a schema tuple query{x|σ} that
obtains only the certain answers to{x|α} given the sound and complete views.

5.1 Obtaining certain query descriptions from a single view

We observe that it is not necessarily the case thatany tuple from a view whose
description semantically intersects with the query description, will actually be a
certain answer to the query. Formally, for thei-th view, if τ ∈ {xi |{xi/x}`∧ νi}
then it is not necessarily true thatτ is a certain answer to{x|`}.

For intuition consider that a schema tuple view written inLGT, on its own, in
not able to evaluate conditions on other relations6. So, when considering a query
posed over a single view, we just as well mighttruncatethe query so that it isde-
finableover the view. Formally query truncation is carried out by simplydropping
all non-free variables of the query formula`. Dropping a variable means that the
variable and any corresponding components using the variable are removed. The
result of this process is written{x|drop(`)} and it always results in a more general
query.

Theorem 6 (Certainty test over single views)
τ is a certain answer to the not self-joining query{x|`} posed over the single view
{x′|ν} if and only if for all database instancesd, τ ∈ {x′|{x′/x}drop(`)∧ ν} and
{x′|{x′/x}drop(`)∧ν}= {x′|{x′/x}`∧ν}.

5.2 Obtaining certain query descriptions over a set of views

In the actual algorithm we search out the most general view combinations that
return certain answers to the query. We call each view combination aplan. Specif-
ically a plan is a rewrite of̀ where variables are singly matched with views from
the given set ofn views. The manner in which this is achieved is straightforward. A

6Self-joining queries are an exception to this statement.
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search tree is built where each node contains a plan. The original query formula`
is the plan within the root node of a search tree. Nodes are expanded, by replacing
an unmatched variable from the original` with a view description from the set ofn
views. Formally, assume that the component(∃y)(P(y)∧φ0∧φ1∧, ...,∧φn) occurs
within the plaǹ ′ andνi is P(xi)∧φ′. The match betweeny andvi is reflected in the
rewritten component(∃xi)(P(xi)∧{xi/y}φ0∧{xi/y}φ1∧, ...,∧{xi/y}φn∧ φ′). We
say that̀ ′′ ∈ LGT is obtained from̀ ′ where such a component has been rewritten.
At the level of the search tree, we say the node with the plan`′′ is obtained from
the node with the plaǹ′ by matching the variabley within `′ to the viewvi.

Variable matching occurs top-down in the plan moving from parent to child
components iǹ. The termination test for node expansion is if the node meets one
of the following three conditions:

1. The node’s plan is unsatisfiable.

2. The node’s plan, with unmatched variables dropped, can be used to give
certain answers to the query.

3. There are no remaining unmatched variables within the node’s plan.

This process results in a finite tree ofO((nm)m) nodes wheren is the number
of views andm is the number of tuple variables iǹ. This tree is traversed and the
set of certain answer generating plans are obtained. These plans are pooled into an
expression inQGT that intensionally describes the certain answers. This expression
may be evaluated over the database to generate the actual certain answers, or it may
be simplified and presented as a summary description7.

Theorem 7 (Certain answers over a set of views)
Given a set of sound and complete viewsv1, ...,vn, each written as{xi |νi} where
νi ∈ LGT and the non self-joining query{x|`}, the certain answers to{x|`} may be
written as the expression{x|σ} whereσ ∈ QGT.

5.3 Examples of certainty reporting

Here we see the ideas of reporting completeness in action. These examples draw
upon expressions from example 3 as well as the following additional inputs:

v4 :“Schedule information for all domesic Swedish flights for
November 30 and December 1, 2003”

{x|Schedule(x)∧
x.date∈ {“20031130”, “20031201”}∧

7It is possible that such descriptions include impossible states that violate the functional depen-
dencies of the database. Thankfully, by definition, such descriptions are never answer yielding.
Moreover if the techniques of section 4.1 are used, many empty answer reports will not occur in
practice.
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(∃y1)(Flight(y1)∧x. f light = y1. f num∧
(∃y2)(Airport(y2)∧y1. f rom= y2.code∧y2.country= “Sweden”)∧
(∃y3)(Airport(y3)∧y1.to = y3.code∧y3.country= “Sweden”)}

q4 :“Schedule information for flights arriving in Umeå or Lule̊a, Sweden”
{x|Schedule(x)∧

(∃y1)(Flight(y1)∧x. f light = y1. f num∧
(∃y2)(Airport(y2)∧y1.to = y2.code∧y2.code∈ {“UME” , “LUL” }∧

y2.country= “Sweden”))}

Example 4 (Example outputs)
Assuming that the set of views arev1,v2,v3 andv4 from above, queryq1certain is
exactly the form ofv1, for queryq2:

q2certain :
{x|Flight(x)∧

(∃y1)(Airport(y1)∧
∧y1.code= x.to∧y1.code= “UME” ∧y1.country= “Sweden”)∧

¬(∃y2)(Airport(y2)∧
y2.code= x. f rom∧y2.code= “ARN” ∧y2.country= “Sweden”)

(∃y3)(Airport (y3)∧y3.code= x.from ∧y3.country = “Sweden”)}
q3 may be answered completely and for queryq4:

q4certain :
{x|Schedule(x)∧

x.date∈ {“20031130”, “20031201”, “20031202”}∧
(∃y1)(Flight(y1)∧x. f light = y1. f num∧

(∃y2)(Airport(y2)∧y1.to = y2.code∧y2.code∈ {“UME” , “LUL” }∧
y2.country= “Sweden”))

∨
Schedule(x)∧
x.date∈ {“20031201”, “20031202”}∧
(∃y1)(Flight(y1)∧x. f light = y1. f num∧

(∃y2)(Airport(y2)∧y1.to = y2.code∧y2.code= “UME” ∧
y2.country= “Sweden”))}

Material in bold states what additional conditions are necessary for certainty given
that the viewsv1, v2, v3 andv4 are sound and complete.

5.4 Simplification of a set of views

As a final issue, we consider that one would like to compile view descriptions
off-line into more compact semantically equivalent forms to speed up on-line pro-
cessing. This is simply the minimization process of 4.2 with the added constraint
that any rewriting of the set of viewsv1, ...,vn to v′1, ...,v

′
m must be semantically

equivalent andmust able to give certain answers to each input viewv1, ...,vn.
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6 Related Work

The problem addressed in this work relates to the two problems of deriving maxi-
mally contained rewritings of a query over a set of views [14] and the problem of
obtaining certain answers [1][13] over closed-world views. In fact, we combine
these problems into the single problem of deriving a certain rewriting of a query,
given a set of closed world views.

The derivation of the certain answer description, is greatly simplified by the
schema tuple query assumption. To the author’s knowledge no prior work has in-
voked the ‘schema tuple query’ restriction explicitly. Certainly one could imagine a
regime in which the schema tuple restriction would be enforced over non-recursive
Datalog. In such a caseQGT would be correspond to the class of non-recursive
Datalog programs with negation in their rule bodies.

Though it may seem to be an odd restriction, there are two principle reasons
why the schema tuple restriction is made: The first reason is that set difference
is fully defined over schema tuple query answer sets8. Since the atoms of sets
are whole tuples, we can speak of taking the ‘typed’ difference between two tuple
sets. In fact we can derive such query differences syntactically without having to
materialize answer sets (see theorems 3 and 4). We may also speak of taking differ-
ences between tuple sets of heterogeneous types. If, however, we relax the schema
tuple query restriction and permit projections and thus non-typed relations, then
we face the prospect of taking differences between non-union compatible, non-
typed relations. The second reason for the schema tuple restriction centers around
the perspicuity of intensional descriptions. Because tables correspond roughly to
the nouns and verbs of a domain, descriptions should center around collections of
such objects. Unrestricted projection would probably so complicate query expres-
sions that the task of generating crisp, understandable natural language descriptions
would be doomed.

The limitations of the schema tuple restriction may usually be overcome by
considering a virtual, highly decomposed version of the schema. Alternatively one
may enable projection and simple aggregation as an activity on the periphery of a
core schema tuple expression processor. Finally it should be noted that there is a
very direct correspondence between queries specified inLGT and standard SQL.
Queries inLGT mirror the SQL of the form:

SELECT *
FROM R AS x
WHERE
[NOT] EXISTS (sub-query) AND ... ;

8Decidable description logics [10] of the typeALC and beyond also share this property (A(x) -
B(x) may be represented asA(x)u¬B(x)). Description logics typically use unary and binary predi-
cates which formalize traditional semantic network role/filler systems. As such they are interesting
fragments of logic over predicates of at most two variables [4]. For an in depth discussion of this
limitation with respect to databases see [16].
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where thesub-query is of the same form. Naturally simple and join conditions
may be added to such queries and there may be more than one sub-query.

The languageLGT is related to the language described in [16], when the au-
thor was unaware of the guarded fragment [2] of first-order logic. This prior
language, now namedLSBT relied on the decidability of the∃∗∀∗ fragment [3]
. Interestingly this fragment is not normally decidable under complementation
(¬∃∗∀∗ρ ≡ ∀∗∃∗¬ρ), yet LSBT is. The reason thatLSBT stays closed under com-
plementation is intimately connected with the aforementioned schema tuple query
assumption. In any case it will be interesting to compare the practical and theoret-
ical trade-offs betweenLSBT andLGT.

It should finally be mentioned that the practical problem addressed in this work
is very similar in spirit to the problem confronted by the PANORAMA system [18].
PANORAMA allows users to attachpropertiesto views and then decides which
other views inherit such properties. PANORAMA’s view definition language is
strictly conjunctive [7] and the set of properties includesoundness, completeness
andemptiness, but it is an open, extensible set. PANORAMA associates a meta-
schema with the actual schema where the meta-schema encodes the view defini-
tions with associated properties. Queries are processed over both the base relations
as well as the meta relations. The normal extensional answer is augmented with
a set of view/property pairs that cover the extensional answers. The technique is
efficient, yet incomplete. That is not all relevant covering views will be reported
in the meta-answer. Motro terms his approachalgebraicand contrasts it with the
logical based work insemantic query optimization[5].

7 Conclusions and future work

The main result of this paper is to show that if sound and complete materialized
views are described using the languageLGT and the user’s query is specified using
the languageLGT and is not self-joining, then one may generate intensional de-
scriptions (within the languageQGT) of the certain answers of the query over the
views. Moreover one may directly apply the resulting query over the materialized
views to obtain such certain answers.

The languagesLGT and QGT may be translated into the highly expressive
guarded fragment of first order logic [2][12]. We envision the application of these
results in a number of areas including, but not limited to, data warehousing, se-
mantic query optimization and cooperative query answering.
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10 Appendix

Proof of Theorem 1:

Let L be a first order language. Theatomic formulas(or atoms) ofL are of
the usual forms:v1 = v2 for domain variablesv1,v2 andP(v1, ...,vn) for then-ary
relation symbolP∈ P .

Definition 7 (Guarded formula [2])
Theguarded formulasof L are defined inductively as follows.

1. An atomic formula is a guarded formula

2. If ϕ,ψ are guarded formulas, thenϕ∧ψ and¬ϕ are guarded formulas.

3. Let v̄ be a finite, non-empty sequence of domain variables,ψ a guarded for-
mula andG an atom such thatFree(ψ) ⊆ Free(G). Then(∃v̄)(G∧ψ) is a
guarded formula whereG is called theguardof the quantifier.

Sentences within the guarded fragment with equality are decidable for satisfi-
ability, have the finite model property and have the tree model property [2][12]. If
we can translate any expression` ∈ LGT as well as well as the inclusions depen-
denciesI into the guarded fragment, then theorem 1 will be proven.

Translation of ` ∈ LGT to the guarded fragment

Because we test for satisfiability, the free variable of` is considered existen-
tially quantified: `′ = (∃x)(`). This re-frames the problem to that of showing
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that guarded components of the tuple calculus, defined inductively in definition
3 may always be translated from the ‘syntactic sugar’ of the tuple calculus into the
guarded fragment of first order logic.

In what follows, the notation ¯y corresponds to expansion of tuple variabley
to a set of domain variables. These variables range over the first order predicateP̄
which corresponds toP in the tuple calculus. When necessary, we write the individ-
ual variables in the first order case. That is we write,(∃y1), ...,(∃yn)(P̄(y1, ...,yn)∧
...). Constants are handled through introducing special unary ‘constant relations’
for each constant appearing in a query. Additionally we enforce mutual exclusion
between such constant relations, for example(∀v)(Norway(v)⇒¬Sweden(v))

It suffices to show that each resulting guarded component in the inductive def-
inition presented in definition 3 may be translated into a first order formula of the
guarded fragment.

1. The tuple formula(∃y)(P(y)∧φ) is translated to the formula(∃ȳ)(P̄(ȳ)∧ φ̄)
whereφ̄ corresponds to the first order expansion of all the conditions of the
tuple formulaφ. In performing this translation, set operators (∈ and /∈) are
rewritten using= and 6= and all simple conditions are expressed through
ranging domain variables over introduced constant relations. The resulting
formula rests within the guarded fragment.

2. (∃y)(P(y)∧ φ∧ s′ · (∃y′)(P′(y′)∧ y.a = y′.b∧ φ′)) is a guarded component
wherey.a = y′.b is a meaningful equality join between thei-th attribute of
P and the j-th attribute ofP′. The translation of this component into the
guarded fragment is:(∃y1), ...,(∃yi), ...,(∃yn) (P̄(ȳ)∧φ̄∧ s′ ·(∃y′1), ...,(∃y′j−1)
(∃y′j+1), ...,(∃y′n′) (P̄′(y′1, ...,y

′
j−1,yi ,y′j+1, ...,y

′
n′) ∧φ̄′))

3. Conjunction and negation of guarded components are merely translated down
to the first order fragment, where they are permitted.

Translation of inclusion dependencies to the guarded fragment

Each inclusion dependency inI , is written in tuple calculus as(∀x)(P(x) ⇒
(∃y)(P′(y)∧ x.a1 = y.b1∧ ...∧ x.am = y.bm)). Such expression may be translated
to the guarded fragment as¬(∃x̄)(P̄(x̄)∧¬(∃ȳ′)(P̄′(ȳ′ ∪ x̄′) whereȳ′ are the vari-
ables in ¯y which are not joined on and ¯x′ are the variables in ¯x which are joined on
where it is assumed that such variables will be properly ordered inP̄′(ȳ′∪ x̄′). This
resulting expression is within the first order guarded fragment.

The translation of the guarded component plus the translation of the inclusion
dependencies are conjoined together and the resulting formula is decided for satis-
fiability [11]. 2

Proof of Theorem 2:
Proof:
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A satisfiability test may be conducted for each disjunct ofq ∈ QGT. Since the
number of disjuncts is finite, based on theorem 1 this process will terminate with a
correct answer.2

Proof of Theorem 3:
A simple consequence of associativity and distributivity of∧ over∨. 2

Proof of Theorem 4:
A simple consequence of DeMorgan’s law, associativity and distributivity of∧ over
∨. 2

Proof of Theorem 5:
1 is true iff{x|q1}−{x|q2}= /0 under the constraintsI . This may be decided based
on theorems 2 and 4. The decidability of 2 follows directly from the ability to de-
cide predicate 1. The decidability of 3 follows directly from the theorems 2 and 3.
2

Proof of Theorem 6:
If τ is a certain answer to{x|`} thenτ ∈ {x|`} for all database statesd consistent
with the extension{x′|ν}. Clearly, therefore,τ ∈ {x′|ν}. More specificallyτ ∈
{x′|{x′/x}`∧ν}. Now, since any possible state of affairs might exist for relations
other than the single relation whichν ranges over, there are always states that
could rule a tuple in or out based on whether`’s arbitrary sub-components are
satisfied. Thus for an answer to be certain, that is unable to be ruled in or out based
on states outside ofν, the sub-components of` must not play a role. Thusτ ∈
{x′|{x′/x}drop(`)∧ν} Since it is the case thatτ ∈ {x′|{x′/x}`∧ν}, and dropping
components may only generalize a query, it must be that{x′|{x′/x}drop(`)∧ν}=
{x′|{x′/x}`∧ν}.

If {x′|{x′/x}drop(`)∧ν} = {x′|{x′/x}`∧ν} for all database states and ifτ ∈
{x′| {x′/x}drop(`)∧ ν} thenτ ∈ {x′|{x′/x}`∧ ν}. Thereforeτ ∈ {x|`} andτ ∈
{x′|ν} since, by definition all database states include{x′|ν}. Thereforeτ is a cer-
tain answer.2

Proof of Theorem 7:
Naturally we takeσ to be the expression derived using the algorithm in section 5.2.

If τ ∈ {x|σ} thenτ is a certain answer to{x|`} given the sound and complete
viewsv1, ...,vn. This statement is true, becauseσ is written only using views from
v1, ...,vn and simple and set conditions that may be evaluated over such views.
Since the views are sound and complete, there is no special database instanced
that would ruleτ out of the answer set. Thusτ is certain.

If τ is a certain answer to{x|`} given the sound and complete viewsv1, ...,vn,
thenτ ∈ {x|σ}. It is harder to establish this statement. Assume thatτ is a certain
answer to{x|`} given the sound and complete viewsv1, ...,vn. Now suppose that
τ /∈ {x|σ}. This means thatτ ∈ {x|α}, whereα is satisfiable andα∧σ is not sat-
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isfiable. It is clear thatα must be written only using views fromv1, ...,vn using
simple and set conditions that may be evaluated over such views – otherwise some
possible state outside ofv1, ...,vn could ruleτ outside of{x|`} and thus violate the
assumption thatτ is certain. Now the crux of the issue is whetherα may be written
in a more expressive language that would ruleτ as a certain answer of{x|`}. But,
since` ∈ LGT, any such enhancement of expressivity could not be expressed in`.
Given this, to make an impact on what gets ruled in or out of the answer set of`, α
must not be in a language that is more expressive thanLGT. We may thus assume
thatα ∈ LGT. Now given that̀ employs only so many constants in its components
and that a certain answer generating view, as a consequent of theorem 6, must use a
tighter predication for its existential variables than`, there are only a finite number
of possible re-writings of then views into an expression of some width ofk or less.
In fact the algorithm of section 5.2 calculates just this expression for thek set to
the width of the widest disjunct ofσ. The only possibility left is thatα is a rewrite
greater than widthk that expresses a case of certainty that is not covered byσ. But
since all additional predications cause further specialization, this is not possible
and thus{x|α} ⊆ {x|σ}. This is a contradiction of the assumptions above and thus
τ ∈ {x|σ}. 2
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Abstract. Abstract State Machines (ASMs) provide a formal method
for transparent design and specification of complex dynamic systems.
They combine advantages of informal and formal methods.
Applications motivate a number of computability and decidability prob-
lems connected to ASMs. Such problems result for example from the area
of verifying properties of ASMs. Their high expressive power leads rather
directly to undecidability respectively uncomputability results for most
interesting problems in the case of unrestricted ASMs. Consequently, it
is rather natural to ask whether there exist expressive classes of ASMs
for which we can prove positive decidability and computability results.
In this work, we introduce such a class of ASMs. The idea of this class is
the same as for the guarded fragment of first-order logic. We analyse the
expressive power of this class and prove that it is stronger than Datalog
LITE and the guarded fragment of first-order fixed point logic. Some
decidability and computability results have been proven in earlier works.

1 Introduction

Abstract State Machines (ASMs) have been introduced as an attempt to bridge
the gap between formal models of computation and practical specification meth-
ods. The result is a formal method for transparent design and specification of
complex dynamic systems. ASMs combine advantages of informal methods (un-
derstandability, executability) with the advantages of formal methods (precision
and applicability of mathematical methods and results).

On the one hand, the ASM method is a formal method. There is a precise
semantics and this allows the application of mathematical methods to analyse
ASMs. In particular, these are often results from mathematical logic as ASMs
use classical mathematical structures to describe states of a computation.

Anyhow, ASMs are easily understandable. ASM specifications are easy to
read and to write. And this is one of the most important (pre)conditions for
a broad acceptance in practice and a resulting application. The reason for the
understandability is that ASMs have a very simple syntax that is quite similar
to pseudo-code. And indeed, ASMs are used in practice to specify hardware and
software systems. Reports on this can be found e.g. in [3].
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Furthermore, a number of computability and decidability problems is connected
to ASMs mostly motivated by applications. Examples for decidability problems
are different variants of the verification problem. The general verification prob-
lem - for example - deals with the question whether all computations of an ASM
satisfy a property given in some formalism (usually, some temporal logic). An
example for computability problems is the computation of a minimal slice. A
slice of an ASM consists of a subset of the rules of the original ASM. On a
specified part of the states, this slice behaves in exactly the same way as the
original ASM. The motivation for computing a minimal slice of an ASM comes
from debugging. If an error is observed, the programmer tries to extract that
part of the ASM which is responsible for the error. This part might be much
smaller than the original ASM.

On the one hand, ASMs are a very powerful model of computation and this
is one of their important advantages. In order to witness this, it has been proven
that well-defined classes of ASMs simulate sequential, parallel and quantum
algorithms on their natural abstraction level (see [11], [2], [8]).

On the other hand, the high expressive power leads rather directly to un-
decidability resp. uncomputability results for most interesting problems in the
case of unrestricted ASMs. For instance, the general verification problem is not
decidable and a minimal slice is not computable.

Consequently, it is rather natural to ask whether there exist expressive classes
of ASMs for which we can prove positive decidability and computability results.
In this work, we introduce such a class of ASMs. Some decidability and com-
putability results have already been proven in other works (see [12], [13]). We
analyse the expressive power of this class and prove that it is stronger than
Datalog LITE and the guarded fragment of first-order fixed point logic.

Besides the above aspects, we expect our results to increase the understanding
of Datalog LITE and the guarded fragment of first-order fixed point logic.

Outline. First, we give a short introduction to ASMs. After briefly considering
some decision and computation problems, we introduce the class of guarded
(deterministic) ASMs denoted by GF(D). In the remainder of this work, we
prove that GF(D) is stronger than Datolog LITE and the guarded fragment of
first-order fixed point logic.

2 A Brief Background on Abstract State Machines

In this work, D denotes the class of deterministic ASMs. Readers that are com-
mon with ASMs please note that we do not allow the use import (and do not
consider it in the remainder). As we restrict our considerations to these ASMs,
we give only a short introduction to the class D and do not present further con-
structs. For detailed information on ASMs (formerly called evolving algebras),
see e.g. [10].

The basic idea of ASMs is the following. The states of an ASM are finite first-

2
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order structures. An ASM is defined via a program that determines the transi-
tions between the states. The basic instructions of programs are update rules of
the form u := v where u and v are terms over a given vocabulary. Further types
of rules have the form if ϕ then R endif and forall x̄ : ϕ do R endforall
where R is a rule and ϕ a first-order formula. Their semantics is the intuitive
one. The rule inside an if-clause is executed if the guard ϕ evaluates to true.
The inner rule of a forall-rule is executed in parallel for all tuples of elements
satisfying the guard ϕ of the forall-rule. A program is a sequence of such rules.
In one step of the program, they are all executed in parallel. The program is
executed repeatedly. This yields a sequence of structures called a run. At first,
a run is infinite as an ASM program can always be applied to an appropriate
structure. But we can cut off a run starting from a certain point in case that
there are no more changes in the states. We say that the ASM halts.

Note that in the above informal explanation and in the subsequent formal
definition, the notion of parallel execution of rules or updates is meant in the
sense of real parallelism. The rules or updates are executed simultaneously and
this is not meant e.g. in the sense of arbitrary interleaving. The updates happen
at exactly the same time. And this is the reason why two updates or rules might
contradict each other. If e.g. the same item should be set to true and to false
at the same time, then this is a contradiction and can not be carried out in a
canonical way. We will later address this problem again and present the solution
chosen in the context of ASM.

Formally, the syntax of ASM rules defining an ASM from D is given in figure
1. The notion of term is defined as usual. As we consider relations as special
functions (i.e., functions that can only develop to true or to false), the outermost
symbol of a term can also be a relation symbol. Terms whose outermost symbol
is a relation symbol are called boolean-valued. Consequently, such terms can
only evaluate to true or to false.

An ASM rule R defines for every state A and every variable assignment ξ a
set of updates resp. an update set US(R,A, ξ) (see figure 2).

State. A state of an ASM is a finite first-order structure over the same vocab-
ulary as the program defining the ASM.

Update. An update of a state A is a tuple β = (f, ā, b) where f is a function
symbol of arity r, ā is an r-tuple of elements from the domain of A and b is
an element from the domain of A. Executing this update means to change the
interpretation of f such that the value of f at ā becomes b and the interpretation
of f for the other tuples is left as before. Note that if f is a relation symbol then
b must be contained in the set {true, false}.

Executing in parallel all elements of US(Π,A, ξ) leads to the successor state of
A with respect to Π. A problem arises if two updates in an update set contradict
each other.

3
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Let Υ be a finite vocabulary (i.e., a finite set of relation and function symbols). The
class of ASM rules over Υ is defined by induction as follows.

Skip Skip is an ASM rule.

Update rule For all terms s over Υ and all terms t over Υ , the assignment s := t
is a rule. If s is a boolean-valued term then t has also to be boolean-valued.

Conditional rule If g is an FO-formula over the vocabulary Υ and R is a rule
(over the vocabulary Υ ) then if g then R endif is a rule (with guard g).

Block If R1 and R2 are rules then do-in-parallel R1 R2 enddo is a rule.

Parallelism Let z̄ be a tuple of variables, R a rule, ϕ an FO-formula over the
vocabulary Υ . Then forall z̄ : ϕ R endforall is a rule.

Free and bounded variables are defined as usual with forall x̄ : ϕ binding x̄. A
program is a rule without free variables.

Fig. 1. Syntax of ASM rules over the finite vocabulary Υ

Contradictory. A deterministic update set U is contradictory if it contains a
pair of updates (f, ā, b) and (f, ā, c) where b 6= c; otherwise U is consistent.

To execute a consistent update set {(f1, ā1, b1), . . . , (fk, āk, bk)}, set fā1, . . . , f āk

to b1, . . . , bk respectively and leave the rest of the interpretations as they are.

To execute a contradictory deterministic update set, do nothing; the new state
is identical to the old one.

Executing Π once for a state A leads to the successor of A.

Successor. For a deterministic program Π, A `Π A′ holds if US(Π,A, ξ) trans-
forms the state A into the state A′. The state A′ is a successor of A with respect
to Π.

The iterated execution of an ASM Π leads to a run of Π.

Run. Let ρ be a sequence (Ai)i<λ of states where λ ranges over the natural
numbers and the first infinite ordinal ω. Then ρ is a run of P on I if Ai `P Ai+1

for all i with i + 1 < λ and A0 = I.

Query. An ASM query is a pair (Π, Q) consisting of an ASM program Π and a
designated relation symbol Q. With every structure A on which the computation
of Π eventually halts (i.e., no more changes occur in the states), the query (Π, Q)
associates the result (Π, Q)[A], ie., the interpretation of Q as computed by Π
on input A.

4
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The evaluation of a deterministic rule R at a state A under a variable assignment
ξ produces a deterministic update set U = US(R,A, ξ). To execute R, execute the
update set that is defined by induction on the rule:

– US(Skip,A, ξ) = ∅

– US(f(t1, . . . , tr) := t0,A, ξ) = {((f, [[t1]]
A
ξ , . . . , [[tr]]

A
ξ ), [[t0]]

A
ξ )}

– US(if g then R′ endif ,A, ξ) =

(
US(R′,A, ξ) if A, ξ |= g

∅ else

– US(do-in-parallel R1 R2 enddo,A, ξ) = US(R1,A, ξ) ∪US(R2,A, ξ)

– US(forall z̄ : ϕ R′ endforall,A, ξ) =
S

ā∈M US(R′,A, ξ[z̄ → ā])

For a term t, [[t1]]
A
ξ denotes the value of t in A with ξ.

Fig. 2. Semantics of ASM rules

3 Decidability and Computability Problems

As already mentioned in the introduction, there is a number of decidability and
computability problems connected to ASMs. In this section, we consider two
examples. They are both motivated by the application of ASMs in software en-
gineering as a specification formalism. As writing formal specifications is usually
not an error free process, we are rather early concerned with the task of finding
errors in a specification. There are two basic approaches to detect errors. The
first approach is to verify properties automatically. It is clear that this is not
possible in many cases as the question whether an ASM satisfies a property is
undecidable in the unrestricted version. The second approach is to test ASMs.
The executabilty yields this possibility. We do not consider testing itself but a
technique that might be combined with testing (but can also be combined with
verification). This technique is called slicing.

The verification problem. The aim of verifying ASMs is to prove that the
behaviour of an ASM specification coincides with the desired one. There are
mainly two possible meanings for the question whether “the behaviour of an
ASM specification coincides with the desired one”:

1. Do all computations of an ASM satisfy a property? (general verification
problem)

2. Does the computation of an ASM with a given initial structure satisfy a
property? (restricted verification problem)

While the restricted verification problem is decidable for D and formulae from
temporal first-order logic, the general verification problem is undecidable in this
case.

The reason for the decidability of the restricted verification problem is the
following. As the domain of the states does not change in a run of an ASM from

5
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D, every run of an ASM in D contains only a finite number of different states. An
upper bound for this number can be immediately computed from the initial state.
It suffices to consider the intial part of the run up to a length coreresponding to
this upper bound in order to descide whether a run satisfies a property expressed
in linear temporal first-order logic. So, the restricted verification problem is
comparable to a model-checking problem with finite space.

The reason for the undecidability of the general verifcation is that the (fi-
nite) satisfiability problem for first-order logic can be immediately reduced to
the general verification problem. Nevertheless, it is possible to find decidable
instances. One of them consists of a well-defined fragment of the class GF(D) of
ASMs (see [12]).

Slicing. In order to debug or to modify an ASM specification, we are most
often not interested in its complete behaviour but only in a specified part of
it. Consider for instance the case of debugging. When an error is observed, the
developer tries to extract that part of the specification which is responsible
for the erroneous behaviour. This set of rules might be much smaller than the
original one and therefore, it might be much easier to catch and correct the
error(s) if he knows this set.

This observation motivates the concept of slicing. By applying this technique,
one extracts rules from an ASM program that are relevant for the behaviour
with respect to the specified parts of the states. The result is a slice which is a
syntactically correct ASM again. The smaller such a slice is the better.

Consider for example an ASM involving a relation R. If we are only interested
in the evaluation of R then we can cut off all rules from the ASM that do not
influence it.

Although a minimal slice is not computable for arbitrary ASMs from D, it
is computable for ASMs from the fragment GF(D) of D (see [13]) which we
consider in the following.

4 The Guarded Fragment

Both problems presented in the preceding section are strongly connected to satis-
fiability problems in mathematical logic. In order to demonstrate this connection,
we consider the ASM defined by the program Π := if ϕ then res := true endif
where ϕ is an arbitrary first-order formula not involving the nullary relation
symbol res.

Every computation of Π satisfies the temporal formula (X res) (stating that
res holds in the next state) iff ¬ϕ is not finitely satisfiable.

Similarly, computing a minimal slice for an ASM from D is directly connected
to the satisfiability problem for first-order logic. Skip is a minimal slice of Π
relative to the evaluation of res iff ϕ is not satisfiable. Furthermore, Skip is the
only such minimal slice of Π in this case.
Consequently, the undecidability of the finite satisfiability problem for first-order
logic FO induces the undecidability of the general verification problem and non-
computability of a minimal slice for ASMs from D.

6
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A further witness for the connection to mathematical logic is that many proofs
of (un)decidability resp. (non-)computability results are reductions of the con-
sidered problems to some (finite) satisfiability problem or vice versa.

The above observations suggest to consider decidable instances of the (finite)
satisfiability problem and to try to obtain decidable resp. computable instances
of decision resp. computation problems for ASMs by introducing similar restric-
tions for ASMs. In the past, a number of concepts has been presented in order
to obtain decidable instances of the (finite) satisfiability problem. Examples are
the so-called prefix classes, restrictions on the vocabularies or the two-variable
fragment. In most cases, a transfer of these concepts is not suitable as the cor-
responding restrictions on the ASMs are very strong.

In [1], an approach to decidable instances of the satisfiability problem for first-
order logic has been presented that is essentially different from the ones men-
tioned above. It originates from an investigation of the reason for the good
model-theoretic properties of propositional modal logic (ML). H. Andréka, J. van
Benthem and I. Németi have considered the translation from ML to first-order
logic a bit closer and detected that in the modal fragment, all quantifications are
guarded by some atomic formula. This observation then lead to the definition of
the guarded fragment of first-order logic.

Definition 1 Let Υ be a vocabulary containing only constant and relation sym-
bols. The guarded fragment GF of first-order logic is defined inductively as fol-
lows:

1. Every relational atomic formula (possibly an equation) belongs to GF.
2. GF is closed under propositional connectives ¬,∧,∨,→,↔.
3. If ψ(x̄, ȳ) is a formula in GF then ∃ȳ(α(x̄, ȳ) ∧ ψ(x̄, ȳ)) and ∀ȳ(α(x̄, ȳ) →

ψ(x̄, ȳ)) belong to GF provided that free(ψ) ⊆ free(α) = x̄ ∪ ȳ and α(x̄, ȳ) is
a relational atomic formula.

Here, free(ψ) means the set of all free variables of ψ.

Based on a number of results (see [1], [5]), Andréka, van Benthem, and Németi
assume that the guarded nature of quantification is the main reason for the
good model-theoretic and algorithmic properties of modal logic. However, most
of the interesting properties are still expressible in GF. The following definition
transfers the idea of GF to the ASMs from D.

Definition 2 The guarded fragment GF(D) of the class D of ASMs is the subset
of D such that every element Π of GF(D) uses only relation and constant symbols
and satisfies the following conditions:

– the lefthand side and the righthand side of any update rule are boolean-valued
terms

– every guard of an if-clause in Π is in the guarded fragment of first-order
logic

7
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– every forall-rule has the form forall x̄ : α(x̄, ȳ) R endforall where α(x̄, ȳ)
is an atomic formula and free(R) ⊆ free(α) = {x̄, ȳ}

Note that the definition of the guarded fragment of D can be generalized to any
class C of ASMs (also nondeterministic).

5 Basic properties of Guarded ASMs

In section 3, we have already addressed some properties of GF(D) concerning
decidability respectively computability. In this section, we consider some basic
properties with regard to the expressive power. The aim of this section is to
increase the understanding of GF(D).

To formulate some basic properties of guarded ASMs, we give the definition of
the Gaifman graph of a structure in advance. The Gaifman graph of a structure
A is an undirected graph with the same domain as A. There is an edge between
two elements of the domain iff they coexist in some atomic fact in A.

Definition 3 The Gaifman graph of a relational structure A (with universe A)
is the undirected graph G(A) = (A,EA) where

EA = {(a, a′) : a 6= a′, there exists a ground atomic formula
A |= α(b1, . . . , bn) such that a, a′ ∈ {b1, . . . , bn}}

An immediate consequence of the definition of GF(D) is that we can not access
pairs of elements that are not connected via an edge in the Gaifman graph. This
fact implies the following lemma.

Lemma 4 Let Π ∈ GF(D) not using constants, A be a state of Π, and GA =
(VA, EA) be its Gaifman graph. Furthermore, let B be the state of Π with A `Π B
and let GB = (VB, EB) be its Gaifman graph. Then EB ⊆ EA holds.

As a consequence of this lemma, we obtain some non-computability results. E.g.,
the transitive closure is not computable by an ASM from GF(D). In order to
prove this, consider the class of undirected graphs. In this case, the Gaifman
graph of a state A is obtained from A by removing all self-referring edges. The
Gaifman graph GA = (VA, EA) of A given by

a 1 a 2 a 3

is essentially the state itself. The transitive closure of the above graph is

a 1 a 2 a 3

Again, the Gaifman graph GB = (VB, EB) is essentially the state B itself. But
EB 6⊆ EA as (a1, a3) 6∈ EA (but (a1, a3) ∈ EB).

To disprove the converse of lemma 4 we use the notion of equivalence of ASM
in the following sense.
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Definition 5 Two (deterministic) ASM-programs Π1 and Π2 (over the same
vocabulary) are equivalent if for all states A and B (of Π1 and Π2) the following
holds. A `Π1 B if, and only if, A `Π2 B .

Lemma 6 There exists a relational ASM Π ∈ D that is not equivalent to an
ASM from GF(D) and for all states A and B of Π with Gaifman graphs GA =
(VA, EA) and GB = (VB, EB) the following holds. If A `Π B then EB ⊆ EA.

Proof. In order to prove the lemma, we give a simple example of an ASM Π ∈ D
over the vocabulary {E/2, P/0} (E is a binary relation symbol and P is a nullary
relation symbol). Consider the ASM defined by

if ∀xyz (Exy ∧ Eyz → Exz) then P := false endif

As we have only negative updates in Π, for all states A and B with Gaifman
graphs GA = (VA, EA) and GB = (VB, EB) the following holds. If A `Π B then
EB ⊆ EA.

Now, we prove that there is no ASM Π ′ ∈ GF(D) that is equivalent to Π. The
proof is done by contradiction. Assume that there exists an ASM Π ′ ∈ GF(D)
that is equivalent to Π.
We first demonstrate how we can rewrite Π ′ such that we obtain an equivalent
ASM from GF(D) of the form if ψ then P := false endif .

As Π ′ is equivalent to Π, Π ′ cannot change other relations than P and P is
nullary. Consequently, if Π ′ contains an update rule with another lefthand side
than P then this update rule is never executed. Therefore, we can remove this
update rule from Π ′ resp. replace it by Skip.

Furthermore, every update rule of the form P := t where t is an arbitrary
boolean-valued term can be replaced by the parallel composition of if t then P :=
true endif and if ¬t then P := false endif . Again, as Π ′ is equivalent to Π and
Π updates P to true in no case, the first conditional rule in the above parallel
composition can be removed. Therefore, we obtain if ¬t then P := false endif
instead.

As a first consequence of the above observations we can assume that every
update rule appearing in Π ′ is equal to P := false. Another consequence of these
observations is that we can assume that no variable appears in an update rule
of Π ′. Hence, the successive application of the equivalence preserving rewriting
rules given in figure 3 to Π ′ leads to an ASM from GF(D) that is equivalent to
Π ′ and thus to Π. If these rules are applied until no more of them is applicable
then we obtain an ASM from GF(D) of the form if ψ then P := false endif .

As this ASM is equivalent to Π, ψ is equivalent to ∀xyz (Exy∧Eyz → Exz)
and therefore, ψ expresses that E is transitive. As the above ASM is in GF(D), ψ
is in GF. Consequently, transitivity is expressible in GF. This is a contradiction
as it is a well-known fact that transitivity is not expressible in GF. ut

Note that this proof is essentially a reduction to the respective property of GF
and therefore, this is a further witness for the strong connection between ASMs
and logic.
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original rule equivalent rule

forall x̄ : α(x̄, ȳ) do if ∃x̄(α(x̄, ȳ) ∧ ϕ(x̄)) then
if ϕ(x̄) then P := false endif P := false

endforall endif

if ϕ then if ϕ ∧ ψ then Π̃ endif

if ψ then Π̃ endif
endif

do-in-parallel if ϕ ∨ ψ then P := false endif
if ϕ then P := false endif
if ψ then P := false endif

enddo

Fig. 3. Rewriting rules applied in the proof of lemma 6

Though we have seen some limits of GF(D) in this section, many interesting
properties are nevertheless definable in GF(D). We demonstrate that in the
remainder of this work.

6 Guarded ASMs are Stronger than Datalog LITE

In this section, we compare GF(D) to Datalog LITE (see [4]). Datalog LITE is
a deductive query language with a linear time model checking algorithm. It is
a guarded version of stratified Datalog additionally allowing a limited form of
universal quantification in rule bodies.

Despite linear time evaluation, Datalog LITE is highly expressive. In [4],
it has been proven that Datalog LITE is equivalent in expressive power to
alternation-free guarded fixed point logic, a natural fragment of the guarded
fixed point logic. Well-known logical formalisms such as propositional multi-
modal logic, computation tree logic (CTL), the alternation free µ-calculus, each
correspond to well-defined and syntactically simple fragments of Datalog LITE.

In the next section, we prove that the restriction to the alternation-free fragment
is not needed for comparing GF(D) to guarded fixed-point logic. This restric-
tion has been necessary for the comparison of Datalog LITE to guarded fixed-
point logic. Furthermore, we even obtain a strict result in the case of GF(D)..
I.e., GF(D) is stronger than guarded (first-order) fixed point logic. Though this
proposition already implies that GF(D) is stronger than Datalog LITE, we prove
it elementarilly. We expect to obtain a better insight to the connection between
Datalog LITE and GF(D) in this way as the proof is much more straightforward.

A Datalog rule is an expression of the form H ← B1, . . . , Br where H, the head
of the rule, is an atomic formula Ru1 . . . us, and B1, . . . , Br, the body of the rule,
is a collection of literals (i.e., atomic formulae or negated atomic formulae) of
the form Sv1 . . . vt or ¬Sv1 . . . vt where u1, . . . , us, v1, . . . , vt are variables. The
relation R is called the head predicate of the rule.
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A basic Datalog program Π is a finite collection of rules such that none of
its head predicate occurs negated in the body of any rule. The predicates that
appear only in the bodies of the rules are called extensional or input predicates.
Given a relational structure A over the vocabulary of the input predicates, the
program computes, via the usual fixed point semantics, an interpretation for
the head predicates. A Datalog query is a pair (Π, Q) consisting of a Datalog
program Π and a designated head predicate Q of Π. With every structure A,
the query (Π, Q) associates the result (Π,Q)[A], ie., the interpretation of Q as
computed by Π on input A.

A stratified Datalog program is a sequence Π = (Π0, . . . , Πr) of basic Datalog
programs which are called the strata of Π, such that each of the head predicates
of Π is a head predicate in precisely one stratum Πi and is used as an extensional
predicate only in higher strata Πj for j > i. In particular, this means that

1. if a head predicate of stratum Πj occurs positively in the body of a rule of
a stratum Πi, then j ≤ i, and

2. if a head predicate of stratum Πj occurs negatively in the body of a rule of
stratum Πi, then j < i.

The semantics of a stratified program is defined stratum per stratum. The ex-
tensional predicates of a stratum Πi are either extensional in the entire program
Π or are head predicates of a lower stratum. Hence, once the lower strata are
valuated, we can compute the interpretation of the head prediates of Πi as in
the case of basic Datalog programs.

A Datalog rule is monadic if each of its literals has at most one free variable.
Note that this does not necessarily imply that only unary predicates are used.
We permit the appearance of literals ¬Sv1 . . . vk with k > 1 that may contain
repeated occurrences of a single variable. A Datalog rule is guarded if its body
contains a positive atom (the guard of the rule) in which all free variables of the
rule occur.

A generalized literal G is an expression of the form ∀y1 . . . yn(α → β) where
α and β are atoms, and free(β) ⊆ free(α). The free variables free(G) of G are
given by free(α)− {y1, . . . , yn}.

A Datalog LITE program is a stratified Datalog program whose rules are
either monadic or guarded and which contains (unnegated) generalized literals.
The notions of guardedness and stratification are extended to generalized literals.

The proposition of the following lemma essentially says that GF(D) is strictly
more expressive than Datalog LITE. The notion of ASM query allows to compare
ASMs and Datalog LITE directly. An ASM query (ΠASM, Q) is equivalent to
a Datalog LITE query (ΠDatalog, Q) if, and only if, for every state A (over an
appropriate vocabulary) and every tuple ā of elements from the domain of A

ā ∈ (ΠASM, Q)[A] if, and only if, ā ∈ (ΠDatalog, Q)[A]

Consequently, we consider equivalence with respect to the result of a computa-
tion. Another possibility would be to compare programs stepwisely as we did
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it for two ASMs. This means that we consider each state in a computation of
an ASM and compare it to the corresponding state in the computation of the
Datalog LITE program. The ASM and the Datalog LITE program are equiva-
lent in the case where the states are identical in each step of every computation.
But as we compare GF(D) to a logic fragment (namely, the guarded fragment of
first-order fixed-point logic) in the next section where we do not have this notion
of equivalence, we restrict to equivalence of queries in this case. This means that
we consider equivalence with respect to the result of a computation.

Lemma 7 Every Datalog LITE query is equivalent to a GF(D) query. Con-
versely, there exists a GF(D) query for which there is no equivalent Datalog
LITE query.

Proof. First, we show that GF(D) is at least as strong as Datalog LITE. The idea
of this part is to translate Datalog LITE programs to ASMs from GF(D). We
construct this translation stepwisely by starting with translating Datalog rules.
Here, we have to distinguish between the two types of rules, namely monadic and
guarded ones. We then proceed with the translation of basic Datalog programs.
Essentially, the translation of a basic Datalog program is the parallel composi-
tion of the translations of the contained rules. Finally, we construct from these
components a translation for a Datalog LITE program. The stratification re-
quires an additional construct. At the end, we prove strictness via an example
consisting of an ASM for which there exists no corresponding Datalog LITE
program.

The first step in the translation is to map every Datalog LITE rule R to an ASM
rule a(R) ∈ GF(D). If R is monadic then it has the form Px ← B where B is
a sequence of literals each with at most one variable. Let SR

x be the set of all
literals in B with free variable x. Then a(R) is the rule

forall x : true do

if
∧

β∈SR
x

β ∧∧
y∈free(R)−{x}

(
∃y ∧

β∈SR
y

β
)

then Px := true endif
endforall

Else R is a guarded rule. Let g be the guard of R with free(g) = {x̄}, α be its
head and B its body. Then a(R) is the rule

forall x̄ : g do
if

∧
β appears in B β then α := true endif

endforall

where x̄ is a tuple of variables containing exactly the free variables of g.
This completes the translation of single rule. In the next step, we define the

translation of a Datalog program frmom the translations of the contained rules.

A basic Datalog program D consisting of the rules R1, . . . , Rn is translated to
do-in-parallel a(R1) . . . a(Rn) enddo.

12

57



Let D = (D0, . . . , Dr) be a Datalog LITE program whose strata are basic Dat-
alog programs. In addition to those relation and constant symbols from the vo-
cabulary of D, the vocabulary of the resulting ASM contains r nullary boolean
constant symbols computed0, . . . , computedr−1 marking whether the computa-
tion of the i-th stratum is completed. Initially, computed0, . . . , computedr−1 are
all interpreted by false. D is translated to the ASM defined by

do-in-parallel
if ¬computed0 then

do-in-parallel
a(D0)
if ϕ0 then computed0 := true endif

enddo
endif
A1

...
Ar

enddo

where Ai, i ∈ {1, . . . , r} abbreviates

if computedi−1 ∧ ¬computedi then
do-in-parallel

a(Di)
if ϕi then computedi := true endif

enddo
endif

and the formulae ϕi, i ∈ {0, . . . , r}, intuitively expresses that the computation
of the i-th stratum is completed. Formally, the formula ϕi, i ∈ {1, . . . , r} is given
by

∧

R∈mon(Di)

∀x




 ∧

β∈SR
x

β ∧
∧

y∈free(R)−{x}


∃y

∧

β∈SR
y

β





 → Px


 ∧

∧
α←B∈guarded(Di) with guard g

free(g)={x1,...,xk}

∀x1 . . . xk


g →





 ∧

β is in B but not g

β


 → α







where mon(Di) denotes the set of monadic rules in Di and guarded(Di) is the
set of guarded rules in Di.

In the rest of this proof, we show that GF(D) is strictly stronger than Datalog
LITE. I.e., there exists a GF(D) query for which there is no equivalent Datalog
LITE query. In order to prove strictness, we use the following proposition that
has been proved in [4].
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Let Π be a Datalog LITE program with head predicates T1, . . . , Tr, and
let TA1 , . . . , TAr be the relations computed by Π on an input structure A.
The Gaifman graph of the expanded structure (A, TA1 , . . . , TAr ) coincides
with the Gaifman graph of A.

There exists an ASM Π ∈ GF(D) whose vocabulary does not contain constant
symbols and a state A of Π such that the Gaifman graph of the state B with
A `Π B and the Gaifman graph of A do not coincide. A witness is the ASM
Π ∈ GF(D) defined by forall xy : Exy do Exy := false endforall. ut

7 Guarded ASMs are Stronger than Guarded Fixed
Point Logic

The most important extension of propositional modal logic (ML) is the modal
µ-calculus. It extends ML by least and greatest fixed points. This motivates to
extend GF also by least and greatest fixed points leading to the guarded fixed
point logic µGF.

µGF is the second mechanism to which we compare GF(D). It has first been
considered in [9]. Further considerations can be found in [6] and [7].

Definition 8 Guarded fixed point logic µGF is obtained by adding to GF the
following rules for constructing fixed point formulae.

Let W be a k-ary relation variable and x̄ = x1 . . . xk be a tuples of dis-
tinct variables. Further, let ψ(W, x̄) be a guarded formula where W appears only
positively and not in guards. Moreover, we require that all the free variables of
ψ(W, x̄) are contained in x̄. For such a formula ψ(W, x̄), we can construct the
formulae

lfpx̄,W ψ(x̄) and gfpx̄,W ψ(x̄)

The semantics of the fixed point formulae is the following. Given a structure A
and a valuation χ for the free second-order variables in ψ, other than W , the
formula ψ(W, x̄) defines an operator on k-ary relations W ⊆ Ak, namely

ψA,χ(W ) := {ā ∈ Ak : A, χ |= ψ(W, ā)}

As W occurs only positively in ψ, this operator is inductive. Therefore, it has a
least fixed point lfp(ψA,χ) and a greatest fixed point gfp(ψA,χ). The semantics
of least fixed point formulae is defined by

A, χ |= [
lfp(ψA,χ)

]
(ā) iff ā ∈ lfp(ψA,χ)

and
A, χ |= [

gfp(ψA,χ)
]
(ā) iff ā ∈ gfp(ψA,χ)

W is the fixed point variable of [gfp Wx̄.ψ](x̄) resp. [lfp Wx̄.ψ](x̄).

In the remainder of this section, we compare the expressive power of GF(D) to
the expressive power of the guarded fixed point logic.
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In [4], it has been proven that every alternation-free sentence in µGF is equivalent
to a Datalog LITE query. Conversely, every Datalog LITE query is equivalent
to an alternation-free formula in µGF. This proposition and lemma 7 imply the
following corollary.

Corollary 9 Every alternation-free sentence in µGF is equivalent to a GF(D)
query. Conversely, there exists a GF(D) query for which there is no equivalent
alternation free formula in µGF.

But this lemma can even be sharpened. Namely, it does not only hold for the
alternation-free fragment of µGF but for the complete guarded fixed point logic.

The intuitive reason why we can abandon the restriction of alternation-
freedom is rather simple. A Datalog LITE program is arranged in strata which
can only be processed in a top-down order. Once a stratum has been left, it is
not possible to return to it again. This restriction is the main reason for the
necessity of alternation-freedom. For GF(D), we do not have any restriction on
the order of executing parts of an ASM and can abandon alternation-freedom.

In order to shorten the proof given in the remainder of this work, we give
the following definition in advance.

Definition 10 Let Π ∈ D be an ASM and A be a state of Π.

1. Let (Ai)i∈IN = A0,A1,A2,A3, . . . be the run of Π on A = A0. Assume that
there exists an i ∈ IN such that Ai coincides with Ai+1. Let n be the smallest
such number. Then A∗Π denotes the state An.

2. Furthermore, let ā be a tuple of elements from the domain of A and R be a
relation symbol whose arity corresponds to the length of ā. Then we say that
ā ∈ (Π, R)[A] holds iff A∗Π |= Rā.

Note that an index as referred to in the above definition does not exist in every
run of every ASM in D. But in the following considerations we compare the
expressive power of GF(D) and µGF and because of the inductivity of the oper-
ators defined by the formulae in the fixed point constructs, we can restrict our
considerations to ASMs where we can find such an index for all runs.

The notion of Datalog LITE query respectively ASM query provides the
possibility to compare Datalog LITE respectively ASMs with µGF formulae.
Essentially, the vocabulary of the Datalog LITE program respectively the ASM
Π is supposed to contain a distinguished relation H that is initially empty. Then
the query (Π, H) and the formula ϕ are said to be equivalent in the case that
for every state A and every tuple ā of elements from the domain of A

ā ∈ (Π, H)[A] iff A |= ϕ(ā)

holds. Consequently, when the computation halts, the relation H contains ex-
actly those tuples that satisfy the formula ϕ.

Theorem 11 Every sentence in µGF is equivalent to a GF(D) query. Con-
versely, there exists a GF(D) query for which there is no equivalent formula in
µGF.
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Proof. First, we prove that every sentence in µGF is equivalent to a GF(D)
query. This is done via constructing for an arbitrary µGF-sentence an equivalent
GF(D)-query.

W.l.o.g., we can assume that different quantifactions use distinct variables.
We can establish this form via simple renamings. If we do not assume this, we
would have to distinguish in the following syntactically equal subformulae that
occur in different places.

Let ψ be a µGF sentence, and ϕ a subformula of ψ. If ϕ is not a sentence
then let αϕ be the guard of the innermost quantifier dominating ϕ. Obviously,
free(ϕ) ⊆ free(αϕ). In the case where ϕ is a sentence, we can set αϕ := true.

We now associate with every subformula ϕ of ψ an ASM Πϕ and a relation
Hϕ where Hϕ has the same arity as ϕ. Let Ã be the state that results from A
by extending the vocabulary with the new relation symbols introduced in the
construction and intitializing these relations with the empty set (resp. by false
if they are nullary). Then our construction ensures that

ā ∈ (Πϕ, Hϕ)[A] iff A |= ϕ(ā)

for every structure resp. state A and every tuple ā that is guarded by αϕ. In the
case that ϕ is a sentence (in particular for ϕ = ψ), this means that (Πϕ,Hϕ)
evaluates to true on A iff A |= ϕ(ā).

Furthermore, we associate with every subformula ϕ of ψ, that is non-atomic
or uses a fixed point variable, a relation computedϕ. This relation has the same
arity as ϕ and indicates for a tuple ā of elements from the domain of the con-
sidered structure (with given valuations of the relation variables) whether the
computation of the valuation of ϕ has already been completed (for the tuple ā).
For atomic formulae ϕ not involving a fixed-point variable, computedϕx̄ has to
be replaced by true in the following.

In order to simplify the construction, we eliminate the use of gfp by using
the duality for greatest and least fixed points:

gfpx̄,W ξ(x̄,W ) ≡ ¬lfpx̄,W¬ξ(x̄,¬W )

where ξ(x̄,¬W ) is obtained by replacing subformulae Wt̄ by ¬Wt̄ in ξ(x̄,W ).
Now, we define for every µGF-sentence ϕ an ASM Πϕ ∈ GF(D) that is

equivalent to ϕ in the already defined sense. Πϕ is defined by induction on ϕ.
We partially omit do-in-parallel if it is understood, e.g. inside a forall-rule.

If ϕ is an atomic formula then Πϕ consists of the single rule

forall x̄ : ϕ(x̄) do
Hϕx̄ := true
computedϕx̄ := true

endforall

If ϕ does not use a fixed-point variable then Hϕ is initialized by the empty
relation. Consequently, Hϕ contains exactly those tuples of elements satisfying
ϕ after executing the above updates.

16

61



Else, the valuation of ϕ may change. But we know that all fixed point operators
are inductive. Therefore, it is not possible that a tuple is first contained in
a relation interpreting a fixed point variable and at some point it is removed
except that the fixed point formula with the involved fixed point variable has to
be evaluated from new (starting with the empty relation).

If ϕ = ν ∧ ϑ then Πϕ is the following rule where x̄′ and x̄′′ are subtuples of x̄.

do-in-parallel
Πν

Πϑ

forall x̄, ȳ: αϕ(x̄, ȳ) do
if computedν x̄′ ∧ computedϑx̄′′ then

if Hν x̄′ ∧Hϑx̄′′ then Hϕx̄ := true endif
computedϕx̄ := true

endif
endforall

enddo

In order to compute the value of a conjunction of two formulae we require that
the valuations of both formulae are already known resp. computed. The inter-
pretation of Hν∧ϑ is the conjunction of the relations Hν and Hϑ.

If ϕ = ¬ϑ then Πϕ is the following rule where x̄′ is a subtuple of x̄.

do-in-parallel
Πϑ

forall x̄, ȳ: αϕ(x̄, ȳ) do
if computedϑx̄ then

if ¬Hϑx̄′ then Hϕx̄ := true
else Hϕx̄ := false endif
computedϕx̄ := true

endif
endforall

enddo

Hϑ is complemented on the tuples of interest. The set of tuples in which we are
interested is defined by αϑ. In order to complement Hϑ, this relation has to be
computed on this set of tuples.

If ϕ = ∀ȳ(αϑ → ϑ) then Πϕ is the following rule where x̄′ is a subtuple of x̄, x̄′′

is a subtuple of x̄′ and z̄′ is a subtuple of z̄

do-in-parallel
forall x̄, ȳ: αϕ(x̄, ȳ) do

Πϑ

if ∀z̄(αϑ(x̄′, z̄) → computedϑ(x̄′′, z̄′)) then
if ∀z̄(αϑ(x̄′, z̄) → Hϑ(x̄′′, z̄′)) then Hϕx̄ := true endif
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computedϕx̄′ := true
endif

endforall
enddo

When the value of the formula ϕ is determined, the valuation of ϑ has to be
known for all important variable assignments. These are indicated by αϑ.

If ϕ = [lfpW,x̄ϑ(W, x̄)](x̄) then, by the induction hypothesis, there is an ASM
from GF(D) computing the update operator defined by ϑ(W, x̄). Let ξ1, . . . , ξm

be those subformulae of ϕ involving the fixed point variable W which do not
have a fixed point constructor outermost. Furthermore, let ρ1, . . . , ρn be the
other subformulae of ϕ involving W . That is, those subformulae which contain
W and have a fixed point constructor outermost. Let Π ′

ϕ be the following rule.

do-in-parallel
Πϑ

forall x̄: αϕ(x̄, ȳ) do
if computedϑx̄ then // computation with current values completed

if ¬(Wx̄ ↔ ϑ(x̄)) then // fixed point not yet reached
do-in-parallel

if ϑ then Wx̄ := true endif // update of fixed point variable

// Compute the valuation of those formulae that use the fixed
// point variable W . The valuation of these formulae might have
// changed as W has changed. If such a formula has a fixed
// point variable constructor outermost then the respective
// fixed point has to be computed new. Until this computation is
// not finished (i.e., the fixed point is not yet reached) the value
// of the respectively computed is false for all important tuples.

forall ūξ1 : Hξ1(ūξ1) do Hξ1(ūξ1) := false endforall
// ξi has to be computed again with new interpretation of W

forall z̄ξ1 : αξ1(x̄
ξ1 , z̄ξ1) do computedξ1

(x̄ξ′1 , z̄′ξ1
) := false endforall

...
forall ūξm

: Hξm
(ūξm

) do Hξm
(ūξm

) := false endforall
forall z̄ξm

: αξm
(x̄ξm , z̄ξm

) do computedξm
(x̄ξ′m , z̄′ξm

) := false endforall
forall z̄ρ1 : αρ1(x̄

ρ1 , z̄ρ1) do computedρ1
(x̄ρ′1 , z̄′ρ1

) := false endforall
...
forall z̄ρn : αρn(x̄ρn , z̄ρn) do computedρn

(x̄ρ′n , z̄′ρn
) := false endforall

enddo
endif

endif
endforall
if ∀x̄(αϕ(x̄, ȳ) → (W (x̄) ↔ ϑ(x̄))) then
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forall x̄ : αϕ(x̄, y) do computedϕ(x̄) := true endforall
endif

enddo

where x̄ξi and x̄ρj (i ∈ {1, . . . ,m}, j ∈ {1, . . . , n}) are subtuples of x̄, x̄ξ′i is a
subtuple of x̄ξi (i ∈ {1, . . . , m}), and x̄ρ′j is a subtuple of x̄ρj (j ∈ {1, . . . , n}).
Furthermore z̄′ξi

is a subtuple of z̄ξi (i ∈ {1, . . . , m}) and z̄′ρj
is a subtuple of z̄ρj

(j ∈ {1, . . . , n}).
Πϕ results from Π ′

ϕ by replacing all occurences of W and Hϑ by Hϕ. Πϕ sim-
ulates the computation of the least fixed point stepwisely. The comments given
in the ASM explain its work.

After the construction of Πϕ as described above, we have to remove the updates
of computedα for all atomic formulae α not using a fixed point variable resp. we
have to replace it by Skip. Remember that for atomic formulae ϕ not using a
fixed point variable, computedϕx̄ has to be replaced by true.
Initial states are those which satisfy the following three formulae.

∧

ξ is a subformula of ϕ

∀x̄ξ(¬Hξx̄ξ),

∧

ξ is a subformula of ϕ

∀x̄ξ(¬computedξx̄ξ),

∧
V is a relation variable

appearing in ϕ

∀ȳV (¬V ȳV ).

This completes the construction of the GF(D)-query equivalent to ϕ.

We still have to prove that there exists a GF(D) query for which there is no
equivalent formula in µGF. But this is rather clear. There are mainly two con-
structs in GF(D) that can not be simulated in µGF. Each of the constructs alone
would already imply the above proposition and therefore, we have at least two
possibilities to prove it. We present them both in the remainder of this proof.
Each of them exploits one of the additional constructs.

First, GF(D) admits positive and negative updates. This means that it is allowed
to use updates of the form α := false and updates of the from α := true both
in ASMs from GF(D). Therefore, the evaluation of the dynamic relations is not
always inductive. It even does not need to halt. In contrast to this, the evaluation
of a fixed-point variable is always inductive in µGF. As a consequence, such
evaluations of dynamic relations can not be simulated in µGF.
A concrete example for such an ASM is the one defined by the program

do-in-parallel
forall x̄ : Rx̄ do

if ¬Qx̄ then Qx̄ := true endif
endforall
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forall x̄ : Rx̄ do
if Qx̄ then Qx̄ := false endif

endforall
enddo

Second, the guards in µGF are not allowed to contain fixed-point variables.
There is an extension of µGF (we denote it by µGFe) that admits to use fixed-
point variables in the guards. M. Otto has proven that there is a µGFe-sentence
that is not equivalent to a µGF-sentence. But in GF(D), dynamic relations are
allowed to appear in the guards and with the translation of µGF-formula given
in this proof, we have also shown that every sentence in µGFe is equivalent to a
GF(D)-query. This implies immediately the above proposition. ut
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Counting Quantifiers and the Stellar Fragment

Ian Pratt-Hartmann
Department of Computer Science,

University of Manchester ∗

Abstract

This paper defines a class of clauses which we call the stellar fragment,
and establishes that both the satisfiability and finite satisfiability prob-
lems for this fragment are complete for nondeterministic exponential time.
It is shown that the stellar fragment is closely related to the familiar two-
variable fragment of first-order logic with counting quantifiers, C2. Our
results thus demonstrate that finite satisfiability of C2-formulas is de-
cidable in nondeterministic exponential time. Our method also yields a
much easier proof of the previously known result that the satisfiability of
C2-formulas is decidable in nondeterministic exponential time.

1 Background

The two-variable fragment with counting quantifiers, C2, is the set of function-
free first-order formulas containing at most two variables, with the numerical
quantifiers ∃≤nx permitted. Although C2 lacks the finite model property, satis-
fiability of C2-formulas is decidable. This was first shown by Grädel, Otto and
Rosen [2], and by Pacholski, Szwast and Tendera [4] (with a preliminary version
appearing in [3]), where a NEXPTIME complexity bound is obtained. Grädel,
et al. also report the decidability of the finite satisfiability problem for C2, but
give no upper complexity bounds.

This paper defines a class of clauses which we call the stellar fragment, and
establishes, via a reduction to integer programming, that the satisfiability and fi-
nite satisfiability problems for this fragment are both NEXPTIME-complete. It
is also shown, using techniques from resolution theorem-proving, that the stellar
fragment has essentially the same expressive power as C2. Our results demon-
strate that the finite satisfiability problem for C2-formulas is in NEXPTIME,
∗This is a simplified version of a paper originally posted on the Mathematics Preprint

Server (http://www.mathpreprints.com/math/Preprint/show/index.htt). It was written in
part during a sabbatical visit to the Division of Informatics, University of Edinburgh. The
author acknowledges the support of the EPSRC (grant number GR/S22509). The author
would further like to thank Prof. Andrei Voronkov for helpful conversations and Dr. Ulrike
Sattler for her comments on the manuscript.
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2 THE STELLAR FRAGMENT 2

and furthermore yield a new and more perspicuous proof that the satisfiability
problem for C2-formulas is in NEXPTIME.

The plan of the paper is as follows. The next section introduces the stel-
lar fragment, and shows that both satisfiability and finite satisfiability for this
fragment are NEXPTIME-hard. Section 3 shows that the finite satisfiability
problem for the stellar fragment is in NEXPTIME. Section 4 shows that the
satisfiability problem for the stellar fragment is in NEXPTIME. Section 5 ex-
plores the connection between the stellar fragment and C2.

In the sequel, we take C to be a set of constants, F a set of unary function-
symbols P a set of unary predicates and Q a set of binary predicates. We
assume the signature (C,F,P,Q) as a default unless otherwise stated. A lit-
eral is an atom(ic formula) or the negation of an atom. A clause is a (finite)
disjunction of literals. We allow the falsum ⊥ as a clause (the ‘empty’ clause),
and we occasionally write clauses as implications where this makes for clarity.
Semantically, we treat clauses as shorthand for their universal closures: in par-
ticular, we say that a structure A satisfies a clause γ, and write A |= γ, if the
universal closure of γ is true in A. If Γ is a set of clauses, denote by ‖Γ‖ the total
number of symbols in Γ. If α is an atom, we write ±α to stand ambiguously
for α or ¬α. (Disambiguation of ± is assumed to be uniform within the obvious
contexts.) Throughout this section and the next, we shall assume nontrivial
domains. That is, we take a set of clauses to be satisfiable if it is satisfied in a
structure A with |A| > 1. It is easy to see that this assumption does not affect
the complexity results reported here.

2 The stellar fragment

We now turn to the clausal fragment which forms the main topic of this paper.

Definition 1. An atom is stellar if it is of one of the eleven forms

p(x) p(fx) q(x, x) q(fx, fx) q(x, fx) q(fx, x)
x ≈ c fx ≈ c fx ≈ x fx ≈ gx fgx ≈ x,

where x is a variable, p a unary predicate, q a binary predicate, c an individual
constant and f , g function-symbols. A literal is stellar if the atom it features
is stellar; a clause is stellar if all its literals are stellar and all have the same
variable. The set of all stellar clauses will be called the stellar fragment.

The term “stellar” alludes to the system of sidereal metaphors adopted by Pa-
cholski et al in their work on the fragment C2. Its appositeness should manifest
itself in the course of the paper.

Example 1. The clause p(x)∨fgx ≈ x is stellar. However, p(x)∨q(fgx)∨fx ≈
gx and p(x)∨fgx ≈ c are not stellar, because the atoms q(fgx) and fgx ≈ c are
not among the eleven forms above; likewise, p(x) ∨ q(y) is not stellar, because
it has two variables.
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2 THE STELLAR FRAGMENT 3

Although stellar clauses by definition feature only non-ground atoms, certain
ground literals are logically equivalent to stellar clauses, thus:

±p(c) ≡ (x ≈ c→ ±p(x)) ±p(fc) ≡ (x ≈ c→ ±p(fx))
±c ≈ d ≡ (x ≈ c→ ±x ≈ d) ±fc ≈ d ≡ (x ≈ c→ ±fx ≈ d).

Accordingly, we shall occasionally treat such literals as stellar clauses by cour-
tesy, understanding that they could be equivalently expressed as such.

The restrictiveness of Definition 1 is deceptive, for the stellar fragment is in
fact highly expressive. In particular, it is easily seen that the stellar fragment
lacks the finite model property. Thus, for example, the clauses

gfx ≈ x fx 6≈ c

state that f is injective but not surjective.
Indeed, rather more can be said on the subject of the sizes of satisfying

structures. Let X1, . . . Xn, X∗1 , . . . X
∗
n+1 be unary predicates and f a unary

function-symbol. Consider the clauses

X1(z) ∧ . . . ∧Xi−1(z) ∧ ¬Xi(z)→ X∗i (z) (1 ≤ i ≤ n)
X1(z) ∧ . . . ∧Xn(z)→ X∗n+1(z)

X∗i (z)→ ¬Xj(fz) (1 ≤ j < i ≤ n+ 1)
X∗i (z)→ Xi(fz) (1 ≤ i ≤ n)

±Xj(z) ∧X∗i (z)→ ±Xj(fz) (1 ≤ i < j ≤ n).

This clause set, which we shall denote by Γn,f,X,X∗ , works as a kind of counting
machine. If A |= Γn,f,X,X∗ and a ∈ A, say that the index of a is the integer in
the range [0, 2n − 1] whose n-digit binary representation dn . . . d1 is given by

di =

{
1 if A |= Xi[a]
0 otherwise.

A little checking shows that, if fA(a) = a′, the index of a′ is one greater than
the index of a (mod 2n).

Using this technique, we can write clause sets which are finitely satisfiable,
but only in very large structures. Let Γn,f,X,X∗ be as above, and Γn,h,X,X∗ the
corresponding clauses with f replaced by another function-symbol h. Now let
∆ be all these clauses together with

¬X∗n+1(z)→ gfz ≈ z fz 6≈ hz
¬X∗n+1(z)→ ghz ≈ z ¬Xi(c) (1 ≤ i ≤ n)

The clause set ∆ is certainly finitely satisfiable, as depicted schematically in
Fig. 1. (Unimportant functional links have been suppressed for clarity.) It
is easy to see that any model of ∆ incorporates a binary tree of depth 2n,
with f and g mapping each element with index less than 2n − 1 to an element
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2 THE STELLAR FRAGMENT 4
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Figure 1: Schematic diagram of a model of ∆.

with index one greater; and this tree has 22n − 1 nodes. Thus, the size of the
smallest satisfying model for clause sets in the stellar fragment may grow doubly
exponentially as the size of the clause set itself. (It follows from Theorem 2 below
that things never get essentially worse than that.)

The very same technique can be used to prove a lower complexity bound for
the stellar fragment. Denote by Nm the natural numbers less than m. Recall
that an exponential tiling problem is a triple (T,H, V ), where T is a finite set and
H and V are binary relations over T . We call the elements of T tiles, and we call
H and V the horizontal constraints and the vertical constraints, respectively. An
instance of (T,H, V ) is a list t0, . . . tn−1 of elements of T (repetitions allowed).
Such an instance is positive if there exists a function τ : N2n × N2n → T such
that: (i) τ(i, 0) = ti for all i (0 ≤ i ≤ n− 1); (ii) 〈τ(i, j), τ(i+ 1, j)〉 ∈ H for all
i, j (0 ≤ i < 2n − 1, 0 ≤ j ≤ 2n − 1); and (iii) 〈τ(i, j), τ(i, j + 1)〉 ∈ V for all
i, j (0 ≤ i ≤ 2n − 1, 0 ≤ j < 2n − 1). We refer to τ as a tiling. Intuitively, the
elements of T represent colours of unit square tiles which must be arranged so
as to fill a grid of 2n×2n squares. The constraints H (respectively, V ) list which
colours are allowed to go to the right of (respectively, above) which others. To
show that a problem is NEXPTIME-hard, it suffices to encode it, in polynomial
time, as an exponential tiling problem (T,H, V ).

Theorem 1. The satisfiability and finite satisfiability problems for the stellar
fragment are both NEXPTIME-hard.

Proof. For n > 0, let X1, . . . Xn, X∗1 , . . . X
∗
n+1 Y1, . . . Yn, Y ∗1 , . . . Y

∗
n+1 be unary

predicates, and let and h, v be unary function-symbols. Now form the clause
sets Γn,h,X,X∗ Γn,v,Y ,Y ∗ as explained above, and let ΓXY be all these clauses
together with

±Xi(z)→ ±Xi(vz) (1 ≤ i ≤ n)
±Yi(z)→ ±Yi(hz) (1 ≤ i ≤ n).

If A |= ΓXY and a ∈ A, we can think of the satisfaction of the Xi by a as
defining the x-coordinate of a in the range [0, 2n−1], and the satisfaction of the
Yi by a as defining its y-coordinate in the same range. These coordinates assign
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2 THE STELLAR FRAGMENT 5

every element a location on an exponentially large grid. In terms of this grid,
the function hA moves horizontally one step to the right, while the function vA

moves vertically one step up (with wrap-around in both cases).
Let c0, . . . , cn−1, c

∗ be individual constants and let Γ0 be the collection of
clauses

¬Xi(c0) (0 ≤ i ≤ n− 1)
¬Yi(c0) (0 ≤ i ≤ n− 1)∨
0≤i≤n−1

¬Xi(z) ∨
∨

0≤i≤n−1

¬Yi(z) ∨ z ≈ c∗

stating that c0 has grid-coordinates (0, 0) and that c∗ is the only element with
grid-coordinates (2n − 1, 2n − 1). Finally, let Γ∗ be the pair of clauses

h∗hz ≈ z v∗vz ≈ z,

stating that the functions h and v have respective inverses h∗ and v∗. Let
Γ = ΓXY ∪ Γ0 ∪ Γ∗.

We adopt the following notation. For l,m > 0, let T [l,m] denote a term formed
by applying l copies of the function-symbol h and m copies of the function-
symbol v to the constant c0 in some order or other.

Claim 1. For any l,m (0 ≤ l,m ≤ 2n − 1), and any pair of terms T1[l,m],
T2[l,m], the clauses Γ entail the literal T1[l,m] ≈ T2[l,m].

Write 2n − 1 = N . Evidently, Γ |= Xi(T [N,N ]) and Γ |= Yi(T [N,N ]) for all
i (0 ≤ i ≤ n − 1), whence Γ |= T1[N,N ] ≈ c∗. Likewise, Γ |= T2[N,N ] ≈ c∗.
This establishes the claim for l = m = N . Now consider any pair of terms
Tj [N − 1, N ] (j = 1, 2). Since h(Tj [N − 1, N ]) is of the form T ′j [N,N ] for
some T ′j , we have already proved Γ |= h(T1[N − 1, N ]) ≈ h(T2[N − 1, N ]).
Using Γ∗, we have Γ |= T1[N − 1, N ] ≈ T2[N − 1, N ]. Symmetrically, we have
Γ |= T1[N,N − 1] ≈ T2[N,N − 1]. By repeating this argument a sufficient
number of times, the claim is proved.

Thus, any model of Γ must contain a collection of (2n)2 elements organized
by the function-symbols h and v into a grid. Treating each t ∈ T as a unary
predicate, let ΓI be the collection of unit clauses

h(ci) ≈ ci+1 (0 ≤ i < n− 1)
ti(ci) (0 ≤ i ≤ n− 1)

stating that the squares (0, 0), . . . , (n−1, 0) are to be tiled with colours t0 . . . tn−1,
and let ΓT be the set of clauses

¬t(z) ∨ ¬t′(z) (for t, t′ ∈ T with t 6= t′)∨
t∈T

t(x),
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3 UPPER COMPLEXITY BOUND: FINITE SATISFIABILITY 6

stating that each square on the grid must be covered by exactly one colour of
tile. The horizontal constraints can then be encoded by the clauses ΓH

X∗n(z) ∨ ¬t(z) ∨ ¬t′(hz) (t, t′) 6∈ H

and the vertical constraints by a set of clauses ΓV similarly. Consider the claims

1. Γ ∪ ΓI ∪ ΓT ∪ ΓH ∪ ΓV has a model;

2. t0, . . . , tn−1 is a positive instance of the exponential tiling problem (T,H, V );

3. Γ ∪ ΓI ∪ ΓT ∪ ΓH ∪ ΓV has a finite model.

The above construction shows that (1) implies (2) and that (2) implies (3). It
is trivial that (3) implies (1).

3 Upper complexity bound: finite satisfiability

In spite of the large-model properties established in the previous section, both
the satisfiability and the finite satisfiability problems for the stellar fragment
are in NEXPTIME. The following terminology and notation will prove useful.

Definition 2. Let the structure A be given. For a′ 6= a, we write a
f−→ a′ if

fA(a) = a′, and a → a′ if a
f−→ a′ for some function-symbol f . Mildly abusing

notation, we speak of the ray a
f−→ a′ or a → a′ to denote a pair of (distinct)

elements so related. If a → a′ and a′ → a we say that the rays in question are
invertible, and write a↔ a′.

Note that a → a is false by definition: functional links always feature distinct
elements.

The following definitions recapitulate and extend some very familiar concepts
from model theory. (Assume throughout the default signature (C,F,P,Q)).

Definition 3. A 1-type is a triple 〈C,P,Q〉 where C ⊆ C P ⊆ P Q ⊆ Q.

Let A be a structure, with a ∈ A. Then the triple

π = 〈{c ∈ C|a = cA}, {p ∈ P|a ∈ pA}, {q ∈ Q|〈a, a〉 ∈ qA}〉

is a 1-type, called the 1-type of a in A, and denoted tpA[a], or simply tp[a] if A is
clear from context. It is obvious that π = tpA[a] provides a complete individual
description of a in A in the following sense. Suppose γ is a function-free stellar
clause and A |= γ[a]; then for any structure B with b ∈ B such that tpB[b] = π,
we have B |= γ[b]. In that case, we may write π |= γ, since the A and a
are immaterial. Furthermore, given π and γ encoded as strings of symbols in
the usual way, a trivial (polynomial time) syntactic check determines whether
π |= γ.
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3 UPPER COMPLEXITY BOUND: FINITE SATISFIABILITY 7

Definition 4. A ray-type is a sextuple ρ = 〈π∗, F,G,R, S, π〉, where π∗, π are
1-types, ∅ 6= F ⊆ F, G ⊆ F, R ⊆ Q and S ⊆ Q. We denote the respective
components of ρ by π∗ρ, Fρ, Gρ, Rρ, Sρ and πρ. If ρ is a ray-type with Gρ 6= ∅,
then ρ is said to be invertible, with inverse ρ−1 = 〈πρ, Gρ, Fρ, Sρ, Rρ, π∗ρ〉.

The intuition behind ray-types is as follows (see Fig. 2a). Let A be a structure,
and a, a′ distinct elements of A with a→ a′. Setting

π∗ = tpA[a] π = tpA[a′]

F = {f ∈ F | fA(a) = a′} G = {g ∈ F | gA(a′) = a}
R = {q ∈ Q | A |= q[a, a′]} S = {q ∈ Q | A |= q[a′, a]},

the ray-type ρ = 〈π∗, F,G,R, S, π〉 describes the relationship between a and a′

in A. When A is clear from context, we write a
ρ−→ a′ in this case, and say that

a′ absorbs a ray of type ρ emitted by a.

Definition 5. A star σ is a set of ray-types such that:

1. the (nonempty) sets Fρ (ρ ∈ σ) are pairwise disjoint; and

2. the 1-types π∗ρ (ρ ∈ σ) are all identical.

The common 1-type π∗ρ for ρ ∈ σ is denoted by tp(σ); in addition, we write:

Hσ = F \
⋃
ρ∈σ

Fρ.

Note that, if Hσ = ∅, then {Fρ | ρ ∈ σ} is a partition of F; otherwise, {H}∪{Fρ |
ρ ∈ σ} is a partition of F.

The intuition behind stars is as follows (see Fig. 2b). Let A be a structure, and
a ∈ A. Set

σ = {ρ | for some a′ ∈ A, a
ρ−→ a′}.

Then σ is a star, called the star of a, and denoted stA[a], or simply st[a] if A
is clear from context. Thus, for each a ∈ A, tp(st[a]) = tp[a], and for each
ρ ∈ st[a] and each f ∈ Fρ, πρ = tp[fA(a)]. Finally, we note that, if σ is stA[a],
then Hσ is the set of function-symbols h such that hA(a) = a. It is obvious
that σ = stA[a] provides a complete local description of a in A in the following
sense. Suppose γ is a stellar clause, and A |= γ[a]. Then for any structure B
with b ∈ B such that stB[b] = σ, we have B |= γ[b]. In that case, we may write
σ |= γ, since the A and a are immaterial. Again, given σ and γ encoded as
strings of symbols in the usual way, a simple (polynomial time) syntactic check
determines whether σ |= γ.

The following general observations on structures simplify the ensuing anal-
ysis.

Definition 6. Let A be a structure. We say that A is chromatic if

1. For all (distinct) a, a′ ∈ A, if a↔ a′, then tp[a] 6= tp[a′].
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3 UPPER COMPLEXITY BOUND: FINITE SATISFIABILITY 8

G

R

S

F 6= ∅

a
π∗ρ = tp(st[a])

Hσ

πρ

ρ ∈ st[a]

a) Ray from a to a′ with ray-type (π, F,G,R, S, π′)

a a′

π′π

b) Star of a, showing Hσ

Figure 2: Schematic diagram of a ray and a star.

2. For all pairwise distinct a, a′, a′′ ∈ A, if a↔ a′ and a′ ↔ a′′ then tp[a] 6=
tp[a′′].

In addition, let m be an integer. We say that A is m-differentiated if, for every
1-type π, the number u of elements in A realizing π satisfies either u ≤ 1 or
u ≥ m.

Lemma 1. Let m > 1 and A be a structure interpreting at most n function-
symbols. Then A can be expanded to a chromatic, m-differentiated structure by
interpreting at most log(n2 + n + 1) + log(m − 1) + 1 (rounded up) new unary
predicates.

Proof. Consider the (undirected) graph G on A whose edges E are the pairs of
distinct elements connected by a chain of 1 or 2 invertible rays, that is:

E = {(a, a′) | a↔ a′} ∪ {(a, a′′) | a↔ a′ and a′ ↔ a′′ for some a′}.

The degree of this graph is bounded by n2 + n. Now use a greedy algorithm to
colour G with n2+n+1 colours. By interpreting log(n2+n+1) (rounded up) new
unary predicates to encode these colours, we thus ensure that the structure is
chromatic. Finally, for each 1-type π (in the expanded signature) realized more
than once but fewer than m times, colour the elements realizing π using m− 1
different colours. By interpreting log(m−1) (rounded up) new unary predicates
to encode these colours, we ensure that the structure is m-differentiated.

We are now in a position to establish our first main result on the stellar
fragment.

Theorem 2. Let Γ be a set of simple stellar clauses over the signature (C,F,P,Q),
and let n be such that |F| ≤ n, |P| ≤ n, |Q| ≤ n and |C| ≤ 2n. If Γ is finitely
satisfiable, then Γ is satisfied in a structure whose size is bounded by a doubly
exponential function of n.
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3 UPPER COMPLEXITY BOUND: FINITE SATISFIABILITY 9

Proof. Let ∆ be some maximal consistent set of clauses of the forms ±c ≈ c′,
where c, c′ ∈ C. (Remember: we write these clauses, in stellar form, as x ≈ c→
±x ≈ c′.) Such a clause set partitions the set C into at most |C| ≤ 2n cells in
the obvious way. We address the problem of determining whether Γ∆ = Γ ∪∆
is satisfiable.

Let n′ = log(n2 + n + 1) + log(3n − 1) + 1 (rounded up), and add n′ new
unary predicates to P to obtain the set P′. If Γ∆ is finitely satisfiable, by
Lemma 1, it has a finite, chromatic, 3n-differentiated model over the signature
(C,F,P′,Q); and if σ is the star of any element in such a model, then σ obeys
the following conditions. (The final two both follow from the fact that the model
is chromatic.)

(A1) σ |= Γ.

(A2) σ |= ∆.

(A3) σ contains no invertible ray-type ρ such that πρ = tp(σ).

(A4) For each 1-type π, σ contains at most one invertible ray-type ρ such that
πρ = π.

Enumerate the set of all stars satisfying (A1)–(A4) as σ1 . . . σN . Enumerate
the set of ray-types

⋃
{σk | 1 ≤ k ≤ N} as ρ1 . . . ρM . Enumerate the set of

1-types {tp(σ) | 1 ≤ k ≤ N} as π1 . . . πL. For the purpose of determining the
(finite) satisfiability of Γ∆, these are the only stars, ray-types and 1-types which
interest us. For any σ satisfying (A2), the set of c ∈ C such that σ |= x ≈ c is
either empty or a cell of the partition of C induced by ∆. Since there are at most
2n such cells and at most n+ n′ unary predicates, we have L ≤ (2n + 1).2n+n′ .
Moreover, M ≤ L2.24n, and N ≤ Mn. Thus, all these numbers are singly
exponential in n.

Now we define arrays H, I, R and S as follows. Let H be the N × L integer-
valued array and I the N ×M integer-valued array, with entries given by

Hki =

{
1 if tp(σk) = πi

0 otherwise,
Ikj =

{
1 if ρj ∈ σk
0 otherwise.

These arrays are self-explanatory: Hki = 1 indicates that any element with star
σk has 1-type πi; Ikj = 1 indicates that any element with star σk emits a ray of
type ρj .

Now let R be the L×N set-valued array with entries given by

Rik = {j | 1 ≤ j ≤M, ρj is non-invertible, ρj ∈ σk and πρj = πi},

and let S be the L× L set-valued array with entries given by

Si′i = {k | 1 ≤ k ≤ N, tp(σk) = πi′ and for all ρ ∈ σk, πρ 6= πi}.
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3 UPPER COMPLEXITY BOUND: FINITE SATISFIABILITY 10

These two arrays are admittedly somewhat perplexing. The entry Rik is the
set of (indices of) non-invertible ray-types in σk which require absorption by an
element whose 1-type is πi. And the entry Si′i is the set of (indices of) stars
whose 1-type is πi′ and which contain no ray-type that requires to be absorbed
by an element whose 1-type is πi. Finally, if c ∈ C, let

Wc = {k | 1 ≤ k ≤ N and σk |= x ≈ c}.

Using this machinery, we construct a quantifier-free formula of Presburger arith-
metic φΓ∆ such that φΓ∆ is satisfiable in Presburger arithmetic if and only if Γ∆

is finitely satisfiable. To motivate some of the technical details, we first assume
that Γ∆ is finitely satisfiable, and then show, as we construct φΓ∆, that it is
satisfiable in Presburger arithmetic. We then establish the converse result: that
if φΓ∆ is satisfiable in Presburger arithmetic, then Γ∆ is finitely satisfiable.

Suppose then that Γ∆ is finitely satisfiable. Choose a finite, chromatic, 3n-
differentiated model A |= Γ∆ over the signature (C,F,P′,Q). For all i, i′ (1 ≤
i, i′ ≤ L), all j (1 ≤ j ≤M) and all k (1 ≤ k ≤ N), define:

ui = |{a ∈ A : tp[a] = πi}

vj = |{〈a, a′〉 ∈ A2 : a
ρj−→ a′}|

wk = |{a ∈ A : st[a] = σk}|
ti′i = |{a ∈ A : tp[a] = πi′ and for all a′ ∈ A, if a→ a′, then tp[a′] 6= πi}| .

Thus, for i, i′, j, k in the indicated ranges, ui is the number of elements having
1-type πi; vj is the number of rays of type ρj ; and wk is the number of elements
having star σk. The quantities ti′i are admittedly somewhat perplexing. For
all i, i′ (1 ≤ i, i′ ≤ L), ti′i is the number of elements whose 1-type is πi′ but
which do not emit any ray that is absorbed by an element whose 1-type is πi.
We write ~u for the vector (u1, . . . , uN ), and similarly with ~v, ~w. We write ~t to
denote the ti′i in some arbitrary order.

It is immediate from the foregoing definitions that the following constraints are
satisfied:

(B1) ~u = ~wH

(B2) ~v = ~wI

(B3) ti′i =
∑
k∈Si′i

wk for all i, i′ (1 ≤ i, i′ ≤ L).

(B4)
∑
k∈Wc

wk = 1 for all c ∈ C.

Finally, the following constraints are also satisfied for all i, i′, j, j′, k (in the
appropriate ranges) subject to the indicated conditions:

(C1) If ρj is invertible and ρ−1
j = ρj′ , then vj = vj′ .

(C2) If σk contains some ρ such that πρ = πi, then ui > 0 or wk = 0.
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(C3) If σk contains distinct ray-types ρ, ρ′ such that πρ = πρ′ = πi, then
ui > 1 or wk = 0.

(C4) Either ui ≤ 1 or ui ≥ 3n

(C5) If tp(σk) = πi, then either ui > 1 or wk = 0 or ti′i ≥ |Ri′k|.

Constraint (C1) follows from the fact that, if the ray-type ρj′ is the inverse
of the ray-type ρj , then every invertible ray contributing to vj will have a
distinct inverse ray contributing to vj′ . To see that (C2) is true, suppose σk
contains a ray-type ρ with πρ = πi. If wk > 0, then at least one ray of type
ρ is emitted, and this ray must be absorbed by an element a′ of 1-type πi,
whence ui > 0. Constraint (C3) follows by a similar argument. Constraint
(C4) follows from the fact that A is 3n-differentiated. To see that (C5) is true,
suppose tp(σk) = πi, with ui ≤ 1 and wk > 0. Then A contains exactly one
element a whose 1-type in A is πi; moreover, st[a] = σk. It follows that ti′i = |T |,
where T = {a′ ∈ C : tp[a′] = πi′ and a′ 6→ a}; moreover, |Ri′k| is the number
of non-invertible rays emitted by a and absorbed by elements with 1-type πi′ .
Each of these rays must be absorbed by some element of T (otherwise, they
would not be non-invertible); and distinct rays emitted by a are by definition
absorbed by distinct elements. It follows that ti′i ≥ |Ri′k|.

Regarding the ui, vj , wk and ti′i as variables, the constraints (B1)–(B4) form
a set of equations involving these variables. In fact, each of these equations
is a quantifier-free formula of Presburger arithmetic. Moreover, each of the
conditional constraints (C1)–(C5) forms a Boolean combination of equations
and inequations, obtained by substituting the various values of i, i′, j, j′, k which
make the relevant conditions true. Again, each of these Boolean combinations is
a quantifier-free formula of Presburger arithmetic. Let φΓ∆ be the conjunction
of all these Presburger formulas taken together. Since A satisfies (B1)–(B4)
and (C1)–(C5), it follows that φΓ∆ is satisfiable in Presburger arithmetic. Of
course, the construction of φΓ∆ made reference only to Γ and ∆, not to A!

We now argue the converse: that if φΓ∆ is satisfiable in Presburger arithmetic,
then Γ∆ is finitely satisfiable. To reduce notational clutter, take the free vari-
ables in φΓ∆ to stand for the integer values which form a satisfying assignment;
we proceed to construct a model A |= Γ∆ based on these values.

The first step is to define the domain. For every k (1 ≤ k ≤ N), let Ak be a set
of cardinality wk, and let A be the disjoint union of the Ak. We now convert A
into a structure A.

Interpreting the constants and functional loops of order 1: Given a ∈ A, let k
be such that a ∈ Ak. If c is an individual constant, set cA = a if and only
if σk |= x ≈ c. By (B4), there is exactly one value of k′ (1 ≤ k′ ≤ N) for
which wk′ > 0 and σk′ |= x ≈ c; moreover, in that case, wk′ = 1. Hence, these
assignments interpret every individual constant uniquely. In addition, we decree
that, for every function-symbol h ∈ Hσk , hA(a) = a.
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3 UPPER COMPLEXITY BOUND: FINITE SATISFIABILITY 12

Interpreting the unary predicates and diagonals of binary predicates: If p is a
unary predicate, set A |= p[a] if and only if σk |= p(x). Finally, if q is a binary
predicate, set A |= q[a, a] if and only if σk |= q(x, x).

Interpreting the function-symbols and off-diagonals of binary predicates: We
deal with the invertible rays first. For each j (1 ≤ j ≤ M), set Dj to be the
union of those Ak such that ρj ∈ σk. It follows from (B2) that |Dj | = vj . For
any j (1 ≤ j ≤ M) such that ρj is invertible, let j′ be such that ρj′ = ρ−1

j .
By (C1), Dj and Dj′ are equinumerous. (By (A3), they are also disjoint.)
Pick any 1–1 correspondence between them, and for a ∈ Dj , let a′ ∈ Dj′ be the
corresponding element. Now set

fA(a) = a′ for all f ∈ Fρ A |= q[a, a′] iff q ∈ Rρ
gA(a′) = a for all g ∈ Gρ A |= q[a′, a] iff q ∈ Sρ.

(1)

In this way, all invertible rays will be properly absorbed. We need to check that
the assignments in (1) can never conflict. But (A3) ensures that if ρ ∈ σk is
invertible, then πρ 6= πσk ; and (A4) ensures that, if we have distinct invertible
ray-types ρ′, ρ′′ ∈ σk, then πρ′ 6= πρ′′ , so that, in particular, ρ′−1

, ρ′′
−1 cannot

belong to a common star σk′ . It follows that no loops of order 1 or ‘parallel
edges’ can arise in the above assignments.

Having dealt with the invertible rays, we move on to the non-invertible ones.
First, some preliminary definitions. For all i (1 ≤ i ≤ L), let Bi be the union
of those Ak such that tp(σk) = πi. It follows from (B1) that |Bi| = ui, and
thence from (C4) that if |Bi| > 1, then |Bi| ≥ 3n: if so, let Bi be decomposed
into disjoint sets Bi0, Bi1 and Bi2, each containing at least n elements. Finally,
for all i′, i (1 ≤ i′, i ≤ L), let Ci′i =

⋃
k∈Si′i

Ak. (Think of Ci′i as the set of
elements which have been assigned 1-type πi′ and do not ‘want’ to emit any ray
ρ with πρ = πi.) Note that Ci′i ⊆ Bi′ . It follows from (B3) that |Ci′i| = ti′i.
Now we are ready to deal with the non-invertible rays. We proceed according
to the 1-types they feature. Fix i and i′ (1 ≤ i, i′ ≤ L), and consider any non-
invertible ray-type ρ such that π∗ρ = πi and πρ = πi′ . We have three cases to
consider. (See Fig. 3.)

Case 1: |Bi| ≥ 3n and |Bi′ | ≥ 3n. Suppose a ∈ Bi. Then for some h
(0 ≤ h < 3), a ∈ Bih. Let k be such that a ∈ Ak. If σk contains the ray-type ρ,
let h′ = h+ 1 (mod 3), choose a′ ∈ Bi′h′ , and set

fA(a) = a′ for all f ∈ Fρ A |= q[a, a′] iff q ∈ Rρ
A |= q[a′, a] iff q ∈ Sρ.

(2)

We must check that the assignments (2) do not lead to conflicts created by
parallel edges or loops of order 1 or 2. Since |Bi′h′ | ≥ n, there are always
enough choices for a′ avoiding parallel edges; and the fact that h′ = h+ 1 (mod
3) guarantees that no loops of order 1 or 2 arise (even if i = i′).

Case 2: |Bi| ≤ 1. Suppose a ∈ Bi. Let k be such that a ∈ Ak, so that
wk > 0, whence, by (C5), Ci′i is at least as numerous as Ri′k. If, then, σk
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Figure 3: Dealing with non-invertible rays.

contains the ray-type ρ, select a′ ∈ Ci′i, and carry out the assignments (2).
Again, we must check that these assignments do not lead to conflicts. But the
fact that |Ci′i| ≥ |Ri′i| guarantees that no parallel edges need be created; and
the definition of Ci′,i guarantees that no loops of order 1 or 2 can be created.
Notice that all the absorption sites chosen under this case are in Ci′,i.

Case 3: |Bi| ≥ 3n and |Bi′ | ≤ 1. Suppose a ∈ Bi. Let k be such that a ∈ Ak,
so that wk > 0. If ρ ∈ σk, then, by (C2), |Bi′ | = 1, and by (C3), ρ is the only
ray-type ρ′ ∈ σk such that πρ′ = πi′ . Let a′ be the unique element of Bi′ and
carry out the assignments (2). Again, we must check that these assignments
do not lead to conflicts. The fact that ρ is the only ray-type ρ′ in σk with
πρ′ = πi′ guarantees that no parallel edges can be created. To see that no loops
of order 1 or 2 can be created, let k′ be such that a′ ∈ Ak′ . The only danger
is from a non-invertible ray-type ρ′ ∈ σk′ with πρ′ = πi. Let a′′ be an element
absorbing any ray of this type emitted by a′. Clearly, a′′ is assigned under
Case 2, guaranteeing that a′′ ∈ Ci,i′ . But the definition of Ci,i′ ensures that
a 6∈ Ci,i′ , so a′′ 6= a as required.

Finally, complete the extensions of the binary predicates in some arbitrary way.

From the above construction, it is evident that the following holds for all a ∈ A.
Let k be such that a ∈ Ak; then stA[a] = σk. It is then immediate from (A1)
and (A2) that A |= Γ∆. We have thus shown that Γ∆ has a finite model if and
only if φΓ∆ is satisfiable in Presburger arithmetic. Given the singly exponential
bounds on L, M and N , the size of φΓ∆ is singly exponential in n.

To complete the proof, suppose Γ is finitely satisfiable. Let A′ be a finite model
of Γ, and let ∆ consist of the clauses ±c ≈ c′ true in A′. Construct φΓ∆. Since
A′ |= Γ∆, φΓ∆ is satisfiable in Presburger arithmetic. But it is well-known that
any integer programming problem which has a solution at all has a solution
which is bounded by a singly exponential function of the size of the problem (see,
e.g. Papadimitriou [5]), a result which obviously carries over to quantifier-free
Presburger formulas. So choose a solution ~u, ~v, ~w, ~t of φΓ∆ which is so bounded,
and then build the model A of Γ∆ as outlined above. Since |A| = w1 + · · ·+wN ,

92



4 UPPER COMPLEXITY BOUND: SATISFIABILITY 14

A satisfies the size bound of the theorem, and we are done.

The full strength of the following (slightly fussy) complexity result is needed
for Section 5.

Theorem 3. There exists a non-deterministic algorithm A and a singly expo-
nential function b : N→ N with the following property. Let Γ be a set of simple
stellar clauses over the signature (C,F,P,Q), where |F| ≤ n, |P| ≤ n, |Q| ≤ n,
|C| ≤ 2n and ‖Γ‖ ≤ 2n. Then A(Γ) has a successfully terminating run in time
bounded by b(n) if and only if Γ is finitely satisfiable.

Proof. Guess the set of equalities and inequalities ∆. Given the size bounds
of the theorem, any solution of φΓ∆ of size O(22n) can be checked in time
O(2n).

That is to say: finite satisfiability for sets of stellar clauses is in NEXPTIME.

4 Upper complexity bound: satisfiability

Having established the complexity of determining finite satisfiability in the stel-
lar fragment, we now turn to the corresponding (general) satisfiability problem.
In fact, there is almost no further work to do.

Let N+ be N∪{ℵ0}. We extend the usual ordering > on N to N+ by setting

ℵ0 > n for all n ∈ N.

(Of course ℵ0 6> ℵ0.) We extend the operations of addition and multiplication
on N to N+ by setting

n+ ℵ0 = ℵ0 + n = ℵ0

0 · ℵ0 = ℵ0 · 0 = 0
n · ℵ0 = ℵ0 · n = ℵ0 if n > 0.

A system of linear equalities and inequalities defining an integer program-
ming problem can of course be re-interpreted so that solutions are sought not
over N but over N+. (We always assume that the coefficients occurring in such
problems are in N.) As an example, the single inequality x1 ≥ x1 + 1 has no
solutions over N, but it does have a solution over N+, namely, x1 = ℵ0.

We have the following result.

Lemma 2. Let Φ be a finite set of linear equalities and inequalities

a0 + a1x1 + · · ·+ anxn ≤ b0 + b1x1 + · · ·+ bnxn

in variables x1, . . . , xn. Here, all coefficients are assumed to be in N. We take
the size of Φ, denoted ‖Φ‖, to be measured in the usual way (with binary encoding
if you want). If Φ has a solution over N+, then Φ has a solution over N+ such
that all finite values are bounded by some (fixed) singly exponential function of
‖Φ‖.
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5 COUNTING QUANTIFIERS 15

Proof. Re-order the variables if necessary so that āℵ̄0 is a solution, with ā =
a1, . . . , ak ∈ Nk for some k (0 ≤ k ≤ n) and ℵ̄0 a (n− k)-tuple of ℵ0s. Say that
an element of Φ does not involve the variable xi if the corresponding coefficients
ai and bi are zero. Let Ψ be the set of elements of Φ which do not involve any of
the xk+1, . . . , xn. Thus, Ψ has a solution over N, whence it has has a solution ā′

bounded by some singly exponential function of ‖Ψ‖ (and hence of ‖Φ‖). But
then it is easy to see that ā′ℵ̄0 is a solution of Φ.

Theorem 4. Let Γ be a set of simple stellar clauses over the signature (C,F,P,Q),
and let n be such that |F| ≤ n, |P| ≤ n, |Q| ≤ n and |C| ≤ 2n. If Γ is satisfi-
able, then Γ is satisfied in a structure such that, for every star σ, the number of
elements whose star is σ is either ℵ0 or else is bounded by a some (fixed) doubly
exponential function of n.

Proof. Given Lemma 2, the argument of Theorem 2 applies unchanged if we
allow the variables ~u, ~v, ~w, ~t to take the value ℵ0.

The proof that satisfiability for stellar clauses can be decided in nondeter-
ministic exponential time then follows as for finite satisfiability. Again, for the
purposes of the next section, we state this fact in a rather elaborate way.

Theorem 5. There exists a non-deterministic algorithm A and a singly ex-
ponential function b : N → N with the following property. Let Γ be a set of
stellar clauses over the signature (C,F,P,Q), where |F| ≤ n, |P| ≤ n, |Q| ≤ n,
|C| ≤ 2n and ‖Γ‖ ≤ 2n. Then A(Γ) has a successfully terminating run in time
bounded by b(n) if and only if Γ is satisfiable.

5 Counting quantifiers

Recall that C2 denotes the two-variable fragment of first-order logic with count-
ing quantifiers. In this section, we reduce the problem of determining the finite
satisfiability (satisfiability) of a C2-formula to that of determining the finite sat-
isfiability (respectively, satisfiability) of sets of clauses in the stellar fragment.
Theorems 3 and 5 then establish that the finite satisfiability and satisfiability
problems for C2 are in NEXPTIME (assuming that the counting quantifiers are
encoded in unary). The second of these results was previously proved, using a
difficult argument, by Pacholski, Szwast and Tendera [4]. As before, we restrict
attention to domains containing more than one element, since satisfiability of
first-order formulas over one-element domains reduces to propositional logic.

Let φ be a formula in C2. Without loss of generality, we may assume that
φ contains no constants, since these may by eliminated in the standard way.
Thus, we take the the relevant signature to be (P,Q), where P is a set of unary
predicates and Q a set of binary predicates. As a preliminary, we normalize φ so
that resolution can be applied. It is routine to show that φ can be transformed
into an equisatisfiable formula of the form

φ0 = ∀x∀yα′(x, y) ∧
∧

1≤k≤n

∀x∃!yβ′k(x, y),
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where α′ and the β′k are quantifier- and function-free formulas in conjunctive
normal form. This transformation is, in essence, the one exploited by Scott [6]
for the purpose of reducing the two-variable fragment (without equality) to the
Gödel fragment. In fact, under the restriction that domains contain at least two
elements, φ0 is easily shown to be logically equivalent to a formula of the form

φ1 = ∀x∀y(α(x, y) ∨ x ≈ y) ∧
∧

1≤k≤n

∀x∃!y(βk(x, y) ∧ x 6≈ y),

where the α(x, y) and βk(x, y) are quantifier, equality- and function-free for-
mulas in conjunctive normal form. (For details, see, e.g. Börger, Grädel and
Gurevich [1], pp. 377–378.) The transformation runs in polynomial time if
unary encoding is used to represent the numbers in the quantifiers ∃≥n, and
exponential time (with exponentially large result) if binary encoding is used.

Our strategy will be to to transform φ1 into a collection Gφ of sets of stellar
clauses such that, φ is satisfiable over some domain A if and only some Γ ∈ Gφ is
satisfiable over A. The most obvious problem is that φ1 contains two variables.
We proceed therefore to re-write this formula so as to eliminate all occurrences
of the variable y. We proceed in three steps.

Step1: (Skolemization). For each k, (1 ≤ k ≤ n), let fk be a new function-
symbol. Defining the formula π(x, y) by

π(x, y) = (α(x, y) ∨ x ≈ y) ∧
∧

1≤k′≤n

(¬βk′(x, y) ∨ x ≈ y ∨ fk′x ≈ y) , (3)

φ1 is evidently equisatisfiable with

φ2 = ∀x∀yπ(x, y) ∧
∧

1≤k≤n

∀x(βk(x, fkx) ∧ x 6≈ fkx), (4)

Thus we have eliminated all occurrences of y bound by ∃!-quantifiers.

Step2: (Two-variable resolution).

Definition 7. A proper two-variable literal is a literal whose predicate is not
≈, and which contains both variables x and y.

In this step, we eliminate proper two-variable literals. Let the formula π(x, y)
be written as the conjunction of a set of clauses

Z(x, y) = {ζ1(x, y), . . . , ζM (x, y)},

and decompose each ζi(x, y) (1 ≤ i ≤M) as:

ζi(x, y) = ζ+
i (x, y) ∨ ζ−i (x, y), (5)

where all of the literals in ζ+
i (x, y) are proper two-variable literals, and none

of the literals in ζ−i (x, y) is. (Note that the ζ+
i may be empty, but the ζ−i all

contain at least the literal x ≈ y.)
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Let Z∞ denote the result of saturating Z under resolution, but only allowing
literals in the ζ+

i (x, y) to be resolved upon. Since the clauses ζ+
i (x, y) are all non-

functional, Z∞ is a finite set of clauses. Let Z◦ be the subset of Z∞ consisting
of those clauses none of whose literals is a proper two-variable literal. Finally,
construct the formula

φ3 = ∀x∀y
∧
Z◦(x, y)∧∧

1≤k≤n

∀x(βk(x, fkx) ∧ x 6≈ fkx ∧ π(x, fkx) ∧ π(fkx, x)). (6)

Lemma 3. The formulas φ2 and φ3 constructed above are equisatisfiable.

Proof. Visibly, φ2 |= φ3. It remains to show that, given a model A of φ3, we
can manufacture a model A′ of φ2, or, what amounts to the same thing, of

φ′2 = ∀x∀y
∧

1≤i≤M

ζi(x, y) ∧
∧

1≤k≤n

∀x(βk(x, fkx) ∧ x 6≈ fkx).

Let A |= φ3. Recalling the decomposition (5), if a, b are distinct elements of the
domain A, define

Iab = {i | 1 ≤ i ≤M and A 6|= ζ−i [a, b]}.

Now define

ε{a,b}(x, y) =
∧
i∈Iab

ζ+
i (x, y) ∧

∧
i∈Iba

ζ+
i (y, x) .

Since every ζ+
i is non-functional, so is ε{a,b}. Moreover, we claim that ε{a,b} is

consistent. For otherwise, by the completeness of resolution, Z∞ and hence Z◦

must contain some clause subsuming∨
i∈Iab

ζ−i (x, y) ∨
∨
i∈Iba

ζ−i (y, x) .

On the other hand, by the definition of Iab and Iba, A 6|= ζ−i [a, b] for i ∈ Iab and
A 6|= ζ−i [b, a] for i ∈ Iba, thus contradicting the assumption that A |= φ3. Hence
ε{a,b} is consistent as claimed.

We may now modify the structure A as follows. Impose some arbitrary total
order < on A. For each ordered pair a, b ∈ A with a < b, if

A 6|= π[a, b] or A 6|= π[b, a] (7)

change the set of binary predicates satisfied by the pairs a, b and b, a so that a, b
satisfies ε{a,b}(x, y). This is obviously possible, since ε{a,b}(x, y) is consistent
and non-functional. Leave every other aspect of A unaltered. Let the resulting
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structure be A′. Since these modifications affect only proper two-variable liter-
als, it follows that A′ |= ζ−i [a, b] if and only if A |= ζ−i [a, b] for all a, b ∈ A and
all i (1 ≤ i ≤M).

We claim that A′ |= φ′2. First, we show that, given a, b ∈ A, we have for all i (1 ≤
i ≤M), A |= ζi[a, b]. Since every clause in Z contains the literal x ≈ y, we may
assume a 6= b. If i ∈ Iab then, however a and b are ordered, the modifications
to A′ will ensure that A′ |= ζ+

i [a, b]. If, on the other hand, i 6∈ Iab then, by
definition, A |= ζ−i [a, b], whence, as we have already argued, A′ |= ζ−i [a, b].
Next, we show that, for all k (1 ≤ k ≤ n) and all a ∈ A, A′ |= βk[a, fA′

k (a)].
Since A |= φ3, we have A |= π[a, fA

k (a)] and A |= π[fA
k (a), a]: in other words,

condition (7) fails if b = fA
k (a). But in that case, the pair 〈a, fA

k (a)〉 satisfy
exactly the same binary and unary predicates in the two structures A and A′.
Since A |= βk[a, fA

k (a)], and since the interpretations of function symbols are
the same in A and A′, the result follows.

This completes second step: in the formula φ3, there are no proper two-
variable literals.

Step 3: (Splitting). In this step, we remove all remaining occurrences of y.
Consider again the formula φ3 as given in (6). Since Z◦ is obtained from Z∞

by removing any clause containing a proper two-variable literal, we may write
each clause in Z◦ in the form:

ζ(x, y) = γ(x) ∨ δ(y) ∨ x ≈ y ∨
∨

1≤i≤l

y ≈ gix ∨
∨

1≤j≤m

x ≈ hjy (8)

where γ(x) is a clause not involving the variable y, δ(y) is a clause not involving
the variable x, l and m are non-negative integers, and the function-symbols gi
(1 ≤ i ≤ l) and hj (1 ≤ j ≤ m) are chosen from f1, . . . fn. (The occurrence of
literals x ≈ hjy arises from the fact that variables can be switched as a result
of resolution steps used to obtain Z∞.) The key idea is to split any formula
∀x∀yζ(x, y) into a disjunction of formulas involving one variable.

Lemma 4. Let ζ be as given in (8), and suppose A |= ∀x∀yζ. Then the following
two cases are exhaustive:

1. There are at most m+ 1 elements a ∈ A such that A |= ¬γ[a].

2. There are at most l.(m+ 2) elements b ∈ A such that A |= ¬δ[b].

Proof. If Case 1 does not obtain, let a1, . . . , am+2 be distinct elements of A
such that A |= ¬γ[ak] for all k (1 ≤ k ≤ m + 2). Suppose now A |= ¬δ[b].
Since at most m + 1 of the ak can be either equal to b or of the form hA

j (b)
(1 ≤ j ≤ m), we must have some k and some i (1 ≤ k ≤ m+ 2, 1 ≤ i ≤ l) such
that b = gA

i (ak). Thus, there can be at most l.(m+ 2) such b.

This gives us all we need to perform the splitting.

97



5 COUNTING QUANTIFIERS 19

Lemma 5. Let ζ(x, y) be as given in (8) and let c1, . . . , cm+1 and d1, . . . , dl(m+2)

be new individual constants. Let ψ1
ζ , ψ2

ζ be the formulas ∀xγ(x) and ∀xδ(x),
respectively, and let ψ3

ζ and ψ4
ζ be the formulas:

ψ3
ζ = ∀x

γ(x) ∨
∨

1≤k≤m+1

x ≈ ck


∧

∧
1≤k≤m+1

∀x

δ(x) ∨ x ≈ ck ∨
∨

1≤i≤l

x ≈ gick ∨
∨

1≤j≤m

ck ≈ hjx



ψ4
ζ = ∀x

δ(x) ∨
∨

1≤k≤l.(m+2)

x ≈ dk


∧

∧
1≤k≤l.(m+2)

∀x

γ(x) ∨ x ≈ dk ∨
∨

1≤i≤l

dk ≈ gix ∨
∨

1≤j≤m

x ≈ hjdk

 .

Then, for all i (1 ≤ i ≤ 4), ψiζ |= ∀x∀yζ(x, y); moreover, if A |= ∀x∀yζ(x, y),
then A has an expansion A′ such that A′ |= ψiζ for some i (1 ≤ i ≤ 4).

Proof. It is completely routine to show that ψiζ |= ∀x∀yζ(x, y) for all i (1 ≤ i ≤
4). For the second part of the Lemma, suppose A |= ∀x∀yζ(x, y). If A |= ψ1

ζ or
A |= ψ2

ζ , then then we may expand A to A′ interpreting the constants ck and
dk in any way whatsoever and we are done. Hence, we may assume that there
is at least one a such that A |= ¬γ[a], and at least one a such that A |= ¬δ[a].
Suppose now that Case 1 of Lemma 4 holds. Thus, we are guaranteed at least
1 and at most m + 1 elements a ∈ A such that A |= ¬γ[a]. Let a1, . . . , am+1

be those elements (not necessarily distinct), and let A′ be the expansion of A
obtained by interpreting ck as ak (1 ≤ k ≤ m+ 1) and by interpreting the dk in
any way whatsoever. Then it is easy to check that A′ |= ψ3

ζ . A similar argument
shows that, if Case 2 of Lemma 4 holds, then we can obtain an expansion A′ of
A such that A′ |= ψ4

ζ .

Applying Lemma 5 to each ζ ∈ Z◦, we may transform φ3 into the equisatis-
fiable formula∧

ζ∈Z◦

∨
1≤i≤4

ψiζ ∧
∧

1≤k≤n

∀x(βk(x, fkx) ∧ x 6≈ fkx ∧ π(x, fkx) ∧ π(fkx, x)), (9)

where the sets of new constants in the formulas ψiζ are disjoint for distinct
clauses ζ. Writing out the definition of π(x, y) given in (3) and simplifying, we
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obtain

φ4 =

 ∧
ζ∈Z◦

∨
1≤i≤4

ψiζ

∧
∧

1≤k≤n

∀x
(
βk(x, fkx) ∧ x 6≈ fkx∧

α(x, fkx) ∧
∧

1≤k′≤n

(¬βk′(x, fkx) ∨ fk′x ≈ fkx)∧

α(fkx, x) ∧
∧

1≤k′≤n

(¬βk′(fkx, x) ∨ fk′fkx ≈ x)
)
. (10)

This completes the third and final step in the process of eliminating the variable
y: φ4 is a Boolean combination of universally quantified formulas involving only
the variable x.

Multiplying out all the four-way disjunctions
∨

1≤i≤4 ψ
i
ζ in (10), and per-

forming some routine re-arrangement, we obtain an equisatisfiable formula

φ5 =
∨

1≤i≤4|Z◦|

∀x
∧

Γi(x), (11)

where each Γi(x) is a set of stellar clauses. We at last have the desired collection
of clause sets

Gφ = {Γi | 1 ≤ i ≤ 4|Z
◦|}

such that φ1 is satisfiable if and only if some clause set in Gφ is satisfiable.
The only remaining matter of concern is the size of the signature—say,

(C,F,P′,Q′)—of the clause-sets Gφ. If the original formula φ has size n, it
is evident that |P′|, |Q′| and |F| are bounded by a polynomial function of n,
and that |C| and the ‖Γi‖ are bounded by a (singly) exponential function of
function of n. This gives us:

Corollary 1. Finite satisfiability for C2 is decidable in nondeterministic expo-
nential time.

Proof. Theorem 3 and the above translation from C2 to the stellar fragment.

Corollary 2 (Pacholski et al.). Satisfiability for C2 is decidable in nonde-
terministic exponential time.

Proof. Theorem 5 and the above translation from C2 to the stellar fragment.

99



REFERENCES 21

References
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Abstract

We prove decidability of satisfiability of sentences of the monodic packed fragment of first-
order temporal logic with equality and connectives Until and Since, in models with various flows
of time and domains of arbitrary cardinality. We also prove decidability over models with finite
domains, over flows of time including the real order.

1 Introduction

In [6], a new ‘monodic’ fragment of predicate temporal logic was introduced. It consists of those
formulas whose subformulas beginning with a temporal connective have at most one free variable.
It was shown that if the first-order part of the language was also restricted to (roughly speaking) a
decidable fragment of first-order logic, then satisfiability of monodic sentences was decidable over a
wide range of (strict linear) flows of time.

The proof in [6] of decidability of a monodic sentenceϕ relied on representing a temporal model
of ϕ by a ‘quasimodel’. In a quasimodel, each element of the domain at each time is represented
only by its type — the set of subformulasψ�x� of ϕ that are true at the element at that time. The
quasimodel records which types are realized at each time. (The integrity of domain elements over time
is represented in the quasimodel by functions called runs that select a type at each time; monodicity
ensures that this is sufficient.) A quasimodel is simpler than a model because there are only finitely
many types; assuming decidability of the underlying first-order logic, it followed that the existence of
a quasimodel was decidable over a wide range of flows of time.

The crucial lemma in the proof was of course thatϕ has a temporal model iff it has a quasimodel,
and the crucial part of this was to construct a model ofϕ from a quasimodel. To show that the runs in
a quasimodel could be turned into the points of the domain of a temporal model involved replacing a
first-order structureM by a larger one,M�κ�, for some infinite cardinalκ. M�κ� should realize the same
types asM, but each of them should be realized byκ elements ofM�κ�. This was done by excluding
equality from the logic. Then, every element ofM could simply be ‘duplicated’κ times to formM�κ�.
Lacking equality, the logic could not see what had happened.

In the presence of equality, this trick no longer works. As a trivial example,�y�y � x� is not
preserved by duplicating elements. Indeed, it was shown in [9] that with equality, the monodic validi-
ties over natural numbers time are not even recursively enumerable, and undecidability results for the
monadic monodic fragment with only two variables but with equality are proved in [2].

In this paper, we show that the decidability argument can be resurrected if we limit the first-
order part of monodic formulas to come from thepacked fragment of first-order logic, defined by

�I thank Michael Zakharyaschev for valuable conversations and encouragement.
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Marx in [7]. The packed fragment is more expressive than the guarded fragment and (for non-binary
signatures) the loosely guarded fragment; the clique-guarded fragment of [3] is a syntactic variant of
it. In spite of this rather good expressive power, it is still amenable to duplication of elements. For
example, in a relational signature, thedisjoint union of κ copies of a structureM realizes the same
types asM, if these types consist of packed formulas. But simply duplicating (some) elements of
M as before (see proposition 7 below) works in the presence of constants, and also serves to prove
decidability over temporal models with finite domains.

In section 3.3 we will prove:

Theorem 1 (decidability) Let C be any of �������, �������, ��� ����, the class of all finite strict
(i.e., irreflexive) linear orders, or any first-order definable class of strict linear orders. It is decidable
whether a sentence of the monodic packed fragment with Until, Since, and equality in a signature
without function symbols has a model with flow of time in C .

Theorem 2 (finite domain decidability) Let C be any of the above, or �������. It is decidable
whether a sentence of the monodic packed fragment with Until, Since, and equality in a signature
without function symbols has a model with finite domain and flow of time in C .

Section 3 contains the proofs, and section 2 the preliminary definitions.

Notation 3 We will usually identify (notationally) a structureM with its domain. We will writecM

for the interpretation inM of a constantc of the signature ofM.

2 Monodic packed fragment with equality

The following combines the definition of monodic formulas from [6] with a minor modification of
Marx’s definition of the packed fragment.

Definition 4 (monodic packed fragment) Let L be a signature with at most constants and relation
symbols (no function symbols). AnL-formula γ is said to be apacking guardif γ is a conjunction
of atomic and existentially-quantified atomic formulas (possibly equalities) such that any two distinct
free variables ofγ co-occur free in some conjunct ofγ. The monodic packed fragmentof predicate
temporal logic in signatureL consists of the following formulas:

� Any atomicL-formula (which can be an equality,�, or�) is monodic packed.

� Boolean combinations of monodic packed formulas are monodic packed.

� If γ is a packing guard,ϕ is a monodic packed formula, every free variable ofϕ is free inγ, and
ȳ is a tuple of variables, then�ȳ�γ�ϕ� is a monodic packed formula.

� If x is a variable andϕ�ψ are monodic packed formulas with free variable at mostx, thenϕU ψ
andϕ Sψ are monodic packed formulas. We read them as ‘ϕ until ψ’, ‘ ϕ sinceψ’, respectively.

The packed fragment���L� of the first-order language overL consists of those monodic packed
L-formulas that do not involveU or S.

Note that���L� is closed under subformulas, including subformulas of packing guards.

2
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Definition 5 (temporal structures and semantics) Let L be as above and letT be a strict linear or-
der. A temporalL-structure with flow of timeT is a pair�� �D��Mt�t�T �, whereD is a non-empty
set (thedomainof�), eachMt is anL-structure with domainD, andcMt � cMu for all constantsc � L
and allt�u � T .

Given�, t � T , and an assignmenth of variables intoD, we define the semantics of monodic
packed formulas written with variables from the domain ofh as follows:

� For atomicα, we let�� t�h 	� α iff Mt �h 	� α.

� �� t�h 	� 
ϕ iff �� t�h �	� ϕ, and�� t�h 	� ϕ�ψ iff �� t�h 	� ϕ and�� t�h 	� ψ.

� �� t�h 	� �xϕ iff �� t�g 	� ϕ for some assignmentg that agrees withh except perhaps onx.

� �� t�h 	� ϕU ψ iff there is u � T with u � t,��u�h 	� ψ, and��v�h 	� ϕ for all v � T with
t � v � u.

� �� t�h 	� ϕ Sψ iff there is u � T with u � t, ��u�h 	� ψ, and��v�h 	� ϕ for all v � T with
u � v � t.

Note that our temporal structures have constant domains and the interpretations of constants and
assignments to variables are rigid. Also, we use the ‘strict’ semantics of Until and Since (u � t rather
than u � t, etc). They can express connectives such as the non-strict and weak Until and Since,
Tomorrow, etc. Indeed, [6] proves expressive completeness results for monodic formulas written with
them, over strict Dedekind-complete linear orders.

Notation 6 The notationψ�x̄� will indicate that all free variables of formulaψ are in the tuple ¯x; not
all variables in ¯x need actually occur free inψ.

Let h assign a tuple ¯a of elements ofD (we write ‘ā � D’ to indicate this) to the variables ¯x. For
a formulaψ�x̄�, we may write�� t 	� ψ�ā� rather than�� t�h 	� ψ. If ψ is a sentence, we just write
�� t 	� ψ. Similar notation is used for first-order structures too.

3 Decidability of monodic packed fragment with equality

We now give a decision procedure for the monodic packed fragment.

3.1 Types in the packed fragment

Fix a sentenceϕ of the monodic packed fragment written with at most constants and relation symbols
(no function symbols). LetL be the finite signature consisting of all the constants and relation symbols
that occur inϕ. For each subformulaαU β of ϕ, which by monodicity ofϕ has either one or no
free variables, introduce a new unary (respectively, nullary) relation symbolRαU β. Do the same for
subformulasα Sβ of ϕ. Let L denote the augmentation ofL by these new relation symbols.

For each subformulaψ of ϕ, let ψ be theL-formula obtained fromψ by replacing all maximal
subformulasαU β�y� of ψ with one free variable, sayy, by RαU β�y�, replacing all maximal sub-
sentencesαU β of ψ by RαU β, and similarly forS. Note thatψ is in ���L� and has the same free
variables asψ.

Fix a variablex. For a packed formulaψ�y�, choose a formulaψ�x�y� obtained by renaming the
variables inψ in a one-one way so that at mostx is free.ψ�x�y� is packed.

Let Cxϕ denote the set of all formulasψ�x�y� and their negations, whereψ�y� is a subformula of
ϕ, together with allL-formulasx � c andx �� c for constantsc � L. Note thatCxϕ 
 ���L�.

3
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A type is a maximal boolean-consistent subset ofCxϕ. There are finitely many types. A typep is
said to be aconstant type if x � c � p for some constantc � L. For anL-structureM anda �M, we
definetpM�a� � �ψ�x� � Cxϕ : M 	� ψ�a��. An elementa �M realizes a typep if p � tpM�a�.

Proposition 7 Let N be any L-structure. Let ξ be a map assigning a cardinal ξ�p� to each type p,
such that:

� ξ�p� � 0 if p is not realized in N,

� ξ�p� � 1 if p is a constant type that is realized in N,

� ξ�p�� 	N	 otherwise.

Then there is an L-structure Nξ such that each type p is realized in Nξ by exactly ξ�p� elements.

Proof The idea is to make copies of the elements of the domain ofN that are not named by constants.
For eacha � N let κa be a non-zero cardinal such thatκcN � 1 for all constantsc � L. (We will
impose further conditions on theκa later.) We usei� j to denote ordinals. The domain ofNξ will be
��a� i� : a � N� i � κa�. A subsetS of this domain is said to bethin if whenever�a� i���a� j� � S then
i � j. TheL-symbols are interpreted inNξ as follows:

cNξ
� �cN �0�

Nξ 	� R��a1� i1�� � � � ��an� in�� �� ��a1� i1�� � � � ��an� in�� is thin
andN 	� R�a1� � � � �an��

for all constantsc � L, n-ary relation symbolsR � L, and elements�a1� i1�� � � � ��an� in� of the domain.
We letπ: Nξ � N be the homomorphism taking each�a� i� � Nξ to a � N. Fix a setV of variables. If

η : V � Nξ is an assignment, thenη� def
� πÆh : V � N is an assignment of the same variables intoN.

Lemma 8 Let η : V � Nξ be an assignment, and assume that the range η�V � of η is thin. Then
Nξ�η 	� α iff N�η� 	� α for any atomic L-formula α written with variables from V .

Proof BecauseκcN � 1 for all constantsc, the setη�V ���cNξ
: c � L a constant� is thin. The lemma

now follows because the restriction ofπ to any thin set is a partial isomorphism fromNξ to N. �

Let η : V � Nξ be an assignment with thin range. Let ¯y be a tuple of variables inV , and suppose
thath : V � N agrees withη� except perhaps on ¯y. Lift h to an assignmentηh : V � Nξ by:

ηh�v� �

�
η�w� if h�v� � η��w� for somew �V ;
�h�v��0� otherwise.

Then it is easily checked thatηh is well-defined,ηh�V � is thin, �ηh�
� � h, andηh agrees withη except

perhaps on ¯y.

Lemma 9 For any packed L-formula ψ written with variables from V , and any assignment η : V �
Nξ such that η�V � is thin, we have Nξ�η 	� ψ iff N�η� 	� ψ. Hence, for all �a� i� � Nξ we have
tpNξ ��a� i�� � tpN�a�.

4
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Proof We give a syntactic proof, by induction onψ; the lemma can also be proved by bisimulations,
using [7, fact 4.4]. The result for atomicψ follows from lemma 8. The boolean cases are easy and we
omit them. So consider a packed formulaθ of the form�ȳ�γ�ψ�, whereγ is a packing guard andψ
is a packed formula for which the claim is assumed inductively.

Assume thatN�η� 	� θ. So there is an assignmenth : V � N agreeing withη� except perhaps on ¯y,
and withN�h 	� γ�ψ. By the inductive hypothesis,Nξ�ηh 	� ψ. To see thatNξ�ηh 	� γ as well, take
any conjunct�z̄α of γ (z̄ could be empty). SinceN�h 	� γ, there isg : V � N agreeing withh except
perhaps on ¯z and withN�g 	� α. By lemma 8,Nξ��ηh�g 	� α also, and soNξ�ηh 	� �z̄α. Hence,
Nξ�ηh 	� γ�ψ, whence certainlyNξ�ηh 	� θ. Sinceη andηh agree on the free variables ofθ, we
obtainNξ�η 	� θ.

For the converse, assume thatNξ�η 	� θ. So there is someζ : V � Nξ agreeing withη on the free
variables ofθ and withNξ�ζ 	� γ�ψ. We may assume that ¯y is a non-empty tuple of free variables of
γ, and that for somey in ȳ we haveζ�v� � ζ�y� for everyv �V that does not occur free inγ.

It now follows thatζ�V � is thin. For, letv�w �V be distinct variables such thatζ�v� � �a� i� and
ζ�w� � �a� j�. We requirei� j. By the assumption just made, we can suppose thatv�w occur free inγ.
So there is a conjunct�z̄α of γ in whichv�w both occur free. Ifα is an equality, then sincev�w are free
in �z̄α, we haveζ�v� � ζ�w�, so i � j. So suppose thatα is of the formR�x1� � � � �xn�, whereR � L.
We haveNξ�ζ 	� �z̄R�x1� � � � �xn�, so choose an assignmentε : V � Nξ agreeing withζ except perhaps
on z̄ and withNξ�ε 	� R�x1� � � � �xn�. By definition ofNξ, �ε�x1�� � � � �ε�xn�� must be thin. Since this
set contains�a� i���a� j�, it follows again thati � j. We are done.

So by the inductive hypothesis,N�ζ� 	� ψ. Sinceπ is a homomorphism,N�ζ� 	� γ. So certainly
N�ζ� 	� θ. Sinceζ� andη� agree on the free variables ofθ, we haveN�η� 	� θ as required.

That tpNξ ��a� i�� � tpN�a� for all �a� i� � Nξ is now immediate, since types consist of packedL-
formulas with at most one free variable, and��a� i�� is thin. �

For each typep realized inN, let Rp be the set of elements ofN that realizep. Choose an arbitrary
elementap � Rp, let κap � 0 be such that	Rp � �ap�	� κap � ξ�p�, and for all other elementsb � N
realizing p let κb � 1. Note thatκcN � 1 for each constantc � L. This specifiesNξ completely.

Let p be a type. Ifp is not realized inN thenξ�p� � 0; and p is not realized inNξ, since by
lemma 9,tpNξ ��a� i�� � tpN�a� for all a � N andi � κa. If p is realized inN, then by lemma 9, the
elements realizingp in Nξ are precisely��ap� i� : i � κap� � ��b�0� : b � Rp � �ap��. This set has
cardinalityξ�p�, as required. �

3.2 Quasimodels

The proof of decidability from now on is exceedingly similar to that of [6], using proposition 7 to
replace lemma 9 of [6]. We include the proof to make the presentation self-contained.

Definition 10 (model) A temporalL-structure� with flow of timeT (say) is said to be amodelof ϕ
if �� t 	� ϕ for somet � T .

A state candidate (for ϕ) is a set of types. Arealizable state candidate is a state candidate of the
form Σ� �tpM�a� : a �M�, for someL-structureM; M is said torealize Σ. A finitely realizable state
candidate is a state candidate that is realized by a finiteL-structure.

Now fix a strict (irreflexive) linear orderT . Given realizable state candidatesΣt (t � T ), a run in
�Σt�t�T is a choice functionρ on �Σt�t�T (soρ�t� � Σt for all t � T ), satisfying:

1. for all constantsc � L and allt�u � T , we havex � c � ρ�t� iff x � c � ρ�u�,

5
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2. for all t � T and all subformulasαU β�y� of ϕ, αU β�x�y� � ρ�t� iff there isu � t with β�x�y� �
ρ�u� and withα�x�y� � ρ�v� for all v � T with t � v � u,

3. a similar clause forS.

Definition 11 (quasimodel) A quasimodelfor ϕ (over T ) is a pair��Σt�t�T �R � where�Σt�t�T is a
sequence of realizable state candidates andR is a set of runs in�Σt�t�T such thatΣt � �ρ�t� : ρ� R �
for all t � T , andϕ �

�
Σt for somet � T . The quasimodel isfinitary if eachΣt is a finitely realizable

state candidate andR is finite.

Theorem 12 ϕ has a model with flow of time T (and finite domain) iff there is a (respectively, finitary)
quasimodel for ϕ over T .

Proof Let�� �D��Mt�t�T � be a model ofϕ with flow of timeT . Expand eachMt to anL-structure
Mt by letting Mt 	� Rψ�d� iff �� t 	� ψ�d�, for each unaryRψ � L�L and eachd � D, and similarly
letting Mt 	� Rψ iff �� t 	� ψ, for each nullaryRψ � L � L. Let Σt � �tpMt

�d� : d � D�. For each
d � D defineρd : T �

�
t�T Σt by ρd�t� � tpMt

�d�. Then��Σt�t�T ��ρd : d � D�� can be checked to
be a quasimodel forϕ over T . If D is finite then clearly theMt and�ρd : d � D� are finite, so the
quasimodel is finitary.

For the converse, assume that��Σt�t�T �R � is a quasimodel forϕ overT . For eacht � T , choose
anL-structureNt, finite if possible, that realizesΣt . Since there are only finitely many realizable state
candidates, we may assume that�Nt : t � T� is finite. Letκ � max�	Nt 	 : t � T�. Define a multiset
R �κ� as follows. For eachρ � R , if someρ�t� (t � T ) is a constant type then put one copy ofρ into
R �κ�; otherwise, putκ copies ofρ into R �κ�. For each typep and eacht � T , let

ξt�p� � 	�ρ � R �κ� : ρ�t� � p�	

(the right-hand side denotes multiset cardinality, counting multiplicities).

Lemma 13 For each type p and each t � T ,

� ξt�p� � 0 if p is not realized in Nt,

� ξt�p� � 1 if p is a constant type that is realized in Nt,

� ξt�p�� 	Nt 	 otherwise.

Proof If p is not realized inNt thenp �� Σt so there is noρ� R with ρ�t� � p. Henceξt�p� � 0.
If p is a constant type realized inNt , then certainlyp � Σt , so there is at least oneρ � R with

ρ�t� � p. Suppose thatρ�ρ� � R satisfyρ�t� � ρ��t� � p. We claim thatρ� ρ�. Let u � T ; we show
thatρ�u� � ρ��u�. Choose a constantc � L with x � c � p. Sox � c � ρ�t��ρ��t�. As ρ�ρ� are runs,
x� c� ρ�u��ρ��u�. Picka�a� �Nu with tpNu

�a� � ρ�u� andtpNu
�a�� � ρ��u�. ThenNu 	� a� c�a� �

c, soa � a� andρ�u� � ρ��u�. As u was arbitrary,ρ� ρ� as claimed.
Hence, there is exactly oneρ � R with ρ�t� � p. Sincep is a constant type, by construction of

R �κ� there is exactly oneρ� R �κ� with ρ�t� � p. Soξt�p� � 1.
Suppose now thatp is realized inNt and is not a constant type. As before,p � Σt . Chooseρ � R

with ρ�t� � p. Becauseρ is a run, noρ�u� (u � T ) is a constant type. So by construction ofR �κ�,
there areκ copies ofρ in R �κ�. Soξt�p� � 	�ρ � R �κ� : ρ�t� � p�	 � κ � 	Nt 	. �
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By the lemma, proposition 7 applies and we can form theL-structureNξt
t for eacht � T . For each

t, the number of realizations of any typep in Nξt
t is the same as the number ofρ � R �κ� such that

ρ�t� � p. So we may choose a bijectionι t : R �κ�� Nξt
t such thattp

Nξt
t
�ι t�ρ�� � ρ�t� for all ρ� R �κ�.

Let Mt be the uniqueL-structure with domainR �κ� such thatι t : Mt � Nξt
t is an isomorphism. We get

Mt by pulling back theL-structure onNξt
t via ι�1

t . ThentpMt
�ρ� � ρ�t� for all ρ� R �κ� andt � T . So

Mt 	�ψ�ρ� �� ψ�x� � ρ�t�� for all ψ�x� � Cxϕ� ρ� R �κ�� t � T� (1)

Let Mt denote theL-reduct ofMt . Note that for each constantc� L, t�u� T , andρ�R �κ�, we have
cMt � ρ iff Mt 	� ρ� c, iff x� c � ρ�t� (by (1)), iff x� c � ρ�u� (asρ is a run), iffMu 	� ρ� c (by (1)
again), iffcMu � ρ. Hence,cMt � cMu . So we can form the temporalL-structure�� �R �κ���Mt�t�T �,
since the interpretation of constants is rigid.

Lemma 14 For each t � T , each subformula ψ�x̄� of ϕ, and each tuple ρ̄� R �κ�, we have

�� t 	� ψ�ρ̄� �� Mt 	� ψ�ρ̄��

Proof By induction onψ. For atomicψ the result is simple, because�� t 	� ψ�ρ̄� iff Mt 	� ψ�ρ̄�; as
ψ� ψ andMt expandsMt , this is iff Mt 	� ψ�ρ̄�. The boolean cases are straightforward, noting that
ψ�χ �ψ�χ and
ψ� 
ψ. We consider the case of quantifiers. Assuming the result forψ�x̄�y�, we
have�� t 	� �yψ�ρ̄�y� iff �� t 	� ψ�ρ̄�σ� for someσ � R �κ�. Inductively, this is iffMt 	� ψ�ρ̄�σ� for
someσ � R �κ�. This is iff Mt 	� �yψ�ρ̄�y�, iff Mt 	� �yψ�ρ̄�y�.

The interesting case is of course the temporal operators. We only doU ; S is similar. Consider
a subformulaαU β�y� of ϕ. Let ρ � R �κ�. We have�� t 	� αU β�ρ� iff there is u � t in T with
��u 	� β�ρ� and��v 	� α�ρ� for all v � T with t � v � u. Inductively, this is iff there isu � t in T
with Mu 	� β�ρ� andMv 	� α�ρ� for all v � T with t � v � u. It follows from (1) that this holds iff
there isu � t in T with β�x�y� � ρ�u� andα�x�y� � ρ�v� for all v � T with t � v � u. As ρ is a run,
this is iff αU β�x�y� � ρ�t�. By (1) again, this is iffMt 	� αU β�ρ�, as required. �

Since��Σt�t�T �R � is a quasimodel forϕ, there ist � T andp � Σt with ϕ � p. Chooseρ�R with
ρ�t� � p. There is at least one copy ofρ in R �κ�; choose one, and denote it byρ too. Thenϕ � ρ�t�,
so by (1),Mt 	� ϕ. By lemma 14, we obtain�� t 	� ϕ. Thus,ϕ has a model. We note that if the given
quasimodel is finitary thenR is finite, and we chose theNt to be finite. Hence,κ is finite and the
domainR �κ� of the resulting model� is also finite. This completes the proof of theorem 12. �

3.3 Decidability

Lemma 15 It is decidable whether a state candidate Σ for a sentence ϕ of the monodic packed frag-
ment is realizable.

Proof Each typep � Σ satisfiesp
 Cxϕ 
 ���L�. Therefore,
�

p�x� � ���L�. Hence, up to logical
equivalence, theL-sentence

αΣ �

��
p�Σ

�x
�

p�x�

�
�

�
�x
�

p�Σ

�
p�x�

�

is in���L� too. (The guards for�x��x here can be taken to bex� x.) Evidently,Σ is a realizable state
candidate iffαΣ has a model, and this question is decidable [7, 3]. �
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We can now prove theorem 1.

Proof [of theorem 1] Let ϕ be a sentence of the monodic packed fragment. We will express the
existence of a quasimodel forϕ by a sentence of monadic second-order logic that can be constructed
effectively and uniformly fromϕ.

FormL�Cxϕ, etc., as before; this can be done effectively. Introduce a unary predicate variableQψ
for eachψ� Cxϕ. If p is a type, let

χp�t� �
�

ψ�p

Qψ�t� �
�

ψ��Cxϕ��p


Qψ�t��

saying that theQψ�t� define the typep at t. Let ρ denote the conjunction of the following three
formulas, saying that theQψ define a run. For brevity, we writeαUβ instead ofαUβ�x�y�, and
similarly for α Sβ�α�β.

�tu
�

x�c�Cxϕ
�Qx�c�t�� Qx�c�u���

�t
�

αUβ�Cxϕ

�
QαUβ�t���u�t � u�Qβ�u���v�t � v � u� Qα�v���

�
�

�t
�

αSβ�Cxϕ

�
QαSβ�t���u�u � t �Qβ�u���v�u � v � t � Qα�v���

�
�

By lemma 15, we may effectively construct fromϕ the finite set� of all realizable state candidates
for ϕ. For eachΣ �� let PΣ be a unary predicate variable. We now define the monadic second-order
sentenceσϕ as follows:

�
Σ��

PΣ

�
�t
�

Σ��

�
PΣ�t��

�

Σ��Σ���


PΣ��t�
�

�
�
��t PΣ�t� : Σ��� ϕ �

�
Σ�

� �t
�

p�Σ��

�
PΣ�t���

ψ�Cxϕ
Qψ

�
ρ�χp�t���u

�

Σ���

�
PΣ��u��

�

q�Σ�

χq�u�
����

�

Evaluated in a flow of timeT , σϕ says that thePΣ (Σ��) partitionT . Thus, a unique realizable state
candidateΣt is allotted to everyt � T . This, σϕ says, is done so that some type in someΣt contains
ϕ, and for everyt � T and every typep � Σt , there exists a run (described by theQψ) in �Σt�t�T that
hits p at t. Thus,T 	� σϕ iff there exists a quasimodel forϕ overT — for ‘�’, let the quasimodel be
��Σt�t�T �R �, whereR is the set of all runs in�Σt�t�T . By theorem 12, this is iffϕ has a model with
flow of time T .

Clearly,σϕ is effectively constructible fromϕ. So to decide whetherϕ has a model with flow of
time T , we only need decide whetherT 	� σϕ, and this can be done by applying standard results on
decidability of monadic second-order logic.

We use this idea to establish theorem 1. We will be brief; see [6] for more details. The state-
ments ‘����� 	� σϕ ’ and ‘����� 	� σϕ ’ are decidable, by a result of B¨uchi [1]. It also follows from
Büchi’s theorem that it is decidable whetherσϕ is true in some finite linear order. The decidability of
‘�� ��� 	� σϕ ’ follows from Rabin’s theorem on the decidability ofS2S [8].

Finally, let F be a class of strict linear orders definable by a first-order sentenceχ of linear
order. By considering the ‘standard translation’ ofϕ into two-sorted first-order logic and applying the
downward Löwenheim–Skolem–Tarski theorem, it can be seen thatϕ has a model with flow of time
in F iff it has a model withcountable flow of time inF . This is iff σϕ is true in some countable order

8

108



in F . By relativisingσϕ to a unary predicate variable which is stated to satisfyχ, we can obtain a

new monadic second-order sentenceσ�χ�
ϕ , effectively constructible fromϕ, and such thatσϕ is true in

some countable order inF iff �� ��� 	� σ�χ�
ϕ . By Rabin’s theorem, this last statement is decidable.

�

[6] gives a decision procedure over����� of elementary complexity.

Proof [of theorem 2] Using theorem 12 and the arguments of [6, theorem 36, corollary 37]1, it
suffices to show that it is decidable whether a state candidateΣ is finitely realizable. ButΣ is finitely
realizable iff αΣ (as in lemma 15) has a finite model. The packed fragment has the finite model
property [4, 5], so this is iffαΣ has a model. The result now follows from the decidability of the
packed fragment. �

Remark 16 Since the packed fragment has the finite model property, any realizable state candidate
is finitely realizable. However, not every satisfiable monodic packed sentence is true in some model
with finite domain. It is readily checked that the monodic packed sentence

ϕ ���x(P�x��
��SP�x��)

is satisfied in the model�� ����Mn�n��� with flow of time �����, domain�, and withPMn � �n��
but is false in all models over����� with finite domains. Here,�ψ abbreviatesψ�
��U 
ψ�
�S
ψ�, stating thatψ is always true. Cf. [6, theorem 25]. The set of runs in any quasimodel forϕ
over an infinite flow of time must be infinite.
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