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Knowledge Representation I
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General goal of knowledge representation:

"develop formalisms for providing high-level descriptions of the world

that can be effectively used to build intelligent applications.”

@ "formalisms”: formal syntax and formal and unambiguous semantics

@ "high-level descriptions”: which aspects should be represented, which left out?

@ "intelligent applications”: are able to infer new knowledge from given knowledge

@ "effectively used”: reasoning techniques should allow "usable” implementation



Terminological Knowledge
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DLs focus on the representation of terminological knowledge:

formalize the basic terminology adopted in the modeled application

@ terminologies are formalized as a collection of concepts and relations,

e.g. "Course” and " Lecturer” / "gives-course” and " attends-course”

@ definition of concepts and relations stored in an ontology

Many applications need to reason about terminological knowledge, e.g.:

@ Bioinformatics
e.g. the GeneOntology (GO): some 17.000 concepts about gene products

@ Semantic Web

goal: provide a semantic description of the content of web pages
this is done by referring to concepts defined in an ontology



Early Formalisms

How to represent terminological knowledge?

Early days of Al: KR through obscure pictures (semantic networks)

mammal
isa
has-color has-weight
grey < elephant > heavy
isa
dumbo NS Weight | ;o

Problems: missing semantics (reasoning!), complex pictures

@ Remedy: Use a logical formalism for KR rather than pictures
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KR with DLs |
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DL’s anwers to the challenges of knowledge representation:

@ "formalisms”: formal syntax and formal and unambiguous semantics

DLs have this, they are logics

@ "high-level descriptions”: which aspects should be represented, which left out?

DLs concentrate on terminological knowledge / ontologies

@ "intelligent applications”: are able to infer new knowledge from given knowledge

DLs come with reasoning algorithms and are decidable

@ "effectively used”: reasoning techniques should allow "usable” implementation

DLs have been implemented in very efficient systems



Representing Terminological Knowledge with DLs
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The core part of any DL is the concept language

Mammal M Ibodypart. Trunk M Vcolor.Grey

@ concept a name to groups of objects

@ role names gn a name to relations between objects

@ constructors allow to related concept names and role names

Complex concepts can be used in concept definitions:

Elephant = Mammal M Ibodypart. Trunk M Vcolor.Grey



The Description Logic ALC: Syntax
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ALC is the smallest propositionally closed Description Logic.

Atomic types: concept names A, B, ... (unary predicates)
role names R, S, ... (binary predicates)
Constructors: - =C (negation)
-CnD (conjunction)
-CuD (disjunction)
-3dAR.C (existential restriction)
-VR.C (universal restriction)

For example: (A U 3JR.(VS. BT —A))
Mammal M 3dbodypart. Trunk 1 Vcolor.Grey
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Semantics of ALC

Semantics based on interpretations (AZ, -Z), where -Z maps

- each concept name A to a subset A7 of AZ.

- each role name R to a binary relation RZ over AZ.

Semantics of complex concepts:
(-C)Yr =AT\c* (cnD?*=ctnD* (Cu D)t =
(AR.C)T = {d € AT | (d,e) € RT and e € C?*}

(VR.C)E = {d € AZ | (d,e) € RZ implies e € CT}

An interpretation Z is a model for a concept C if CT # 0.

Dresden

ctT u D?



Example

Intuition: interpretation is complete description of the world

Trl:r:k bodypart Mammal color G‘:ey
/bodypart
@ ° /
owner
Leg ® likes
Leg °
Maharaja
Lege

Mammal M dbodypart. Trunk M Vcolor.Grey

Mammal 1 Vbodypart. (Trunk LI Leg)
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Reasoning Tasks
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Most important reasoning tasks for constructing and using ontologies:

1. Concept satisfiability — does there exist a model of C?

If unsatisfiable, the concept contains a contradiction.

2. Concept subsumption — does C* C DZ hold for all Z?
written C' [ D

If C C D, then D is more general than C

——> Subsumption can be used to compute a concept hierarchy:

mammal

predator elephant

lion

10
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Examples I
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@ Vowner.Rich M Yowner.Famous C Vowner.(Rich M Famous)

@ Set T := AU —A. Then TZ = A7 for all Z.
Thus C C T for all C.

@ Set 1 := AnmM —A. Then LT = 0 for all Z.
Thus L . C for all C.

@ C L D ifandonly if C M —D is not satisfiable

@ C is satisfiable if not C C L.
——>subsumption can be reduced to (un)satisfiability and vice versa.

11
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Expressive Power vs. Computational Complexity
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In many cases, the expressive power of ,ALC does not suffice:
- an elephant has precisely four bodyparts that are legs

- every elephant has a bodypart which is a trunk
and every trunk is a bodypart of an elephant

Many extensions of . ALC have been developed, for example:

- qualified number restrictions (< n R C) and (> n R C)

- inverse roles R~ to be used in existential and universal restriction

But: Increasing expressivity also increases computational complexity

= Il tradeoff between expressivity and computational complexity !

12
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Development of DL Systems

Description Logics should be decidable. But what complexity is “ok” ?

KL-ONE
NIKL
Undecidable
ExpTime Fact, DLP, Race
PSpace Crack, Kris
NP
PTime Classic (AT&T)
| | | |
late early mid late
'80s '90s '90s '90s
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DLs are more than a Concept Language I

/ Elephant = Mammal M 3bodypart. Trunk

Knowledge base

Formulated
in DL

T (ot Ressoner

dumbo : Elephant

©
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(dumbo, lisa) : child
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General TBoxes

W

TU
Dresden

There exist several kinds of TBoxes.

General TBox: finite set of concept equations C' = D

e.g. {WildAnimal = Animal 11 —Jowner. T
Mammal M Ibodypart.Hunch = Camel LI Dromedary}

An interpretation Z is a model of a TBox 7 if
CtT=D%forallC =D € T.

Reasoning tasks with TBoxes:

1. Concept satisfiability w.r.t. TBoxes

Given C and 7, does there exist a common model of C and 77?

2. Concept subsumption w.r.t. TBoxes (C C+ D)
Given C,D, and 7, does CZ C D7 hold in all models of 77?

15
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Acyclic TBoxes I

Concept definition: expression A = C' with A concept name and C concept
e.g. Elephant = Mammal M 3bodypart. Trunk
A finite set 7~ of concept definitions is an acyclic TBox if
a) the left-hand sides of concept definitions in 7~ are unique

b) it contains no " cycles”

not an acyclic TBox:

Acyclic TBoxes can be conceived as macro definitions.

TU
Dresden 16
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ABoxes
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Fix a set of individual names.

An ABox is a finite set of assertions

a:C (a individual name, C' concept)

(a,b) : R (a, b individual names, R role name)

E.g. {dumbo : Elephant, (dumbo, lisa) : child}

Interpretations Z map each individual name a to an element of AZ.

7 satisfies an assertion
a:C iff al € C*
(a,b) : R iff (at,b?) € R*

Z is a model for an ABox A if Z satisfies all assertions in .A.

17
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Reasoning with ABoxes

Reasoning tasks with ABoxes:

1. ABox consistency

Given an ABox A and a TBox 7, do they have a common model?

2. Instance checking

Given an ABox A, a TBox 7, an individual name a, and a concept C

does aZ € C7 hold in all models of A and 77
(written A, 7T = a : C)

Instance checking can be reduced to ABox consistency.

@ Concept satisfiability can be reduced to ABox consistency.

TU
Dresden
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Example
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ABox

TBox

dumbo : Elephant t14 : Trunk
g23~Darkgre (dumbo, t14) : bodypart
(dumbo, g23) : C

dumbo : Vcolor.Lightgrey

Elephant = Mammal M Ibodypart. Trunk M Vcolor.Grey

Grey = Lightgrey LI Darkgrey

L = Lightgrey M Darkgrey

1. ABox is inconsistent w.r.t. TBox.

2. dumbo is an instance of Elephant

19
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Description Logics and First-order Logic
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concept names A < unary predicates P4
role names R g binary predicates Pgr
concepts s formulas with one free variable
P"(A) = Py(x)
P (0C) = —e*(C) Y symmetric
Ay = EiCHINEED) with = and y exchanged
e (CUD) = ¢*(C)V (D)

e*(AR.C) = ZFy.Pr(x,y) N Y(C)
P*(VR.C) = Vy.Pr(xz,y) — ¢¥(C)
Note: - two variables suffices (no ”"=", no constants, no function symbols)

- formulas obtained by translation have “guarded” structure

- not all DLs are purely first-order (transitive closure, etc.)

20
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Description Logics and First-order Logic |l
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TBoxes:

Let C be a concept and 7 a (general or acyclic) TBox.

o(T) =Vz. \ ¢"(D) <+ ¢°(E)

D=FEcT
ABoxes:
individual names a ——— constants c,
pla:C) = ¢"(C)ledl
QO((CL, b) : R) — PR(Caa Cb)
e(A) = /\ ¢ (B)
peA

21
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Description Logics and Modal Logics

Obvious translation:

concept names <= propositional variables
role names — modal parameters
concepts dR.C < formulas &b
concepts VR.C < formulas O
Notes: - Interpretations can be viewed as Kripke structures

- ALC is a notational variant of modal K,

- TBoxes related to universal modality: 1, /\ D «— F
D=EcT

- ABoxes related to nominals / hybrid modal logic

- Extensions of ALC are related to graded modal logic, PDL, etc.

W
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Overview of the Course
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Tableau Algorithm for ALC

Tableau algorithms for expressive Description Logics

Automata-based decision procedures for expressive Description Logics

Computational complexity

Applications, System demonstration, other topics of DL research

23
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Reasoning in ALC I
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Goal
Find algorithm for satisfiability and subsumption

(for now: only concept, no TBoxes, no ABoxes)

Subsumption can be reducted to (un)satisfiability
——> we can restrict ourselves to satisfiability

Tableau Algorithms

@ Frequently used to prove decidability/complexity bounds of DLs

@ All state-of-the-art DL reasoners are based on tableau algorithms

24
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Tableau Algorithms: ldea
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Try to construct a model for the input concept C as follows:
- Represent models by completion trees
- To decide satisfiability of C', start with initial completion tree T,
- Repeatedly apply completion rules and check for obvious contradictions

- Return “satisfiable” iff a complete and contradiction-free

completion tree was found

25



Negation Normal Form

A concept C is in negation normal form (NNF) if

negation occurs only in front of concept names.
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Transformation rules:

—I(C L D) ~ =CMN-D
—I(HR.C) ~ VR.-C
~(VR.C) ~ 3IR.-C

26
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Completion Tree

Completion tree:

Finite tree T' = (V, E, L) where L labels
- each node x € V with a set £L(x) C sub(Cy)

- each edge (x,y) € FE with a role £(x, y) occurring in Cy.
Initial completion tree for concept Cy: ({xo}, 0, L) where L(xo) = {Co}

Apply completion rules until
- the completion tree is complete.
or - there exists a node & € V such that

@ {A,—A} C L(x) for some concept name A (Clash)

TU
Dresden
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Completion Rules |
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re {Cl [l Cg, PR —¥r re {Cl I8 CQ, Cla Cg, & .}
re {Cll_ng,... —> are {Cll_lCQ,C,...}
for C g {Cl, Cg}
ze {AR.C, ... —5 | ze {3R.C,...}
RJ
y* {C}
e {IVR.C, . .- —ry xe {VR.C,...}

7

i
y*{...,C}

28
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Correctness of the Algorithm I

Lemma

1. The algorithm terminates on any input
2. If the algorithm returns “satisfiable”, then the input concept has a model.

3. If the input concept has a model, then the algorithm returns “satisfiable” .

Corollary
1. ALC-concept satisfiability and subsumption are decidable

2. ALC has the tree model property
3. . ALC has the finite model property

W
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A PSPACE upper bound for ALC
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Modify Tableau algorithm:

1. Construct completion tree in a depth-first manner:

2. Keep only paths of the tree in memory!

Yields a PSPACE algorithm: - paths are of length polynomial in |Cy|

- the outdegree is polynomial in |Cy|.

PSprACE lower bound will be proved later!

30
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Reasoning with Acyclic TBoxes
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Naive approach: unfolding

——> reduce satisfiability w.r.t. TBoxes to satisfiability without TBoxes

Let Cy be concept, 7 acyclic TBox

1. replace concept names on right hand sides of definitions A = C

with their defining concept

2. replace each concept name in Cy defined in 7 with its definition.

Terminates due to acyclicity!

But: exponential blowup in the worst case Ag=VR. A, TIVS.A,
A =VR. A5 T1VS. A,

A1 =VR.A,MVS. Ay

31
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Unfolding on the Fly |

Idea:

Modify existing tableau algorithm to directly deal with acyclic TBoxes

Roadmap:
- convert concept definitions into one of the forms
A=-X,A=B,MNMB;, A=B,UB;, A=VR.B, A=3R.B
with A, B, B,, B> concept names and X primitive concept name

- restrict node labels to concept names

- make on the fly TBox lookups for rule application

Result: Satisfiability of .ALC-concepts w.r.t. acyclic TBoxes is PSracE-complete.

W
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That’'s it
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More on tableau algorithms tomorrow!

33
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Termination I
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Role depth of concepts:

d(A) =d(<n R) =0 d>n R) =1
d(—C) = d(C)

d(CT D) = d(C U D) = max{d(C), d(D)}

d(3R.C) = d(VR.C) = d(C) + 1

The algorithm terminates since:

depth of the completion tree bounded by d(Cy)).

for each node, at most #sub(C)) successors are generated

each node label contains at most #£sub(Cjy) concepts

concepts are never deleted from node labels

I

nodes may be deleted (via identification), but 1 and 2 is independent from this

34
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Goal

University of
Manchester

2. Tableau algorithms for extensions of ALC

Extend .ALC-tableau algorithm from first session with
[1 general TBoxes
L1 inverse roles

L] number restrictions

Discuss some optimisation issues

: Design sound and complete desicion procedures for
satisfiability (and subsumption) of DLs which are
well-suited for implementation purposes
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A tableau algorithm for ALC with general TBoxes

Remember:

e A concept equation is of the form C = D for C, D (complex) concepts
e A (general) TBox is a finite set of concept equations
o 7 satisfies C = D iff C*T = D?*

eZ isa model of TBox 7 = {C; =D; |1 <1< n}iff
7 satisfies each concept equation in 7~

Extend .ALC tableau algorithm to TBox ~~ transform a TBox
T ={C,=D;|1<i<n},
into a single, equivalent concept equation
T= Tl (-C;uD;)n(C; d-D;) =: Cr,

1<i<n

1<i<n
Lemma: Z is a model of 7 iff C: = AZ.

University of
Manchester
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A tableau algorithm for ALC with general TBoxes

Thus, 1. since nodes of completion tree represent elements of AZ and

2. because of previous Lemma (Z is a model of 7 iff C: = A7),

to decide satisfiability of .ALC-concepts w.r.t. TBoxes,
we extend ALC-tableau algorithm with the following rule:

niversity o
Manche

—CE-

If CT Q L(a;)
Then L(x) — L(x) U {C7r}

Example: Consider satisfiability of C w.r.t. {C = 3R.C'}

Cr=(—CUdJR.C)N(CUVR.-C)

Tableau algorithm no longer terminates!

Reason: The role depth of concepts no longer decreases along paths

f

ster

in @ completion tree
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A tableau algorithm for ALC with general TBoxes

Regain termination with cycle-detection

Blocking: if  and one of its ancestors y are very similar, only extend y:

e x is directly blocked if it has an ancestor y with L(x) C L(y)
e In this case and if y is the “closest” such node to x, we say that x is blocked by y
e A node is blocked if it is directly blocked or one of its ancestors is blocked

P restrict the application of all rules to nodes which are not blocked

~> Tableau algorithm for ALC w.r.t. TBoxes

University of
Manchester
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A tableau algorithm for ALC with general TBoxes

Lemma:

Let 7 be a general ALC-Tbox and Cy an ALC-concept. Then

1. the algorithm terminates when applied to 7 and C, and

2. the rules can be applied such that they generate a
clash-free and complete completion tree iff C is satisfiable w.r.t. 7.

Corollary:

Satisfiability of . ALC-concept w.r.t. general TBoxes is decidable and
ALC has the finite model property.

niversity of
Manches

ter
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A tableau algorithm for ALC with general TBoxes

Proof: 1.(Termination) (the algorithm terminates when applied to 7" and Cy):
is due to the following properties: let n = |Cy| + |Cr|

1. outdegree of the completion tree is bounded by n

2. depth of the completion tree is bounded by 2":
on a path of length 2™, blocking occurs, and thus it does not get longer

3. node labels are sets of sub-concepts of Cy and C'r
(14+2+43): the size of the completion tree built is bounded
4. the completion tree is built in a monotonic way: each rule only

e extends node labels or
e adds a node (with a label)

University of
Manchester
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A tableau algorithm for ALC with general TBoxes

Proof: 2. “=-" (Soundness): for T a complete, clash-free completion tree for C,, 7T,
construct a finite (non-tree) model as follows:

AT := {x | x is a node in T, x is not blocked}

AT = {z e AT | Ac L(x)} for concept names A

RY = {(x,y) € AT | (x,y) € E(R) or for role names R
(x,y’) € E(R) and y blocks y'}

Prove (by induction on the structure of concepts) that, forallz € AZ, C € sub(Cy, T):
C € L(z) implies z € C~.

Then, since Cj is in the label of the root node and C'7 in the label of all nodes,
7 is indeed a model of Cy and 7.

University of 7
Manchester
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A tableau algorithm for ALC with general TBoxes

Proof: 3. < (Completeness):
use model Z of Cy and 7 to steer the application of the — | -rule:
Inductively define a total mapping

7 : nodes of completion tree — AZ,

start with 7 (o) = a for some a € CT and show that

each rule can be applied in such a way that (x) is preserved
if 7 is extended appropriately for the — 3-rule:

if C € L(x), then (x) € C* ()
if (z,y) € E(R), then (m(z),7(y)) € R*

E.g.: —v-rule, applied to = and y with VR.C € L(x): (%) implies (x) € (VR.C)*
and (m(x), 7 (y)) € R%. Hence semantics implies (y) € CZ, and thus adding C to
L(y) preserves ().

ity of 8
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A tableau algorithm for ALC with general TBoxes

Proof: 3. < (Completeness):
use model Z of Cy and 7 to steer the application of the — | -rule:
Inductively define a total mapping
7 : nodes of completion tree — AZ,

start with 7 (o) = a for some a € CT and show that

each rule can be applied in such a way that (x) is preserved
if 7 is extended appropriately for the — 3-rule:

if C € L(x), then (x) € C* ()
if (z,y) € E(R), then (m(z),7(y)) € R*

E.g.. —3-rule, applied to = with AR.C € L(x): (%) implies w(x) € (IR.C)L.
Hence semantics implies the existence of b € AZ with (w(x),b) € RT and b € C~.
Extending 7 with 7w(y) = b for y the new R-successor of x thus preserves ().

ity of 9
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A tableau algorithm for .ALC with general TBoxes: Summary

The tableau algorithm presented here

[1 decides satisfiability of .ALC-concepts w.r.t. TBoxes, and thus also
[1 decides subsumption of .ALC-concepts w.r.t. TBoxes.

[1 uses blocking to ensure termination, and

[] is non-deterministic due to the — | -rule.

[ in the worst case, it builds a tree of depth exponential in the size of the input,
and thus of double exponential size. Hence it runs in (worst case) 2NExpTime,

[1 can be implemented in various ways,

— order /priorities of rules
— data structure
— etc.

[1 is amenable to optimisations (see end of session).

University of
Manchester
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A tableau algorithm for ALCZ with general TBoxes

ALCT is the extension of ALC with inverse roles R~ in the place of role names:

niversity o
Manche

(R7)" == {{y,2) | (=, y) € R"}.

Motivation: with inverse roles, one can use both

has-child and is-child-of
has-part and is-part-of

and their interaction

Example: Does Vparent.Vchild.Blond T Blond w.r.t. 7 = {T = Jparent.T }?

Example: Is Cy = IR.3S5.3T. A satisfiablew.r.t. 7 = { C

f

ster

dR.C

T

VT-VS~.VR~.C}

11
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A tableau algorithm for ALCZ with general TBoxes

Modifications necessary to handle inverse roles:

[1 extend edges E(.) in c-trees to inverse roles,

[I call y an R-neighbour of x if either y is an R-successor of x or
a is an R~ successor of v,

[] substitute “R-successor” in the —- and —3-rule with “R-neighbour”

(still createan  R-successor of x if no R-neighbour exists for IR.C € L(x)
R~ -successor of x if no R™-neighbour exists for an AR~.C € L(x))
Example: Is A satisfiable w.r.t. {A =3JR".AMN (VR.(-A UL 3S.B))}?

Does this suffice? No!

Example: Is 3R.B satisfiable w.r.t. 7 = {B = 3R.BMNVYR .WVR .(AM-A)}?

12
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A tableau algorithm for ALCZ with general TBoxes

“subset-blocking” (with L(x) C £(z’)) no longer suffices:

[J A node x is called directly blocked if it has an ancestor y with £(x) = L(y).

Lemma:

Ly

Let 7 be a general ALCZ-Tbox and Cy an ALCZ-concept. Then

1. the algorithm terminates when applied to 7 and C,,

2. the rules can be applied such that they generate a
clash-free and complete completion tree iff Cj, is satisfiable w.r.t. 7.

niversity o
Manchester
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A tableau algorithm for ALCZ with general TBoxes

Proof: 1.(Termination): identical to the ALC case.

2. = (Soundness): again, construct a finite (non-tree) model from
a complete, clash-free c-tree T for Cy and 7

(take into account edges labelled with inverse roles):
A” := {x | zis a node in 7, x is not blocked}
Al .= {zxc AT | AcL(x)} for concept names A
R := {{z,y) € AT | (x,y) € E(R), (y,x) € E(R™) or for role names R
(x,y’y € E(R) and y blocks y’ or
(y,x’y € E(R™) and x blocks «’}
Again, prove that, for all z € AZ:

C € L(z) implies z € CZ.

niversity of 14
Manchester
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A tableau algorithm for ALCZ with general TBoxes

3. <= (Completeness): again, use model Z of Cy and 7 and mapping 7 to

steer the application of the — | -rule.

Satisfiability of ALCZ-concept w.r.t. general TBoxes is decidable and

Corollary:

ALCZ has the finite model property.

It can be shown that pure ALCZ-concept satisfiability (without TBoxes) is

PSpace-complete, just like ALC.

niversity o
Manche
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A tableau algorithm for ALC QT with general TBoxes

Further add qualifying number restrictions (>nr.C) and (<nr.C):

enr.C)t = {xz € AT | #{y | (x,y) € r* andy € C*} > n}
(<nr.C)! = {x € AT | #{y | (z,y) € P andy € C*} < n}

ALCOT is ALCZ extended with qualifying number restrictions.

09

Observation: ALC QT with general TBoxes looses finite model property:

Co:=-A, 7 :={T =3JR.AN(K1R".T)}

Cy is satisfiable w.r.t. 7', but only in infinite models

University of
Manchester
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A tableau algorithm for ALC QT with general TBoxes

Obvious: 2 new rules for tableau algorithm

niversity o
Manche
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If

Then

If

Then

(Znr.C) € L(x), x is not blocked, and = has
less than n R-neighbours y; with C € L(y;)

create n new R-successor Y1, ..., Yy, Of x with
L(y;) :=={C}foreach1 <i<n

(<nr.C) € L(x), « is not indirectly blocked,

x has n 4+ 1 R-neighbours yq, . . ., y, with C € L(y;), and
there are 2, 3 with y; is not an ancestor of y;

L(y:) — L£(yi) U L(y;),

make y;'s successors to successors of y;,

remove y; from the tree

17
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A tableau algorithm for ALC QT with general TBoxes

Problem: Consider what the tableau algorithm does for

satisfiability of Cy = (23R.(A M B)) M (<2R.A) w.r.t. the empty TBox

. it starts with £(x¢) = {Cy},

applies —-rule to L(xo) = {Cy, (=Z3R.(AT B)), (<2R.A)},

applies —>-rule and generates 3 R-successors y; of o with L(y;) = {A M B},
applies —-rule to yield £(y;) = {A M B, A, B},

. applies — <-rule and removes one of the y;

o L h -

6. goes back to (3), and thus loops
=> algorithm does not terminate due to yoyo effect

Solution: Use explicit inequality # to prevent yoyo effect

niversity of
Manche

ster
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A tableau algorithm for ALC QT with general TBoxes

niversity o
Manche

Solution: Use explicit inequality # to prevent yoyo effect:

f

ster

If

Then

If

Then

(Znr.C) € L(x), x is not blocked, and = has
less than n R-neighbours y; with C € L(y;)
create n new R-successor Y1, ..., Yy, Of x with

L(y;) :={C} foreach1 <7< mn and y; # y; forall ¢ # j

(<nr.C) € L(x), x is not indirectly blocked,
x has n 4+ 1 R-neighbours yq, . . ., y, with C € L(y;), and

there are 2, 7 with not y; # y; and y; is not an ancestor of y;

L(y:) — L(yi) U L(y;).
make y;'s successors to successors of y;,

add y; # z for each z with y; # z,
remove y; from the tree

19



A tableau algorithm for ALC QT with general TBoxes

Extend definition of a clash to NRs:

Additionally, x contains a clash if

o (<nr.C) € L(x) and
e = has more than n R-neighbours yy, . . ., y, with y; # y; for all ¢ # j.

¥4

Does this suffice? No:
(K1R.A) M (K1R.—A) M (=3R.B)

is unsatisfiable, but the algorithm would answer “satisfiable”

Reason: if (<nR.C) € L(x) and x has an R-neighbour y,
we need to know whether y is a C' or not

niversity o
Manchester
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A tableau algorithm for ALC QT with general TBoxes

Solution:

[1 use = C' as an abbreviation for the NNF of —C,

[] extend the node labels to
Cl(Co, T) = SUb(Co, T) U {—IC | C < SUb(C(), T)}

[] add a third new rule:
If (<NR.C') € L(x), x is not indirectly blocked,
x has an R-neighbour y with {C,-C} N L(y) = 0
Then L(y) — L(y) U {D} for some D € {C, -C}

>choice-

Does this suffice? No ...

niversity of
Manche

ster
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A tableau algorithm for ALC QT with general TBoxes

Example: test satisfiability of = A w.r.t. 7

block

T = {T =35. (AN (<18~.T) N (35".-A))}, ie, Cr = 35.D
D

x O L(x) ={-A, (I5.D)}
S
— YO L =1{D, A, (<15), (35".-4), (35.D)}
S

= .0 L) ={D, A, (<15), (35 .-A), (35.D)}

z would block y but we cannot construct a model from this

...and — A is unsatisfiable w.r.t. 7, i.e., our algorithm is still incorrect!

ity o
ster

f

22



A tableau algorithm for ALC QT with general TBoxes

Solution: Double-blocking:

LG

Lemma:

y is directly blocked if there are ancestors x, ’, and y’ of y with

. . ' o L(x)
e ¢ is predecessor of y, x’ is predecessor of v/,

¢ 8((33, y>) — 8(<$,9 y,>)'
o L(x) = L(x), and L(y) = L(y').

Let 7 be a general ALCQOZ-Tbox and Cy an ALC QZ-concept. Then the

1.

2. the rules can be applied such that they generate a clash-free and complete completion

algorithm terminates when applied to 7~ and C,

tree iff Cy is satisfiable w.r.t. 7.

Proof: beyond the scope of this course

University of
Manchester

23



89

Implementing the ALC QZ Tableau Algorithm

Naive implementation of ALC QT tableau algorithm is doomed to failure:

It construct a tree of exponential depth in a

non-deterministic way
~ requires double exponential non-deterministic time and
~~ requires backtracking in a deterministic implementation

Optimisations are crucial

concern every aspect of the

help in “many” cases (which?)

In the following: a selection of some vital optimisations

University of
Manchester

24
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Optimising the ALC QT Tableau Algorithm: Classification

FaCT provides service “classify all concepts defined 77, i.e.,

for all concepts C, D defined in 7, FaCT decides is C _ D w.r.t. 77

~ test satisfiability of C M1 =D w.r.t. 7
~ n? satisfiability tests!

Goal: reduce number of satisfiability tests when classifying TBox

Idea: “trickle” new concept C
into hierarchy computed so far A

University of
Manchester

o T

CC D, wrt. T? O Dy 0 D,

25
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Optimising the ALC QT Tableau Algorithm: Classification

FaCT provides service “classify all concepts defined 77, i.e.,

for all concepts C, D defined in 7", FaCT decides is C L D w.r.t. 77

~ test satisfiability of C M1 =D w.r.t. 7
~ n? satisfiability tests!

Goal: reduce number of satisfiability tests when classifying TBox

Idea: “trickle” new concept C
into hierarchy computed so far A

University of
Manchester

o T

CC D, wrt. T? O Dy 0 D,
NO

26
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Optimising the ALC QT Tableau Algorithm: Classification

FaCT provides service “classify all concepts defined 77, i.e.,

for all concepts C, D defined in 7", FaCT decides is C L D w.r.t. 77

~ test satisfiability of C M1 =D w.r.t. 7
~ n? satisfiability tests!

Goal: reduce number of satisfiability tests when classifying TBox

Idea: “trickle” new concept C
into hierarchy computed so far A

University of
Manchester

o T

CC D, wrt. T? O Dy 0 D,
NO 4N yEs

| " CCE;wrt. T?

O E1 O E2

27
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Optimising the ALC QZ Tableau Algorithm: Absorption

Remember: for 7 = {C; = D; |1 <1 < n}, and
Cr= 11 (—ICfL LJ Dz) [l (Cz LI —lDi)

1<i<n

—(CE- If CT € L(CIZ)
Then L(z) — L(xz) U {Cr}

Problem: 2 disjunctions/GCl ~~ high degree of non-determinism and
huge search space

Observation: split “equivalence” C; = D; into “implications” C; E D; and D; E C;,
then many GCls are of the foom A ... C C for concept name A
e.g., Human M ... E C versus Device ... E C

niversity of 28
Manchester
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Optimising the ALC QZ Tableau Algorithm: Absorption

Idea: localise GCls to concept names by transforming

AN X L C into equivalent A C =X LI C

e.g., Human M Jowns.Pet E C' becomes Human E —downs.Pet LI C

For “absorbed” 7T = {A; C D, |1 <i<n}U{C;C D; | 1< i< ny}
replace — cg-rule with — ¢ -rules:

niversity o
Manche

—qacq: If A; € L(CL‘)

—qer: If (HC; U D;) € L(x)
for some 1 <12 < n,y for some 1 < 2 < ny
Then L(x) — L(x) U {D;} Then L(x) — L(x) U {(—C; U D;)}

Observations: If no GCI is absorbable, this yields the same as — ¢g-rule

f

ster

Each absorption safes 1 disjunction per node,
in the best case, this supersedes all disjunctions from TBox axioms!

29
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Optimising the ALC QZ Tableau Algorithm: Optimised Blocking

For ALC QT, the blocking condition is:
y is blocked by v’ if

for x the predecessor of y, x’ the predecessor of y’
1. L(x) = L(x')

2. L(y) = L(v')
3. (x, R, y) iff (', R,y")

~- blocking occurs late
~~ search space is huge

niversity of
Manchester
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Optimising the ALC QZ Tableau Algorithm: Optimised Blocking

For ALC QT, the blocking condition is:
y is blocked by v’ if

for x the predecessor of y, x’ the predecessor of y’

1. L(x) = L(x') 1. L(x) N RC = L(x') N RC
2. L(y) = £(v) 2. £(y) N RC = L(y') N RC
3. (z, R, y) iff (', R, y’) 3. (z, R, y) iff (=, R, Y’)

for “relevant concepts RC"

~- blocking occurs late ~~ blocking occurs earlier
~~ search space is huge ~~ search space is smaller

... details are beyond the scope of this course

University of
Manchester
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Optimising the ALC QT Tableau Algorithm: Backjumping

Remember If a clash (A, ~A € L(x)) is encountered, algorithm backtracks

i.e., returns to last non-deterministic choice and
tries other possibility

Example 3R.(ANMB)N ((C;UuDy)MA...M(C,UD,))MNVR.-A € L(x)

L N L
L(x) U{C1} @ "7y £(2) U {~Cy, D1}
L "’ -

¥ \/ ) I q A
I\ \/ L(il)) U {—|Cz, Dz}

£(x) U{Crns} () AN
2@,

L(x) U {Cr} @ @ L(x) U {-C,, D,}

University of
Manchester
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Optimising the ALC QT Tableau Algorithm: Backjumping

Remember If a clash (A, ~A € L(x)) is encountered, algorithm backtracks

i.e., returns to last non-deterministic choice and
tries other possibility

Example 3R.(ANMB)N ((C;UuDy)MA...M(C,UD,))MNVR.-A € L(x)

L N\ U
L(x)U{C} @ " L(x) U{=C1, D1}
I_I,/// N_| p N
7 L(@) U {=Cs, D}

L(x) U{Cn1} () RN

' (z) . PN

L(z) U{Cn} @ L(z) U{~Ch, Dy}
R

£“(y) - {(A M B)7 _'Aa AaB}
Clash

University of
Manchester
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Optimising the ALC QT Tableau Algorithm: Backjumping

Remember If a clash (A, ~A € L(x)) is encountered, algorithm backtracks

i.e., returns to last non-deterministic choice and
tries other possibility

Example 3R.(ANMB)N ((C;UuDy)MA...M(C,UD,))MNVR.-A € L(x)

L U
L(x) U {Cy} @ /\’ ‘\, L(z) U {—=C:, D}
I_l’// N_l e N
/\’\, L(z) U {~C,, Dy}
L(z) U {Cp1} ' RN
¥ @ . # 2N
L(x)U{C,} L(z) U {-C,, D,}
R R
L(y):{(AI_lB)a_‘AaAaB} L(y):{(AI_lB)a_‘AaAaB}

Clash Clash Clash ... Clash

University of
Manchester
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Optimising the ALC QT Tableau Algorithm: Backjumping

Remember If a clash (A, ~A € L(x)) is encountered, algorithm backtracks

e., returns to last non-deterministic choice and
tries other possibility

Example 3R.(ANMB)N ((C;UuDy)MA...M(C,UD,))MNVR.-A € L(x)

Y L(x) U{=Cy, D1}

-

¥ R
/\/ 3 L(m) U {—|Cz, D2}

L(z) U {Cn} i @ L(x) U{=Cn, Dn}

L(y) ={(ANB),-A, A, B} L(y) ={(AN B),-A, A, B}
Clash Clash Clash ... Clash

University of
Manchester
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Optimising the ALC QT Tableau Algorithm: SAT Optimisations

Finally: ALCQZ extends propositional logic

~- heuristics developed for SAT are relevant

Summing up: optimisations are possible at each aspect of tableau algorithm
can dramatically enhance performance
~+ do they interact?
~ how?
~+ which combination works best for which “cases”?

~> is the optimised algorithm still correct?

University of
Manchester
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Tableau Algorithms: What was Left out

[] here: ALCOT,
in SOTA DL reasoners FaCT and Racer: SHZ Q, the extension of ALC QT with

— transitive roles: if Trans(R), then RZ must be transitive
—role hierarchies: if R C S, then Z must satisfy RZ C SZ

... extension of ALC QT tableau algorithm and proofs tedious, but not too difficult

[1 ABox: assertions of the form a : C and (a, b) : R to describe a specific situation
... extension of ALC QT tableau algorithm and proofs relatively easy
implementation challenging
[1 concrete domains to describe “concrete” properties such as age, height, weight, etc.
... extension of ALC QT tableau algorithm only possible for restricted cases

[1 tools such as OilEd that use a DL reasoner
...recent development: Protégé has an OWL plugin that connects to DL reasoner

niversity of 37
Manchester
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Automata vs. Tableaux

Tableau algorithms

based on a simple idea (model construction)
amenable to optimization techniques
basis for all state-of-the-art DL reasoners

— bad for proving deterministic upper time bounds

— termination proofs can become very hard

Automata-based algorithms
elegant and simple

well-suited for proving EXPTIME upper bounds

no termination proofs

— no optimized implementations exist (?)
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Automata I

There are many types of automata:

DFA/NFA: working on finite words

w-automata: working on infinite words

automata on finite trees

automata on infinite trees

k-ary M -tree T': infinite k-ary tree whose nodes are labelled with elements of M

‘bA‘ A 2-ary {a, b}-tree
b a a a

TU
Dresden 3
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Automata and Description Logics
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Idea for deciding satisfiability w.r.t. TBoxes:

1. choose a DL that has the tree model property (infinite trees ok)

2. for concept Cj, and TBox 7, define automaton A, 7 such that
Ac,. 7 accepts precisely the tree models of Cy and T~

3. check whether A, 7 satisfies the empty language
If you do not have the tree model property: try some tricks

Can be used to establish EXPT1ME upper bound:

- size of automata is usually exponential in size of Cy and 7.

- emptyness can be decided in deterministic polynomial time
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Looping Tree Automata

Looping tree automaton A: tuple (Q, M, I, A) with

Q) a finite set of states
M an alphabet
I C Q a set of initial states

A C Q X M x QF a transition relation

Language recognized by automaton: set of k-ary M -trees
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Runs
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Looping tree automaton on alphabet {a, b}

Q = {qq,qv}
M = {a, b}
I = {qa}

A= {(qa’ a, da, q’?)’ (va a, dp, Qb),
(qav a, 4p, qa)v (qbv bv db, Qb)}

E qa-

qb. /\ qa
b a Stuck!

qb qb

b A8 B A0

Language: all trees with infinite a-path starting at root
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Runs Il

Looping tree automaton on alphabet {a, b}

Q = {qq,qv}
M = {a, b}
I = {qa}

A= {(qa’ a, da, q’?)’ (va a, dp, Qb),
(qav a, qp, qa)v (qbv bv db, Qb)}

Run of .A on T': assigns to each node in T' a state from @ such that

1. T"s root is labelled with a state from 7

2. (r(a), T(x),r(axl),...,r(ak)) € Aforall a € {1,...

L(A) = {T | thereis a run of A on T}

W

TU
Dresden
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Roadmap

Recall: ALCT = ALC + inverse roles AR~.C and VR~ .C

Goal: prove that A LCZT-satisfiability w.r.t. TBoxes is in ExXpTIME

We proceed in two steps:

1. abstract tree interpretations into Hintikka trees
— tree models have labelled edges (roles), automata trees don’t

— it is convenient to label nodas also with complex concepts

2. define automata that accepts exactly the Hintikka-trees

representing models for the input concept and TBox

W

TU
Dresden
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Hintikka Sets
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Hintikka sets are used as node labels in Hintikka trees (set M).

Intuitively, Hintikka set is the set of all (relevant) concepts

satisfied by some domain element.

Let Cy, 7 be in NNF and = and cl(Cy, 7") be defined as before.

Hintikka set for C and 7: subset ¥ C cl(Cy, 7) such that
(SI)ifC D € ¥, then {C,D} C ¥
(S2) if C U D € T, then {C,D}N T # §
(S3) {C,-C} Z ¥ for all C € d(Cy, T)
(S4) C =D € 7 impliesC < D € ¥

Hc,,7: set of all Hintikka-sets for Cy and 7~
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Hintikka Trees

W
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Let &£ be the number of successors a domain element can be forced to have:

k:= #{D € cl(Cy,T) | D is of the form IR.C}

Hintikka-trees will be k-ary Hc, 7-trees

may be inverse

How can we deal with the non-labelled edges?

— intuitively, there is one potential successor for each A R.C

— hence, the connecting role for each successor is already fixed!

— enumerate all concepts A R.C with &; denoting the z'th one.

—-if & = IR.C € L(«), then the role connecting «’s z-th successor is R

-if & = IAR.C € L(«), then connection to a’s z-th successor is a " dummy”

10

bb



€8

W

TU
Dresden

Example

dR.C
R 1 2 dummy k=2
& =3dR.C
dR.C
35.D ? £ = 3S.D
dummy
1 2 5 1 2 dummy
o PS °

11
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Hintikka Trees Il

Next step:

describe relationship between Hintikka-set of nodes and
Hintikka-set of it’s successors

S
s, ./\. .

A k + 1-tuple of Hintikka-sets S, S1,..., Sk is matching iff
(M1)if & = 3AR.C € S, then C € S;
(M2)if VR.C € Sand & = JR.D € S, then C € S;
(M3)if VR.C € S;and & = 3Inv(R).D € S,then C € S

@ Note: for satisfying dR.C', we only consider the z-th successor

TU
Dresden
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Hintikka Trees IlI
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Hintikka tree for Cy and 7T :

k-ary Hc, 7-tree T such that, for all nodes o:

(T1) Co € T(e)

(T2) the tuple (I'(av), T(al),...,T(k)) is matching

Lemma. Cj, and 7 have a model iff there exists a Hintikka-tree for Cy and 7T .

13



Constructing Automata |

Basic idea:

- use Hintikka sets as states and define A such that

qgo = £ for all (Q{],E,QU---aqk) e A
(recall that A C Q x M X Q%)

98

— if there is an accepting run, it will be identical to the tree!!!
- use initial states to ensure that C, € T'(¢€)

- Check matching properties via transition relation:

e.g. (M1) if (go,€,q1,.-.,qx) € A and & = TR.C € qq
then C € q;

W

TU
Dresden

14
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Constructing Automata Il I
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Automaton for Cj, and 7T
Ac,. 7 = (Q, M, I,A) where
Q = Hc,, T
M = Hc,y,1
I={q€Q|Cocq}
90,4, q1,---,qr € Aiff
-go =¥
- the tuple (Sy, Si,. .., Sk) is matching

Lemma. T' € L(Ac,.7) iff T is a Hintikka-tree for C, and T~

15
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Results
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Size of Ac, 7

1. number of hintikka-sets exponential in |Cy, T |
2. |Q|, |I|, and |M | exponential in |Cy, T|.

3. |A| exponential in |Cy, T|.
(1A] = |M]| = |Q|*)

size of | A¢,,7| exponential in |Cy, T|.

Since the emptyness problem for looping automata is in PTIME:

Theorem. ALCZT-concept satisfiability and subsumption w.r.t. TBoxes
is in EXPTIME.

This complexity bound is optimal as ALC with TBox is ExpTIME-hard

16
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The Emptyness Problem of Looping Automata I

Determine in |Q| rounds the set of blocking states B C Q:

Initialization:

Set By := {q € Q | thereisno (g,a,q1,...,qr) € A}

Round z:
Set B, := B;_1U{q €Q |forall (¢g,a,q1,...,qx) € A
thereis an 1 < ¢ < k such that ¢; € B;_1}

Lemma. L(A) = 0iff I C B.

Computation of the set B = B\, is clearly in PTime.

W

TU
Dresden 17
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ALC with Transitive Closure I

ALCT = ALC

+ transitive closure operator on roles Rt

Semantics: (R™)T = (R%)*

Example: HomoSapiens = Jpredecessor.HomoErectus M Jpredecessort.—Bipedal

HomoSapiens  predecessor predecessor predecessor —Bipedal
@ > @ >@ >0

predecessor
® HomoErectus

W

TU
Dresden 18
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ALC™T and Automata
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Idea for dealing with concepts VR™.C'"

not only put C to all R-successors, but also VR*.C!

{...,VR*.C,...}

19



6

ALCT and Automata Il
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Can we do something similar for 3 R.C (eventualities)?

{...,3R*.C,...}

{...,3R+.C,...}o ° ° °

Problem: Satisfaction of existential restriction may be delayed forever

—> Looping tree automata do not suffice!

20
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Buchi Tree Automata
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Biichi tree automata: A = (Q,M,I,A, F)

like looping tree automata with additional set of accepting states F' C Q

branch of a tree: infinite path starting at the root

A run is accepting iff for every branch B of the tree
there exists a final state g € F

such that g occurrs infinitely often on B

L(A) = {T | there is an accepting run of .A on T'}

Lemma. The emptyness problem of Biichi tree automata is in PTIME.

21
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Generalized Buchi Tree Automata

W

TU
Dresden

Generalized Buchi tree automata: possibly many sets of accepting states

A=(Q, M, I,A,F,,...,F)

A run is accepting iff for every branch B of the tree

foreveryz € {1,...,£4}

there exists a state g € F;

such that g occurrs infinitely often on B

Lemma. For every generalized Buchi tree automaton, an equivalent
Biichi tree automaton can be constructed.

22
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Hintikka Trees |
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Let k£ be the number of concepts IR.C or ART.C in cl(Cy, T)

Again, &; denotes the z'th such concept.

A k + 1-tuple of Hintikka-sets S, Sy, ..., Sk is matching iff

(M2) if & = ART.C € S, then {ART.C,C} N S; # 0

(MA) if VR*.C € Sand & = AR.D € Sor £ = AR+*.D € S,
then {VR*.C,C} C S,

Note: for satisfying 3R*.C, we only consider the z-th successor

23
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Hintikka Trees II |

Hintikka tree for Cy and T

k-ary Hc, 7-tree T' such that, for all nodes a:

(T3)if & = ART.C € T(a), then C € T (az™) for some n > 0

start at « and go to the z-th successor n times

Lemma. Cj, and 7 have a model iff there exists a Hintikka-tree for Cy and 7T .

W

TU
Dresden 24
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Eventualities and Flags

Buichi acceptance condition needed for:

(T3)if & = ART.C € T(a), then C € T («z™) for some n > 0

Idea: - States are pairs (.S, f) with
* S Hintikka set

* f € {0,...,k} aflag.

- Flags are used to keep track of unsatisfied eventualities
* eventuality £; is waiting for satisfaction: f = 2

* no eventuality waiting for satisfaction: f = 0 (recall: there is no &!)

- Starving eventuality means that the flag sticks to the same

non-null value on a branch

@ — Use Biuchi-condition to detect that.

TU
Dresden
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Eventualities and Flags Il I
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JRrR+.C
F=0 2 38*+.D

k=2
~C,3R*.C D,3R.D
E>, = 3IST.D
1 2
f=1 f=2
—C,dRT.C « e—~D,3R.D

If r(a) = (S, f), then

- f=1iff x £ = ART.C occurred in o’s predecessor
* « IS f’th successor of the predecessor

x* C & S

26
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Eventualities and Flags 1lI
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——> Flag sticks to the same (non-null) value z

—> All values different from 2 occur only finitely often on the

——> for each z, introduce a set F; containing those states with f-£z

Use k sets of accepting states Fi, ..., F}:

F;={(5,5) € Q|3 # i}

27
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Constructing Automata

Automaton for Cy and 7 :
Ac,.7 = (Q,M,I,A, Fy,...,F) where
Q=Hc, 7 X{0,...,k}
M = Hc, T
I={(S,f)eQ|Cope Sand f =0}
F;={(S,7) €Q|j#1}

((So, £0)» S, (S1, f1)s+++ 5 (Sks 1)) € A iff
- S() — S

- the tuple (Sy, Si, ..., S) is matching

@ * 71 0 otherwise

TU
Dresden
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Results

Emptyness test for Biichi-automata is more complicated, but still PT1iME

Lemma. T' € L(Ac, 1) iff T is a Hintikka-tree for C, and T~

Theorem. ALC™-concept satisfiability and subsumption w.r.t. TBoxes

is ExpTiME-complete.

Can be easily extended to ALC"“Y:
- ALC + role constructors “U” (union), “;” (composition),
and “-*” (refl-trans closure)
@ - Notational variant of PDL (Propositional Dynamic Logic)

TU
Dresden
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Final Remarks I
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- Automata-based approach also works for logics from Part I

—> they are in EXPTIME.

- There exist other acceptance conditions than Biichi

- There exist other automata models, for example alternating automata:

Idea:

- states are formulas, not sets of formulas
- size of automaton is polynomial in the size of the input concept + TBox

- emptyness check is EXpPTIME-complete

30
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4. Complexity of selected DLs

Devise (and prove) upper and lower complexity bounds for a selection of DLs



Complexity of selected DLs

So far: upper complexity bounds for the satisfiability of:

e CSAT(ALC) is in NEXPTIME
(tableau algorithm is non-deterministic, builds c-tree of linear depth)

70T

e SAT(ALCQOT) w.r.t. TBoxes is in 2NExPTIME
(tableau algorithm is non-deterministic, builds c-tree of exponential depth)

e SAT(ALCZO) w.r.t. TBoxes is in EXPTIME
(automata built for Cy, 7 is exponential in |Cy| + | 7|,
testing its emptiness is polynomial in automata’s size)

niversity o
Manchester
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PSpace DLs: ALC is in PSpace

The NExpTime tableau algorithm deciding CSAT (LALC) can be modified easily
to run in PSpace:

For an ALC-concept C,

1. the c-tree can be built depth-first

2. branches are independent ~~ keep only one branch in memory at any time
3. length of branch < |Cy|

4. for each node x, L(x) C sub(Cy) and # sub(Cy) is linear in |C|

~~ non-deterministic PSpace decision procedure for CSAT (ALC)

niversity of
Manche:

ster
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PSpace DLs: ALCZ is in PSpace

inverse roles: use “R-neighbour” instead of “R-successor”
to decide CSAT (AALCZI) ~- tableau algorithm satisfying

1. the c-tree can be built depth-first

2. branches are independent ~~ keep only one branch in memory at any time
3. length of branch < |Cy|

4. for each node x, L(x) C sub(Cy) and # sub(C)) is linear in |Cy|
branches are not independent: effects go up one branch, down another branch

Solution: reset-restart technique:

5. when node label £(x) changes, remove the subtree below x (reset) and re-construct
it (restart).

~~ PSpace realisation of the tableau algorithm for CSAT (ALCT)

University of .
Manchester
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PSpace DLs: .ALC (and thus ALCZT) is PSpace-hard

PSpAcCE-hardness of ALC proved by a reduction of

the validity problem for to satisfiability of ALC
quantified Boolean formulae

QBFs are of the form Q1p1-Q2p2. . . . Qnpn.p
for Q; € {V, 3} and ¢ a Boolean formula over py, ..., p,

Validity of QBFs defined inductively:

Ip.® isvalid if ®[p/t] or ®[p/f] is valid
Vp.® isvalid if ®[p/t] and ®[p/ f] are valid

Known: validity of QBFs is PSPACE-hard
Obligation: for QBF ®, define Cg such that Lemma: P is valid iff Cs is satisfiable

~> Corollary: CSAT(.ALC) is PSPACE-complete

niversity of 5
Manchester



PSpace DLs: .ALC (and thus ALCZT) is PSpace-hard

Each model of Cy3 = Q1p1.Q2p2. . .. Q,p,. contains a tree of depth n where,

for Tg € Cq),

80T

e if (); = 4, then each R~V _successor of 2y has 1 R-successor, and

e if Q; =V, then each R*~V-successor of x, has 2 R-successors, one in p; and

one in —p;.

e and all leave nodes satisfy .

Cs

= L1 [ VR.(LQ M \V/R.(Lg, M.. .VR.(Ln [ (p)) oo .)) where

(3R.T if Q; = 3

= DiT{ 3R.p; M IR.—p; if Q; = v aNd

\
= [1(pj = VR.p;) N (=p; = VR.~p;)
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ExpTime DLs: ALC with TBoxes is ExpTime-hard

We know: SAT(ALCZO) w.r.t. TBoxes is in ExpTime

polynomial-space-bounded alternating TM to SAT(ALC) w.r.t. TBoxes.

Lemma: SAT(ALC) w.r.t. TBoxes is ExpTime-hard

Proof idea: reduce the halting problem of a

Basic ldeas: for PSB-A-TM M, build TBox 7 with

e tape-cell 7 contains letter o is coded as concept name o;

(possible due to polynomial space bound)

e use CEs to ensure that each tape-cell contains exactly one letter

e use CEs to encode M'’s (V/3) transitions relation

(e.g., cell contents changes only near head)

Then M holds on w iff 2 is satisfiable w.r.t. 7

niversity o
Manche
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ExpTime DLs: ALC with TBoxes is ExpTime-hard

An alternating TM M = (Q, X, A, qo) consists of

Q = U U E, a set of states with
U a set of universal states and
F a set of existential states,
go € @ the initial state,
Y., the alphabet,
AC QXXX (QxXx{£r}), the transition relation.

01T

e € X*QX T is a configuration,
e o € X*UXT is a universal configuration,

e v € X*EXT is an existential configuration.

niversity o
Manchester
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ExpTime DLs: ALC with TBoxes is ExpTime-hard

The transitions are defined as usual:

University of
Manchester

3 is a next-config of
if (g,0,q9’,7,7) € A and

/

T oo Y 8 = T T
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ExpTime DLs: ALC with TBoxes is ExpTime-hard

A trace of M is a finite set T' = {g, a1, ...} where each «; is a configuration and if

niversity o
Manche

e @ € T is a universal configuration, then V next configuration 3 of a: B € T

e o € T is an existential configuration, then 3 a next configuration 3 of a: 3 € T'.

f

ster

L(M) = {w € ¥* | IT with qow € T}

s(+) — bounded A-TM:
L(M,s(+)) := {w € X* | AT with gqow € T andVa € T : || < s(|w]|)}

10



ExpTime DLs: ALC with TBoxes is ExpTime-hard

€1l

niversity of
ester

Example: an alternating TM M = (Q, X, A, qp) with

L(M) = {w € {a,b}* | w € (aa)T or w € (ab)™} =
(aa)™ U (ab)™

Q = U U E, set of states with
{A:, Ay, B1, By, F'} set of universal states and
{qo} set of existential states,
go € @ the initial state,
{a, b}, the alphabet,
AC(QxXY)x (Q@xXx{Lr}) , the transition relation.
— { (QOv a,A,a, 7“), (QO, a, By, a, T)
(A, a,Ag,a,7), (Ag,a, A,a,r)
(B1,b, By, b, 1), (Bgy,a, By, a,r)
(B, blank, F,,), (Ay,blank, F,,)}
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ExpTime DLs: ALC with TBoxes is ExpTime-hard

For an ATM M = (Q,X,b, A, qp), aword w € ¥* and m := s(|w|) + 1,
the TBox 7, contains the following CEs to ensure that each element in a model
corresponds to a configuration of M:

niversity o
Manche
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exactly one state and one head position

T = U(A, M M (=AN)) A L (H, A N —H;
(4,0 1 (~A) 1 [ n 1) -8

exactly one letter per cell

T = 1 U(Ci,n M =Ciy)
1=00€X T#O

unread cells are maintained

T = 1 N (CipN—H; = YN.Ci,)
1=0 o€l

head moves only 1 cell
T = _ﬁ)(Hi — VN.(H;_1 U Hi, 1))

12
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ExpTime DLs: ALC with TBoxes is ExpTime-hard

universal transitions are ok

m—1
T=T 1 HNCi,MNA, = M AN.(Hy1MCigr M Ag) M
i=1 o,qeU (g,0,q’,0',m)EA

M 3N.(H;_, M Ciy M Ay)

(g,0,9',0',)eA

existential transitions are ok
m—1

T=T1 N H;NC,MNA, = | AN.(Hit1 M Cj 0 M Agr) U
i=1 o,qcE (g,0,q9’,0',r)EA

L 3N.(H;_; M CipMAy)
(Q907q,90/9l)€A

Then, for w = o - - - 0,,, Wwe have that

mn
A Hi M [ Cig,
1=

is satisfiable w.r.t. Trq iff w € L(M).

ity o
ster

f
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ExpTime-hard DLs

Each Description Logic extending ALC where we can

91T

polynomially reduce satisfiability w.r.t. TBoxes to
pure concept satisfiability is
ExpTime-hard

This reduction is called internalisation of TBoxes

University of
Manchester

14
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ExpTime DLs: ALCZQO is ExpTime-hard, even without TBoxes

Lemma: CSAT(ALCZO) is ExpTime-hard

Proof idea: use a spy to internalise TBox

Spy Model of C

Q3
Spy: an object IV related to all other objects via (new) role U': \
for input concept C, define

C, = NN3Iu.Cc nvU. 1I_IR‘V’R.EIU_.N

where the conjunction is over all roles R, R~ in C or T

Internalise: ensure that each object satisfies 7 = {T = Cr}:
C, = C,MVYU.Cr

~ C' is satisfiable w.r.t. 7 iff C5 is satisfiable

~ |Cy| is polynomial in |C| + |C'r|

~ SAT(ALCZO) w.r.t. TBoxes is polyn. reducible to CSAT(ALCZO)

ity of

ster
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NExpTime DLs: ALCQOZO is NExpTime-hard

niversity o
Manche

We know: SAT(ALCZO) w.r.t. TBoxes is ExpTime-complete

Also: SAT(ALCQT) w.r.t. TBoxes is ExpTime-complete

where Q stands for qualifying number restrictions (>nr.C') and (<nr.C)

Lemma: their combination is NExpTime-hard

Proof: by reduction of a NExpTime version of the domino problem:

D,

a fixed
set

of
dominoe

types

L

f

ster

-

can we tile a
oMy 2N square
using D?

16
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NExpTime DLs: ALCQOZO is NExpTime-hard

Definition: A domino system D = (D, H,V)

e set of domino types D = {D,,..., Dy}, and

e horizontal and vertical matching conditions H C D X Dand V C D X D

A tiling of the IN X IN grid using D:

niversity o
Manche

t : IN X IN — D such that
(t(m,n),t(m+ 1,n)) € H and
<t(m9 n)at(man + 1)> eV

Domino problem standard: has D a tiling?

f

ster

NExpTime: has D a tiling for a 2™ X 2" square?

17



NExpTime DLs: ALCQOZO is NExpTime-hard

Reducing the NExpTime domino problem to CSAT(ALCQZO) ~~ four tasks:

[] each object carries exactly one domino type D);
~+ use concept name D); for each domino type and

— M1 |_| D
1= 1<i <d(D j# i)

0cT

[] each element x has exactly one H-successor
exactly one V' -successor

whose domino types satisfy the horizontal /vertical matching conditions:

T= N D= ((K1V.T)n3Vv. D;))

1<1<n (D’L?Dj)

(SLHT)N(3H. 1 D;)

niversity o
Manchester

18



NExpTime DLs: ALCQOZO is NExpTime-hard

1¢T

[1 the model must be large enough, i.e., have 2™ X 2™ elements
~~ encode the position (x, y) of each point using binary coding in
the concept names X;,..., X, Y1,...,Y,:

E.g., an instance of = X3, X5, X7, Y3, 7Y5, and Y; represents the tuple (011, 101),
and thus the point (3, 5).

T=(X1NX,M...MnX,)
X; = (X1 (VH.-X,)) U (-X; N (VH.X4)) % switch lowest bit

X, = (1 X; N ((Xi NVH.AX;) U (=X NVH.X;))) U % switch -th bit, if
<j<i
% all lower ones are 1

(— 1<|_.| X, M (X; NMVH.X;) U (-X; MVH.—Xj;))). % else keep it
SI<t

niversity of 19
Manchester



NExpTime DLs: ALCQOZO is NExpTime-hard

[1 ensure that the V' o H-successor of each node coincides with its H o V' -successor
~ enforce that each object is the H-successor of at most one element (and the same

44!

is satisfiable w.r.t. to 7p defined above iff D has a 2™ x 2™-tiling.

niversity o
Manche

for V):

T2 (K1V-.T)N(K1H".T)

~+ enforce that there is < 1 object in the upper right corner:

Harvest:

f

ster

N=Xn..nX,ny;n...Nny,

- X:M...M=X,N=Y;M...n=ay,

20
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NExpTime DLs: ALCOZO is in NExpTime

Known:
[1 2-variable fragment of FOL is decidable
[1 2-variable fragment of FOL with counting quantifiers is decidable

327 ...and I="x. .. Nexptime-complete
O in ALCZ O, TBoxes can be internalized

~~ to prove SAT(ALCQZO) w.r.t. TBoxes being in NExpTime, it suffices to
reduce CSAT (ALCQTO) to satisfiability of C-FOL2

In ACCQOTZ O, IR.C and VR.C are syntactic sugar:
JR.C = (>1R.C) and VR.C = (<O0R.—C)

niversity of
Manche

ster
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NExpTime DLs: ALCOZO is in NExpTime

t:(A) = A(z),
t:(N) = (z = N),
t(~D) = —~t,(D),
t,(C D) = t,(C) A ty(D),
t,(C U D) = t,(C) V ty(D),
t:(>nR.C) = 32"y.R(z,y) A t,(C),
t.(>nR~.C) = 32"y.R(y,z) A t,(C),
tz(<nR.C) = 3="y.R(z,y) A t,(C),
tz(<nR™.C) = 3I="y.R(y, ) A t,(C).

~ SAT(ALCOZO) w.r.t. TBoxes is NExpTime-complete

niversity of
Manchester

22
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NExpTime DLs: ALCOZO is in NExpTime

SAT(ALCQOTZO) w.r.t. TBoxes is NExpTime-complete
provided that |(>nR.C)| = |(SnR.C)| =n+ 1+ |C|.

For |(>nR.C)| = |(<nR.C)| =log(n) +1+ |C|,
no exact upper bound is known.

niversity of
Manchester
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The DL SHZ Q

The DL S HZ Q extends ALC QT with transitive roles and role hierarchies:

transitive roles: certain role names must be interpreted as transitive relations
e.g., ancestor, has-part, part-of, etc.

role hierarchy: set of implications R T S, which require R* C S§%
e.g., daughter L child, has-component L has-part

FaCT and Racer are highly optimised STHZ Q-implementations

Note: If Trans(S) and R C S, then S is a transitive relation containing R*

7

(R™)? is the smallest transitive relation containing R*

Known: SAT(SHZQ) w.r.t. TBoxes is ExpTime-complete if
roles in NRs are simple (don't have transitive subroles)

University of
Manchester
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SHZ Q is undecidable with non-simple roles in NRs

Restricting NRs to simple roles is indeed necessary

Proof: STHZ Q without inverse roles and with un-qualifiying NRs only, but
with non-simple roles in NRs is undecidable

by reduction of the domino problem:

For a domino system D = (D, H, V'), define a TBox 7p and a SHZ Q-concept C'p
such that

D has a tiling (of the whole grid) iff Cp is satisfiable w.r.t. 7p

We can (almost) re-use the concept equations

T =( U D;y)m( —(D; M D))
1<1<n 1<z < ) <n
T= [l Di=(L1V.T)n@V. U Dj;nm
1<i:<n (D,,;,DJ)EV
[ D; = ((<1H.T) N (3H. D;)))

1<i<n (Dz,DJ)

niversity of 25
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SHZ Q is undecidable with non-simple roles in NRs

. . . and impose grid-structure as follows:

®wt m S mm  hoSh Sk S

C D C

H, H, H,
VIT VIT VIT H Vi Hy V,

A B A

o—~0—~0 -

H, H, H,

T = A= (-BnN-CnN-DMN3H,.BN3V,..CMN<38),
T =B=(AN-CMN-DN3H,. AN 3V;.D M <382),
T =C= (mAN-BMN-DMN3H;.DM3V,.AM<3812),

niversity of
Manchester
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What we Left Out So Far

W

TU
Dresden

|. Applications

II. Many Extensions

- concrete domains: numbers and arithmetics in concepts
- temporal / epistemic / non-monotonic DLs
- some constructors: Booleans on roles, role value maps, etc.

- DLs with n-ary relations

I1l. Sub-Boolean DLs
- DLs below ALC (tractable?!)

- Non-standard reasoning services
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SubBoolean DLs

Even good old .ALC is PSracE-complete / ExpPTiME-complete

——> What if tractability is needed? (e.g. in large-scale applications)

Name Operators Satisfiability Subsumption Subsumption TBoxes
EL n,3, T — PTIME PTiME
FLo n,v, T PTIME PSPACE
FL n,v,3", T — PSPACE > PSPACE
— M, U — co-NP —

W

TU
Dresden
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SubBoolean DLs

W

TU
Dresden

EL (M,3, T) is used in medical and biological ontologies

T = Inflammation — (Disease M1 Jacts-on.Tissue)

HeartDisease = Disease M 3has-loc.3comp-of.Heart

T = Retina — (Tissue M Jhas-loc.Eye)

Every £ L-concept is satisfiable w.r.t. every £ L-TBox

Goal: show that subsumption w.r.t. TBoxes is in PTIME

1. Normalize TBox
2. Compute “Ilmplication Sets”

3. Read off subsumption relationships
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TBox Normalization |

Assumptions:
@ consider only the subsumption of concept names w.r.t. TBoxes

€ E AT B wWhcieRls A= O A= ")

@ TBox assertions have the form C L D
I k= CLCDiffctC D*

C = DequivalenttoC C D,DC C

Normalized TBox: only assertions of the following form:
ALC B
ANA'C B
ALC3JR.B
() JR.AC B

TU
Dresden

A, A’, B: concept names or T
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TBox Normalization Il

Normalization can be achieved by introducing new concept names:

Let C C D € T with C, D complex

Top-most operator in D (C' treated analogously):
- C =3R.FE CCD-~ALCFE,FC A, CLC 3JdR.A

- C=FnNF introduce "new names” for £ and F’

Additional case:

CC DM EvreplacedbyCC Dand C C FE

W

TU
Dresden
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Implication Sets

Compute an implication set S(A) for every concept name A in T~

Intuition: S(A) contains all concept names B with A C+ B

@ Initially, S(A) = {A}

@ Then saturate S(A) using these rules:

RI A’ € S(A) ACBET —  add B to S(A)
R3 A’ € S(A) A'C3IRBET

~ add Ato S(A)
B’ € S(B) SR B AT

W

TU
Dresden



Implication Sets Il

Lemma. 1. B € S(A) iff A Cy B.

2. the implication sets can be computed in polynomial time.

ad 2.

- there are at most |7"| implication sets to be computed;

9¢T

- each implication set contains at most |7°| elements

—> at most |77|? rule applications

- searching for an applicable rule needs time at most |77|?

—— algorithm runs in time |77|*

W

TU
Dresden
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Extensions of £L

W
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Negative results (all with TBoxes):
- &L + “U": co-NP-hard
-EL + “VR.C": EXpPTIME-complete
— EL + inverse roles: PSPACE-hard
— £L + atomic negation: EXpT1iME-complete

— EL + functional roles: NP-hard

Positive result: we can add the following (simultaneously):

— nominals
— role inclusions Ry o---0 R, C R

—— role hierarchies and transitive roles

— a weak form of concrete domains

=38

— transitive closure
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Non-Standard Inferences I

Reasoning tasks “satisfiability” and “subsumption” have longest tradition in DL

But there are also “non-standard-inferences’ :

@ main purpose: provide support for engineering large ontologies

@ often only applicable to small languages

or not well-understood for expressive languages
@ often do not correspond to standard reasoning in other areas of logic

@ usually computation problems, not decision problems

Here we consider: “Least Commen Subsumer” and “Most Specific Concept”

W

TU
Dresden 10



6€T

Least Common Subsumer (LCS) I

Intuition:
The LCS of two concepts C' and D is a concept describing

the commonalities of C and D.

Helps to build engineer large knowledge bases:

if the concept hierarchy is flat, the system can propose intermediary concepts

Definition:
FE is the LCS of C and D if
. CC Fand DL FE

2. for every F with C C F and D L F, we have E L F.

W

TU
Dresden 11
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Least Common Subsumer (LCS) II

Example: C = dR.AMNM3JR.BMN3dR.C
D = EIR.(A M B)

@ LCSof Cand Din€EL: IR.AMNM3IR.B

@ LCSof Cand D in ALC: C U D

—> LCS only meaningful in DLs without disjunction

LCS often exists and is computable, but can be hard huge
F Ly: LCS polynomial
E L: binary LCS polynomial; n-ary LCS can be exponential
ALE [(—), M, V, and 3]: binary LCS can be exponential

W

TU
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Most Specific Concept (MSC) I

Idea:

Allow the knowledge engineer to define concepts by giving examples:
1. examples given by ABox individuals
2. for each example, compute the most specific concept describing the inidividual

3. extract their commonalities by computing the LCS

Definition:
The MSC of an inidivudal a in an ABox .A is the concept C such that
1l AFa:C
2. for each D with A |=a : D, we have C C D

Exists in F Ly, but not in £L: i >
A

@ ——> consider only acyclic ABoxes or the “k-approximation”

TU
Dresden 13
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LCS in ELC

W

TU
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LCS does not always exist in the presence of TBoxes:

A=3dR.A

LCS(A, B) w.r.t. 7: 777
B = 3JR.B

Thus we work without TBoxes here.

Strategy:
1. Represent £ L-concepts by € L-trees

2. Characterize subsumption in terms of homomorphisms between £ L-trees

3. Compute the LCS as the product of € L-trees.

14
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E L-trees

E L-trees: labelled tree T' = (V, E, £), where £ labels
- FE CV XRoles x V

— £ labels each node with a set of concept names

For example:
AMNIR.(AR.(AMB)M3S.B)M3IAR.(AM3IS.A)

becomes: {A}
R R
0 {A}
R R S
& {A,B} ¢ e {B} °{A}

TU
Dresden
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Subsumption Through Homomorphisms

Let T'= (V,E,f) and T' = (V', E', ¢')

E L-homomorphism from T to T":
mapping h : V. — V' such that
— the root of T" is mapped to the root of 7"
- (z,R,y) € E —> (h(x),R,h(y)) € FE’
—£(x) C £'(h(x))

Lemma. C [ D iff there exists an £ L-homomorphism from T'p to T¢.

W

TU
Dresden
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Subsumption Through Homomorphisms I|

Tc T

@\//\

C C D!

W
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LCS as Product I

Let ' = (V, E,f) and T' = (V’, E’, ¢’) with roots r and r’

Their product T' X T is defined inductively:

— T7 X T3 has root (r,7’)

- L(r,r") = L(r) N ' (r')

— for each pair of edges (r, R,x) € E and (', R,y) € E’
in T' x T there is an edge ((»,7’), R, (x,vy))

with (x, y) root of T'|x X T'|y

Lemma. The LCS of C and D corresponds to the product T X Tp

W

TU
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LCS as Product |I

{A}

r

7N

{A, B} *

VN

{A} {B}

{A} (x

AN

@ (r2,y2) (2,Y2)
—El)_gesden {A} @

~—

z1{B}

/(
0)
R

‘(382, y2)
0

{A}yo

{B}

N\

y, LB}

2 NN

Y2
{A, X}

N,

(mla yO)

(w27 y2)
1)

{ALY}

{A}
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LCS as Product 111 |

W
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Lemma. The LCS of C and D corresponds to the product T X T'p

Proof idea:

denote with E the concept corresponding to T X Tp

1. CCEand DC E

E L-homomorphisms from T'g to T and T'p: projection
(map (x,y) to « and y, respectively)
2.CLC Fand D C F implies E L F

there exist £ L-homomorphisms hc from Tk to T
and hp from T to T
E L-homomorphisms from T'r to Tg:
map each node x of T to (hc(x), hp(x))

20
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Want more?

W
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Dresden

More information:

@ The Description Logic Handbook

@ Our slides (available on the web at http://lat.inf.tu-dresden.de/~clu/)

@ Send us a mail: sattler@cs.man.ac.uk

lutz@tcs.inf.tu-dresden.de
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n-ary Products of £ L-trees
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Dresden
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5.a: Two Applications of DLs

1. DLs for reasoning about (database) conceptual models

2. DLs for ontology engineering

University of
Manchester
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Description Logic Systems

State of the art systems are
highly optimised versions of the tableau algorithm for SHZ Q: FaCT and Racer

Optimisations implemented in FaCT and Racer

e are known from other “logic implementations”,

e include minimisation of subsumption tests for
the classification of all concepts defined in the TBox

e include SAT-heuristics, e.g., semantic branching or Davis-Putnam,

e include dependency-directed bracktracking
(non-determinism is implemented through search with backtracking)

e include strong pre-processing of TBox (localisation/absorption of CEs)

e include optimised double-blocking conditions
(otherwise, blocking occurs dramatically too late)

University of
Manchester
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DLs for conceptual modelling

Idea: Translate EER/UML database conceptual model E into SHZ QO TBox 7g:
each model of FE is a model of 75 and vice versa.

use DL system to infer inconsistencies and implicit subsumption relations
useful for integrating databases/in datawarehousing

Technicalities: [f only binary relations are present in F,
translation into S HZ Q is rather straightforward

If n-ary relations are present in F,
translation into STHZ Q requires reification of relations

University of
Manchester
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DLs for conceptual modelling

Example:

University of
Manchester

order
|
11 } 1 related
- |
client : ‘ banquet <> celebration
clior baor 1.1 1.1
f 1. 1.%
bain baser
person frm (| served in
placein |-~ -
rein meser
1.1 1.1 is
1.x 1. comprised
restaurant T menu — .
reof } meof 1.5 1x dish
|
|
1
offer m
h ] 1 0.*
characteristic | ™ L
restaurant ‘ speciality
charof } speof
|
|
offer_s
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DLs for conceptual modelling

SHZI O TBox for the restaurant UML

client = (> 1lorder.T) M (Vorder.banquet)

banquet = (= lorder .T) M (Vorder .client) I
(= 1placed-in. T) M (Vplaced-in.restaurant)
(= 1served-in~.T) M (Vserved-in~.menu)
(= 1lrelated-to. T') M (Vrelated-to.celebration)

celebration = (= 1lrelated™.T) M (Vrelated-to™ .banquet)
person ; client M —firm
firm C client M —person

niversity of
Manchester



991

DLs for conceptual modelling

University of
Manchester

System demo of i.com,
a tool for intelligent conceptual modeling,

implemented by Enrico Franconi and Gary Ng
using FaCT by lan Horrocks
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DLs for ontology engineering

Ontologies are formalization of a conceptualization
fix the relevant concepts of an application domain (like a TBox)
are widely used in enterprise knowledge management systems

will widely be used in the semantic web

Useful ontologies

e should be consistent and not redundant
e are built possibly by several knowledge engineers
e evolve over time

e are possibly integrated with other ontologies

University of
Manchester



89T

DLs for ontology engineering

An ontology language

e should have a clear semantics ~~ logic

e should allow for tractable inference services to
support the design, evolution, maintenance, and integration of ontologies

DAML+4OIL, OWL, and OIL are DL-based ontology language

System demo of OilEd,
a tool for ontology engineering,

implemented by Sean Bechhofer and Gary Ng
using FaCT by lan Horrocks

University of
Manchester



