
1

1



2

2



3

3



4

4



5

5



6

6



7

7



8

8



9

9



10

10



11

11



12

12



13

13



14

14



15

15



16

16



17

17



18

18



19

19



20

20



21

21



22

22



23

23



24

24



25

25



26

26



27

27



28

28



29

29



30

1

2 3

4 530



31

31



32

32



33

33



34

34



2. Tableau algorithms for extensions of ALC

Extend ALC-tableau algorithm from first session with

① general TBoxes

② inverse roles

③ number restrictions

Discuss some optimisation issues

Goal: Design sound and complete desicion procedures for

satisfiability (and subsumption) of DLs which are

well-suited for implementation purposes
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Manchester

1

35



A tableau algorithm for ALC with general TBoxes

Remember:

• A concept equation is of the form C
.
= D for C, D (complex) concepts

• A (general) TBox is a finite set of concept equations

• I satisfies C
.
= D iff CI = DI

• I is a model of TBox T = {Ci
.
= Di | 1 ≤ i ≤ n} iff

I satisfies each concept equation in T

Extend ALC tableau algorithm to TBox Ã transform a TBox

T = {Ci
.
= Di | 1 ≤ i ≤ n},

into a single, equivalent concept equation

>
.
= u

1≤i≤n
(¬Ci t Di) u (Ci t ¬Di)

u
1≤i≤n

(Ci ⇔ Di)

=: CT ,

Lemma: I is a model of T iff CI
T = ∆I .

University of
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A tableau algorithm for ALC with general TBoxes

Thus, 1. since nodes of completion tree represent elements of ∆I and

2. because of previous Lemma (I is a model of T iff CI
T = ∆I),

to decide satisfiability of ALC-concepts w.r.t. TBoxes,

we extend ALC-tableau algorithm with the following rule:

→CE: If CT 6∈ L(x)

Then L(x) → L(x) ∪ {CT }

Example: Consider satisfiability of C w.r.t. {C
.
= ∃R.C}

CT = (¬C t ∃R.C) u (C t ∀R.¬C)

Tableau algorithm no longer terminates!

Reason: The role depth of concepts no longer decreases along paths

in a completion tree

University of
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A tableau algorithm for ALC with general TBoxes

Regain termination with cycle-detection

Blocking: if x and one of its ancestors y are very similar, only extend y:

• x is directly blocked if it has an ancestor y with L(x) ⊆ L(y)

• In this case and if y is the “closest” such node to x, we say that x is blocked by y

• A node is blocked if it is directly blocked or one of its ancestors is blocked

⊕ restrict the application of all rules to nodes which are not blocked

Ã Tableau algorithm for ALC w.r.t. TBoxes

University of
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A tableau algorithm for ALC with general TBoxes

Lemma:

Let T be a general ALC-Tbox and C0 an ALC-concept. Then

1. the algorithm terminates when applied to T and C0 and

2. the rules can be applied such that they generate a

clash-free and complete completion tree iff C0 is satisfiable w.r.t. T .

Corollary:

Satisfiability of ALC-concept w.r.t. general TBoxes is decidable and

ALC has the finite model property.

University of
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A tableau algorithm for ALC with general TBoxes

Proof: 1.(Termination) (the algorithm terminates when applied to T and C0):

is due to the following properties: let n = |C0| + |CT |

1. outdegree of the completion tree is bounded by n

2. depth of the completion tree is bounded by 2n:

on a path of length 2n, blocking occurs, and thus it does not get longer

3. node labels are sets of sub-concepts of C0 and CT

(1+2+3): the size of the completion tree built is bounded

4. the completion tree is built in a monotonic way: each rule only

• extends node labels or

• adds a node (with a label)

University of
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A tableau algorithm for ALC with general TBoxes

Proof: 2. “⇒” (Soundness): for T a complete, clash-free completion tree for C0, T ,

construct a finite (non-tree) model as follows:

∆I := {x | x is a node in T , x is not blocked}

AI := {x ∈ ∆I | A ∈ L(x)} for concept names A

RI := {〈x, y〉 ∈ ∆I2
| 〈x, y〉 ∈ E(R) or

〈x, y′〉 ∈ E(R) and y blocks y′}
for role names R

Prove (by induction on the structure of concepts) that, for all x ∈ ∆I , C ∈ sub(C0, T ):

C ∈ L(x) implies x ∈ CI.

Then, since C0 is in the label of the root node and CT in the label of all nodes,

I is indeed a model of C0 and T .

University of
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A tableau algorithm for ALC with general TBoxes

Proof: 3. ⇐ (Completeness):

use model I of C0 and T to steer the application of the →t-rule:

Inductively define a total mapping

π : nodes of completion tree → ∆I,

start with π(x0) = a for some a ∈ CI
0 and show that

each rule can be applied in such a way that (∗) is preserved

if π is extended appropriately for the →∃-rule:

if C ∈ L(x), then π(x) ∈ CI (∗)

if 〈x, y〉 ∈ E(R), then 〈π(x), π(y)〉 ∈ RI

E.g.: →∀-rule, applied to x and y with ∀R.C ∈ L(x): (∗) implies π(x) ∈ (∀R.C)I

and 〈π(x), π(y)〉 ∈ RI . Hence semantics implies π(y) ∈ CI , and thus adding C to

L(y) preserves (∗).
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A tableau algorithm for ALC with general TBoxes

Proof: 3. ⇐ (Completeness):

use model I of C0 and T to steer the application of the →t-rule:

Inductively define a total mapping

π : nodes of completion tree → ∆I,

start with π(x0) = a for some a ∈ CI
0 and show that

each rule can be applied in such a way that (∗) is preserved

if π is extended appropriately for the →∃-rule:

if C ∈ L(x), then π(x) ∈ CI (∗)

if 〈x, y〉 ∈ E(R), then 〈π(x), π(y)〉 ∈ RI

E.g.: →∃-rule, applied to x with ∃R.C ∈ L(x): (∗) implies π(x) ∈ (∃R.C)I .

Hence semantics implies the existence of b ∈ ∆I with 〈π(x), b〉 ∈ RI and b ∈ CI .

Extending π with π(y) = b for y the new R-successor of x thus preserves (∗).
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A tableau algorithm for ALC with general TBoxes: Summary

The tableau algorithm presented here

➔ decides satisfiability of ALC-concepts w.r.t. TBoxes, and thus also

➔ decides subsumption of ALC-concepts w.r.t. TBoxes.

➔ uses blocking to ensure termination, and

➔ is non-deterministic due to the →t-rule.

➔ in the worst case, it builds a tree of depth exponential in the size of the input,

and thus of double exponential size. Hence it runs in (worst case) 2NExpTime,

➔ can be implemented in various ways,

– order/priorities of rules

– data structure

– etc.

➔ is amenable to optimisations (see end of session).
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A tableau algorithm for ALCI with general TBoxes

ALCI is the extension of ALC with inverse roles R− in the place of role names:

(R−)I := {〈y, x〉 | 〈x, y〉 ∈ RI}.

Motivation: with inverse roles, one can use both

has-child and is-child-of

has-part and is-part-of

and their interaction

Example: Does ∀parent.∀child.Blond v Blond w.r.t. T = {>
.
= ∃parent.>}?

Example: Is C0 = ∃R.∃S.∃T.A satisfiable w.r.t. T = { C
.
= ∃R.C

>
.
= ∀T −.∀S−.∀R−.C}

University of
Manchester

11

45



A tableau algorithm for ALCI with general TBoxes

Modifications necessary to handle inverse roles:

① extend edges E(.) in c-trees to inverse roles,

② call y an R-neighbour of x if either y is an R-successor of x or

x is an R− successor of y,

③ substitute “R-successor” in the →∀- and →∃-rule with “R-neighbour”

(still create an R-successor of x if no R-neighbour exists for ∃R.C ∈ L(x)

R−-successor of x if no R−-neighbour exists for an ∃R−.C ∈ L(x))

Example: Is A satisfiable w.r.t. {A
.
= ∃R−.A u (∀R.(¬A t ∃S.B))}?

Does this suffice? No!

Example: Is ∃R.B satisfiable w.r.t. T = {B
.
= ∃R.B u ∀R−.∀R−.(A u ¬A)}?

University of
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A tableau algorithm for ALCI with general TBoxes

“subset-blocking” (with L(x) ⊆ L(x′)) no longer suffices:

④ A node x is called directly blocked if it has an ancestor y with L(x) = L(y).

Lemma:

Let T be a general ALCI-Tbox and C0 an ALCI-concept. Then

1. the algorithm terminates when applied to T and C0,

2. the rules can be applied such that they generate a

clash-free and complete completion tree iff C0 is satisfiable w.r.t. T .

University of
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A tableau algorithm for ALCI with general TBoxes

Proof: 1.(Termination): identical to the ALC case.

2. ⇒ (Soundness): again, construct a finite (non-tree) model from

a complete, clash-free c-tree T for C0 and T
(take into account edges labelled with inverse roles):

∆I := {x | x is a node in T , x is not blocked}

AI := {x ∈ ∆I | A ∈ L(x)} for concept names A

RI := {〈x, y〉 ∈ ∆I2
| 〈x, y〉 ∈ E(R), 〈y, x〉 ∈ E(R−) or

〈x, y′〉 ∈ E(R) and y blocks y′ or

〈y, x′〉 ∈ E(R−) and x blocks x′}

for role names R

Again, prove that, for all x ∈ ∆I :

C ∈ L(x) implies x ∈ CI.

University of
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A tableau algorithm for ALCI with general TBoxes

3. ⇐ (Completeness): again, use model I of C0 and T and mapping π to

steer the application of the →t-rule.

Corollary:

Satisfiability of ALCI-concept w.r.t. general TBoxes is decidable and

ALCI has the finite model property.

It can be shown that pure ALCI-concept satisfiability (without TBoxes) is

PSpace-complete, just like ALC.

University of
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A tableau algorithm for ALCQI with general TBoxes

Further add qualifying number restrictions (>nr.C) and (6nr.C):

(>nr.C)I := {x ∈ ∆I | #{y | 〈x, y〉 ∈ rI
and y ∈ CI} ≥ n}

(6nr.C)I := {x ∈ ∆I | #{y | 〈x, y〉 ∈ rI
and y ∈ CI} ≤ n}

ALCQI is ALCI extended with qualifying number restrictions.

Observation: ALCQI with general TBoxes looses finite model property:

C0 := ¬A, T := {>
.
= ∃R.A u (61R−.>)}

C0 is satisfiable w.r.t. T , but only in infinite models

University of
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A tableau algorithm for ALCQI with general TBoxes

Obvious: 2 new rules for tableau algorithm

→≥: If (>nr.C) ∈ L(x), x is not blocked, and x has

less than n R-neighbours yi with C ∈ L(yi)

Then create n new R-successor y1, . . . , yn of x with

L(yi) := {C} for each 1 ≤ i ≤ n

→≤: If (6nr.C) ∈ L(x), x is not indirectly blocked,

x has n + 1 R-neighbours y0, . . . , yn with C ∈ L(yi), and

there are i, j with yj is not an ancestor of yi

Then L(yi) → L(yi) ∪ L(yj),

make yj’s successors to successors of yi,

remove yj from the tree

University of
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A tableau algorithm for ALCQI with general TBoxes

Problem: Consider what the tableau algorithm does for

satisfiability of C0 = (>3R.(A u B)) u (62R.A) w.r.t. the empty TBox

1. it starts with L(x0) = {C0},

2. applies →u-rule to L(x0) = {C0, (>3R.(A u B)), (62R.A)},

3. applies →≥-rule and generates 3 R-successors yi of x0 with L(yi) = {A u B},

4. applies →u-rule to yield L(yi) = {A u B, A, B},

5. applies →≤-rule and removes one of the yi

6. goes back to (3), and thus loops

⇒ algorithm does not terminate due to yoyo effect

Solution: Use explicit inequality 6
.
= to prevent yoyo effect

University of
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A tableau algorithm for ALCQI with general TBoxes

Solution: Use explicit inequality 6
.
= to prevent yoyo effect:

→≥: If (>nr.C) ∈ L(x), x is not blocked, and x has

less than n R-neighbours yi with C ∈ L(yi)

Then create n new R-successor y1, . . . , yn of x with

L(yi) := {C} for each 1 ≤ i ≤ n and yi 6
.
= yj for all i 6= j

→≤: If (6nr.C) ∈ L(x), x is not indirectly blocked,

x has n + 1 R-neighbours y0, . . . , yn with C ∈ L(yi), and

there are i, j with not yi 6
.
= yj and yj is not an ancestor of yi

Then L(yi) → L(yi) ∪ L(yj),

make yj’s successors to successors of yi,

add yi 6
.
= z for each z with yj 6

.
= z,

remove yj from the tree

University of
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A tableau algorithm for ALCQI with general TBoxes

Extend definition of a clash to NRs:

Additionally, x contains a clash if

• (6nr.C) ∈ L(x) and

• x has more than n R-neighbours y0, . . . , yn with yi 6
.
= yj for all i 6= j.

Does this suffice? No:

(61R.A) u (61R.¬A) u (>3R.B)

is unsatisfiable, but the algorithm would answer “satisfiable”

Reason: if (6nR.C) ∈ L(x) and x has an R-neighbour y,

we need to know whether y is a C or not

University of
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A tableau algorithm for ALCQI with general TBoxes

Solution:

① use ¬̇C as an abbreviation for the NNF of ¬C,

② extend the node labels to

cl(C0, T ) := sub(C0, T ) ∪ {¬̇C | C ∈ sub(C0, T )}

② add a third new rule:

→choice: If (6nR.C) ∈ L(x), x is not indirectly blocked,

x has an R-neighbour y with {C, ¬̇C} ∩ L(y) = ∅
Then L(y) → L(y) ∪ {D} for some D ∈ {C, ¬̇C}

Does this suffice? No . . .

University of
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A tableau algorithm for ALCQI with general TBoxes

Example: test satisfiability of ¬A w.r.t. T :

T = {>
.
= ∃S. (A u (61S−.>) u (∃S−.¬A)

︸ ︷︷ ︸

D

)}, i.e., CT = ∃S.D
b

lo
ck

z

y

x

S

L(x) = {¬A, (∃S.D)}

S

L(y) = {D, A, (≤ 1 S−), (∃S−.¬A), (∃S.D)}

L(z) = {D, A, (≤ 1 S−), (∃S−.¬A), (∃S.D)}

z would block y but we cannot construct a model from this

...and ¬A is unsatisfiable w.r.t. T , i.e., our algorithm is still incorrect!
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A tableau algorithm for ALCQI with general TBoxes

Solution: Double-blocking:

y is directly blocked if there are ancestors x, x′, and y′ of y with

• x is predecessor of y, x′ is predecessor of y′,

• E(〈x, y〉) = E(〈x′, y′〉),

• L(x) = L(x′), and L(y) = L(y′). bl
oc

k

L(y)

S

S

L(x′)x′

y′
L(y′)

x L(x)

y

Lemma:

Let T be a general ALCQI-Tbox and C0 an ALCQI-concept. Then the

1. algorithm terminates when applied to T and C0,

2. the rules can be applied such that they generate a clash-free and complete completion

tree iff C0 is satisfiable w.r.t. T .

Proof: beyond the scope of this course
University of
Manchester
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Implementing the ALCQI Tableau Algorithm

Naive implementation of ALCQI tableau algorithm is doomed to failure:

It construct a tree of exponential depth in a

non-deterministic way

Ã requires double exponential non-deterministic time and

Ã requires backtracking in a deterministic implementation

Optimisations are crucial

concern every aspect of the

help in “many” cases (which?)

In the following: a selection of some vital optimisations

University of
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Optimising the ALCQI Tableau Algorithm: Classification

FaCT provides service “classify all concepts defined T ”, i.e.,

for all concepts C, D defined in T , FaCT decides is C v D w.r.t. T ?

Ã test satisfiability of C u ¬D w.r.t. T

Ã n2 satisfiability tests!

Goal: reduce number of satisfiability tests when classifying TBox

Idea: “trickle” new concept C

into hierarchy computed so far

NO YES

D2

>

D1

E1 E2

C v Di w.r.t. T ?

C v Di w.r.t. T ?

University of
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Optimising the ALCQI Tableau Algorithm: Classification

FaCT provides service “classify all concepts defined T ”, i.e.,

for all concepts C, D defined in T , FaCT decides is C v D w.r.t. T ?

Ã test satisfiability of C u ¬D w.r.t. T

Ã n2 satisfiability tests!

Goal: reduce number of satisfiability tests when classifying TBox

Idea: “trickle” new concept C

into hierarchy computed so far

NO YES

D2

>

D1

E1 E2

C v Di w.r.t. T ?

C v Di w.r.t. T ?
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Optimising the ALCQI Tableau Algorithm: Classification

FaCT provides service “classify all concepts defined T ”, i.e.,

for all concepts C, D defined in T , FaCT decides is C v D w.r.t. T ?

Ã test satisfiability of C u ¬D w.r.t. T

Ã n2 satisfiability tests!

Goal: reduce number of satisfiability tests when classifying TBox

Idea: “trickle” new concept C

into hierarchy computed so far

YESNO

D2

>

D1

E1 E2

C v Di w.r.t. T ?

C v Ei w.r.t. T ?
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Optimising the ALCQI Tableau Algorithm: Absorption

Remember: for T = {Ci
.
= Di | 1 ≤ i ≤ n}, and

CT = u
1≤i≤n

(¬Ci t Di) u (Ci t ¬Di)

→CE: If CT 6∈ L(x)

Then L(x) → L(x) ∪ {CT }

Problem: 2 disjunctions/GCI Ã high degree of non-determinism and

huge search space

Observation: split “equivalence” Ci
.
= Di into “implications” Ci v̇ Di and Di v̇ Ci,

then many GCIs are of the form A u . . . v̇ C for concept name A

e.g., Human u . . . v̇ C versus Device u . . . v̇ C
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Optimising the ALCQI Tableau Algorithm: Absorption

Idea: localise GCIs to concept names by transforming

A u X v̇ C into equivalent A v̇ ¬X t C

e.g., Human u ∃owns.Pet v̇ C becomes Human v̇ ¬∃owns.Pet t C

For “absorbed” T = {Ai v̇ Di | 1 ≤ i ≤ n1} ∪ {Ci v̇ Di | 1 ≤ i ≤ n2}
replace →CE-rule with →GCI-rules:

→GCI1: If Ai ∈ L(x)

for some 1 ≤ i ≤ n1

Then L(x) → L(x) ∪ {Di}

→GCI2: If (¬̇Ci t Di) 6∈ L(x)

for some 1 ≤ i ≤ n2

Then L(x) → L(x) ∪ {(¬̇Ci t Di)}

Observations: If no GCI is absorbable, this yields the same as →CE-rule

Each absorption safes 1 disjunction per node,

in the best case, this supersedes all disjunctions from TBox axioms!
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Optimising the ALCQI Tableau Algorithm: Optimised Blocking

For ALCQI , the blocking condition is:

y is blocked by y′ if

for x the predecessor of y, x′ the predecessor of y′

1. L(x) = L(x′)

2. L(y) = L(y′)

3. (x, R, y) iff (x′, R, y′)

Ã blocking occurs late

Ã search space is huge

University of
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Optimising the ALCQI Tableau Algorithm: Optimised Blocking

For ALCQI , the blocking condition is:

y is blocked by y′ if

for x the predecessor of y, x′ the predecessor of y′

1. L(x) = L(x′)

2. L(y) = L(y′)

3. (x, R, y) iff (x′, R, y′)

Ã blocking occurs late

Ã search space is huge

1. L(x) ∩ RC = L(x′) ∩ RC

2. L(y) ∩ RC = L(y′) ∩ RC

3. (x, R, y) iff (x′, R, y′)

for “relevant concepts RC”

Ã blocking occurs earlier

Ã search space is smaller

. . . details are beyond the scope of this course
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Optimising the ALCQI Tableau Algorithm: Backjumping

Remember If a clash (A, ¬A ∈ L(x)) is encountered, algorithm backtracks

i.e., returns to last non-deterministic choice and

tries other possibility

Example ∃R.(A u B) u ((C1 t D1) u . . . u (Cn t Dn)) u ∀R.¬A ∈ L(x)

L(x) ∪ {C1} L(x) ∪ {¬C1, D1}

L(x) ∪ {¬C2, D2}

x

t

t t

t

tt
x

x

R

yL(y) = {(A u B), ¬A, A, B}

Clash

R

y L(y) = {(A u B), ¬A, A, B}

Clash Clash . . . Clash

x x L(x) ∪ {¬Cn, Dn}

L(x) ∪ {Cn-1}

L(x) ∪ {Cn}
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Optimising the ALCQI Tableau Algorithm: Backjumping

Remember If a clash (A, ¬A ∈ L(x)) is encountered, algorithm backtracks

i.e., returns to last non-deterministic choice and

tries other possibility

Example ∃R.(A u B) u ((C1 t D1) u . . . u (Cn t Dn)) u ∀R.¬A ∈ L(x)

L(x) ∪ {C1} L(x) ∪ {¬C1, D1}

L(x) ∪ {¬C2, D2}

L(x) ∪ {Cn}

x

x x L(x) ∪ {¬Cn, Dn}

L(x) ∪ {Cn-1}

t

t t

t

tt
x

x

R

yL(y) = {(A u B), ¬A, A, B}

Clash
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Optimising the ALCQI Tableau Algorithm: Backjumping

Remember If a clash (A, ¬A ∈ L(x)) is encountered, algorithm backtracks

i.e., returns to last non-deterministic choice and

tries other possibility

Example ∃R.(A u B) u ((C1 t D1) u . . . u (Cn t Dn)) u ∀R.¬A ∈ L(x)

L(x) ∪ {C1} L(x) ∪ {¬C1, D1}

L(x) ∪ {¬C2, D2}

L(x) ∪ {Cn}

x

x x L(x) ∪ {¬Cn, Dn}

L(x) ∪ {Cn-1}

Clash . . . Clash

t

t t

t

tt
x

x

R

yL(y) = {(A u B), ¬A, A, B}

Clash

R

y

Clash

L(y) = {(A u B), ¬A, A, B}

University of
Manchester

34

68



Optimising the ALCQI Tableau Algorithm: Backjumping

Remember If a clash (A, ¬A ∈ L(x)) is encountered, algorithm backtracks

i.e., returns to last non-deterministic choice and

tries other possibility

Example ∃R.(A u B) u ((C1 t D1) u . . . u (Cn t Dn)) u ∀R.¬A ∈ L(x)

R

y

Clash

L(y) = {(A u B), ¬A, A, B}

L(x) ∪ {C1} L(x) ∪ {¬C1, D1}

L(x) ∪ {¬C2, D2}

L(x) ∪ {Cn}

x

x x L(x) ∪ {¬Cn, Dn}

L(x) ∪ {Cn-1}

Clash . . . Clash

t

t t

t

tt
x

x

R

yL(y) = {(A u B), ¬A, A, B}

Clash
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Optimising the ALCQI Tableau Algorithm: SAT Optimisations

Finally: ALCQI extends propositional logic

Ã heuristics developed for SAT are relevant

Summing up: optimisations are possible at each aspect of tableau algorithm

can dramatically enhance performance

Ã do they interact?

Ã how?

Ã which combination works best for which “cases”?

Ã is the optimised algorithm still correct?
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Tableau Algorithms: What was Left out

➔ here: ALCQI ,

in SOTA DL reasoners FaCT and Racer: SHIQ, the extension of ALCQI with

– transitive roles: if Trans(R), then RI must be transitive

– role hierarchies: if R v̇ S, then I must satisfy RI ⊆ SI

. . . extension of ALCQI tableau algorithm and proofs tedious, but not too difficult

➔ ABox: assertions of the form a : C and (a, b) : R to describe a specific situation

. . . extension of ALCQI tableau algorithm and proofs relatively easy

. . . implementation challenging

➔ concrete domains to describe “concrete” properties such as age, height, weight, etc.

. . . extension of ALCQI tableau algorithm only possible for restricted cases

➔ tools such as OilEd that use a DL reasoner

. . . recent development: Protégé has an OWL plugin that connects to DL reasoner
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Thank you!
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4. Complexity of selected DLs

Devise (and prove) upper and lower complexity bounds for a selection of DLs
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Complexity of selected DLs

So far: upper complexity bounds for the satisfiability of:

• CSAT(ALC) is in NExpTime

(tableau algorithm is non-deterministic, builds c-tree of linear depth)

• SAT(ALCQI) w.r.t. TBoxes is in 2NExpTime

(tableau algorithm is non-deterministic, builds c-tree of exponential depth)

• SAT(ALCIO) w.r.t. TBoxes is in ExpTime

(automata built for C0, T is exponential in |C0| + |T |,

testing its emptiness is polynomial in automata’s size)
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PSpace DLs: ALC is in PSpace

The NExpTime tableau algorithm deciding CSAT(ALC) can be modified easily

to run in PSpace:

For an ALC-concept C0,

1. the c-tree can be built depth-first

2. branches are independent Ã keep only one branch in memory at any time

3. length of branch ≤ |C0|

4. for each node x, L(x) ⊆ sub(C0) and # sub(C0) is linear in |C0|

Ã non-deterministic PSpace decision procedure for CSAT(ALC)
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PSpace DLs: ALCI is in PSpace

inverse roles: use “R-neighbour” instead of “R-successor”

to decide CSAT(ALCI) Ã tableau algorithm satisfying

1. the c-tree can be built depth-first

2. branches are independent Ã keep only one branch in memory at any time

3. length of branch ≤ |C0|

4. for each node x, L(x) ⊆ sub(C0) and # sub(C0) is linear in |C0|

branches are not independent: effects go up one branch, down another branch

Solution: reset-restart technique:

5. when node label L(x) changes, remove the subtree below x (reset) and re-construct

it (restart).

Ã PSpace realisation of the tableau algorithm for CSAT(ALCI)
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PSpace DLs: ALC (and thus ALCI) is PSpace-hard

PSpace-hardness of ALC proved by a reduction of

the validity problem for

quantified Boolean formulae

to satisfiability of ALC

QBFs are of the form Q1p1.Q2p2. . . . Qnpn.ϕ

for Qi ∈ {∀, ∃} and ϕ a Boolean formula over p1, . . . , pn

Validity of QBFs defined inductively:

∃p.Φ is valid if Φ[p/t] or Φ[p/f ] is valid

∀p.Φ is valid if Φ[p/t] and Φ[p/f ] are valid

Known: validity of QBFs is PSpace-hard

Obligation: for QBF Φ, define CΦ such that Lemma: Φ is valid iff CΦ is satisfiable

Ã Corollary: CSAT(ALC) is PSpace-complete
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PSpace DLs: ALC (and thus ALCI) is PSpace-hard

Each model of CΦ = Q1p1.Q2p2. . . . Qnpn.ϕ contains a tree of depth n where,

for x0 ∈ CΦ,

• if Qi = ∃, then each R(i−1)-successor of x0 has 1 R-successor, and

• if Qi = ∀, then each R(i−1)-successor of x0 has 2 R-successors, one in pi and

one in ¬pi.

• and all leave nodes satisfy ϕ.

CΦ := L1 u ∀R.(L2 u ∀R.(L3 u . . . ∀R.(Ln u ϕ)) . . .)) where

Li := Di u











∃R.> if Qi = ∃

∃R.pi u ∃R.¬pi if Qi = ∀ and

Di := u
j≤i

(pj ⇒ ∀R.pj) u (¬pj ⇒ ∀R.¬pj)

¤
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ExpTime DLs: ALC with TBoxes is ExpTime-hard

We know: SAT(ALCIO) w.r.t. TBoxes is in ExpTime

Lemma: SAT(ALC) w.r.t. TBoxes is ExpTime-hard

Proof idea: reduce the halting problem of a

polynomial-space-bounded alternating TM to SAT(ALC) w.r.t. TBoxes.

Basic Ideas: for PSB-A-TM M, build TBox T with

• tape-cell i contains letter σ is coded as concept name σi

(possible due to polynomial space bound)

• use CEs to ensure that each tape-cell contains exactly one letter

• use CEs to encode M’s (∀/∃) transitions relation

(e.g., cell contents changes only near head)

Then M holds on w iff ŵ is satisfiable w.r.t. T
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ExpTime DLs: ALC with TBoxes is ExpTime-hard

An alternating TM M = (Q, Σ, ∆, q0) consists of

Q = U ∪̇ E, a set of states with

U a set of universal states and

E a set of existential states,

q0 ∈ Q the initial state,

Σ, the alphabet,

∆ ⊆ (Q × Σ) × (Q × Σ × {`, r}), the transition relation.

• α ∈ Σ∗QΣ+ is a configuration,

• α ∈ Σ∗UΣ+ is a universal configuration,

• α ∈ Σ∗EΣ+ is an existential configuration.
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ExpTime DLs: ALC with TBoxes is ExpTime-hard

The transitions are defined as usual:

β is a next-config of α

x y x y

q q′

σσ′ τσ′

x σ σ′ y

q

x σ′ y

q′

τ

α = β =

β =α =

if (q, σ, q′, τ, l) ∈ ∆ and

or

if (q, σ, q′, τ, r) ∈ ∆ and
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ExpTime DLs: ALC with TBoxes is ExpTime-hard

A trace of M is a finite set T = {α0, α1, . . .} where each αi is a configuration and if

• α ∈ T is a universal configuration, then ∀ next configuration β of α: β ∈ T

• α ∈ T is an existential configuration, then ∃ a next configuration β of α: β ∈ T .

L(M) := {w ∈ Σ∗ | ∃T with q0w ∈ T}

s(·) − bounded A-TM:

L(M, s(·)) := {w ∈ Σ∗ | ∃T with q0w ∈ T and ∀α ∈ T : |α| ≤ s(|w|)}

University of
Manchester

10

112



ExpTime DLs: ALC with TBoxes is ExpTime-hard

Example: an alternating TM M = (Q, Σ, ∆, q0) with

L(M) = {w ∈ {a, b}∗ | w ∈ (aa)+ or w ∈ (ab)+} =

(aa)+ ∪ (ab)+

Q = U ∪̇ E, set of states with

{A1, A2, B1, B2, F} set of universal states and

{q0} set of existential states,

q0 ∈ Q the initial state,

{a, b}, the alphabet,

∆ ⊆ (Q × Σ) × (Q × Σ × {`, r})

= { (q0, a, A1, a, r), (q0, a, B1, a, r)

(A1, a, A0, a, r), (A0, a, A1, a, r)

(B1, b, B0, b, r), (B0, a, B1, a, r)

(B0, blank, F, , ), (A0, blank, F, , )}

, the transition relation.
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ExpTime DLs: ALC with TBoxes is ExpTime-hard

For an ATM M = (Q, Σ, b, ∆, q0), a word w ∈ Σ∗ and m := s(|w|) + 1,

the TBox TM contains the following CEs to ensure that each element in a model

corresponds to a configuration of M:

exactly one state and one head position

>
.
= t

q∈Q
(Aq u u

q′ 6=Q
(¬Aq′)) u

m
t

i=0
(Hi u u

j 6=i
¬Hj)

exactly one letter per cell

>
.
=

m
u

i=0
t

σ∈Σ
(Ci,σ u u

τ 6=σ
¬Ci,τ)

unread cells are maintained

>
.
=

m
u

i=0
u

σ∈Σ
(Ci,σ u ¬Hi ⇒ ∀N.Ci,σ)

head moves only 1 cell

>
.
=

m
u

i=0
(Hi ⇒ ∀N.(Hi−1 t Hi+1))
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ExpTime DLs: ALC with TBoxes is ExpTime-hard

universal transitions are ok

>
.
=

m−1

u
i=1

u
σ,q∈U

Hi u Ci,σ u Aq ⇒ u
(q,σ,q′,σ′,r)∈∆

∃N.(Hi+1 u Ci,σ′ u Aq′) u

u
(q,σ,q′,σ′,l)∈∆

∃N.(Hi−1 u Ci,σ′ u Aq′)

existential transitions are ok

>
.
=

m−1

u
i=1

u
σ,q∈E

Hi u Ci,σ u Aq ⇒ t
(q,σ,q′,σ′,r)∈∆

∃N.(Hi+1 u Ci,σ′ u Aq′) t

t
(q,σ,q′,σ′,l)∈∆

∃N.(Hi−1 u Ci,σ′ u Aq′)

Then, for w = σ1 · · · σn, we have that

Aq0 u H1 u
n
u

i=1
Ci,σi

is satisfiable w.r.t. TM iff w ∈ L(M).
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ExpTime-hard DLs

Each Description Logic extending ALC where we can

polynomially reduce satisfiability w.r.t. TBoxes to

pure concept satisfiability is

ExpTime-hard

This reduction is called internalisation of TBoxes
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ExpTime DLs: ALCIO is ExpTime-hard, even without TBoxes

Lemma: CSAT(ALCIO) is ExpTime-hard

Proof idea: use a spy to internalise TBox

Spy: an object N related to all other objects via (new) role U :

for input concept C, define

C1 = N u ∃U.C u ∀U. u
role R

∀R.∃U−.N

where the conjunction is over all roles R, R− in C or T

Internalise: ensure that each object satisfies T = {> = CT }:

C2 = C1 u ∀U.CT

CSpy Model of

Ã C is satisfiable w.r.t. T iff C2 is satisfiable

Ã |C2| is polynomial in |C| + |CT |

Ã SAT(ALCIO) w.r.t. TBoxes is polyn. reducible to CSAT(ALCIO)
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NExpTime DLs: ALCQIO is NExpTime-hard

We know: SAT(ALCIO) w.r.t. TBoxes is ExpTime-complete

Also: SAT(ALCQI) w.r.t. TBoxes is ExpTime-complete

where Q stands for qualifying number restrictions (>nr.C) and (6nr.C)

Lemma: their combination is NExpTime-hard

Proof: by reduction of a NExpTime version of the domino problem:

� � �� �

� � �

� � �
� �

� �

n2 n2

can we tile a

x square
using D?

types
dominoe
of
set
a fixed

� � �

� � �
� �

� �

D,

University of
Manchester

16

118



NExpTime DLs: ALCQIO is NExpTime-hard

Definition: A domino system D = (D, H, V )

• set of domino types D = {D1, . . . , Dd}, and

• horizontal and vertical matching conditions H ⊆ D × D and V ⊆ D × D

A tiling of the IN × IN grid using D:

t : IN × IN → D such that

〈t(m, n), t(m + 1, n)〉 ∈ H and

〈t(m, n), t(m, n + 1)〉 ∈ V

Domino problem standard: has D a tiling?

NExpTime: has D a tiling for a 2n × 2n square?
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NExpTime DLs: ALCQIO is NExpTime-hard

Reducing the NExpTime domino problem to CSAT(ALCQIO) Ã four tasks:

① each object carries exactly one domino type Di

Ã use concept name Di for each domino type and

>
.
= t

1≤i≤d
(Di u u

j 6=i
¬Dj)

② each element x has exactly one H-successor

exactly one V -successor

whose domino types satisfy the horizontal/vertical matching conditions:

>
.
= u

1≤i≤n
Di ⇒ ((61V.>) u (∃V. t

(Di,Dj)∈V
Dj)) u

((61H.>) u (∃H. t
(Di,Dj)∈H

Dj))
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NExpTime DLs: ALCQIO is NExpTime-hard

③ the model must be large enough, i.e., have 2n × 2n elements

Ã encode the position (x, y) of each point using binary coding in

the concept names X1, . . . , Xn, Y1, . . . , Yn:

E.g., an instance of ¬X3, X2, X1, Y3, ¬Y2, and Y1 represents the tuple (011, 101),

and thus the point (3, 5).

>
.
= (X̃1 u X̃2 u . . . u X̃n)

X̃1
.
= (X1 u (∀H.¬X1)) t (¬X1 u (∀H.X1)) % switch lowest bit

X̃i
.
= ( u

1≤j<i
Xj u ((Xi u ∀H.¬Xi) t (¬Xi u ∀H.Xi))) t % switch i-th bit, if

% all lower ones are 1

(¬ u
1≤j<i

Xj u ((Xi u ∀H.Xi) t (¬Xi u ∀H.¬Xi))). % else keep it
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NExpTime DLs: ALCQIO is NExpTime-hard

④ ensure that the V ◦ H-successor of each node coincides with its H ◦ V -successor

Ã enforce that each object is the H-successor of at most one element (and the same

for V ):

>
.
= (61V −.>) u (61H−.>)

Ã enforce that there is ≤ 1 object in the upper right corner:

N
.
= X1 u . . . u Xn u Y1 u . . . u Yn

Harvest:

¬X1 u . . . u ¬Xn u ¬Y1 u . . . u ¬Yn

is satisfiable w.r.t. to TD defined above iff D has a 2n × 2n-tiling.
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NExpTime DLs: ALCQIO is in NExpTime

Known:

① 2-variable fragment of FOL is decidable

② 2-variable fragment of FOL with counting quantifiers

∃≥nx . . . and ∃≤nx . . .

is decidable

Nexptime-complete

③ in ALCIO, TBoxes can be internalized

Ã to prove SAT(ALCQIO) w.r.t. TBoxes being in NExpTime, it suffices to

reduce CSAT(ALCQIO) to satisfiability of C-FOL2

In ALCQIO, ∃R.C and ∀R.C are syntactic sugar:

∃R.C ≡ (>1R.C) and ∀R.C ≡ (60R.¬C)
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NExpTime DLs: ALCQIO is in NExpTime

tx(A) = A(x),

tx(N) = (x = N),

tx(¬D) = ¬tx(D),

tx(C u D) = tx(C) ∧ tx(D),

tx(C t D) = tx(C) ∨ tx(D),

tx(>nR.C) = ∃≥ny.R(x, y) ∧ ty(C),

tx(>nR−.C) = ∃≥ny.R(y, x) ∧ ty(C),

tx(6nR.C) = ∃≤ny.R(x, y) ∧ ty(C),

tx(6nR−.C) = ∃≤ny.R(y, x) ∧ ty(C).

Ã SAT(ALCQIO) w.r.t. TBoxes is NExpTime-complete
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NExpTime DLs: ALCQIO is in NExpTime

SAT(ALCQIO) w.r.t. TBoxes is NExpTime-complete

provided that |(>nR.C)| = |(6nR.C)| = n + 1 + |C|.

For |(>nR.C)| = |(6nR.C)| = log(n) + 1 + |C|,

no exact upper bound is known.
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The DL SHIQ

The DL SHIQ extends ALCQI with transitive roles and role hierarchies:

transitive roles: certain role names must be interpreted as transitive relations

e.g., ancestor, has-part, part-of, etc.

role hierarchy: set of implications R v S, which require RI ⊆ SI

e.g., daughter v child, has-component v has-part

FaCT and Racer are highly optimised SHIQ-implementations

Note: If Trans(S) and R v S, then SI is a transitive relation containing RI

6≡

(R+)I is the smallest transitive relation containing RI

Known: SAT(SHIQ) w.r.t. TBoxes is ExpTime-complete if

roles in NRs are simple (don’t have transitive subroles)
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SHIQ is undecidable with non-simple roles in NRs

Restricting NRs to simple roles is indeed necessary

Proof: SHIQ without inverse roles and with un-qualifiying NRs only, but

with non-simple roles in NRs is undecidable

by reduction of the domino problem:

For a domino system D = (D, H, V ), define a TBox TD and a SHIQ-concept CD

such that

D has a tiling (of the whole grid) iff CD is satisfiable w.r.t. TD

We can (almost) re-use the concept equations

>
.
= ( t

1≤i≤n
Di) u ( u

1≤i<j≤n
¬(Di u Dj))

>
.
= u

1≤i≤n
Di ⇒ ((61V.>) u (∃V. t

(Di,Dj)∈V
Dj) u

u
1≤i≤n

Di ⇒ ((61H.>) u (∃H. t
(Di,Dj)∈H

Dj)))
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SHIQ is undecidable with non-simple roles in NRs

. . . and impose grid-structure as follows:

H1

A
V1

H1

A

H2

B

H1 H1H2

V1

H1

A
V1 V1

H1

A

H2

B

V2 V2

C D C

V1

H1

S⊕
11 S⊕

21 S⊕
12 S⊕

22

V1 V2

V1

V2

H2

>
.
= A ⇒ (¬B u ¬C u ¬D u ∃H1.B u ∃V1.C u 63S11),

>
.
= B ⇒ (¬A u ¬C u ¬D u ∃H2.A u ∃V1.D u 63S21),

>
.
= C ⇒ (¬A u ¬B u ¬D u ∃H1.D u ∃V2.A u 63S12),

. . .
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5.a: Two Applications of DLs

1. DLs for reasoning about (database) conceptual models

2. DLs for ontology engineering
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Description Logic Systems

State of the art systems are

highly optimised versions of the tableau algorithm for SHIQ: FaCT and Racer

Optimisations implemented in FaCT and Racer

• are known from other “logic implementations”,

• include minimisation of subsumption tests for

the classification of all concepts defined in the TBox

• include SAT-heuristics, e.g., semantic branching or Davis-Putnam,

• include dependency-directed bracktracking

(non-determinism is implemented through search with backtracking)

• include strong pre-processing of TBox (localisation/absorption of CEs)

• include optimised double-blocking conditions

(otherwise, blocking occurs dramatically too late)
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DLs for conceptual modelling

Idea: Translate EER/UML database conceptual model E into SHIQ TBox TE:

each model of E is a model of TE and vice versa.

use DL system to infer inconsistencies and implicit subsumption relations

useful for integrating databases/in datawarehousing

Technicalities: If only binary relations are present in E,

translation into SHIQ is rather straightforward

If n-ary relations are present in E,

translation into SHIQ requires reification of relations
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DLs for conceptual modelling

Example:
client banquet celebration

restaurant

person firm

menu dish

characteristic
restaurant speciality

order

place in

offer_m

offer_s

served in

clior baor

1..*

1..1 1..1

1..*

baser

1..1

rein

1..*

bain

1..* 1..*

reof meof 1..* 1..*

0..*

charof

1..*

speof

1..1

meser

1..1

is
comprised

related
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DLs for conceptual modelling

SHIQ TBox for the restaurant UML

client
.
= (≥ 1order.>) u (∀order.banquet)

banquet
.
= (= 1order−.>) u (∀order−.client) u

(= 1placed-in.>) u (∀placed-in.restaurant) u

(= 1served-in−
.>) u (∀served-in−

.menu)

(= 1related-to.>) u (∀related-to.celebration)

celebration
.
= (= 1related−

.>) u (∀related-to−
.banquet)

person v̇ client u ¬firm

firm v̇ client u ¬person

... ...
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DLs for conceptual modelling

System demo of i.com,

a tool for intelligent conceptual modeling,

implemented by Enrico Franconi and Gary Ng

using FaCT by Ian Horrocks
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DLs for ontology engineering

Ontologies are formalization of a conceptualization

fix the relevant concepts of an application domain (like a TBox)

are widely used in enterprise knowledge management systems

will widely be used in the semantic web

Useful ontologies

• should be consistent and not redundant

• are built possibly by several knowledge engineers

• evolve over time

• are possibly integrated with other ontologies
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DLs for ontology engineering

An ontology language

• should have a clear semantics Ã logic

• should allow for tractable inference services to

support the design, evolution, maintenance, and integration of ontologies

DAML+OIL, OWL, and OIL are DL-based ontology language

System demo of OilEd,

a tool for ontology engineering,

implemented by Sean Bechhofer and Gary Ng

using FaCT by Ian Horrocks
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