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Chapter 3

Approaches to linear precedence

This chapter contains an overview of several theories which stand close to our
approach in the paradigms of PSG and of DG. What all of these theories have in
common is the fundamental idea of dissociating syntactic structure from surface
structure. All of them posit two dissociated yet interacting levels of representation,
one characterizing relations of immediate dominance (ID), and the other relations
of linear precedence (LP). The set of discussed theories includes (Reape 1994) and
(Kathol 1995) (using HPSG), and (Bröker 1999) and (Gerdes & Kahane 2001)
(using DG).

3.1 Reape

Mike Reape suggested the theory of word order domains formulated in an HPSG-
setting (Reape 1994) which has paved the way for many modern HPSG grammars
for freer word order languages such as German. For instance Müller (1999) and
Kathol (1995) adapt Reape’s word order domains in their HPSG grammars for
German, and other adaptations of Reape’s idea can be found in (Penn 1999) and
(Fouvry & Meurers 2000).

Reape’s basic idea is to dissociate structures dealing with immediate dominance
(ID) from those dealing with linear precedence (LP). Reape’s terminology is how-
ever different: he distinguishes a level of syntax (ID) and a level of word order
domains1 (LP). In our presentation of Reape’s work, we use the terms ID and LP.
Each analysis is represented by two tree structures instead of one: an ID tree and

1Reape’s word order domains are a technical notion: his word order domains do not correspond
directly to fields in topological fields theory.

26
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an LP tree. The ID tree is an non-ordered phrase structure analysis, and the LP
tree is a flattened and ordered phrase structure analysis. As an example, consider
the following German sentence:

(dass) einen Roman Maria zu schreiben verspricht
(that) a novel(acc) Maria to write promises
“(that) Maria promises to write a novel”

(3.1)

The corresponding ID tree analysis is shown here:

s[∪−]

np[∪−] vp[∪+] v[∪−]

np[∪−] v[∪−]

det[∪−] n[∪−]

Maria einen Roman zu schreiben verspricht

(3.2)

And here is the LP tree analysis of the example sentence:

s

np np v v

det n

einen Roman Maria zu schreiben verspricht

(3.3)

The word order domain of a node in the LP tree is the sequence of its daugh-
ters. E.g. in LP tree (3.3), the word order domain of the s-node equals the se-
quence 〈np,np,v,v〉 of the two nps einen Roman and Maria and the two verbs zu
schreiben and verspricht. The word order domain of the node corresponding to the
np einen Roman is the sequence 〈det,n〉 of the determiner einen and the noun
Roman. Reape constrains the order of elements in a word order domain by linear
precedence rules like det ≺ n, which requires that determiners precede nouns and
np ≺ v, which requires that NPs precede verbs.

The LP tree is obtained from the ID tree by a process of flattening. This flattening is
controlled by the unioned-attribute2: if a node is [∪+], it ‘contributes’ its daughters

2We write unioned = + as [∪+] and unioned = − as [∪−].
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to the domain of its mother. In our example, the vp-node is [∪+], and it therefore
contributes its daughters (np and v) to the domain of the s-node. If a node is
[∪−], the node contributes itself to the domain of its mother. In the example, the
np einen Roman is [∪−] and hence contributes itself (and not its daughters) into
the s-node’s domain. Reape employs the notion of language-specific principles to
determine the value of the unioned-attribute.

3.1.1 Formalization

We proceed with a HPSG-independent formalization of Reape’s word order do-
mains. An ID tree is a tree (Vid, Eid), where Vid is a finite set of ID nodes and
Eid ⊆ Vid × Vid a finite set of edges. In Reape’s approach, ID trees are phrase
structure trees, encoded in HPSG using the dtrs-feature (representing the daugh-
ters in the syntactic derivation). Since ID trees are non-ordered, dtrs is set-
rather than list-valued. In our formulation, we regard this feature as a function
dtrsid : Vid → 2Vid from ID nodes to sets of ID nodes.

An LP tree is a tree (Vlp, Elp). Vlp is a finite set of LP nodes and Elp ⊆ Vlp ×Vlp a
finite set of LP edges. Because LP trees are ordered, the function dtrslp : Vlp → V ∗

lp

maps LP nodes to sequences of LP nodes. By flattening, the set of LP nodes is a
subset of the set of ID nodes: Vlp ⊆ Vid.

ID and LP trees are related to each other by the function dom : Vid → V ∗
lp
from

ID nodes to sequences of LP nodes. The value of dom at node v ∈ Vid is called the
word order domain of v. The licensed values of dom depend on the two functions
∪∗ (for sequence union) and contrib (for contributions), presented in the following.

Sequence union

Sequence union is a function ∪∗, mapping pairs of LP node sequences to sets of LP
node sequences:

∪∗ : V ∗
lp

× V ∗
lp

→ 2V
∗

lp (3.4)

Here is the definition of ∪∗: for two sequences A1 and A2, A1 ∪∗A2 denotes the set
of sequences A which satisfy the following conditions:

1. A contains all elements in A1 and A2 (and none other).

2. The respective order of elements in A1 and A2 is preserved in A.
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We write 〈a1, . . . , an〉 for a sequence of the elements a1, . . . , an. As an example, let
A1 = 〈a, b〉 and A2 = 〈c, d〉. Then, A1 ∪∗ A2 is equal to:

〈a, b〉 ∪∗ 〈c, d〉 = { 〈a, b, c, d〉
〈a, c, b, d〉
〈a, c, d, b〉
〈c, a, b, d〉
〈c, a, d, b〉
〈c, d, a, b〉 }

(3.5)

Formally, sequence union can be captured as follows. S∗ is the set of all sequences
σ = (s,≺s) consisting of a set s ∈ S and total order ≺s on s. We define sequence
union ∪∗ as follows for all (s1,≺s1

), (s2,≺s2
) ∈ S∗:

(s1,≺s1
) ∪∗ (s2,≺s2

) = {(s,≺s) ∈ S∗ | s = s1 ∪ s2 ∧ (≺s1
∪ ≺s2

) ⊆ ≺s}
(3.6)

Contributions

The contribution contrib(v) of an ID node v is determined by the boolean function
unioned : Vid → {+,−}. For unioned, we introduce the following syntactic sugar:

v[∪+] for unioned(v) = +
v[∪−] for unioned(v) = −
v[∪±] for unioned(v) = + ∨ unioned(v) = −

(3.7)

We define the function contrib : Vid → V ∗
lp
as follows:

contrib(v) =

{

〈v〉 if v[∪−]
dom(v) if v[∪+]

(3.8)

That is, v’s contribution is either a sequence containing only itself (if v[∪−]) or its
own word order domain (if v[∪+]).

We are now in a position to define which are the licensed values for the function
dom: the word order domain dom(v) at node v is in the set of word order domains
licensed by the sequence union ∪∗ of the contributions of v’s daughters:

dom(v) ∈ ∪∗{contrib(v′) | v′ ∈ dtrsid(v)} (3.9)

If contrib(v′) = 〈v′〉, we say that v′ has been inserted into the word order domain
of its mother v. If contrib(v′) = dom(v′), we say that it has been merged.
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ID and LP tree share all nodes which are inserted (3.10), but not those which are
merged (3.11):

contrib(v) = 〈v〉 ⇒ v ∈ Vlp (3.10)

contrib(v) = dom(v) ⇒ v /∈ Vlp (3.11)

dtrslp(v) is equal to dom(v) for all v ∈ Vlp:

∀v ∈ Vlp : dtrslp(v) = dom(v) (3.12)

Language-specific principles

Reape controls the value of unioned by so-called language-specific principles. For
German, Reape suggests the two principles shown below, which must hold for all
v ∈ Vid:

v[∪+] ⇒ cat(v) ∈ {vp, s} (3.13)

extra(v) = + ⇒ cat(v) = vp ∧ v[∪−] (3.14)

Principle (3.13) expresses that only verbal projections (i.e. nodes with category
vp or s) can be [∪+] and Principle (3.14) that extraposed constituents are always
[∪−], where extra : V → {+,−} is a boolean function denoting + for extraposed
nodes and − for non-extraposed nodes.

Linear precedence rules

Reape employs linear precedence or LP rules to restrict the number of licensed
word order domains. LP rules must hold for all v ∈ Vid and for all v1, v2 in dom(v),
i.e. they apply locally within a word order domain. Reape (1994) assumes the
following rules for the fragment of German that we consider here:

cat(v1) = det ∧ cat(v2) = n ⇒ v1 ≺ v2 (3.15)

cat(v1) = np ∧ cat(v2) = v ⇒ v1 ≺ v2 (3.16)

cat(v1) = v ∧ cat(v2) = v ∧ v1 ∈ dtrsid(v2) ⇒ v1 ≺ v2 (3.17)

extra(v1) = − ∧ extra(v2) = + ⇒ v1 ≺ v2 (3.18)

(3.15) states that determiners precede nouns. (3.16) stipulates that nps precede
vs (considering only verb-final clauses) and (3.17) that verbs follow their verbal
complements. (3.18) states that extraposed nodes follow non-extraposed ones. For
the LP rules shown, we assume the function cat : Vid → Cats mapping ID nodes to
syntactic categories.
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3.1.2 Examples

Noun phrases

We proceed with two easy examples of how to obtain LP trees (i.e. word order
domains) from ID trees. First, consider the ID tree in (3.19) below. Nodes are
represented by their phrasal category, subscripted by a unique number. The values
of the nodes’ unioned-attributes are annotated to their right, and we use dotted
vertical edges to connect leaf nodes with their corresponding strings.

vp1[∪±]

np2[∪−] v3[∪−]

det4[∪−] n5[∪−]

einen Roman zu schreiben

(3.19)

In order to arrive at the LP trees corresponding to (3.19), we need to know which
word order domains are licensed by Reape’s theory at root node vp1. Proceeding
from bottom to top, we start with calculating the dom-values at np2:

dom(np2) ∈ contrib(det4) ∪∗ contrib(n5)
= 〈det4〉 ∪∗ 〈n5〉
= { 〈det4,n5〉, 〈n5,det4〉 }

(3.20)

Both det4 and n5 have been inserted into the word order domain of np2 because
they are both [∪−]. As 〈n5,det4〉 is excluded by LP rule (3.15), the only licensed
word order domain at np2 is 〈det4,n5〉:

dom(np2) = 〈det4,n5〉 (3.21)

Here, we calculate the dom-values at root node vp1:

dom(vp1) ∈ contrib(np2) ∪∗ contrib(v3)
= 〈np2〉 ∪∗ 〈v3〉
= { 〈np2,v3〉, 〈v3,np2〉 }

(3.22)

Again, both nodes np2 and v3 have been inserted in the domain of vp1. The
domain 〈v3,np2〉 is excluded by LP rule (3.16), which leaves us with 〈np2,v3〉 as
the only licensed word order domain at vp1:

dom(vp1) = 〈np2,v3〉 (3.23)
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We show the corresponding LP tree below:

vp1

np2 v3

det4 n5

einen Roman zu schreiben

(3.24)

This LP tree licenses only the linearization einen Roman zu schreiben.

Scrambling

In this section, we show how Reape’s theory tackles the scrambling example (3.1),
repeated here as (3.25):

(dass) einen Roman Maria zu schreiben verspricht
(that) a novel(acc) Maria to write promises
“(that) Maria promises to write a novel”

(3.25)

This is the ID tree analysis for (3.25):

s1[∪±]

np2[∪−] vp3[∪±] v4[∪−]

np5[∪−] v6[∪−]

det7[∪−] n8[∪−]

Maria einen Roman zu schreiben verspricht

(3.26)

LP rule (3.15) excludes sequence 〈n8,det7〉. Hence, the only licensed value for
dom(np5) is 〈det7,n8〉:

dom(np5) = 〈det7,n8〉 (3.27)

There is also only one possible word order domain at vp3:

dom(vp3) = 〈np5,v6〉 (3.28)
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since 〈v6,np5〉 is excluded by LP rule (3.16).

The daughters of s1 are np2, vp3 and v4. np2 and v4 must be inserted, but vps such
as vp3 can be either inserted (3.29) or merged (3.30) into their mother’s domain:

dom(s1) ∈ 〈np2〉 ∪∗ 〈vp3〉 ∪∗ 〈v4〉
= { 〈np2,vp3,v4〉, 〈vp3,np2,v4〉, 〈np2,v4,vp3〉 }

(3.29)

dom(s1) ∈ 〈np2〉 ∪∗ dom(vp3) ∪∗ 〈v4〉
= 〈np2〉 ∪∗ 〈np5,v6〉 ∪∗ 〈v4〉
= { 〈np2,np5,v6,v4〉, 〈np5,np2,v6,v4〉 }

(3.30)

Only (3.30) generates a linearization where Maria (np2) occurs between einen
Roman (np5) and zu schreiben (v6), i.e.:

〈np5,np2,v6,v4〉 (3.31)

That is, the respective order of the nps Maria and einen Roman is unrestricted
in (3.30), and all other permutations are excluded by LP rules (3.16) and (3.17):
(3.16) ensures that nps precede vs, and (3.17) that zu schreiben (v6) precedes
verspricht (v4), since v6 ∈ dtrs(v4).

We show the LP tree corresponding to word order domain (3.31) below:

s1

np5 np2 v6 v4

det7 n8

einen Roman Maria zu schreiben verspricht

(3.32)

VP extraposition

Reape’s approach can also treat the vp-extraposition example below:

(dass) Maria verspricht, einen Roman zu schreiben
(that) Maria promises, a novel(acc) to write
“(that) Maria promises to write a novel”

(3.33)

For (3.33), we assume the ID tree analysis shown in (3.34) below. Notice that
since vp3 is extraposed in the linearization, it must be [∪−] by language-specific
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principle (3.14):

s1[∪±]

np2[∪−] vp3[∪−] v4[∪−]

np5[∪−] v6[∪−]

det7[∪−] n8[∪−]

Maria einen Roman zu schreiben verspricht

(3.34)

The word order domains at np5 and vp3 are the same as in the scrambling example:

dom(np5) = 〈det7,n8〉 (3.35)

dom(vp3) = 〈np5,v6〉 (3.36)

And vp3 must be inserted into the domain of its mother s1 because it is [∪−]:

dom(s1) ∈ 〈np2〉 ∪∗ 〈vp3〉 ∪∗ 〈v4〉
= { 〈np2,vp3,v4〉, 〈vp3,np2,v4〉, 〈np2,v4,vp3〉 }

(3.37)

The other permutations 〈v4,np2,vp3〉, 〈v4,vp3,np2〉 and 〈vp3,v4,np2〉 are ex-
cluded by LP rule (3.16).

Sentence (3.33) corresponds to linearization 〈np2,v4,vp3〉, and its LP tree is shown
in (3.38):

s1

np2 v4 vp3

np5 v6

det7 n8

Maria verspricht einen Roman zu schreiben

(3.38)
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Partial VP extraposition

One weakness of Reape’s theory is that it cannot treat partial vp extraposition,
an example of which is shown below:

(dass) Maria einen Roman verspricht, zu schreiben
(that) Maria a novel(acc) promises, to write
“(that) Maria promises to write a novel”

(3.39)

The ID tree for this sentence is the same as for the full vp extraposition example
(3.34). Again, by language-specific principle (3.14), vp3 must be [∪−] because it is
extraposed. As we saw above, this ID tree licenses the following three word order
domains:

dom(s1) ∈ 〈np2〉 ∪∗ 〈vp3〉 ∪∗ 〈v4〉
= { 〈np2,vp3,v4〉, 〈vp3,np2,v4〉, 〈np2,v4,vp3〉 }

(3.40)

but none of the sequences corresponds to linearization (3.39). That is, while
Reape’s theory can handle the extraposition of full vps, it cannot account for
the fact that particular dependents of extraposed constituents (e.g. objects) can be
moved into the Mittelfeld. This defect is due to the fact that Reape’s distinction
between [∪+] and [∪−] is not fine-grained enough. We improve on Reape’s theory
in our approach, where we can specify on a per-dependent basis which dependent
of an extraposed verb has to stay with its verb or may be dislocated into the
Mittelfeld.

3.1.3 Criticism

Reape’s word order domains were groundbreaking and paved the way for many
modern HPSG grammars concerned with freer word order languages. But unfor-
tunately, Reape’s original formulation has defects.

For one, Reape’s dissociation of vertical syntactic structure and horizontal linear
structure is not perfect. Linear precedence constraints are still defined on categorial
grounds, since Reape does not have a primitive notion of topological fields. His word
order domains are only a technical notion and they cannot be straightforwardly
mapped to topological fields.

The rather crude notion of ‘unioning up’ as expressed by the [∪+]/[∪−]-distinction
does not allow Reape’s theory to handle e.g. partial vp extraposition. In order to
tackle extraposition phenomena in general, one needs to be able to distinguish be-
tween different kinds of arguments and allow only a subset of them to be extracted.
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For instance, only pps and relative clauses can be extracted out of nps in German,
but not determiners or adjectives.

Reape’s theory also exhibits other defects with respect to extraposition: in language
specific principle (3.14), he only allows vps to be extraposed, whereas clearly also
pps, ss and heavy nps should be amenable to extraposition. This is one of the
problems overcome by the adaptation of word order domains in (Kathol 1995),
which we discuss in the next section.

3.2 Kathol

In (Kathol 1995) and also (Kathol 2000), Andreas Kathol presents a HPSG-based
theory of syntax called Linearization-Based Syntax which is based on Reape’s no-
tion of word order domains but goes far beyond Reape’s approach.

Kathol (1995) notes that Reape’s approach is flawed in at least two areas. The
first is extraposition: Reape (1994) allows only vps to be extraposed, but other
categories like pps and ss can clearly also be extraposed. Secondly, Kathol shows
that Reape’s analysis of raising verbs is wrong.

3.2.1 Kathol’s adaptation of word order domains

Reape employs binary-valued features for both the statement of linear precedence
rules, e.g. extra in (3.14), and also in stating language-specific principles (unioned).
Kathol, on the contrary, dispenses with these binary-valued features altogether.
Instead, he directly associates domain objects with topological properties, i.e. each
domain object is assigned a topological field using the attribute topo. Kathol (1995)
introduces the following set of topological fields:

field name explanation

vf Vorfeld
cf complementizer field
mf Mittelfeld
vc verb cluster
nf Nachfeld

(3.41)

Linear precedence rules are then replaced in (Kathol 1995) by the following Topo-
logical Linear Precedence Statement (TLPS) which totally orders the set of fields:

vf ≺ cf ≺ mf ≺ vc ≺ nf (3.42)
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In addition, Kathol utilizes Topological Cardinality Conditions to restrict the car-
dinality of the Vorfeld vf and complementizer field cf to at most one.

3.2.2 Criticism

The new formulation of HPSG with word order domains as suggested by Kathol
(1995) overcomes some of the defects of Reape’s original proposal. The main asset
of Kathol’s approach is the primitive notion of fields, as opposed to Reape’s binary-
valued features. This primitive notion of topological fields allows Kathol to achieve
a dissociation between immediate dominance and linear precedence that is more
convincing than in Reape’s proposal. In Kathol’s approach, linear precedence con-
straints are stated not on categorial grounds but order topological fields (TLPS).
He also dispenses with Reape’s language-specific principles in favor of increased
lexicalization.

3.3 Bröker

The DACHS-framework (Dependency Approach to Coupling Heterogenuous knowl-
edge Sources) is a variant of dependency grammar proposed by Norbert Bröker
(Bröker 1999). DACHS aims at decoupling the dependency tree from surface word
order, to the effect that the theory does not need to compromise the semantic
motivation of dependencies and allows for a declarative and formally precise char-
acterization of word order.

DACHS makes use of two tree structures: the non-projective dependency tree
structure and the word order domain (or just ‘order domain’) structure. Both trees
are linked but structurally dissimilar. Surface word order is derived by traversing
the tree induced by the word order domain structure.

DACHS is formalized using a description logic based on modal logic that owes much
to the work of Blackburn (1994). Dependencies and the mapping from the depen-
dency tree to order domain structures are described by modal operators. Simple
properties such as word class and features used in the expression of precedence
predicates are described by modal properties.
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3.3.1 Word order domain structure

In Bröker’s theory, a word order domain m is a set of words. The cardinality
of an order domain can be restricted to at most one, at least one or exactly one
element. No restriction on the cardinality means that zero or more domain elements
are licensed. Each word is associated with a sequence of order domains where
one domain in this sequence must contain the word itself. A word order domain
structure is a partial order on the set M of word order domains, based on set
inclusion.

Order domain elements are assigned features which are later used in specifying
precedence predicates that constrain surface word order. These features are used to
model notions from topological fields theory: initial corresponds to the Vorfeld,
middle to the Mittelfeld and final to the Nachfeld.

DACHS employs the notion of precedence predicates from Hudson’s Word Gram-
mar (Hudson 1990) to state constraints on surface word order within domains.
Bröker postulates two kinds of precedence predicates: the first orders a word with
respect to the other elements in the domain it is associated with. The second states
constraints on the order among the other elements in the domain.

3.3.2 Example

Here is an example sentence and its corresponding dependency tree analysis (3.44):

Den Mann hat Maria geliebt.
The man(acc) has Maria loved.
“Maria has loved the man.”

(3.43)

Den Mann hat Maria geliebt

det

obj

subj
vpp

(3.44)
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The following order domain structure corresponds to the dependency tree (3.44):

d0

d1 d2

d3 d4 d5

Mann hat Maria geliebt .

(3.45)

Here, the sentence period introduces the single top domain d0 for the complete
sentence. The finite verb hat is associated with domain d2 and introduces by
lexical assignment a sequence of domains 〈d1, d2〉, requiring that d1 must precede
d2. d1 roughly corresponds to the Vorfeld in topological fields theory and d2 to the
Mittelfeld. Mann, Maria and geliebt introduce the order domains d3, d4 and d5 on
their own. Word order domains are sets of words. The word order domains in the
example contain the following sets of words:

d0 = {Mann, hat,Maria, geliebt, .}
d1 = {Mann}
d2 = {hat,Maria, geliebt}
d3 = {Mann}
d4 = {Maria}
d5 = {geliebt}

(3.46)

Order within a domain is controlled by precedence predicates. Bröker posits the
following conjunction of precedence predicates for finite verbs like hat :

hat ⇒ <∗ ∧ (3.47)

{subj, obj} < vpp (3.48)

(3.47) and (3.48) apply only to domains which have been introduced by hat and
which also contain hat, i.e. d2 in the example. The first conjunct (3.47) orders
hat with respect to the other elements in such a domain: it is only satisfied if
hat precedes all other words in the domain. The second conjunct (3.48) states a
constraint on the order among the other elements in such a domain: it is satisfied
if no subject or object follows the past participle (vpp). (3.47) is satisfied in the
example since no word precedes hat in d2. (3.48) is also satisfied because neither
the object Mann (which is included in d1 and d3) nor the subject Maria precede
the past participle geliebt in d2.
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3.3.3 Linking dependency and order domain structure

DACHS establishes the linking between dependency tree and word order domain
structure as follows: a node in the dependency tree may either be inserted into a
domain introduced by its direct (syntactical) head, or it may be extracted into a
domain introduced by a transitive head, which is then called the positional head of
the dependent.

In the example given in (3.45) above, the subject Maria is inserted into the domain
d2 of its direct head hat. Mann is not inserted into the domain d5 of its direct head
geliebt, but extracted into domain d1 introduced by its positional head hat.

The distance between positional heads and their dependents is restricted: for each
node, Bröker defines a set of dependency relations which may link its direct and
positional heads. Extraction is impossible if that set is empty: in this case, the
positional head of the node equals its direct head.

To illustrate this idea, we refer again to the the example pictured in (3.45) above.
Here, the extracted object Mann lexically defines the set L = {vpp} of dependency
relations which may link its direct head with its positional head. The direct head
of Mann is geliebt, and geliebt is a vpp-dependent of hat. Since vpp ∈ L, the direct
head geliebt may be linked to hat. hat is therefore the positional head of Mann.

3.3.4 Criticism

DACHS is highly similar to our theory of TDG (to be introduced in the chapters to
follow). Firstly, DACHS also decouples dependency structure from linear structure.
Dependency trees as used in DACHS represent the same structures as ID trees in
TDG.

Still, DACHS and TDG differ in some respects. For one, DACHS does not utilize a
primitive notion of topological fields but uses so-called features to model fields and
also other concepts. The nature of these features is not entirely clear. Some features
like initial, middle and final obviously model the fields Vorfeld, Mittelfeld and
Nachfeld from topological fields theory. On the other hand, there are features like
norel, whose interpretation is not as clear-cut.

Another point of criticism applies to the precedence predicates. Whereas TDG
states ordering constraints on the level of topological fields (i.e. Vorfeld precedes
Mittelfeld etc.), DACHS reverts back to dependency relations in the statement
of its precedence predicates (see (3.48)). We regard this as a withdrawal from the
original scheme of strictly decoupling dependency structure and surface word order.
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In our opinion, constraints on surface word order should only be expressed on the
word order domain level, and be free from any considerations regarding dependency
relations.

Lastly, another divergence of DACHS and TDG is how the theories are formalized.
DACHS makes use of modal logic in the spirit of (Blackburn 1994), whereas TDG
opts for model-theoretic syntax casted in graph-theoretical terms.

3.4 Gerdes and Kahane

The formulation of a ‘formal dependency grammar using a topological hierarchy’
outlined in (Gerdes & Kahane 2001) is also called Topological Dependency Gram-
mar. To distinguish it from our approach we call their framework TDG′ in the
following. TDG′ places itself in the context of the general framework of Meaning-
Text-Theory (MTT) (Mel’čuk 1988), which considers the modeling of a language
as a bidirectional correspondence between meanings and texts. TDG′ corresponds
to the syntactic module of MTT, providing the correspondence between syntactical
dependency trees and morphological strings.

TDG′ posits two structurally dissimilar but linked analysis structures: a syntactic
dependency tree and a topological structure. The syntactic dependency tree is
an non-ordered dependency tree whose edges are labeled with syntactic relations.
The syntactic dependency structure does not incorporate considerations regarding
surface word order. The topological structure is a ‘phrase structure’ tree derived
from the dependency tree using a set of correspondence rules.

3.4.1 Topological structure

A domain in TDG′ is a sequence of topological fields, and these fields are in turn
assigned to words. For example, the main domain md is a sequence of the following
fields:

vf, [,mf, ], nf (3.49)

where vf corresponds to the Vorfeld, [ to the left sentence bracket, mf to the
Mittelfeld, ] to the right sentence bracket and nf to the Nachfeld. If a word of a
certain category lands in a certain field, it may create an embedded domain, which
is again associated with a sequence of fields.

Gerdes and Kahane liken domains to ‘boxes’ and fields to ‘compartments’ inside a
box. Compartments are linearly ordered within a box, and can again accommodate
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new boxes. This gives rise to a hierarchy of boxes which is the topological structure,
and is also called ‘phrase structure’ in (Gerdes & Kahane 2001).

3.4.2 Example

As an example, we go through a TDG′ analysis of the sentence glossed here:

Hat dem Mann jemand erlaubt, das Buch zu lesen?
Has the man(dat) anybody(nom) allowed, the book to read?
“Has anybody allowed the man to read the book?”

(3.50)

The corresponding syntactic dependency tree is depicted below:

Hat dem Mann jemand erlaubt das Buch zu lesen

det

iobj

subj vpp

det

obj

vzu

(3.51)

Here, jemand is the subject of hat (grammatical role: subj) and erlaubt its past
participle complement (vpp). Mann is the indirect object (iobj) of erlaubt and zu
lesen its zu-infinitival complement (vzu), Buch is the object (obj) of zu lesen.

The syntactic dependency tree pictured in (3.51) above gives rise to the topological
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structure shown in (3.52):

md

vc ed

vc

Hat dem Mann jemand erlaubt das Buch zu lesen

i

[ mf mf

]

h

nf

mf

]

h

(3.52)

Notice that we depict the topological structure as a phrase structure tree, contrary
to the less conventional tree depictions in (Gerdes & Kahane 2001). The phrasal
nodes are labeled by domain names like md for main domain, the terminal nodes
by words and the edges by field names like mf for Mittelfeld and nf for Nachfeld.
i denotes the initial field.

Another notation for topological structures is labeled bracketed string notation.
Below, we show the topological structure displayed in (3.52) above in labeled brack-
eted string notation:

[mdHat[dem Mannmf jemandmf [vcerlaubth]][eddas Buchmf [vczu lesenh]]]nf ]i (3.53)

Here, we write field names as subscripts and domain names follow opening brackets.

3.4.3 Grammar definition

A TDG′ grammar is defined in a rule-based fashion using four sets of rules:

• box creation rules

• box description rules

• field description rules

• correspondence rules

In addition, a permeability order is employed to restrict extraction.
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Box creation rules

‘Phrasal nodes’ in the topological structure, i.e. domains or boxes, are introduced
by box creation rules. A box creation rule (c, f,b, f ′) indicates that a word of
category c placed in field f may create a domain b and lands in field f ′ of that
domain. Hence each word creating a domain is associated with two fields: the field
f it is placed in and the field f ′ in the domain b which it has created. Graphically,
f is the label of its incoming edge, and f ′ the node label of the created domain.

The main domain for instance is introduced by the following box creation rule:

(vfin, i,md, [) (3.54)

indicating that a finite verb (category: vfin) such as hat in (3.52) placed in the
initial field i may create a domain md and lands in the left sentence bracket [ of
that domain.

If a non-finite verb (category: vnonfin) is placed in one of the so-called major
fields majf such as Vorfeld (vf) or Nachfeld (nf), then it may create an embedded
domain ed. The verb itself lands in the right sentence bracket ] of that embedded
domain:

(vnonfin,majf , ed, ]) (3.55)

Note that (3.55) is not a box creation rule but a box creation rule schema: it
expands to one rule for each major field. In the example topological structure
(3.52) above, (3.55) induces an embedded domain ed in the Nachfeld, covering the
string das Buch zu lesen.

Box description rules

The order among the fields inside a domain or box is characterized by box descrip-
tion rules. A box description rule b → f1, . . . , fn indicates that domain b consists
of the sequence of fields f1, . . . , fn.

For instance, the sequence of fields in the main domain is described by the following
box description rule:

md → vf, [,mf, ], nf (3.56)

The order of fields in an embedded domain is reflected in this box description rule:

ed → mf, ], nf (3.57)
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Field description rules

Field description rules state constraints on the cardinality of fields. A field descrip-
tion rule is a pair (f, w) ∈ F×W , where F is the set of all fields andW = {!, ?,+, ∗}
a set of wildcards. A field f must contain either exactly one element (!) , at a most
one element (?), at least one element (+) or any number of elements (∗).

As an example, Gerdes & Kahane (2001) constrain the number of elements in the
left sentence bracket to exactly one by stating the field description rule ([, !) and
in the Mittelfeld to an arbitrary number of elements by stating rule (mf, ∗).

Correspondence rules

Correspondence rules establish the linkage between syntactic dependency tree and
topological structure. A correspondence rule looks like this:

(r, c1, f1, c2, f2,b) (3.58)

Such a rule indicates that if there is a dependency edge w1−r→w2 from word w1

with category c1 (and placed in field f1) to word w2 with category c2, labeled with
the grammatical relation r, then w2 may be placed in field f2.

The last argument b is used to control extraction or, as Gerdes and Kahane put
it, emancipation out of domains. Therefore, they define for each TDG′ grammar a
permeability order, which is a partial order on the set B of domains. By a corre-
spondence rule such as (3.58), w2 may emancipate out of domains with permeability
≤ b.

The part of the permeability order given in (Gerdes & Kahane 2001) which is
relevant for our purposes (including the domains vc, ed and md) is shown below:

vc < ed < md (3.59)

(3.59) indicates that extraction out of verb clusters (vc) is easier than extraction
out of embedded domains (ed), and that in turn is easier than extraction out of
main domains (md).

Here is an example correspondence rule schema: the positioning of a non-verbal
element in a major field:

(r, v, anyf , nv,majf , ed) (3.60)

stating that if there is a dependency edge w1−r→w2 from a verbal element (cate-
gory: v) w1 placed in any field (anyf ) to a non-verbal element (category: nv) w2
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labeled with grammatical relation r, then the w2 may land in a major field (majf ).
Thereby, w2 may be emancipated out of domains with permeability ≤ ed.

An example of the operation of the permeability order (3.59) and correspondence
rule (3.60) can be read off our example in (3.51) and (3.52) above: here, the indirect
object dem Mann of erlaubt is emancipated into the Mittelfeld of the main domain.
On its way, diesen Mann is extracted out of the verb cluster (vc) domain of erlaubt.
The extraction is licensed since vc ≤ ed holds in (3.59).

3.4.4 Criticism

TDG′ (Gerdes & Kahane 2001) closely resembles our approach. Again, TDG′ posits
two levels of representation, the non-ordered syntactic dependency tree (ID tree)
and a topological structure (LP tree). However, there are a number of differences
between the two approaches.

For one, whereas TDG (this study) makes use of dependency trees (where each
node corresponds 1:1 to a word) on both levels, Gerdes and Kahane construct a
phrase structure-like topological structure including phrasal (non-terminal) nodes.

Another crucial difference is that Gerdes and Kahane’s approach is formalized in a
rule-based fashion, as opposed to TDG and DACHS, which are highly lexicalized.

In spite of these differences, we think that TDG′ can be lexicalized and that the
topological phrase structure analysis is finitely expandable. Thus, we suggest that
it is possible to establish a mapping from TDG′ to TDG and vice versa. This
way, TDG′ could make use of the computational techniques developed for TDG in
order to attain a parser implementation. So far, Gerdes and Kahane (p.c.) have
implemented a generator which obtains from a given dependency tree the set of
all licensed topological structures, but they do not yet have a practical parser for
TDG′.

3.5 Summary

In this chapter, we have discussed four rather similar approaches, two of them based
on HPSG (Reape 1994), (Kathol 1995) and two based on dependency grammar
(Bröker 1999), (Gerdes & Kahane 2001). All of them have in common the funda-
mental idea to dissociate vertical syntactic structure or immediate dominance from
horizontal linear order or linear precedence. We showed that although Reape’s
theory of word order domains has proven very influential within and outside the
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HPSG community, it is not free from flaws. Kathol’s Linearization-Based Syntax
overcomes some of these flaws. Bröker’s adaptation of word order domains for
dependency grammar is promising but falls foul of similar problems as Reape’s
theory: it does not incorporate a primitive notion of topological fields and does
not satisfactorily dissociate immediate dominance and linear precedence. Gerdes
and Kahane’s TDG′ in turn can be criticized mostly for its rule-based rather than
lexicalized character and its rather sketchy formalization.

In the following chapters, we will introduce a new way of stating constraints on
linear precedence in the context of dependency grammar, which remedies the prob-
lems plaguing the approaches outlined in this chapter.



A Meta-Grammatical Framework for Dependency Grammar

Abstract

We propose a meta-grammatical frame-
work for dependency grammar, accommo-
dating any number of dimensions and re-
stricting their licensed models through the
application of parametric principles. We
first instantiate this framework to obtain
the version of Topological Dependency
Grammar (TDG) proposed by (Duchier
and Debusmann, 2001). We then describe
an extended instantiation which adds sup-
port for semantic dependencies (thus also
providing an account of control and rais-
ing constructions) and meaning assembly.

Topological Dependency Grammar (TDG) (Duchier
and Debusmann, 2001) explains linearization phe-
nomena through the interaction of two structures,
similar to (Gerdes and Kahane, 2001): a non-
ordered tree of syntactic dependencies and an or-
dered and projective tree of topological dependen-
cies.

In this paper, we propose a generalized meta-
grammatical framework, accommodating any num-
ber of dimensions (beyond syntax and topology) and
restricting their licensed models through the applica-
tion of parametric principles. First we show how this
framework can be instantiated to obtain the earlier
version of TDG. We then describe an extended in-
stantiation which adds support for semantic depen-
dencies (thus also providing an account of control
and raising constructions) and meaning assembly.
Figure 1 sketches briefly how the extended TDG is
articulated around multiple-dimensions.

1 ID/LP TDG

In this section, we explain the basics of TDG. We
regard TDG as a general grammar framework that
needs to be instantiated to yield a particular gram-
mar formalism. One instance is ID/LP TDG, as pro-
posed in (Duchier and Debusmann, 2001).1

ID/LP TDG is a lexicalized formulation of depen-
dency grammar (Tesnière, 1959) that combines a
non-projective account of syntax with an account
of linear precedence inspired by the classical model
of topological fields (Höhle, 1986). An analysis
consists of two mutually constraining trees: a non-
ordered tree of syntactic dependencies (ID tree) and
an ordered and projective tree of topological depen-
dencies (LP tree).

We introduce the ID/LP TDG framework using the
following German example sentence:

(1) (dass)
(that)

eine
a

Frau
woman+ACC

jeder
every

Mann
man+NOM

zu
to

lieben
love

scheint.
seems.

“(that) every man seems to love a woman.”

1.1 ID tree
The ID tree is a non-ordered tree of syntactic depen-
dencies where edges are labeled with grammatical
functions such as subj for subject or obj for object.
Here is an ID tree analysis for example (1).2

1“ID/LP TDG” used to be called “TDG” in (Duchier and De-
busmann, 2001) and various other papers on the subject.

2For simplicity, we treat the NPs (eine Frau and jeder
Mann) and the head of the VP (zu lieben) as independent words
throughout this paper.



syntax
Jeder Mann verspricht ein Buch zu lesen

det
subj vzu

det
obj zu

emancipation

topology
Jeder Mann verspricht ein Buch zu lesen

n
n

c

n
n

v
v

df

vf mf vcf

df pf

semantic arguments
Jeder Mann verspricht ein Buch zu lesen

ac
t

prop

patact

emancipation

bindings

@
@

Jeder λ

@
Mann var

λ

@
@

ein λ

@
Buch var

λ

@
@

versprechen var
@

@
lesen var

var

semantics

Figure 1: An architectural overview of extended TDG

(2)

(dass) eine Frau jeder Mann zu lieben scheint

vinfsubj

obj

jeder Mann is the subject of scheint, as signified by
the edge labeled subj. Likewise, zu lieben is the in-
finitival complement (vinf) of scheint, and eine Frau
is the object (obj) of zu lieben.

1.2 LP tree
The LP tree is an ordered and projective tree of topo-
logical dependencies. Edges of the LP tree are la-
beled with topological fields such as mf for “Mit-
telfeld” and vcf for verb field. In addition, to order
nodes with respect to their dependents, we label the
nodes of the LP tree by head fields such as v for verbs
and n for nouns. Here is an LP tree analysis for ex-
ample (1):

(3)

(dass) eine Frau jeder Mann zu lieben scheint
n n v

v
vcfmfmf

The two NPs eine Frau and jeder Mann both land
in the Mittelfeld (mf) of the finite verb scheint, and
the infinitival complement zu lieben lands in the verb
field (vcf) of scheint.

LP trees must be well-ordered. To this end, the
grammar stipulates a total order on LP edge and node
labels. This imposes a linear order among the de-
pendents of a node, and the node itself is positioned
with respect to its dependents by its node label. The
example grammar presented in this paper stipulates
the following total order:

(4) n ≺ mf ≺ vcf ≺ v

The LP tree above is well-ordered with respect to this
total order: the topological dependents of scheint la-
beled mf (i.e. eine Frau and jeder Mann) correctly
precede the ones labeled vcf (zu lieben):

(5) [eine Frau jeder Mann]mf < [zu lieben]vcf

Moreover, the node scheint itself correctly follows
all of its dependents:

(6) [eine Frau jeder Mann]mf < [zu lieben]vcf <
scheintv

Note that eine Frau and jeder Mann have the same
incoming edge label mf. That is, their respective or-
der is underspecified, and either permutation (eine
Frau preceding jeder Mann or the other way round)
is licensed by the grammar. This reflects that in Ger-
man, the order of the elements in the Mittelfeld is
arbitrary.



1.3 Climbing
The ID and LP dimensions mutually constrain each
other by the climbing principle. By the climbing
principle, we allow nodes in the ID tree to migrate
upwards to nodes higher in the LP tree. In our exam-
ple for instance, the object eine Frau is the daughter
of zu lieben in the ID tree, and of scheint in the LP

tree. Hence we say that eine Frau has climbed up
to scheint. For illustration, we repeat our ID and LP

tree analyses, augmented with a dashed arrow which
signifies the climbing up of the node corresponding
to eine Frau:

(7)

(dass) eine Frau jeder Mann zu lieben scheint

vinfsubj

obj

(8)

(dass) eine Frau jeder Mann zu lieben scheint
n n v

v
vcfmfmf

The effect of climbing is that the shape of the LP

tree is a flattening of the ID tree’s, similar to the ef-
fect achieved by sequence union in (Reape, 1994).
This enables ID/LP TDG to handle a variety of diffi-
cult word order phenomena, especially in freer word
order languages such as Dutch or German.

2 Generalized TDG

In this section, we generalize the TDG framework,
starting from the ID/LP TDG grammar formalism
outlined above.

2.1 Dimensions
Each analysis in TDG consists of any number m of
dimensions D = {d1, . . . , dm} whose models are
labeled directed graphs. These graphs are all made
up of the same set of n nodes V = {v1, . . . , vn},
which correspond 1 : 1 to the words in the input sen-
tence W = w1 . . . wn. To model lexical ambiguity,
we map each word wi to a set of ik lexical entries
Ei = {ei1 , . . . , eik}. Lexical entries are standard
feature structures containing information about e.g.
the subcategorization behavior. A selection function
then selects one entry eij from Ei that is eventually
assigned to the node vi corresponding to word wi.
Below, we give a sketch of this architecture:

(9)

dimensions d1 . . . dm

nodes {v1 . . . vn}

entries {e11
. . . e1k

} {en1
. . . enl

}

words w1 . . . wn

Note that the lexical entries are shared across all di-
mensions. In fact they are one way to make the man-
ifold dimensions mutually constrain each other.

2.2 Principles
Each dimension di is subject to a set Pi of prin-
ciples, which are drawn from the same principles
pool P . The models for dimension di are in the
class of labeled directed graphs, and the principles
further restrict their admissibility. Principles can
operate only within one dimension or across sev-
eral dimensions: We call principles that only oper-
ate within one dimension intra-dimensional princi-
ples, and those that operate across several dimen-
sions inter-dimensional principles. Each set Pi of
principles on dimension di is partitioned into subsets
P ′

i of intra-dimensional principles and P ′′
i of inter-

dimensional principles: This is illustrated in the pic-
ture below.

(10)

intra-dimensional principles P ′
1

. . . P ′
m

dimensions d1 . . . dm

inter-dimensional principles P ′′
1

. . . P ′′
m

2.3 Principles pool
ID/LP TDG draws all its principles from the follow-
ing principles pool:

(11) P = {dag, tree, in, out, order, climbing, linking}

Each principle has arguments such as the dimen-
sions d1, . . . , dm on which the principle applies, or
functions, taking a node in V as argument, that
model lexical features.

Dag principle. dag(d): Each analysis on dimen-
sion d is a directed acyclic graph.

Tree principle. tree(d): Each analysis on dimen-
sion d is a tree.



Climbing principle. climbing(d1 ,d2): A subtree
on dimension d2 may climb up and land higher up
on dimension d1. Writing v→dv

′ for an edge from
v to v′ on dimension d, and v→∗

dv
′ for its reflexive

transitive closure, the climbing principle states the
following constraint:

(12) v→d1
v′ ⇒ v→∗

d2
v′

That is, an edge from v to v′ on dimension d1 is
licensed only if v dominates v′ on dimension d2.

Out principle. out(d,outd : V → 2ΠL): The out-
going edges of a node on dimension d must satisfy in
label and number the stipulation of the correspond-
ing outd feature. This principle is parametrized by
the lexical feature outd, and L is the set of edge la-
bels on dimension d. Π is a constructor for label
patterns. Given a set L of labels, we write ΠL for
the set of label patterns π that can be formed accord-
ing to the following abstract syntax:

(13) π ::= ` | `? | `∗

where ` stands for “precisely one” outgoing edge,
`? “zero or one”, and `∗ “any number” of outgoing
edges.

In principle. in(d,ind : V → 2ΠL ): The incoming
edges of a node on dimension d must satisfy in la-
bel and number the stipulation of the corresponding
ind feature. Symmetrical to the out principle, the in
principle constrains the incoming edges of a node.

Order principle. order(d,≺d,ond : V → 2FN ) For
the order principle, we refer the reader to (Duchier,
2001). Suffice to say that it applies on dimension d

with the total order ≺d. Lexical feature ond states
the set of possible node labels.

Linking principle. linking(d1 ,d2,linkd1,d2
: V →

L1 → 2L2 ): The dependents of a node on dimen-
sion d1 must have as their incoming edge label on
dimension d2 one of those stipulated by the linkd1,d2

feature. L1 is the set of edge labels of dimension
d1, and L2 of dimension d2. Essentially, the prin-
ciple synchronizes two dimensions in a lexical fash-
ion, by the following constraint, where `1 ∈ L1 and
`2 ∈ L2:

(14) v−`1→d1
v′ ⇒ v′′−`2→d2

v′ ∧
`2 ∈ linkd1,d2

(v)(`1)

That is, an edge from v to v′ on dimension d1 is
licensed only if, on dimension d2, there is a node
v′′ and an edge from v′′ to v′ labeled by one of
linkd1,d2

(v)(`1).

2.4 Obtaining ID/LP TDG
In the following, we instantiate TDG to get the ID/LP

TDG grammar formalism:

(15)

{tree, in, out} {tree, in, out, order}

ID LP

∅ {climbing}

On the ID dimension, ID/LP TDG makes use of the
principles tree, in and out. On the LP dimension, it
reuses the three, and adds the order principle. ID/LP

TDG uses only one inter-dimensional principle, viz.
the climbing principle on the LP dimension.

The instantiation of TDG in (15) gives rise to the
following lexical entry signature:

(16)













ID :

[

in : 2ΠR

out : 2ΠR

]

LP :





in : 2ΠF
E

on : 2FN

out : 2ΠF
E

















where R is the set of edge labels on the ID dimen-
sion, FE the set of edge labels, and FN the set of
node labels on the LP dimension.

2.5 ID/LP TDG example grammar
We present a simple example grammar for the ID/LP

TDG grammar formalism. First, we define the edge
labels on the ID and the LP dimension (R and FE),
and the node labels on the LP dimension (FN):

(17)
R = {subj, obj, vinf}
FE = {mf, vcf}
FN = {n, v}

For the order principle, we define the total order on
FE ∪ FN as already posited in (4).

The rest of the grammar is made up of the lexical
entries:

(18)

jeder Mann 7→










ID :

[

in : {subj?}
out : ∅

]

LP :

[

in : {mf?}
on : {n}

out : ∅

]













(19)

eine Frau 7→










ID :

[

in : {obj?}
out : ∅

]

LP :

[

in : {mf?}
on : {n}

out : ∅

]











(20)

zu lieben 7→










ID :

[

in : {vinf?}
out : {obj}

]

LP :

[

in : {vcf?}
on : {v}

out : ∅

]











(21)

scheint 7→










ID :

[

in : ∅
out : {subj}

]

LP :

[

in : ∅
on : {v}

out : {mf∗, vcf?}

]











The lexical entries for the NPs jeder Mann and eine
Frau are almost identical: on the ID dimension, their
incoming edge must be labeled subj (jeder Mann)
or obj (eine Frau), i.e. jeder Mann must be a sub-
ject, and eine Frau an object. On the LP dimension,
their only possible incoming edge label is mf, which
captures the generalization that nouns can only land
in the topological field called Mittelfeld in German.
Their node label must be n.

The lexical entry for the infinitive zu lieben states
that its incoming edge must be vinf on the ID dimen-
sion and vcf on the LP dimension. The only possible
node label is v. Moreover, zu lieben must have pre-
cisely one dependent labeled obj on the ID dimen-
sion. On the LP dimension, it must not have any
outgoing edge.

The lexical entry for scheint states the following.
On the ID dimension, scheint must not have any in-
coming edges, and it requires precisely one outgo-
ing edge labeled subj. On the LP dimension, scheint
also must not have any incoming edge, and has node
label v. In addition, the lexical entry for scheint
licenses an arbitrary number of outgoing edges la-
beled mf, and zero or one outgoing edges labeled vcf.

3 ID/LP/TH TDG

In this section, we instantiate TDG to get the
ID/LP/TH TDG grammar formalism, extending ID/LP

TDG of the previous section by a dimension called
TH dimension (for thematic).

3.1 ID/LP/TH dags
An analysis on the TH dimension is called TH dag: a
directed acyclic graph with edges labeled by seman-
tic roles. Here is a TH dag for sentence (1):

(22)

(dass) eine Frau jeder Mann zu lieben scheint

prop

actpat

Here, zu lieben is a prop-dependent (for proposition)
of scheint. jeder Mann is the actor or deep sub-
ject (act), and eine Frau is the patient or deep ob-
ject (pat) of zu lieben. These labels (except prop)
are taken from the set of dependency relations on
the tectogrammatical layer of Functional Generative
Description (FGD) (Sgall et al., 1986).

TH dags represent the semantic argument struc-
ture of a sentence, contrary to ID trees, which rep-
resent the syntactic argument structure. The two do
not always match. We contrast below the ID tree
(23) with the TH dag analysis (24) of our example
sentence:

(23)

(dass) eine Frau jeder Mann zu lieben scheint

vinfsubj

obj

(24)

(dass) eine Frau jeder Mann zu lieben scheint

prop

actpat

In the ID tree, jeder Mann is the subject of scheint,
and eine Frau is the object of zu lieben. In the TH

dag, eine Frau also is a dependent of zu lieben (its
patient). However, jeder Mann is not the dependent
of scheint but of zu lieben (its actor). Again, as in
ID/LP TDG, a node has climbed up: jeder Mann is
the daughter of zu lieben on the TH dimension, and
of scheint on the ID dimension, as indicated by the
dashed arrow in (24). In standard linguistics termi-
nology, this phenomenon is called raising.

Here, the climbing direction is from the TH to
the ID dimension. Before, in ID/LP TDG, we used
climbing in the direction from the ID to the LP di-
mension. ID-LP climbing enabled us to model word



order freedom, whereas the TH-ID climbing allows
us to model control and raising phenomena.

The attentive reader might pose the question why
an analysis on the TH dimension is a directed acyclic
graph, and not a tree. The answer is that for phenom-
ena such as control, a node in the TH dag can have
more than one incoming edge. As an example, con-
sider the following sentence, including the control
verb verspricht:

(25) Jeder
Every

Mann
man+NOM

verspricht
tries

ein
a

Buch
book+ACC

zu
to

lesen.
read.

“Every man tries to read a book.”

Below, we display the corresponding TH dag:

(26)

Jeder Mann verspricht ein Buch zu lesen

prop

act

act pat

Here, jeder Mann has two incoming edges: it is not
only the actor of zu lieben, but also of verspricht.

3.2 Obtaining ID/LP/TH TDG
ID/LP/TH TDG is an instantiation of TDG along the
following lines:

(27)

{dag, in, out}{tree, in, out}{tree, in, out, order}

TH ID LP

{climbing, ∅ {climbing}
linking}

That is, ID/LP/TH TDG recycles all principles already
used in ID/LP TDG. Additionally, ID/LP/TH TDG uti-
lizes the dag principle and the linking principle. We
use the linking principle to specify by which gram-
matical function a semantic role can be realized.
E.g. subjects typically realize actors. TDG’s link-
ing principle has been elaborated in (Korthals and
Debusmann, 2002), an approach that even surpasses
the linking theory of (Davis, 1998) in some respects.

The instantiation of TDG in (27) gives rise to the
following lexical entry signature:

(28)

























ID :

[

in : 2ΠR

out : 2ΠR

]

LP :





in : 2ΠF
E

on : 2FN

out : 2ΠF
E





TH :





in : 2ΠS

out : 2ΠS

link : S → 2R





























where the ID and LP subsignatures are the same as
in (16). In the TH subsignature, S is the set of edge
labels on the TH dimension.

3.3 ID/LP/TH TDG example grammar
We present a simple example grammar for the
ID/LP/TH TDG grammar formalism. We use the
same sets of labels for the ID and LP dimensions as
before in (17). The total order on the set FE ∪FN of
edge and node labels also stays the same. We define
the new set S of edge labels on the TH dimension as
follows:

(29) S = {act, pat, prop}

The rest of the grammar again consists of the lex-
ical entries:3

(30)

jeder Mann 7→
[

TH :

[

in : {act?}
out : ∅
link : ∅

] ]

(31)

eine Frau 7→
[

TH :

[

in : {pat?}
out : ∅
link : ∅

] ]

(32)

zu lieben 7→





TH :







in : {prop?}
out : {act, pat}
link : {act 7→ {subj},

pat 7→ {obj}}













(33)

scheint 7→
[

TH :

[

in : ∅
out : {prop}
link : {prop 7→ {vinf}

] ]

In this lexicon, jeder Mann can only be an actor,
and eine Frau a patient by their in features, and zu
lieben can only be a proposition (prop). In addition,
zu lieben requires an actor and a patient by its out
feature. The link feature states that the actor must

3Note that we do not repeat the ID and LP parts of the lexical
entries already shown in (18–21).



be realized by a subject, and the patient by an ob-
ject. scheint requires a proposition (prop) by its out
feature, and this proposition must be realized by an
infinitival complement (vinf).

4 Representation of Semantics

Although there are many alternatives, we will
present an approach based on CLLS (Egg et al.,
2001) which, as a constraint language, is well suited
to our constraint-based methodology.

Our example sentence (1) is scopally ambiguous:
it has a weak (34) and a strong (35) reading, repre-
sented as follows in CLLS:
(34)

@
@

every man
lam
@

@
a woman

lam
@

seem @
@

love var
var

(35)
@

@
a woman

lam
@

@
every man

lam
@

seem @
@

love var
var

where ‘@’ stands for application, ‘lam’ for a lambda
binder, ‘var’ for a variable occurrence, and dashed
arrows point from each variable occurrence to its
corresponding binder.

5 Meaning Assembly

We now turn to the problem of applying our frame-
work to the derivation of CLLS-based representa-
tions of semantics. Clearly, we wish that the lexi-
cal entries assigned to the nodes of an analysis con-
tribute CLLS fragments, e.g.:

(36) jeder Mann 7→







@

@

every man
lam







The challenge is then to assemble these fragments
into a single complete description.

5.1 Derivation tree
Similar to Tree Adjoining Grammar (TAG) (Joshi,
1987), we describe the plugging together of the
individual CLLS fragments using the concept of a
derivation tree. A derivation tree describes which
fragments are plugged into which fragments, and at
what positions. For this reason, we identify distin-
guished positions in each fragment. The root node
of a fragment is identified by the root feature, and
the scope position by the s feature. This can be seen
in the overview of the CLLS part of the lexical entries
in Figure 2.4

In this manner, we can model derivation trees us-
ing dependency trees where edges are labeled by dis-
tinguished positions. An edge w1−−→s w2 indicates
that the root node of w2’s fragment is plugged into
the s position (scope) of w1’s fragment. We intro-
duce the new DE dimension to represent the deriva-
tion tree, leading to the ID/LP/TH/DE TDG instance
of the TDG framework. The DE dimension uses the
tree, in and out principles. For instance, here is the
derivation tree for the weak reading of example (1):

(37)

(dass) eine Frau jeder Mann zu lieben scheint

s

s

s

while the strong reading is given by:

(38)

(dass) eine Frau jeder Mann zu lieben scheint

s

s

s

From the derivation tree, according to the implica-
tion below, we read off the additional CLLS equality
constraints that express how fragments are plugged
together:

(39) v−`→DEv
′ ⇒ v.` = v′.root

4For want of space, we omit e.g. the q position for quanti-
fiers, and the r position for restrictions that are both present in
the full account.



5.2 Lambda bindings
To recover the lambda bindings for CLLS, we again
identify distinguished positions in the CLLS frag-
ments: we identify the n lambda binders in a frag-
ment with features lam1, . . . , lamn, and the m vari-
able occurrences by features var1, . . . , varm. N is
the union of all these features.

We make use of the information contained in the
TH dag to recover the lambda bindings. We intro-
duce two new lexical features lam and var of type
S → 2N , mapping lam semantic roles to sets of
lambda binder positions and to sets of variable posi-
tions respectively. lam and var map a semantic role θ

either to the singleton set of the position correspond-
ing to θ, or otherwise to the empty set. For an edge
v−θ→THv′ in the TH dag, we obtain the correspond-
ing lambda binding (dashed arrow) as follows:
(40) v−θ→THv′ ⇒ v.var.θ v′.lam.θ

However note that we do not obtain lambda bindings
for all edges: we obtain a lambda binding for edge
v−θ→THv′ only if both v.var.θ and v′.lam.θ denote
singletons. Thus we can exclude lambda bindings to
positions in fragments which do not correspond to
individuals (e.g. scheint).

jeder Mann 7→
















root: @
@

every man
lam1 : lam

s:

lam :

[

act : {lam1}
pat : {lam1}

]

















zu lieben 7→














root: @
@

love var2 : var
var1 : var

var :

[

act : {var1}
pat : {var2}

]















scheint 7→
[

root : @
seem s :

]

Figure 2: CLLS parts of the lexical entries

6 Conclusion

We presented a meta-grammatical framework, artic-
ulated around the notion of dependencies and lex-

icalized constraints, that generalizes TDG: instead
of being limited to two interacting dimensions, one
dedicated to syntax and the other to topology, this
new framework can accommodate any number of di-
mensions. Furthermore, parametric principles are
used to stipulate the models licensed for each di-
mension, as well the restrictions arising from inter-
dimensional interactions. We have shown how it
can be instantiated to obtain the earlier ID/LP TDG.
We then described the ID/LP/TH extension which
provides support for semantic dependencies and ac-
counts for control and raising constructions. Finally
the DE extension was presented to support meaning
assembly in CLLS.
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Abstract
We propose a syntax-semantics interface that
realises the mapping between syntax and se-
mantics as a relation and does not make func-
tionality assumptions in either direction. This
interface is stated in terms of Extensible De-
pendency Grammar (XDG), a grammar formal-
ism we newly specify. XDG’s constraint-based
parser supports the concurrent flow of informa-
tion between any two levels of linguistic rep-
resentation, even when only partial analyses are
available. This generalises the concept of under-
specification.

1 Introduction
A key assumption of traditional syntax-semantics
interfaces, starting with (Montague, 1974), is that
the mapping from syntax to semantics is functional,
i. e. that once we know the syntactic structure of a
sentence, we can deterministically compute its se-
mantics.

Unfortunately, this assumption is typically not
justified. Ambiguities such as of quantifier scope
or pronominal reference are genuine semantic am-
biguities; that is, even a syntactically unambigu-
ous sentence can have multiple semantic readings.
Conversely, a common situation in natural language
generation is that one semantic representation can
be verbalised in multiple ways. This means that the
relation between syntax and semantics is not func-
tional at all, but rather a true m-to-n relation.

There is a variety of approaches in the litera-
ture on syntax-semantics interfaces for coping with
this situation, but none of them is completely sat-
isfactory. One way is to recast semantic ambiguity
as syntactic ambiguity by compiling semantic dis-
tinctions into the syntax (Montague, 1974; Steed-
man, 1999; Moortgat, 2002). This restores function-
ality, but comes at the price of an artificial blow-
up of syntactic ambiguity. A second approach is to
assume a non-deterministic mapping from syntax
to semantics as in generative grammar (Chomsky,
1965), but it is not always obvious how to reverse
the relation, e. g. for generation. For LFG, the oper-
ation of functional uncertaintainty allows for a re-
stricted form of relationality (Kaplan and Maxwell
III, 1988). Finally, underspecification (Egg et al.,

2001; Gupta and Lamping, 1998; Copestake et al.,
2004) introduces a new level of representation,
which can be computed functionally from a syntac-
tic analysis and encapsulates semantic ambiguity in
a way that supports the enumeration of all semantic
readings by need.

In this paper, we introduce a completely rela-
tional syntax-semantics interface, building upon the
underspecification approach. We assume a set of
linguistic dimensions, such as (syntactic) immedi-
ate dominance and predicate-argument structure; a
grammatical analysis is a tuple with one component
for each dimension, and a grammar describes a set
of such tuples. While we make no a priori function-
ality assumptions about the relation of the linguistic
dimensions, functional mappings can be obtained
as a special case. We formalise our syntax-seman-
tics interface using Extensible Dependency Gram-
mar (XDG), a new grammar formalism which gen-
eralises earlier work on Topological Dependency
Grammar (Duchier and Debusmann, 2001).

The relational syntax-semantics interface is sup-
ported by a parser for XDG based on constraint pro-
gramming. The crucial feature of this parser is that
it supports the concurrent flow of possibly partial in-
formation between any two dimensions: once addi-
tional information becomes available on one dimen-
sion, it can be propagated to any other dimension.
Grammaticality conditions and preferences (e. g. se-
lectional restrictions) can be specified on their nat-
ural level of representation, and inferences on each
dimension can help reduce ambiguity on the oth-
ers. This generalises the idea of underspecifica-
tion, which aims to represent and reduce ambiguity
through inferences on a single dimension only.

The structure of this paper is as follows: in Sec-
tion 2, we give the general ideas behind XDG, its
formal definition, and an overview of the constraint-
based parser. In Section 3, we present the relational
syntax-semantics interface, and go through exam-
ples that illustrate its operation. Section 4 shows
how the semantics side of our syntax-semantics in-
terface can be precisely related to mainstream se-
mantics research. We summarise our results and
point to further work in Section 5.







inID outID inPA outPA inSC outSC

DET {subj?,obj?,pcomp?} {det!} {ag?,pat?,arg?} {quant!} {r?,s?,a?} {r!,s!}
CN {det?} {prep∗} {quant?} {mod?} {r?,s?,a?} {}
PN {subj?,obj?,pcomp?} {prep∗} {ag?,pat?,arg?} {mod?} {r?,s?,a?} {r?,s!}
TV {} {subj!,obj!,prep∗} {} {ag!,pat!, instr?} {r?,s?,a?} {}
PREP {prep?} {pcomp!} {mod?, instr?} {arg!} {r?,s?,a?} {a!}

link codom contradom
DET {quant 7→ {det}} {quant 7→ {r}} {}
CN,PN {mod 7→ {prep}} {} {mod 7→ {a}}
TV {ag 7→ {subj},pat 7→ {obj}, instr 7→ {prep}} {} {ag 7→ {s},pat 7→ {s}, instr 7→ {a}}
PREP {arg 7→ {pcomp}} {} {arg 7→ {s}}

Figure 3: The example grammar fragment

with the principles that use them.
The ID dimension uses the edge labels LabID =

{det,subj,obj,prep,pcomp} resp. for determined
common noun,1 subject, object, preposition, and
complement of a preposition. The PA dimension
uses LabPA = {ag,pat,arg,quant,mod, instr}, resp.
for agent, patient, argument of a modifier, common
noun pertaining to a quantifier, modifier, and instru-
ment; and SC uses LabSC = {r,s,a} resp. for restric-
tion and scope of a quantifier, and for an argument.

The grammar also contains three one-dimen-
sional principles (tree, dag, and valency), and
three multi-dimensional principles (linking, co-
dominance, and contra-dominance).

Tree and dag principles. The tree principle re-
stricts ID and SC structures to be trees, and the
dag principle restricts PA structures to be directed
acyclic graphs.

Valency principle. The valency principle, which
we use on all dimensions, states that the incom-
ing and outgoing edges of each node must obey the
specifications of the in and out features. The possi-
ble values for each feature ind and outd are subsets
of Labd × {!,?,∗}. `! specifies a mandatory edge
with label `, `? an optional one, and `∗ zero or more.

Linking principle. The linking principle for di-
mensions d1,d2 constrains how dependents on d1
may be realised on d2. It assumes a feature linkd1,d2

whose values are functions that map labels from
Labd1 to sets of labels from Labd2 , and is specified
by the following implication:

v l
→d1 v′ ⇒ ∃l′ ∈ linkd1,d2(v)(l) : v l′

→d2 v′

Our grammar uses this principle with the link fea-
ture to constrain the realisations of PA-dependents in
the ID dimension. In Fig. 2, the agent (ag) of reads
must be realised as the subject (subj), i. e.

1We assume on all dimensions that determiners are the
heads of common nouns. This makes for a simpler relationship
between the syntactic and semantic dimensions.

reads
ag
→PA every ⇒ reads

subj
→ ID every

Similarly for the patient and the object. There
is no instrument dependent in the example, so this
part of the link feature is not used. An ergative verb
would use a link feature where the subject realises
the patient; Control and raising phenomena can also
be modelled, but we cannot present this here.

Co-dominance principle. The co-dominance
principle for d1,d2 relates edges in d1 to dominance
relations in the same direction in d2. It assumes a
feature codomd1,d2 mapping labels in Labd1 to sets
of labels in Labd2 and is specified as

v l
→d1 v′ ⇒ ∃l′ ∈ codomd1,d2(v)(l) : v l′

→→∗
d2

v′

Our grammar uses the co-dominance principle on
dimension PA and SC to express, e. g., that the
propositional contribution of a noun must end up in
the restriction of its determiner. For example, for the
determiner every of Fig. 2 we have:

every
quant
→ PA student ⇒ every r

→→∗
SCstudent

Contra-dominance principle. The contra-domi-
nance principle is symmetric to the co-dominance
principle, and relates edges in d1 to dominance
edges into the opposite direction in d2. It assumes
a feature contradomd1,d2 mapping labels of Labd1 to
sets of labels from Labd2 and is specified as

v l
→d1 v′ ⇒

∃l′ ∈ contradomd1,d2(v)(l) : v′ l′
→→∗

d2
v

Our grammar uses the contra-dominance principle
on dimensions PA and SC to express, e. g., that pred-
icates must end up in the scope of the quantifiers
whose variables they refer to. Thus, for the transi-
tive verb reads of Fig. 2, we have:

reads
ag
→PA every ⇒ every s

→→∗
SCreads

reads
pat
→PA a ⇒ a s

→→∗
SCreads







This new grammar formalism offers the grammar
developer the possibility to represent different kinds
of linguistic information on separate dimensions
that can be represented as graphs. Any two dimen-
sions can be linked by multi-dimensional principles,
which mutually constrain the graphs on the two di-
mensions. We have shown that a parser based on
concurrent constraint programming is capable of in-
ferences that restrict ambiguity on one dimension
based on newly available information on another.

Because the interface we have presented makes
no assumption that any dimension is more “basic”
than another, there is no conceptual difference be-
tween parsing and generation. If the input is the sur-
face sentence, the solver will use this information
to compute the semantic dimensions; if the input is
the semantics, the solver will compute the syntactic
dimensions, and therefore a surface sentence. This
means that we get bidirectional grammars for free.

While the solver is reasonably efficient for many
(hand-crafted) grammars, it is an important goal
for the future to ensure that it can handle large-
scale grammars imported from e.g. XTAG (XTAG
Research Group, 2001) or induced from treebanks.
One way in which we hope to achieve this is to iden-
tify fragments of XDG with provably polynomial
parsing algorithms, and which contain most useful
grammars. Such grammars would probably have to
specify word orders that are not completely free,
and we would have to control the combinatorics
of the different dimensions (Maxwell and Kaplan,
1993). One interesting question is also whether dif-
ferent dimensions can be compiled into a single di-
mension, which might improve efficiency in some
cases, and also sidestep the monostratal vs. multi-
stratal distinction.

The crucial ingredient of XDG that make rela-
tional syntax-semantics processing possible are the
declaratively specified principles. So far, we have
only given some examples for principle specifi-
cations; while they could all be written as Horn
clauses, we have not committed to any particular
representation formalism. The development of such
a representation formalism will of course be ex-
tremely important once we have experimented with
more powerful grammars and have a stable intuition
about what principles are needed.

At that point, it would also be highly interest-
ing to define a (logic) formalism that generalises
both XDG and dominance constraints, a fragment of
CLLS. Such a formalism would make it possible to
take over the interface presented here, but use dom-
inance constraints directly on the semantics dimen-
sions, rather than via the encoding into PA and SC

dimensions. The extraction process of Section 4.2
could then be recast as a principle.
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Abstract
This paper introduces the new grammar formalism
of Extensible Dependency Grammar (XDG), and
emphasizes the benefits of its methodology of ex-
plaining complex phenomena by interaction of sim-
ple principles on multiple dimensions of linguis-
tic description. This has the potential to increase
modularity with respect to linguistic description and
grammar engineering, and to facilitate concurrent
processing and the treatment of ambiguity.

1 Introduction
We introduce the new grammar formalism of Exten-
sible Dependency Grammar (XDG). In XDG, com-
plex phenomena arise out of the interaction of sim-
ple principles on multiple dimensions of linguis-
tic description. In this paper, we point out how
this novel methodology positions XDG in between
multi-stratal approaches like LFG (Bresnan and Ka-
plan, 1982) and MTT (Mel’čuk, 1988), see also
(Kahane, 2002), and mono-stratal ones like HPSG
(Pollard and Sag, 1994), attempting to combine
their benefits and avoid their problems.

It is the division of linguistic analyses into dif-
ferent dimensions which makes XDG multi-stratal.
On the other, XDG is mono-stratal in that its princi-
ples interact to constrain all dimensions simultane-
ously. XDG combines the benefits of these two po-
sitions, and attempts to circumvent their problems.
From multi-stratal approaches, XDG adopts a high
degree of modularity, both with respect to linguis-
tic description as well as for grammar engineering.
This also facilitates the statement of cross-linguistic
generalizations. XDG avoids the problem of placing
too high a burden on the interfaces, and allows in-
teractions between all and not only adjacent dimen-
sions. From mono-stratal approaches, XDG adopts
a high degree of integration, facilitating concurrent
processing and the treatment of ambiguity. At the
same time, XDG does not lose its modularity.

XDG is a descendant of Topological Depen-
dency Grammar (TDG) (Duchier and Debusmann,

2001), pushing the underlying methodology further
by generalizing it in two aspects:

• number of dimensions: two in TDG (ID and
LP), arbitrary many in XDG

• set of principles: fixed in TDG, extensible
principle library in XDG

The structure of this paper is as follows: In §2, we
introduce XDG and the XDG solver used for pars-
ing and generation. In §3, we introduce a number
of XDG principles informally, before making use of
them in an idealized example grammar in §4. In §5
we argue why XDG has the potential to be an im-
provement over multi-stratal and mono-stratal ap-
proaches, before we conclude in §6.

2 Extensible Dependency Grammar
In this section, we introduce XDG formally and
mention briefly the constraint-based XDG solver for
parsing and generation.

2.1 Formalization
Formally, an XDG grammar is built up of dimen-
sions, a lexicon and principles, and characterizes a
set of well-formed analyses.

A dimension is a tuple D = (Lab,Fea,Val,Pri) of
a set Lab of edge labels, a set Fea of features, a set
Val of feature values, and a set of one-dimensional
principles Pri. A lexicon for the dimension D is a
set Lex ⊆ Fea → Val of total feature assignments
called lexical entries. An analysis on dimension
D is a triple (V,E,F) of a set V of nodes, a set
E ⊆ V ×V ×Lab of directed labeled edges, and an
assignment F : V → (Fea → Val) of lexical entries
to nodes. V and E form a graph. We write AnaD for
the set of all possible analyses on dimension D. The
principles characterize subsets of AnaD. We assume
that the elements of Pri are finite representations of
such subsets.

An XDG grammar ((Labi,Feai,Vali,Prii)n
i=1,Pri,

Lex) consists of n dimensions, multi-dimensional
principles Pri, and a lexicon Lex. An XDG analysis



(V,Ei,Fi)
n
i=1 is an element of Ana = Ana1 × ·· · ×

Anan where all dimensions share the same set of
nodes V . We call a dimension of a grammar gram-
mar dimension.

Multi-dimensional principles specify subsets of
Ana, i.e. of tuples of analyses for the individual di-
mensions. The lexicon Lex ⊆ Lex1×·· ·×Lexn con-
strains all dimensions at once, thereby synchroniz-
ing them. An XDG analysis is licensed by Lex iff
(F1(v), . . . ,Fn(v)) ∈ Lex for every node v ∈V .

In order to compute analyses for a given input,
we employ a set of input constraints (Inp), which
again specify a subset of Ana. XDG solving then
amounts to finding elements of Ana that are licensed
by Lex, and consistent with Inp and Pri. The input
constraints determine whether XDG solving is to be
used for parsing or generation. For parsing, they
specify a sequence of words, and for generation, a
multiset of semantic literals.

2.2 Solver
XDG solving has a natural reading as a constraint
satisfaction problem (CSP) on finite sets of integers,
where well-formed analyses correspond to the solu-
tions of the CSP (Duchier, 2003). We have imple-
mented an XDG solver using the Mozart-Oz pro-
gramming system.

XDG solving operates on all dimensions concur-
rently. This means that the solver can infer informa-
tion about one dimension from information on an-
other, if there is either a multi-dimensional principle
linking the two dimensions, or by the synchroniza-
tion induced by the lexical entries. For instance, not
only can syntactic information trigger inferences in
syntax, but also vice versa.

Because XDG allows us to write grammars with
completely free word order, XDG solving is an
NP-complete problem (Koller and Striegnitz, 2002).
This means that the worst-case complexity of the
solver is exponential. The average-case complexity
of many smaller-scale grammars that we have ex-
perimented with seems polynomial, but it remains
to be seen whether we can scale this up to large-
scale grammars.

3 Principles
The well-formedness conditions of XDG analy-
ses are stipulated by principles. Principles are
parametrizable, e.g. by the dimensions on which
they are applied, or by lexical features. They can
be lexicalized or non-lexicalized, and can be one-
dimensional or multi-dimensional. Principles are
taken from an extensible principle library, and we
introduce some of the most important principles in
the following.

3.1 Tree principle
tree(i) The analysis on dimension i must be a tree.

The tree principle is non-lexicalized and
parametrized by the dimension i.

3.2 Dag principle
dag(i) The analysis on dimension i must be a di-
rected acyclic graph.

The dag principle is non-lexicalized and
parametrized by the dimension i.

3.3 Valency principle
valency(i, ini,outi) All nodes on dimension i must
satisfy their in and out specifications.

The valency principle is lexicalized and serves
to lexically describe dependency graphs. It is
parametrized by the dimension i, the in specification
ini and the out specification outi. For each node, ini
stipulates the licensed incoming edges, and outi the
licensed outgoing edges.

In the example grammar lexicon part in Figure 1
below, the in specification is inID and outID is the
out specification on the ID dimension. For the com-
mon noun Roman, the in specification licenses zero
or one incoming edges labeled subj, and zero or one
incoming edges labeled obj ({subj?,obj?}), i.e. it
can be either a subject or an object. The out specifi-
cation requires precisely one outgoing edge labeled
det ({det!}), i.e. it requires a determiner.

3.4 Government principle
government(i,casesi,governi) All edges in dimen-
sion i must satisfy the government specification of
the mother.

The government principle is lexicalized. Its pur-
pose is to constrain the case feature of a depen-
dent.1 It is parametrized by the dimension i, the
cases specification casesi and the government spec-
ification govern. cases assigns to each word a set of
possible cases, and govern a mapping from labels to
sets of cases.

In Figure 1, the cases specification for the deter-
miner den is {acc} (i.e. it can only be accusative).
By its government specification, the finite verb ver-
sucht requires its subject to exhibit nominative case
(subj 7→ {nom}).

3.5 Agreement principle
agreement(i,casesi,agreei) All edges in dimension
i must satisfy the agreement specification of the
mother.

1We restrict ourselves to the case feature only for simplicity.
In a fully-fledged grammar, the government principle would be
used to constrain also other morphological aspects like number,
person and gender.



The agreement principle is lexicalized. Its pur-
pose is to enforce the case agreement of a daugh-
ter.2 It is parametrized by dimension i, the lexical
cases specification casesi, assigning to each word a
set of possible cases, and the agreement specifica-
tion agreei, assigning to each word a set of labels.

As an example, in Figure 1, the agreement spec-
ification for the common noun Roman is {det}, i.e.
the case of the common noun must agree with its
determiner.

3.6 Order principle.

order(i,oni,≺i) On dimension i, 1) each node must
satisfy its node labels specification, 2) the order of
the daughters of each node must be compatible with
≺i, and 3) the node itself must be ordered correctly
with respect to its daughters (using its node label).

The order principle is lexicalized. It is
parametrized by the dimension i, the node labels
specification oni mapping each node to set of labels
from Labi, and the total order ≺i on Labi.

Assuming the node labels specification given in
Figure 2, and the total order in (5), the tree in (11)
satisfies the order principle.3 For instance for the
node versucht: 1) The node label of versucht is lbf,
satisfying the node labels specification. 2) The order
of the daughters Roman (under the edge labeled vf),
Peter (mf) and lesen (rbf) is compatible with the
total order prescribing vf ≺ mf ≺ rbf. 3) The node
versucht itself is ordered correctly with respect to its
daughters (the total order prescribes vf ≺ lbf ≺mf).

3.7 Projectivity principle

projectivity(i) The analysis on dimension i must be
projective.

The projectivity principle is non-lexicalized. Its
purpose is to exclude non-projective analyses.4 It is
parametrized by dimension i.

3.8 Climbing principle

climbing(i, j) The graph on dimension i must be
flatter than the graph on dimension j.

The climbing principle is non-lexicalized and
two-dimensional. It is parametrized by the two di-
mensions i and j.

For instance, the tree in (11) is flatter than the
corresponding tree in (10). This concept was intro-
duced as lifting in (Kahane et al., 1998).

2Again, we restrict ourselves to case for simplicity.
3The node labels are defined in (2) below.
4The projectivity principle of course only makes sense in

combination with the order principle.

3.9 Linking principle
linking(i, j, linki, j) All edges on dimension i must
satisfy the linking specification of the mother.

The linking principle is lexicalized and two-
dimensional. It is parametrized by the two dimen-
sions i and j, and by the linking specification linki, j ,
mapping labels from Labi to sets of labels from
Lab j . Its purpose is to specify how dependents on
dimension i are realized by (or linked to) dependents
on dimension j.

In the lexicon part in Figure 3, the linking spec-
ification for the transitive verb lesen requires that
its agent on the PA dimension must be realized by a
subject (ag 7→ {subj}), and the patient by an object
(pat 7→ {obj}).

The linking principle is oriented. Symmetric
linking could be gained simply by using the linking
principle twice (in both directions).

4 Example grammar
In this section, we elucidate XDG with an example
grammar fragment for German. With it, we demon-
strate three aspects of the methodology of XDG:

• How complex phenomena such as topicaliza-
tion and control arise by the interaction of sim-
ple principles on different dimensions of lin-
guistic description.

• How the high degree of integration helps to re-
duce ambiguity.

• How the high degree of modularity facilitates
the statement of cross-linguistic generaliza-
tions.

Note that this grammar fragment is an idealized ex-
ample, and does not make any claims about XDG as
a grammar theory. Its purpose is solely to substan-
tiate our points about XDG as a framework. More-
over, the grammar is fully lexicalized for simplicity.
However, XDG of course allows the grammar writer
to formulate lexical abstractions using inheritance
(like in HPSG) or crossings (Candito, 1996).

4.1 Dimensions
The grammar fragment make use of two dimen-
sions: Immediate Dominance (ID) and Linear
Precedence (LP). The models on the ID dimension
are unordered, syntactic dependency trees whose
edge labels correspond to syntactic functions like
subject and object. On the LP dimension, the mod-
els are ordered, projective topological dependency
trees whose edge labels are topological fields like
Vorfeld and Mittelfeld.



4.2 Labels
The set LabID of labels on the ID dimension is:

LabID = {det,subj,obj,vinf ,part} (1)

These correspond resp. to determiner, subject, ob-
ject, infinitive verbal complement, and particle.

The set LabLP of labels on the LP dimension is:
LabLP = {detf,nounf,vf, lbf,mf,partf, rbf} (2)

Corresponding resp. to determiner field, noun field,
Vorfeld, left bracket field, Mittelfeld, particle field,
and right bracket field.

4.3 Principles
On the ID dimension, we make use of the following
one-dimensional principles:

tree(ID)
valency(ID, inID,outID)
government(ID,casesID,governID)
agreement(ID,casesID,agreeID)

(3)

The LP dimension uses the following principles:
tree(LP)
valency(LP, inLP,outLP)
order(LP,onLP,≺LP)
projectivity(LP)

(4)

where the total order ≺LP is defined as:
detf ≺ nounf ≺ vf ≺ lbf ≺ mf ≺ partf ≺ rbf (5)

We make use of the following multi-dimensional
principles:

climbing(LP, ID)
linking(LP, ID)

(6)

4.4 Lexicon
We split the lexicon into two parts. The ID and LP
parts are displayed resp. in Figure 15 and Figure 2.
The LP part includes also the linking specification
for the LP,ID-application of the linking principle.6

4.5 Government and agreement
Our first example is the following sentence:

Peter versucht einen Roman zu lesen.

Peter tries aacc novel to read.

Peter tries to read a novel.
(7)

We display the ID analysis of the sentence below:.

Peter versucht einen Roman zu lesen

subj vinf

partobj

det

(8)
5Here, stands for “don’t care”, this means e.g. for the verb

versucht that it has unspecified case.
6We do not make use of the linking specification for the

German grammar fragment (the mappings are all empty), but
we will do so as we switch to Dutch in §4.8 below.

Here, Peter is the subject of versucht. lesen is the in-
finitival verbal complement of versucht, zu the parti-
cle of lesen, and Roman the object of lesen. Finally,
einen is the determiner of Roman.

Under our example grammar, the sentence is un-
ambiguous, i.e. the given ID tree is the only possible
one. Other ID trees are ruled out by the interaction
of the principles on the ID dimension. For instance,
the government and agreement principles conspire
to rule out the reading where Roman is the subject of
versucht (and Peter the object). How? By the agree-
ment principle, Roman must be accusative, since it
agrees with its accusative determiner einen. By the
government principle, the subject of versucht must
be nominative, and the object of lesen accusative.
Thus Roman, by virtue of being accusative, cannot
become the subject of versucht. The only other op-
tion for it is to become the object of lesen. Conse-
quently, Peter, which is unspecified for case, must
become the subject of versuchen (versuchen must
have a subject by the valency principle).

4.6 Topicalization
Our second example is a case of topicalization,
where the object has moved into the Vorfeld, to the
left of the finite verb:

Einen Roman versucht Peter zu lesen. (9)

Here is the ID tree and the LP tree analysis:
.

Einen Roman versucht Peter zu lesen

subj vinf

partobj

det

(10)
.

Einen Roman versucht Peter zu lesen
detf

nounf
lbf

nounf
partf

rbf

vf

detf

mf rbf

partf

(11)

The ID tree analysis is the same as before, except
that the words are shown in different positions. In
the LP tree, Roman is in the Vorfeld of versucht, Pe-
ter in the Mittelfeld, and lesen in the right bracket
field. versucht itself is (by its node label) in the left
bracket field. Moreover, Einen is in the determiner
field of Roman, and zu in the particle field of lesen.

Again, this is an example demonstrating how
complex phenomena (here: topicalization) are ex-
plained by the interaction of simple principles. Top-
icalization does not have to explicitly taken care of,
it is rather a consequence of the interacting princi-
ples. Here, the valency, projectivity and climbing



inID outID casesID governID agreeID
den {det?} {} {acc} {} {}
Roman {subj?,obj?} {det!} {nom,dat,acc} {} {det}
Peter {subj?,obj?} {} {nom,dat,acc} {} {}
versucht {} {subj!,vinf!} {subj 7→ {nom}} {}
zu {part?} {} {} {}
lesen {vinf?} {obj!} {obj 7→ {acc}} {}

Figure 1: Lexicon for the example grammar fragment, ID part

inLP outLP onLP linkLP,ID
den {detf?} {} {detf} {}
Roman {vf?,mf?} {detf!} {nounf} {}
Peter {vf?,mf?} {} {nounf} {}
versucht {} {vf?,mf∗, rbf?} {lbf} {}
zu {partf?} {} {partf} {}
lesen {rbf?} {} {rbf} {}

Figure 2: Lexicon for the example grammar fragment, LP part

principles conspire to bring about the “climbing up”
of the NP Einen Roman from being the daughter of
lesen in the ID tree to being the daughter of versucht
in the LP tree: The out specification of lesen does
not license any outgoing edge. Hence, Roman must
become the daughter of another node. The only pos-
sibility is versucht. The determiner Einen must then
also “climb up” because Roman is its only possi-
ble mother. The result is an LP tree which is flat-
ter with respect to the ID tree. The LP tree is also
projective. If it were not be flatter, then it would
be non-projective, and ruled out by the projectivity
principle.

4.7 Negative example
Our third example is a negative example, i.e. an un-
grammatical sentence:

∗Peter einen Roman versucht zu lesen. (12)

This example is perfectly legal on the unordered ID
dimension, but has no model on the LP dimension.
Why? Because by its LP out specification, the finite
verb versucht allows only one dependent to the left
of it (in its Vorfeld), and here we have two. The
interesting aspect of this example is that although
we can find a well-formed ID tree for it, this ID tree
is never actually generated. The interactions of the
principles, viz. here of the principles on the LP di-
mension, rule out the sentence before any full ID
analysis has been found.

4.8 From German to Dutch
For the fourth example, we switch from German to
Dutch. We will show how to use the lexicon to con-
cisely capture an important cross-linguistic general-
ization. We keep the same grammar as before, but
with two changes, arising from the lesser degree of

inflection and the higher reliance on word order in
Dutch:

• The determiner een is not case-marked but
can be either nominative, dative or accusative:
casesID = {nom,dat,acc}.

• The Vorfeld of the finite verb probeert cannot
be occupied by an object (but only by an ob-
ject): linkLP,ID = {vf 7→ {subj}}.7

Now to the example, a Dutch translation of (7):
Peter probeert een roman te lezen.

Peter tries a novel to read.

Peter tries to read a novel.
(13)

We get only one analysis on the ID dimension,
where Peter is the subject and roman the object.
An analysis where Peter is the object of lezen and
roman the subject of probeert is impossible, as in
the German example. The difference is, however,
how this analysis is excluded. In German, the ac-
cusative inflection of the determiner einen triggered
the agreement and the government principle to rule
it out. In Dutch, the determiner is not inflected.
The unwanted analysis is excluded on the grounds
of word order instead: By the linking principle, the
Vorfeld of probeert must be filled by a subject, and
not by an object. That means that Peter in the Vor-
feld (to the left of probeert) must be a subject, and
consequently, the only other choice for roman is that
it becomes the object of lezen.

4.9 Predicate-Argument Structure
Going towards semantics, we extend the grammar
with another dimension, Predicate-Argument Struc-
ture (PA), where the models are not trees but di-
rected acyclic graphs (dags), to model re-entrancies

7Of course, this is an idealized assumption. In fact, given
the right stress, the Dutch Vorfeld can be filled by objects.



e.g. caused by control constructions. Thanks to the
modularity of XDG, the PA part of the grammar is
the same for German and Dutch.

The set LabPA of labels on the PA dimension is:
LabPA = {ag,pat,prop} (14)

Corresponding resp. to agent, patient and proposi-
tion.

The PA dimension uses the following one-
dimensional principles:

dag(PA)
valency(PA, inPA,outPA)

(15)

Note that we re-use the valency principle again, as
we did on the ID and LP dimensions.

And also the following multi-dimensional princi-
ples:

climbing(ID, PA)
linking(PA, ID)

(16)

Here, we re-use the climbing and linking princi-
ples. That is, we state that the ID tree is flatter
than the corresponding PA dag. This captures rais-
ing and control, where arguments of embedded infi-
nite verbs can “climb up” and become arguments of
a raising or control verb, in the same way as syntac-
tic arguments can “climb up” from ID to LP. We use
the linking principle to specify how semantic argu-
ments are to be realized syntactically (e.g. the agent
as a subject etc.). We display the PA part of the lex-
icon in Figure 3.8

Here is an example PA dag analysis of example
sentence (7):

.

Peter versucht einen Roman zu lesen

ag
prop

patag

(17)

Here, Peter is the agent of versucht, and also the
agent of lesen. Furthermore, lesen is a proposition
dependent of versucht, and Roman is the patient of
lesen.

Notice that the PA dag is indeed a dag and not a
tree since Peter has two incoming edges: It is simul-
taneously the agent of versucht and of lesen. This
is enforced by by the valency principle: Both ver-
sucht and lesen require an agent. Peter is the only
word which can be the agent of both, because it is a
subject and the agents of versucht and lesen must
be subjects by the linking principle. The climb-
ing principle ensures that predicate arguments can

8Notice that we specify linking lexically, allowing us to
capture deviations from the typical linking patterns. Still, we
can also accommodate linking generalizations using lexical ab-
stractions.

be “raised” on the ID structure with respect to the
PA structure. Again, this example demonstrates that
XDG is able to reduce a complex phenomenon such
as control to the interaction of per se fairly simple
principles such as valency, climbing and linking.

5 Comparison
This section includes a more in-depth comparison
of XDG with purely multi- and mono-stratal ap-
proaches.

Contrary to multi-stratal approaches like LFG or
MTT, XDG is more integrated. For one, it places
a lighter burden the interfaces between the dimen-
sions. In LFG for instance, the φ -mapping from c-
structure to f-structure is rather specific, and has to
be specifically adapted to new c-structures, e.g. in
order to handle a new construction with a different
word order. That is, not only the grammar rules for
the c-structure need to be adapted, but also the inter-
face between c- and f-structure. In XDG, complex
phenomena arise out of the interaction of simple,
maximally general principles. To accommodate the
new construction, the grammar would ideally only
need to be adapted on the word order dimension.

Furthermore, XDG allows interactions of rela-
tional constraints between all dimensions, not only
between adjacent ones (like c- and f-structure),
and in all directions. For one, this gets us bi-
directionality for free. Secondly, the interactions
of XDG have the potential to help greatly in reduc-
ing ambiguity. In multi-stratal approaches, ambigu-
ity must be duplicated throughout the system. E.g.
suppose there are two candidate c-structures in LFG
parsing, but one is ill-formed semantically. Then
they can only be ruled out after duplicating the am-
biguity on the f-structure, and then filtering out the
ill-formed structure on the semantic σ -structure. In
XDG on the other hand, the semantic principles can
rule out the ill-formed analysis much earlier, typ-
ically on the basis of a partial syntactic analysis.
Thus, ill-formed analyses are never duplicated.

Contrary to mono-stratal ones, XDG is more
modular. For one, as (Oliva et al., 1999) note,
mono-stratal approaches like HPSG usually give
precedence to the syntactic tree structure, while
putting the description of other aspects of the anal-
ysis on the secondary level only, by means of fea-
tures spread over the nodes of the tree. As a result,
it becomes a hard task to modularize grammars. Be-
cause syntax is privileged, the phenomena ascribing
to semantics cannot be described independently, and
whenever the syntax part of the grammar changes,
the semantics part needs to be adapted. In XDG, no
dimension is privileged to another. Semantic phe-



inPA outPA linkPA,ID
den {} {} {}
Roman {ag?,pat?} {} {}
Peter {ag?,pat?} {} {}
versucht {} {ag!,prop!} {ag 7→ {subj},prop 7→ {vinf}}
zu {} {} {}
lesen {prop?} {ag!,pat!} {ag 7→ {subj},pat 7→ {obj}}

Figure 3: Lexicon of the example grammar fragment, PA part

nomena can be described much more independently
from syntax. This facilitates grammar engineering,
and also the statement of cross-linguistic general-
izations. Assuming that the semantics part of a
grammar stay invariant for most natural languages,
in order to accommodate a new language, ideally
only the syntactic parts would need to be changed.

6 Conclusion
In this paper, we introduced the XDG grammar
framework, and emphasized that its new methodol-
ogy places it in between the extremes of multi- and
mono-stratal approaches. By means of an idealized
example grammar, we demonstrated how complex
phenomena are explained as arising from the in-
teraction of simple principles on numerous dimen-
sions of linguistic description. On the one hand, this
methodology has the potential to modularize lin-
guistic description and grammar engineering, and
to facilitate the statement of linguistic generaliza-
tions. On the other hand, as XDG is a inherently
concurrent architecture, inferences from any dimen-
sion can help reduce the ambiguity on others.

XDG is a new grammar formalism, and still has
many open issues. Firstly, we need to continue work
on XDG as a framework. Here, one important goal
is to find out what criteria we can give to restrict the
principles. Secondly, we need to evolve the XDG
grammar theory, and in particular the XDG syntax-
semantics interface. Thirdly, for practical use, we
need to improve our knowledge about XDG solv-
ing (i.e. parsing and generation). So far, our only
good results are for smaller-scale handwritten gram-
mars, and we have not good results yet for larger-
scale grammars induced from treebanks (NEGRA,
PDT) or converted from other grammar formalisms
(XTAG). Finally, we need to incorporate statistics
into the picture, e.g. to guide the search for solu-
tions, in the vein of (Dienes et al., 2003).
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Abstract

This paper introduces a parser system
for the meta grammar formalism of Ex-
tensible Dependency Grammar (XDG).
XDG is a generalisation of Topological
Dependency Grammar (TDG) (Duchier
and Debusmann, 2001). The XDG
parser system comprises a constraint-
based parser for all possible instances
of XDG, a statically typed grammar in-
put language, and a flexible backend
for handling parser output. A power-
ful graphical user interface provides for
easy accessibility of all the functional-
ity of the system. In the future, we
will use the XDG parser system to acco-
modate new dependency grammar for-
malisms such as Semantic Topological
Dependency Grammar (STDG), and to
experiment with other interesting XDG
instances.

1 Introduction

Extensible Dependency Grammar (XDG) is a new
meta grammar formalism for dependency gram-
mar (Tesnière, 1959). XDG is based on the gram-
mar formalism of Topological Dependency Gram-
mar (TDG) (Duchier and Debusmann, 2001).
XDG can be likened to Head-driven Phrase Struc-
ture Grammar (HPSG) (Pollard and Sag, 1994):
both XDG and HPSG are meta grammar for-
malisms which need to be instantiated with par-
ticular principles and parameters to obtain specific
grammar formalisms. The fundamental difference
is that whereas HPSG is based on typed feature
structures, XDG is based on graph descriptions.

A parser system for TDG can be found in
(Duchier and Debusmann, 2002). The parser
uses constraint-based techniques developed in
(Duchier, 1999) and (Duchier, 2002) to achieve
polynomial parse time in the average-case, al-
though the TDG parsing problem has proven to be
NP-complete (Koller and Striegnitz, 2002) in the
worst-case. The TDG parser system is written us-
ing the Mozart-Oz programming language (Moz,
1998).

In this paper, we present a parser system for
XDG. The system includes a constraint-based
parser for all possible instances of XDG, a stati-
cally typed grammar input language, and a flexi-
ble backend for handling parser output. The XDG
parser is a generalisation of the TDG parser, and
achieves the same polynomial parse time in the av-
erage case for the TDG instance. The XDG parser
system is also written in Mozart-Oz.

The XDG parser system has at least two pur-
poses. On the one hand, we use it for parsing
grammars written in Semantic Topological Depen-
dency Grammar (STDG), an extension of TDG
with a syntax-semantics interface to underspec-
ified semantics in the Constraint Language for
Lambda Structures (CLLS) (Egg et al., 1998). On
the other, we provide the parser system as a tool
for research on various interesting dependency
grammar formalisms which are instantiations of
XDG.

The structure of the paper is as follows: we
briefly introduce XDG in section 2. In section 3,
we present the XDG parser, and proceed to present
the frontend and backend of the system in sections
4 and 5. We introduce the graphical user interface
(GUI) of the system in section 6, before we con-
clude in section 7.



2 Extensible Dependency Grammar
(XDG)

XDG is a graph description language for a set of
graph dimensions, where each graph dimension
corresponds to a graph. All graphs share the same
set of nodes, but have different edges and differ-
ent edge labels. Simple feature structures can be
attached to each node, and by lexicalisation, XDG
can be turned into a powerful dependency-based
meta grammar formalism.

The well-formedness conditions of an XDG
analysis are stipulated by parametrised principles.
Each dimension uses a set of principles, stipulat-
ing restrictions on the licensed graphs on this di-
mension. Principles can also pose restrictions on
any number of dimensions simultaneously. An
XDG analysis is well-formed only if all used prin-
ciples are satisfied on all dimensions. Principles
are taken from a shared and extensible principle
library.

The recipe to get an instance of XDG is easy:
1) define the set of used graph dimensions, and 2)
define the set of used principles (and their param-
eters). The TDG instance uses two dimensions,
ID (Immediate Dominance) and LP (Linear Prece-
dence). On the ID dimension, we use the tree, in
(accepted edges) and out (valency) principles. On
the LP dimension, we use the tree, in, out, pro-
jectivity, climbing and barriers principles. A de-
tailed description of these principles can be found
in (Duchier, 2002).

3 XDG parser

The XDG parser is at the heart of the XDG parser
system. It can be instantiated to yield parsers for
any instance of XDG, including TDG. The parser
is a generalisation of the TDG parser (Duchier and
Debusmann, 2002), and makes use of the same
programming techniques, originally developed in
(Duchier, 1999) and (Duchier, 2002).

The XDG parser can handle any number of di-
mensions, and any number of principles used on
them. It provides a predefined principle library,
including implementations of all the principles re-
quired for the TDG instance of XDG. The princi-
ple library can be freely extended with new prin-
ciples written in Mozart-Oz.

Each principle in the principle library consists
of a number of Oz functors which implement the
principle. Therefore, it is not only possible to re-
place whole principles with new ones, but also to
only partially substitute parts of principles with
others.1

The parser retains the good average-case perfor-
mance of the TDG parser for the TDG instance
and small test grammars. As with the TDG parser,
the lack of bigger grammars has as of yet prohib-
ited proper evaluation. However, we are currently
working on the creation of bigger grammars for
Czech, English and German.

4 Frontend

The XDG parser system frontend provides a in-
put language for grammars called IL (Intermedi-
ate Language). A grammar defines 1) an instance
of XDG (i.e. a set of used dimensions and a set of
used principles and parameters), and 2) a lexicon.
The IL is statically typed to ease the discovery of
errors.

Grammars written in the IL are hard to read for
humans. This is why the parser system arranges
for the definition of input lanuguages on top of the
IL. At the moment, the system provides a language
called UL (User Language) which is much better
suited to write grammars in. We also provide an
emacs mode for the UL. In the near future, we will
provide an XML-based input language to improve
interoperability.

Grammars written in any language are first
compiled into the IL, and then into the PL (Parser
Language), which is the language used in the XDG
parser itself.2

Also new to the XDG parser system is the in-
clusion of features originating from Metagrammar
(Candito, 1996). Most notably, it is possible to use
disjunction almost everywhere in the lexicon to
specify a non-deterministic choice. Together with
conjunction (which amounts to lexical inheritance

1This is particularly useful for non-deterministic search:
the existing functor implementing naive search can easily be
replaced by a functor implementing oracle-guided best-first
search.

2At this stage, one big advantage of the new XDG parser
system over the old TDG parser system is the ability to save
precompiled grammars to disk, such that there is no need to
compile the grammars again and again before use.



of lexical types), the frontend provides for the suc-
cinct description of a number of lexical entries
by just one metagrammatical expression. Lexical
economy is further improved by parametrised lex-
ical types. Below is an example metagrammatical
expression written in the User Language UL:

finite($ third sg) &
(canonical | noncanonical)

(1)

The expression uses three lexical types (finite,
canonical and noncanonical). finite is
parametrised by an agreement expression (here:
$ third sg for third person singular), and stands
for a finite verb. canonical and noncanonical

stand for canonical position and non-canonical
position respectively. The expression defines a set
of lexical entries which are finite verbs in third per-
son singular inflection, and which are in canonical
position or in non-canonical position. After com-
pilation, this yields at least two distinct lexical en-
tries, one for the finite verb in canonical position,
and one in non-canonical position. Both entries
will have third person singular inflection.

5 Backend

After parsing, a parser system needs to provide
a means to conveniently display the parsing re-
sult. This is the role of the backend of the XDG
parser system. We provide an output library of
output functors to display the result of a parse ei-
ther graphically or textually. It is also possible to
get output which is directly usable in LATEX docu-
ments. Below in (2), we show an example graph
output:

(2)

The output library is also extensible. We pro-
vide means to easily write own output functors in
Mozart-Oz, to display both partial and full parses.

6 GUI

The GUI of the XDG parser system makes
all functionality easily accessible and simplifies

grammar debugging. It allows to precompile
grammars, load them and create parsing log files.
Grammars can be loaded in any of the available in-
put languages, and all available output functors of
the backend can be used. We display an example
screenshot in (3) below:

(3)

7 Conclusions

We introduced a new parser system for Extensible
Dependency Grammar (XDG), as a generalisation
of the existing TDG parser system (Duchier and
Debusmann, 2002). The XDG parser system can
be found in (Debusmann and Duchier, 2003). It
improves in almost all respects on the TDG parser
system: the XDG parser per se is much more flex-
ible and extensible, and can cater for all instances
of the XDG meta grammar formalism. The fron-
tend is also much more flexible and includes fea-
tures from Metagrammar to significantly improve
lexical economy. The backend is much more flex-
ible too, and also easily extensible.

We hope that the XDG parser system encour-
ages many people to join working on XDG and its
various instances.
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turale.



Topological Dependency Trees:
A Constraint-Based Account of Linear Precedence

Denys Duchier
Programming Systems Lab

Universität des Saarlandes, Geb. 45
Postfach 15 11 50

66041 Saarbrücken, Germany
duchier@ps.uni-sb.de

Ralph Debusmann
Computational Linguistics

Universität des Saarlandes, Geb. 17
Postfach 15 11 50

66041 Saarbrücken, Germany
rade@coli.uni-sb.de

Abstract

We describe a new framework for de-
pendency grammar, with a modular de-
composition of immediate dependency
and linear precedence. Our approach
distinguishes two orthogonal yet mutu-
ally constraining structures: a syntactic
dependency tree and a topological de-
pendency tree. The syntax tree is non-
projective and even non-ordered, while
the topological tree is projective and
partially ordered.

1 Introduction

Linear precedence in so-called free word order
languages remains challenging for modern gram-
mar formalisms. To address this issue, we pro-
pose a new framework for dependency gram-
mar which supports the modular decomposition
of immediate dependency and linear precedence.
Duchier (1999) formulated a constraint-based ax-
iomatization of dependency parsing which char-
acterized well-formed syntax trees but ignored is-
sues of word order. In this article, we develop a
complementary approach dedicated to the treat-
ment of linear precedence.

Our framework distinguishes two orthogonal,
yet mutually constraining structures: a syntactic
dependency tree (ID tree) and a topological de-
pendency tree (LP tree). While edges of the ID

tree are labeled by syntactic roles, those of the
LP tree are labeled by topological fields (Bech,
1955). The shape of the LP tree is a flattening of
the ID tree’s obtained by allowing nodes to ‘climb
up’ to land in an appropriate field at a host node
where that field is available. Our theory of ID/LP

trees is formulated in terms of (a) lexicalized con-
straints and (b) principles governing e.g. climbing
conditions.

In Section 2 we discuss the difficulties pre-
sented by discontinuous constructions in free
word order languages, and briefly touch on the
limitations of Reape’s (1994) popular theory of
‘word order domains’. In Section 3 we introduce
the concept of topological dependency tree. In
Section 4 we outline the formal framework for
our theory of ID/LP trees. Finally, in Section 5
we illustrate our approach with an account of the
word-order phenomena in the verbal complex of
German verb final sentences.

2 Discontinuous Constructions

In free word order languages, discontinuous con-
structions occur frequently. German, for example,
is subject to scrambling and partial extraposition.
In typical phrase structure based analyses, such
phenomena lead to e.g. discontinuous VPs:

(1) (dass)
(that)

einen
a

Mann
manacc

Maria
Marianom

zu
to

lieben
love

versucht
tries

whose natural syntax tree exhibits crossing edges:

S
NP V

VP
NP V

DET N
(dass) einen Mann Maria zu lieben versucht

Since this is classically disallowed, discontinu-
ous constituents must often be handled indirectly
through grammar extensions such as traces.

Reape (1994) proposed the theory of word or-
der domains which became quite popular in the
HPSG community and inspired others such as
Müller (1999) and Kathol (2000). Reape distin-
guished two orthogonal tree structures: (a) the un-
ordered syntax tree, (b) the totally ordered tree of



word order domains. The latter is obtained from
the syntax tree by flattening using the operation
of domain union to produce arbitrary interleav-
ings. The boolean feature [∪±] of each node con-
trols whether it must be flattened out or not. In-
finitives in canonical position are assigned [∪+]:

(dass)

S

NP

Maria

VP[∪+]

NP[∪−]

DET

einen

N

Mann

V

zu lieben

V

versucht

Thus, the above licenses the following tree of
word order domains:

(dass)

S

NP

DET

einen

N

Mann

NP

Maria

V

zu lieben

V

versucht

Extraposed infinitives are assigned [∪−]:

(dass)

S

NP

Maria

V

versucht

VP[∪−]

NP

DET

einen

N

Mann

V

zu lieben

As a consequence, Reape’s theory correctly pre-
dicts scrambling (2,3) and full extraposition (4),
but cannot handle the partial extraposition in (5):

(2) (dass) Maria einen Mann zu lieben versucht

(3) (dass) einen Mann Maria zu lieben versucht

(4) (dass) Maria versucht, einen Mann zu lieben

(5) (dass) Maria einen Mann versucht, zu lieben

3 Topological Dependency Trees

Our approach is based on dependency grammar.
We also propose to distinguish two structures: (a)
a tree of syntactic dependencies, (b) a tree of topo-
logical dependencies. The syntax tree (ID tree) is
unordered and non-projective (i.e. it admits cross-
ing edges). For display purposes, we pick an ar-
bitrary linear arrangement:

(dass) Maria einen Mann zu lieben versucht

det
object

zuvinfsubject

The topological tree (LP tree) is partially ordered
and projective:

(dass) Maria einen Mann zu lieben versucht

n
d

n v
vdf

mfmf vc

Its edge labels are called (external) fields and are
totally ordered: df ≺ mf ≺ vc. This induces a
linear precedence among the daughters of a node
in the LP tree. This precedence is partial because
daughters with the same label may be freely per-
muted.

In order to obtain a linearization of a LP tree,
it is also necessary to position each node with
respect to its daughters. For this reason, each
node is also assigned an internal field (d, n, or v)
shown above on the vertical pseudo-edges. The
set of internal and external fields is totally or-
dered: d ≺ df ≺ n ≺ mf ≺ vc ≺ v

Like Reape, our LP tree is a flattened version of
the ID tree (Reape, 1994; Uszkoreit, 1987), but
the flattening doesn’t happen by ‘unioning up’;
rather, we allow each individual daughter to climb
up to find an appropriate landing place. This idea
is reminiscent of GB, but, as we shall see, pro-
ceeds rather differently.

4 Formal Framework

The framework underlying both ID and LP trees
is the configuration of labeled trees under valency
(and other) constraints. Consider a finite set L
of edge labels, a finite set V of nodes, and E ⊆
V × V × L a finite set of directed labeled edges,
such that (V,E) forms a tree. We write w−−→̀w′

for an edge labeled ` from w to w′. We define the
`-daughters `(w) of w ∈ V as follows:

`(w) = {w′ ∈ V | w−−→̀w′ ∈ E}



We write L̂ for the set of valency specifications ̂̀

defined by the following abstract syntax:

̂̀ ::= ` | `? | `∗ (` ∈ L)

A valency is a subset of L̂. The tree (V,E) satis-
fies the valency assignment valency : V → 2

1
L if

for all w ∈ V and all ` ∈ L:

` ∈ valency(w) ⇒ |`(w)| = 1
`? ∈ valency(w) ⇒ |`(w)| ≤ 1
`∗ ∈ valency(w) ⇒ |`(w)| ≥ 0

otherwise ⇒ |`(w)| = 0

4.1 ID Trees
An ID tree (V,EID, lex, cat, valencyID) consists
of a tree (V,EID) with EID ⊆ V × V ×R, where
the set R of edge labels (Figure 1) represents syn-
tactic roles such as subject or vinf (bare infinitive
argument). lex : V → Lexicon assigns a lexi-
cal entry to each node. An illustrative Lexicon is
displayed in Figure 1 where the 2 features cats
and valencyID of concern to ID trees are grouped
under table heading “Syntax”. Finally, cat and
valencyID assign a category and an R̂ valency to
each node w ∈ V and must satisfy:

cat(w) ∈ lex(w).cats
valencyID(w) = lex(w).valency ID

(V,EID) must satisfy the valencyID assignment as
described earlier. For example the lexical entry
for versucht specifies (Figure 1):

valencyID(versucht) = {subject, zuvinf}

Furthermore, (V,EID) must also satisfy the
edge constraints stipulated by the grammar
(see Figure 1). For example, for an edge
w−−−−→det w′ to be licensed, w′ must be assigned
category det and both w and w′ must be assigned
the same agreement.1

4.2 LP Trees
An LP tree (V,ELP, lex, valencyLP, fieldext, fieldint)
consists of a tree (V,ELP) with ELP ⊆
V × V × Fext, where the set Fext of edge
labels represents topological fields (Bech, 1955):
df the determiner field, mf the ‘Mittelfeld’, vc

1Issues of agreement will not be further considered in this
paper.

the verbal complement field, xf the extraposition
field. Features of lexical entries relevant to LP

trees are grouped under table heading “Topology”
in Figure 1. valencyLP assigns a F̂ext valency
to each node and is subject to the lexicalized
constraint:

valencyLP(w) = lex(w).valencyLP

(V,ELP) must satisfy the valencyLP assignment
as described earlier. For example, the lexical en-
try for zu lieben2 specifies:

valencyLP(zu lieben2) = {mf∗, xf?}

which permits 0 or more mf edges and at most
one xf edge; we say that it offers fields mf and xf.
Unlike the ID tree, the LP tree must be projective.

The grammar stipulates a total order on Fext,
thus inducing a partial linear precedence on each
node’s daughters. This order is partial because
all daughters in the same field may be freely per-
muted: our account of scrambling rests on free
permutations within the mf field. In order to ob-
tain a linearization of the LP tree, it is necessary
to specify the position of a node with respect to its
daughters. For this reason each node is assigned
an internal field in Fint. The set Fext ∪ Fint is to-
tally ordered:

d ≺ df ≺ n ≺ mf ≺ vc ≺ v ≺ xf

In what (external) field a node may land and
what internal field it may be assigned is deter-
mined by assignments fieldext : V → Fext and
fieldint : V → Fint which are subject to the lexi-
calized constraints:

fieldext(w) ∈ lex(w).fieldext
fieldint(w) ∈ lex(w).fieldint

For example, zu lieben1 may only land in field vc
(canonical position), and zu lieben2 only in xf (ex-
traposed position). The LP tree must satisfy:

w−−→̀w′ ∈ ELP ⇒ ` = fieldext(w
′)

Thus, whether an edge w−−→̀w′ is licensed de-
pends both on valencyLP(w) and on fieldext(w

′).
In other words: w must offer field ` and w′ must
accept it.

For an edge w−−→̀w′ in the ID tree, we say that
w is the head of w′. For a similar edge in the LP



Grammar Symbols
C = {det , n, vfin, vinf , vpast , zuvinf} (Categories)
R = {det, subject, object, vinf, vpast, zuvinf} (Syntactic Roles)

Fext = {df, mf, vc, xf} (External Topological Fields)
Fint = {d, n, v} (Internal Topological Fields)
d ≺ df ≺ n ≺ mf ≺ vc ≺ v ≺ xf (Topological Ordering)

Edge Constraints
w−−−−−−−−→det w′ ⇒ cat(w′) = det ∧ agr(w) = agr(w′)
w−−−−−−−−→subject w′ ⇒ cat(w′) = n ∧ agr(w) = agr(w′) ∈ NOM

w−−−−−−−−→object w′ ⇒ cat(w′) = n ∧ agr(w′) ∈ ACC

w−−−−−−−−→vinf w′ ⇒ cat(w′) = vinf
w−−−−−−−−→vpast w′ ⇒ cat(w′) = vpast
w−−−−−−−−→zuvinf w′ ⇒ cat(w′) = zuvinf

Lexicon
Word Syntax Topology

cats valencyID fieldint fieldext valencyLP

einen {det} {} {d} {df} {}
Mann {n} {det} {n} {mf} {df?}
Maria {n} {} {n} {mf} {}
lieben {vinf} {object?} {v} {vc} {}
geliebt {vpast} {object?} {v} {vc} {}
können1 {vinf} {vinf} {v} {vc} {vc?}
können2 {vinf , vpast} {vinf} {v} {xf} {mf∗, vc?, xf?}
wird {vfin} {subject, vinf} {v} {vc} {mf∗, vc?, xf?}
haben {vinf} {vpast} {v} {xf} {mf∗, vc?, xf?}
hat {vinf} {subject, vpast} {v} {vc} {mf∗, vc?, xf?}
zu lieben1 {zuvinf} {object?} {v} {vc} {}
zu lieben2 {zuvinf} {object?} {v} {xf} {mf∗, xf?}
versucht {vfin} {subject, zuvinf} {v} {vc} {mf∗, vc?, xf?}

Figure 1: Grammar Fragment

tree, we say that w is the host of w′ or that w′

lands on w. The shape of the LP tree is a flat-
tened version of the ID tree which is obtained by
allowing nodes to climb up subject to the follow-
ing principles:

Principle 1 a node must land on a transitive
head2

Principle 2 it may not climb through a barrier

We will not elaborate the notion of barrier which
is beyond the scope of this article, but, for exam-
ple, a noun will prevent a determiner from climb-
ing through it, and finite verbs are typically gen-
eral barriers.

2This is Bröcker’s terminology and means a node in the
transitive closure of the head relation.

Principle 3 a node must land on, or climb higher
than, its head

Subject to these principles, a node w′ may climb
up to any host w which offers a field licensed by
fieldext(w

′).

Definition. An ID/ LP analysis is a tuple (V,

EID, ELP, lex, cat, valencyID, valencyLP, fieldext,

fieldint) such that (V,EID, lex, cat, valencyID) is
an ID tree and (V,ELP, lex, valencyLP, fieldext,

fieldint) is an LP tree and all principles are sat-
isfied.

Our approach has points of similarity with
(Bröker, 1999) but eschews modal logic in fa-
vor of a simpler and arguably more perspicuous
constraint-based formulation. It is also related



to the lifting rules of (Kahane et al., 1998), but
where they choose to stipulate rules that license
liftings, we opt instead for placing constraints on
otherwise unrestricted climbing.

5 German Verbal Phenomena

We now illustrate our theory by applying it to the
treatment of word order phenomena in the verbal
complex of German verb final sentences. We as-
sume the grammar and lexicon shown in Figure 1.
These are intended purely for didactic purposes
and we extend for them no claim of linguistic ad-
equacy.

5.1 VP Extraposition
Control verbs like versuchen or versprechen al-
low their zu-infinitival complement to be option-
ally extraposed. This phenomenon is also known
as optional coherence.

(6) (dass) Maria einen Mann zu lieben versucht

(7) (dass) Maria versucht, einen Mann zu lieben

Both examples share the following ID tree:

(dass) Maria einen Mann zu lieben versucht

det
object

zuvinfsubject

Optional extraposition is handled by having two
lexical entries for zu lieben. One requires it to
land in canonical position:

fieldext(zu lieben1) = {vc}

the other requires it to be extraposed:

fieldext(zu lieben2) = {xf}

In the canonical case, zu lieben1 does not offer
field mf and einen Mann must climb to the finite
verb:

(dass) Maria einen Mann zu lieben versucht

n
d

n v
vdf

mfmf vc

In the extraposed case, zu lieben2 itself offers
field mf:

(dass) Maria versucht einen Mann zu lieben

n
v

d
n

v

mf

df
mf

xf

5.2 Partial VP Extraposition
In example (8), the zu-infinitive zu lieben is extra-
posed to the right of its governing verb versucht,
but its nominal complement einen Mann remains
in the Mittelfeld:

(8) (dass) Maria einen Mann versucht, zu lieben

In our account, Mann is restricted to land in an mf
field which both extraposed zu lieben2 and finite
verb versucht offer. In example (8) the nominal
complement simply climbed up to the finite verb:

(dass) Maria einen Mann versucht zu lieben

n
d

n
v

v

mf

df
mf xf

5.3 Obligatory Head-final Placement
Verb clusters are typically head-final in German:
non-finite verbs precede their verbal heads.

(9) (dass)
(that)

Maria
Marianom

einen
a

Mann
manacc

lieben
love

wird
will

(10)*(dass) Maria einen Mann wird lieben

The ID tree for (9) is:

(dass) Maria einen Mann lieben wird

subject

det
object

vin
f

The lexical entry for the bare infinitive lieben re-
quires it to land in a vc field:

fieldext(lieben) = {vc}



therefore only the following LP tree is licensed:3

(dass) Maria einen Mann lieben wird

n
d

n v
v

mf

df

mf vc

where mf ≺ vc ≺ v, and subject and ob-
ject, both in field mf, remain mutually unordered.
Thus we correctly license (9) and reject (10).

5.4 Optional Auxiliary Flip
In an auxiliary flip construction (Hinrichs and
Nakazawa, 1994), the verbal complement of an
auxiliary verb, such as haben or werden, follows
rather than precedes its head. Only a certain class
of bare infinitive verbs can land in extraposed po-
sition. As we illustrated above, main verbs do
not belong to this class; however, modals such as
können do, and may land in either canonical (11)
or in extraposed (12) position. This behavior is
called ‘optional auxiliary flip’.
(11) (dass)

(that)
Maria
Maria

einen
a

Mann
man

lieben
love

können
can

wird
will

(that) Maria will be able to love a man

(12) (dass) Maria einen Mann wird lieben können

Both examples share the following ID tree:

(dass) Maria einen Mann wird lieben können

subject

det
object

vinf

vinf

Our grammar fragment describes optional auxil-
iary flip constructions in two steps:

• wird offers both vc and xf fields:

valencyID(wird) = {mf∗, vc?, xf?}

• können has two lexical entries, one canonical
and one extraposed:

fieldext(können1) = {vc}
fieldext(können2) = {xf}

3It is important to notice that there is no spurious ambi-
guity concerning the topological placement of Mann: lieben
in canonical position does not offer field mf; therefore Mann
must climb to the finite verb.

Thus we correctly account for examples (11) and
(12) with the following LP trees:

(dass) Maria einen Mann lieben können wird

n
d

n
v

v
v

mf

df

mf

vc

vc

(dass) Maria einen Mann wird lieben können

n
d

n
v

v
v

mf

df
mf

vc

xf

The astute reader will have noticed that other LP

trees are licensed for the earlier ID tree: they are
considered in the section below.

5.5 V-Projection Raising
This phenomenon related to auxiliary flip de-
scribes the case where non-verbal material is in-
terspersed in the verb cluster:

(13) (dass) Maria wird einen Mann lieben können

(14)*(dass) Maria lieben einen Mann können wird

(15)*(dass) Maria lieben können einen Mann wird

The ID tree remains as before. The NP einen
Mann must land in a mf field. lieben is in canon-
ical position and thus does not offer mf, but
both extraposed können2 and finite verb wird do.
Whereas in (12), the NP climbed up to wird, in
(13) it climbs only up to können.

(dass) Maria wird einen Mann lieben können

n
v

d
n v

v

mf

df

mf vc

xf

(14) is ruled out because können must be in the
vc of wird, therefore lieben must be in the vc
of können, and einen Mann must be in the mf of
wird. Therefore, einen Mann must precede both
lieben and können. Similarly for (15).



5.6 Intermediate Placement
The Zwischenstellung construction describes
cases where the auxiliary has been flipped but its
verbal argument remains in the Mittelfeld. These
are the remaining linearizations predicted by our
theory for the running example started above:

(16) (dass) Maria einen Mann lieben wird können

(17) (dass) einen Mann Maria lieben wird können

where lieben has climbed up to the finite verb.

5.7 Obligatory Auxiliary Flip
Substitute infinitives (Ersatzinfinitiv) are further
examples of extraposed verbal forms. A sub-
stitute infinitive exhibits bare infinitival inflec-
tion, yet acts as a complement of the perfectizer
haben, which syntactically requires a past partici-
ple. Only modals, AcI-verbs such as sehen and
lassen, and the verb helfen can appear in substi-
tute infinitival inflection.

A substitute infinitive cannot land in canonical
position; it must be extraposed: an auxiliary flip
involving a substitute infinitive is called an ‘oblig-
atory auxiliary flip’.

(18) (dass)
(that)

Maria
Maria

einen
a

Mann
man

hat
has

lieben
love

können
can

(that) Maria was able to love a man

(19) (dass) Maria hat einen Mann lieben können

(20)*(dass) Maria einen Mann lieben können hat

These examples share the ID tree:

(dass) Maria einen Mann hat lieben können

subject

det
object

xvinf

vinf

hat subcategorizes for a verb in past participle in-
flection because:

valencyID(hat) = {subject, vpast}

and the edge constraint for w−−−−−→vpast w′ requires:
cat(w′) = vpast

This is satisfied by können2 which insists on being
extraposed, thus ruling (20) out:

fieldext(können2) = {xf}

Example (18) has LP tree:

(dass) Maria einen Mann hat lieben können

n
d

n
v

v
v

mf

df
mf xf

vc

In (18) einen Mann climbs up to hat, while in (19)
it only climbs up to können.

5.8 Double Auxiliary Flip
Double auxiliary flip constructions occur when
an auxiliary is an argument of another auxiliary.
Each extraposed verb form offers both vc and mf:
thus there are more opportunities for verbal and
nominal arguments to climb to.
(21) (dass) Maria wird haben einen Mann lieben

können
(that) Maria will have been able to love a man

(22) (dass) Maria einen Mann wird haben lieben
können

(23) (dass) Maria wird einen Mann lieben haben
können

(24) (dass) Maria einen Mann wird lieben haben
können

(25) (dass) Maria einen Mann lieben wird haben
können

These examples have ID tree:

Maria einen Mann wird haben lieben können

subject

det
object

vinf

vinf

vpast

and (22) obtains LP tree:

Maria einen Mann wird haben lieben können

n
d

n
v

v

v
v

mf

df
mf xf

vc

xf



5.9 Obligatory Coherence
Certain verbs like scheint require their argument
to appear in canonical (or coherent) position.

(26) (dass)
(that)

Maria
Maria

einen
a

Mann
man

zu
to

lieben
love

scheint
seems

(that) Maria seems to love a man

(27)*(dass) Maria einen Mann scheint, zu lieben

Obligatory coherence may be enforced with the
following constraint principle: if w is an obliga-
tory coherence verb and w′ is its verbal argument,
then w′ must land in w’s vc field. Like barri-
ers, the expression of this principle in our gram-
matical formalism falls outside the scope of the
present article and remains the subject of active
research.4

6 Conclusions

In this article, we described a treatment of lin-
ear precedence that extends the constraint-based
framework for dependency grammar proposed by
Duchier (1999). We distinguished two orthogo-
nal, yet mutually constraining tree structures: un-
ordered, non-projective ID trees which capture
purely syntactic dependencies, and ordered, pro-
jective LP trees which capture topological depen-
dencies. Our theory is formulated in terms of (a)
lexicalized constraints and (b) principles which
govern ‘climbing’ conditions.

We illustrated this theory with an application to
the treatment of word order phenomena in the ver-
bal complex of German verb final sentences, and
demonstrated that these traditionally challenging
phenomena emerge naturally from our simple and
elegant account.

Although we provided here an account spe-
cific to German, our framework intentionally per-
mits the definition of arbitrary language-specific
topologies. Whether this proves linguistically ad-
equate in practice needs to be substantiated in fu-
ture research.

Characteristic of our approach is that the for-
mal presentation defines valid analyses as the so-
lutions of a constraint satisfaction problem which
is amenable to efficient processing through con-
straint propagation. A prototype was imple-
mented in Mozart/Oz and supports a parsing

4we also thank an anonymous reviewer for pointing out
that our grammar fragment does not permit intraposition

mode as well as a mode generating all licensed
linearizations for a given input. It was used to
prepare all examples in this article.

While the preliminary results presented here
are encouraging and demonstrate the potential of
our approach to linear precedence, much work re-
mains to be done to extend its coverage and to
arrive at a cohesive and comprehensive grammar
formalism.
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ABSTRACT: Trees with labeled edges have widespread applicability, for example for the representation
of dependency syntax trees. Given a fixed number of nodes and constraints on how edges may be drawn
between them, the task of finding solution trees is known as a configuration problem. In this paper, we
formalize the configuration problem of labeled trees and argue that it can be regarded as a constraint
satisfaction problem which can be solved directly and efficiently by constraint propagation. In particular,
we derive and prove correct a formulation of dependency parsing as a constraint satisfaction problem.

Our approach, based on constraints on finite sets and a new family of ‘selection’ constraints, is especially
well-suited for the compact representation and efficient processing of ambiguity. We address various issues
of interest to the computational linguist such as lexical ambiguity, structural ambiguity, valency constraints,
grammatical principles, and linear precedence. Finally we turn to the challenge of efficient processing and
characterize the services expected of a constraint programming system: we define a formal constraint
language and specify its operational semantics with inference rules of propagation and distribution.

This framework generalizes our presentation of immediate syntactic dependence for dependency parsing
[4] and extends naturally to our corresponding treatment of linear precedence [6] based on a notion of
topological rather than syntactic dependencies.
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1 Introduction
This article presents a formalization of finite trees with labeled edges: well-formedness
is characterized by a small number of equations and trees correspond precisely to the
solutions of these equations. The advantage of our approach is that all our equations
can be interpreted as constraints and can be solved directly using constraint program-
ming technology. The constraint-based approach is especially well-suited for the com-
pact representation and efficient processing of ambiguity, and constraint propagation
is very effective in pruning the search space.

We begin with a characterization of the legal trees which can be assembled from a
finite set V of nodes and a finite set L of edge labels. Arranging the nodes V into a
tree requires choosing, from the set of all possible labeled edges, a subset such that
the resulting graph is a tree. This task may be regarded as a configuration problem and
can be formulated as constraint satisfaction problem well-suited to a constraint-based
approach. We then entertain various refinements, especially relevant to linguistics,
where admissibility is further restricted either by general principles or through lexi-
calized constraints. Finally, we address the issue of efficient processing: it is achieved
by effective model elimination through constraint propagation. For this reason, we
give precise operational semantics to all our constraints in the form of inference rules.
The search for solutions of a constraint satisfaction problem (CSP) is defined formally
as the derivation of consistent saturations under these inference rules.

The objects described by modern linguistic theories such as HPSG [21, 22] or LFG
[15] are typed features structures (TFS) and the theories themselves consist primarily
in the formulation of general structural principles of well-formedness that determine
which of these objects are licensed. These theories are declarative and constraint-
based and remain uncommitted to any particular processing method. While TFS are
appealing and easily integrated in unification-based computational frameworks, they
result in grammatical formalisms which are hard to process efficiently. The process-
ing challenge is further exacerbated when attempting to account for languages, such
as German, where free word order and discontinuous constituents violate the assump-
tions of linearity and adjacency underlying many parsing techniques.

In [4], we described an alternative approach based on Dependency Grammar (DG).
An advantage of DG is that it allows syntax trees with crossing branches, and thus
does not fall prey to the difficulties we just mentioned plaguing grammatical for-
malisms that have traditionally assumed and required projective analyses. We showed
how parsing could be formulated succinctly as a constraint satisfaction problem (CSP)
solvable efficiently by constraint programming. One novelty of our approach was the
central importance given to sets and constraints on set variables.

Our purpose in the present article is twofold. Firstly, we abstract the approach of
[4] away from the details specific to dependency grammar. We tackle the more gen-
eral problem of configuring trees with labeled edges and demonstrate how it can be
formulated as a CSP. In this manner, our techniques gain wider scope, for example
extending naturally to the treatment of linear precedence described in [6]. Secondly,
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we give a formal account of constraint programming sufficient to solve the aforemen-
tioned CSPs: we define an abstract constraint language, completely specify its oper-
ational semantics by means of inference rules for propagation and distribution, and
prove that solutions precisely correspond to the consistent saturations. It is our hope
that, by providing formally precise blueprints of the constraint propagation mecha-
nisms required, we may both promote an understanding and facilitate the adoption
of our constraints in other systems, not necessarily based, as ours, on the concurrent
constraint programming language Oz [19].

We begin the article, in Section 2, with an example of dependency analysis for
German taken from [4]: it provides a concrete illustration that helps understand the
abstractions which follow. Section 3 lays down the foundation in the form of a for-
malization of labeled trees. To a great extent, the conciseness of our formulation and
the effectiveness of our treatment of ambiguity rely on ‘selection constraints’: first
introduced in [4], they are presented intuitively in Section 4 and further extended to
an entire family of aggregative selection constraints.

We then consider various refinements of interest to the computational linguist: in
Section 5 we tackle the problem of lexical ambiguity; in Section 6 we further extend it
to the treatment of lexicalized valency constraints; in Section 7 we describe how fami-
lies of well-formedness principles can be expressed and integrated into our framework
to further restrict admissibility of edges, e.g. for reasons of ‘agreement’; in Section 8
we introduce ‘disjunctive attributes’ for a treatment of ambiguity that helps improve
lexical economy; then in Section 9 we propose an extension for partially ordered trees
which permits the characterization of projective analyses and the formulation of linear
precedence constraints.

Finally in Section 11 we address the issue of efficient processing and describe what
we expect from the constraint programming services. We do not commit to any partic-
ular implementation technique, rather we describe constraint programming at a very
abstract level as a formal system with deterministic inference rules of ‘propagation’
and non-deterministic rules of ‘distribution’. In this framework, the search for solu-
tions is precisely the derivation of consistent inferential saturations. We believe that
we offer the right level of abstraction to permit instantiation to a variety of constraint
programming and constraint logic programming systems, and the right level of detail
for the practical implementation of our constraints should they not already exist in the
target system.

2 Informal Introduction to Dependency Parsing
In [4] we described a constraint-based approach for constructing dependency tree an-
alyses of German sentences: it serves as the starting point for the more general and
abstract formulation developed in the remainder of the present article. In this section,
we begin with an example taken from that earlier work to provide the reader with a
concrete illustration of what we propose to generalize.
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3

5 6

4 8

2 7

1

das Buch hat mir Peter versprochen zu lesen

de
t

subject
vpast

dat
ive

zuvinf

zuobject

2









str : "Buch"

cat : n

agr : 〈neut sing 3 acc〉
val : {det}









3









str : "hat"

cat : v fin

agr : 〈neut sing 3 nom〉
val : {subject, vpast}









FIG. 1. Example of Dependency Tree

Consider the German sentence “das Buch hat mir Peter versprochen zu lesen”.1

Figure 1 shows a corresponding dependency analysis and illustrates the fact that the
relative freeness of word order often requires analyses with crossing branches. Char-
acteristic of the dependency approach, there is exactly one node per word, displayed
here as a box labeled with the linear position of the word in the sentence, and edges
are labeled with syntactic roles such as ‘subject’ or ‘zuvinf’. Furthermore each
node is assigned a lexical entry from a lexicon: Figure 1 displays the lexical entries
assigned by the parser to ‘Buch’ and ‘hat’ identified respectively by 2 and 3 . Each
entry stipulates phonology, category, agreement and valency. In Section 6, we propose
an alternative approach to lexicalized valency constraints.

Dependency Grammar. We now briefly review the formal framework for depen-
dency grammar proposed in [4]. For simplicity, we omit the treatment of modifiers2

and of linear precedence.3 A dependency grammar is given by:

(Strs,Cats,Agrs,Roles, Lexicon,Rules)

where Strs is a finite set of strings, such as "Buch" or "hat", notating the fully in-
flected forms of words, Cats is a finite set of categories such as n for noun, d for

1Stripped of intonation and of modifiers, for the sake of simplicity, the example does not sound convincing to the German ear, but the
following sentence due to Joachim Niehren exhibits the same structure and sounds perfectly natural: “Genau diese Flasche Wein hat mir mein
Kommissionnär versprochen auf der Auktion zu ersteigern”.

2We shall see in Section 6 that modifiers do not actually require separate treatment in our approach.
3We consider it again in Section 9 and more extensively in [6].
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determiner, or v fin for finite verb. Assuming the following sets for gender, number,
person and case:

Gender = {masc, fem, neut} Number = {sing, plur}

Person = {1, 2, 3} Case = {nom, acc, dat, gen}

we pose Agrs = Gender×Number×Person×Case for the set of agreement tuples such
as 〈masc sing 3 nom〉. Roles is a finite set of grammatical functions such as subject
or zuvinf for an infinitive with ‘zu’ which serve as edge labels in the dependency
tree. A lexical entry is an attribute value matrix with signature:









str : Strs
cat : Cats
agr : Agrs
val : 2Roles









and specifies phonology, category, agreement and valency. The Lexicon is a finite set
of lexical entries. We use functional notation and write cat(w) for the category of the
lexical entry assigned to node w. Finally, Rules is a family (Γρ) of binary predicates,
indexed by grammatical functions ρ ∈ Roles, expressing local grammatical principles:
for an edge labeled ρ from mother w1 to daughter w2 to be admissible, the condition
Γρ(w1, w2) must be satisfied; for example, for w2 to serve as the determiner of noun
w1 it must (1) be a determiner, (2) agree with the noun, i.e.:

Γdet(w1, w2) ≡ cat(w2) = d ∧ agr(w1) = agr(w2)

Dependency Trees. We assume an infinite set Nodes of nodes and define a labeled
directed edge as an element of Nodes×Nodes×Roles. A dependency tree (V,E, entry)
consists of a finite set V ⊆ Nodes of nodes, a finite set E ⊆ V × V × Roles of
labeled edges between these nodes, and a function entry : V → Lexicon assigning a
lexical entry to each node. A dependency tree is admissible iff (1) it forms a tree in
the classical graph theoretical sense, (2) every node has precisely the outgoing edges
required by its valency, (3) for every edge (w1, w2, ρ) ∈ E, the condition Γρ(w1, w2)
is satisfied.

Of course, the lexicon typically contains several lexical entries for each word which
results in considerable lexical ambiguity. Our approach is very effective in handling
both lexical and structural ambiguity and achieves this largely through the use of ‘se-
lection constraints’ (Section 4). Figure 2 illustrates the processing achieved for our
example by the parser of [4]. On the left is displayed the preferred reading, while on
the right we see the complete search tree where a circle represents a choice point, a
diamond leaf a solution, and a square leaf a failure. What is interesting is that there are
no failures: constraint propagation is very effective; we need exactly 1 choice in order
to enumerate the two possible analyses. Why are there 2 analyses? Simply because
both ‘Buch’ and ‘Peter’ can indifferently be assigned either nominative or accusative
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case, therefore either one can be subject while the other is object. Constraint propa-
gation is sufficient to resolve all other ambiguities, both lexical (what lexical entry to
choose for each word), and structural (what edges to draw between nodes).

FIG. 2. Parser Demo

3 Formalization of Valid Labeled Trees
We begin with a precise characterization of all well-formed trees which can be assem-
bled from a fixed finite set of nodes V and edges with labels drawn from a finite set L.
These trees correspond precisely to the solutions of the constraint satisfaction problem
on set variables articulated below.

Finite Labeled Graphs. We assume given an infinite set V of nodes and a finite set
L of labels. A directed labeled edge is an element of V × V × L. We write G(V ,L)
for the set of finite graphs G = (V,E) formed from a finite set of nodes V ⊆ V and a
finite set of labeled edges E ⊆ V × V ×L. Note that, since we assume E to be a set,
we only consider graphs without duplicate edges. We write G(V,L) for the graphs in
G(V ,L) whose node set is V .

Finite Labeled Trees. A finite graph is a tree if and only if it satisfies the following
“treeness conditions”:

(a) Each node has at most one incoming edge
(b) There is precisely one node with no incoming edge (one root)
(c) There are no cycles

We write T(V,L) for the subset of G(V,L) satisfying conditions (a), (b) and (c). In
the following, we are going to formulate a constraint ΦID(V,L) which a finite graph
G = (V,E) ∈ G(V,L) must satisfy in order to be in T(V,L).

We write w−−→` w′ for a labeled edge (w,w′, `) and w−−→` Gw
′ for w−−→` w′ ∈ E.

We define the successor relation →G= ∪{−−→` G|` ∈ L} and write →+
G and →∗

G for
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its transitive and reflexive transitive closures. Given a relation R ⊆ V × V , we define
R : V → 2V and the overloading R : 2V → 2V as follows:

R(x) = {y | (x, y) ∈ R} R(S) = ∪{R(x) | x ∈ S}

In this manner, the edges of a graph G induce the following functions:

`G = −−→` G downG = →+
G rootsG = V \→G(V )

daughtersG = →G eqdownG = →∗
G

Given these definitions, we can reformulate the treeness conditions more formally.
Condition (a) states that each node has at most one incoming edge, i.e. that for any
node w′′, there exists at most one ` ∈ L and one w ∈ V , such that w′′ ∈ `G(w); or,
equivalently, that:

∀`, `′ ∈ L ∀w,w′ ∈ V (` 6= `′ ∨ w 6= w′) ⇒ `G(w) ‖ `′G(w′) (3.1)

where ‖ represents disjointness. Condition (b) requires that there be one unique root:

|rootsG| = 1 (3.2)

Finally, condition (c) forbids cycles, i.e. it must never be the case that w →+
G w:

∀w ∈ V w 6∈ downG(w) (3.3)

Our formalization so far assumes that the edges are given. As such, it is appropriate
for deciding whether a graph is a tree. On the other hand, it is poorly suited for parsing
where the edges are unknown and the task is precisely to find possible edges licensed
by the grammar. To overcome this difficulty, instead of using the edges as a starting
point, we are going to use the functions defined above which they induce.

In a tree, these functions satisfy additional properties which we state below. `G(w)
are the `-daughters of w. By definition of →G and condition (a) restated as (3.1), the
daughters of w satisfy the equation:

daughtersG(w) = ]{`G(w) | ` ∈ L} (3.4)

where ] denotes disjoint union. By definition of rootsG and condition (a), a node is
either a root or is the daughter of precisely one node:

V = rootsG ] ]{daughtersG(w) | w ∈ V } (3.5)

By definition of transitive closure: →+
G = →G ◦ →∗

G. In other words, the nodes
strictly below w are those equal to or strictly below its daughters:

downG(w) = ∪{eqdownG(w′) | w′ ∈ daughtersG(w)} (3.6)
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ΦID(V,L) ≡
V = roots ] ]{daughters(w) | w ∈ V }

∧ |roots| = 1
∧ ∀w ∈ V

eqdown(w) = {w} ] down(w)
∧ down(w) = ∪{eqdown(w′) | w′ ∈ daughters(w)}
∧ daughters(w) = ]{`(w) | ` ∈ L}

FIG. 3. well-formedness condition of labeled trees

By definition of reflexive transitive closure: →∗
G(w) = {w} ∪→+

G(w). Additionally
the acyclicity condition (c) requires that w does not occur in →+

G(w). Therefore:

eqdownG(w) = {w} ] downG(w) (3.7)

These properties lead us to formulate a constraint ΦID(V,L) (see Figure 3) in terms
of variable roots of type 2V and functional variables daughters, down, eqdown and `
(for all ` ∈ L) of type V → 2V . A solution of ΦID(V,L) is an assignment to these
variables such that ΦID(V,L) is satisfied; in other words, posing L = {`1, . . . , `n}
and writing F for the type V → 2V , a solution of ΦID(V,L) is a tuple:

(roots, daughters, down, eqdown, `1, . . . , `n) : 2V × F × F × F × F × · · · × F

that satisfies ΦID(V,L). We write Sols(ΦID(V,L)) for the set of solutions of ΦID(V,L).
Every solution σ of ΦID(V,L) defines a graph [[σ]]ID = (V,E) where:

E = {w−−→` w′ | w ∈ V, ` ∈ L, w′ ∈ `(w)}

Overloading the notation, for each G ∈ G(V,L) we also define:

[[G]]ID = (rootsG, daughtersG, downG, eqdownG, `1G, . . . , `nG)

THEOREM 3.1
T(V,L) is in bijection with the solutions of ΦID(V,L). More precisely a graph G is a
tree iff [[G]]ID satisfies ΦID(V,L):

∀G ∈ G(V,L) G ∈ T(V,L) ≡ [[G]]ID ∈ Sols(ΦID(V,L))

and every solution σ of ΦID(V,L) defines a tree:

∀σ ∈ Sols(ΦID(V,L)) [[σ]]ID ∈ T(V,L)

The first claim follows from properties (3.4–3.7), while for the second one it is straight-
forward to establish σ = [[[[σ]]ID]]ID. ΦID(V,L) can be interpreted as a constraint satis-
faction problem (CSP) and Theorem 3.1 establishes the correspondence between the
solutions of this CSP and the formal objects of interest, namely the trees T(V,L).
Throughout this article, we state similar theorems to validate the constraint-based ap-
proach.
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4 Set Constraints And Selection Constraints
Equation (3.6) while mathematically elegant poses a processing challenge: when solv-
ing the CSP, (1) we don’t know the elements of daughters(w), (2) we don’t know what
set values eqdown takes at these elements, and yet we must compute their combined
union. In this section, we introduce the constraint-based concepts that will allow us to
achieve it simply and efficiently.

4.1 Set Constraints

Finite domain (FD) constraints have become a reasonably standard tool of the trade
and are routinely used in computational linguistics applications. Set constraints, on
the other hand, have remained largely unexploited even though they are available and
well supported by modern constraint technology [12, 20, 18].

In our work, constraints on finite sets (FS) of integers have emerged as an especially
elegant and computationally effective tool for such linguistics applications as parsing
with a dependency grammar [4, 6] or solving dominance constraints [5, 8], for the
treatment of discourse [7], parsing with tree descriptions [9], and underspecified rep-
resentations of semantics [10].

We will elaborate on constraint programming at greater length in Section 11. For
the moment, we shall simply say that the partial information about a FD variable I
can be represented in the form I ∈ D where D is a set of integers, and the partial
information about a FS variable S can be expressed by a lower bound D1 and an
upper bound D2 in the form D1 ⊆ S ⊆ D2. The role of constraint propagation is
to improve this partial information. When I ∈ {k} we say that I is ‘determined’ and
write I = k. When D ⊆ S ⊆ D, we say that S is ‘determined’ and write S = D.

4.2 Selection Constraints

An essential contribution of [4] was the ‘selection constraint’ which permits the com-
pact representation and effective processing of many forms of selectional ambiguity
such as lexical ambiguity (i.e. the selection of a lexical entry from those available for a
particular word in the lexicon). Consider a variableX which may be equated with one
of n variables (Vi). We can explicitly represent this choice using an integer variable I ,
also called a finite domain (FD) variable, taking values in {1 . . . n} and the selection
constraint below:

X = 〈V1, . . . , Vn〉[I]

where 〈V1, . . . , Vn〉 represents the sequence of variables V1 through Vn and the nota-
tion 〈V1, . . . , Vn〉[I] was chosen for its similarity to the subscripting notation of ‘array
lookup’ in many programming languages, and indicates selection of the Ith element
out of the sequence. Thus the declarative semantics of the above constraint is simply
X = VI .
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The origins of this powerful idea are to be found in CHIP’s ‘element’ constraint
[2] which related two finite domain variables I and K and a sequence 〈j1, . . . , jn〉 of
integer values:

I = 〈j1, . . . , jn〉[K]

In [4], we extended it in two directions: first we allowed the sequence to consist of
variables rather than constants; second, we supported both selection out of sequences
of finite domain variables:

I = 〈J1, . . . , Jn〉[K]

as well as out of sequences of finite set (FS) variables:

S = 〈S1, . . . , Sn〉[K]

where S, Si are FS variables denoting finite sets of integers.

4.3 Propagation And Constructive Disjunction

One advantage of the selection constraint is that it is able to implement simply and
efficiently a form of constructive disjunction (lifting of information common to all
alternatives not yet ruled out). Here is an example that illustrates the propagation
which may be expected from the selection constraint:

S = 〈S1, S2, S3〉[K] {1, 3} ⊆ S1 ⊆ {1, 2, 3} S2 = {2, 4} {1} ⊆ S3 ⊆ {1, 4}

From the above, constraint propagation infers:

K ∈ {1, 2, 3} S ⊆ {1, 2, 3, 4}

If we further assert 4 6∈ S, then S2 becomes incompatible since it contains 4:

K ∈ {1, 3} {1} ⊆ S ⊆ {1, 2, 3}

Note that 1 was inferred to be a necessary element of S since it is a known element
of both alternatives S1 and S3, one of which must eventually be chosen. If we now
assert 2 ∈ S, then S3 becomes incompatible since it cannot contain 2:

K = 1 S = S1 = {1, 2, 3}

4.4 Dependent Disjunction

The fact that the selection constraints makes the choice explicit through a selector
variable K permits dependent selections. Consider for example:

I = 〈J1, . . . , Jn〉[K] (4.1)
I ′ = 〈J ′

1, . . . , J
′
n〉[K] (4.2)
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the choice of which Ji to equate with I and which J ′
i to equate with I ′ are mutually

dependent since they must be effected by the same selector K. (4.1) and (4.2) can be
viewed as contexted constraints sharing the same context variable K, or equivalently
as realizing the following dependent (or named) disjunctions both labeled with name I
[17, 3, 11, 13]:

(I = J1 ∨ . . . ∨ I = Jn)I

(I ′ = J ′
1 ∨ . . . ∨ I ′ = J ′

n)I

Notational variations on dependent disjunctions have been used to concisely express
covariant assignment of values to different features in feature structures. The selec-
tion constraint provides the same notational convenience and declarative semantics,
but additionally enjoys a computational reading with all the benefits that accrue from
state-of-the-art constraint technology.

4.5 Selection Union Constraint

A novel contribution of the present article is the ‘selection union’ constraint:

S = ∪〈S1, . . . , Sn〉[S
′]

where the selector S ′ is now a set. Its declarative semantics are given by the following
equation:

S = ∪{Sk | k ∈ S′}

Thus we empower an essential mathematical instrument with a computational reading
based on very effective constraint propagation. Posing V = {w1, . . . , wn} and iden-
tifying wi with the integer i representing its position in the input sentence,4 equation
(3.6) can now be rewritten:

down(w) = ∪〈eqdown(w1), . . . , eqdown(wn)〉[daughters(w)]

A family of aggregative selection constraints. The selection union constraint selects
a subset specified by S ′ of the elements of sequence 〈S1, . . . , Sn〉 and combines them
using union. Clearly, other modes of combination are possible which opens up a whole
family of aggregative selection constraints. For example:

S = ∩〈S1, . . . , Sn〉[S
′]

S = ]〈S1, . . . , Sn〉[S
′]

I = +〈J1, . . . , Jn〉[S
′]

In Section 11 we take the ‘selection union’ and ‘selection intersection’ constraints as
primitives and fully specify their operational semantics by inference rules of propa-
gation. The simpler selection constraints of Section 4.2 are defined in terms of the
selection union constraint.

4This identification of a node with the linear position of the corresponding word in the input sentence will remain in effect for the remainder
of the article.
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5 Lexical Ambiguity
For the application to dependency parsing, each node is assigned a lexical entry from
a lexicon. A lexical entry supplies a number of attributes in terms of which additional
constraints may be formulated. In this section, we formalize these notions and demon-
strate how the selection constraint elegantly addresses the issue of lexical ambiguity.

A lexicon (E ,A) consists of a finite set E of objects called ‘lexical entries’ and a
finite set A of functions called ‘attributes’, where each α ∈ A is of type α : E → N

or α : E → 2N. For each e ∈ E and α ∈ A, α(e) is the value of attribute α in lexical
entry e. An attribute might specify such things as category, agreement, or valency.

Given a lexicon (E ,A), a graph (V,E) ∈ G(V,L), and an assignment ε : V → E of
lexical entries to nodes, we call (V,E, ε) an attributed graph. We write G(V,L, E ,A)
for the set of attributed graphs and T(V,L, E ,A) for the subset which are trees. For
each α ∈ A with type α : E → T , where T is N or 2N, we introduce the overloaded
function α : V → T called a node attribute and defined by α(w) = α(ε(w)) for all
w ∈ V .

For parsing, the choice of ε is not free: in particular, only a subset of E is applicable
to each word. This we model by means of a restriction function lex : V → 2E . For
example, if w corresponds to the word ‘versprochen’, then lex(w) should be the set of
lexical entries for ‘versprochen’. We say that (V,E, ε) is lex-attributed if:

∀w ∈ V ε(w) ∈ lex(w) (5.1)

and write T(V,L, E ,A, lex) for the set of lex attributed trees (V,E, ε) over (E ,A).
During parsing, ε is not given but must be chosen. The degree of freedom in this
choice (see 5.1) is called lexical ambiguity. In order to support efficient parsing, it
should be possible to constrain a node attribute α(w) while leaving the choice ε(w)
of lexical entry underspecified.

Thus we are confronted with the problem of computing a function at a point which
is only partially known. Supposing lex(w) = {e1, . . . , en}, the idea is to introduce an
FD variable entry(w) ∈ {1, . . . , n} to represent the index of the selected entry and to
obtain α(w) with the following selection constraint:

α(w) = 〈α(e1), . . . , α(en)〉[entry(w)] (5.2)

In this equation, the sequence consists of elements homogeneously of type N or 2N

and thus is in the domain of applicability of the selection constraint. For w ∈ V , we
have one equation (5.2) for each α ∈ A, but they all share the same selector entry(w).
In this fashion, as explained in Section 4.4, all attribute selections for the same node
are forced to be covariant. This is an additional source of effective propagation: if any
constraint affects one selection, it affects them all.

It is this intuition which we now proceed to formalize. Without loss of generality,
we revise the type of lex : V → E∗ to map each node to a sequence rather than a set
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of lexical entries, and assume that each sequence contains no duplicates. We define:

e = 〈e1, . . . , en〉[k] ≡ 1 ≤ k ≤ n ∧ e = ek

We write e ∈ lex(w) when e occurs in sequence lex(w) and denote by e@lex(w) its
position in this sequence, or more generally the smallest i such that e = lex(w)[i]. An
assignment ε : V → E is lex-restricted iff:

∀w ∈ V ε(w) ∈ lex(w) (5.3)

ε induces functions entryε : V → N and αiε : V → Ti for each αi : E → Ti ∈ A:

entryε(w) = ε(w)@lex(w)

αiε(w) = αi(ε(w))

Given a sequence 〈e1 . . . en〉 ∈ E∗, we define:

〈α | 〈e1 . . . en〉〉 = 〈α(e1) . . . α(en)〉

The functions induced by ε satisfy the following property:

∀w ∈ V, ∀αi ∈ A αiε = 〈αi | lex(w)〉[entryε(w)] (5.4)

Posing A = {α1 : E → T1, . . . , αn : E → Tn} (where Ti is N or 2N), we now
formulate a constraint ΦLEX(V, E ,A, lex) (Figure 4) in terms of functional variables
entry : V → N and αi : V → Ti for αi : E → Ti ∈ A. ΦLEX(V, E ,A, lex)
characterizes all lex-restricted assignments ε : V → E over (E ,A).

ΦLEX(V, E ,A, lex) ≡
∀w ∈ V

∧

α∈A

α(w) = 〈α | lex(w)〉[entry(w)]

FIG. 4. Well-formedness condition for lex-restricted assignments

A solution of ΦLEX(V, E ,A, lex) is a tuple:

(entry, α1, . . . , αn) : (V → N) × (V → T1) × · · · × (V → Tn)

that satisfies ΦLEX(V, E ,A, lex). Every solution σ of ΦLEX(V, E ,A, lex) defines a lex-
restricted assignment [[σ]]LEX:

[[σ]]LEX(w) = lex(w)[entry(w)]

Furthermore, for each lex-restricted assignment ε, we also define:

[[ε]]LEX = (entryε, α1ε, . . . , αnε)

Writing A(V, E ,A, lex) for the set of lex-restricted assignments ε : V → E over
(E ,A), we have:
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THEOREM 5.1
A(V, E ,A, lex) is in bijection with Sols(ΦLEX(V, E ,A, lex)).

∀σ ∈ Sols(ΦLEX(V, E ,A, lex)) [[σ]]LEX ∈ A(V, E ,A, lex)

∀ε ∈ A(V, E ,A, lex) [[ε]]LEX ∈ Sols(ΦLEX(V, E ,A, lex))

6 Structural Ambiguity and Valency Constraints
In the constraint formulation ΦID(V,L) of Figure 3, for each w ∈ V and ` ∈ L,
`(w) is a set variable. During parsing, this variable is typically partially known. For
example it might be constrained by the following bounds:

{w1, w2} ⊆ `(w) ⊆ {w1, w2, w3}

indicating thatw’s only possible outgoing edges labeled with ` arew−−→` w1,w−−→` w2

and w−−→` w3, that the first two have been accepted, but that the case of the last one
hasn’t been decided yet. Thus, with set variables, we are able to represent an am-
biguous tree structure. All possible edges are simultaneously represented, initially
∅ ⊆ `(w) ⊆ V , and parsing is a process of disambiguation: candidate edges are either
accepted or rejected. When every `(w) is determined, the tree is fully disambiguated.

Disambiguation is to a large extent driven by grammatical constraints for subcate-
gorization embodied in lexicalized valency constraints.

Lexicalized Valency Constraints. When parsing with a dependency grammar [4], we
are not free to draw arbitrary edges between nodes. The outgoing edges of a node
represent the complements and modifiers of the corresponding word. The nature and
number of these edges are restricted by grammatical valencies specified in the lexicon.
We formalize this as follows:

For every ` ∈ L, there is a corresponding attribute |·|` ∈ A with type |·|` : E → 2N.
Thus each lexical entry e stipulates a set |e|` of licensed cardinalities for the `-daughter
set: the number of outgoing edges of w labeled with ` must be one in |w|`:

|`(w)| ∈ |w|` (6.1)

|w|` depends on the choice of lexical entry and, following equation (5.2), is given by
the selection constraint:

|w|` = 〈| · |` | lex(w)〉[entry(w)] (6.2)

In order to specify a required `-argument, a lexical entry e need only fix |e|` = {1}.
For an optional argument: |e|` = {0, 1}. For a modifier which may appear 0 or any
number of times: |e|` = {0, 1, . . . , µ} where µ is some arbitrarily large integer—for
any particular sentence of length n, it is sufficient to choose µ = n − 1 since for
any one word, there are at most n − 1 arguments to be had. For an illegal argument:
|e|` = {0}.
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We say that an attributed graph G = (V,E, ε) fulfills its valencies iff:

∀| · |` ∈ A, ∀w ∈ V |`G(w)| ∈ |ε(w)|` (6.3)

and formulate a corresponding constraint ΦVAL(V,L, E ,A) in Figure 5.

ΦVAL(V,L, E ,A) ≡ ∀w ∈ V
∧

`∈L

|`(w)| ∈ |w|`

FIG. 5. Well-formedness constraint of valency-fulfilling graphs

Writing TVAL(V,L, E ,A, lex) for the set of lex-attributed trees that fulfill their valen-
cies, we have:

THEOREM 6.1
TVAL(V,L, E ,A, lex) is in bijection with the solutions of:

ΦID(V,L) ∧ ΦLEX(V, E ,A, lex) ∧ ΦVAL(V,L, E ,A)

Partial Functions. In passing, it may be useful to mention a related and generally
useful transformation for the constraint-based treatment of partial functions. A partial
function f : A → B is especially vexing for a constraint-based approach because a
constraint about f is not meaningful everywhere, but only at points where f is defined.
Frequently, the problem can be solved by replacing the partial function f by the total
function f ′ : A → 2B such that f ′(x) = {f(x)} if f is defined at x, and f ′(x) = ∅
otherwise. For example, we might in this fashion conveniently model the notion of
‘mother’: every node has a unique mother except the root which has none.

7 Grammatical Principles Licensing Edges
While valency constraints restrict the number of edges for each grammatical function
` ∈ L, grammatical principles express additional local conditions for the admissibility
of edges. For example, an object complement is required to be an accusative NP. In
[4] (see Section 2) we proposed that a dependency grammar stipulate a family (Γ`)
of binary predicates indexed by edge labels and such that Γ`(w,w

′) characterizes the
grammatical admissibility of an edge w−−→` w′. In this section, we develop the frame-
work for expressing these predicates and formalize the corresponding restrictions.

For our purposes, it suffices to consider the language whose abstract syntax is given
in Figure 6 where x, y are variables ranging over nodes, i denotes an arbitrary integer,
D an arbitrary finite set of integers, α(x) an attribute of node x, and E ‖ E ′ expresses
the disjointness of the sets denoted by E and E ′.

For each ` ∈ L there is a binary predicate Γ` of the form λx, y · C (i.e. a P )
which must be a closed abstraction of our language. We say that an attributed graph
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E ::= i | D | α(x)

C ::= C ∧ C ′

| E < E′ | E ≤ E′

| E = E′ | E 6= E′

| E ∈ E′ | E 6∈ E′

| E ⊆ E′

| E ‖ E′

P ::= λx, y · C

FIG. 6. Constraint Language For Principles

G = (V,E, ε) satisfies the grammatical principles (Γ`) if for allw,w′ ∈ V and ` ∈ L:

w′ ∈ `(w) ⇒ G |= Γ`(w,w
′) (7.1)

where G |= Γ`(w,w
′) means that G satisfies Γ`(w,w

′) and is defined in the usual
Tarskian way. For example, the grammatical principles validating an object comple-
ment or an adjective edge might be expressed as follows:

Γobject ≡ λx, y · cat(y) ∈ NP ∧ agr(y) ∈ ACC

Γadj ≡ λx, y · cat(y) = a ∧ agr(x) = agr(y)

where NP represents the set of noun phrase categories (e.g. {n, pro}), ACC the set of
all agreements with accusative case, and a the category of adjectives. (7.1) gives rise
to a quadratic number of implicational constraints which are expected to work in both
direction, i.e. when Γ`(w,w

′) becomes inconsistent, w′ 6∈ `(w) should be inferred.
We formulate in Figure 7 the constraint ΦP(V,L, E ,A, (Γ`)) which characterizes

the attributed graphs that satisfy the grammatical principles (Γ`).

ΦP(V,L, E ,A, (Γ`)) ≡ ∀w,w′ ∈ V, ∀` ∈ L w′ ∈ `(w) ⇒ Γ`(w,w
′)

FIG. 7. well-formedness constraint for the satisfaction of grammatical principles

8 Disjunctive Attributes
Often it is convenient to use a set valued attribute α(w) to indicate a disjunction: any
value in α(w) is licensed. We call α a disjunctive attribute. For example, distinct
agreement values are frequently not morphologically distinguishable: while we could
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nonetheless create many otherwise identical lexical entries that differed only in agree-
ment, in the interest of lexical economy it is convenient to use an attribute agrs(e) to
represent the set of possible agreement values for lexical entry e.

For example, the German article “den” is either masculine singular accusative or
any gender plural dative. However, only one value from this set may be assigned to
the corresponding node. We formalize this notion as follows:

Let Ad ⊆ A be a distinguished subset of so called ‘disjunctive’ attributes. They
must be set-valued, i.e. for each α ∈ Ad, the lexical attribute has type α : E → 2N.
For each α ∈ Ad, there must exist a corresponding node attribute theα : V → N

defined as follows:

theα(w) ∈ α(w) (8.1)

For example, writing agr instead of theagrs, we have:

agr(w) ∈ agrs(w)

which ensures that node w is assigned precisely one agreement value from the set of
agreements licensed by its selected lexical entry. In practice, it is frequently legal for a
parser to leave an attribute theα underspecified. It is sound to so when it can be guar-
anteed that every partial solution that leaves theα underspecified can be consistently
extended to a complete solution that determines theα. The conditions under which
propagation is complete in this sense are outside the scope of this article.

9 Partially Ordered Projective Labeled Trees
The labeled trees considered so far are unordered and therefore cannot naturally ex-
press word order. In this section, we consider an extension to our formalization of
labeled trees which overcomes this limitation.

Unordered labeled trees are adequate for the representation of ‘syntactic’ depen-
dencies and sufficed for the treatment of immediate dependence presented in [4]. For
a corresponding treatment of linear precedence, we proposed in [6] to introduce a
second tree to represent ‘topological’ dependencies.

In the topological tree, both edges and nodes are labeled and the set of labels is
totally ordered. As we shall see, thanks to this total order, it is possible to define the
linearizations licensed by the tree. For concreteness, we present now an example:

dass
that

Maria
Maria

einen
a

Mann
man

wird
will

lieben
love

können
can

5

Figure 8 displays its unordered non-projective syntax tree, while Figure 9 presents
one possible topological tree. In the topological tree, edge labels are intended to
correspond to the notion of fields in the classical topological sentence model [1], e.g.

5that Maria will be able to love a man
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(dass) Maria einen Mann wird lieben können

subje
ct

de
t

obje
ct

vin
f

vinf

FIG. 8. Syntax tree

(dass) Maria einen Mann wird lieben können

n

d

n
v

v
v

mf

df

m
f

vc

xf

FIG. 9. Topological tree

mf represents the Mittelfeld and xf the extraposition field. Nodes are also labeled: in
Figure 9 these labels are displayed on the vertical dotted lines joining a node to the
word it stands for in the sentence. The total order assumed in the example is:

d ≺ df ≺ n ≺ mf ≺ vc ≺ v ≺ xf

Order on edge labels induces a partial order on the daughters of each node and, by ex-
tension, on the subtrees rooted at these daughters. For example ‘Mann’ and ‘können’
have respectively edge labels mf and xf. Since mf ≺ xf, ‘einen Mann’ precedes ‘lieben
können’. The order is partial because siblings with the same edge label are not respec-
tively ordered: this is the basis for the account of scrambling in the Mittelfeld. The
label assigned to a node allows to position it with respect to its daughters. For example
‘wird’ has node label v and, since mf ≺ v ≺ xf, it must occur between ‘einen Mann’
and ‘lieben können’. Thus the topological tree licenses 2 linearizations:

1. (dass) Maria einen Mann wird lieben können

2. (dass) einen Mann Maria wird lieben können

We will now distinguish a set LE of edge labels and a set LN of node labels, and
assume given a total order ≺ on L = LE ] LN. Given (V,E) ∈ T(V,LE), an as-
signment I : V → LN of node labels to nodes, and a total order < on V , we say that
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G = (V,E, I,<) is a well-ordered tree if it satisfies the following conditions:

w−−−→`1 G w1 ∧ w−−−→`2 G w2 ∧ `1 ≺ `2 ⇒ w1 < w2 (9.1)
w1 →∗

G w′
1 ∧ w2 →∗

G w′
2 ∧ w1 < w2 ⇒ w′

1 < w′
2 (9.2)

w−−−→`1 G w1 ∧ I(w) = `2 ∧ `1 ≺ `2 ⇒ w1 < w (9.3)
w−−−→`1 G w1 ∧ I(w) = `2 ∧ `2 ≺ `1 ⇒ w < w1 (9.4)

We define the additional functions proj`G : V → 2V for ` ∈ L:

proj`G = →∗
G ◦ −−→` G for ` ∈ LE

proj`G(w) =

{

{w} if I(w) = `

∅ otherwise for ` ∈ LN

proj`G(w) for ` ∈ LE is the set of nodes in the subtrees rooted at w’s `-daughters. We
overload < to obtain a partial order on 2V as follows:

S1 < S2 ≡ ∀w1 ∈ S1, ∀w2 ∈ S2 w1 < w2 ∀S1, S2 ⊆ V

It can be shown easily that the well-ordering conditions (9.1–9.4) are satisfied iff the
following property holds:

∀`1, `2 ∈ L, ∀w ∈ V `1 ≺ `2 ⇒ proj`1G (w) < proj`2G (w) (9.5)

Thus the well-ordering conditions can be simply realized by sequentiality constraints
between sets. The well-ordered labeled trees with nodes V , edge labels in LE, node
labels in LN, and respecting the total order ≺ on LE ] LN are in bijection with the
solutions of ΦLP(V,LE,LN,≺) shown in Figure 10.

ΦLP(V,LE,LN,≺) ≡ ΦID(V,LE) ∧
∀w ∈ V

{w} = ]{`(w) | ` ∈ LN}
∧ ∀` ∈ LN proj`(w) = `(w) ∧ |`(w)| 6= 0 ≡ ` = I(w)

∧ ∀` ∈ LE proj`(w) = ∪{eqdown(w′) | w′ ∈ `(w)}

∧∀`1, `2 ∈ LE ] LN `1 ≺ `2 ⇒ proj`1(w) < proj`2(w)

FIG. 10. well-formedness condition for ordered labeled trees

It is possible, and in practice desirable, to improve propagation by formulating
stronger constraints. For example, the property that all projections must be convex
(i.e. intervals without holes) may be written:

∀` ∈ LE, ∀w ∈ V convex(proj`(w)) (9.6)

The declarative semantics of convex(S) is that for all w1, w2 ∈ S, if w1 < w2 then
for all w such that w1 < w < w2, also w ∈ S.



20 Language and Computation, Vol. 0 – No. 0, 0000

10 Constraint-Based Dependency Parsing Revisited
In this section, we revisit the treatment of dependency parsing of [4] which we briefly
outlined in Section 2. We show how to instantiate the framework developed in the pre-
ceding sections to obtain a mathematical characterization of admissible dependency
syntax trees which also has a reading as a constraint program. Modulo issues of pro-
gramming language syntax, the result is a parser. As in Section 2, we define a depen-
dency grammar G by a 6-tuple:

G = (Strs,Cats,Agrs,Roles, Lexicon,Rules)

where Strs = {"Buch", "hat", . . .} is a finite set of strings notating the fully inflected
forms of words, Cats = {d, n, v fin, . . .} is a finite set of categories which without
loss of generality we can identify with (i.e. encode as) integers, Agrs = Gender ×
Number×Person×Case = {〈masc sing 1 nom〉, . . .} is a finite set of agreement tuples
which again we can identify with integers, Roles = {det, adj, subject, object,
dative, . . . , zuvinf} is a finite set of grammatical predicates to be used as edge
labels. A lexical entry is an attribute value matrix with the following signature:



















str : Strs
cat : Cats
agrs : 2Agrs

| · |det : 2N

...
| · |zuvinf : 2N



















which specifies phonology, category, possible agreements, and valency restrictions.
The Lexicon is a finite set of lexical entries, and we choose a function lookup : Strs →
Lexicon∗ such that ∀s ∈ Strs, lookup(s) is a sequence without duplicates formed from
the elements of {e | e ∈ Lexicon ∧ str(e) = s}, i.e. such that:

e ∈ lookup(s) ≡ str(e) = s

An example lexical entry for ‘Buch’ is:






























str : "Buch"

cat : n

agrs : {〈masc sing 3 nom〉,
〈masc sing 3 acc〉,
〈masc sing 3 dat〉}

| · |det : {1}
| · |adj : {0, . . . , µ}
| · |subject : {0}

...






























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It requires one determiner, permits any number of adjectives, forbids a subject, etc. . .
Attribute agrs is identified as a disjunctive attribute and we write agr for theagrs. Fi-
nally, Rules is a family (Γ`) of binary predicates indexed by roles and Γ`(w,w

′)
must be satisfied to license a syntactic dependency labeled ` from head w to argu-
ment w′. Posing NP = {n, pro} for the set of noun phrase categories and NOM =
Gender × Number × Person × {nom} for the set of agreements with case nominative,
we define these predicates using the language of Section 7. For illustration, here are
the predicates for roles det and subject:

Γdet ≡ λw,w′ · cat(w′) = d ∧ agr(w) = agr(w′)

Γsubject ≡ λw,w′ · cat(w′) ∈ NP ∧ agr(w) = agr(w′) ∧ agr(w′) ∈ NOM

Constraint Formulation. We now provide the translation scheme which transforms
an input sentence s1 . . . sn into a constraint [[s1 . . . sn]] that precisely character-
izes its valid dependency analyses according to our grammar G. The translation fol-
lows the framework developed in the preceding sections. We introduce a set V =
{w1, . . . , wn} of nodes, one for each word of the input sentence. We pose L = Roles,
E = Lexicon, A = {cat, agrs, | · |det, . . . , | · |zuvinf}, Ad = {agrs}, and lex(wi) =
lookup(si) for 1 ≤ i ≤ n. All valid analyses are given by the solutions of:

ΦID(V,L) ∧ ΦLEX(V, E ,A, lex) ∧ ΦVAL(V,L, E ,A) ∧ ΦP(V,L, E ,A, (Γ`))

thus we arrive at the translation shown in Figure 11.
In order to obtain a concrete parser, we must also stipulate a search strategy. In

practice, the following strategy has proven quite satisfactory: first, apply distribution
rules to determine all daughter sets `(w) for w ∈ V, ` ∈ L, then apply distribution
rules to determine all other attributes.

The account of dependency parsing presented here is only concerned with syntactic
dependencies and ignores word-order. We have pursued two avenues of approach for
the treatment of linear precedence:

Statistically Preferred Reading. The first approach for the treatment of word-order
is based on statistical methods and was developed jointly with Thorsten Brants. As-
suming the input sentence is a well-formed utterance, of all the analyses which our
program is able to derive, some are more likely to correspond to the actual lineariza-
tion than others. Thus, the idea is to inform the search strategy using statistics derived
from a corpus. At each choice point where we need to decide an edge, we pick first
the one which the statistical oracle ranks as most likely. This approach has proven
quite successful at deriving first the intended reading, even in the presence of repeated
extrapositions.

Topological Dependency Trees. The second approach aims at formalizing the prin-
ciples of linear precedence and is the subject of current research with Ralph Debus-
mann. Corresponding to the non-ordered tree of syntactic dependencies, we postulate
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[[s1 . . . sn]] =

V = roots ] ]{daughters(w) | w ∈ V }
∧ |roots| = 1
∧ ∀w ∈ V

eqdown(w) = {w} ] down(w)
∧ down(w) = ∪〈eqdown(w1), . . . , eqdown(wn)〉[daughters(w)]
∧ daughters(w) = det(w) ] . . . ] zuvinf(w)
∧ cat(w) = 〈cat | lex(w)〉[entry(w)]
∧ agrs(w) = 〈agrs | lex(w)〉[entry(w)]
∧ |w|det = 〈| · |det | lex(w)〉[entry(w)]
...

...
∧ |w|zuvinf = 〈|·|zuvinf| lex(w)〉[entry(w)]
∧ |det(w)| ∈ |w|det
...

...
∧ |zuvinf(w)| ∈ |w|zuvinf
∧ agr(w) ∈ agrs(w)
∧ ∀w′ ∈ V w′ ∈ det(w) ⇒ Γdet(w,w

′)
...

∧ w′ ∈ zuvinf(w) ⇒ Γzuvinf(w,w
′)

FIG. 11. Translation into constraint

a tree of topological dependencies (see Figure 9) that is partially ordered and projec-
tive. These two structures are mutually constraining. This approach instantiates the
framework developed in the present article including the extension of Section 9 for
projective partially ordered analyses. In [6], we used it to provide an elegant account
of the challenging phenomena in the German verb complex.

11 Constraint Programming
In this section, we precisely describe the constraint programming support necessary
and sufficient to express and solve the CSPs presented earlier in the article. We pro-
pose a formal system of constraints and inference rules, and define constraint propa-
gation as deterministic inferential saturation.

Let ∆ = {0, . . . , µ} be an interval of integers for some sufficiently large practical
limit µ. We assume an infinite set of FD variables written I, I ′, Ij with values in ∆ and
an infinite set of FS variables written S, S ′, Sj with values in 2∆. We write D,D′, Dj

for a ‘domain’, i.e. a fixed subset of ∆, and i, j, k, n for particular integers in ∆.
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Initialization

→ I ∈ ∆
→ ∅ ⊆ S

→ S ⊆ ∆
Clash

I ∈ ∅ → false

D1 ⊆ S ∧ S ⊆ D2 ∧D1 6⊆ D2 → false

Strengthen

I ∈ D1 ∧ I ∈ D2 → I ∈ D1 ∩D2

D1 ⊆ S ∧D2 ⊆ S → D1 ∪D2 ⊆ S

S ⊆ D1 ∧ S ⊆ D2 → S ⊆ D1 ∩D2

Weaken

I ∈ D → I ∈ D′ D ⊆ D′ ⊆ ∆
D ⊆ S → D′ ⊆ S D′ ⊆ D

S ⊆ D → S ⊆ D′ D ⊆ D′ ⊆ ∆

FIG. 12. Rules for basic constraints

11.1 Basic Constraints

Information about a satisfying assignment will be refined incrementally by alternating
steps of deterministic ‘propagation’ and non-deterministic ‘distribution’. Therefore
we need means to represent partial information about an assignment and this is real-
ized by ‘basic constraints’.

A basic constraint for a FD variable I takes the form I ∈ D for a domain D. On
the other hand, the assignment to a FS variable S is approximated by lower and upper
bounds, i.e. by basic constraints D1 ⊆ S and S ⊆ D2.

Basic constraints are given by the following abstract syntax:

B ::= false | I ∈ D | D ⊆ S | S ⊆ D | B1 ∧B2

and they are subject to the inference rules of Figure 12. Saturation under these rules
guarantees that a constraintB is either inconsistent (i.e. contains false) or that for each
FD variable I in B, there is a most specific basic constraint I ∈ D, and that for each
FS variable S in B, there are most specific lower- and upperbound basic constraints
D1 ⊆ S and S ⊆ D2. Posing:

bIe = ∩{D | (I ∈ D) ∈ B}

bSc = ∪{D | (D ⊆ S) ∈ B}

dSe = ∩{D | (S ⊆ D) ∈ B}

when B is saturated, all of I ∈ bIe, resp. bSc ⊆ S and S ⊆ dSe are in B and are the
most specific bounds on variables I , resp. S. Indeed, we should use B as a subscript
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i ∈ S ≡ {i} ⊆ S S = D ≡ D ⊆ S ∧ S ⊆ D

i 6∈ S ≡ S ⊆ ∆ \ {i} I ≤ n ≡ I ∈ {n, . . . , µ}

I = i ≡ I ∈ {i} n ≤ I ≡ I ∈ {0, . . . , n}

I 6= i ≡ I ∈ ∆ \ {i}

FIG. 13. Abbreviations

and write bIeB , bScB and dSeB , but, since this is never ambiguous, we will omit it
to avoid notational clutter. All inference rules given in the following are motonously
increasing in their premises: more specific premises yield more specific conclusions.
For this reason, it is sufficient and simpler to express them in terms of bIe, bSc and
dSe.

11.2 Non-Basic Constraints

We now extend our constraint language with ‘non-basic’ constraints, also known as
‘propagators’, and express their semantics in the form of inference rules.

C ::= B | C1 ∧ C2 | I ∈ S | I 6∈ S | S = {I} | |S| = I |
I1 ≤ I2 | S1 ⊆ S2 | S1 ≺ S2 | convex(S) |
S = ∪〈S1, . . . , Sn〉[S

′] | S = ∩〈S1, . . . , Sn〉[S
′]

To increase legibility, we adopt the abbreviations of Figure 13. For example the se-
mantics of the membership constraint I ∈ S is given by the following inference rules:

→ I ∈ dSe
I = i → i ∈ S

Figure 14 lists all primitive binary constraints and Figure 15 our two primitive selec-
tion constraints. We can further extend our constraint language with the following
derived constraints defined in Figure 16:

C ::= . . . | I1 = I2 | S1 = S2 | S1 ‖ S2 |
S = S1 ∪ · · · ∪ Sn | S = S1 ∩ · · · ∩ Sn | S1 ≺ · · · ≺ Sn |
S = 〈S1, . . . , Sn〉[I

′] | I = 〈I1, . . . , In〉[I
′]

The curious reader will find in [18] a detailed account of set constraints in Oz [19].

11.3 Disjunctive Propagators

Finally, we extend our constraint language with ‘disjunctive’ propagators:

C ::= . . . | C1 or C2
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I ∈ S ≡
→ I ∈ dSe

I = i → i ∈ S

I 6∈ S ≡
I = i → i 6∈ S

→ I ∈ ∆ \ bSc

I1 ≤ I2 ≡
→ I2 ∈ {min(bI1e), . . . , µ}
→ I1 ∈ {0, . . . ,max(bI2e)}

S1 ⊆ S2 ≡
→ bS1c ⊆ S2

→ S1 ⊆ dS2e

|S| = I ≡
→ |bSc| ≤ I

→ I ≤ |dSe|
n ≤ I ∧ |dSe| = n → dSe ⊆ S

I ≤ n ∧ |bSc| = n → S ⊆ bSc

S1 ≺ S2 ≡
bS1c 6= ∅ → S2 ⊆ {min(µ,max(bS1c) + 1), . . . , µ}
bS2c 6= ∅ → S1 ⊆ {0, . . . ,max(0,min(bS2c) − 1)}

convex(S) ≡
bSc 6= ∅ → {min(bSc), . . . ,max(bSc)} ⊆ S

S = {I} ≡
I ∈ S ∧ |S| = I ′ ∧ I ′ = 1

→ S ⊆ bIe

FIG. 14. Constraints as sets of inference rules

The declarative semantics ofC1 or C2 is simply that of disjunction. In Logic Program-
ming, the only method for processing complex disjunctions is non-determinism. Thus
in Prolog, writing C1 ; C2 operationally results in first trying C1, and, if that fails,
backtracking and trying C2 instead. This has several drawbacks: (1) it is not sound
(failure to prove C1 is not the same as proving ¬C1), (2) it forces the computation to
commit immediately to exploring either one alternative or the other.

Early commitment is a poor strategy. It is often preferable to delay a choice until
sufficient information is available to reject one of the alternatives. That is the intuition
underlying the disjunctive propagator: C1 or C2 is a propagator not a choice point. It
blocks until either C1 or C2 becomes inconsistent with respect to the current store of
basic constraints: at that point, the propagator commits, i.e. reduces to, the remaining
alternative. In this way, a disjunctive propagator has the declarative semantics of sound
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S = ∪〈S1, . . . , Sn〉[S
′] ≡

→ S′ ⊆ {1, . . . , n}
→ S ⊆ ∪{dSje | j ∈ dS′e}
→ ∪{bSjc | j ∈ bS′c} ⊆ S

bSjc 6⊆ dSe → j 6∈ S′

bSc \ ∪{dSje | j ∈ dS′e \ {k}} 6= ∅ →
k ∈ S′ ∧ bSc \ ∪{dSje | j ∈ dS′e \ {k}} ⊆ Sk

S = ∩〈S1, . . . , Sn〉[S
′] ≡

→ S′ ⊆ {1, . . . , n}
→ ∩{bSjc | j ∈ dS′e} ⊆ S

bS′c 6= ∅ → S ⊆ ∩{dSje | j ∈ bS′c}
bSc 6⊆ dSje → j 6∈ S′

∩{bSjc | j ∈ bS′c \ {k}} \ dSe 6= ∅ →
k ∈ S′ ∧ Sk ⊆ ∆ \ (∩{bSjc | j ∈ bS′c \ {k}} \ dSe)

FIG. 15. Selection constraints rules

I1 = I2 ≡ I1 ≤ I2 ∧ I2 ≤ I1
S1 = S2 ≡ S1 ⊆ S2 ∧ S2 ⊆ S1

S = S1 ∪ · · · ∪ Sn ≡ S = ∪〈S1, . . . , Sn〉[S
′] ∧ S′ = {1, . . . , n}

S = S1 ∩ · · · ∩ Sn ≡ S = ∩〈S1, . . . , Sn〉[S
′] ∧ S′ = {1, . . . , n}

S1 ≺ · · · ≺ Sn ≡
∧

{Si ≺ Sj | 1 ≤ i < j ≤ n}
S1 ‖ S2 ≡ S = S1 ∩ S2 ∧ S = ∅

S = 〈S1, . . . , Sn〉[I
′] ≡ S = ∪〈S1, . . . , Sn〉[S

′] ∧ S′ = {I ′}
I = 〈I1, . . . , In〉[I

′] ≡
S = ∪〈S1, . . . , Sn〉[I

′] ∧ S = {I} ∧
∧

{Sj = {Ij} | 1 ≤ j ≤ n}

FIG. 16. Derived constraints

logical disjunction, unlike Prolog’s ‘;’ operator which implements merely negation-
as-failure. The operational semantics are given by the rules below:

B ∧ C1 →∗ false

B ∧ (C1 or C2) → C2

B ∧ C2 →∗ false

B ∧ (C1 or C2) → C1

where we write C →∗ false to mean that false is in the deterministic saturation of C
under all propagation rules. In practice, disjunctive propagators are frequently useful
for expressing implicational constraints such as (7.1):

w′ ∈ `(w) ⇒ Γ`(w,w
′) ≡ w′ ∈ `(w) ∧ Γ`(w,w

′) or w′ 6∈ `(w)

A precursor of disjunctive propagators was the idea of a ‘deep guard’, investigated for
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example in the Logic Programming language AKL [14]. Deep guards have since been
generalized and subsumed by first class notions of encapsulated speculative compu-
tations, supported in the constraint programming language Oz [19] via ‘computation
spaces’ [23].

While disjunctive propagators are extremely powerful, many implicational con-
straints do not require their full power and may be adequately expressed by reified
constraints [16, 18] which are more widely supported.

11.4 Search By Propagation And Distribution

The operational semantics of a constraint C is given by a system of inference rules as
described above. Propagation is defined as inferential saturation under this system of
inference rules and we write C∗ for the saturation of C. A FD variable I is said to be
‘determined’ in C∗ when bIeC∗ is a singleton. A FS variable S is determined when
bScC∗ = dSeC∗ . When C∗ does not contain false and all variables are determined,
we have found a satisfying assignment β defined as follows for all variables I, S in C:

{β(I)} = bIeC∗ β(S) = bScC∗ (11.1)

Constraint propagation alone may not be sufficient to determine all variables. In such
an eventuality, it is necessary to perform a non-deterministic choice: this is what we
call a ‘distribution’ step. We formalize this notion using distribution rules. A distri-
bution rule has the form φ → ψ1 ∨ ψ2 and non-deterministically infers either ψ1

or ψ2 when precondition φ is satisfied. We extend the system of inference rules for
constraint C with distribution rules as shown below for all variables I, S in C:

i ∈ bIe → i = I ∨ i 6= I

i ∈ dSe \ bSc → i ∈ S ∨ i 6∈ S

A saturation of C under both propagation and distribution rules either contains false

or determines all variables.

THEOREM 11.1
C is satisfiable iff it has a consistent saturation.

All rules given are valid implications, therefore C is equivalent to the disjunction of
its saturations. Consequently, if C is satisfiable, at least one of its saturations does not
contain false (Soundness). Conversely, every consistent saturation defines an assign-
ment β of values to variables as shown in (11.1). This assignment defines a model of
C. We show this for the ‘selection union’ constraint whose declarative semantics is
given by:

S = ∪{S1, . . . , Sn}[S
′] ≡ S = ∪{Sj | 1 ≤ j ≤ n, j ∈ S′}
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The first three propagations rules stipulating its operational semantics are:

→ S′ ⊆ {1, . . . , n}

→ S ⊆ ∪{dSje | j ∈ dS′e}

→ ∪{bSjc | j ∈ bS′c} ⊆ S

Therefore in a consistent saturation we have:

β(S′) ⊆ {1, . . . , n} β(S) = ∪{β(Sj) | j ∈ β(S′)}

which proves that β |= S = ∪{Sj | 1 ≤ j ≤ n, j ∈ S′}. We can proceed similarly
for every constraint in our language and thus establish by induction that, if C has a
consistent saturation, it is satisfiable (Completeness).

Search Strategies. The formal framework remains uncommitted as to when to apply
a non-deterministic distribution rule and which one to choose. It is clear that in order
to minimize search, distribution rules should be postponed as long as possible. Only
when propagation has reached a fixed point should we consider applying a distribution
rule.

Which distribution rule to choose is the province of a search strategy. A well-known
traditional search strategy is ‘first-fail’: it chooses a non-determined variable with the
smallest number of remaining possible values and enumerates its assignments. The
intent is to try to keep the branching factor low in the search tree.

12 Conclusion
In this article, we developed a concise mathematical formalization of finite trees with
labeled edges. We have argued that this formulation can be regarded as the specifica-
tion of a constraint satisfaction problem and that the latter can be solved directly and
efficiently with constraint programming, provided we empower our mathematical in-
struments with a computational reading which grants them the operational semantics
of constraint propagators.

We entertained various refinements of our framework of interest to the computa-
tional linguist: lexical attributes and the treatment of lexical ambiguity, lexicalized
valency constraints, disjunctive attributes and the improvement of lexical economy,
the formulation of grammatical principles, and a framework for a class of partially
ordered projective trees.

A novelty of our approach is the central importance given to finite sets and con-
straints expressed in terms of variables denoting finite sets. Selection constraints,
which we first proposed in [4], allow to give concise mathematical expressions a di-
rect computational reading and are the foundation for an effective treatment of ambi-
guity that takes full advantage of constraint propagation and constructive disjunction.
An important contribution of this article is the identification of a family of aggrega-
tive selection constraints. In particular, the ‘selection union’ constraint is revealed as
particularly expressive and versatile.
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Finally we addressed the issue of efficient processing and characterized the services
expected of a constraint programming system through a formal system of constraints
and inference rules of propagation and distribution. We showed that the search for
solutions of a constraint satisfaction problem could be defined as the derivation of
consistent saturations. It is our hope that having provided precise formal blueprints
of the constraint propagation mechanisms required will facilitate their adoption and
integration in other systems.

The general framework presented here can be variously instantiated. It underlies
both our treatment of immediate dependence [4] and of linear precedence [6] for pars-
ing with a dependency grammar.
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