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Abstract

Hybrid languages extend traditional modal and temporal languages
by providing mechanisms for naming states and referring to states by
their names. These mechanisms increase the expressive power of the
languages while preserving, in some cases, their nice computational and
model-theoretic properties.

This course provides an introduction to hybrid logic, with special em-
phasis on expressivity and reasoning. We start the course with a gentle
introduction to hybrid logic, explaining the motivation behind it and dis-
cussing sound and complete proof systems that have been introduced in
the literature (in particular tableaux). After this introductory part (first
class), the course is divided in two main parts.

e The first part concerns the model-theoretic properties of hybrid logic.
The topics we will discuss include expressivity, frame definability and
interpolation. Each of these notions will be explained, and no sub-
stantial background knowledge on model theory is required (Classes
2 and 3).

e The second part concerns the computational behaviour of hybrid
logic. It includes a survey of decidability and complexity of the sat-
isfiability and model checking problem for various hybrid languages.
Finally, an example of a concrete application for hybrid logic model
checking is presented: the evaluation of queries and constraints for
semistructured data (Classes 4 and 5).

This reader contains relevant reading material. More details about the
course and slides will be made available on the course website in due
time.
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Abstract

This paper is about the good side of modal logic, the bad side of modal logic, and how hybrid logic
takes the good and fixes the bad.

In essence, modal logic is a simple formalism for working with relational structures (or multi-
graphs). But modal logic has no mechanism for referring to or reasoning about the individual nodes
in such structures, and this lessens its effectiveness as a representation formalism. In their simplest
form, hybrid logics are upgraded modal logics in which reference to individual nodes is possible.

But hybrid logic is a rather unusual modal upgrade. It pushes one simple idea as far as it will
go: represent all information as formulas. This turns out to be the key needed to draw together a
surprisingly diverse range of work (for example, feature logic, description logic and labelled deduc-
tion). Moreover, it displays a number of knowledge representation issues in a new light, notably the
importance of sorting.
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1 Modal Logic and Relational Structures

To get the ball rolling, let’s recall the syntax and semantics of (propositional) multi-
modal logic.

Definition 1.1 (Multimodal languages) Given a set of propositional symbols
PROP = {p,q,p',q',...}, and a set of modality labels MOD = {n,n',...}, the set of
well-formed formulas of the multimodal language (over PROP and MOD) is defined
as follows:

WFF:=p|=p oA eV |e =1 |{me]rle,
for all p € PROP and m € MOD. As usual, p <> ¢ = (o > ¢P) A (Y = ).

Definition 1.2 ((Kripke) models) Such a language is interpreted on models (often
called Kripke models). A model M (for a fized choice of PROP and MOD) is a triple
(W,{Rr | # € MOD},V). Here W is a non-empty set (I'll call its elements states,
or nodes), and each Ry is a binary relations on W. The pair (W,{R. | 7 € MOD})
is called the frame underlying M, and M is said to be a model based on this frame.
V' (the valuation) is a function with domain PROP and range Pow(W); it tells us at
which states (if any) each propositional symbol is true.
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Definition 1.3 (Satisfaction and validity) Interpretation is carried out using the
Kripke satisfaction definition. Let M = (W,{R, | ® € MOD},V) and w € W. Then:

M,wlkp iff weV(p), where p e PROP
M, wlk —p iff M,wlfoe

MywlEp Ay iff M,wlkp and M,wlk 1)
MywlkpVap if My,wlkp or Mywlk
Mwlkp =9 iff Mywlfpor Mywlky
M, wlk (m)p iff Fw(wRrw' & M,w' I+ @)
M, w Ik [7]p iff Yw'(wRrw' = M,w' k).

If M,w Ik ¢ we say that ¢ is satisfied in M at w. If ¢ is satisfied at all states in all
models based on a frame F, then we say that ¢ is valid on F and write F & . If ¢
is valid on all frames, then we say that it is valid and write |F ¢.

Now, you’ve certainly seen these definitions before  but if you want to understand
contemporary modal logic you need to think about them in a certain way. Above all,
please don’t automatically think of models as a collection of “worlds” together with
various “accessibility relations between worlds”, and don’t think of modalities as “non-
classical logical symbols” suitable only for coping with intensional concepts such as
necessity, possibility, and belief. Modal logic can be viewed in these terms, but it’s a
rather limited perspective. Instead, think of models as relational structures, or multi-
graphs. That is, think of a model as an underlying set together with a collection of
binary and unary relations. We use the modalities to talk about the binary relations,
and the propositional symbols to talk about the unary relations.

Remark 1.4 (Kripke models are relational structures) Let’s make this precise.
Consider a model M = (W,{R, | # € MOD},V). The underlying frame (W,{R, |
m € MOD}Y) is already presented in explicitly relational terms, and it is trivial to
present the information in the valuation in same way: in fact M can be presented as
the following relational structure M = (W,{R. | m € MOD},{V(p) | p € PROP}).

Why think in terms of relational structures? Two reasons. The first is: relational
structures are ubiquitous. Virtually all standard mathematical structures can be
viewed as relational structures, as can inheritance hierarchies, transition systems,
parse trees, and other structures used in AI, computer science, and computational
linguistics. Indeed, anytime you draw a diagram consisting of nodes, arcs, and labels,
you have drawn some kind of relational structure. There are no preset limits to the
applicability of modal logic: as it is a tool for talking about relational structures, it
can be applied just about anywhere.

Secondly, relational structures are the models of classical model theory (see, for
example, Hodges [35]). Thus there is nothing intrinsically “modal” about Kripke
models, and we're certainly not forced to talk about them using modal languages. On
the contrary, we can talk about models using any classical language we find useful (for
example, a first-order, infinitary, fixpoint, or second-order language). Unsurprisingly,
this means that modal and classical logic are systematically related.

Remark 1.5 (Modal logic is a fragment of classical logic) To talk about a Krip-
ke model in a classical language, all we have to do is view it as a relational structure
(as described in the previous example) and then ‘read off’ from the signature (that is,
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MOD and PROP) the non-logical symbols we need, namely a MOD-indezed collection
of two place relation symbols Ry, and a PROP-indezed collection of unary relation
symbols P, Q, P', Q', and so on. We then build formulas in the classical language of
our choice.

As modal languages and classical languages both talk about relational structures, it
seems overwhelmingly likely that a systematic relationship exists between them. And
in fact, the modal language (over PROP and MOD) can be translated into the best-
known classical language of all, namely the first-order language (over PROP and
MOD). Here are some clauses of the Standard Translation, a top-down translation
which inductively maps modal to first-order formulas:

ST.(p) = P(z), pe PROP
STw(_'(p) = _‘STZ(SO)
STo(pAp) = STy(p) ASTe(¢)
ST.({m)p) = Fy(aRy A STy(¢))
ST.([rlp) = Vy(@Rzy = STy(y)).

Here x is a fized but arbitrary free variable. In the fourth and fifth clause, the variable
y can be any variable not used so far in the translation. The clauses governing ST, are
analogous to those given for ST ; in particular, the clauses for the modalities introduce
a new variable (say z) and so on. For any modal formula ¢, ST,(p) is a first-order
formula containing exactly one free variable (namely x), and it is easy to see that
M,w Ik ¢ iff M |= STy(p)[w] (where = denotes the first-order satisfaction relation
and [w] means assign the state w to the free variable x in ST,(p)). The equivalence
can be proved by induction, but it should be self-evident: the Standard Translation is
simply a reformulation of the clauses of the Kripke satisfaction definition.

There are also non-trivial links between modal logic and infinitary logic, fized-point
logic, and second-order logic; in particular, modal validity is intrinsically second-
order. For further discussion, see Blackburn, de Rijke, and Venema [1}].

In short, modal logic is not some mysterious non-classical intensional logic, and
modalities are not strange new devices. On the contrary, modalities are simply macros
that handle quantification over accessible states.

This, of course, leads to another question. OK — so we can use modal logic when
working with relational structures — but why bother if it’s really just a disguised way
of doing classical logic? I think the following two answers are the most important:
modal logic brings simplicity and perspective.

Simplicity comes in a variety of forms. For a start, modal representations are
often clean and compact: modalities pack a useful punch into a readable notation.
Moreover, modal logic often brings us back to the realms of the computable: while the
first-order logic over MOD and PROP is undecidable (whenever MOD is non-empty),
its modal logic is decidable (in fact, PSPACE-complete).

Perspective is more subtle. Modal languages talk about relational structures in
a special way: they take an internal and local perspective on relational structure.
When we evaluate a modal formula, we place it inside the model, at some particular
state w (the current state). The satisfaction clause (and in particular, the clause for
the modalities) allow us to scan other states for information — but we’re only allowed
to scan states reachable from the current state. The reader should think of a modal
formula as a little automaton, placed at some point on a graph, whose task is to explore
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the graph by visiting accessible states. This internal, local, perspective is responsible
for many of the attractive mathematical properties of modal logic. Moreover, it makes
modal representations ideal for many applications. Here’s a classic example:

Example 1.6 (Temporal logic) We’ll be seeing a lot of the bimodal language with
MOD = {F,P} in this paper: the modality (F) means “at some Future state”, and
(P) means “at some Past state”. To reflect this temporal interpretation, we usually
interpret this language on frames of the form (T, <) that can plausibly be thought of
as ‘flows of time’. For example, if we think of time as a branching structure, (T, <)
might be some kind of tree, and if we want a linear view of time, (T,<) might be
(7Z,<) (the integers in their usual order). When interpreting the language on such
frames we insist that Rg is <, and Rp is its converse; that is, as required, we ensure
that (F) looks forward along the flow of time, and (P) backwards.

Consider the formula (P)Mia-unconscious. This is true iff we can look back in
time from the current state and see a state where Mia is unconscious. Similarly
(F)Mia-unconscious requires us to scan the states that lie in the future looking for one
where Mia is unconscious. Thus these two formulas work similarly to the English
sentences Mia has been unconscious and Mia will be unconscious: these sentences don’t
specify an absolute time for Mia’s unconsciousness (which we could do by giving a date
and time), rather they locate it relative to the time of utterance. In short, English and
other natural languages exploit the fact that human beings live in time, and modal
logic models this neatly.

This situated perspective can be lifted to more interesting temporal geometries. For
ezample, we could regard temporal states as unbroken intervals of time, add new
modalities such as (SUB) (meaning “at some SUBinterval of the current state”) and
(SUP) (meaning “at some SUPerinterval of the current state”). Then a formula of
the form (SUB)(F)(SUP)p means “by looking down to a subinterval, and then forward
to the future, and then up to a superinterval, it is possible to find a state where p is
true”. Halpern and Shoham [34] take this idea to its ultimate conclusion: abstracting
from the work of James Allen [1], they present a modal logic which allows all possible
relationships between two closed intervals over a linear flow of time to be explored
‘from the inside’.

Nowadays, few modal logicians regard modal logic as a non-classical logic, and they
certainly don’t feel tied to any of the traditional interpretations of modal machinery.
On the contrary, since the early 1970s modal logic has been explored as a subsystem
of various classical logics, and it is now clear that modal logic are a very special
part of classical logic. Indeed, modal languages are in many respects so natural, that

as modal logicians love to point out  it’s not particularly surprising that they
have been independently reinvented by other research communities that make use of
relational structures. Let’s look at two well known examples.

Example 1.7 (Feature logic) Feature structures are widely used in unification-based
approaches to natural language. In essence, feature structures are multigraphs that
represent linguistic information:
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[ J
'AGREEMENT CASE
[ ] [ J
nominative
PERSON NUMBER
[ ] [ J
1st plural

Computational linguists have a neat notation for talking about feature structures:
Attribute-Value Matrices (AVMs). Here’s an ezample:

PERSON  1st
AGREEMENT
NUMBER plural

CASE —dative

This AVM is a partial description in the above feature structure — it’s satisfied in
that structure at the root node. The AVM describes a feature structure in which the
AGREEMENT transition leads to a node from which PERSON and NUMBER transitions
lead to the information 1st and plural respectively, and if you work down the left hand
side of the previous diagram from the root you’ll find this structure. The AVM also
demands a CASE transition from the root node that does not lead to the information
dative. The feature structure depicted above also satisfies this requirement, for the
CASE transition leads to a node bearing the information nominative.

Now, this all sounds very modal — and indeed, the AVM is a notational variant of
the following formula:

(AGREEMENT) ({PERSON) Ist A (NUMBER) plural)
A (CASE)~dative

Example 1.8 (Description logic/Terminological logic) In description logic, con-
cept languages are used to build knowledge bases. An important part of the knowledge
base is called the TBox (or terminology). This is a collection of concept macros de-
fined over the primitive concept names using booleans and role names. For example,
the concept of being a hired killer for the mob is true of any individual who is a killer
and employed by a gangster, and we can define this in the description language ALC
using the following expression:

killer M JEMPLOYER.gangster

Here killer and gangster are concept names, EMPLOYER is a role name, and N is a
boolean (intersection). This expression means exactly the same thing as the following
modal formula:

killer A (EMPLOYER)gangster
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Indeed, as Schild [49] pointed out, any ALC expression corresponds to a modal for-
mula: simply replace occurrences of M by A, U by V, 3R by (R}, and VR by [R] (both
formalisms typically use the symbol = to denote boolean-complement/negation, so oc-
currences of = can be left in place). This correspondence lifts to many stronger concept
languages: number restrictions correspond to counting modalities, mutually converse
roles correspond to mutually converse modalities, and commonly used role constructors
(for example, for forming the transitive closure of a role) correspond to the modality
constructors of Propositional Dynamic Logic (PDL).

Summing up, modal logic is a well-behaved and intuitively natural fragment of
classical logic. Over the past 25 years, modal logicians have explored and extended this
fragment in many ways. By introducing modal operators of arbitrary arities, they have
made it possible to work with relational structures containing relations of any arity.
By evaluating formulas at sequences of states (as is done in multidimensional modal
logic; see Marx and Venema [39]) they have generalized the notion of perspective.
By introducing logical modalities (see Goranko and Passy [33] and de Rijke [47]) they
have shown how to introduce certain forms of globality into modal logic while retaining
(and in certain respects improving) their desirable properties. Indeed, in recent work
on the guarded fragment (see Andréka, van Benthem, and Németi [2]) they have
shown that it is even possible to “export” the locality intuition back to classical logic;
this line of work has unearthed several previously unknown decidable fragments of
first-order (and other) classical logics. For a detailed account of contemporary modal
logic, see Blackburn, De Rijke, and Venema [14].

So modal logicians have a lot to be proud of. But for all these achievements,
something is missing. What exactly?

2 The Trouble with Modal Logic

Carlos Areces summed it up neatly: there is an asymmetry at the heart of modal
logic. Although states are crucial to Kripke semantics, nothing in modal syntax get
to grips with them. This leads to (at least) two kinds of problem. For a start, it means
that for many applications modal logic is not an adequate representation formalism.
Moreover, it makes it difficult to devise usable modal reasoning systems.

Example 2.1 (Temporal logic) Although the temporal language with modalities (F)
and (P) neatly captures the perspectival nature of natural language tenses, it fails to
get to grips with a linguistic fact of equal importance: many tenses are referential.
An utterance of Vincent accidentally squeezed the trigger doesn’t mean that at some
completely unspecified past time Vincent did in fact accidentally squeeze the trigger, it
means that at some particular, contextually determined, past time he did so. The nat-
ural representation, (P)Vincent-accidentally-squeeze-the-trigger, fails to capture this.

Similarly, while it’s certainly possible to abstract elegant modal logics from the work
of James Allen, such abstractions amputate a central feature of his work: reference
to specific intervals. Allen’s formalism includes the notation Hold(P, i) meaning “the
property P holds at the interval i”, and Hold plays a key role in his approach to
temporal knowledge representation. This construction is not present in the modal
logic of Halpern and Shoham.

And there are deeper limitations, centered on the notion of validity. Suppose we
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are working with the temporal language in (F) and (P). Can we write down a formula
that is valid on every transitive frame, and not valid on any others? That is, can
we define transitivity? Sure: (F)(F)p — (F)p does so. OK: but can we write down
a formula valid on precisely the asymmetric frames (that is, frames (T, <) such that
Vrzy(z <y —y £ x))? Try what you like, you won’t find any such formula: a central
property of flows of time is invisible to modal representations.

Example 2.2 (Feature Logic) While AVM notation is related to modal logic, it
offers something new: it lets us name specific nodes in feature structures. Consider

the following AVM:
AGR  foo
SUBJ [ PRED ba.r]
COMP  [SUBJ }

The ‘tag’ names a point in the feature structure. This AVM demands that the
node we reach by following the SUBJ transition from the root is also the node we reach
by first taking a COMP transition from the root and then taking a SUBJ transition.
No matter which path we take, we have to end up at the node tagged . For this
reason, the AVM is not satisfied on the left hand feature below (which otherwise gets
everything right) but is satisfied by the right hand feature structure:

° o

@ SUBJ COMP A COMP

° ° e+———————eo

| SUBJ
|
'AGR PRED L SUBJ AGR PRED

.fGO ¥ ¢ ffOG %

bar
(i) (i)

Thus AVM notation is not a notational variant of ordinary multimodal logic: it
strictly stronger. So are many description logics:

’s

Example 2.3 (Description logic) Description logic lets us reason about specific in-
dividuals — in fact, it lets us do so in two distinct ways. First, knowledge bases need
not consist of just a TBoxr — they can also contain an ABox. In the ABox (or
assertional component) we specify how properties and roles apply to specific individ-
uals. For example, to assert that Vincent is a gunman we add Vincent:gunman to
the ABoz, and to insist that Pumpkin loves Honey-Bunny we add (Pumpkin, Honey-
Bunny):LOVES.

Now, the assertional level is a separate level in the knowledge base, so such specifica-
tions aren’t written in the underlying concept language (in essence they’re statements
in a constraint language that manipulates formulas of the concept language). But some
description languages push matters further: just as feature logic does, they allow ref-
erence to individuals to be integrated into the underlying representation formalism
itself, thus allowing assertions about individuals to be integrated into the TBox. This
is done via the one-of operator O. The notation O(Jules, ... ,Vincent) picks out one
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of the individuals Jules, ... , Vincent, and O(Mia) picks out Mia. In short, we now
have a concept language rich enough to refer to specific individuals. Such a concept
language is not a notational variant of ordinary multimodal logic, or even multimodal
logic enriched with (say) counting modalities and PDL-like constructs: it offers a novel
form of expressivity.

There is a method (introduced in the late 1960s by Arthur Prior) which allows ref-
erence to states to be incorporated into modal logic. But although Prior’s idea has
attracted a handful of advocates (see the Guide to the Literature at the end of the
paper) it’s never been part of the modal mainstream. On the other hand, descrip-
tion logicians such as De Giacomo [22] have realized its relevance. This method —
hybridization — is central to the paper, and I’ll introduce it shortly.

In short, the asymmetry underlying orthodox modal logic translates into obvious
weaknesses as a representation formalism. The same asymmetry leads to problems
with reasoning. Until recently, modal proof theory was a relatively neglected topic.
Traditionally, modal logicians have been content to formulate modal proof systems
as Hilbert-style axiomatizations, this being enough to get on with the topics that
interested them with a minimum of syntactic fuss. But it resulted in few usable modal
proof systems available, and little in the way of general proof-theoretical results.

An important exception to this was Fitting’s [25] groundbreaking work on prefized
tableau systems. Fitting’s work can be viewed as a precursor to Gabbay’s [26] work
on labelled deduction. In essence, Gabbay’s proposal is to develop a metalinguistic
algebra of labels that can act as the motor for modal deduction. Another recent
general approach, display calculus (see Kracht [37]), though very different from la-
belled deduction, also makes use of novel metalinguistic machinery. Display calculus
is an extension of sequent calculus which introduces additional notation to allow us to
freely manipulate object language formulas (in much the same way as a school child
rewrites polynomial equations).

Now, first-order proof theory does not require this kind of metalinguistic support.
This is because first-order languages are expressive enough to support the key deduc-
tion steps at the object level. If we find a representation formalism that is not capable
of doing this, but needs to be augmented by a rich metatheoretic machinery, this is a
signal that something is missing. Modal logic seems to be such a formalism — what
exactly does it lack?

If we look at the Fitting-Gabbay tradition, an answer practically leaps off the page:
we need to be able to deal with states explicitly. We need to be able to name them,
reason about their identity, and reason about the transitions that are possible between
them. In essence, labelled deduction in its various forms supplies metalinguistic equip-
ment for carrying out these tasks, and this leads to modally natural proof systems.
In particular, labelled deduction successfully captures the key intuition underlying
Kripke semantics, that of a little automaton working it’s way through a graphlike
structure — except that the automaton’s deductive task is to try and build such a
structure, not explore a pre-existing one.

Summing up, whether we think about representation or reasoning the conclusion
is the same: modal logic’s lack of mechanisms for dealing with states explicitly is a
genuine weakness.
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3 Hybrid Logic

Hybrid languages provide a truly modal solution to this problem. Modal logic may
not be perfect — but it’s certainly a most remarkable fragment of classical logic. How
can we add reference to states without destroying it?

Let’s go back to basics. Modal logic allows us to form complex formulas out of
atomic formulas using booleans and modalities. There’s only formulas, nothing else.
So if we want to name states and remain modal, we should find a way of naming
states using formulas. We can do this by introducing a second sort of atomic formula:
nominals. Syntactically these will be ordinary atomic formulas, but they will have
an important semantic property: nominals will be true at exactly one point in any
model; nominals ‘name’ this point by being true there and nowhere else. Let’s make
this idea precise — and improve it in one respect, by adding satisfaction operators.

Definition 3.1 (Hybrid multimodal languages) Let NOM be a nonempty set dis-
joint from PROP and MOD. The elements of NOM are called nominals, and we typ-
ically write them as i, j, k and l. We define the hybrid multimodal language (over
PROP, NOM, and MOD) to be the:

WFF:=i|p|=¢|leAy]eVe|e>9|(mhe][rle| Q.
For any nominal i, we shall call the symbol sequence Q; a satisfaction operator.

Remark 3.2 (Nominals and satisfaction operators) As promised, nominals are
formulas. What are satisfaction operators? In essence, a simple way of further ez-
ploiting the presence of nominals: @; means “go to the point named by i (that is, the
unique point where i is true) and see if ¢ is true there”. That is, Q;¢ is a way of as-
serting — in the object language — that ¢ is satisfied at a particular point. Formulas
of the form Q;p and —~Q;¢p are called satisfaction statements.

Definition 3.3 (Hybrid models, satisfaction, and validity) A hybrid model is
a triple (W,{R. | # € MOD},V) where (W,{R | # € MOD}) is a frame and V is
a hybrid valuation. A hybrid valuation is a function with domain PROPJUNOM and
range Pow(W) such that for all nominals i, V(i) is a singleton subset of W. We call
the unique state in V(i) the denotation of i. We interpret hybrid languages on hybrid
models by adding the following two clauses to the Kripke satisfaction definition:

M,wlki iff weV(i), wherei € NOM
Mwlk Qo iff M,w' Ik, where w' is the denotation of i.

If ¢ is satisfied at all states in all hybrid models based on a frame F, then we say
that ¢ is valid on F and write F I @. If ¢ is valid on all frames, then we say that it
is valid and write Ik ¢.

Remark 3.4 (Hybrid logic is modal) Hybrid languages contain only familiar modal
mechanisms: nominals are atomic formulas, and satisfaction operators are actually
normal modal operators (that is: for any nominal i, Q;(¢ — ¥) = (Q;p — Q1) is
valid; and if ¢ is valid, then so is Q;p).

Moreover, like multimodal logic, hybrid logic is a fragment of classical logic: indeed,
it is easy to extend the Standard Translation to hybrid logic. Divide the first-order
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variables into two sets such that one contains the reserved variable x and the variables
used to translate familiar modalities, while the other contains a first-order variable x;
for every nominal i. Define:

ST, (i) = x=ux,1€ NOM
ST (Q;ip) (8T (p))[wi /]

Clearly M,w I+ ¢ iff M |= ST, (¢)[w,V (i),...,V(j)], where z, z;, ... x; are the free
variables in ST,(p). Nominals correspond to free variables, and (as the substitution
[z;/x] makes clear) satisfaction operators let us switch our perspective from the current
state to named states.

So far, so modal — but what about computational complexity? No change. As
Areces, Blackburn and Marz [}] show, hybrid logic is (up to a polynomial) no more
complex than multimodal logic: deciding the validity of hybrid formulas is a PSPACE-
complete problem.

Remark 3.5 (Hybrid logic is hybrid) Any modal logic is a fragment of classical
logic — but hybrid logic takes matters a lot further. The mear-atomic satisfaction
statement @Q;j asserts that the states named by i and j are identical, thus we have
incorporated part of the classical theory of equality. Similarly Q;(m)j means that the
state named by j is an Rr-successor of the state named by i, so we’ve incorporated
the classical ability to make assertions about the relations that hold between specific
states. Thus hybrid logic is a genuine hybrid: it brings to modal logic the classical
concepts of identity and reference.

With this extra classical power at out disposal, it is straightforward to fix the repre-
sentational problems noted in the previous section.

Example 3.6 (Temporal logic) First, although Vincent accidentally squeezed the
trigger can’t be correctly represented in the ordinary temporal language in (F) and (P)
, it can be with the help of nominals: (P)(iAVincent-accidentally-squeeze-the-trigger)
locates the trigger-squeezing not merely in the past, but at a specific temporal state
there: the one named by i.

Second, if we want to work with interval-based temporal models, we can now do so
in a way that is faithful to the work of James Allen: the satisfaction statement Q;¢p
is a clear analog of Allen’s Hold(i,¢) construct. More on this in Section 6.

Third, we also solve the deeper issue concerning definability: i — —(F)(F)i defines
asymmetry (that is, it is valid on all asymmetric frames and no others). More on this
in Section 5.

Example 3.7 (Feature logic) Nominals correspond to tags. Consider once more
the problematic AVM:
AGR  foo
[ SUBJ [ PRED bar ] :|

COMP  [SUBJ ]

This corresponds to the following LN wff:

(suBJ)(Z A (AGR)foo A (PRED)bar)
A (COMP)(SUBI)i
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And in fact, AVM notation is essentially a two-dimensional notation for multimodal
logic with nominals. For more on feature logic as hybrid logic, see Blackburn [10],
Blackburn and Spaan [17], and Reape [45, 46] (and see Bird and Blackburn [9] for
related ideas in phonology).

Example 3.8 (Description Logic) The TBozes of the concept language ALCO (that
is, ALC enriched with the O operator mentioned in Ezample 2.3) is a notational
variant of the @-free fragment of hybrid multimodal logic. First, every nominal cor-
responds to an expression of the form O(i). Conversely, every ALCO expression of
the form O(i, ... ,j) corresponds to the formula iV ---V j.

Furthermore, @ has a natural description logic interpretation. The ABoz specifica-
tion i:p corresponds to the satisfaction statement @;p, and the specification (i,7) : R
corresponds to @Q;(R)j. But whereas ABoz specifications are constraints stated at a
separate representational level, their hybrid equivalents are part of the object language.
In effect, hybrid multimodal logic is an extension of ALCO which fully integrates
ABoz specifications into the concept language (without moving us out of PSPACE).
For more on description logic as hybrid logic, see De Giacomo [22], Blackburn and
Tzakova [19], Areces and de Rijke [6], and (in spite of its title) Areces, Blackburn and
Marz [3].

4 Hybrid Reasoning

Nominals and @ make it possible to create names for states, and to reason about
state identity and the way states are linked. This give us enough classical power in
the object language to capture the modal locality intuition (recall the little automaton
exploring/building graphs) without requiring elaborate metatheoretic proof machin-
ery. Hybrid deduction is a form of labelled deduction — but it’s labelled deduction
that has been internalized into the object language. I'll formulate hybrid reasoning
as an unsigned tableau system. We’ll need two groups of rules. Here’s the first:

Q= —@;-p
_'@SSO [_‘] @890 [_‘_‘]
Qy(p AY) —Qs(p A )
@sﬁo [ _‘@330 ‘ _'@31/] ]
Qs
Q@ -@,Q;p
@tgﬁ [@] _‘@tﬂo [_‘@]
ST 2Celme St
Qy(m)a —Qy¢
Qup
Q,7]p  Qy(m)t —Qy[n]p
4@“)0 [[=1] 4@3@,)@ [=[=1]
_‘@aw

In these rules, s and ¢ are metavariables over nominals, and a is a metavariable over
new nominals (that is, nominals not used so far in the tableau construction). The
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rules for V and — are obvious variants of the rules for A (we’ll see both rules when
we give some examples).

Remark 4.1 (The first group internalizes the satisfaction definition)

These rules use the resources available in hybrid logic to mimic the Kripke satisfaction
definition: they draw conclusions from the input to each rule (the formula(s) above
the horizontal line) to the output (the formula(s) below the line). For example, the
A-rule says that if @ A is true at s, then both ¢ and 1 are true at s, while it’s
dual rule =A (a branching rule) says that if ¢ A is false at s, then either ¢ or 1)
is false at s. Note that both the [7]-rule and the —(m)-rule take two input formulas,
one of which (the minor premiss) is a formula of the form Qg(r)t. For exzample, the
[7]-rule says that if a pair of formulas of the form Q[r]p and Q. (w)t can be found
on some branch of the tableau, we are free to extend that branch by adding Qp — a
clear reflection of the Kripke semantics for [w]. Already first-order ideas are creeping
into the system: this rule trades on the fact that hybrid logic is strong enough to make
statements about state succession (using near-atomic satisfaction statements of the
form Qg (m)t).

But it is with the {m)- and [r]-rules that first-order ideas really make themselves
felt. What do we know when a formula of the form (m)y is true at s? The Kripke
satisfaction definition gives us the answer: we know that (1) we can make an R,
transition from s to some state, and (2) at this R.-successor state, ¢ is true. The
(m)-rule captures this idea: it tells us to (1) introduce a new nominal a to name the
successor state, and (2) insist that ¢ is true at a. Recall that in first-order reasoning,
ezistential quantifiers are eliminated by introducing new parameters. In effect, the
(m)-rule uses nominals to exploit this first-order idea. Incidentally: we don’t apply
the (m)-rule to formulas of the form Qg(m)yp where p is a nominal. Doing so is
pointless, for it would simply create a new name for a state that already had a name.

But we need a second group of rules. Nominals and @ come with a certain amount
of logic built in: they provide theories of state equality and state succession. Just
as we need to add special rules or axioms to first-order logic to handle the equality
symbol correctly, we need additional mechanisms for nominals and @:

s on branch (@ Q,t @ Q t Q'
[s on branch] s ] [Ref] @_it [Sym] 75@#”’ [Nom] 75&?(#) t’t [Bridge]

Remark 4.2 (The second group is essentially a classical rewrite system)
The Ref rule says that if a nominal s occurs in any formula on a branch, then we are
free to add Qs to that branch; this is clearly an analog of the first-order reflexivity
rule for =, just as the Sym rule is an analog of the first-order symmetry rule for =.
What about transitivity? From Qgt and Qst' we should be able to conclude Q4t'. But
this is a special case of Nom, namely when ¢ is chosen to be a nominal t'. More
generally, Nom ensures that identical states carry identical information, while Bridge
ensures that states are coherently linked. In first-order terms, these rules ensure that
state identity is not merely an equivalence relation but a congruence.

As with any tableau system, we prove formulas by systematically trying to falsify
them. Suppose we want to prove . We choose a nominal (say i) that does not
occur in ¢ (this acts as a name for the falsifying state that is supposed to exist),
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prefix ¢ with —=@;, and start applying rules. If the tableau closes (that is, if every
branch contains some formula and its negation), then ¢ is proved. On the other
hand, suppose we reach a stage where we have applied the appropriate connective
rule to every complex formula (or in the case of [r]-formulas, we have applied the
[]-rule to every pair of formulas of the form @[]y, @,(m)t on the same branch; and
analogously for —(r)-formulas) and no application of the rewrite rules yields anything
new. If the tableau we have constructed contains open branches (that is, branches
not containing conflicting formulas), then ¢ is not valid (and hence not provable), and
the near-atomic satisfaction statements on the open branch specify a countermodel.

Example 4.3 (A standard multimodal validity) Let’s start with an ezample from
ordinary multimodal logic: (w)(pV q) = (m)p V {m)q is valid (for any modality (r)),
hence this formula should be provable. Here’s how to do it:

1 =@;((m)(p V q) = (m)p V (m)q)

2 Qi(m)(p V q) 1,-—

2 -Q;((m)p V ()q) Ditto

3 —Q@;(m)p 2/, v

3’ -Q@;(m)q Ditto

4 Q;(m)j 2, (m)

4 Q;(pVq) Ditto

5 —\@jp 3,4, ~(m)

6 -Q;q 3,4, ~(m)

7 Q;p | Q;q 4’ v
5,7 6,7 K

In short, we start with one initial state (namely i) and then use the tableau rules
to reason about what must hold there. At line J we use the (w)-rule to introduce a
new state name, namely j. We continue to reason about the way information must
be distributed across these two states until we are forced to conclude that there is no
coherent way of doing so.

Example 4.4 (A genuinely hybrid validity) The previous example gives only the
barest hint of what the system can do. Here’s a more interesting example, which shows
that hybrid reasoning not merely makes use of nominals and @, but also gets to grip
with the logic of state identity and succession they embody.

Suppose we’re working with a language with three modalities. To emphasize the
geometric intuitions underlying hybrid reasoning, let’s call these (VERT), (HOR) and
(DIAG) (for vertical, horizontal and diagonal) respectively. Now, (HOR){VERT)(i A
p) A{DIAG)i — (DIAG)p is valid (for there’s only one state named i) and we can prove
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it as follows:

1 —@; ((HOR)(VERT) (i A p) A (DIAG)i — (DIAG)p)

2 @; ((HOR)(VERT) (i A p) A (DIAG)7) 1,-—

2/ _‘@j (D1AG)D Ditto

3 @; (HOR)(VERT)(i A p) 2,A

3 @;(p1AG)i Ditto

4 @, (HOR)k 3, (HOR)

4 @, (VERT) (3 A p) Ditto

5 @j, (VERT)I 4', (VERT)

5’ @;(i A p) Ditto

6 @i 5 A

6 Qp Ditto

7 Q;l 6, Sym

8 Q;p 6’,7, Nom

9 -Q@;p 2,3, —(p1ac)
% 8,9 X

Think in terms of a graph-building automaton: it creates an initial state named i,
generates successor states j, k and l, and reasons about the way information must
be distributed over them until it becomes clear that there is no way to construct a
countermodel.

Remark 4.5 (There are other approaches) I have presented hybrid reasoning as
an unsigned tableau system, but we are mot forced to do this, and the underlying
graph construction intuition come through in a range of proof styles. For example,
Seligman [52] presents sequent and natural deduction systems with much the same
geometrical flavor (indeed Seligman motivates his rules by discussing what a logic of
spatial locations should look like). The same is true of Tzakova’s [55] Fitting-style
indezed tableau approach, Demri’s [23] sequent system for the (F) and (P) language
enriched with nominals but without @, and Konikowska’s [36] sequent based approach
to the logic of relative similarity.

One last point. The link with orthodox modal labelled deduction should now be
clear — but there is also a link with description logic: hybrid reasoning is a form of
ABox reasoning. The tableau system manipulates satisfaction statements, which are
essentially ABox specifications (recall Example 3.8).

5 Other Frame Classes

The tableau system is (sound and) complete in the following sense. Let us say that a
formula ¢ is tableau provable iff there is a closed tableau with —@; ¢ as its root (where
i is a nominal not occurring in ). Then:

Theorem 5.1 ¢ is tableau provable iff ¢ is valid.

PROOF. Soundness is straightforward. A completeness proof for unimodal languages
is given in Blackburn [13] using a Hintikka set argument; it extends straightforwardly
to multimodal languages.

So far so good — but valid means “true in all states in any hybrid model based
on any frame”, and often we only care about models based on frames with certain
properties, and we want to reason in the stronger logics such frames give rise to.
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In many cases hybrid reasoning adapts straightforwardly to cope with such de-
mands. In particular, if we use pure formulas (that is, formulas containing no propo-
sitional variables) there is a straightforward link between defining a class of frames
and reasoning about the frames in that class. A formula ¢ defines a class of frames
F iff ¢ is valid on all the frames in F and falsifiable on any frame not in F. A formula
defines a property of frames (such as transitivity) iff it defines the class of frames with
that property. So: what can pure formulas define?

Example 5.2 (Pure formulas and frame definability) Consider the temporal lan-
guage in (F) and (P). Using pure formulas, we can define a number of properties
relevant to temporal logic:

Q@;—(F)i Vz—-(zxRez) (Irreflexivity)

@;—(F)(F)i Vay(zRry = —yRrz) (Asymmetry)

Q,[F]((F)i — 1) Vzy(zRey A yRex — = = y) (Antisymmetry)
Yi — (F)i Vaoyz(zRry A yRez — xRez) (Transitivity)

Vzy(zRry — 32(xRrz A zRry)) (Density)
Vay(zRey V x =y V yRez) (Trichotomy)

The properties just listed only tell us about Re — but a far more basic property of
frames is needed for temporal logic, namely that Rp and Rp be mutually converse
relations. This can also be defined using pure formulas. First note that the following
relations between Rr and Rp are definable:

@;[F]{P)i Vzy(zRey = yRpx)
Q;[P](F)i Vzy(zRpy — yRex)

It follows that the conjunction @Q;[F|(P)i A @Q;[P](F)i defines those frames in which
RE and Rp are mutually converse. And once we have this fundamental interaction
defined, we can stop thinking in terms of separate Re and Rp relations, instead viewing
(F) as looking forward along some binary relation < (the “flow of time”) and (P) as
looking backwards along the same relation. This enables us to define further temporally
interesting properties:

(P){F)i Vay3z(z < ¢ Az < y) (Left-Directedness)
Q;((F)T — (F)[P][P]) Vzy(z<y—Iz(x<z A "Fw(r<w<z))) (Right-Discreteness)

I mentioned in Example 2.1 that asymmetry was not definable in ordinary temporal
logic. In fact, with the exception of the mutually converse property, transitivity, and
density, none of the properties just defined are definable in orthodox temporal logic.
Hybrid languages fill a genuine expressive gap when it comes to defining frames.

Remark 5.3 (All we need are satisfaction statements) Note that if a formula
o defines a class of frames F, then so does the satisfaction statement @Q;p, where i is
any nominal not occurring in p. The relevance of this for tableauz will soon be clear.

So nominals and @ enable us to define interesting classes of frames, and moreover
every definable class of frames is definable using a satisfaction statement. This is
pleasant — but the really important point is the way these frame defining powers
interact with hybrid reasoning. Roughly speaking, if a pure formula « defines a class
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of frames F, and we are free to introduce « as an axiom into our tableau proofs, then
the axiom-enriched tableaux system is guaranteed to be complete with respect to F.
For pure formulas, definability and completeness match perfectly.

More precisely, let A be a countable set of pure satisfaction statements, and H+A
be the tableau system that uses the formulas in A as axioms. That is, for any « in

A, and any nominals j, j1,... ,j, that occur on a branch of a tableau, we are free to
add a or a[j1/i1,...,jn/in] to the end of that branch (here 4; ... ,%, are nominals
in o, and a[j1 /i1, - .. ,Jn/in] is the pure satisfaction statement obtained by uniformly

substituting nominals for nominals as indicated).

Theorem 5.4 Let A be a finite or countably infinite set of pure satisfaction state-
ments, and let F be the class of frames that A defines (that is, the class of frames on
which every formula in A is valid). Then H+A is complete with respect to F.

PROOF. See Blackburn [13] for the unimodal case. The multimodal case is a straight-
forward generalization. |

Example 5.5 (An application in temporal logic) Suppose we are working with
the (F) and (P) temporal language, and that we are interested in models with a tran-
sitive flow of time. Which azioms guarantee completeness?

The following suffice. First, to ensure that (F) and (P) really are mutually converse,
add the azioms Q;[F|(P)i and @Q;[P](F)i; we know from Example 5.2 that together these
formulas define the converse property, and both are pure satisfaction statements. Now
to guarantee transitivity. The pure formula (F)(F)i — (F)i defines this property. This
is not a satisfaction statement, but Q;((F)(F)i — (F)3) is, and this defines transitivity
too.

What can we prove in this system? Here’s an illustration. Note that for any choice
of formula ¢ (not just pure formulas), (P)(P)p — (P)y is valid on the class of frames
our axioms define. Thus, by Theorem 5.4, we should be able to prove any instance of
this schema. And we can. In what follows i, j, and k, are chosen to be nominals not
occurring in @:

1 —@;((P)(P)p — (P)¢)

2 a:(P) (P 1

2/ -Q;(P)p Ditto

3 @;(P)j 2, (P)

3 Q;(P)yp Ditto

4 Q;(P)k 3", (P)

4’ Qpp Ditto

5 Q; [P|(F)j Aziom

6 @ (F) 1,5,[P)

7 @;[P](F)i Aziom

8 @; (F)i 3,7,[P]

9 Qp, ((F)(F)i — (F)3) Aziom

10 —@p,(F)(F)i | Q@ (Fyi 9,—

11 6,10, —(F) -@; (Fyi Qi[FI(P)k  Aziom

12 8,11 @;(P)k 10,11, [F]

13 Q@ 2',12,-(P)
4,13 %

Once again, it is best to think of this proof in terms of a little graph-building automa-
ton: it stepwise generates a graph and shows (now with the help of the axioms) that
there is no coherent way to decorate the resulting structure with information.
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In effect, Theorem 5.4 tells us that we can analyze hybrid reasoning in terms of a
basic proof engine (such as our tableau rules) together with an axiomatic theory (at
least so long as the axiomatic theory is formulated using only pure formulas). This is
the way things work in first-order logic, and the resemblance is not coincidental. First,
recall that the Standard Translation for hybrid languages maps nominals to free first-
order variables. It follows that any pure formula ¢ defines a first-order class of frames
(namely the class defined by the universal closure of ST(¢)). Second, analogous the-
orems have been proved for various hybrid languages, and although the completeness
proofs differ in many respects, they typically have one ingredient in common: they
use nominals to integrate the standard first-order model construction technique (the
use of Henkin constants) with the standard modal technique (canonical models). As
a number of authors emphasize (in particular Bull [21], Passy and Tinchev [41], and
Blackburn and Tzakova [20]), such proofs show that hybrid logic genuinely blends
modal and classical ideas.

Remark 5.6 (Related work) Many of the same technical themes (including an es-
sentially identical model construction technique) can be found in Basin, Matthews,
and Vigano’s [7] approach to labelled deduction for orthodox modal languages. The
links between their work and the hybrid tradition deserves further exploration (for a
start, many of their proof-theoretical insights may generalize to hybrid languages).
Other general completeness results covering first-order definable frame classes have
been proved for hybrid languages, such as Demri’s [23] extension of the modal Sahlquist
theorem for his nominal-driven temporal sequent system.

But the emphasis on first-order aspects of hybrid logic also point to the limitations
of the previous theorem: it doesn’t cover second-order frame classes  and many such
classes are definable with the aid of propositional variables.

Example 5.7 (Second-order frame classes) By making use of mized formulas (that
is, formulas containing both nominals and ordinary propositional variables) we can
define 7, the integers in their usual order, up to isomorphism; this cannot be done in
first-order logic.

The key observation is due to van Benthem [8], who points out that the simple (F)
and (P) language can almost define Z. As he notes, the formula

([PI([Plp = p) = ((P){PIp = [PIp)) A ([FI([Flp = p) = ((F)[F]p — [Flp))

(a bidirectional variant of the Léb formula used in modal provability logic) defines Z
up to isomorphism on the class of strict total orders without endpoints (that is, this
Léb variant is valid on a frame (T, <) that is a strict total order without endpoints iff
(T, <) is isomorphic to Z.)

But it follows from standard modal results that we can’t define strict total order
without endpoints using only propositional variables — and this is where nominals
come to the rescue. We have already seen that there are (pure) formulas defining
the mutual converse property of (F) and (P), transitivity, irreflexivity and trichotomy.
Furthermore, the formulas (F)T and (P)T ensure that there are no endpoints. So the
conjunction of all these (pure) formulas defines the class of strict total orders without
endpoints — and hence conjoining the Léb variant yields a (mized) formula valid on
precisely the frames isomorphic to Z. In a similar way, using a mized formula it is
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possible to define N, the naturals in their usual order, up to isomorphism; see Black-
burn [11] for details. The second-order aspects of hybrid languages deserve further
study.

The result has another limitation: it gives no computational information. While the
basic satisfaction problem for hybrid languages is PSPACE-complete, adding further
axioms can have a wide range of effects: they may lower the problem into NP, leave it
in PSPACE or lift it to EXPTIME (see Areces, Blackburn and Marx [3] for examples
of all three possibilities). Nor is it difficult to devise axioms which result in logics
with undecidable satisfaction problems. So the previous result tells us nothing about
proof search or termination: it simply draws attention to a group of logic which are
well-behaved from the perspective of completeness theory. It may well be that proof-
theoretical and computational insights from the labelled deduction and description
logic communities have a role to play in analyzing these logics further.

6 Binding Nominals to States

From the perspective of the Standard Translation, adding nominals to a modal lan-
guage is in effect to add free variables over states. This immediately suggest a further
extension: why not bind these “free variables”, thus giving ourselves access to even
more expressive power? I'll give a brief sketch of such logics, and then turn to the
issue that interests me here: why they are relevant to knowledge representation.

Example 6.1 (Losers, jerks, and politicians) Let’s jump into the realms of pop-
psychology and define a loser to be someone with no self-respect. Now, we can’t define
this concept in the hybrid logics we have seen so far; the closest we get is:

i A ~(RESPECT)i.

This says that a specific individual i lacks self-respect. But we want more: we want
a formula that is true at precisely those nodes (indiwiduals) which lack a reflexive
RESPECT arc. We can get what we want by binding i out:

Jz(z A =(RESPECT)zx).

This sentence is true at precisely those those nodes at which it is possible to bind x
to the current state, but impossible to loop back to the current state via the RESPECT
relation.

Two remarks. First, the idea of binding nominals to the current state is so impor-
tant in hybrid logic that a special notation (namely |) has been introduced for it. So
the previous sentence would normally be written:

Jz.~(RESPECT)z.

Second, as these examples illustrate, orthodoz variable notation (z, y, z, and so on)
is usually used for bound nominals.
OK — let’s now define a jerk to be an idiot who admires himself:

idiot A | z.(ADMIRES)z.
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This sentence is satisfied at precisely those nodes which (1) have the idiot property,
and (2) from which it is possible to take a reflexive step via the ADMIRES relation.

Finally, let’s define a politician as a smooth talker such that everyone he talks to
mistrusts him.:

lz.(smooth-talker A Vy({TALKS-TO)y — =@, (TRUSTS)z).

Note the way the @, switches the perspective from the node x (the politician) to his
audience.

I won’t give a precise definition of the syntax and semantics of hybrid languages with
V and 3 here (you can find all this in Blackburn and Seligman [15, 16] or Blackburn
and Tzakova [18, 19]). The previous examples tell you pretty much everything you
need to know, and the discussion that follows should clarify things further.

Remark 6.2 (We now have first-order expressivity) Our new hybrid logic is strong

enough to express any first-order concept. Here’s the Hybrid Translation from first-
order representations to our new hybrid logic:

HT(zRry) = Qu{m)y

HT (Pz) = Q,p

HT(Z = y) = @zy

HT(=p) = ~HT(p)
HT(pNy) = HT(p) NHT(Y)
HT(Jvyp) = FvHT(p)

HT (Vvyp) = YuHT(p).

But although we can jump straight up to full first-order power, we don’t have to.
For a start, the use of @ in the hybrid translation is crucial. If we work with the
@-free sublanguage, binding nominals to states with 3 and V does not yield full first-
order expressive power; for a counterexample, see Proposition 4.5 of Blackburn and
Seligman [15]. Hybrid logic decomposes the action of the classical quantifiers into
two subtasks: perspective-shifting (performed by @) and binding (performed by the
hybrid binders 3 and V).

Moreover, we've seen that there is a useful restricted form of these binders, namely
J. Some recent papers have explored hybrid logics with a primitive | binder (without
JorV), and it turns out that such logics characterize the notion of locality; see Areces,
Blackburn, and Marx [4].

Remark 6.3 (But even local binding is complex) Be warned: | may seem sim-
ple, but it’s not. Even without @ (let alone ¥ or 3, which are obviously powerful) it
has an undecidable satisfaction problem. A detailed analysis is given in Areces, Black-
burn, and Marz [5].

Why is this? The following result (taken from Blackburn and Seligman [15]) may
help the reader see why local binding is so powerful. We’ll see — using a spypoint
argument — that a hybrid language containing | and just a single diamond lacks the
finite model property. Let SCID/ be the conjunction of the following formulas:

S 2 A=(R)z A (R)=z A [RI(R)z
C  RIRy.(=z = (R)(z A (R)y))
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I [R] Ly.=~(R)y
D [R(R)-z
4 [R] Ly.(R)(z A [RI(R)(=z A (R)y — (R)y)))

Note that these formulas are pure, and that | x.SCID/ is a sentence. Moreover, note
that this sentence has at least one model. For let (w,<) be the natural numbers in
their usual order, and suppose s &€ w (s is the spypoint). Let N'° be the model bearing
a single binary relation R defined as follows: W is wU {s}, R is < U{(n,s),(s,n) :
n € w}, and the valuation V is arbitrary. Clearly N*,s |+ x.SCID/.

Obviously N'® is an infinite model. In fact any model M = (W, R, V) for |x.SCID/
is infinite. For suppose M,s Ik x.SCID/. Let B = {b € W : sRb}. Because S is
satisfied, s ¢ B, B # 0, and for all b € B, bRs. Because C is satisfied, if a # s and a
is an R-successor of an element of B then a is also an element of B. As I is satisfied
at s, every point in B is irreflexive; as D is satisfied at s, every point in B has an
R-successor distinct from s; and as 4 is satisfied, R is a transitive ordering of B.
So B is an unbounded strict partial order, thus B is infinite, hence so is W. So the
ability to bind locally really does give us the power to see a lot of structure. And this
power leads to undecidability (we can use spypoints to gaze upon the representation
of some undecidable problem, such as an unbounded tiling problem).

Thus nominal binding offers (lots!) of new representational power — but how do
we reason?

Remark 6.4 (V and 3 have classical tableau rules) To cope with hybrid logic en-
riched with ¥ and 3, we add the following rules to our tableau system. Note their form:
they are the classical tableaux rules for existential and universal quantifiers:

Q@ Jxp Q@ dzp
—Q@, [t/ x] Qqpla/a]
-Q Vxp Q,Vzp
—Qy¢pla/z] Q,lt/a]

(Important: recall that a stands for a new nominal.) But while the rules are essentially
classical, don’t forget that the underlying language is different (after all, ¥V and 3 bind
formulas!). So as well as being able to prove all the standard classical quantificational
principles (for example, Vz(p — ¥) = (¢ = V1)), where x does not occur free in
) we can also prove intrinsically modal principles. For example, 3xx is valid (this
says: it is always possible to bind a variable to the current state). We can prove it as
follows:

1 —@ﬁxm

2 @i 1,-3

3 @ Ref
2, 8

These rules give us a complete deduction system for hybrid logic with V and 3. More-
over, Theorem 5.4 extends to these systems: adding pure arioms yields a system
complete with respect to the class of frames the axioms define. As before, “pure” sim-
ply means “contains no propositional variables”, so we are free to make use of V and
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3 in our azioms. It follows (with the help of the Hybrid Translation) that we have a
general completeness result that covers any first-order definable class of frames. Rules
for | can be found in Blackburn [13].

It’s time to turn to the link with knowledge representation. I’ll approach this topic
via James Allen’s classic work on temporal representation.

Example 6.5 (Allen style representations) The core of Allen’s system is an or-
thodoz first-order theory of interval structure to which the metapredicate Hold has
been added: Hold(P,i) asserts that property P holds at the interval i.

Allen then goes on to elaborate his account of properties. He introduces function
symbols suggestively named and, or, not, exists, and all, for combining property sym-
bols, together with axioms governing them: for example

Hold(and(P,Q),i) +> Hold(P,i) A Hold(Q,1).

It’s clear Allen wants an ‘internal’ logic of terms that mirrors the ‘external’ logic of
formulas. To put it another way, although he represents properties using terms, he
wants them to behave like formulas.

This aspect of Allen’s system has been criticized (some of the azioms governing the
logical functions are rather odd; furthermore, as the structure of property terms is
never fully specified, it’s rather unclear what can and cannot be done with them; see
Turner [54] and Shoham [53]). But I'm not so much interested in the details as the
general strateqy — for this is now standard in Al

For example, if you look at Russell and Norvig [48] (in particular, the discussion of
ontological engineering in Chapter 8) you’ll see that Allen’s approach has been gen-
eralized into a multistep methodology: (1) start with a first-order language; (2) reify
the language heavily (that is, treat categories as individuals); (3) add metapredicates;
and (4) when handling temporal aspects of ontology, induce boolean structure on the
terms by adding and aziomatizing the logical functions and, or, and not (exists and
all are not discussed).

Why is the methodology pioneered by Allen so popular? In my view, the point is the
following. Knowledge representation is ultimately about representing information in
a usable form — and this means bringing a variety of information types into a precise
framework in which it can be manipulated as flexibly as possible. In essence, Allen’s
strategy is to start with first-order logic (because it’s well understood) and then to
mould it to the requirements of knowledge representation. Heavy use of reification
and metapredicates allows general statements about a wide range of category types
to be made. Logical functions are an attempt to soften the rigid distinction first-
order logic draws between terms (which code referential information) and formulas
(which code other types of information), thereby making more flexible representations
possible. It’s an interesting strategy — but it’s not the only one.

Why not start with the intuition that all types of information should be treated
democratically — or more accurately, polymorphically? This is the intuition behind
hybrid logic. Hybrid logic begins with the observation that we can freely combine
referential and non-referential information if we represent both types of information
as formulas. Because this is our starting point, we don’t need to introduce special
logical functions and axioms to govern them — there is no term/formula distinction:
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the standard connectives are responsible for combining all information right from the
start. (Note that @;(p A q) «> @;p A @Q;q, the hybrid analog of Allen’s axiom for the
and function, isn’t something extra that needs to be stipulated: it’s just a validity of
hybrid logic, and can easily be proved in the basic tableau system.) Nor is there any
mystery about what “property terms” are: Allen seems to have wanted properties to
have a formula-like structure, and of course, that’s ezactly the form all representations
take in hybrid logic. And binding nominals with V and 3 (which seems to correspond
to Allen’s intentions regarding the logical functions ezists and all) will take us all the
way up to first-order expressivity (if that’s where we want to go).

7 The Sorting Strategy

In horticulture, hybrids are crossbreeds between distinct but related strains: ideally
they combine the desirable properties of the parent strains in interesting new ways.
Hybrid logic is certainly hybrid in this sense. Enriching modal logic with nominals
and @ leads to systems that draw on both modal and first-order logic: we retain the
locality and decidability of modal logic, gain the ability to name states and reason
about their identity and their interrelationships, and (via nominal binding) open a
novel route to first-order expressivity.

But hybrid logic is also a sociological hybrid: it’s a meeting place for ideas from
many traditions. We’ve seen that feature logic, description logic, and labelled de-
duction have independently developed key ideas of hybrid logic, and I've argued that
the Allen-style ontological engineering languages can be viewed as strong hybrid lan-
guages. In short, a number of research communities, faced with similar problems
(how best to represent and reason about graphlike structures) have come up with
similar answers independently. Not only do they draw (consciously or unconsciously)
on modal logic, they even moved beyond the barriers of modal orthodoxy in much
the same way — the way encapsulated in hybrid logic.

But there is a third sense in which hybrid languages are hybrid, and this is perhaps
the most important of all: hybrid languages are intrinsically hybrid. They allow us
combine different sorts of information in a single formalism. In a nutshell, hybrid
logics are sorted modal logics.

The importance of sorting has long been recognized in AT, linguistics, and philoso-
phy: knowing that a piece of information is of a particular kind may allow us to draw
useful conclusions swiftly and easily. But sorting has been neglected in the logical
tradition: many useful kinds of sortal reasoning (for example, chaining through an
inheritance hierarchy) are regarded as too simple to be of logical interest, and every
logician knows that sorted first-order languages offer no new expressive power.

But sorted modal languages certainly do. As we have seen, by adding a second sort
of atomic formula (nominals) and a new construct to exploit it (satisfaction operators),
we can describe models in more detail and define new classes of frames. Moreover, we
can create a basic reasoning system that is modally natural and supports a wide range
of richer logics. But the hybrid languages of this paper have been simple two-sorted
systems. Why stop there?

Example 7.1 (Sorting and fine-grained temporal reference)
Blackburn [12] presents multisorted modal logics with atomic formulas ranging over
intervals of different lengths (seconds, hours, years, ... ). This lets us build repre-
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sentations like
(P)(3.05 AP.M.AFriday A26th A March A1999 A Vincent-accidentally-squeeze-the-trigger),

which locates the trigger-squeezing event at the specific day and time the notation
suggests. These logics are then extended to deal with indexical expressions (such as
now, yesterday, today, and tomorrow), enabling us to build representations such as

(P)(Yesterday A Marvin's-head-explode),

which locates the exploding-head event yesterday. Doing this properly means we have
to sort two-dimensional modal logic (among other things, we need to guarantee that
(F)(yesterday A ) is false at every state in every model, for yesterday always lies in
the past), and sorting turns out to be an effective way of exploiting two-dimensional
semantics. The resulting logics are decidable (in fact, NP-complete) in many cases of
interest.

Example 7.2 (Sorting and paths) When reasoning about branching time we often
want to assert that that some event will take place in all possible paths into the future.
This cannot be done in the temporal language in (F) and (P), even with the help of
nominals and Q@.

Bull [21] solved this problem by further sorting. He introduced a three-sorted modal
language: in addition to propositional variables and nominals, his language contained
path nominals, atomic formulas true at precisely the points on some path through a
frame. He allowed explicit quantification over path nominals, and hence could define
a “true at some state in every future” modality:

(EVERY-FUT)¢ = Vp(p = (F)3z(z A p A p)).

Here p is a bound path nominal, and x a bound nominal, so this says that on every
path p through the current state, there is some future state x at which ¢ is true. See
Goranko [32] and Blackburn and Tzakova [20] for more on hybrid languages for paths.

I believe such examples point the way to an interesting line of work: dealing with
all ontological distinctions in multisorted modal languages. At present little is known
about what can and cannot be done in such systems, but interesting questions abound.
I hope some equally interesting answers will soon be forthcoming.

A Brief Guide to the Literature

I have said little about the history of hybrid logic; these notes are an attempt to
put this right, and provide a route into the hybrid literature. I’ll omit references to
applications of hybrid logic (such as feature logic) as these were given in the main
text.

Hybrid logic was invented by Arthur Prior, the inventor of (F) and (P) based tem-
poral logic (that is, tense logic). The germs of the idea seem to have emerged in
discussion with C.A. Meredith in the 1950s, but the first detailed account is in Chap-
ter V and Appendix B3 of Prior’s 1967 book Past, Present, and Future [42]. Several
of the papers collected in Paper on Time and Tense [43] allude to or discuss hy-
brid languages, and the posthumously published book Worlds, Times and Selves [44]
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is solely devoted to the topic (unfortunately, the book is only an approximation to
Prior’s intentions: it’s essentially a reconstruction, by Kit Fine, of notes found after
Prior’s death in 1969). Prior called nominals world propositions, typically worked
with very rich hybrid languages (he bound nominals using V and 3) and made heavy
use of near-atomic satisfaction statements like the ones used in our tableau systems.

The next big step was Robert Bull’s 1970 paper “An Approach to Tense Logic” [21].
Bull introduced a three-sorted hybrid language (propositional variables, nominals,
and path nominals), noted that the presence of ¥ and 3 made it easy to combine the
modal canonical model construction with the first-order Henkin construction (and
thus proved the earliest version of Theorem 5.4), and re-thought modal and hybrid
completeness theory in terms of Robinson’s non-standard set theory. It’s a (too long
overlooked) classic. Tough going in places, it repays careful reading.

I know of no more papers on the subject till the 1980s, when hybrid logic was
independently reinvented by a group of Bulgarian logicians (Solomon Passy, Tinko
Tinchev, George Gargov, and Valentin Goranko). The locus classicus of this work
is Passy and Tinchev’s “An Essay on Combinatoric Dynamic Logic” [41], a detailed
study of hybrid Propositional Dynamic Logic. Like Bull’s paper, it’s one of the must
reads of the hybrid literature (but don’t overlook the many other excellent papers
by these authors, such as [40, 40, 30, 28, 29].) The Sofia School did discuss nominal
binding with V and 3, but one of their enduring legacies is that they initiated the
study of binder-free systems. Gargov and Goranko’s “Modal Logic with Names” [27]
studies such systems in the setting of unimodal logic, and my own “Nominal Tense
Logic” [11] does so in tense logic.

During the 1990s, the emphasis has been on understanding the hybrid hierarchy in
more detail. Goranko [31] introduced |, Blackburn and Seligman [15, 16] examined
the interrelationships between a number of different binders, and Blackburn and Tza-
kova [18, 20] mapped hybrid completeness theory for many of these systems. Intuitions
about locality hinted at in some of these papers are placed on a firm mathematical
footing in Areces, Blackburn and Marx [4]; the paper also proves some fundamental
interpolation and complexity results (see also [5], by the same authors, for a detailed
discussion of undecidability in | based logics). The late 1990’s also saw a number
of papers of hybrid proof theory: Blackburn [13], Demri [23], Demri and Goré [24],
Konikowska, [36], Seligman [52] and Tzakova [55]. Actually, pioneering work had been
done by Seligman at the beginning of the decade (see [50, 51]); unfortunately his work
was overlooked.

Here’s three suggestions for further reading. First, Chapter 7 of Blackburn, de Ri-
jke, and Venema [14] contains a textbook level discussion on how to blend the canon-
ical model and Henkin constructions (the idea behind Theorem 5.4 and its analogs).
Second, “Complexity Results for Hybrid Temporal Logics” [3] a recent paper by Are-
ces, Blackburn and Marx studies complexity issues in some detail. The proofs make
heavy use of relational structures and have a strong geometric content. The paper
relates the results to issues in temporal (and, in spite of the title, description) logic;
for many readers this would be a good place to learn more about the expressivity hy-
brid languages offer. Third, Marx [38] is a review of HyLo’99 (the First International
Workshop on Hybrid Logic). This will give you a birds-eye-view of current issues in
the field. In addition, Carlos Areces has recently created a hybrid logic website at
http://www.illc.uva.nl/~carlos/hybrid. You can find the papers just mentioned
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(and others) there.
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Abstract

Hybrid languages are extended modal languages which can refer to (or even quantify
over) worlds. The use of strong hybrid languages dates back to at least [Pri67], but
recent work (for example [BS98, BT99]) has focussed on a more constrained system called
H({,@). The purpose of the present paper is to show in detail that (|, @) is a modally
natural system. We begin by studying its expressivity, and provide both model theoretic
characterizations (via a restricted notion of Ehrenfeucht-Fraissé game, and an enriched
notion of bisimulation) and a syntactic characterization (in terms of bounded formulas).
The key result to emerge is that H({, @) corresponds precisely to the first-order fragment
which is invariant for generated submodels. We further establish that (|, @) has (strong)
interpolation, and provide failure results in the finite variable fragments. We also show
that weak interpolation holds for the sublanguage (@), and provide complexity results
for (@) and other fragments and variants (the full logic being undecidable).

1 Introduction

In their simplest form, hybrid languages are modal languages which use formulas to refer to
worlds. To build a simple hybrid language, take an ordinary language of propositional modal
logic (built over some collection of propositional variables p, ¢, 7, and so on) and add a second
type of atomic formula. These new atoms are called nominals, and are typically written 1,
j and k. Both types of atom can be freely combined to form more complex formulas in the
usual way; for example,

O(AP)AO(iNg) = O(pAg)

is a well formed formula. And now for the key idea: insist that each nominal must be true
at ezactly one world in any model. Thus a nominal names a world by being true there and
nowhere else. This simple idea gives rise to richer logics (note, for example, that the previous
formula is valid: if the antecedent is satisfied at a world m, then the unique world named by
i must be accessible from m, and both p and ¢ must be true there) and enables us to define
classes of frames that ordinary modal languages cannot (we’ll see some examples later).

Once the idea of using “formulas as terms” has been noted (Arthur Prior [Pri67], influenced
by unpublished work of C. A. Meredith, seems to have been the first to grasp its potential)
the way lies open for further enrichments. The most obvious is to regard nominals not as
names but as variables over individual worlds, and to add quantifiers. That is, we now allow
expressions like

Vz.O(z A Jy. Oy A Oy))

to be formed. This sentence is satisfied at a world m if and only if from every world z that is
accessible from m we can reach at least one reflexive world y. No formula with this property
exists in ordinary modal languages, or even in modal languages enriched with nominals.
Unsurprisingly, if we are allowed to quantify over worlds in this manner, it is straightforward
to define hybrid languages that offer first-order expressivity over models. Early work on
hybrid languages (notably that of Bull [Bul70] and Passy and Tinchev [PT85, PT91]) was
largely concerned with such systems.

The idea of binding variables to worlds underlies much current work on hybrid languages,
but for many purposes the V binder is arguably too strong: languages which employ V obscure
the locality intuition central to Kripke semantics. Fundamental to Kripke semantics is the
relativization of semantic evaluation to worlds. That is, to evaluate a modal formula we need
to specify some world m (the current world) and begin evaluation there. The function of the
modalities is to scan the worlds accessible from m, the worlds accessible from those worlds,
and so on; in short, m is the starting point for step-wise local exploration of the model.
Languages which allow variables to be bound to arbitrary worlds (some of which may not be
reachable from m by chaining through the accessibility relation) don’t mesh well with this
intuition.

For this reason, recent work on hybrid languages has focussed on a local language called
H(J,@). This extends the simplest type of hybrid language (propositional modal logic plus
nominals) with two new mechanisms, | and @. Now | does bind variables to worlds, but
(unlike V) it does so in an intrinsically local way:

The | binder binds variables to the current world. In essence it enables us to
create a name for the here-and-now.

The @ operator (which does not bind variables) is a natural counterpart to |. Whereas |
“stores” the current world (by binding a variable to it), @ enables us to “retrieve” worlds.
More precisely, a formula of the form @, is an instruction to move to the world labeled by
the variable z and evaluate ¢ there. Previous work on H({, @) has concentrated on relating it
to other hybrid languages [BS98], studying it axiomatically [BT99], and developing analytic
proof techniques [Bla98, Tza98]. Taken together, this work suggests H(J, @) and certain of
its sublanguages (notably H(@)) are important systems. The purpose of the present paper is
to demonstrate in detail that this impression is justified.

We do so as follows. After defining #(J,, @) and noting some basic results in Section 2, we
turn in Section 3 to the task of characterizing its expressivity. The key result to emerge is this:
H(J, @) is not merely local, it is the language which characterizes locality. More precisely,
H(J, @) corresponds to the fragment of first-order logic which is invariant under generated
submodels. Previous discussions of H(}, @) have stressed that it is “modally natural”; our
characterization confirms this impression and makes it precise. In Section 4 we discuss the
consequences of this characterization for frame-definability, completeness, and tense logic. In
Section 5, we show that #H(J, @) is well-behaved in yet another way: it has the strong (arrow)
interpolation property, and the sublanguage H (@) has weak interpolation



In Section 6 we turn to complexity. It is known that #({, @) has an undecidable satis-
faction problem (indeed, this is clear from the characterization result); but it is also known
that #(@) is decidable, that this sublanguage can define more classes of frames than ordinary
propositional modal logic can, and that it is proof-theoretically well-behaved. Intriguingly,
these properties come at no computational cost: we shall show that H(@) has a PSPACE-
complete satisfaction problem, just as ordinary propositional modal logic does. However we
also show that there are limits on how far this result can be generalized: in particular we show
that if we start with a language of tense logic, then adding even a single nominal moves the
complexity of the local satisfaction problem from PSPACE to EXPTIME. We close the paper
with a discussion of a key open problem.

The paper is largely self contained, but as the existing literature on hybrid languages
is small and scattered it seems appropriate to give the reader a swift overview of what is
available. First, two early papers on V-based hybrid languages (namely [Bul70] and [PT91])
deserve to be far more widely read: both contain important technical ideas and interesting
motivation for the use of hybrid languages. Second, some work has been done on very basic
hybrid languages (that is, modal or tense languages enriched with nominals, but with no
additional mechanisms such as |, @, or V); the main references here are [GG93] and [Bla93].
Third, while [BS98] and [BT99] are the basic references for H({, @), an interesting discussion
of | as part of a stronger system can be found in [Gor96]. Finally, in addition to the proof
theoretical investigations of [Bla98] and [Tza98], there is also [Sel91, Sel97]. Seligman’s work
deals with stronger (V-based) systems, but many of the key ideas underlying hybrid deduction
(in particular, the deductive significance of @) were first explored here, and they are still the
only source we know of for discussion of natural deduction techniques for hybrid logics.

2 Preliminaries

In this section we define the syntax and semantics of H({, @) and note some of its basic
properties.

Definition 2.1 (Language) Let PROP = {p1,ps,...} be a countable set of propositional
variables, NOM = {i1,12,...} a countable set of nominals, and WVAR = {z1,72,...} a
countable set of world variables. We assume that PROP, NOM and WVAR are pairwise
disjoint. We call WSYM = NOM U WVAR the set of world symbols, and ATOM = PROP
U NOM U WVAR the set of atoms. The well-formed formulas of the hybrid language (over
the signature (PROP, NOM, WVAR )) are

e=T|Lla|-p|leAg |Dp| lzjp| A

where a € ATOM, z; € WVAR and s € WSYM. Let L be the set of all well-formed formulas.
For ¢ € L, PROP(y), NOM(p) and WVAR(p) denote, respectively, the set of propositional
variables, nominals, and world variables which occur in . IP(yp) will denote PROP(p) U
NOM(p), and will be called the language of ¢.

In what follows we assume that a signature (PROP,NOM, WVAR), and hence £, has been
fixed. We usually write p, ¢ and 7 for propositional variables, i, 7 and k for nominals, and =z,
y and z for world variables. As usual, O is defined to be ~O-¢p

Note that all three types of atomic symbol are formulas. Further, note that the above
syntax is simply that of ordinary unimodal propositional modal logic extended by the clauses

for | zj.¢ and @sp. Finally, the difference between nominals and world variables is simply
this: nominals cannot be bound by |, whereas world variables can. In fact, nominals could
be dispensed with (it is always possible to make do with free world variables instead) but for
some purposes it is useful to have a special kind of world symbol that can’t be accidentally
bound.

Definition 2.2 The notions of free and bound world variable are defined in the manner
familiar from first-order logic, with | as the only binding operator. Similarly, other syntactic
notions (such as substitution, and of a world symbol ¢ being substitutable for z in ¢) are
defined as the corresponding notions in first-order logic. We use p[t/s] to denote the formula
obtained by replacing all free instances of the world symbol t by the world symbol s.

A sentence is a formula containing no free world variables. Furthermore, a formula is
pure if it contains no propositional variables, and nominal-free if it contains no nominals.

Definition 2.3 (Semantics) A (hybrid) model M for L is a triple M = (M, R, V) such
that M is a non-empty set, R a binary relation on M, and V : PROP U NOM — Pow(M)
such that for all nominals i € NOM, V (i) is a singleton subset of M. (We use calligraphic
letters M for models, italic roman M for their domains. When necessary, we use sub or
supra-indezes.) We usually call the elements of M worlds (though sometimes we call them
times or states), and we call R the accessibility relation and V the valuation. A frame is a
pair M = (M, R); that is, a frame is a model without a valuation.

An assignment g for 90 is a mapping g : WVAR — M. Given an assignment g, we define
the assignment gt by gt (z;) = g(z;) for j # i and g&,(z;) = m. We say that gi, is an
z;-variant of g.

Let M = (M,R,V) be a model, m € M, and g an assignment. For any atom a, let
[V,9gl(a) = {g(a)} if a is a world variable, and V (a) otherwise. Then the forcing relation is
defined as follows

M,g,ml-T

Mm,g,mlf L

M, g,mla iff me|[V,gl(a), a € ATOM

gﬁag7m“_ —p Zﬁ m97mly$0

M, g,ml-oAyp iff DM g,ml- @ and MM, g, m -

M, g,m Ik Op iff Vm!(Rmm' = 9,g,m' IF @)

M, g,mlk Qo  iff M, g,m' I, where [V,g](s) = {m'}, s€ WSYM.

When 9 and g are understood by context we will simply write m I+ ¢ for M, g, m - p. We
write M, g Ik ¢ iff for allm € M, M, g,m Ik o. We write M |= o iff for all g, M, g IF .

The first six clauses are essentially the standard Kripke forcing relation for propositional
modal logic; in fact the only difference is that whereas the standard definition relativizes
semantic evaluation to worlds m, we relativize to variable assignments g as well. Note that the
clause for atoms covers all three types of symbol (propositional variables, nominals, and world
variables) and that given any model 9t and assignment g, any world symbol (whether it is a
nominal or a world variable) will be forced at a unique world; this is an immediate consequence
of the way we defined valuations and assignments. As promised in the introduction, | binds



world variables to the world where evaluation is being performed (the current world), and
@, shifts evaluation to the world named by s. Just as in first-order logic, if ¢ is a sentence
it is irrelevant which assignment g is used to perform evaluation: 9, g,m I ¢ for some
assignment g iff 91, g, m I+ ¢ for all assignments g. Hence for sentences the relativization to
assignments of the forcing relation can be dropped, and we simply write 91, m I ¢ instead of
(Vg)., g, m I .

A formula ¢ is satisfiable if there is a model 21, an assignment g on 9, and a world
m € M such that M, g,m Ik ¢. A formula ¢ is valid if for all models 9, M = ¢. A formula
¢ is a local consequence of a set of formulas 7' if for some finite subset {¢1,... ,¢@n} of 1),
PY1A...Npp, = @is valid. A formula ¢ is a global consequence of a set of formulas 7" if for all
models M, M = ¢ only if for all ¢ € T', M |= 1p. We denote local consequence by 1" |= ¢ and
global consequence by 1’ \=gl" . As in ordinary propositional modal local, local consequence
is strictly stronger than global consequence.

H({, Q) offers us considerable expressive power over models. For example we can define
the Until operator:

Until(p, ) = 12.0 Ly.Q,(O(y A p) AD(Oy = ¢)).

Note how this works: we name the current world z, use ¢ to move to an accessible world,
which we name y, and then use @ to jump us back to z. We then use the modalities to insist
that (1) ¢ holds at the world named y, and (2) v holds at all successors of the current world
that precede this y-labeled world.

But there is an obvious (and modally natural) limit to the expressive power H({, @) gives
us: any nominal-free sentence is preserved under the formation of point-generated (or rooted)
submodels. That is, if a sentence ¢ is satisfied at a world m in a model 9, and we form a
submodel M, by discarding from 2t all the worlds that are not reachable by making a finite
(possibly empty) sequence of transitions from m, then 91, also satisfies ¢ at m. (The key
point to observe is that in any subformula of ¢ of the form @), ¢ must be a world variable
bound by some previous occurrence of |. As | binds to the current world, ¢ is bound to some
world in the submodel generated by m, thus ¢ is unaffected by the restriction to 9,,.) That
is, H({, @) is genuinely local: only reachable worlds are relevant to semantic evaluation. In
the following section we shall generalize this observation (we have not merely preservation,
but invariance) and show that it characterizes the expressivity of H({,@).

H({, @) also offers us considerable expressive power with respect to frames. Modal logi-
cians like to view modal languages as tools for talking about frames, and they do so via the
concept of frame validity:

Definition 2.4 A formula ¢ is valid on a frame § = (M, R) if for every valuation V on g,
and every assignment g on §, and every m € M, (§,V),g,m Ik ¢. A formula is valid on a
class of frames F if it is valid on every frame § in F. A formula ¢ defines a class of frames
if it is valid on precisely the frames in F, and it defines a property of frames (for ezample,
transitivity) if it defines the class of frames with that property.

Many interesting properties are definable using pure, nominal-free, sentences:

Jz.0-x Irreflexivity
Jz.00-z Asymmelry
1z.0(0z — ) Antisymmetry
Jz.0 |y.@Q, 00y Density
Jz.00 |y.Q, Oy Transitivity

12.0 |y.@,(O0-y A O [ 2.@, (2 V Oz)) Right-Discreteness

With the exception of transitivity and density, none of these properties are definable in
ordinary modal logic. In Section 4 we shall characterize the classes of frames that pure,
nominal-free, sentences can define.

[BT99] provides the following complete axiom system for #H({,@):

Definition 2.5 (Axiomatization) Let ¢, be formulas, v a metavariable over world vari-
ables and s,t metavariables over world symbols. The hybrid logic K[H({,@)] is the smallest
subset of L containing all instances of propositional tautologies, all instances of the following
aziom schemes and closed under the following deduction rules

K. O(p — ) = (Op — Ov).

N. F = FOp.

MP. o=, Fo=Hp.

Q1. Jv.(¢ = ) = (¢ =lv.4p), ¢ without free occurrences of v.
Q2. lv.p = (s = p[v/s]), s substitutable for v in .
Q3. Lv.(v— @) —>lv.ep.

Self Dual). Jv.p < = Lv.gp.

N. Fo=Fluep.

Ka. Qi(p — ) = (Qgp — Qgh).

Self Duala. Qgp < Q4.

Introduction. (s Ap) — Qup.

Label. Qgs.

Nom. Qgt — (Qpp — Q).

Swap. Qgt > Q;s.

Scope. @Q;Q p > Qgp.

Na. F ¢ = FQ,p.

Back. ©0Qup — Q.

Bridge. (Os A Q) — O,

Paste-0. F Qg(t A p) = 1p = FQup —1p, t € WSYM\ WSYM(ip, 1, s).
Paste-1. F QO A p) = ¢ = FQ,Qp — ¢, t € WSYM\ WSYM(p, 9, s).

We use this axiomatization to help prove strong interpolation in Section 5. For this purpose,
the following derived theorems will be useful (their derivation from the above axiomatization
is a simple exercise; see [BT99] (Lemma 4.1) and [BT98] (Lemma 7) for details).



Proposition 2.6 (Derived Theorems and Properties)

i. K. lv(e = ¢) = (Jvp =lva).

it. Distra. Qs(p A1) & (Qsp A Qgh).

111. Free variables and nominals. If - ¢ and i is a nominal in ¢, then for some world
variable T not occurring in @, Flz.¢[i/z]. If b ¢ and z is a free variable in @, then for some
nominal i not occurring in @, - @[z /i].

But we are interested in this axiomatization for another reason. The completeness result
proved in [BT99] is very general: not only does this axiomatization generate all valid formulas,
but it automatically extends to many stronger logics. In particular, if we add a pure, nominal-
free, sentence @ as an additional axiom, the resulting system is strongly complete with respect
to the class of frames that ¢ defines. In Section 4 we shall characterize the completeness results
covered by such extensions.

Before starting our investigations, one final remark. We have defined H({, @) to be an
extension of unimodal propositional modal logic. But of course, it would have been equally
straightforward to extend a multimodal language (that is, a language containing an indexed
collection of modalities, each interpreted by a separate relation) or a language of tense logic
(that is, propositional modal logic enriched with modalities which scan the converse of the
relation R) with nominals, variables, @ and | in exactly the same way. For the most part we
will work with the above version of H(|,@) (most results go through for other formulations
essentially unchanged) but sometimes it will be interesting to switch to a richer underlying
modal language, especially when we discuss computational complexity in Section 6.

3 Characterizing H(|, Q)

In this section we characterize (the first-order language corresponding to) H({,@). We begin
by providing a syntactic characterization. In particular, we shall first extend the standard
translation ST of modal logic into first-order logic (cf. [Ben83]) to H({,@). It will be clear
that the range of our translation lies in a certain bounded fragment, and we shall define a
reverse translation H1' which maps the bounded fragment back into the the hybrid language.
Thus we are free to think either in terms of (|, @) or the corresponding bounded fragment.

But how are these languages characterized semantically? It should be clear that H({, @)
is a genuine hybrid of modal and first-order ideas (after all, it combines Kripke semantics with
the idea of binding variables to worlds) thus there are two obvious ways to proceed. The first
is essentially first-order: we could look for a weaker notion of Ehrenfeucht-Fraissé game. The
second is essentially modal: we could try looking for a stronger notion of bisimulation. We
shall pursue both options. As we shall see, both yield natural notions of equivalence between
models, and by relating them (and drawing on our syntactic characterization) we can provide
a detailed picture of what H({, @) offers.

3.1 Translations

We focus on two kinds of signature for first-order logic with equality. First we have modal
signatures (familiar from modal correspondence theory [Ben83]) which consist of one bi-
nary predicate R, countably many unary predicates, and no constant symbols. It will be
convenient to make the set of first-order variables at our disposal explicit in the signature

(just as we did when we defined hybrid signatures in Definition 2.1) thus, a modal signa-
ture has the form ({R} U UN-REL,{}, VAR). A hybrid signature is an expansion of the
modal signature with countably many constant symbols, thus hybrid signatures have the
form ({R} U UN-REL, CONS, VAR). Note that any hybrid model 9 = (M, R,V) can be
regarded as a first-order model with domain M, for the accessibility relation R can be used
to interpret the binary predicate R, unary predicates can be interpreted by the subsets V
assigns to propositional variables, and constants (if any) can be interpreted by the worlds
that nominals name. So we let the context determine whether we are thinking of first-order
or hybrid models, and continue to use the notation M = (M, R, V).

We first extend the well-known standard translation to H(|,@). The translation S7' from
the hybrid language over (PROP, NOM, WVAR) into first-order logic over the signature ({ R}
U {P; | p; € PROP}, NOM, WVAR U {z,y}) is defined by mutual recursion between two
functions S7; and S7y. Recall that ¢[z/y] means “replace all free instances of = by y”.

S'l'z(pj) = P]' (z), p; € PROP. S'l'y(pj) = P]' (y), p; € PROP.
S'l'm(ij) = z=1j1; € NOM. STy(ij) = y= ij, ij € NOM.
ST (z5) = z=uj,z; € WVAR. | ST y(z;) = y=ux; z; € WVAR.
STy(~p) = —STa(e)- STy(~¢) = ~85Ty(p)-
ST(eNY) = STi(o) ANST(). STy(entp) = STy(p) ASTy(1p).
ST, (Cp) = Jy.(Ray ASTy(p)). | STy(Owp) = dz.(Ryz A ST:(p)).
STe(lzjp) = (STa(e))[m;/a]. STy(lzjp) = (STy(e))[z;/y]
STu(@,) = (STulg))lz/s] STy(00) = (STy@)ly/s)

For m an element in the domain of a given model 9t we will often write S7',,,(¢) as shorthand
for ST';(¢)[m]. This translation differs from the one given in [BS98]; these authors handle |
and @ as follows:

ST4(Qs) =

Jzj.(z = zj A ST (p)).
STs(p), s € NOM U VAR.

Now the [BS98] translation makes the quantificational effect of | clear, but our translation
draws attention to another perspective: in adding | and @ we have in effect enriched the
modal language with an ezplicit substitution operator. Such operators are used in the study
of cylindric algebras, and were added to cylindric modal logic in [Ven94].

The link between | and explicit substitution can be made even more clear if we expand the
first-order language with an explicit substitution operator (like s; in the theory of cylindric
algebras) and adjust our definition of S7' to take advantage of it. We do this as follows. Add

the following clause to the grammar generating the first-order language:
if ¢ is a formula and =,y are variables, then Sj¢ is a formula.

Interpret Sy as follows:

= ietl > { - Ulg) e .

Clearly Sy and @[z /y]. This enrichment of first-order logic can be axiomatized by adding
the following axiom schemata to a complete axiomatization of first-order logic with equality:

Sz &
Sy < Ja(z=yAp) forz#y.
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And now we can give transparent translations of | and @:

STz(lzjp) = :jsrl‘x(‘ﬁ)
STz(@s‘P) = S:STm((P)'

Note that theorems like | v.@Q,¢ <>} v.¢ follow more or less immediately, for ST, ({v.Q,p) =
S28EST (), but SYSZp = S2S%p = S2¢, which is equivalent to SYST,(y). However we
shall stick with our original formulation of S7" in what follows.

Proposition 3.1 (S7" Preserves Truth) Let ¢ be a hybrid formula, then for all hybrid
models M, m € M and assignments g, M, g,m - @ iff M = ST, (¢)[g].

PROOF. A straightforward extension of the induction familiar from ordinary modal logic.
The only cases which are new are ST;(| z;.¢) and ST';(Q,p). But M, g,m IF| z;.¢, iff
M, g ,m -, by TH iff, M |= ST () g0 ], iff M = (STm(e))[zj/2] [g]. The argument for
ST, (Qup) is similar. QED

Now for the interesting question: what is the range of S7'?7 In fact it belongs to a bounded
fragment of first-order logic. Given a first-order signature ({ R} U UN-REL, CONS, VAR) we
define the bounded fragment as the set of formulas generated by the following grammar:

e=Rit' | Pit|t=1t"|-p| oA |3zi.(Rtz; Ap) (for z; # t).
where z; € VAR and ¢,# € VAR U CONS.

The side-condition on the generation of existentially quantified formulas is crucial: it prevents
sentences like Jz.(Rzz A z = z) from falling into the fragment. The sentence Jz.Rzx is
probably the simplest example of a first-order sentence which is not invariant for generated
submodels (or subframes). In fact it is not even preserved under the formation of generated
submodels, for it is true in the model 21; but not in the generated submodel Ma:

Ny DMy

Clearly ST' generates formulas in the bounded fragment. Crucially, however, we can also
translate the bounded fragment into #({,, @). The translation H7' from the bounded fragment
over ({R} UUN-REL, CONS, VAR) into the hybrid language over (UN-REL, CONS, VAR) is
defined as follows:

HT(Rtt") = @t

HT(Pjt) = Qp;.

HT(t =t) = @

HT(~p) = =HT(yp).

HT(p A ) — HT(p) AHI().
HT(Fv.(Rtv Ap)) = @O Ju.HT(p).

(Here t,#' € VAR U CONS.)
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By comnstruction, H1'(¢) is a hybrid formula, but furthermore it is a boolean combination
of @-formulas (formulas whose main operator is @). So, because @ commutes with all the
booleans (recall the Self Duala axiom and Proposition 2.6), it is equivalent to a formula whose
main operator is @. We can now prove the following strong truth preservation result. Recall
that 91, g IF ¢, abbreviates “(for all m € M) M, g,m |- ¢”.

Proposition 3.2 (HT Preserves Truth) Let ¢ be a bounded formula. Then for every first-
order model M and for every assignment g, M = p|g] iff M, g Ik HT'(p).

PROOF. The proof uses the following fact about formulas whose main operator is @:
(there exists an m), M, g, m IF Q¢ if and only if M, g IF Q.

Again there is only one interesting case: HT'(Jv.(Rtv A ¢)). Now M = Juv.(Rtv A ¢)[g]
iff M = (Rtw A ¢)[gs,] for some m € M. Let t be the interpretation of ¢ in 9t under
gv,. Because of the restriction on variables in bounded quantification, ¢ # v, whence t is
also the interpretation of ¢ in 9t under g. So Rtm holds in 9t and M |= ¢[gY,]. By the
inductive hypothesis, I, go IF HT'(¢) iff M, g,m -l v.HT (p), iff M, g,t I+ O Lv.HT' (o) iff
M, g,t IF QO Lv.HT(p) iff M, g Ik Q0 Lv.HT (). QED

As simple corollaries we have:

Corollary 3.3 Let () be a bounded formula with only z free, then for all models M and
for allm € M, M k= @(m) iff M, m -z HT ().

Corollary 3.4 Let ¢ be a first-order formula in the hybrid signature. Then the following are
equivalent.

1. @ is equivalent to the standard translation of a hybrid formula.

1. @ is equivalent to a formula in the bounded fragment.
Moreover, there are effective translations between H(|, @) and the bounded fragment.

3.2 Generated back-and-forth systems

We now turn to the problem of providing semantic characterizations of H({,@) (or equiva-
lently, of the bounded fragment). In this section we shall adopt an essentially first-order ap-
proach: we define generated back-and-forth systems, basically a restricted form of Ehrenfeucht-
Fraissé game, and link it to the concept of generated submodels.

Definition 3.5 (Partial Isomorphism) Let M and N be two hybrid models. A function h
from a subset of M to a subset of N is called a partial isomorphism if

1. h is a bijection;
2. for all z in the domain of h, for alla € PROP U NOM, z € V™(a) iff h(z) € V™ (a);
3. for all z,y in the domain of h, R™xy iff R™h(z)h(y).
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Generated back-and-forth systems Let 9t and 9 be two first-order models in the hybrid
signature. A generated back-and-forth system between 9t and 9 is a non-empty family ¥ of
finite partial isomorphisms between 2t and 91 satisfying the following two extension rules:

(©-extension)

- (forth) if h € F, z in its domain and R™zy, then hU{({y,y')} € F for some y' € N.
- (back) if h € F, z in its range and R™zy, then h U {(y',y)} € F for some y' € M.

(nominal extension)

- (forth) if A € F and there exists an z € M such that V™(i) = {z} for some
nominal i, then there exists an 2’ € N such that h U {(z,2")} € F.

- (back) a similar condition backwards.

Let m € M and n € N. Then (9, m) =g (M, n) means that there exists a generated back-
and-forth system between 9t and 91 which connects m and n. More generally, let m (7)
be a finite M-tuple (N-tuple). Then (901,m) =g (91, n) means that there exists a generated
back-and-forth system between 9t and I, containing a partial isomorphism which sends m(7)
to n(i).

Note how closely this definition follows the familiar one from first-order logic (cf. e.g., [Hod93]).
In fact, if we think of such a system as describing an Ehrenfeucht-Fraissé game, then the sole
difference is that in the “generated back-and-forth game” the universal player (Vbelard) must
choose his moves from R-successors or worlds named by a nominal, whereas he can play
whatever he likes in the full first-order game. Unsurprisingly, restricting the play to accessible
worlds means that generated back-and-forth systems and generated submodels are closely
connected.

Definition 3.6 (Generated Submodel) Let M = (M, R, V) be a hybrid model and S C
M. Let NOM denote the subset of M whose elements are in the interpretation of some
nominal. The submodel of M generated by S is the substructure of M with domain {m €
M | 3s € SU NOM(R*sm)} (R* is the reflezive and transitive closure of R). This is also
called the S-generated submodel of 9.

Note that if NOM = (), we obtain the familiar modal notion of a generated submodel; and
that if in addition S is a singleton set, we have the usual modal notion of a point-generated
(or rooted) submodel.

We now define two notions of invariance. The first is taken from [Ben83]. A first-order
formula ¢(z) in free variables Z in a signature with one binary relation R, unary predicates
and constants (and equality) is invariant for generated submodels if for all models (90, m)
and (9, m) such that M is the m-generated submodel of M,

M = @(m) if and only if M' = ().

In a similar spirit, we shall say that a first-order formula ¢(z) in the same signature is invariant
for generated back-and-forth systems if for all models (9, 7n) and (91,7), (I, ™) =g (N, 7)
implies

M k= () if and only if N = ¢(7A).
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Theorem 3.7 Let ¢(Z) be a first-order formula in the hybrid signature. Then the following
are equivalent.

i. ¢(Z) is equivalent to a formula in the bounded fragment.

1. p(Z) is invariant for generated submodels.

111. (Z) is invariant for generated back-and-forth systems.

Proor.
i. = 4. is obvious.
1. = 1. First note that ¢(z) is invariant for generated submodels if and only if —p(z) is.
Now suppose ¢(Z) is invariant for generated submodels but not preserved under generated
back-and-forth systems. Then we have models (91, m) and (91, 7), a generated back-and-forth
system linking m and 7, and 9 |= ¢(m) while N = (7).

Let M (N') be the m- (f) generated submodel of M (MN). Then still M’ |= ¢(m) and
N’ = (@), by invariance. Clearly (9, m) =g (91, n). But then (M, m) and (M, n) have
the same first-order theory by the following argument. Because (9, m) =g (97, n) holds,
dloise has a winning strategy in all games where Vbelard only plays immediate R-successors
or points named by a nominal. But since the models are generated, in the first-order back-
and-forth game he can only play worlds which are accessible by a finite R-transition from
either the root or one of the named worlds. But then she can compute a winning answer
for the classic Ehrenfeucht-Fraissé from her winning generated back-and-forth strategy. This
contradicts the claim that M’ = ¢(m) and N = —p(7A).

115. = i. We use a van Benthem style diagram-chasing argument [Ben96]. We only provide
the outline. Let ¢(Z) be as in the hypothesis and BC(p(Z)) the bounded consequences of
¢(z) (that is, the consequences of (z) that belong to the bounded fragment). We will show
that BC(p(z)) = ¢(z), from which the result follows by compactness. (In this notation we
interpret the Z as constants, or equivalently we use the local version of first-order consequence,
cf. [End72].)

If BC(p(z)) is inconsistent we are done. Otherwise, let 91, m be a model of BC(¢(z))
and 91,7 be a model of ¢(Z) together with the bounded theory of M, m. (Such a model can
easily be shown to exist.) Take w-saturated extensions M, m and N*,n. Create a family
F of finite functions between M+ and Nt as follows: f:Z — 7 is in F iff ', 7 and N, 7
make the same bounded formulas true. It is easy to show that F is a generated back and forth
system linking 7 and n. Now we can start diagram chasing: 0N |= ¢(7) then (by elementary
extension) N* | ¢(7), then (by invariance) M = ¢(m), then (passing to an elementary
submodel) M |= (M) as desired. QED

3.3 Hybrid bisimulations

We have just seen that by weakening the notion of an Ehrenfeucht-Fraissé game we can link
the bounded fragment (and hence H({,@)) with generated submodels. But in spite of its
binding apparatus, H (|, @) has a distinctly modal flavor. Is it not also possible to strengthen
the notion of bisimulation (the standard notion of equivalence between models used in modal
logic) with clauses for | and @, and so characterize H(J,@) in intrinsically modal terms?
That’s what we will do in this section. The approach has an advantage over the use of
generated back-and-forth systems: preservation results can be easily obtained for reducts as
well.
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Recall that for ordinary propositional modal logics, bisimulations are non-empty binary
relations linking the domains of models, with the restriction that only worlds with identical
atomic information and matching accessibility relations should be connected (see Definition
3.7 [Ben83|; here bisimulations are called p-relations). Now, if we want to extend this notion
to H(}, @), we need to take care of assignments to world variables as well. To this end,
hybrid bisimulations will not simply link worlds, rather they will link pairs (m, m), where
m is a world and /m is an assignment. We start by defining k-bisimulations, which are the
correct notion of bisimulation for formulas ¢ such that WVAR(y) C {z1,... ,zx}-

Let 9t and 91 be two hybrid models. Let Xbea binary relation between

EM x M and *N x N. So £ relates tuples ((my,... ,mg), m) with tuples ((n,... ,nx),n). We
write these tuples as (m, m). Notice that m can be seen as an assignment over (z1, ... ,2x).

k-bisimulation.

A non-empty relation X is called a k-bisimulation if it satisfies the following properties

(prop) If (m,m) b (A,n), then m € V™(a) iff n € V™(a), for « € PROP U NOM.
(var) If (m,m) k (7, m), then for all j <k, mj =m iff n; = n.

(forth) If (m m) (A,n) and R™mm/, then there exists an n' € N such that R™nn' and
(7, m") & (7, ).
(back) A similar condition from 91 to M1.
(@) If (m, ) (@,
(m,m') & (7,
_ k
() I (m,m) ~ (7,

Note that since | and @ are self-dual, we can collapse the back and forth clauses for these

n), then for every nominal i € NOM, if m' € V™ (i) and n’ € V™(4) then

n'), and for every j < k, (m, m;) k (7, nyj)

n), then for every j < k, (md,,m) k (4, n).

modalities into one. We write 90T x N if there exists a k-bisimulation between the two models.
To extend the notion to the full language we need to add only one further condition.

w-bisimulation. Let 9t and 9 be two hybrid models. An w-bisimulation between 2T and
N is a non-empty family of k-bisimulations satisfying the following storage rule:

(sto) If (i, m) & (@,n), then (m * m,m) "L (7 + n,n).

Here and elsewhere, m*m denotes the tuple obtained from concatenating / and m. Let m (7)
be an M-tuple (N-tuple). Then (91, 7m) < (9, 7) means that there exists an w-bisimulation

between 9t and 91 such that (m,m(0)) £ (n,n(0)), for k the length of m.

Some remarks. First, k£ and w-bisimulations can be restricted to a given set of propositional
variables and nominals PROP U NOM by restricting (prop) and (@) accordingly. Second,
the modular definition of £ and w-bisimulation will lead to results for reducts of the language
as well. For instance if we delete | from the language, we just delete the ({) clause from the
definition of bisimulation and we obtain the appropriate notion for H(@). Of course, if we
delete the variables from the language, we don’t need the assignment tuples anymore, and the
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bisimulation becomes just a relation between worlds, as usual. Then for the language without
4, @ and variables, the standard definition of bisimulation applies (the condition (prop) takes
care of the nominals). If we add @ to this language, we just have to add the following clause

(@') For all nominals i, if V™ (i) = {m} and V(i) = {n}, then m ~ n.

Preservation results for all these alternatives can be given (the required proofs follow much
the same lines as the proofs below) and we shall prove one such result in Section 7.

The first important fact about hybrid bisimulations is that they preserve truth:

Proposition 3.8 Let 9 and 9 be two hybrid models, m € M, n € N. Then,
. If M k N, with E over a given set PROP U NOM, then for all formulas ¢ over the
stgnature (PROP, NOM, {z1, ... ,zt}), (M, m) k (A, n) tmplies M, m,m - o & N, A,n - p.
i. If (M, m) 2 (M, n), with < over a given set PROP U NOM, then for all sentences ¢
over the signature (PROP, NOM, WVAR), M, m |t ¢ < N, n It ¢. (Recall that for sentences
the choice of assignment 1is irrelevant.)

PROOF.
1. By a straightforward inductive argument.
i, Let (9, m) ~ (9M,n) and let ¢ be a hybrid sentence. Then it contains variables (after

renaming) say {z1,...,zx}. We have ({(m),m) A ({n),n), so k—1 applications of the storage

rule give us (m, m) ~ (A, n), where  is a k-tuple consisting of m’s and similarly for A. But
then, by 7., M, m, m Ik p < M, A, n - @, whence since ¢ is a sentence M, m IF p < N, n Ik .
QED

The notion of k-bisimulation has a distinct modal flavor. But a very first-order notion is
hidden inside: partial isomorphism.

Proposition 3.9 Let k > 2, and let 9N X N. If (m,m) & (n,
as f(m) =n and f(m(:)) = n(i) is a partial isomorphism between {m(1),...

{n(1),... ,n(k),n}.

PROOF. The map f is a bijection by (var) and (@). By (prop) and (@), f preserves
nominals and propositional variables. To see that it preserves the accessibility relation suppose
R™zy. There are three cases.

(Case 1: £ = m, y = m;.) Then by (forth) there exists an n' such that R™nn/ and
(m,my) k (A, n'). But m(i) = my, so by (var), n' = A(i), whence R™nf(m(s)).

(Case 2: £ =m;, y =m.) Let j # 1. Such a j exists because we assumed that k& > 2. By

k k

(1), (1dn, m) ~ (#h,n). Then by (@), (min, ms) ~

(Case 3: z =m;, y=m;.) By (@), (m,m;) k (7, n;). Now continue as in case 1.
Thus R™Mzy implies R” f(z) f (y). For the other direction use (back) in the same way. QED

n), then the function f defined
,m(k),m} and

(n#,n;). Now continue as in case 1.

Note that the condition k > 2 is crucial. We use it together with (}) to store the information
about m. Of course in a model where Rm;m holds, we have m,m || z;.Q,, Ox;.

Thus there is a clear link between our earlier work on generated back-and-forth systems,
and the next theorem shouldn’t come as a surprise:
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Theorem 3.10 Let (M, m) and (N, 1) be two models. Then the following are equivalent:
i (9, m) < (N, 7).
it. (M, m) =g (M,7).

PROOF.
i. = @i, Let (MM,m) X (M, 7). Define a family ¥ of maps as follows: f € F if there exists
(z,=") k (%,9') and f is defined as in Proposition 3.9.

Clearly m and n are connected by a map. By Proposition 3.9 all maps are partial isomor-
phisms. We show the forth side of (nominal extension); all other conditions have a similar
proof. Suppose f € F and z € M and V™ (i) = {z}, for some nominal i. Then for some Z,

z, §, vy, (T,2') k (9,y") by definition of F. Then (z * z', z') o (F*y',y') by (sto). But then
by (@), (Z * z',2) R (g*y,2") for VI(3) = {z'}. Thus the wanted extension is in F.

1. = i. Let (M, m) = (M,n). We define an w-bisimulation in the obvious way: for any
f € F, for any k, for any tuple m in the k-th power of the domain of f and for any m in the
domain of f, we set (m,m) k (fm, f(m)). It is easy to check that this is an w-bisimulation.
QED

It is possible to prove a direct characterization result for (|, @) in terms of invariance for
k-bisimulations, using again a diagram chasing argument. We're not going to do this here
since in the next section we shall take a detour via the bounded fragment to reach the same
result. It is also possible to develop k-pebble versions of generated back-and-forth systems;
this notion takes the exact number of variables used in formulas into account. It is not difficult
to see that k + 1-pebble generated back-and-forth systems correspond to k-bisimulations, but
we won’t follow up these matters here.

4 Harvest

It is time to draw together the threads developed in the previous section. First we note their
consequences for H (|, @) expressivity over models. Then we note the consequences for frames
and what this tells us about hybrid completeness. Finally we note the consequences for hybrid
tense logic.

4.1 Expressivity over models

We have the following five-fold characterization of H({, @):

Theorem 4.1 Let ¢(Z) be a first-order formula in the hybrid signature (with equality). Then
the following are equivalent.

i. ¢(Z) is equivalent to the standard translation of a H({, Q) formula.

ii. @(Z) is invariant for generated submodels.

iti. @(T) is invariant for generated back-and-forth systems.

iv. @(Z) is invariant for w-bisimulation.

v. ©(Z) is equivalent to a formula in the bounded fragment of first-order logic.

ProoOF. By Corollary 3.4, Theorem 3.7 and Proposition 3.8. QED
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But these have obvious consequences for the ordinary modal correspondence language. In
particular, if we consider nominal-free hybrid sentences, then we obtain a five-fold character-
ization of the fragment of first-order logic in the classical modal signature which is invariant
for generated submodels:

Corollary 4.2 Let ¢(z) be a first-order formula in the modal signature with equality. Then
the following are equivalent.

1. p(z) is equivalent to the standard translation of a nominal-free H(|,@) sentence.

it. p(z) is invariant for generated submodels (now in the standard modal sense).

iti. () is invariant for R-generated back-and-forth systems, where an R-generated back-
and-forth system is a back-and-forth system satisfying only the ¢-extension rule.

. @(z) is invariant for w-bisimulation.

v. @(z) is equivalent to a formula in the bounded fragment of first-order logic without
constants.

4.2 Frames and completeness

Recall that a frame § is a pair (W, R) (that is, a model without a valuation). Since the late
1950s, one of the central topics in modal logic has been linking modal formulas to properties of
frames and investigating when they give rise to complete axiomatizations for the frame classes
they define. The work of the previous section easily yields a characterization of the frame-
defining abilities of pure nominal-free sentences. Moreover, the axiomatic investigations of
[BT99] (and indeed, the tableaux-based investigations of [Bla98]) show that there is a perfect
match between definability and completeness for pure nominal-free sentences. By combining
these results we obtain matching definability and completeness results for a wide range of
first-order definable frame classes.

In modal correspondence theory, the first-order language (with equality) over the signature
consisting simply of a binary symbol R is called the (first-order) frame language. We shall call
a formula ¢ in the frame language containing exactly one free variable a frame condition. The
class of frames defined by a frame condition ¢(z) is the class in which the universal closure
Vzp(z) is true; we call this class FRAMES(Vz.¢(z)).

Before proceeding further, two simple observations are in order. First, note that if we
apply the standard translation S7' to a pure nominal-free sentence « , then S7'() is a frame
condition with free-variable z. Furthermore, note that for any frame § = (W, R) we have that
F Ik a iff § Ik Vz.ST'(); this is an immediate consequence of the definition of frame validity
(see Definition 2.4).

Theorem 4.3 Let K[H({, Q)] be the aziomatization given in Section 2, and for any hybrid
sentence a let K[H(],@)] + a be the system obtained by adding o as an additional aziom.
Then, if o(z) is a frame condition and p(z) is invariant under generated submodels (in the
usual modal sense) we have that:

1. If ¢(z) is in the bounded fragment, then the pure nominal free sentence | z.HT'(p(z))
defines FRAMES(Vz.p(z)). Moreover, K[H(}, Q)]+ | z.HT'(p(z)) is strongly complete
with respect to FRAMES(Vz.p(x)).

1. If p(z) is not in the bounded fragment, there is a pure nominal free sentence o such that
a defines FRAMES(Vz.p(z)), and ST'(c) is equivalent to o(z). Moreover, K[H(|, Q)]+ a
is strongly complete with respect to FRAMES(Vz.p(z)).
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Conversely, if a is pure nominal-free sentence, then a defines FRAMES(Vz.ST'(a(z))), and
K[H({,Q)] + « is complete with respect to FRAMES(Vz.ST' (a(z))).

PROOF. The converse condition was proved in [BT98], so let’s examine the other direction.

For item 1., we first remark that as ((z) belongs to the frame language, it contains no
unary predicate symbols, hence H1'(¢(z)) is a pure formula; that | z.HT (¢(z)) is a pure
nominal-free sentence is thus clear. Now, by Corollary 3.3, for any model 9 = (F,V) and
any m € M,

(8, V) Ee(m) iff (3,V),mI-|z.HT ().
But this means that
(3.V) F Vap iff (3,V) o HT(p).

But as ¢(z) contains no unary predicate symbols (and | z.H1'(¢) no propositional variables)
V is irrelevant, and hence

5 EVz.o(z) if FIFlz.HT (p).

But this means that | 2. HT (¢(x)) defines FRAMES(Vz.¢(z)). Completeness follows using the
arguments of [BT98].

For item ii., we know that ¢(z) being invariant under generated submodels is equivalent
to a formula in the bounded fragment — but is it equivalent to a frame condition ¢'(z)? In
fact, this can be established by modifying the diagram chasing argument used in the proof of
Theorem 3.7. The key point to observe is that instead of showing that BC(¢(z)) = ¢(z), we
can show by the same method that ¥C(p(z)) = ¢(z), where FC are all the frame conditions
implied by ¢(z). Thus there is an equivalent frame condition ¢'(z), and we can take a to be
Jz.HT(¢'(z)). The remainder of the proof is as for item i. QED

4.3 Hybrid tense logic

The characterization results have a particularly natural interpretation in the setting of hybrid
tense logic. Recall that in tense logic we write O as G, < as F, and that we also have at our
disposal an operator H (a O-operator that scans the converse of the accessibility relation)
and its dual P (a ©-operator that scans the converse of the accessibility relation). It is
straightforward to hybridize tense logic by adding nominals, @ and | (though now it is more
natural to talk of ¢{ime variables rather than world variables) thus forming the language
H:(l,@). To cope with the backward looking operators, tense logic requires a slightly more
liberal notion of generated submodel: a point ¢ belongs to the submodel temporally generated
by a subset S if ¢ is reachable from some point s € S by making a finite sequence of moves
through the accessibility relation, where both forward and backward steps are allowed. The
characterization results we have proved hold for H:(|,@) under this notion of generated
submodel.

But let’s press matters a little further. Note that in nominal-free sentences of H:(|, @),
all occurrences of @ are eliminable. As a simple example, consider the definition of the Until
operator:

Until(p,) = |z.F |y.Qz(F(y A ) AG(Fy — ¢)).

(This is simply the definition given in Section 2 written in tense logical notation.) But observe
that the following nominal-free sentence has the same effect:

Until(p,v) = Lz.F Ly.P(z A (F(y A @) A G(Fy — 9))).
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That is, instead of retrieving the point named z using the @ operator, we can “reach back”
for this point using P.

This observation (first made in [BS98]) is completely general. As long as a H (|, @) formula
doesn’t contain nominals or free time variables, it will always be possible to simulate @ by
zig-zagging back to the binding point using the tense operators. More precisely, suppose a
nominal free sentence ¢ has a temporal depth of n (that is, the maximal depth of embedding of
tense operators is n) and that ¢ is satisfied at a time m. Then when we evaluate a subformula
of ¢ of the form @, at some point m' (note that m' cannot be more than n forward and back
steps from m) then we know that z must bound to a point m” (which is also not more than
n forward and back steps from m). Hence m' and m" are separated by at most 2n (forward
and back) steps. We can define an operator @%" that allows us to zig-zag to a named time
lying within 2n steps as follows. Let ZZ2n be the set of all non-empty finite sequences of F
and P operators of length at most 2n. Then for any formula v and any variable z we define:

@y = (eAg)v \/ Z@nrg).
Z€elZ2n
Hence, given a nominal free sentence ¢ of temporal depth n, we eliminate all occurrences of
@ as follows. Let @, be a subformula of ¢ where 1) contains no occurrences of @. Replace
@, by @29} to form ¢'. Repeating this procedure (starting with ¢') produces an equivalent
nominal-free sentence containing no occurrences of @. Thus, in the setting of tense logic, our
characterization results for nominal free sentences go through without the help of @.

This is a pleasing result, for there are also non-technical reasons for viewing H.(]) as a
key system: this language can be viewed as a marriage between the ideas of Arthur Prior and
Hans Reichenbach.

That H:(|) captures the idea of Arthur Prior is clear: tense logic was invented by Prior
precisely to capture the “internal” perspective on time which underlies temporal discourse
in natural language (see in particular [Pri67]). But while the Priorean perspective gets a
lot right, it misses a crucial fact about temporal discourse: tenses are very often referential.
That is, tenses in natural language often achieve their effect by referring to specific points
of time, and many semantic distinctions between natural language tenses cannot be drawn
without taking referential effects into account. The importance of temporal reference was
first made clear in the work of Hans Reichenbach, and many modern theories of tense (for
example, [Com85]) adopt a fundamentally Reichenbachian stance.

It should be clear where this is heading: | can be seen as the Reichenbachian device par
ezcellence. In a sense, | gives us a sort of generalized present tense; it enables us to “store”
an evaluation point, thereby making it possible to insist later that certain events happened
at that time, or that certain other events must be viewed from that particular perspective.
This is precisely the kind of expressive power we need to encode Reichenbach’s ideas. And
crucially, the use of | does not in any sense conflict with Prior’s use of tense operators. Quite
the reverse: F, P, and | work together beautifully. No auxiliary apparatus (not even @) is
required to blend the two approaches, and the result is a language which exactly captures
first-order temporal reachability.

5 Interpolation

In this section we show that #({,@) is well behaved in yet another sense: it has the inter-
polation property. Interpolation is a much studied notion. Originally considered a property
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of deductive systems, it was proved for first-order logic in [Cra57] using a proof theoretic
argument. We shall view interpolation as a property of consequence relations and will prove
it using semantic arguments (as is done, for example, in [CK90]).!

Before plunging into the details, note that in modal logic we can distinguish between
strong arrow interpolation (AIP) and weak turnstile interpolation (TIP). AIP implies TIP,
but not conversely. We will prove AIP for H(|, @), disprove AIP and TIP for its finite variable
fragments (our earlier work on k-bisimulations will enable us to construct counterexamples
fairly straightforwardly) and show that TIP interpolation holds for the sublanguage H(Q).
Here are the definitions of these concepts:

ATP A logic L has the Arrow Interpolation Property (AIP) if, whenever =1 ¢ — 1, there
exists a formula 6 such that = ¢ — 6, =1 6 — ¢ and IP(0) C IP(p) N P(y).

TIP A logic L has the Turnstile Interpolation Property (TIP) if, whenever ¢ =r, 9, there
exists a formula 6 such that ¢ =1, 0, 0 =1 ¢ and IP(0) C P(p) N P(v).

For first-order logic these notions are equivalent, but in modal logic this is not the case (as
we see below, equivalence depends on both compactness and the availability of a deduction
theorem; cf. also [Cze82]). Further, note that the meaning of TIP depends on the way we
define the consequence relation ¢ |= 1. In Section 2 we introduced two consequence relations:
local consequence and global consequence (see [Ben83] or [MV97] for a discussion of their
relative merits). So there are two plausible definitions of the turnstile interpolation property,
TIP"¢ and TTPY®.
In modal logic these different notions of interpolation are related as follows:

Proposition 5.1
i. AIP and TIP"¢ are equivalent.
i. If the local consequence relation is compact, then AIP implies TIP9.

For this reason, from now on we take TIP to be defined using the global consequence relation.
AIP and TIP are often referred to as the strong and weak interpolation properties respectively,
and we shall sometimes use this terminology.

We turn to the technicalities of the interpolation result. As is usual in interpolation proofs,
where language related issues require special care, we replace the standard notion of consis-
tency

Definition 5.2 (Consistency) Let 1" be a set of formulas in L. Then T is consistent iff
there is a model 9, an m € M, and an assignment g such that for all p € T, M, g, m IF .

by the finer-grained notion of separability

Definition 5.3 (Separability) Let T',U, L be sets of formulas in L. We say that the pair
(T,U) is separable with respect to L if there exists a formula 6 € L such that T' |= 6 and
U | —0. (I,U) is inseparable with respect to L if it is not separable with respect to L.

We are ready to prove the main result of this section.

!Jerry Seligman has recently announced a proof-theoretic proof of interpolation for # (|, @). However his
proof has not yet been made available.
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Theorem 5.4 (Arrow Interpolation for H(|,@)) Let p and ) be formulas in L such that
=@ — . Then there exists a formula 6 such that

i. Ee—0and =0 — .

ii. IP(6) C IP(p) N IP(3).

PROOF. Suppose we are given formulas ¢¢ and 1) such that there is no interpolant for
o — 1p. We will prove that %= ¢y — 1o by producing a model 9 = (M, R,V) and an
assignment g such that for some m € M, 9, g, m I py A =1y (the proof follows the method of
[CK90] in which two connected models are simultaneously built using fresh constants). Hence
we will have shown the contrapositive.

We can assume that {¢o} and {—)o} are consistent (for if they are not, then either L
or T is an interpolant). Furthermore they must be inseparable over the formulas in £ with
propositional variables and nominals in IP(wg) N 1P (vhg).

Let £’ be the hybrid language over the signature (PROP, NOM U N, WVAR ), where
N = {ng,... ,nk,...} is an countably infinite set of new nominals. For any formula ¢ define
the restricted language £, as {¢ € L | IP(§) C IP(p)} and similarly for £'. Let £y y, =
[,I(Fﬂ n E’¢ﬂ .

Prye- 3 Phy- -
Let 1:blw" 71/)/01“'

We define the sequences,

be an enumeration of all formulas in L'y,
be an enumeration of all formulas in £'y,.
{no}U{po} =To CTh CTr C ...
{no}U{~h} =0y CU, CU C ...

as follows:
e If T, U{p;} and U; are separable over L',y then 1,1 = Tj, else

— if ; # Q,s and @; # Q,O¢' for s € WSYM, then 11 = 13 U {¢p;},
— if ; = Qgs, then Ty =15 U {p;} U{Q,(ng A s)}, for ny € N\NOM(Zj U Uj;),
— if p; = @,O¢/, then T 1 = 15 U {;} U{Q,O(ny A ¢')}, for n, € N\NOM(Z}; U
Uj U{gs})-
e If 1,1 and U; U {4;} are separable over L'y, then Uj ;1 = Uj, else

— if ¢; # Q,s and ¢; # Q, Oy for s € WSYM, then Uj 1 = U; U {45},
— if 1p; = Qqs, then Ujq1 = U; U{1h;} U{Q,(ng A s)}, for ng, € N\NOM(Z}41 UTj;),
— if ¢p; = @, O, then 111 = 15 U {p;} U{Q;O(ny AY')}, for ng, € N\NOM (741 U
Uj U{e;})-
The fresh nominals play the same role as Henkin witnesses in first-order proofs: they ensure
that we obtain models in which every world has a name. Define

T,=|J1; and U,=|JU;

JjEw JEw

Claim 1 For all j € w, (13, U;) is inseparable with respect to L', y,. Whence (1,,,U,) is an
inseparable pair with respect to L', y,. Furthermore T, (resp. U,) is mazimal consistent in
L'y, (resp. L'y,). In particular, for all € L' 4,4, 6 € Ty, < 0 € U,
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PROOF OF CLAIM. The proof is by induction on j. Separability /inseparability below is with
respect to L'y, except when otherwise mentioned.

BASE CASE j = 0. Suppose (Tp, Up) is separable. Then there is a formula 6 € L', 4, such
that = ng Ay — 6 and = ng A 1y — —0. 0 might contain some nominals of N, say
{niy,-.. ,mi },k > 0. Let zg,2,,...,2;, € WVAR which don’t occur in ¢g,v,0. We will
write 0[zoz;, ... ;| for the formula obtained from 6 by replacing n;; by z;;, and ng by =o.
Then, making use of the complete axiomatization given in Section 2, we have:

F @0 — (no — )

Elzi, (0o = (no — 0[z4,])) Proposition 2.6

E o = (ng =z, 0z ]) Q1 twice

E o = (no =iy ... Lwi Ozi, ..., z45,)) Similarly

=l zo.(wo = (z0 2 ziy. ... L 24, Bz0i, ... ,24,])) Proposition 2.6
E oo >lzo.(mo =l ... Ly, Olzom, ..., 24,])) Q1

E o =Lz dziy. ... dai, Ozomi, ... i, Q3

‘Z —|’L/)[) — (ng — —|0)

E o —lzo. Ly ... La 0oz, ., @i As before

E g = oz LTy .. Lz Olzoziy - . T4, | Self Dual;
Olzozi, ... , 25, is a formula in L,y N Ly, and thus ({¢g}, {-1po}) is separable over Ly, N Ly,.
Contradiction.

By using the inductive hypothesis “(7},U;) is an inseparable pair” and going step by step
through the construction, the inseparability of (1)1, U;1) is easily established. <

To start the construction of our model, we recall the notion of pasted maximal consistent sets
(MCS) and labeled models from [BT99]. A maximal consistent set I' is pasted if

@;¢ € T implies for some nominal i, @4(i A p) € [ and

@;Cp € I' implies for some nominal 4, @, O3 A ) € T
A pasted MCS T is labeled by a nominal 7 precisely when i € I'. Let I' be a pasted MCS

labeled by a nominal, then for all world symbols s appearing in T, let Ay o {p| Qyp eT}.
Then the labeled model yielded by I is It = (M, R, V'), where

M = {A, | s is a world symbol in '},

RAN' iff { | Op € A} C A,

A € V(p)iff pe A, for p a propositional variable or nominal.
We define the natural assignment g : WVAR — M by g(z) = {m € M | z € m}.

By construction 7, and U, are pasted MCSs labeled by the nominal ng € N. Let M, =
(Mg, Ry, Vi) be the labeled model obtained from 1;, and My, = (My,, Ry,, Vy,) the one
obtained from U,. We denote by A%° (resp. AZ’“) the elements of M, (resp. My,).

Claim 2

i ALY =T, and AL = U,

ii. For AY® ¢ My, there is n € N such that n € AL° (or equivalently AT = AF°).
Similarly for AY® € My, -
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Proor or CLAIM.

i. We show that A% = 7,,; the other case is similar. A} is an MCS because @,,, is self-dual.
So it is sufficient to show that A7 D 7,. Let ¢ € 1, by Introduction |= ng A ¢ — @y .
Because @, ¢ € l.',’me ng € 1, and 1}, is maximal in this language, @, ¢ € I;,. By definition
P € AR,

ii. By [BT99] Lemma 4.3.5 we have n € A7® = A¥° = Af°. We prove the case for My Qss
is a formula in L';,, hence @,s = ¢; for some j, and furthermore a theorem. Hence {@,s}
will be added to 711 together with @,(sAnyg) for a new nominal ny. It follows that ng € Af°
and hence A% = AZ°. <

From Claim 2 using results in [BT99] it follows that 9, and My, are hybrid models satisfying
a Truth Lemma, and the natural assignment g defined as g(z) = {m € M | z € m} is an
assignment. Thus we obtain

My, G AT I 0 and My, gy, ALY - . (1)
Furthermore the two models are very closely related.

Claim 3 Let a function h : M,, — My, be defined as h(AF°) = AY, forn e N. Thenhisa
bijection which respects the accessibility relation and the propositional variables and nominals
in the common language L' ,y,. Moreover, g% = ho g, for g the natural assignment.

PROOF OF CLAIM. h is defined at every member of the domain of 91, by Claim 2.7 and
the fact that for any n € N, both Af® and A¥° are uniquely defined.

Moreover, h is a bijection because @, T € 1, iff @, T € U, and in M, and Iy, nominals
are interpreted as singletons.

For all proposition variables p in L'y, we have AZ® € V¥°(p) iff @,p € T, iff @,p € U,
iff h(A%") € V¥0(p). For the relation R, (A°, A¥?) € R¥ iff @,0n’ € 1, iff @,On' € U, iff
(R(A%), R(AE?)) € R¥0. A similar argument shows g¥° = h o g#°. <

Since the two models share the same frame, and agree on the common language, there is a
model 91 for the union of the two languages which has 9, and MMy, as reducts. But then
by (1), M, g, An, IF w0 A —1pg, and we have proved the contrapositive. QED

Actually, we can prove a stronger result: we can restrict the free variables occurring in
the interpolant € to only those appearing both in ¢y and 1y. Reason as follows. Assume
E ¢o(z,2) = vo(y,2); here we explicitly show the world variables free in ¢y and g and
indicate which are shared. Now by Proposition 2.6 we can replace free variables by new
nominals 1, 1, and 7, such that = ¢g(1z,1.) — %0(iy,1.). Use Theorem 5.4 to find an
interpolant 6(s,4,). The § are free variables that might appear in 0; we can assume s disjoint
from %,§,2. By Nec| and (1 we obtain = ¢g(4z,4.) —15.0(2;) and £} 5.0(2.) = vo(iy,12).
We now rename again the formulas to the original z, y, z and the interpolant will only contain
free world variables common to ¢y and ).

Furthermore, note that nothing in the proof is intrinsically tied to the number of modalities
in the language. In other words, arrow interpolation also holds for the multi-modal versions
of #({,@) if modalities are allowed freely in the interpolant.

Corollary 5.5 Multi-modal H(J, @) has arrow interpolation if no restriction on occurrences
of modalities is imposed for the interpolant.
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However when we restrict the interpolant to contain only the modalities in the common
language, then interpolation does not follows immediately, especially if the modalities interact
(for example, if the theory contains axioms involving more than one modality; see [Mar99]
for examples of this type). Nonetheless, we advance the following conjecture:

Conjecture 5.6 Multi-modal H(J, @) has arrow interpolation even if the interpolant’s modal-
ities are restricted to the common language.

On the other hand, it is clear from the proof that the number of world variables needed cannot
be bounded (they are used to quantify away the nominals in the proof of Claim 1). Indeed,
if we restrict H(},@) to only a finite number of variables, then arrow interpolation fails.
Because we have the notion of a k-bisimulations at our disposal, it is fairly straightforward to
provide counterexamples. Let’s consider first the case of H({, @) restricted to only one world

variable. Take the models
0, @, OO,
M

PN »
O, )

p=0@AYNO(-pAG AO(-pA—q)
P =(OrAO(r = 1)) = (O(-r AJ) = O(=r A=)

and the formulas

It is easy to prove that ¢ — 1) is valid: in any model having a world with at least three
different accessible worlds, if there is a unique accessible r—world and one of the accessible
—r-worlds is named by the nominal j, then the second accessible —r—world is named —j.
Furthermore, M and N 1-bisimulate in the common (empty) language via the relation

(m,m') L (n,n') iff depth(m) = depth(n) & depth(m’) = depth(n’) & (m =m' & n =n'),
where depth is the distance from the root.

Finally, ¢ is true in 9, a, while 1) is false at 9, a’ which proves that an interpolant on only
one variable does not exist?. Actually, not even an interpolant in two variables exists as also
a 2-bisimulation between 2T and 91 can be defined.

Notice that the heart of the counterexample is just a counting argument, which can be
reproduced for the other finite variable fragments of (], @) by taking bigger and bigger
models 9t and 91 exhibiting the same basic pattern. Hence:

Theorem 5.7 Strong interpolation (AIP) fails in all finite world variable fragments of
H(l, Q).

2The formulas ¢ = Op A O—p and 1) = Oi = O-i provide a simpler counterexample to strong interpolation
in the one-variable fragment, but they have OT A (Oz — <O-z) as weak interpolant. The more complex
example proves failure in the weak case also.
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A more complex counterexample based on the same idea can be set up to prove failure of
weak (turnstile) interpolation. Take the same formulas ¢ and v as before; clearly ¢ =92 1.
Take now the model 9 and define 9" by linking new copies of by, b1 and b2 to each terminal
world in 1. Let 9N, be the infinite model obtained by iterating this operation w times and
similarly for 9,,. Now 21, makes ¢ globally true. Suppose 6 is an interpolant on one variable.
Then as ¢ =9 0, 0 is globally true at Mt,,.

We need something stronger than a mere 1-bisimulations linking 9%, and 91,,, as we want
to transfer global truth. With ordinary modal languages, requiring ~ to be total and surjective
is enough, but we have to take care of assignments as well. We shall say that a k-bisimulation
between M and N is full if for every pair (M, m) € *M x M there exists (7i,n) € *N x N such

that (m,m) k (n,n) and vice versa. If we can define a full 1-bisimulation between 9, and

N, then N, '=9l" 0. But ~ defined as in the previous case is indeed full. Hence, as 6 \:91" P,
1 should be globally true in 9, — but it is not.

Theorem 5.8 Weak interpolation (TIP) fails in all finite world variable fragments of
(1, ).

It is not difficult to see that in both cases (arrow and turnstile)
0 =l2.0(y-Qx(O(1¥".@u(O(y A ) AO(my AY) A O(my A )

(a sentence in 3 variables) is an interpolant.

Finally, we see from the proof of our main result that the | binder is needed in Claim 1. So
what about interpolation in the sublanguage H(@)? We can again use models 9t and 0 to
prove that arrow interpolation fails. We use the restricted version of k-bisimulation which
leaves out condition ({). In this framework we can define for any k, a k-bisimulation between

9 and 9N such that for any m € *M and any 7 € * N, (n, a) k (71, a'). This proves that there
is no arrow interpolant for ¢ — 1) in H(@).

Theorem 5.9 Strong interpolation (AIP) fails in H(Q).

But weak interpolation holds for H(@) because the role of | is played by the implicit quantifi-
cation in the definition of ¢ =9 ¢. (Another way of looking at it is to say that the definition
of =9% sneaks in implicit quantification using the global hybrid binder ¥ mentioned in the
introduction.)

Theorem 5.10 Let ¢ and 3 be sentences of H(Q) such that ¢ =9 4. Then there is a
formula 0, which may contain additional free variables, such that

i. ¢ =90 and 0 |=9% 1.

ii. IP(6) C IP() (1 IP(4).

OUTLINE OF PROOF. We outline how the proof of arrow interpolation for #({, @) should be
modified to obtain the result.

First, the construction of the pasted sets 1, and U, needs to be adjusted as we need
to ensure that the labeled models obtained from them make ¢¢ and =1y globally true. To
that end, whenever we run into a formula of the form @,s or @,O¢ we paste not only a new
nominal ng but also the formulas we want to make globally true. For example one clause in
the definition of 7}, ; would read
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— if @; = @Qgs, then 111 = T U {p; } U{Q@,(ni A s Agg)}, for ny € N\NOM(Z; UT;).

We will need to show that for all j € w, (1};,Uj) is (globally) inseparable with respect to

L' 4opo- The base case is simple: if # (including perhaps some new nominals {n;,,... ,n;,})
separates (1y,Up) on L'y, then O[z;, ... z;,] separates ({wo}, {—%¢}), for new variables
{z4;,-.. , i, }; this is precisely where the free variables in the interpolant are needed.

What about the inductive step? Consider, for example, the case of p; = @,s. Assume that
(I;U{p;},U;) is inseparable in L', y,; we want to prove that (1} U{p;, @s(ng A s App)}, Uj)
is inseparable. Suppose 6§ separates this last pair. Then U; =9 =0 while 1} U {@,s, @, (nj, A
s A )} 9 0. Because @,(ny, A s A pp) is an @-formula, this is the case iff 7 U {@,s} =9
Q4(nk A s Awg) = 0. Furthermore, as @y € 1} and ny is a new nominal by definition, for all
oM, I = 1; implies M = @,(ng A s A pg). Hence 15 U {@,s} =9 6. Contradiction.

From now on the proof follows the same lines as before. We obtain labeled models such
that M, = @o and My, = ~po “sharing” the same frame, from which we build a model 9t
where g A =)y holds globally. QED

We will prove in the next section that the (@) is well behaved with respect to complexity:
like ordinary unimodal logic it has a PSPACE-complete satisfaction problem. On the other
hand, H({,@) is known to be undecidable. Thus we have a decidable system with TIP, an
undecidable system with AIP, and it is natural to ask:

Open Question 5.11 Is there any decidable hybrid language eztending H(Q) that enjoys
arrow interpolation?

To close this section, some remarks on Beth Definability. The Beth Definability Property
[Bet53] is commonly studied together with interpolation (and in many cases interpolation is
considered just a step in the proof of the Beth Property). Loosely speaking, a logic has the
Beth property if any implicit definition has also an explicit definition. More precisely, for
hybrid languages we define:

Definition 5.12 (Beth Definability) A hybrid logic has the Beth Definability Property if
for all formulas ¢(a,a) whose propositional letters, free world variables and nominals occur
among a,a, if |= p(a,a/bi) A p(a,a/bs) = (b <> by) then there is a formula v(a) such that
= p(a,a) = (¥(a) < a).

Using a standard argument [Cra57] we can easily derive the Beth definability property for
H({, @) from Theorem 5.4.

Theorem 5.13 H({, @) has the Beth definability property.

A careful analysis of weaker versions of the Beth property can be carried out for fragments
of H({,@) as we did with the interpolation property.

6 Complexity

Beautiful as H (|, @) is, it has a drawback: its satisfaction problem is undecidable (see [BS95]).
The culprit is the binder |; @ is not needed. However #(J, @) has an interesting sublanguage,
namely H(@). As we have just seen, although #H(@) does not enjoy strong interpolation,
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it does have weak interpolation. Moreover, as is shown in [Bla98], simple tableaux and
sequent systems for H(@) can be defined by exploiting the interplay between nominals (or
free variables) and @; the underlying idea traces back to [Sel91]. Furthermore, while H(@)
doesn’t offer any exciting new expressivity at the level of models (for example, without the |
binder we can’t define Until) it does provide new expressivity at the level of frames: we can
define many properties that are not definable in ordinary propositional modal logic, including
irreflexivity (@;0—1), asymmetry (@Q;Oj — @;—<1) and antisymmetry (@Q;O5 AQ;O0 — @;5);
these correspondences are easy to check using the standard translation. Moreover, pure
formulas such as these automatically yield complete axiomatizations for the frame classes
they define (see [BT99, Bla98]).

Thus there are many reasons for being interested in H (@), and a natural question to ask
is: how high a computational price do we pay for these benefits? It turns out that (up to a
polynomial) there are no extra computational costs when expanding unimodal logic (or even
multimodal logic) with @ and nominals and/or free variables, but expanding tense logic with
even a single nominal (or free variable) leads to an increase in complexity (assuming PSPACE
# EXPTIME).

For the most part we will study (local) K-satisfaction problems: given a formula ¢, does
there exist a model M, a world m and an assignment g, such that 9, g,m IF ¢? (The K
reflects the fact that we place no restrictions on the satisfying models; thus in effect we’re
measuring the complexity of the minimal logic K in whatever language we’re working with.)
Note that as far as local satisfaction problems are concerned, if we replace all variables in ¢
by nominals, obtaining ¢, then ¢ is satisfiable if and only if ¢' is satisfiable. For this reason
we can restrict ourselves in the proofs to formulas without variables, and we won’t need to
mention variable assignments. However at the end of this section we examine the complexity
of the global K-satisfaction problem and an interesting difference between nominals and world
variables emerges.

We will consider expansions with @ and nominals of the following modal languages:

1. the unimodal language; that is, the language with one operator O and its dual <;

2. the basic tense language; that is, the language with two operators G and H and their
respective duals F and P, where the accessibility relation for H and P is the converse of
the relation for G and F;

3. their multimodal versions: frames come with a family of accessibility relations { R;};cr,
each has its own forward looking modality [i] and dual (i), and in the tense case, also
their backward looking counterparts [¢]~ and (i)~.

The complexity of the K-satisfaction problem for all these modal languages is known:

Theorem 6.1
i. [Lad77] The K-satisfaction problem in the unimodal language is PSPACE-hard.
ii. [Spa93b] The K-satisfaction problem for the tensed multimodal languages is in PSPACE.

That is, for ordinary modal languages the additional expressive power obtained by adding a
backwards looking operator does not lead to an increase in complexity, and neither does the
addition of more modalities, including multiple backwards looking operators. However if we
hybridize these languages, the situation is rather different. For a start, adding even just one
nominal to tense logic causes a jump in complexity from PSPACE to EXPTIME:
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Theorem 6.2 The K-satisfaction problem for a basic tense language containing at least one
nominal is EXPTIME-hard.

PROOF. We shall reduce the EXPTIME-complete global K-satisfaction problem for unimodal
languages to the (local) K-satisfaction problem for a basic tense language that contains at
least one nominal. The global K-satisfaction problem for unimodal languages is this: given a
formula ¢ in the unimodal language, does there exist a Kripke model 9t such that 9 |= ¢
(in other words, where ¢ is true in all worlds)? The EXPTIME-completeness of this problem is
an easy consequence of (the proof of) the EXPTIME-completeness of modal logic K expanded
with the universal modality in [Spa93a).

Our reduction uses the spy-point technique from [BS95]. Define the following translation
function (-)! from ordinary unimodal formulas to formulas in a tense language that contains
at least one nominal i:

o~

p = p
()t = -t
(A = of Ayt
(Og)t = F(Ping),

Note that 4 is a fized nominal in this translation. Clearly () is a linear reduction. We claim
that for any formula ¢, ¢ is globally K-satisfiable if and only if i A G(Pi — ¢*) is K-satisfiable.

For the left to right direction, let 9t = ¢, where 9 = (M, R, V) is an ordinary Kripke
model. Define 9* as follows:

M* = MuU/{i},
R* = RU{(i,m)|me M},
V* = VU{(n,{i})| for all nominals n}.

O is a hybrid model, for all nominals (including i) are interpreted by the singleton set {i},
our spy-point. We claim that for all m € M, for all ¢, we have D, m IF ) if and only if
MM*, m Ik . This follows by a simple induction. The only interesting step is for <:

M, m Ik O

(3m' € M) : Rmm' & M, m' I+

(3m' € M*) : R*mm' & M*,m' IF 4t & R*im' (by IH and definition of R¥)
M, m I F(Pi At

M*, m - (Orh)t

st

It follows that 9* i IF 4 A G(Pi — '), as desired.
For the other direction, let 9, w IF i A G(Pi — '), where MM = (M, R, V) is a hybrid
model. Define 9t* as follows

M* = {m € M| Rwm},
R* = Ry,
v* = VTM"'

We claim that for all m € M*, for all v, 90, m I 4t if and only if 9%, m I 1). Again we only
present the inductive step for <:
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M, m |- F(Pi A 4t)

(3m' € M) : Rmm' & Rwm/ & 9, m' I+ 4"

(3m' € M*) : Rmm' & Rwm/ & 9, m' I+ 4"

(3m' € M*) : R*mm/ & M*, m' Ik 1) (by IH and definition of M*)

I, m |k b

For all m € M*, Rwm holds, whence for all m € M*, 9, m I Pi. So, since M, w I-

G(Pi — ¢t), for all m € M*, M, m I p'. Hence by our last claim 9* |= ¢, which is what we
needed to show. QED

R

We obtain the corresponding upper bound by translating into first-order logic. It turns out
that we end up in (a version of) the guarded fragment with two variables (see [AvBN98]). The
satisfaction problem of this fragment is known to be EXPTIME-complete, whence the desired
result.

In fact we will prove a stronger result. The universal modality E is a modality with the
following interpretation: in any model 9, at any m € M, 9, m I+ Ey iff for some m' € M,
9, m' Ik ¢. (That is, with the aid of the universal modality we can scan the entire model for
information.) The universal modality is very strong (see [GP92] for a detailed discussion) but
for present purposes we need merely observe that, given E, we can define @;p to be E(i A ).
In spite of its strength, we have the following upper bound:

Theorem 6.3 The K-satisfaction problem for a multimodal tense language expanded with
both nominals and the universal modality is EXPTIME-complete.

PROOF. The lower bound was proved in the previous theorem. For the upper bound, use the
standard translation to first-order logic with the following additional clause for the universal
modality:

ST, (Ep) = 3z.5T:(p)-

The translation only uses 2 variables. Moreover, inspection shows that the range of the
translation belongs to the packed fragment defined in [Mar97]. (It does not fall in the guarded
fragment as defined in [AvBN98] because the translation of E is not guarded, though a
translation into the guarded fragment could be obtained by relativizing with a unary predicate
M (z) uniformly in all clauses of the translation.) But for a fixed number of variables, the
satisfaction problem of the packed fragment is EXPTIME-complete; see [Mar97]. QED

Summing up: the addition of even one nominal to a basic tense language yields an EXPTIME-
hard local K-satisfaction problem. However, adding further nominals, multiple forwards and
backwards looking modalities, and even the universal modality, doesn’t take us any higher in
the complexity hierarchy.

This completes our complexity analysis of tense languages, so let’s turn to a positive result:
(multimodal) H(@) has the same complexity as ordinary propositional modal logic.

Theorem 6.4 The K-satisfaction problem of multimodal language enriched with nominals
and @ is PSPACE-complete.
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PRrROOF. The lower bound follows from Fact 6.1. We show the upper bound by defining the
notion of a {-game between two players. We will show that the existential player has a winning
strategy for the £-game if and only if £ is satisfiable. Moreover every é-game stops after at
most as many rounds as the modal depth of ¢ and the information on the playing board is
polynomial in the length of £. Using the close correspondence between Alternating Turing
Machines (ATM’s) and two player games [Chl86], it is straightforward to implement the
problem of whether the existential player has a winning strategy in the é-game on a PTIME
ATM. Because any PTIME ATM algorithm can be turned into a PSPACE Turing Machine
program, we obtain our desired result. We present the proof only for unimodal H(@); it can
be straightforwardly extended to the multimodal case.

Fix a formula €. A ¢-HS (for Hintikka Set) is a maximal consistent set of subformulas of £.
We denote the set of subformulas of £ by SF(£). The £-game is played as follows. There are
two players, Vbelard (male) and Jloise (female). She starts the game by playing a collection
{Xo,..., X} of Hintikka Sets, and she specifies a relation R on them.

Jloise loses immediately if one of the following conditions is false:

1. Xj contains £, and all the other X; contain at least one nominal occurring in £.
2. no nominal occurs in two different Hintikka Sets.

3. for all X, for all @;p € SF(€), Q;p € X iff {1,p} C X}, for some k.

4. for all Op € SF(§), if RX; X}, and O & X, then ¢ & Xp.

Now Vbelard may choose an X; and a “defect-formula” O¢ € X;. Jloise must respond with
a Hintikka Set Y such that

1. ¢ €Y and for all Oip € SF(£), Oy € X, implies that ¢ ¢ Y.
2. for all @;p € SF(£), Q;p €Y iff {i,¢} C X, for some k.

3. if ¢ € Y for some nominal ¢, then Y is one of the Hintikka Sets she played at the start.
In this case the game stops and Jloise wins.

If Jloise cannot find a suitable Y, the game stops and Vbelard wins. If Jloise does find a
suitable Y (one that is not covered by the halting clause in item 3 above) then Y is added to
the list of played sets, and play continues.

Vbelard must now choose a defect O from the last played Hintikka Set. He can’t choose
any defect though: in round & he can only choose defects $p such that the modal depth of
O is less than or equal to the modal depth of ¢ minus k. Jloise must respond as before. She
wins if she can survive all his challenges (in other words, he loses if he reaches a situation
where he can’t choose any more defects).

It is clear that the {-game stops after at most modal depth of £ many rounds. The size of
the information on the board is at any stage of the game polynomial in the length of £, as
Hintikka Sets are polynomial in the length of ¢ and ¢ can only contain polynomially many
nominals. We claim that Jloise has a winning strategy iff ¢ is satisfiable.

Now the right-to-left direction is clear: Jloise has a winning strategy if ¢ is satisfiable, for
she need simply play by reading the required Hintikka sets off the model. The other direction
requires more work. Suppose Jloise has a winning strategy for the {-game. We shall create a
model 91 for ¢ as follows. The domain M is build in steps by following her winning strategy.
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My consists of her initial move {Xp,... , X, }. Suppose M; is defined. Then M;; consists of
a copy of those Hintikka Sets she plays when using her winning strategy for each of Vbelard’s
possible moves played in the Hintikka Sets from M; (except when she plays a HS from her
initial move, then of course we do not make a copy). Let M be the disjoint union of all M;
for j smaller than the modal depth of £. Set Rmm/ iff for all Op € SF(£), Cp &€ m = ¢ &€ m'
holds, and set V(p) = {m € M | p € m}. Note that the rules of the game guarantee that
nominals are interpreted as singletons.
We claim that the following truth-lemma holds.

Claim 1 For all m € M which she plays in round j (i.e., m € M;), for all ¢ of modal depth
less than or equal to the modal depth of & minus j, MM, m |k ¢ if and only if p € m.

PRrROOF OF CLAIM. By induction on the structure of formulas. For atoms, the booleans and
@ the proof is easy. For ¢, if Op € m, then Vbelard challenged this defect, so Jloise could
respond with an m' containing (. Since for all Oy € SF(£), O € m = ¢ € m' holds, we
have Rmm' and by induction hypothesis I, m I+ Op. If O & m but Rmm/' holds, then by
our definition of R, ¢ & m/, so again M, m I Oep. <

Since she plays a Hintikka Set containing ¢ in the first round, 9 satisfies €. QED

To close this section we discuss the global K-satisfaction problem; that is, the problem of
deciding whether M = . In the proof of Theorem 6.2 we made use of the fact that the
global K-satisfaction problem for ordinary unimodal logic is EXPTIME complete. Indeed, for
ordinary unimodal logic we have that the global K-consequence problem —does ¢ |=9% 4
hold?— is EXPTIME complete. It follows from Theorem 6.3 above that the same result holds
when we expand even a multimodal tense language with nominals, @, and the universal
modality. This is because the universal modality allows us to capture |:91" for this language.
In particular, note that ¢ =9 ¢ iff = Ap — 1, where A is the dual of E.

But this is not the end of the matter: what if we were to extend the unimodal language
with variables instead of nominals? This does make a difference. Recall from Section 2 that
M = ¢ is defined to hold iff for all g, M, g IF ¢. That is, g is not held constant. Now,
if there are no world variables in ¢, g is irrelevant and (as we have just observed) global
satisfaction is EXPTIME-complete. But if ¢ is allowed to contain free variables, the implicit
universal quantification in the definition certainly does change matters. In effect, we are
surreptitiously using the global hybrid binder V mentioned in the introduction, and we wind
up with an undecidable global satisfaction problem.

This can be shown as follows. Let ¢ be the formula (Cz1 A Ozg A Oz3) — O(z1 ¢
2 V 1 <> 33V 33 ¢ x3). Then for every model M = (M, R,V), M = ¢ if and only if
M = Vyz1z273.((Ryz1 A Ryzo A Ryz3) = (1 = 29 V21 = 23 V 22 = z3)). In other words ¢
expresses that every world has at most two R-successors. Similarly we can create a formula
without propositional variables expressing that every world has at most three two-step R-
successors. But in [Spa93b] it is shown that the global satisfaction problem of the uni-modal
logic of the class of frames satisfying these two conditions is undecidable (see the proof of
Theorem 4.2.1 and its preliminaries). Note that this argument makes no use of @.

Pressing this line of thought further, we can show that if we have at least three modalities
in the language, then we obtain an undecidable global consequence problem for the sublan-
guage containing only one variable; again, no use will be made of @. Suppose we are working
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in a language with three modalities. Consider the normal modal logic obtained by adding the
following axioms to the minimal logic K:

(r)(u)p — (d)p

These (Sahlqvist) axioms correspond to the first-order frame conditions Vzyz.(Rzy AUyz) —
Dzz and Vzy.(Dzy — Vz.(Uzz — Rzy)), respectively. [Mar97] shows that the global satisfac-
tion problem of this logic is undecidable. But then the problem of deciding whether a modal
formula ¢ in the language with diamonds {(r), (u}, (d)} globally follows from (r)(u)z — (d)z
and (d)z — [u]{r)z (that is, the axioms with the propositional variable p replaced by the
world variable z) must also be undecidable.

It is at present unknown precisely how many world variables are needed to obtain an
undecidable global satisfaction problem for the unimodal case.

(d)p — [u](r)p.

7 Further Work

In their long (if sparse) history, hybrid languages have attracted a number of enthusiastic ad-
vocates. Some have claimed that hybridization is a natural way to “power-up” the expressive
power of modal languages, others have been impressed by the proof theoretical options they
open up, or the ease with which general completeness can be proved. And underlying most
of this work lies a simple (and seductive) idea: that by exploiting the notion of formulas as
terms to the full, it should be possible to define systems which in some sense combine the
best of modal and classical techniques.

We believe that the results of this paper confirm the interest of hybridization. For a start,
our characterization of H(|,@) shows that relatively simple tools are capable of capturing
first-order fragments that are central from a modal perspective; invariance under generated
submodels mirrors the key notion of locality, and it is pleasing that it can be pinned down so
simply. Furthermore, the results on interpolation and complexity tend to confirm that we are
dealing with a natural collection of ideas, ideas that are well behaved even in relatively weak
sublanguages. Finally in writing this paper it has become very clear to us that working with
hybrid languages involves a genuine interplay of modal and classical methods (for example,
both Ehrenfeucht-Fraissé games and bisimulations were involved in the expressivity result,
and interpolation was proved by blending the modal notion of canonical models with the
classical idea of Henkin-models). This is something previous writers on hybrid languages
have emphasized (see for example [PT91]) and the natural way these methods blend bodes
well for further developments.

Nonetheless, to close this paper it seems more appropriate to emphasize what remains to
be done; for the blunt fact remains that compared with orthodox modal languages, the study
of hybrid languages is in its infancy. Many fundamental questions have not been satisfactorily
resolved, and to close the paper we’re going to discuss a very obvious one that we regard as
particularly important, namely:

Which classes of frames are definable using H(Q) formulas whose only atoms are
world variables?

In a sense, the standard translation S’I" already gives us an answer to this question. Let F
be a class of frames defined by a sentence ¢ of the first-order frame language. Then F is
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definable by a formula of H (@) whose only atoms are variables iff there is some formula « in
this fragment such that ¢ is equivalent to the universal closure of ST'(c).

Unfortunately, this is not very helpful. Ideally we would like a syntactic characterization
of the range of ST' when restricted to #(@) formulas whose only atoms are world variables,
together with a reverse translation (like our earlier H7'). But at present we only have partial
results in this direction.

What about a semantic characterization? Here we can do a little better by introducing
the concept of an @-bisimulation. Let 9% and 9 be models and m € *M and @ € *N. A
relation B C M x N is called a @-k-bisimulation between (91,/m) and (M, n) if it satisfies the
following conditions:

1. B is a modal bisimulation;
2. (V0<i<k): (min;) € B;
3. (Vz € N):(m;,z) € B=z =n;;
4. Vz e M): (z,n;) € B=z =m;.

We denote this by (91,m) 2 (M, 7). A first-order formula ¢(Z,y) is called invariant for
@-k-bisimulation, if for all models 2, N, for all k-tuples m and 7, for all B such that

(0, m) 2 (N, m),

(m,m) € B = M = p(m,m) & Nk p(n,n).

Theorem 7.1 A first-order formula ¢(Z,y) is invariant for @-k-bisimulation if and only if
it 1s equivalent to the standard translation of an H(Q@)-formula containing the variables T.

PROOF. The proof follows the standard modal lines. We only sketch the differences due to
the new operator and the variables. For the preservation part, suppose (91, 7m) g (M, n) and
(m,n) € B. Then M, m, m IF v; & m = my; but this implies that n = n;, whence M, 7, n IF v;.
For @-formulas, 9, m, m IF @Q,,¢ < 9, m, m; Ik ¢; but then since (m;,n;) € B and inductive
hypothesis, 91,7, n; IF ¢ & N, 7, n - Q.

For the characterization part we also copy the standard diagram-chasing proof. Let
M, m, m and N, 7, n have the same hybrid theory. Define a relation B between elements
in the w-saturated extensions MM* and N* as follows:

(z,9) € Be (Vo) : M m,zl- oo N, a,ylk .

The standard proof shows that B is a modal bisimulation. We check the extra conditions.
For all 4, (m;,n;) € B holds by the following argument. It , m,m; IF ¢ & M m,m I+
@, & N A0 - Qe < N A, n; IF . The other two conditions are satisfied because of
the following. Let (m;,y) € B. Since MM*, m, m; I v;, also N, A,y I v;. But then y = n;.
This finishes the outline of the proof. QED

Using this notion it is easy to show that Jy.(RzyA Ryy) is not equivalent to an @-formula with

one free variable, and that Rzy A Rzz — Jw.(Ryw A Rzw) is not equivalent to an @-formula
in three free variables. And it does tell us something about frame definability:
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Corollary 7.2 Let F is a class of frames defined by a sentence ¢ of the first-order frame
language. Then F is definable by a formula of H(Q) whose only atoms are variables iff ¢ is
equivalent to the universal closure of a formula that is invariant under @-k-bisimulations.

But in practice this characterization does not seem to be particularly helpful. One of the nicer
aspects of our characterization of #({,@) was the way the notion of k-bisimulation linked
with the notion of generated submodels to yield a natural “geometric” characterization of
definable frame classes. It is hard to see what the definition of @-k-bisimulation invariance
tells us about frame geometry. Clearly new ideas are called for here.
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Abstract. Hybrid languages are extended modal languages which can
refer to (or even quantify over) states. Such languages are better behaved
proof theoretically than ordinary modal languages for they internalize
the apparatus of labeled deduction. Moreover, they arise naturally in a
variety of applications, including description logic and temporal reason-
ing. Thus it would be useful to have a map of their complexity-theoretic
properties, and this paper provides one.

Our work falls into two parts. We first examine the basic hybrid lan-
guage and its multi-modal and tense logical cousins. We show that the
basic hybrid language (and indeed, multi-modal hybrid languages) are no
more complex than ordinary uni-modal logic: all have PSPACE-complete
K-satisfiability problems. We then show that adding even one nominal to
tense logic raises complexity from PSPACE to EXPTIME. In the second part
we turn to stronger hybrid languages in which it is possible to bind nom-
inals. We prove a general expressivity result showing that even the weak
form of binding offered by the | operator easily leads to undecidability.

Keywords. Computational Complexity, Modal and Temporal Logic, Description
Logic, Labeled Deduction.

1 Introduction

Hybrid languages are modal languages which use atomic formulas called nomi-
nals to name states. Nominals are true at exactly one state in any model; they
“name” this state by being true there and nowhere else. Although a wide range
of hybrid languages have been studied, including hybrid languages in which it is
possible to bind nominals in various ways, little is known about their computa-
tional complexity. This paper is an attempt to fill the gap.

Before going further, let’s be precise about the syntax and semantics of the
basic hybrid language H (@), the weakest language we shall consider in the paper.

Definition 1 (Syntax). Let PROP = {p,q,r,...} be a countable set of propo-
sitional variables and NOM = {i,j,k,...} a countable set of nominals, disjoint

from PROP. We call ATOM = PROP U NOM the set of atoms. The well-formed
formulas of the hybrid language (over ATOM) are

pi=al|-p oAy |Op| Q@

where a € ATOM, and i € NOM. As usual, Oy is defined to be =O-p. A formula

which contains no symbols from PROP is called pure.

Thus, syntactically speaking, the basic hybrid language is a two-sorted uni-modal
language which contains a NOM indexed collection of operators @;. Now for the
semantics.

Definition 2 (Semantics). A (hybrid) model 9 is a triple M = (M, R, V)
such that M is a non-empty set, R is a binary relation on M, and V : ATOM
— Pow(M) is such that for all : € NOM, V(i) is a singleton subset of M. We
usually call the elements of M states, R is the transition relation, and V is the
valuation. A frame is a pair § = (M, R), that is, a model without a valuation.

Let M = (M, R,V) be a model and m € M. Then the satisfaction relation
is defined by:

M,ml-a iff m € V(a), a € ATOM

Mml-—p M mfe

M,m lEp A iff M m - and M, m I+

M,m Ik Op  iff Vm!'(Rmm' = M, m' I+ p)

M, m - Qo iff MM, m' I ¢, where V(z) = {m'}, i € NOM.

A formula ¢ is satisfiable if there is a model 9, and a state m € M such that
M, m Ik o. We write MM = ¢ iff for all m € M, M, m I+ ¢. If § is a frame, and
for all valuations V on § we have (§,V) |= ¢, we say ¢ is valid on § and write

T =

Because valuations assign singletons to nominals, it is clear that each nominal
is satisfied at exactly one state in any model. And the clause for formulas of the
form @;p simply says: to evaluate @;p, jump to the unique state named by 1
and evaluate ¢ there.

There are at least two reasons for being interested in hybrid languages. First,
they can be seen as modal languages which internalize the ideas underlying
labeled deduction systems. Second, hybrid languages arise naturally in many
applications.

Hybrid languages and labeled deduction Labeled deduction (see [Gab96]) is built
around the notation /:p. Here the meta linguistic symbol : associates the meta
linguistic label I with the formula ¢. This has a natural modal interpretation:
regard labels as names for states and read [: ¢ as asserting that ¢ is satisfied at
l. Labeled deduction proceeds by manipulating such labels to guide proof search;
the approach has become an important way of handling modal proof theory.
The basic hybrid language places the apparatus of labeled deduction in the
object language: nominals are essentially object-level labels, and the formula @;¢



asserts in the object language what i:¢ asserts in the metalanguage. And indeed,
hybrid languages turn out to be proof-theoretically well behaved. For a start,
the basic hybrid language enables us to directly “internalize” labeled deduction
(see [Bla98]), and to define sequent calculi and natural deduction systems (see
[Sel97]). In fact, even if @ is dropped from the language, elegant Fitting-style
systems which exploit the presence of nominals can be defined (see [Tza98]).

Furthermore, such calculi automatically handle the logics of a wide range of
frame classes, including many that are awkward for ordinary modal logic. To
give a simple example, no ordinary modal formula defines irreflexivity (that is,
no ordinary modal formula is valid on precisely the irreflexive frames). But the
(pure) formula @;—=<i does so, as the reader can easily check. Moreover, when
used as an additional axiom, this formula (and indeed, any pure formula) is
complete with respect to the class of frames it defines. For a full discussion of
these issues, see [Bla98,BT99].

Hybrid languages and applied logic Modal logicians like to claim that notational
variants of modal logics are often reinvented by workers in artificial intelligence,
computational linguistics, and other fields — in this case, it would be more
accurate to say that it is hybrid languages which are reinvented in this way.
For example, it is well known that the description language ALC (see [SSS91])
is a notational variant of multi-modal logic (see [Sch91]). But this relation is
established at the level of what is called the TBox reasoning. TBox reasoning
is complemented with ABox assertions, which corresponds to the addition of
nominals (see [AdR99,BS98]). Moreover, many authors have pointed out how
natural hybrid languages are for temporal reasoning (see [Bul70,Gor96,BT99]).
Among other things, hybrid languages make it possible to introduce specific
times (days, dates, etc.), and to define many temporally relevant frame properties
(such as irreflexivity, asymmetry, trichotomy, and directedness) that ordinary
modal languages cannot handle. Furthermore, if one starts with a modal interval
language and adds nominals and @, one obtains variants of the Holds(z, )-driven
interval logics discussed in [All84] (with @ playing the role of Holds).

The emergence of hybrid languages in applied logic is not particularly sur-
prising. Modal languages offer a simple notation for modeling many problems
— but the ability to reason about what happens at a particular state is often
important and this is precisely what orthodox modal languages lack. This seems
to have encouraged a drift (often implicit) towards hybrid languages.

Our work falls into two parts. We first examine the basic hybrid language and
its multi-modal and tense logical variants. We show that the basic and even the
multi-modal hybrid languages are no more complex than ordinary uni-modal
logic: all have PSPACE-complete K-satisfiability problems. We also show that
adding even one nominal to tense logic raises complexity from PSPACE to EXP-
TIME. In the second part of the paper we turn to stronger hybrid languages in
which it is possible to bind nominals. We shall show, via a general expressiv-
ity result called the Spypoint Theorem, that even the restricted form of binding
offered by the | operator easily leads to undecidability.

2 Complexity of the basic hybrid language

We begin with a positive result. We know from [Lad77] that ordinary propo-
sitional uni-modal logic has a PSPACE-complete K-satisfaction problem (the K
meaning that no restrictions are placed on the transition relation R). What
happens when we add nominals and @ to form the basic hybrid language? The
answer (up to a polynomial) is: nothing.

Theorem 1. The K-satisfaction problem for the basic hybrid language is PSPACE-
complete.

Proof. The lower bound follows from [Lad77]. We show the upper bound by
defining the notion of a é&-game between two players. We will show that the exis-
tential player has a winning strategy for the {-game if and only if £ is satisfiable.
Moreover every &-game stops after at most as many rounds as the modal depth
of ¢ and the information on the playing board is polynomial in the length of &.
Using the close correspondence between Alternating Turing Machines (ATM’s)
and two player games [Chl86], it is straightforward to implement the problem of
whether the existential player has a winning strategy in the {-game on a PTIME
ATM. Because any PTIME ATM algorithm can be turned into a PSPACE Turing
Machine program, we obtain our desired result. We present the proof only for
uni-modal #(@); it can be straightforwardly extended to the multi-modal case.

Fix a formula £. A ¢-Hintikka set is a maximal consistent set of subformulas
of £&. We denote the set of subformulas of £ by SF(£). The {-game is played as
follows. There are two players, Vbelard (male) and Jloise (female). She starts
the game by playing a collection {Xo, ..., X} of Hintikka sets and specifying a
relation R on them.

Jloise loses immediately if one of the following conditions is false:

. Xo contains &, and all others X; contain at least one nominal occurring in £.
no nominal occurs in two different Hintikka sets.

. for all Xy, for all @, € SF(£), Q¢ € X iff {i, ¢} C X, for some k.

. for all O € SF(§), if RX; X and Op & X, then ¢ & Xj.

Now Vbelard may choose an X; and a “defect-formula” ¢¢ € X;. Jdloise must
respond with a Hintikka set Y such that

1. ¢ €Y and for all &Gy € SF(E), O € X, implies that ¢ € Y.

2. for all @;p € SF(&), Q;p € Y iff {1, ¢} C X}, for some k.

3. if i € Y for some nominal 7, then Y is one of the Hintikka sets she played at
the start. In this case the game stops and Jloise wins.

If dloise cannot find a suitable Y, the game stops and Vbelard wins. If Jloise
does find a suitable Y (one that is not covered by the halting clause in item 3
above) then Y is added to the list of played sets, and play continues.

Vbelard must now choose a defect Gy from the last played Hintikka set with
the following restriction: in round k he can only choose defects ¢y such that



the modal depth of ¢y is less than or equal to the modal depth of ¢ minus k.
Jloise must respond as before. She wins if she can survive all his challenges (in
other words, he loses if he reaches a situation where he can’t choose any more
defects).

It is clear that the £-game stops after at most modal depth of ¢ many rounds.
The size of the information on the board is at any stage of the game polynomial
in the length of &, as Hintikka sets are polynomial in the length of £ and £ can
only contain polynomially many nominals. We claim that Jloise has a winning
strategy iff £ is satisfiable.

Now the right-to-left direction is clear: Jdloise has a winning strategy if &
is satisfiable, for she need simply play by reading the required Hintikka sets
off the model. The other direction requires more work. Suppose dloise has a
winning strategy for the {-game. We shall create a model 9 for ¢ as follows.
The domain M is build in steps by following her winning strategy. Mg consists
of her initial move {Xo,... ,X,}. Suppose M; is defined. Then M, consists of
a copy of those Hintikka sets she plays when using her winning strategy for each
of Vbelard’s possible moves played in the Hintikka sets from M; (except when
she plays a Hintikka set from her initial move, then of course we do not make
a copy). Let M be the disjoint union of all M; for j smaller than the modal
depth of £. Set Rmm' iff for all Gp € SF(£), Cp € m = ¢ € m' holds, and
set V(p) = {m € M | p € m}. Note that the rules of the game guarantee that
nominals are interpreted as singletons.

We claim that the following truth-lemma holds. For all m € M which she
plays in round j (i.e., m € M;), for all ¢ of modal depth less than or equal to
the modal depth of £ minus j, 9, m I+ ¢ if and only if ¢ € m.

Proor ofF CLAIM. By induction on the structure of formulas. For atoms, the
booleans and @ the proof is easy. For <, if G € m, then Vbelard challenged
this defect, so Jloise could respond with an m' containing . Since for all Gy €
SF (&), Op € m = ¢ € m' holds, we have Rmm' and by induction hypothesis
M, m - Op. If O & m but Rmm' holds, then by our definition of R, ¢ & m/,
so again M, m I .

Since she plays a Hintikka set containing £ in the first round, 9 satisfies &.

This result generalizes to the multi-modal case. Recall that in a multi-modal
language we have an indexed collection of modalities [@], each interpreted by
some relation R,. From [HM92] we know that the K-satisfaction problem for
multi-modal languages is PSPACE-complete (here the K means that no restrictions
are placed on the individual R, or on the way they are inter-related). If we add
nominals and @ to such a language, the previous proof straightforwardly extends
to show that we are still PSPACE-complete.

We have already mentioned that the description language ALC with asser-
tional axioms is a restriction of multi-modal logic enriched with nominals an @:
nominals cannot be freely used in formulas and can only act as subindices of
the @ operator. The logic ALCO [Sch94] moves closer to H (@) by allowing the

formation of concepts by means of sets of nominals. Eliminating the restrictions
on @ from such a language in effect would give us an equational calculus for
reasoning about individuals, and make it possible to specify additional frame
properties.

3 Hybrid Tense Logic

The language of tense logic is a bimodal language; its O-modalities are written G
and H and the respective ¢-modalities F and P. But these modalities are inter-
related: while G and F look forward along the transition relation R, the H and P
modalities look backwards along this relation (that is, H and P are interpreted
using the converse of R). Now, we know from [Spa93b] that the K-satisfaction
problem for tense logic is PSPACE-complete. However because G and H are inter-
related the results of the previous section are not applicable. And in fact, adding
even one nominal to tense logic causes a jump in complexity from PSPACE to
EXPTIME, and we don’t need to add @ to obtain this result. Our proof uses the
spy-point technique from [BS95]; we will be exploring this technique in great
detail in the following section when we discuss undecidable systems.

Theorem 2. The K-satisfaction problem for a language of tense logic containing
at least one nominal is EXPTIME-hard.

Proof. We shall reduce the EXPTIME-complete global K-satisfaction problem for
uni-modal languages to the (local) K-satisfaction problem for a basic tense lan-
guage that contains at least one nominal. The global K-satisfaction problem for
uni-modal languages is this: given a formula ¢ in the uni-modal language, does
there exist a Kripke model 9 such that 9 |= ¢ (in other words, where ¢ is true
in all states)? The EXPTIME-completeness of this problem is an easy consequence
of (the proof of) the EXPTIME-completeness of modal logic K expanded with the
universal modality in [Spa93a].

Define the following translation function (-)! from ordinary uni-modal for-
mulas to formulas in a tense language that contains at least one nominal : p
=p, (~@)t = =, (p Ap)t =t APt (Op)t = F(Pi A ¢t). Note that i is a
fired nominal in this translation. Clearly (-)* is a linear reduction. We claim
that for any formula ¢, ¢ is globally K-satisfiable if and only if i A G(Pi — ¢*)
is K-satisfiable.

For the left to right direction, let M |= ¢, where M = (M, R, V') is a ordinary
Kripke model. Define 9* as follows: M* = M U {i}, R* = RU{(i,m) | m €
M}, V* =V U{(n,{i}) | for all nominals n}. 9* is a hybrid model where all
nominals (including 7) are interpreted by the singleton set {i}, our spy-point. We
claim that for all m € M, for all 4, we have 9, m IF ) if and only if 9*, m I+ t.
This follows by a simple induction. The only interesting step is for <:

M, m Ik Gop
< (Im' € M) : Rmm' & M, m’ I+
< (Im' € M*) : R*mm' & M*, m’ |k ¢t & R*im' (by IH and def. of R*)
< IM*,m - F(PiA?)
= W m - (OY).



It follows that 9M*,i I- i A G(Pi — '), as desired.

For the other direction, let 90, w IF i A G(Pi — ¢?), where M = (M, R,V)
is a hybrid model. Define 9t* as follows: M* = {m € M | Rwm}, R* = Rm-~,
V* = Vipm+. We claim that for all m € M*, for all 4, 9, m IF ¢* if and only if
M*, m Ik . Again we only present the inductive step for <:

M, m I+ F(Pi A pt)
< (3m' € M) : Rmm' & Rwm' & M, m/' I+ 4
< (Im' € M*) : Rmm' & Rwm' & M, m’ |k "
<~ (Im' € M*): R*mm/ & 9*,m' I+ 4 (by IH and definition of M*)
= MM, m ik O

For all m € M*, Rwm holds, whence for all m € M*, 9, m |- Pi. So, since
M,w - G(Pi — '), for all m € M*, M, m I ¢'. Hence by our last claim
M* = ¢, which is what we needed to show.

A matching upper bound can be obtained by interpreting the fragment in
the guarded fragment with two variables [Gra97].

4 Binding nominals

Once we are used to treating labels as formulas, it is easy to obtain further
expressivity. For example, instead of viewing nominals as names, we could think
of them as wariables over states and bind them with quantifiers. That is, we
could form expressions like

Jz.0(z AVY.O(y A Oy A p)).

This sentence is satisfied at a state w if and only if there is some state z ac-
cessible from w such that all states y accessible from z are reflexive and satisfy
p. Historically, hybrid languages offering quantification over states were the first
to be explored ([Bul70,PT85]). In their multi-modal version, they are essentially
description languages which offer full first-order expressivity (see [BS98]). If the
underlying modal language is taken to be the modal interval logic described in
[Ben83a], the resulting system is essentially the full version of Allen’s Holds(t, ¢)-
based interval logic in which quantification over ¢ is permitted (see [Al184]). But
because they offer full first-order expressivity over states, such hybrid languages
are obviously undecidable.

More recently, there has been interest in hybrid languages which use a weaker
binder called | (see [Gor96,BS95]). Unlike 3 and V, this is not a quantifier: it
is simply a device which binds a nominal to the state where evaluation is being
performed (that is, the current state). For example, the interplay between | and
@ allows us to define the Until operator:

Until(p, 1) = 2.0 1y.Q.(O(y A o) A D(Oy — 9)).

This works as follows: we name the current state x, use ¢ to move to an accessible
state, which we name y, and then use @ to jump us back to z. We then use <

to insist that ¢ holds at the state named y, while 1 holds at all successors of
the current state that precede this y-labeled state.

H({,Q@), the extension of H (@) with the | binder, is proof theoretically well
behaved, and completeness results for a wide class of frames can be obtained
automatically (see [BT99,Bla98,Tza98]). But | turns out to be extremely pow-
erful: not only is #({,@) undecidable, the sublanguage #(|) containing only
the | binder is too. However the only published undecidability result for #({)
is the one in [BS95], and this makes use of | over a modal language with four
modalities. In unpublished work, Valentin Goranko, and Blackburn and Selig-
man have proved undecidability in the uni-modal case, but these proofs make use
of propositional variables to carry out the encoding. We are now going to prove
the sharpest undecidability result yet for H({) through a general expressivity
result called the Spypoint Theorem. Roughly speaking, the Spypoint Theorem
shows that | is powerful enough to encode modal satisfaction over a wide range
of Kripke models, and that it doesn’t need the help of propositional variables or
multiple modalities to do this.

4.1 The language H({, @)
Let’s first make the syntax and semantics of #({, @) precise.

Definition 3 (Syntax). As in Definition 1, PROP = {p, q,r, ...} is a countable
set of propositional variables, and NOM = {i,j,k,...} is a countable set of
nominals. To this we add SVAR = {z1,z2,...} a countable set of state variables.
We assume that PROP, NOM and SVAR are pairwise disjoint. We call SSYM =
NOM U SVAR the set of state symbols, and ATOM = PROP U NOM U SVAR
the set of atoms. The well-formed formulas of H (], @) (over ATOM) are

pi=al-p|ere [Op| Q]| lvg
where a € ATOM, v € SVAR and s € SSYM.

The difference between nominals and state variables is simply this: nominals
cannot be bound by | whereas state variables can. The notions of free and
bound state variable are defined as in first-order logic, with | the only binding
operator. A sentence is a formula containing no free state variables. A formula
is pure if it contains no propositional variables, and nominal-free if it contains
no nominals. In what follows we assume that some choice of PROP, NOM, and
SVAR has been fixed.

Definition 4 (Semantics). Hybrid models 9t are defined as in Definition 2.
An assignment g for 9 is a mapping g : SVAR — M. Given an assignment g,
we define the assignment g2, by g2, (v') = g(v') for v’ # v and g2, (v) = m. We
say that g7, is a v-variant of g.

Let 9 = (M, R,V) be a model, m € M, and g an assignment. For any atom
a, let [V, g](a) = {g(a)} if a is a state variable, and V (a) otherwise. Then:



M, g,mlFa iff m € [V,g](a), a € ATOM

M, g,mlE—p Mg mlfe

M, gmlFpeAYpiff M g,ml- ¢ and M, g,m I+ ¢

M, g,mIFOp iff Ym'(Rmm' = M, g,m’ It )

M, g,mIFlv.e ffIM gn,mlke

M, g,m - Qs f M, g,m' Ik ¢, where [V, g](s) = {m'}, s € SSYM.

We write 9, g I ¢ iff for all m € M, MM, g,m IF ¢, and M | ¢ iff for all g,
M, g Ik .

Thus, as promised, | enables us to bind a state variables to the current state.
Note that, just as in first-order logic, if ¢ is a sentence it is irrelevant which
assignment g is used to perform evaluation. Hence for sentences the relativiza-
tion to assignments of the satisfaction relation can be dropped. A formula ¢ is
satisfiable if there is a model M, an assignment g on M, and a state m € M
such that I, g, m IF .

We can now get down to business. First, we shall present a fragment of first-
order logic (the bounded fragment) which is precisely as expressive as H({, @)
and provide explicit translations between these two languages. Secondly, we shall
give an easy proof that (uni-modal) #(J,@) is undecidable. Third, we shall
show how the dependency in this proof on @ and propositional variables can
be systematically eliminated (in particular, we will show how to encode the
valuation V' so that the use of propositional variables can be simulated) and
how we can encode any frame-condition expressible inside the pure fragment of
H(}). This leads directly to the Spypoint Theorem and our undecidability result.

4.2 7({,Q@) and the bounded fragment

We first relate H(], @) to a certain bounded fragment of first-order logic. We
shall work with a first-order language which contains a binary relation symbol
R, a unary relation symbol P; for each p; € PROP, and whose constants are the
elements of NOM. Obviously any hybrid model 9t = (M, R, V') can be regarded
as a first-order model for this language: the domain of the model is M, the acces-
sibility relation R is used to interpret the binary predicate R, unary predicates
are interpreted by the subsets that V assigns to propositional variables, and con-
stants are interpreted by the states that nominals name. Conversely, any model
for our first-order language can be regarded as a hybrid model. So we shall let
context determine whether we are referring to first-order or hybrid models, and
continue to use the notation 9 = (M, R, V') for models.

First the easy part: we extend the well-known standard translation ST of
modal correspondence theory (see [Ben83b]) to H({,@). We assume that the
first-order variables are SVARU{z, y} (where z and y are distinct new variables)
and define the required translation by mutual recursion between two functions
ST, and ST),. Here ¢[z/y] means “replace all free instances of & by y in ¢.”

T.(i5) =z =1, 1; € NOM. STy (i5) —y—z],z] GNOM

T.(z;) ==z=u=z;, z; € SVAR. STy (z;) =y =ux;, z; € SVAR.

To(mp)  =-8Ta(p). STy(~p) =5Ty(p).

To(pANp) = STo(p) A ST (1)) STy(p Ap) = STy(p) A STy(1h).

T.(¢¢) =3Jy.(Rey ASTy(¢)). STy(Cy) = 3z.(Ryz A ST.(p)).
ST (zj.p) = (STo(p))[z;/z]. STy(zj-p) = (STy(p))[=;/y]-

T (Qsp) = (STx(p))[z/s]. STy (Qs) = (STy(#)ly/s]-

Proposition 1. Let ¢ be a hybrid formula, then for all hybrid models M, m €
M and assignments g, M, g,m I+ ¢ iff MIF ST, (v)[9Z]-

Proof. Induction on the structure of .

Now for the interesting question: what is the range of ST? In fact it belongs
to a bounded fragment of our first-order language. This fragment consists of the
formulas generated as follows:

w:=Rtt' | Pit|t=1t|—p | pA¢ | Tz, (Rtz; Ap) (for z; #1).
where z; is a variable and ¢,t' are either variables or constants.

Clearly ST generates formulas in the bounded fragment. Crucially, however, we
can also translate any formula in the bounded fragment into #({, @) as follows:

HT(Rtt") — @0t

HT(Pjt) = Qp;.

HT(t=t") = @t'.

(w) = 2HT(p).
HT(p Avp) = HT(p) N HT ().
HT (Jv.(Rtv A p)) = @O Luv.HT (¢).

By construction, HT (¢) is a hybrid formula, but furthermore it is a boolean
combination of @-formulas (formulas whose main operator is @). We can now
prove the following strong truth preservation result.

Proposition 2. Let ¢ be a bounded formula. Then for every first-order model
M and for every assignment g, M IF [g] iff M, gk HT (p).

Proof. Induction on the structure of (.

To summarize, there are effective translations between #(J, @) and the bounded
fragment.

4.3 Undecidability of H({, @)

We are now ready to discuss undecidability. The result we want to prove is this:

The fragment of H(|) consisting of pure nominal-free sentences has an
undecidable satisfaction problem.



However we begin by quickly sketching an easy undecidability proof for the
full language #({, @). The proof uses the spypoint technique from the previous
section together with results from [Spa93a]. By generalizing the methods used in
this simple proof, we will be lead to the Spypoint Theorem and the undecidability
result just stated.

Hemaspaandra shows in [Spa93a] that the global satisfaction problem of the
uni-modal logic of the class Ky3 of frames is undecidable. Koz consists of all
modal frames (W, R) in which every state has at most 2 R-successors and at
most 3 two-step R-successors. We will show that we can reduce the satisfiability
problem of this logic to H({, @).

Let Grid be the conjunction of the following formulas:

G, Q=05

Gy Q0T

G; @, (00 }2.@,01)

G4 @S(D J,y.E] \Lxl.@yD \sz.@yu \ng.(@zlxg \Y @mlxg \% @zzxg))

Gs @,(0 |y.00 |2,.@,00 | 2,.@,00 | 23.@,00 | 24.(V; ¢;2;<4 @z, 7))

What does Grid express? Suppose it is satisfied in a model 9 on a frame (W, R).
Then there exists a state which is named by s (the spypoint). By Gy, s is not
related to itself. By G, s is related to some state, and by G3, every state which
can be reached from s in two steps can also be reached from s in one step.
This means that in 9, —the submodel of 9t generated by s— every state is
reachable from s in one step. Now G4 and G5 express precisely the two conditions
characterizing the class Ky3 on successors of s. Instead of spelling out this proof
we show that the similar formula @,0 |y.00 | 21.@,0 | 25.@,, x5 expresses that
every successor of s in I, has at most one R-successor. As G4 and G5 follow the
same pattern, it is easy to extend the argument below to verify their meaning.

M, g,slF0y.01x.Q,0 |20.@, o
(Vw : sRw) : M, g%, w Ik O lz.@,0 | 2.Q,, 2o
(Vu : wRu) : M, (92)%,ulF Q,0 | 2,.Q,

<~
<~
<= M, (¢¥)2,wlk O |20.Q,, xo
<~

(Vv : wRv) : M, ((g¥)21)22, 0 Ik .Q,, 2o
< (Yw:sRw)(Vu:wRu)(Yv : wRv) : u = v.

Now we are ready to complete the proof. We claim that for every formula ¢,
@ is globally satisfiable on a Koz-frame iff Grid A @;O¢ is satisfiable.

The proof of the claim is a simple copy of the two constructions given in the
proof of Theorem 2.

4.4 Undecidability of pure nominal-free sentences of H(J)

We are ready to prove our main result. We do so by analysing the previous proofs
and generalizing the underlying ideas. The models used in the proof of Theorem 2
and the undecidability proof just given both had a certain characteristic form.
Let’s pin this down:

Definition 5. A model 9 = (W, R,V) is called a spypoint model if there is an
element s € W (the spypoint) such that

i. 7sRs;

ii. For all w € W, if w # s, then sRw and wRs.

Notice that by ii above, any spypoint model is generated by its spy point. We will
now show that with | we can easily create spypoint models. On these models we
can create for every variable x introduced by |z, a formula which has precisely
the meaning of @,,.

Proposition 3. Let M = (M, R,V) and s € M be such that M, s I+ s.(=Cs A
00 | z.0(s A Oz) A OCs). Then,

i. M, the submodel of M generated by s, is a spypoint model with s the
spypoint.

it. Q¢ is definable on M, by (s A ) VO(s A ).

1. Let g be any assignment. Then for all u € M, Ms,g,u IF Q¢ iff
Ms,g,ulk Qi(pV O(zAp)).

Proof. i is immediate. 4 and # follow from the properties of a spypoint model.

Now, spypoint models are very powerful: we can encode lots of information
about Kripke models (for finitely many propositional variables) inside a spypoint
model. More precisely, for each Kripke model 9, we define the notion of a
spypoint model of M.

Definition 6. Let 9t = (M, R, V) be a Kripke model in which the domain of
V is a finite set {p1,... ,pn} of propositional variables. The spypoint model of
M (notation Spy[M]) is the structure (M', R', V') in which

i M =MU{s}U{wy,,,...,wp, }, for s,wp ... ,w, &M

ii. R =RU{(s,z),(z,s) |z € M'\{s}}U{(z,wp,) |z € M and = € V(p;)}

ii. V! =0.
Let {s,Zp,,... ,Zp, } be a set of state variables. A spypoint assignment for this
set is an assignment g which sends s to the spypoint s and z,, to wy,,. We use m
as an abbreviation for —s A ~xp, A ... A -z, . Note that when evaluated under
the spypoint assignment, the denotation of m in Spy[N] is precisely M.

Spy[9] encodes the valuation on 9 and we can take advantage of this fact.
Define the following translation from uni-modal formulas to hybrid formulas:

IT(pi) = O(=p,)
IT(—\QD) = —|IT(<p)
IT(p AY) = IT(p) N IT ()
IT(Cp) =<CS(mAIT ().

Proposition 4. Let M be a Kripke model and ¢ a uni-modal formula. Then for
any spypoint assignment g,

M = ¢ if and only if Spy[M], g,s IF O(m — IT(p)).



Proof. Immediate by the fact that the spypoint is R-related to all states in the
domain of M, and the interpretation of m under any spypoint assignment g.

We modify the hybrid translation HT to its relativized version HT™ which also
defines away occurrences of @. Define HT™(Jv.(Rtv A ¢)) as @;< | v.(m A
HT™p) and replace all @ symbols by their definition as indicated in Propos-
tion 3.4 and 3.4

The crucial step is now the fact that | is strong enough to encode many
frame-conditions.

Proposition 5. Let M = (M, R,V) be a Kripke model. Let C(y) be a formula
in the bounded fragment in the signature {R,=}. Then for any assignment g,

(M, R) = Vy.C(y) if and only if Spy[M],g,s |- O ly.(m — HT™(C(y))).

Proof. Immediate by the properties of HT', Proposition 3, and the fact that the
spypoint is R-related to all states in the domain of 9.

Theorem 3 (Spypoint theorem). Let ¢ be a uni-modal formula in {p1,... ,pn}
and Vy.C(y) a first-order frame condition in {R,=} with C(y) in the bounded
fragment. The following are equivalent.

i. There exists a Kripke model 9 = (M, R, V') such that (M, R) = Vy.C(y)
and M = ¢.

it. The pure hybrid sentence F' in the language H(]) is satisfiable. F is

15.(SPY A O |2p,.@,0 | 3,@, ... O |z, .@,(DIS A VAL A FR)),

where

SPY = ~0sA 00 [ 2.0(s A Cx) A OCs

DIS = D(/\1§i§n(xpi = Mozp; |15 #i<n}))
VAL = O0(m — IT(p))

FR Oly.(m —» HT™(C(y)).

Proof. The way we have written it, F' contains occurrences of @,; but this does
not matter, by Proposition 3 all these occurrences can be term-defined. So let’s
check that F' works as claimed.

For the implication from i to i, let 9 be a Kripke model as in i. We claim
that Spy[I], s b F. The first conjunct of F' is true in Spy[91] at s by Proposi-
tion 3. The diamond part of the second disjunct can be satisfied using any spy-
point assignment g. In the spypoint model all w;,, are pairwise disjoint, whence
Spy[In], g, s Ik DIS. By Propositions 4 and 5, also Spy[9],g,s I+ VAL A FR.

For the other direction, let 9, s I F'. By Proposition 3, the submodel M, =
(Ms, Ry, Vs) generated by s is a spypoint model. Let g be the assignment such
that 9, g,s IF DIS A VALA FR. By DIS, g(xp,) # g(zp,) for all i # j, and
(since —sRs) also g(xp,) # s, for all i. Define the following Kripke model 9t =
(M',R', V"), where

M =M\A{g(s),9(zp,),--- ,9(zp,)}
R’ =R [m
V/(ps) = {w | wRg(zp,)}.

Note that Spy[9U'] is precisely M;, and g is a spypoint assignment. But then by
Propositions 4 and 5 and the fact that 9M,, g,s |- VAL A FR, we obtain 9 |= ¢
and (M', R') |E Yy.C(y).

The proof of the claimed undecidability result is now straightforward.

Corollary 1. The fragment of H(|) consisting of all pure nominal-free sen-
tences has an undecidable satisfaction problem.

Proof. We will reduce the undecidable global satisfaction problem in the uni-
modal language over the class Ka3, just as we did in our easy undecidability
result for H(J,@). The first-order frame conditions defining Koz are of the form
Vy.C(y) with C(y) in the bounded fragment. (This is easy to check. For instance,
y has at most two successors can be written as Vz;.(yRz; — Vzo.(— Vz3. —
(z1 = 2Vz1 = 23Vx9 = 73))).) Now apply the Spypoint Theorem. The formula
F (after all occurrences of @, have been term-defined) is a pure nominal-free
sentence of H({), and the result follows.

Because of the generality of the Spypoint Theorem, it seems unlikely that even
restricted forms of label binding will lead to decidable systems. For this reason,
much of our ongoing research is focusing on binder free systems, such as Un-
til-based languages enriched with nominals and @, and modal languages with
counting modalities (these are widely used in description logic) enriched in the
same way.

5 Concluding remarks

In this paper we have examined the complexity of a number of hybrid languages.
Our results have been both positive and negative and we sum them up here:

1. Adding nominals and @ to the uni-modal language, or even the multi-modal
language, does not lead to an increase in complexity: K-satisfiability remains
PSPACE-complete.

2. On the other hand, adding even one nominal to the language of tense logic
takes the complexity from PSPACE-complete to EXPTIME-complete.

3. We provide a simple proof of the known fact that H({,@) is undecidable.
Furthermore, we prove that very restricted use of | leads already to unde-
cidability. In fact, undecidability strikes even in the sentential fragment of
the uni-modal language without @ or propositional variables.

Furthermore, a simple extension of the undecidability proof provided in this
paper shows that this last fragment is even a conservative reduction class in the
sense of [BGGI7].

Needless to say, the results we presented conform just a preliminary sketch of
the complexity-theoretic territory occupied by hybrid languages. The spectrum
of plausible directions for further work is huge. As an example, we have only
considered logics with full Boolean expressive power. In the description logic
community fragments which restrict negation or dissallow disjuctions (aiming to
obtain good computational behavior) are standard. Again, the generality of the
Spypoint Theorem will be of much help in mapping this new variations.
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Abstract

In their simplest form, hybrid languages are propositional modal languages which can refer to states.
They were introduced by Arthur Prior, the inventor of tense logic, and played an important role
in his work: because they make reference to specific times possible, they remove the most serious
obstacle to developing modal approaches to temporal representation and reasoning. However very
little is known about the computational complexity of hybrid temporal logics.

In this paper we analyze the complexity of the satisfiability problem of a number of hybrid tem-
poral logics: the basic hybrid language over transitive frames; nominal tense logic over transitive
frames, strict total orders, and transitive trees; nominal Until logic; and referential interval logic.
We discuss the effects of including nominals, the @ operator, the somewhere modality E, and the
difference operator D. Adding nominals to tense logic leads for several frame—classes to an increase
in complexity of the satisfiability problem from PSPACE to EXPTIME. On transitive trees, however,
the satisfiability problem for this language can be decided in PSPACE. Along the way we make a
detour through hybrid propositional dynamic logic: we establish upper bounds for a number of tem-
poral logics by generalizing results due to Passy and Tinchev [PT91] and De Giacomo [De 95]. We
conclude with some remarks on the relevance of our results to description logic, and draw attention
to the utility of the spypoint technique for proving upper and lower bounds.

Keywords: Hybrid Logic, Computational Complexity, Modal and Temporal Logic, Propositional
Dynamic Logic, Description Logic, Nominals, At Operator, Difference Operator, Universal Modality

1 Introduction

The simplest hybrid language is a uni-modal language that uses special atomic for-
mulas (called nominals) to name states. Nominals are true at exactly one state in
any model; they “name” this state by being true there and nowhere else. A wide
range of hybrid languages have been studied, including hybrid languages in which it
is possible to bind nominals in various ways, but although a number of fundamen-
tal complexity and undecidability results are known (see [ABM99]), the complexity
of hybrid formalisms based on richer modal logics have rarely been studied. Two
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important exceptions to this are the EXPTIME-completeness result for Propositional
Dynamic Logic (PDL) enriched with nominals and the somewhere modality E (a Sofia
school result from the 1980s; see [PT91]), and the EXPTIME-completeness result for
PDL with converse enriched with nominals (but without E) due to De Giacomo (see
[De 95]). Moreover, most known results deal with the satisfiability problem over ar-
bitrary frames; the only exception seems to be the results for deterministic frames
proved in [BS93]. This is a real gap, as in practice we are often interested in richer
modal languages and frames with certain properties. In particular, in temporal logic,
we almost always work with transitive frames, and it is common to demand that
temporal frames be treelike or even linear. This paper provides complexity results for
various hybrid temporal logics over such structures.

Before going further, let’s be precise about the syntax and semantics of the basic
hybrid language, the weakest language we shall consider in the paper:

DEFINITION 1.1 (Syntax)
Let PROP = {p,q,r,...} be a countable set of propositional variables and NOM =
{i,4,k,...} a countable set of nominals, disjoint from PROP. We call ATOM =
PROPUNOM the set of atoms. The well-formed formulas of the basic hybrid language
(over ATOM) are

pi=alpleAg [ Op| @
where a € ATOM, and 7 € NOM. As usual, Oy := =O—p.

Thus, syntactically speaking, the basic hybrid language is a two-sorted extension of
uni-modal logic which contains a NOM indexed collection of operators @,. Now for the
semantics. Ordinary (unsorted) modal languages are interpreted on Kripke models,
but hybrid languages are interpreted on hybrid models. These are Kripke models in
which the valuations are constrained to ensure that each nominal names a unique
state.
DEFINITION 1.2 (Semantics)
A hybrid model is a triple 9 = (M, R, V) such that M is a non-empty set, R is a
binary relation on M, and V : ATOM — Pow(M) is such that for all i € NOM, V (3)
is a singleton subset of M. The elements of M are called states, R is the transition
relation, and V is the valuation. A frame is a pair § = (M, R), that is, a model
without a valuation.

Let M = (M,R,V) be a model and m € M. Then the satisfaction relation is
defined by:

M,mlka iff meV(a),ac ATOM

M, m Ik - iff MmlFe

MmlkpAy ff M mlkeand Mm kP

M, m Ik Oy iff 3Im’ € M(Rmm' & M,m' Ik p)

M,mlk Qe iff M,m' Ik, where V(i) = {m'}, i € NOM.
A formula ¢ is satisfiable if there is a hybrid model M, and a state m € M such
that 9, m Ik . We write MM Ik ¢ if for all m € M, M, m I ¢, and say that ¢ is

globally satisfied in 9. If § is a frame, and for all hybrid valuations V on § we have
(B, V) Ik ¢, we say that ¢ is valid on § and write § IF ¢.

Because hybrid valuations assign singletons to nominals, each nominal is satisfied at
exactly one state in any model; this means that nominals are essentially a mechanism



The Computational Complexity of Hybrid Temporal Logics 3

for referring to states in a propositional modal language. In what follows we often
call the unique state in V(i) the denotation of i. Note that the satisfaction clause for
formulas of the form @;p says: to evaluate @;p, jump to the unique state named by
1 and evaluate ¢ there. It follows that a wff of the form @;j expresses the identity
of the states named by i and j, and that a wff of the form @;<5 says that the state
named by i R-precedes the state named by j.

So far we have said nothing about why we are interested in hybrid languages in the
first place. There are at least two good reasons. First, they are proof-theoretically
well behaved. Second, hybrid languages arise naturally in many applications.

Hybrid Languages and Modal Proof Theory Probably the most straightforward
way to see why hybrid languages are proof-theoretically natural is to observe that the
basic hybrid language offers precisely what is needed to capture the main ideas of
labelled deduction. Labelled deduction (see [Gab96]) is built around the notation
l:¢. Here the metalinguistic symbol : associates the metalinguistic label [ with the
object language formula . This has a natural modal interpretation: regard labels as
names for states and read [: ¢ as asserting that ¢ is satisfied at [. Labelled deduction
proceeds by manipulating such labels to guide proof search, and is today an important
approach to modal proof theory (see, for example, the work of Basin, Matthews and
Vigand [BMV97]).

The basic hybrid language places the apparatus of labelled deduction in the object
language: nominals are essentially object-level labels, and the formula @;p asserts
in the object language what i : ¢ asserts in the metalanguage. And indeed, the
basic hybrid language turns out to be proof-theoretically natural, for we can directly
“internalize” standard labelled deduction (see [Sel97, Bla98]). Nonetheless, though
important, @ is not indispensable. For example, [Tza99] presents a general approach
to hybrid proof theory using Fitting-style prefix calculi. And when the underlying
modal logic is tense logic (that is, when we have a backward looking modality to
match the forward looking one) even more flexibility is possible: [Dem99] presents
a sequent system for nominal tense logic without @ that has much in common with
@-based internalized labelled deductive systems, and [DG99] discusses display calculi
for nominal tense logic with the difference operator D. For this reason, when we
discuss nominal tense logic, we will be interested in the complexity of @-free systems,
system containing @, and even richer systems containing the universal modality E or
the difference modality D.

Hybrid Languages and Applied Logic Modal logicians like to point out that
many of the formalisms invented by researchers in artificial intelligence, computational
linguistics, and other fields are actually notational variants of modal logic. But in
many cases it would be more accurate to say that it is hybrid languages which are
reinvented in this way. For example, it is well known that the description language
ALC (see [SSS91]) is a notational variant of multi-modal logic (see [Sch91]). But
this relation only holds at the level of T-Box reasoning (that is, general reasoning
about concepts). It is often important to perform A-Box (or assertional) reasoning as
well — that is, to reason about how concepts apply to particular individuals. A-Box
reasoning corresponds to a restricted use of nominals and the @; operators (see [BT98,
AdR99]). In a similar vein, while the basic Attribute Value Matrices (AVMs) used
in computational linguistics are an obvious notational variant of deterministic multi-
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modal logic, full AVM notation (which provides a special device for specifying that
two sequences of features lead to exactly the same node) corresponds to deterministic
multi-modal logic enriched with nominals (see [BS93] and [Rea94]).

But in fact hybrid languages were introduced in the mid-1960s: they were developed
by Arthur Prior, the founder of tense logic, and played a crucial role in his modal anal-
ysis of temporal representation and reasoning (see [Pri67], especially Chapter 5 and
Appendix B3). Since then, many different hybrid temporal logics have been explored
for different purposes (see [Bul70, Has91, Bla94, Gor96, BT99]). Among other things,
hybrid languages make it possible to introduce specific times (days, dates, years, etc.),
to cope with temporal indexicals (such as yesterday, today, tomorrow and now) and to
define many temporally relevant frame properties (such as irreflexivity, asymmetry,
trichotomy, and directedness) that ordinary modal languages cannot. Furthermore,
as we discuss in Section 5, when nominals and @ are added to interval-based logic,
the result is a Holds(t, ¢)-driven interval logic in the style of those introduced into AI
by James Allen, with @ playing the role of Holds. In a nutshell, because they make
temporal reference possible, nominals (aided, perhaps, by @, E or D) remove the most
serious obstacle to a modal analysis of temporal representation and reasoning.

Unfortunately, very little is known about the complexity of hybrid logics, and in
particular of hybrid temporal logics. This paper is a first attempt to fill the gap. We
will concentrate on complexity results for nominal tense logic, presenting a series of
results which show that the EXPTIME-completeness of nominal tense logic reported in
[ABM99] can be tamed by either choosing a more appropriate class of frames, or by
working with a fragment of the language.

Overview of the paper. In the next section we discuss the relations between nomi-
nals, the universal modality and the difference operator. Section 3 contains our main
results. We first show that the satisfiability problem for the basic hybrid language
is complete for PSPACE when interpreted on transitive frames. Then we show that
adding just one nominal to the language of tense logic leads to EXPTIME hardness on
this class of frames. We then consider frame classes which are more appropriate to
temporal logic: linear structures and transitive trees. In both cases we establish that
the complexity of the satisfiability problem remains the same after expansion with
nominals and the @ operator. The last two sections discuss two stronger languages:
nominal Until/Since logic, and a referential version of Halpern and Shoham’s inter-
val logic. Along the way we make a brief detour through hybrid PDL: we establish
upper bounds for a number of temporal logics by generalizing results due to Passy
and Tinchev [PT91] and De Giacomo [De 95]. We conclude with some remarks on
the relevance of our results to description logic, and draw attention to the spypoint
technique, which is used in this paper to prove both upper and lower bounds. We
believe this technique may be useful in other settings.

2 Nominals, @, E and D

The somewhere modality E, and to a lesser extent the difference operator D, have
played an important role in the development of hybrid languages. These operators
can be added to any (modal or hybrid) language, and on any (Kripke or hybrid)
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model M = (M, R, V) they are interpreted as follows:

M. mlkEp iff Im' e MO,m'IFp)
M.ml-De iff Im'e M(m'#m A DM,m' Ik ).

We will see a lot more of these operators in what follows, so let’s note some useful
facts right away. First, the dual of E, namely Ay := —E-¢, asserts that ¢ is true at
all points in a model; A is called the universal modality. Second, note that E can
mimic @, for E(i A ) means exactly the same thing as @;(p; this is why practically
everyone who has worked with nominals has also experimented with E. In a sense,
@ amounts to guarded use of E, where “guarded” is used in the sense of [AvBN9S].
As we shall see, this kind of guarding can be effective: hybrid logics with @ are often
less complex than those which allow unrestricted use of E.

The difference operator D is stronger than E, for we can define Ep as ¢ V Dy but
E is not strong enough to define D. Actually, D is so strong that it can even simulate
nominals: clearly the formula Ep A A(p — —Dp) forces p to be true at only one point
in the model." More interesting is the following fact:

THEOREM 2.1
There is a polynomial reduction which preserves satisfaction from any hybrid language
containing D to the fragment containing only E and nominals.

This result is relevant to our work on hybrid complexity, for it immediately yields:

COROLLARY 2.2
Let F be any class of Kripke frames, and let £ be a modal language. The F-satisfiability
problem is the problem of satisfying a formula on a model based on a frame in F. Then:

1. if £ contains D then adding nominals, @, and E does not modify (except by a
polynomial) the complexity of the F-satisfiability problem,

2. if £ contains nominals and E then adding D does not modify (except by a poly-
nomial) the complexity of the F-satisfiability problem.

For this reason we won’t explicitly mention results concerning D. We now prove the
theorem.

PROOF. Let ¢ be a formula in the full language. We construct in two steps a formula
¢ A 0" without D such that ¢ is satisfiable iff ' A 8" is. We take care that this
construction can be performed in time polynomial in the length of ¢. We use the fact
that in any Kripke model 9, the denotation of Dy (denoted by [Dylm = {m € M |
M, m I Dy}) can only take three values, namely:

M if [[¢]am| > 1
Dl =4 0 if [plon =0
M\ {m} if [plon = {m}.

We now delete all occurrences of D, replacing them with nominals and A; we proceed

inductively in the number of D operators in ¢. If ¢ contains no D we are done.
Otherwise, consider a subformula of the form D1 where v contains no occurrences

1 This is not a new observation. For example, proof systems for D-logics based on rules for the undefinable trade
on this; see [Rij92, Ven93].
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of D. Let ¢’ be ¢ with this subformula replaced by a new variable p; and let 6, =
A(pr ¢ Dv). Clearly ¢ is satisfiable iff ¢’ A 0 is. An inductive application of this
procedure eventually yields a formula ¢’ without occurrences of D and a conjunction
0 of formulas of the form A(px <> Dv)) with v not containing D.

Now we “axiomatize” all the Dy using nominals, E, and A. For every conjunct
0 = A(py, > D7), we create a formula 6, the conjunction of:

Apg V A-pi V (A(pr < —ig) A Epr)
Ap;c — E(’l/l A ’Lk) A E(’L/J A —|’L'/c)
Aﬂpk — A—\’(D

(A(pr, ¢ —ix) A Epr) = A = ig).

For every conjunct 6, we use a new nominal i;,. Note that the three disjuncts making
up the first conjunct are mutually exclusive: each reflects one of the three possible
denotations of Di. Let # be the conjunction of all #;. It is clear that ¢’ A 6 is
satisfiable iff ¢’ A @’ is, and 6’ contains no occurrences of D. Finally, the translation
is a PTIME-reduction with at most a quadratic blow-up in the size of the formula. Wl

3 Nominal tense logic

The classic language for temporal reasoning is Priorean tense logic [Pri67]. This is a
bimodal language whose ¢-modalities are F (for reasoning about the future) and P
(for reasoning about the past). P is interpreted using the converse of the transition
relation for F. That is:

M,ml-Fp iff Im' € M(Rmm' & M m' Ik p)
M,ml-Pp iff Im' € M(Rm'm & M,m' Ik ).

The respective O-modalities are written G and H. We know from [Spa93b] that
the satisfiability problem for Priorean tense logic over arbitrary frames is PSPACE-
complete, and that it remains PSPACE-complete over transitive frames.

When nominals (and possibly @) are added to tense logic, the resulting language
is called nominal tense logic. Nominal tense logic is well-behaved in many respects,
and its good behavior does not depend on @. For example, [Dem99] shows how to
define well-behaved @-free sequent systems. Moreover, nominal tense logic is highly
expressive at the level of frames. For example, it can define both (N, <) (the natural
numbers in their usual order) and (Z, <) (the integers in their usual order) up to
isomorphism (see [Bla93]) and the definitions don’t require @. In what follows, when
stating complexity results we will explicitly say whether they presuppose the presence
of @ or not.

What about complexity? The following result, proved in [ABM99], is a good start-
ing point as we can consider the basic hybrid language as the purely future fragment
of nominal tense logic.

THEOREM 3.1
The satisfiability problem for the basic hybrid language over arbitrary frames is
PSPACE-complete.

Now, we know from [Lad77] that ordinary propositional uni-modal logic has a PSPACE-
complete satisfiability problem over arbitrary frames. Hence, Theorem 3.1 shows that
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we can strengthen the expressivity of the logic by adding nominals and @ without
any complexity cost (up to a polynomial). Furthermore, it shows that for arbitrary
frames, the guarding strategy (that is, using @ instead of E) pays off: adding the
somewhere modality E (and no nominals) to ordinary uni-modal logic results in an
EXPTIME-hard satisfiability problem (see [FL79, HM92]).

But these results are of limited temporal interest for two reasons. First, while
the purely future fragment is useful in certain applications, we often want the past
operator too. Moreover, if we think of states in a Kripke model as time points, and
view R as the temporal precedence relation, reading ¢ as “¢ occurs in the future,”
then this means we should require R to be (at least) transitive.

In [ABM99] it was shown that the past operator does make a difference. We pay a
price for the ability to look backwards:

THEOREM 3.2
The satisfiability problem over arbitrary frames for the Priorean tense language ex-
panded with just one nominal (and no @ operator) is EXPTIME-hard.

This sounds like bad new — but because the class of arbitrary frames is of little
relevance in temporal logic, it is merely a warning sign. The real task that faces us
is to examine the complexity of hybrid logics over the frame classes that really are
important in temporal logic. We start by looking at the minimal requirement we can
impose on R, transitivity.

3.1  Transitive frames.

We start again with the simple case of the pure future fragment (that is, the basic
hybrid language). We know (also from [Lad77]) that the satisfiability problem for
ordinary uni-modal logic over transitive frames is PSPACE-complete. What happens
when we add nominals and @? Again, nothing. In fact we can even add the somewhere
modality E while staying in PSPACE.

THEOREM 3.3
The satisfiability problem over transitive frames for the basic hybrid language ex-
panded with E is PSPACE-complete.

PROOF. The lower bound follows from [Lad77]. For the proof of the upper bound, we
only consider formulas without occurrences of @. We lose no generality because @;p
is equivalent to E(i A ).

For a formula ¢ we will define a two player £&-game. We will show that Jloise (the
existential player) has a winning strategy in the £-game if and only if £ is satisfiable.
The &-game is designed so that it halts after at most |SF(§)| rounds, where SF(&)
is the set of all subformulas in & Moreover, at each stage of the game at most
|SF(§)| Hintikka sets (maximal consistent sets of subformulas of £) are on the board.
Coding this information takes space polynomial in the length of £&. Given the close
correspondence between Alternating Turing Machines (ATM’s) and two player games
(see [Chlg6]), it is straightforward to implement the problem of deciding whether
Jloise has a winning strategy on a PTIME ATM. As any PTIME ATM algorithm can be
turned into a PSPACE Turing Machine program, we obtain the desired upper bound.

Fix a formula . The &-game is played as follows. There are two players, Vbelard
(male) and Jloise (female). She starts the game by playing a collection {Xo,... , Xy}
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of Hintikka sets. She must choose these Hintikka sets so that the following three
conditions hold:

1. X, contains &, and [{Xo, ..., X}| is smaller than |SF(£)],
2. no nominal occurs in two different Hintikka sets,
3. for all X, for all Ep € SF(€), Ep € X, iff ¢ € X, for some k.

If Jloise cannot find Hintikka sets satisfying these conditions, she loses the game
immediately. If she can, the game continues. Vbelard chooses an X; and a “defect
formula” ¢¢ € X;. Jloise must respond with a Hintikka set ¥ such that

1. ¢ € Y and for all Oy € SF(£), Oy ¢ X, implies that Oy € Y and ¢ ¢V,
2. for all Ep € SF(£),if ¢ €Y then Ep € Y, and Ep € Y iff Ep € X,

3.if 7 € Y for some nominal ¢, then Y is one of the Hintikka sets she played
at the start. In this case the game stops and Jloise wins.

If Jloise cannot find a suitable V', the game stops and Vbelard wins. If Jloise does find
a suitable Y (one that is not covered by the halting clause in item 3 above) then YV
is added to the list of played sets, and play continues, the players moving alternately.
At each stage, Vbelard must choose a defect &y from the last played Hintikka set. To
ensure that the the length of the game is bounded by |SF()|, we keep a list of the
O-formulas Vbelard plays, and we insist that if he plays a formula O a second time,
Jloise has to respond with the Hintikka set she played when he challenged with $op
the first time. If this (forced) response does not meet the three criteria just listed,
she loses; but if it does meet these criteria, she wins. Either way, the game stops
immediately.

CrAIM: dloise has a winning strategy in the &-game iff £ is satisfiable in the class of
transitive hybrid models.

PROOF OF CLAIM.

[=]. Suppose Jloise has a winning strategy for the {-game. We build a model 9t
for £ as follows. The domain M is build in steps by following her winning strategy.
My consists of her initial move {Xo,... ,X}. Suppose M; is defined. Then M;;,
consists of a copy of those Hintikka sets she plays when using her winning strategy for
each of Vbelard’s possible moves played in the Hintikka sets from M; (except when
she is required to play a Hintikka set from her initial move that contains a nominal;
we don’t copy these sets). Let M be the disjoint union of all the M;. Set Rmm’ iff for
all Op € SF(E), o Egm = [Cogm' & o ¢m']. Let V(a) = {m € M | a € m}, for
all atoms a in SF(§); and if 4 is any nominal not in SF(£), then V(i) is an arbitrary
singleton subset of M. Clearly 9 is a transitive hybrid model.

We claim that the following truth-lemma holds: for all ¢ € SF(£), for all m € M,
M, m I ¢ if and only if 1) € m. This follows by induction on the structure of formulas.
The steps for atoms, Booleans and E are obvious. For <, first suppose that G € m.
Then, as Vbelard can challenge this defect, it must be possible for Jloise to respond
with an m' containing 1. Since for all O € SF(E), Oy gm = [Cp & m/ & ¢ & m/]
holds, we have Rmm’ and by induction hypothesis 9, m IF $ip. For the converse,
we argue by contraposition. Suppose that ¢¢) € m. Let m’ be an arbitrary R-
successor of m. Then by our definition of R, ¥ & m/, so M,m’ If . As m' was
arbitrary, 9, m If ©4p as required. Thus the truth-lemma holds, and as Jloise played
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a Hintikka set containing ¢ in the first round, & is satisfiable in 9t. We have proved
the left to right direction of our claim.

[«<]. Suppose ¢ is satisfiable. That is, suppose there is some hybrid model 9t and a
point mo such that 9, mg I €. Let M/ = (M R V) be the transitive filtration
of M through SF(£).2 Then M/ is a finite model, M/, |mpo| IF €, and moreover each
state in M is a Hintikka set over £&. Think of Jloise as consulting 9/ as she plays,
and choosing her moves from its states. For her first move, Jloise chooses |my| (as
this is a point in MM/ that contains £), and each state of M/ that contains a nominal
and for every Evy» € SF(£), if 1 is satisfied in 9%/, just one |m| such that MM/, |m| IF .
Clearly her first move satisfies the required conditions. Now for the crucial point:
when Vbelard chooses a defect O from a Hintikka set X, Jloise responds with a
mazimal Rf-successor Y of X such that ¥ contains ¢; as 9t/ is finite, such a YV
exists. It is this choice that enables Jloise to successfully play the same Hintikka
set twice if Vbelard chooses a defect $p twice. For suppose Jloise has played YV in
response to a defect G in X. Then suppose that at some later stage VYbelard points
to the defect G in Z, for Z a successor of X. Jloise consults the model, looking for
a maximal R successor of Z that contains ¢. But as Rf X Z, any such point will
also be a maximal R/ successor of X that contains . Thus Y is a suitable choice,
and by playing it again she wins immediately. Thus Jloise has a winning strategy for
&-game. This completes the proof of the right to left direction of our claim. <

The theorem follows directly from the claim. |

So far, so good: nothing strange happens when we add transitivity to the basic hybrid
language. But as we will now show, transitivity is not enough to tame hybridization
when the backward looking modality P is added. The proof that follows uses the
spypoint technique from [BS95, ABM99].

THEOREM 3.4
The satisfiability problem over transitive frames for the Priorean tense language ex-
panded with just one nominal (and no @ operator) is EXPTIME-hard.

PRrOOF. We will reduce the EXPTIME-complete global K-satisfiability problem for uni-
modal languages to the (local) satisfiability problem over transitive frames for a lan-
guage of Priorean tense logic that contains at least one nominal (and no @ operator).
The global K-satisfiability problem for uni-modal languages is this: given a formula
¢ in the uni-modal language, does there exist a Kripke model 9t such that 90 I ¢
(in other words, where ¢ is true in all states)? The EXPTIME-completeness of this
problem is an immediate consequence of the EXPTIME-completeness of the satisfiabil-
ity problem over arbitrary frames for uni-modal logic expanded with the somewhere
modality E proved in [Spa93al.

We define a translation function (+)! from ordinary uni-modal formulas to formu-
las in a language of tense logic containing one nominal i. We assume without loss
of generality that the propositional variables in the nominal language are those of
the uni-modal language plus four extra propositional variables 0, 1, 2, and 3. The
translation (-)? is defined as follows:

29/ is defined as follows. For each state m € 9, |m| is the set of all states in 9 that agree on all formulas
in SF(€), and Mf = {|m| | m is a state in 9M}. RF is the binary relation on My defined by Rf|m||m’| iff for all
¥, if 0% € SF(€) and 9M, m ¥ O¥, then M, m’ ¥ ¢ and M, m’ ¥ Oy. VI (a) = {|m| | M, w Ik a}, for all atomic
symbols a € SF(§), and v assigns arbitrary singletons to nominals not in SF(£).
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t

pr = p
(g = ¢

(EAB)Y = &ne
(0t = FOAAPRAFBAPOAPIAEY))).

Clearly (-)! is a linear reduction. The intuition behind this translation is that we
mimic one R-step in an ordinary Kripke frame by the zigzag transition shown in
Figure 1 in a transitive hybrid frame.

’LU1“'1 UJ3”’3
SN\
wlF0 wylF2 W' k0

Fia. 1. Translation of diamond formulas.

The figure shows how an arrow from w to w’ in the original model would be encoded
in the transitive model, with intermediate stops at w;, we and ws. The propositional
symbol 0 will mark the elements of the original model, the others are auxiliary in the
encoding. Note that on transitive frames, FFp — Fp and PPp — Pp are valid, but
FPFPp — FPp is not.

CLAIM: For any uni-modal formula ¢, ¢ is globally K-satisfiable iff i AFOA G(0 — ¢?)
is satisfiable in a hybrid model based on a transitive frame.

PROOF OF CLAIM.
[=]. Suppose M IF ¢, where M = (M, R, V) is a Kripke model. We now define a
transitive hybrid model D4 = (M*s R*S V*%) as follows:

o M* = (M x {0,1,2,3})U {s}, for s ¢ M x {0,1,2,3}. For 2 € {0,1,2,3}, M*
is {(m,z) | m € M}. In what follows, for all m € M, we shall use the notation
mo, M1, ma, and ms instead of (m,0), (m, 1), (m,2), and (m,3). Points in M°
will correspond to the points in the Kripke model 90t; points in M*!, M? and M?
are a “coding space” in which we can construct the transitive relation we require.
The point s is our spypoint.

R*s is defined as follows

a=x9,b=x3 for somex € M, or
a=1z9,b=1x3 for somez € M, or

R*%ab < a=mx9,b=x; for somex € M, or
a=1yo, b=z forsomey,z € M & Ryx, or
a=s

R*s codes an R-transition from point y to x in 9 as a forward step from yo to
x4 followed by a backward, forward, backward sequence from z; to z3. Note that
this zig-zag sequence corresponds to the nesting pattern of the Fs and Ps in the
translation clause for ©. We leave the reader to verify that R*S is a transitive
relation. Note that the spypoint can see every point in the model.

o If p is a propositional variable not in {1,2,3,4}, then V45(p) = {mo | m € V(p)};
for p € {1,2,3,4}, V*(p) = MP, and V*(i) = {s}.
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It follows by induction that for all m € M, for all uni-modal formulas ¢, 9, m Ik ¢ iff
M*S, mo IF . The only interesting step is for &. That O, m I O implies M, mo |-
(O1)t is straightforward. For the reverse implication, suppose that 9%, mq IF (O)?,
that is, suppose

ML mg IF F(LAP(2A F(3AP(0APi AYY)))).

This implies that there exist a; € M, by € M2, c3 € M? and ng € MP° such that

ay C3
NN
Mo b2 No IF Q,Z)t

But by the definition of R** it follows that a; = nj, bo = ns, and c3 = ns. Hence,
as R**mgay, it follows that Rmn. Moreover, as 94, ng IF o, by the inductive
hypothesis 9, n |- ¢». Thus 9, m |- O,

From this equivalence it follows that 9t*s,s IF i A FOA G(0 = ¢?), and we have
proved the left to right direction of our claim.

[<]. Suppose M, w IF i AFOAG(0 — ¢"), where 9 = (M, R, V) is a transitive hybrid
model. Define a Kripke model 9" as follows:

e MY ={m e M | Rwm & 9, m |- 0}. Note that MY is not empty, for 9, w I FO.

e RY = {(m,n) € MY x MY | Ja,b,c € M(Rma & Rba & Rbc & Rnc & M, a |F
1& MbIF2 & M clk3)}.

.V':V[Mv.

It follows by induction that for all m € MY, for all uni-modal formulas v, M, m I+ 9t
iff MY, m IF 2. Only the step for < is interesting. That 9, m I ¢* implies MY, m IF 3
is straightforward. For the converse, suppose MY, m IF $Gip. This means:

Ine MY (RYmn & MY ,n Ik ).
As n € M, we have that Rwn, hence by the definition of RY we have that
In,a,b,c € M(Rma & Rba & Rbc & Rnc &Rwn & MY, n I+ 1),

and moreover a, b, ¢ satisfy 1, 2, and 3 respectively. By the inductive hypothesis
M, n Ik t. Hence, as w denotes i and Rwn, and as all points in M"Y satisfy 0, we
have M, n IF 0 A Pi A9pt. Tt follows that 9%, m IF (O)t.

From this equivalence and 9, w IF G(0 — ¢?) it follows that MY I ¢, and we have
established the right to left direction of our claim. <

The theorem follows directly from the claim. |

Clearly P played a crucial role in this proof — so if we want a PSPACE or lower
satisfiability result we will need to add further restrictions “to the past” to tame
temporal hybridization. We will learn how to do this in the following section.

Now for the upper bound. We will establish this by extending known results for
Propositional Dynamic Logic with nominals. It is known that satisfiability for PDL
enriched with both nominals and E is solvable in EXPTIME (see [PT91]). Moreover,
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as De Giacomo observes (see [De 95]), his results on PDL-like description languages
containing the O (“one-of”) operator show that the satisfiability problem for PDL
with converse enriched with nominals is solvable in EXPTIME. Now, on connected
frames — assuming a finite repertoire of atomic programs — the somewhere modality
is definable in converse PDL. But to establish the upper bounds we want, we need to
know that we can have access to both converse programs and E on arbitrary frames
and still stay in EXPTIME. And in fact, we can. Once again, we make use of a spypoint
argument, but this time to obtain an upper bound:

THEOREM 3.5
The satisfiability problem for Propositional Dynamic Logic with converse enriched
with both nominals and E is solvable in EXPTIME.

PROOF. Let £ be a formula in this language. Without loss of generality, we may
assume that converse is only applied to atomic programs. We will transform £ into
a formula without occurrences of E and then use de Giacomo’s result. Let s be a
nominal and o be an atomic program not occurring in £&. Define £! by first recursively
replacing every occurrence of Ep in € by (¢71)(sA (o)), obtaining a formula without
occurrences of E. Now transform the programs occurring inside the modalities in £
by replacing atomic programs p (converse programs p~1) by p; (77 1)s? (respectively
p~ 1 {o71)s?). We claim that £ is satisfiable iff £ A (771)s is satisfiable. Since &' A
(071)s is in the language covered by de Giacomo’s EXPTIME-algorithm, this claim
proves the theorem.

The left to right direction of the claim is obvious: just add a new state to the
model, make s true there, and let that state be o-connected to all other states.

For the other direction, let 9t = (M, R;, V)i satisfy £ A (071)s at w and V(s) =
{s}. Let MM~ be the submodel of 9 obtained by restricting the universe M to the set
M~ ={z € M | Rosz}. We claim that for all subformulas ¢ of &, for all z € M,

Mzl = Ml b

As w € M~, this would provide us with the desired result. The proof of the claim
goes by the usual double induction needed for inductive proofs in PDL. The proof is
straightforward given the following observations:

e the translation of E formulas works because we restricted the model to successors
of the spypoint s.

® M~ is a generated submodel of M for the new “atomic” programs p; (o ~1)s? and
p~ ;{07 1)s? occurring in £

This finishes the proof of the theorem. |

COROLLARY 3.6
1. The satisfiability problem for nominal tense logic with E over arbitrary frames is
solvable in EXPTIME.
2. The satisfiability problem for nominal tense logic with E over transitive frames is
solvable in EXPTIME.

PROOF. For the arbitrary frame case, we define a linear translation (.)! of formulas
of nominal tense logic (without @) into formulas of nominal PDL with converse as



The Computational Complexity of Hybrid Temporal Logics 13

follows: (a)t=a for all atoms a, (=€)t = =(£)t, (€ A0t = (&)L A (B)E, (FE)! = (r)(€)?,
(P& = (r~1)(€)t, and (E€)! = E(£)?. Here r is a fixed atomic program. It is easy to
see that ¢ is satisfiable iff (¢)? is satisfiable.

For the transitive frame case, we define a linear translation (.)t% which is identical
to () for atoms and booleans, but handles F and P as follows: (F€)¥ = (r;r*)(€)%,
and (P€)® = (r~=1; (r~1)*)(£)¥. Tt is easy to see that ¢ is satisfiable over a transitive
frames iff ()® is satisfiable. |

Hence, temporal hybridization on transitive frames still moves us outside the com-
plexity class of the original logic. But from now on things get better. Two main
kinds of transitive structures are usually considered as standard representations of
time: strict total orders for linear time, and transitive trees for branching time. In
the next two sections we will prove that in both cases hybridization is tamed. With
this we mean to say that the expansion with nominals and @ does not lead to an
increase in complexity.

3.2  Linear time

For many applications, time is modeled as linear. Of course, choosing linearity leaves
many interesting options open, such as whether density or discreteness holds, and
whether or not initial and final points in time exist. But for our purposes, such
choices are irrelevant: the complexity of the satisfiability problem for nominal tense
logic over any subclass of the class of strict total orders (that is, frames that are
irreflexive, transitive, and trichotomous (Vs,t € W(sRtV s = t V tRs)) is the same
as for Priorean tense logic. But given our remarks in Section 2 this should not come
as a surprise: over strict total orders, F and P are strong enough to define D, as
Dy < (Fp V Py) is valid. Thus we can eliminate all occurrences of nominals (and
@ and E) by simulating them using D; in effect, we do the reverse of what we did in
Theorem 2.1. Some care has to be taken to avoid a blow up in formula size during
the elimination process, but it is easy to define an inductive replacement similar to
that used in the proof of Theorem 2.1 that avoids such problems. Thus:

THEOREM 3.7

Let S be a subclass of the class of strict total orders. The complexity of the S-
satisfiability problem is (up to a polynomial factor) the same for nominal tense logic
(with or without @, E, or D) as it is for Priorean tense logic.

On many natural linear flows of time (for example, the class of all strict total orders,
or the class containing only (Q, <)) the complexity of the satisfiability problem for the
Priorean language is NP-complete [ON80, SC85], that is, no worse than propositional
calculus, so nominal tense logic inherits these results.

Theorem 3.7 may seem a bit like cheating. We don’t pay any computational cost,
but this is because hybridization over strict total orders does not increase the ex-
pressive power at our disposal. This is true, but we think it misses the point. In
many applications of temporal logic, reference to times is not an optional extra, it’s
fundamental. To model such problems naturally, we need formalisms which allow us
to deal with temporal reference directly. Adding @ and nominals gives us what seems
to be the correct level of abstraction needed. It is this level of abstraction (rather
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than the lower level offered by D) that needs to be isolated and explored. We’ll return
to this point in Section 5, when we discuss interval-based logic.

3.8 Branching time

In discussions of temporal logic in philosophy, natural language semantics, and com-
puter science, the following intuition plays an important role: while several possible
futures may be allowed, the past has a linear structure. To put it another way, it is
often assumed that time has a tree-like structure, with the branching occurring only
towards the future, never towards the past. Call a directed graph (T, <) a tree if it is
acyclic and connected, and every node has at most one predecessor. A transitive tree
is the transitive closure of a tree. In this section we are interested in the satisfiability
problem for nominal tense logic over such frames.

Note that the spypoint argument used to prove EXPTIME-hardness in Theorem 3.4
will not work for transitive trees: the encoding of transitivity in the model 9t*s
made crucial use of branching towards the past (points in M?! look back to points
in M° and M?). And in fact, if we demand that our frames are transitive trees,
we tame P and drop back into PSPACE. The key intuition comes from inspecting
the structure of the past in a transitive tree: if we generate the submodel by the
converse of the accessibility relation from any point in a transitive tree, we obtain a
strict linear order. Thanks to this property it will be easy to satisfy past formulas
in small structures. Future formulas will require more work, particularly when they
interact with nominals. Nonetheless, we will be able to show that all the required
computations can be carried out in PSPACE.

NP-Complete Subfragments Before we prove the PSPACE-result for nominal tense
logic on transitive trees, let’s look at possible further reductions in complexity on this
class of frames. Consider the formula Fi A G(Fi — ¢). It says that there is a state
named 7 in the future and that ¢ holds at every state between now and the state
named 4. In other words, Fi A G(Fi — ) says the same thing as Until(i, ¢).

Consider the subfragment of nominal tense logic in which we only have future
formulas of the form Until(i,¢), for one fixed nominal 7 (the rest of the language
remains unchanged). For this fragment every satisfiable formula can be satisfied in a
model of size polynomial in the length of the formula, yielding NP-completeness. This
is shown by a simple submodel generation argument. Let 9t,m IF . If 9, m I+ Fi,
create a submodel by considering the i-named state plus all its predecessors; otherwise
create a submodel by taking m plus all its predecessors. In both cases we obtain a
linear model which still satisfies ¢ at m. Since the models are linear, we can now use
standard techniques from temporal logic to create a polysize model for ¢. Here again,
we obtained a reduction in complexity by guarding the modalities: we only allowed
formulas of the form G(Fi — ¢).

THEOREM 3.8

Let £ be the sublanguage of nominal tense logic in which every occurrence of a formula
Fi is of the form F(Fi A @), for some 7, p. Every £ formula which is satisfiable on a
transitive tree is satisfiable on a transitive tree of size polynomial in the length of the
formula.

A simple inspection of the above argument shows that the restriction to just one
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nominal as guard is not needed to obtain the result. By distributing out disjunctions
the same result holds for formulas of the form F(F(i1 V.. .Vir) Ap). These formulas are
used in the proof of the next theorem to distinguish future formulas that need their
witnessing state before any named state from ones which don’t, as follows. Suppose
in 9 there are only finitely many states named by a nominal, say 41,...,ix. Let
M, m Ik Fo. Then either M, m Ik F(F(i1V...Vig)Ap) or M, m Ik F(=F(i1 V.. .Vig)Ap).
If the latter is false, this means that ¢ has to be true between m and some named
state.

THEOREM 3.9

The satisfiability problem for nominal tense logic over the class of transitive trees is
PSPACE—complete.

PROOF. PSPACE-hardness follows from results in [Lad77]: the satisfiability problem
for ordinary uni-modal logic over transitive trees is already PSPACE-hard. The real
work is to prove the PSPACE upper bound.

Our argument will be similar to the one used in Theorem 3.3, but now we should
construct the appropriate tree structure in the game played by Vbelard and Floise.
Instead of Hintikka sets, the players will use sequences of Hintikka sets which will
take the role of partial branches in the model. But let us set up the game; first we
define the following notions.

For any formula £ in the nominal tense language, define the closure set Ci(€) as
the smallest set containing &, closed under subformulas, single negation and under
the following rule: if ¢ € CI(€) then P(i) € CI(¢).

Let £ be fixed. A thread is a finite labelled frame (T, <, ) such that:

1. < is a weak total order (i.e., < is transitive and trichotomous),
.1:T = Pow(Cli(§)),
. I labels with maximal consistent Hintikka sets over CI(£),
.if i € l(z) then Pi ¢ I(z),
AT < {Pp € CL(§)} U{Fp € CL(} + 1,
. (Future coherence) if Fo & I(2) and x < y, then {Fp, ¢} Ni(y) = 0,
7. (Past saturation) Py € I(y) iff for some z, x < y and ¢ € I(z).

The size |t| of a thread t = (T, <,1) is |T|, and we say that ¢t; = (T1,<1,l;) and t; =
(Tz,<a,l2) fit at @ € Ty NTy iff (T, <1,01) 1fsemy | s<ia} = (T2s <2,l2) 1{seTy | s<oa}-
Two threads fit if there exists an x such that they fit at .

We first take care of the trivial case when |£| = 1. Then £ is either an atom or a
logical constant, and satisfiability is trivial. From now on we assume || > 1.

We can now specify the game for Vbelard and Jloise. She should set up the playing
board by specifying a collection My of threads such that:

S Ut W N

1. for some thread t = (T, <,l) € My, for some z € T, £ € I(z),

2. each two threads in M, fit,

3. there are no more threads in My than the number of nominals in CI(£) plus one.

4. for each nominal 7 in SF(£) there is a thread t = (T, <,l) € My, and = € T such
that ¢ € I(z),

5. let ¢ be a nominal in SF(€), t1,ts two threads in My and x1 € Ty, 2 € T» be such
that ¢ € I (x1) and i € ls(z2), then 1 = x5 and t; and - fit at x4,
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The rationale behind My is that — when the threads are fitted together — it can be
seen as a transitive tree model in which no nominal occurs in the label of two distinct
states.

If Jloise cannot set up the board she loses. Otherwise Vbelard chooses one of the
threads in My, which will be the thread in use in the round. To start with, all the
elements in the thread in use are available. In each round there will be a thread ¢
in use, with a subset of its domain available for Vbelard to pick from. Furthermore
we will keep a table S containing for each Fy formula in CI(£) a natural number
S(Fg). At the start, for all Fo € CI(£), S(Fp) = |£|. We are now ready to specify
the movements of the players. In each round

e VYbelard points to an element z among the available elements in the thread ¢ in
use, and to a formula Fo in [(z). z should be a maximal element containing Fe.
Formally, for all y € ¢, x < y implies Fo, ¢ ¢ l(y) and furthermore, there is no
thread ¢ = (T",<",1") on the board, fitting ¢ at = such that either Fo or ¢ are
in {"(y) for some z <" y.

The answer of Jloise depends on the value recorded for the formula chosen by
Vbelard.
» If S(Fp) > 1, then she should play a thread ¢t' = (T", <’,l’) such that

—t' fits t at x,

— there is y € T’ such that ¢ € I'(y) and = <’ v,

— neither ¢ nor Fi is in I'(z) for < z, ¢ € NOM,

-z eT |z <z} < S(Fy).
If she cannot present such a ', she loses. Otherwise, ¢ becomes the thread in use
and {z € T' | z <’ 2} the available Hintikka sets for Vbelard. Furthermore S(Fy)
is updated to [{z € T | z <" z}|.
» If S(Fp) = 1, then Fyp has been played by Vbelard before. Jloise should pick the
Hintikka set e’ containing ¢ that fixed the defect the last time Vbelard challenged
Fo. If t' = (T{zer | 2<oy U {n}, < U{(y,n) | y € T},1U (n,€")) forn ¢ T is a
thread she wins. Otherwise she loses.

Notice that the values in S decrease as Vbelard repeats choices of Fyp (which he
cannot avoid as CI(€) is finite). This ensures termination of the game in at most
[{Fp € CI()}  [¢] steps.

To prove the theorem we should now establish that Jloise has a winning strategy in
the game described above if and only if £ is satisfiable; and then observe that in each
game only a polynomial number of Hintikka sets are displayed on the board. (The
extra information contained in the table S can obviously be coded using just linear
space in the length of £.)

CraM: dloise has a winning strategy for the £-game iff £ is satisfiable in a model
based in a transitive tree frame.

ProOF OoF CLAIM.

[=] Suppose Jloise has a winning strategy in the &-game. We construct a model
N = (N, R,V) as follows. Let M be the set of threads ever played by Jloise in her
winning strategy. 91 is obtained by “superposing” one by one any two threads in M
at their fitting point. More precisely, given two threads ¢ and ¢’ there is a maximal
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point x such that ¢ and ¢’ fit. Hence for any thread ¢ we can identify a maximal point
x such that ¢ fits with some other thread at z. The elements above z are “unique” to
t; ensure uniqueness by renaming and let M’ be the set of threads obtained in such a
way. Notice that after such a renaming, for any element x of any thread in M’ we can
uniquely identify a Hintikka set corresponding to z, and for any two elements z,y in
threads t = (T, <,l), ¢/ =(T",<',I'")in M,ifx,y e TNT then x <y iff x <’ y.

Now let N be the union of all elements in threads in M’, R be the union of the <
relations, and let V' assign to an atomic symbol a the elements z in N such that a
is in the Hintikka set corresponding to z. If i is a nominal not in SF (&) then V(i) is
any singleton set in N. Since during the setting up of the board nominals in M, are
assigned to unique elements and Jloise never plays threads with new Hintikka sets
containing nominals in her winning strategy, V' is a hybrid valuation.

We claim that the truth lemma for elements in C1(£) holds for N, i.e., let ¢ € CI(§),
and s be any element in N, then M, s IF ¢ iff ¢ € H(s), where for any z in N, H(z)
is the Hintikka set corresponding to z.

The interesting case of the truth lemma are the modalities. By condition 7 in the
definition of threads, elements in M’ are past saturated, and the structure of threads
has been preserved in I, hence the truth lemma for Py holds straightforwardly.

Suppose Fip € H(s). But s € ¢t for some ¢t in M (disregarding renaming), and
Vbelard had a chance to chose each Fi) formula in any Hintikka set in M, at least
for s which were maximal for formula Fi. If s is not maximal for Fi, then it has a
maximal successor s’ containing Fi, which could be challenged by Vbelard. As Jloise
has a winning strategy she should be able to answer the challenge and produce a
thread t' fitting ¢ at s’. By the condition of the game, ¢ will contain a Hintikka set
s" with 9 in its label set, such that s’ <’ s”. By the definition of M, transitivity, and
IH, # will contribute the needed witness into N.

For the converse we argue by contraposition. Suppose Fi & H(s) and let s’ be such
that R(s,s’). But then there is a thread ¢t = (T, <,l) € M such that s,s’ € T and
s < s'. By condition 6, on threads ¢ does not belong to H(s"). By TH, M, s’ I . As
s" was a generic successor of s we have M, s I Fe.

The threads ¢t = (T, <, 1) used in the construction of 9 might contain clusters, i.e.,
maximal (by inclusion) non empty sets S of T such that for all z,y € S, z < y. But
we can unravel them by a standard technique, preserving satisfaction. Notice that
worlds labelled by nominals will never appear in clusters by items 4 and 7 in the
definition of threads and hence they will not be duplicated by the unraveling. The
unraveled model will be a transitive tree. This completes the left to right part of the
claim.

[«<] We should now prove that if £ is satisfiable, then Jloise has a winning strategy.
Let 9t be a transitive tree model such that 9, w I- €. And let 9Mf = (M/ Rf V) be
a transitive filtration of 9t under C1(¢). By properties of filtrations we know that 9t/
is finite and R/ is transitive. Furthermore R/ has maximal (and minimal) elements,
i.e., those |m| € MY such that for all |m'| € Mf, Rf|m|lm’| = Rf|m/||m|. Also,
elements of M7 can be uniquely identified with Hintikka sets over CI(€) (and we will
treat them as such). But |M/| can still be exponential in |€].

For each element |m| € M/ we can built a thread ¢ as follows. For each Py in
|m| choose a minimal predecessor |m’| of |m| which satisfies . Order ¢ by Rf. Since
the filtration comes from a transitive tree, a standard argument shows that t is past
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saturated and hence a thread. Furthermore [¢| is linear in |£|. We call such ¢ a thread
built from |m| in M7. Let ¢ be a formula satisfiable in 9t/. Then a thread for ¢ is a
thread ¢ from some |m|, such that 97, |m| IF ¢, but we require in addition that |m]|
is R/-maximal satisfying ¢, and that t is long, i.e., for all other threads #' built from
|m/| such that 9F, |m'| IF @, |t'| < |t].

Let t be a thread built from |m| and let |m'| be an element in ¢. Let |m”| be an
R/-successor of m'. Tt is not difficult to prove that there is a thread ¢ built from |m"|
that fits ¢ at m’. Furthermore ¢’ is linear in |¢]. From this fact,

(*) if t is a thread built from an element in M/ and |m| is any element in ¢ such that
97, |m| I Fp. Then there is a thread for ¢ that fits ¢ at |m)|.

All this machinery is used to specify Jloise’s answers to challenges made by Vbelard.
We first specify how Jloise can set up the board. Clearly she can find past saturated
threads containing £ and all the nominals and clearly they also fit. But she has to do
something extra. Since later in the game she cannot use threads containing nominals
in new points she sometimes has to insert extra witnessing points in these threads.
Suppose she wants to include a thread containing |m/, and suppose 9/, |m| I Fy but
all |m’| such that Rf|m||m’'| and ¢ € m' lie before a nominal occuring in £. Then she
should include a witnessing |m/| already in step 0. Theorem 3.8 and the remarks just
following it state precisely that she can include all these witnesses and still use only a
polynomial number of states (the exact required bound is easily computed from the
proof). With this setup it is guaranteed that in the case the antecedent of (x) above
obtains, the needed fitting thread can be chosen not to contain any nominal or Fi
formula.

With Hloise’s groundwork taken care of, we now specify how Floise answers the
challenges of Vbelard. Suppose that Vbelard points to a defect formula Fy in an
element |m| in ¢t. If S(Fy) > 1, she answers with a thread ¢’ provided by (*), again
choosing ' to be maximal and long. As argued above she can answer with a thread
in which neither ¢ nor Fi appears in #' above the fitting point.

By obtaining threads from 9t/, Jloise can always answer the moves of Vbelard.
What remains to be checked is the condition on decreasing lengths when Vbelard
plays a repeated formula. So assume that Vbelard has in a previous round chosen
Fo € |m| € t1, and that Jloise answered with a long maximal thread t». Furthermore
he is now choosing Fo € |m/| € t3. We know that Jloise can produce a long maximal
thread ¢4 to answer the challenge. But it is immediate that if the size of ¢4 above |m/|
is greater than the size of to above |m| then ¢, was not a long maximal thread.

Suppose now that S(Fe) = 1 and let ¢; be the thread previously played by Jloise
as an answer, with ¢ € |m;|. Again by (*) we could produce a thread t' fitting ¢ at
m and containing ¢ in some element |m’|. Furthermore, because of the decreasing
condition, we know that this time she can choose ¢’ to be very short. Actually |m|
is at “one step” from the Rf-maximal cluster satisfying ¢, and Jloise can choose any
element of such a cluster, in particular |m;]. <

As we already mentioned, the game stops in time quadratic in the size of &, further-
more all the information ever played in the board can be encoded in polynomial space.
Hence the theorem follows.

What happens if we add E? Nothing — for we already have it: over transitive trees
E¢ can be defined to be ¢ V Fp V Py V PFo.
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COROLLARY 3.10
The transitive tree satisfiability problem for nominal tense logic with E is PSPACE-
complete.

With this we close our analysis of the complexity of nominal tense logic. In the next
two sections we discuss two other hybrid temporal logics for which we have obtained
some preliminary results.

4 Nominal Until/Since logic

We first turn to two other operators often used in temporal logic: Until and Since.
On any (Kripke or hybrid) model 9 = (M, R, V'), they are defined as follows:

M, s |- Until(p, ) iff It € M(sRt & M, t I+ ¢ & Vr € M(sRrRt = M, r |- 1))
M, s I Since(p,v) iff 3t € M(tRs & M, t Ik ¢ & Vr € M(tRrRs = M, r I ).

Using Until we can define Fp := Until(¢, T) and similarly, using Since we can define
Py := Since(p, T). It follows by our earlier results on nominal tense logic that en-
riching a language containing both Until and Since with even a single nominal results
in an EXPTIME-hard satisfiability problem over both arbitrary and transitive frames.
But it turns out that in this case, the introduction of a past operator is not to blame:
already the pure future fragment is EXPTIME-hard. In what follows we will work
with languages whose only primitive modality is Until, and treat F (and G) as defined
symbols.

Now, it is well known that Priorean tense logic is not strong enough to define Until,
even over linear frames, and the addition of nominals and @ does not help. On the
other hand, unlike the difference operator, Until is not strong enough to simulate nom-
inals (indeed, neither can Until and Since working together) on arbitrary structures.
Thus enriching an Until-based language with nominals results in a genuine increase
in expressive power; for example, many new classes of frames become definable. So:
what is the complexity of nominal Until logic?

THEOREM 4.1
The satisfiability problem over arbitrary frames for a Until logic extended with a single
nominal (and no @) is EXPTIME-hard.

PROOF. The proof strategy is the same as that used for Theorem 3.4: we shall reduce
the EXPTIME-complete global satisfiability problem for ordinary uni-modal languages
to the (local) satisfiability problem for a language containing the Until operator and
at least one nominal (and no @) by means of a spypoint argument. First we define:

i-spy = i A =Fi A FFi A G=Until(Fi, —d).

We shall use the following three observations in our proof. If i-spy is satisfied in a
model (M, R, V) at a point s then:

1. - Rss.
2.3m € M(m # s & Rsm & Rms).
3.Vm,m’' € M(Rsm & Rmm' & Rm's = Rsm’).
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Observations 1 and 2 are obvious consequences of the first three conjuncts of i-spy.
Observation 3 is the crucial one and requires comment. Any formula of the form
=Until(&, 0) is true at a point m in a model iff for every successor m’ of m at which &
is true, there is a point u between m and m’ at which 6 is false. So if =Until(Fi, —)
is true at m, this means that at every successor m’ of m which precedes s (for that is
what Fi asserts) there is a point u between m and m’ at which —i is false. But there is
only one point in the entire model where —i is false, namely s. In short —Until(Fi,—i)
guarantees that every successor m’ of m which precedes s is also preceded by s.
Prefixing G ensures that all successors m of s will have this property.

Next, we define the following translation function (-)! from ordinary uni-modal
formulas to formulas in a language containing the Until operator and at least one
nominal i:

%
|

pr = p
(=6 = ¢

Engyt = ¢gnet
(08! = F(&AFi).

Clearly (-)* is a linear reduction.

CrAM: For any ordinary uni-modal formula ¢, ¢ is globally satisfiable in a Kripke
model iff i-spy A G(¢?) is satisfiable in a hybrid model.

ProOF oF CLAIM.

[«<]. Suppose that 9, s I i-spy A G(¢'), where 9t = (M, R, V) is a hybrid model.
Clearly s must be the unique element in V (i), and our observations concerning i-spy
hold. Define 9" as follows

e MY ={me M| Rsm & Rms}.
OR' = RFMV.
OV' = VU\/[V.

Note that by observation 2, MY # ). Next, note that for all m € MY, for all ordinary
uni-modal formulas ), 9, m |- ot iff MY, m IF ). This follows by induction on the
structure of ¢. The interesting case is the step for ©:

M, m IF F(v* A Fi)

Im’ € M(Rmm' & M, m’ I- )t & m' # s & Rm's)
Im’ € MY(Rmm' & M, m’ I- ¢t & m’ # s & Rm/s)
Im’ € MY(RYmm' & MY, m' I+ +)

MY m I b,

1oes

(The key step in the argument is showing that line 2 implies line 3; that is, that
m' € MY. This is where we appeal to observation 3.) Now, by assumption 9, s I+
i-spy A G(¢t). So for all m € M such that Rsm, we have 9, m |- ¢f. That is, for
all m € MY, M, m IF p!. Hence by the equivalence just proved, for all m € MY,
MY, m I+ . In short, MY I+ ¢, and we have proved the right to left direction of our
claim.

[=]. Let M I+ ¢, where M = (M, R, V) is an ordinary Kripke model. Let s be an
element not belonging to M. We define a hybrid model 9t° as follows:
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o M* = MU{s}.
e R° = RU{(s,m),(m,s) |me M}.
e V=TV U{(i,{s}}

(If there are nominals in the language besides i, we let V*® assign them arbitrary
singletons sets; any such nominals are irrelevant to what follows.) We claim that for
all m € M, for all ¥, we have 9, m IF ¢ iff M5, m IF yt. This follows by a simple
induction. The only interesting step is for <:

M, m IF S

Im’ € M(Rmm' & M, m' Ik 1))

Im' € MS(R°mm’ & M, m’ |-+t & m’ # s & R°m's)
M, m I F(vt A Fi)

M, m I+ (Ov).

reee

(To see that the third line implies the second, note that if m’' # s and R*m’s, then
m’ € M.) Now by assumption, M IF ¢. Hence by the equivalence just proved, for all
m e M, M, m - p. Hence M2, s I- G(p?). We also need to show that MM, s I+ i-spy.
That the first three conjuncts of i-spy hold at s is clear. G-Until(Fi,—i), its last
conjunction, holds because s precedes every point in the model except itself. <

The theorem follows directly from the claim. |

Once again, however, if we give a temporal interpretation to Until we are more in-
terested in satisfiability over transitive frames. Moreover, on transitive frames Until
captures a much stronger sense of “betweenness” than it does over non-transitive
frames. So: what is the complexity of nominal until logic over transitive frames? We
don’t have an answer to this. We cannot directly use the zig-zag between past and
future used in Theorem 3.4 (we don’t have a backward looking operator) and we don’t
see any other way of polynomially encoding transitivity.

However we do have a related result. Suppose we replace Until by the operator
Until™ with the following satisfaction definition. Let 9t = (M, R, V) be any (hybrid
or Kripke) model and let Rt denote the transitive closure of R, then

oM, 2 |- Until™ (o, v) iff Iye M(zRy & M,y Ik ¢ & Vze€ M (xR 2Ry = M, 2 Ik ).

That is, Until* (¢, ¥) holds at z if ¢ holds at some z-successor y and for all z which are
in between x and ¥, 1 holds, where “in between” now is not restricted to immediate
successors and predecessors. In other words Until™ captures the same strong sense
of “betweenness” on arbitrary frames that Until captures on transitive frames. Note
that the satisfaction definition of Until* is not first-order. So: what is the complexity
of this variant of nominal until logic? As before we have:

THEOREM 4.2
The satisfiability problem over arbitrary frames for a language containing Until* and
at least one nominal (but no @) is EXPTIME-hard.

PRrROOF. We shall reduce the same EXPTIME-complete problem, using the same trans-
lation function (.)!, of Theorem 4.1 — but instead of a spypoint argument, we shall
use what might be called a sinkpoint argument.
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CrAM: For any ordinary uni-modal formula ¢, ¢ is globally satisfiable in a Kripke
model iff ¢t A Until* (¢, ") A F(i A =Fi) is satisfiable in a hybrid model.

ProoF oF CLAIM.
[=]. Let M = (M, R, V) Ik p. Without loss of generality we can assume that 9t has
a root w (simply take a submodel generated by any point w). Define 9° as follows:

o Ms = MU({s}.
e R* =RU{(z,s) |z € M}.
e V=V U{@{s}}
Note that s is a sinkpoint: instead of using s to spy on all the points in the model,

we squeeze all the points we need between w and s. Tt is easy to show that 9%, w IF
ot AUntil™ (i, t) A F(i A =Fi).

(<] Let M = (M, R, V), w IF ¢! AUntil* (i, o) A F(i A =Fi). Let V(i) = {s}. Define
MY as

e MY ={z€eM|z=wor wR"zRs}.

e RY = RFM'~

L V' = V[Mv.
Note that w € MY. Obviously, for all z € MY, MY,z IF ¢ if and only if M, z IF K.
Thus MY IF ¢, because for all z € MY, M,z I+ ¢t <
The theorem follows directly from the claim. |

For both, Theorem 4.1 and Theorem 4.2 matching EXPTIME upper bounds can be
obtained by embedding into the loosely u-guarded fragment [GW99], but we omit
details.

Using ideas from Section 3.3, we can point to a subset of the language with an
NP-complete satisfaction problem. Consider the formulas of the Until/Since language
equivalent to formulas of the form Since(i,%)) or Until(4,4). It is immediate that, in
any structure, these formulas are equivalent to Pi A H(Pi — ¢) and Fi A G(Fi — ),
respectively. We can use then Theorem 3.7 to prove that the complexity on linear
frames drops from PSPACE-complete for the full language (see [SC85]) to NP-complete
for the fragment. By Theorem 3.8 a similar drop in complexity occurs on the class of
transitive trees.

5 Referential interval logic

We will now examine what happens when we add nominals and @ to the interval-
based logic of Halpern and Shoham (see [HS86]). This logic arises by abstracting
from James Allen’s system of temporal knowledge representation (see [All84]). As
with our discussion of nominal tense logic over strict total orders, the complexity
result we shall prove hinges on the observation that Halpern and Shoham’s language
is powerful enough to define the difference operator D. However we are going to work
with a more interesting type of hybrid language, namely one containing two distinct
sorts of nominals. That is, we will be working in a three-sorted modal language.
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The language of Halpern and Shoham builds formulas from a collection of atomic
symbols ATOM using boolean operators and the primitive modalities (A), (4), (B),
(B), (E) and (E). As it is a traditional (unsorted) modal language, ATOM contains
only the symbols in PROP, that is, propositional variables p, ¢, r, and so on. The
language is interpreted on interval structures built over strict total orders. Let (T, <)
be a strict total order and let I({T, <)) be the set of all closed intervals [t,t'] =
{s€T:t<s<t}on (T <) A Kripke model 9 is a triple (T, <, V). Here V
is a valuation, that is, a mapping V : ATOM — Pow(I({T,<))). The satisfaction
definition is:

M, [t1,t2] IF a iff  [t1,t2] € V(a), for all atoms a
m, [tl, tz] IF - iff EDI, [tl, tg} |y %2

m, [tl,tQ] FoAy iff 9, [tl,tg} Ik and M, [tl,tg} I+
S)JT, [tl,tz] IF <A>g0 iff Jt3:t < t3 and m, [tz, tg] IF (%2}

m, [tl,t2] IF <Z>Lp iff 3Jt3:t3 <t; and ED?, [t37t1] IF (2]
m, [tl,t2] IF (B)(p iff Jt3:t3 <ty andty < t3 and 9M, [tl,tg] IF @
m, [tl,tg] IF <§>4p iff Itz :ts <tz and M, [tl7 tg] Ik
EUL [tl,tg] IF (E)i,@ iff 3t3 : tl < t3 and t3 S t2 and EDL [t3, tg] IF (2}
m, [tl,tz] IF <E>Lﬁ iff Jt3:t3 <t; and m, [tg, tg] IF ®.

Let’s now sort this language to make it referential. We could introduce a “generic”
nominal naming arbitrary intervals — but to make things more interesting, let’s take
a more fine grained approach. We will add two different sorts of nominals: stretched
interval nominals, and point interval nominals. Stretched interval nominals will be
used to name extended time periods, and point interval nominals will denote point-like
intervals. So, let SNOM and PNOM be denumerably infinite sets that are mutually
disjoint, and disjoint from PROP. We represent the elements of SNOM as e, d, ¢, and
those of PNOM by i, 7, k, and we redefine ATOM to be PROPUSNOMUPNOM. The
only other change we will make is to add @; either type of nominal can appear as a
subscript.

Let S({T, <)) = {[t.t'] € I((T, <)) | t # t'} be the set of stretched intervals. Let
P((T, <)) = {[t.t'] € I{T, <)) | t = t'} be the set of point intervals. We now define
a hybrid valuation to be a map V : ATOM — Pow(I((T,<))) assigning single sub-
sets of S((T, <)) to elements in SNOM and single subsets of P((T, <)) to elements
in PNOM. As usual, @ means “jump to the interval denoting the subscript and test
for the truth of its argument there.” This three-sorted language can be thought of
as the propositional fragment of James Allen’s system of temporal knowledge repre-
sentation [All84]. In particular, what Allen would write as Holds(e, ) corresponds to
@, in the hybrid language.

We will make some further remarks on the connections with Allen’s work shortly,
but let’s now look at the complexity of this system. In fact, sorting and adding @
has not made the satisfiability problem any worse. As we already said, the key point
is that D is definable:

Dy := (m)ep.
ne{A,A,B,B,E,E,L,L,D,D,0,0}
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This definition makes use of the following defined operators:

(L) = (A)(A)g, (D)p = (B{E)p, (O)¢:=(E)B)¢,
(Lyp :=(A)(A)p, (D)g:=(B)(E)p, (O)p:=(B)(E)p.

If you spell out what each of the disjunctions in the definition of D say, you will

see that between them they cover 12 of the 13 possible relations between intervals

in an interval structure I((T,<)). The missing relation is equality, and if we add a

disjunction for this we obtain E. That is, E¢ := ¢ V De.

Now, if we had simply introduced a generic interval nominal, we could use D to
simulate nominals and @ exactly as we did in our discussion of nominal tense logic
over linear frames. But we have to draw a distinction between stretched and point
nominals. We do so as follows. Observe that (B)T is true on precisely the elements of
S({T, <)), while (B)T is false on precisely the elements of P({T, <)). So the formula
E(pA (B)T) A A(p — —Dp) forces the propositional variable p to act like a stretched
interval nominal, and E(p A—~(B)T) AA(p — —Dp) forces it to act like a point interval
nominal. Then, as we discussed in Section 3.2, by substituting ordinary propositional
symbols for nominals, and using these definitions to make them behave appropriately,
we can show that:

THEOREM 5.1

Let S be a subclass of the class of strict total orders. The complexity of the satis-
fiability problem over the interval structures built over the frames in S is the same
for the three-sorted interval-based logic (with @) as it is for the logic of Halpern and
Shoham.

But there is a difference between this result and our earlier result for nominal tense
logic over linear frames: the satisfiability problem for Halpern and Shoham’s logic is
typically much harder. For example, as Halpern and Shoham show, validity is not
recursively enumerable if we build our intervals over (R, <), the real numbers in their
usual order.

In our view, this suggests two main paths for further work. The first is to look at
the complexity of weaker hybrid interval logics in which nominals and @ are added
as primitives. The most striking feature of Allen’s work is his use of Holds (without
Holds, Allen’s system is a fairly orthodox first-order theory of intervals). Moreover,
the problem of solving constraints on temporal reference is one of the key tasks in
temporal knowledge representation. But the system of Halpern and Shoham isn’t
built on the idea of reference — temporal reference is a side-effect of the definability
of D. And this means that once we start dropping modalities in the hope of finding
better behaved subfragments, we lose the ability to refer. It seems to us that it is
much more in the spirit of Allen’s work to add point interval nominals, stretched
interval nominals, and @, right from the start, and then to see what can be achieved
using a more restricted collection of operators (for example, the four interval operators
discussed in [Ben&3]).

A second approach is to increase the expressivity still further. In particular, it seems
interesting to go to a richer hybrid language which allows explicit quantification over
nominals. If this is done, the resulting system perspicuously captures the full version
of Allen’s system (Allen allows explicit quantification over interval terms). Hybrid
languages that allow explicit quantification over nominals (and indeed, other sorts)
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have long been studied; see in particular [Bul70] and [PT91]. Given that the logic of
Halpern and Shoham is undecidable (or even highly undecidable) for many important
classes of interval structure, we have nothing to lose on complexity theoretic grounds
by adding explicit quantification over nominals. And we do have something to gain,
namely expressivity: as is shown in [Ven90], the logic of Halpern and Shoham is not
expressively complete over the class of dense linear orders, and in fact, neither is any
interval logic based on a finite collection of interval tense operators.

6 Concluding remarks

In this paper we investigated the complexity of the satisfiability problem for a number
of hybrid temporal logics. Our main results dealt with nominal tense logic, that is,
Priorean tense logic enriched with nominals and possibly @, E, and D as well. The
following table summarizes our results here:

Class of frames [F,P] |[F,P,@, Nom] ||[F,P,E],[F,P,E,@Q]|[F,P, E, Nom], [F,P,D]
All frames PSPACE EXPTIME EXPTIME EXPTIME
Transitive PSPACE EXPTIME EXPTIME EXPTIME

Strict Total Orders NP NP NP NP
Transitive trees PSPACE PSPACE PSPACE PSPACE

Some comments. Hybrid temporal logic has an EXPTIME-hard satisfiability problem
over both arbitrary frames (Theorem 3.2) and transitive frames (Theorem 3.4). These
results hold even without @, and only one nominal is needed to establish them.
Matching EXPTIME upper bounds hold for nominal tense logic, over both arbitrary
and transitive frames, even if E is added (Corollary 3.6). Over any class of strict
total orders, the satisfiability problem for nominal tense logic is the same as that of
Priorean tense logic (Theorem 3.7); for example, for the class of all strict total orders,
nominal tense logic with E has an NP-complete satisfiability problem. Over trees,
nominal tense logic (both with and without @) is PSPACE-complete (Theorem 3.9),
even when extended with E or D (Corollary 3.10).

With respect to pure-future fragments, Theorem 3.1 and Theorem 3.3 show that
hybridization does not damage the fundamental complexity results for modal logics.

We turned then to languages more expressive than tense logic. We obtained two
EXPTIME characterizations for Until logics and briefly discussed a hybrid version of
Halpern and Shoham interval logics. One general comment. It is striking how little is
known about complexity results for these languages. Results from computer science
for language containing Until typically deal with quite restricted (usually tree-like)
classes of frames. As for interval logic, [Ben83] discusses a wide range of possible
constraints on interval structure, but it seems that few of these have been investigated
from a complexity theoretic perspective. Given the high expressive power of these
logics, many decidable logics in this family will probably turn to be EXPTIME; still, a
finer analysis of the trade off between complexity and expressive power in this area
would be extremely useful.

To conclude the paper we note some consequences of our results for description
logic. We have already mentioned in Section 1 that the description language ALC
(without axioms) is a notational variant of multi-modal logic. Assertional axioms
over ALC (that is, the formulas listed in the A-Box) can be formulated in a restricted
fragment of multi-modal logic enriched with nominals and @, namely the fragment in
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which nominals cannot be freely used in formulas, but can only occur as indices on
the @ operator. The description logic ALCO moves closer towards full multi-modal
logic enriched with nominals and @. ALCO allows the formation of concepts using
the O (“one-of”) operator: an expression of the form O(i,...,k) corresponds to a
disjunction of nominals 7V - -V k, and an expression of the form O(i) to the nominal
i (see [BT98]). Thus the full language of multi-modal logic enriched with nominals
and @ is essentially a version of ALCQO in which no restrictions are made on the use
of assertional statements.

Now, as was observed in [ABM99], Theorem 3.1 extends straightforwardly to the
multi-modal case. Viewed from a description logic perspective, this tells us that
dropping all restrictions on the use of A-box descriptions does not move us out of
PSPACE (for the concept satisfiability problem). That is, we can work in a “one-level”
language (let’s call it ALCO@) in which A-box descriptions can be freely combined
with the usual description logic machinery and @, and remain in PSPACE.?

Compare this with what happens if we add converse roles. If we start with a
language of ALCO that contains only one role symbol R we have a PSPACE-complete
satisfiability problem, and this complexity is not modified no matter how many further
ordinary role symbols we add. But Theorem 3.2 tells us that if we add the converse
role symbol R~! we immediately jump to EXPTIME.

One final remark: the spypoint argument used throughout the paper seems of
interest in its own right. We have seen that the technique is useful in hybrid logic for
establishing both upper and lower bounds, and we think it may be useful in description
(and feature) logic too.
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