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Abstract—The union and intersection of general type-2 fuzzy sets
(T2 FSs) are fundamental computations for such FSs. In the past,
algorithms were developed for the union and intersection
computations  using  vertical-slice and  horizontal-slice
representations of T2 FSs. The vertical-slice representation of a
T2 FS traces its origins back to Zadeh [32] and requires
computing the join or meet, whereas the horizontal-slice
representation of a T2 FS is very recent, traces its origins to Liu
[14], and requires computing the join and meet only for interval
T2 FSs that are raised to level alpha, for which closed-form
formulas are available [15]. In this paper, by studying the join
and meet geometrically for general T2 FSs, we show that for
many situations closed-form formulas exist for them. We also
show that the formulas for computing the union and intersection
of general T2 FSs that were derived from the horizontal-slice
representation of a T2 FS [19] can also be obtained directly from
geometrical interpretations of formulas that were derived by
Karnik and Mendel [12] for the vertical-slice representation of a
T2 FS.
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L INTRODUCTION

The use of general type-2 fuzzy sets (T2 FSs) in T2 fuzzy
systems has the potential to let such fuzzy systems outperform
comparable T2 fuzzy systems that only use interval type-2
fuzzy sets (IT2 FSs). This is because a general T2 FS makes
full use of its third dimension, whereas an interval T2 FS does
not. Consequently, there is now renewed attention at all
aspects of general T2 FSs and fuzzy systems, including the
computations of the three basic set-theoretic operations of
intersection, union and complement [1]-[32]. This paper
focuses only on the intersection and union operations, because
they can be difficult to compute for general T2 FSs, whereas
the complement is straightforward to compute.

Consider two T2 FSs sets [1] A (u; : X x[0,1]-1[0,1])
and B (u,:Xx[0,1]1—1[0,1]). A and B are described by
3D membership functions f;(x,u) (x€ X, ueU=[0,1])
and u;(x,w) (xe X, weW =[0,1]), respectively. They can

also be expressed in terms of their respective secondary
membership  functions, ;(ulx) and uz(wlx) , and

secondary grades, f.(u) and g (w), as:

;\=J-X,ug(ulx)/x=_"x[ jg(u)/u]/x (1)

U=(0,1]

and'
B=[ mowiofx=[1f  emiwlfx @

Note that g;(ulx) and p;(wlx) are Tl FSs, and are also

called vertical slices of A and B, respectively; hence (1) and
(2) are called vertical-slice representations of A and B.

It is well-known? [20] that the union of A and B is
another T2 FS whose MF can be computed from:

AVB=| ;010 3)
where

vlx)= f@ykg w)/(v=uvw)

U=[o.I]JW=[0,1] 4)
= (ulx)U pz(wlx)

AUB
xeX

in which LI denotes the join operation. The use of the notation
W;wlx)Up,(wlx) to indicate the join between the
secondary MFs p;(ulx) and p;(wlx) is, of course, a
shorthand notation for the operations in the middle of (4).
What (4) says is that to perform the join between two
secondary MFs, u;(ulx) and p;(wlx), v=uvw must be
computed between every possible pair of primary
memberships # and w, such that u €U and we W , and that
the secondary grade of ft; .(v|x) must be computed as the #-
norm operation between the corresponding secondary grades
of p;(ulx) and u;(wlx), f.(u) and g (w), respectively.
Note that at each value of x the join involves T1 FSs (i.e.,

' When a secondary MF, e.g. ;@ x), has support that does not have

gaps (the support of a T1 FS is the set of values of its primary variable for
which that MF is > 0), then it has been customary in the past to denote that

support as J¢, and to call it the primary membership. This notation, which

has been called into question in [1], is not used herein because it is not needed.
Note, also, that in the past the notation ;(x) has been used (e.g., [15]) as a

shorthand notation for g, (ulx). We now prefer to use ;(ulx) because it
shows the explicit dependence of y; on its functional argument u.

? Some of the material in this section is taken from [16] and [19].
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secondary MFs), and that the join must be computed for
Vx € X . If more than one combination of u and w gives the
same point u v w, then in the join we keep the one with the
largest membership grade. Usually, the maximum 7-conorm is
used, as suggested in [32] and [20].

In general, evaluating the join is difficult to do for arbitrary
T2 FSs. Karnik and Mendel [12] have shown that for » convex
and normal (secondary) T1 FSs, F,...,F,, characterized by
MFs f(01x) ,...f,(01x), respectively, where f(v,[x)= ...
= f(v,Ix)=1, and the f(6|x) are re-ordered so that

v, v, <---<vy, , the MF of LI, F;, using maximum #-conorm

(v ) and either minimum or product #-norm (7), can be
expressed as (Vx e X ):

T f01x) 0 <v,
,uu,LF(HIx)= T:.f@lx) v,<0<v, 1<k<n-1(5)
Vi, f(01x) 0>v,

Coupland and John [4]-[8] have taken a very new and
novel approach to computing the join. Because their approach
is also used for computing the meet, we describe it later in this
section.

It is also well known [20] that the intersection of A and B
is another T2 FS whose MF can be computed from:

;\ﬁé=jx,u%3(le)/x (6)
where

S uykg (w)/(v=unrw)

nuAnB (v l x) = U=[0,1] -[W:[O,I] (7)

= ulx)Npuwlx) xeX

in which M denotes the meet operation. The use of the
notation ft;(ulx) u;(wlx) to indicate the meet between the

secondary MFs i, (ulx) and p;(wlx) is another shorthand

notation, but this time for the operations in the middle of (7).
What (7) says is that to perform the meet between two
secondary MFs, u;(ulx) and p;(wlx), v=uAw must be

performed between every possible pair of primary
memberships » and w, such that u €U and we W , and the
secondary grade of g; .(vIx) must be computed as the #

norm operation between the corresponding secondary grades
of p;(ulx) and u;(wlx), f.(u) and g (w), respectively.

This must be done for Vx € X . If more than one combination
of u and w gives the same point u A w, then in the meet (just
as in the join) we keep the one with the largest membership
grade.

Note that in (7) there are two t-norms, * and A . Although
they are usually chosen to be the same, they do not have to be.
See Starczewski [23] for very interesting discussions about
this.

In general, evaluating the meet is also difficult to do for
arbitrary T2 FSs, especially when the product #-norm is used
in both places in (7). Karnik and Mendel [20] have also shown

that for » convex and normal T1 FSs, F,,...,F,, characterized
by MFs f,(@1x),....f,(61x), respectively, where f (v, |x)
=... = f,(v,Ix)=1, and the f(6lx) are re-ordered so
that v, <v, <--

conorm and minimum #-norm can be expressed as (Vx € X ):

Vi, f:(@1x) 0<v,
B, O1x)=1AL f(O1x) v, <0<y, 1<k<n—1(8)
INEWACIEY)!
The usual derivations of (4) and (7) utilize Zadeh’s
extension principle. Mendel and John [18] show how (4) and

(7) can easily be derived without having to use the Extension
Principle.

<v,, the MF of M., F, using maximum

6>v,

Because (4) and (7) compute the join and meet of T2 FSs
one vertical slice at a time, we shall refer to them as vertical-
slice computations.

Coupland and John [7, 8] have shown how to compute the
join and meet of A and B using methods from computational
geometry (e.g., a modified Weiler-Atherton clipping
algorithm, and a Bentley-Ottman plane sweep algorithm).
Their approach is based on modeling a secondary MF
geometrically as a [9] “set of connected straight line segments
that need not be equally-spaced across the domain,” and is
limited so far to the minimum t-norm and the maximum #-co-
norm.

Even more recently, Greenfield and John [9] presented an
optimized grid method for computing the join and meet, one
that is much more computationally efficient than a direct
approach to using (5) and (8).

A limitation of the geometric and grid methods is they do
not obtain closed-form formulas for the join and meet
operations. Such formulas can be very useful when a type-2
fuzzy logic system is designed by optimizing an objective
function with respect to MF parameters, and explicit
derivatives of that function have to be computed so that
optimal values of those parameters can be found.

When secondary MFs are triangular (an interesting
compromise between interval secondary MFs and general
secondary MFs, and one that is also considered by Coupland
and John [7]) then Starczewski [22, 24] has shown that
“extended f-norms’ of triangular fuzzy truth values may be
approximated by triangular fuzzy truth values as well.” One of
the most interesting aspects of Starczewski’s [24] approach is
it “... reduces calculations of extended #-norms (a similar
approach can be rearranged for s-norms) to computing only
the three characteristic functions: principal, upper and lower.
Arbitrary traditional #-norms (or s-norms) can be used to
calculate these functions. A tremendously useful feature of
this approach is that the resultant MF preserves triangular
shapes of the two arguments, and this way the approximate #-
norms can be expanded to multi-argument form. Moreover, for

* An extended f-norm is a f-norm obtained by applying the Extension
Principle to a T1 #-norm. It was the basis for Mizumoto and Tanaka’s [20]
works.
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each triangular fuzzy membership grade only three parameters
have to be stored and processed by [a] FLS, instead of
tabularized functions as in the general approach.” Another
very useful feature of this approach is that formulas are given
for the operations, so that explicit derivative formulas can be
obtained if a triangular T2 FLS is designed (optimized) using a
method that requires such derivatives (e.g., steepest descent).

Recently, Liu [14] presented a horizontal-slice* o -plane
representation for a general T2 FS. This was further elaborated
upon in [19, 17]. Related works are in [27], [29] and [30].
Using this new representation, described next, it is possible to
compute the union and intersection of general T2 FSs one « -
plane at a time.

Definition 1. An o - plane for the general T2 FS A,
denoted A

whose secondary grades are greater than or equal to o
(0<sa<1),ie. [14]

is the union of all primary memberships of A

A, = {(x,u),‘ug(x,u) >a|VxeX,Yuel = [0,1]}
- j j {(xaw)|f.(u) = o}

VxeX YueU=[0.1]

E (9

Let? §; (x) denote an o -cut of the secondary MF
W;(mlx),ie.,
S, (0 =[4; (0).0; ()] (10)

where H; (x) is the lower MF of Aa at x and f; (x) is the

upper MF of Aa atx,i.e.:

p; (x)=inf{uluef0,1],u;(x,u)> o} (11)
fi, (x)= sup{ulu e[0,1],1; (x,u) > ot} (12)

Then, another way to express Aa is:
A= s mix=] [ ulix a3

VxeX VxeX V”E[Hia (x),ﬁja (x)]

Definition 2. The o-plane Representation for A is [14]:

A= J a/A, B

ael0,1]

(14)

In (14), oo/ A, denotes A, raised to level o , is called® an
o -level T2 FS, and is an IT2 FS whose secondary grades

* Because a horizontal slice is analogous to an ¢ -cut of a T1 FS, it is
called the o - plane representation for a T2 FS.

°[19] uses the notations S;(xla), s, (xla) and sp(xle) for S; (x),
U; (x) and [i; (x), respectively. Our notation is more consistent with the

notation that has been proposed in [1], which is why we use it.

equal o instead of 1 (as would be the case for the usual 1T2
FS). This suggests, and is indeed the case, that operations
involving T2 FSs can be performed using readily available

operations for IT2 FSs. Note that o/ A, is called a zSlice by
Wagner and Hagras [29, 30].

Let (AUB), and (AN B), be the o-planes of AU B

and AN B, respectively. For the minimum t-norm [i.c., the
star in (4) and (7)], it is true that [14], [19]:

AUB= ] a/(AUB), = |J /A, 0B, (15
ael0,1] ael0,1]
AnB= |J a/(AnB),= |J a/A,nB, (16)

ael0,1] ael0,1]

To-date, comparable results for other star t-norms, such as
the product, are not available; however, any conjunction can
be used in the meet, e.g., minimum or product.

To compute, e.g., ;\auéa, for each value of o and
VxeX:

1. Compute A, and B, , the results of which are two
planes that are bounded by their respective lower and
upper MFs, u; (x), I, (x), 4 (x) and [, (x)

2. Compute Aa uBa, as:

A, UB, =11,y (0.1, (0] (17)

where
My g ()= () v g (x) (18)
H; o5, (0)=H; (0)V I (x) (19)

To compute ;\a mBa , simply replace ;\a uBa in (17) -
(19)by A, " B,,and v in (18) and (19) by A.

Because (15) and (16) compute the union and intersection
of T2 FSs one horizontal slice at a time (i.e., one « -plane at a
time), we shall refer to them as either horizontal-slice or « -
plane computations.

In this paper we connect results that can be obtained from
using (5) and (15) for the union of two T2 FSs, and (8) and (16)
for the intersection of two T2 FSs, i.e. we connect the vertical-
slice and horizontal-slice computations. In order to do this, we
first study the geometry of the join and meet when (5) and (15)
are used. Our purpose for doing these things is to provide more
insight into computations of the join and meet and to provide a
new derivation of (15) and (16) directly from (5) and (8).

*In [19] a/Aa is called the footprint of uncertainty (FOU) of the o -plane.
As explained in [17], this is a misnomer, because an FOU lies on the 2D

support of the MF of A , which corresponds to the AO -plane.
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II. GEOMETRY OF THE JOIN AND MEET: VERTICAL-SLICE
COMPUTATIONS

It is straightforward to re-express (5) and (8) recursively,
so that their computations are done two type-2 fuzzy sets at a
time; hence, in order to study the geometry of join and meet,
we focus on (5) and (8) at any x € X for two T2 FSs, Aand
B, as defined in (1) and (2), respectively. For two T2 FSs,
letting F; = F and F, =G, and using the minimum’ t-norm,
minimum for the conjunction operation and maximum for the
disjunction operation, (5) and (8) simplify® to:

min[ f(0),g(0)] O<y,

M (0)=18(0) vy SO<v, (20)
max[f(0),8(0)] 6>v,
max[f(0),g(0)] O6<v,

M (0) = f(6) vy SO<y, (21)
min[ f(6),g(0)] 6>,

A. Geometry of the Join

To illustrate the geometry of the join, we chose triangle
MFs for both f(0) and g(0), and then used (20) to compute

U ,:(0). Note, however, that our results are valid for all
convex secondary MFs.

It is easy to use (20) to obtain U, (0) for the (e.g.) nine
locations of f(0) and g(@) that are

summarized in Table I. Additional cases can be obtained by
interchanging f(6) and g(0), and this is left to the reader.

Observe from these nine cases, that:

different relative

1. When v, >v,, and f(0) and g(@) either do not
intersect [cases (a) and (e)], or have exactly one
intersection [cases (b) and (f)], then u, (0)=g(@),
the right-most secondary MF.

2. When v, =v,=0, and g(0)c f(0) [case (d)], then
Un (@)= f(0) , the right-most secondary MF; if
f(0) < g(B) re-label f(0) as g(0) and vice-versa.

3. Whenv, =v, #0, and g(0)c f(0) [case (h)], then
U, (0) involves both f(6) and g(0).

4. When v, =v, #0, and the left leg of f(0) is to the
left of the left leg of g(0), and the right leg of f(0) is

"It is straightforward to use the product t-norm in (5), something we leave
to the readers [see also [26], in which (20) and (21) are re-derived; they are
also extended to the product t-norm, but (21) is not extended to both the
product t-norm and conjunction, a very difficult case that is considered in [12]
but for which simple formula like (21) does not exist].

¥ In the rest of this paper, in order to be consistent with the notation in [15,
Appendix A], we let v —» v, and v, —» v, . Additionally, f, and g  are
shortened to fand g, and 6| x is shortened to 6, because we are focusing on

(5)and (8) atany xe X .

to the left of the right leg of g(0) [case (i)], then
U6 (0) = g(0), the right-most secondary MF.

5. When v, >v, and f(0) and g(0) intersect at exactly
two points [cases (c¢) and (g)], then U, ,(0) involves
both f(0) and g(8). This is also true if f(6) and
g(0) intersect at three points (see Fig. 2(a)).

Situations 1, 2 and 4 are interesting because solutions for
the join are completely given and require no further
computation. While this is interesting from an educational
point of view, it may not be possible to easily carry out the
tests for these cases in order to use these results in a computer
implementation of these cases.

Situations 3 and 5 are also interesting because they let us
focus on the situations when a computer solution for u, ,(8)

will be required. It is only these situations that will be
examined in Section III.

B. Geometry of the Meet

Table 1I summarizes U, ;(0) (computed from (21)) for
triangle MFs for both f(0) and g(60), and for the same nine
different relative locations of these MFs as in Table 1. Observe
from these nine cases, that:

1. When v, >v,, and f(0) and g(@) either do not
intersect [cases (a) and (e)], or have exactly one
intersection [cases (b) and (f)], then u, ,(0)= f(0),
the left-most secondary MF.

2. When v, =v,=0, and g(0)c f(0) [case (d)], then
Ui (0)=g(0) , the left-most secondary MF; if
f(0) < g(B) re-label f(0) as g(0) and vice-versa.

3. When v, =v,#0, and g(0)c f(0) [case (h)], then
U (0) involves both f(6) and g(0).

4. When v, =v, #0, and the left leg of f(0) is to the
left of the left leg of g(0), and the right leg of f(0) is
to the left of the right leg of g(0) [case (i)], then
U (0) = f(0), the left-most secondary MF.

5. When v, >v, and f(0) and g(0) intersect at exactly

two points [cases (c¢) and (g)], then U, ;(0) involves
both f(0) and g(8). This is also true if f(6) and
g(0) intersect at three points (see Fig. 2(b)).

As for the join, Situations 1, 2 and 4 are interesting
because solutions for the meet are completely given and
require no further computation; however, it may not be
possible to easily carry out the tests for these cases in order to
use these results in a computer implementation of these cases.

Situations 3 and 5 are also interesting because they let us
focus on the situations when a computer solution for u,;(8)
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TABLE I

GEOMETRY OF THE JOIN: THE HEAVY LINES DENOTE MHeig 0)

Join Figures

A

will be required. It is only these situations that will be
examined in Section III.

C. Simple Rules

Based on the results in Tables I and II and the rules
extracted from their figures that are given in Sections A and B,
it is possible to arrive at the following simple rules:

1. If v, >v, and f(6) and g(8) do not intersect or only
have one intersection, or, if v,=v,=0 and
f(O)c g®) [if f(0)c g(B) re-label f(6) as g(0)
and vice-versa], or if vy =v; #0, and the left leg of
f(0) is to the left of the left leg of g(0), and the right
leg of f(0) is to the left of the right leg of g(0), then:

{umc 0)=2g(9)
Mg (0) = f(6)
2.If vy=v,#20 , and g(@)c f(6) , then, although

U 6(0) and U, .(8) involve both f(8) and g(6), no
computer solutions are needed to compute them.

(22)

3. If v, >v, and f(0) and g(0) intersect at exactly two
or more points, that 1, (8) and (@) involve both
f(0) and g(0), and require computer solutions.

Although these rules are obtained above for triangle

secondary MFs, it is straightforward to show that they are
applicable for all convex T1 FSs (Klir and Yuan (1995)).
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TABLE II

GEOMETRY OF THE MEET: THE HEAVY LINES DENOTE MHerg 0

Meet Figures

A

@/

III. CONNECTING VERTICAL-SLICE CALCULATIONS TO
HORIZONTAL-SLICE ( &t -PLANE) COMPUTATIONS

In Section II.C, Rule 3 establishes when it is necessary to
pursue the computations of i, ;(8) and U, ;(0) in more

detail. In this section we study these detailed computations
from different perspectives so as to connect the vertical-slice
and horizontal slice computations. This is done geometrically,
first for the join and then for the meet, both for the two T1
secondary MFs that intersect each other at three points, as
depicted in Fig. 1. We leave it to the reader to verify that our
conclusions are also applicable to two convex secondary T1
MFs that intersect at exactly two points, or for two convex
secondary T1 MFs for which v, =v, #0, and g(@) < f(0)

(Rule 2).

A. Join Computations

Using (20), the join of the two secondary MFs in Fig. 1 is
depicted in Fig. 2a using heavy lines.

Next, we show how i, (6) can be obtained using the « -
cuts of f(0) and g(0) raised to level @, denoted f(0lc)
and g(0la), respectively. From Fig. 3, for o, =0, observe
the following:

{f(@lao):[ao,bo] 23)

g@lay)=Ic,.d,]
Ur Oy =1[a,,b,]1=[max(a,,c,),max(b,,d,)]  (24)

For «, , observe that:



::::.// ‘\ “
0 J . . : >0
Figure 1. Two overlapping T1 secondary MFs.
Ola)=][a,.b
{f Ola)=[a,.b] 25)
g@la)=[c.d ]
U Olay)=[a,,b]1=[max(a,,c,),max(b,.d)]  (26)

Proceeding in a similar manner for the remaining ¢, that
are depicted on Fig. 3, it is straightforward to show that:

{f(e lo,)=1a,,b,] Ve, 27
gOlo)=Ic,d.]

U (O =[max(a,,c,),max(b,.d)],V e, (28)

The results in (27) and (28) are the same as the results that
would be obtained from computing ;\a uI?a, when (17)-(19)
are used.

B. Meet Computations

Using (21), the meet of the two secondary MFs in Fig. 1 is
depicted in Fig. 2b using heavy lines.

Next, we show how u, ;(8) can be obtained using
f@lo) and g@lex). f(Ble,) and gO@le;), fori=0 and 1
are given in (23) and (25). From Fig. 4, for o, =0, observe
that

Wi O ay) =1[c,.dy]1=[min(a,,c,),min(b,.d,))]  (29)
and, for ¢, , observe that:
Wi Ole) =[c,.d,]1=[min(a,,c,),min(b,.d)]  (30)

Proceeding in a similar manner for the remaining ¢, that

are depicted on Fig. 4, it is straightforward to show that:
Wi (01 e) =[min(a,,c,),min(b,.d,)] , Ve, (31)

The result in (31) is the same as the result that would be
obtained from computing ;\a méa, when the well - known

>0
>0
(b)
Figure 2. (a) Join and (b) meet of the two overlapping secondary MFs in
Figure 1.

results for computing the intersection of IT2 FSs are used
[described just below (19)].

C. Discussion

The results in (28) and (31) are, of course, not new. What is
new is that they have been derived directly from the well-
known vertical-slice computational results instead of from the
a -plane representation. This provides an alternative way to
obtain these results, which may be useful when teaching about
general T2 FSs when time is limited.

IV. CONCLUSIONS

The union and intersection of general type-2 fuzzy sets (T2
FSs) are fundamental computations for such FSs. In the past,
algorithms were developed for the union and intersection
computations using vertical-slice and horizontal-slice
representations of T2 FSs. The vertical-slice representation of a
T2 FS traces its origins back to Zadeh [32] and requires
computing the join or meet, whereas the horizontal-slice
representation of a T2 FS is very recent, traces its origins to Liu
[14], and requires computing the join and meet only for
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Figure 3. Join of the two overlapping secondary MFs in Fig. 1 and some o -
cuts raised to level- o °.

interval T2 FSs that are raised to level alpha, for which closed-
form formulas are available [15]. In this paper, by studying the
join and meet geometrically for general T2 FSs, we have
shown that for many situations closed-form formulas exist for
them. We have also shown that the formulas for computing the
union and intersection of general T2 FSs that were derived
from the horizontal-slice representation of a T2 FS [19] can
also be obtained directly from geometrical interpretations of
formulas that were derived by Karnik and Mendel [12] for the
vertical-slice representation of a T2 FS.

How to turn the simple rules that are given in Section I1.C
into practical algorithms for computing the join and meet
remains to be done. It was not done in this paper, because the
purpose of this paper was to provide an alternative way to
obtain these results, which may be useful when teaching about
general T2 FSs when time is limited. We believe that this
purpose has been accomplished.
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