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Abstract—This paper considers k-Means clustering of incom-
plete data sets including missing values. Although the main
purpose of k-Means clustering is to partition samples into several
homogeneous clusters by minimizing within-cluster errors, it has
been shown that a relaxed solution of k-Means can be recovered
in a PCA-guided manner. In this paper, the PCA-guided k-Means
procedure is extended to a situation in which some observations
are missing. Principal component scores, which can be identified
with a rotated solution of cluster indicators of k-Means clustering,
are estimated in an iterative process without imputation. Besides
solving the eigenvalue problem of covariance matrices, k-Means-
like partitions are derived through lower rank approximation of
the data matrix ignoring missing elements. Several experimental
results demonstrate that the PCA-guided process is more robust
to initialization problems even though it is based on iterative
optimization, just as the k-Means procedure is.

Keywords—k-means clustering, missing value, principal com-
ponent analysis.

I. INTRODUCTION

k-Means clustering [1] is a fundamental technique for
revealing intrinsic cluster structures of multivariate data sets.
Although the k-Means process has been demonstrated to be
very useful for extracting spherical clusters based on iterative
optimization, it often suffers from initialization problems such
that bad initializations lead to convergence to the wrong
local minima. Recently, Ding and He [2] discussed a close
relation between k-Means solutions and principal component
scores, and proposed the principal component analysis (PCA)-
guided k-Means procedure based on a deterministic method for
finding the optimal (unique) k-Means partition. In the cluster-
ing model, a relaxed k-Means cluster indicator is identified
with a rotated principal component score matrix, although the
rotation matrix cannot be explicitly estimated and an approach
such as visualization by ordering of samples in connectivity
matrices [3] has to be used in order to visually access the
cluster structures.

In [4], a noise rejection mechanism was introduced on
the basis of noise fuzzy clustering [5]. In the fuzzy PCA-
guided robust k-Means (FPR k-Means) procedure, both the
responsibility weight of each sample with respect to the k-
Means process and a rotated-cluster indicator are estimated by
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an iterative procedure. Removing the noise samples, a robust
cluster indicator is estimated in a deterministic manner.

In addition to noisy data, incomplete data are common in
real applications where some observations are missing. In order
to apply k-Means-like clustering algorithms to incomplete data
sets without a priori imputation, Hathaway and Bezdek [6]
introduced four strategies in the Fuzzy c-Means (FCM) clus-
tering algorithm [7]. Although the simple whole data strategy
(WDS) eliminating all incomplete samples can be adopted if
there are have only a few missing elements, it is useless in
many real applications. In the partial distance strategy (PDS),
clustering criteria of distances between samples and prototypes
are calculated using observed coordinates only. In [6], it was
also shown that some iterative completion strategies such as
the optimal completion strategy (OCS) and nearest prototype
strategy (NPS) also work well, although they require more
computational effort.

In the application of PCA to incomplete data sets, several
methods that extract principal components without any pre-
processing of data have been proposed. Ruhe [8], Wiberg [9],
and Shibayama [10] proposed PCA-like methods for capturing
the structure of incomplete multivariate data without any
imputations or statistical assumptions. Especially, Shibayama’s
approach made it possible to calculate principal components
by a computationally efficient algorithm. Shum et al. [11]
applied such techniques to object modeling. These methods
are based on the lower rank approximation of the data matrix,
which accomplishes the minimization of the least square
criterion, and the methods extract principal components of the
covariance matrix of the sample data set. Honda et al. [12]
extended the PCA model to a linear fuzzy clustering algorithm
by considering the close connection between PCA and linear
fuzzy clustering algorithms such as Fuzzy c-Varieties (FCV)
and Fuzzy c-Elliptotypes (FCE) [13].

In this paper, Shibayama’s PCA-like method is applied to
the k-Means problem with incomplete data in order to estimate
a relaxed solution. Several experimental results demonstrate
that the PCA-guided process is more robust to initialization
problems, even though it is also based on iterative optimization,
the same as the k-Means procedure.

The remainder of this paper is organized as follows: Section
II briefly reviews k-Means and PCA-guided k-Means. Sec-
tion III introduces Shibayama’s PCA-like method for incom-
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plete data, which is then applied to k-Means tasks. Section
IV presents several experimental results to demonstrate the
characteristic features of the proposed approach. Section V
summarizes the conclusions of this paper.

II. BRIEF REVIEW OF k-MEANS AND PCA-GUIDED
k-MEANS

A. k-Means Clustering and Partial Distance Strategy

Assume that we have n samples with m-dimensional ob-
servation x;, ¢ = 1,...,n, and the goal is to partition the
samples into several clusters where samples belonging to the
same cluster are similar while samples belonging to different
clusters are dissimilar.

k-Means [1] is a non-hierarchical prototype-based cluster-
ing in which prototypes (centroids) are used for representing
clusters and the objective function is defined as the sum of
within-cluster errors:

K
Lim =Y _ > di;

k=1ieGy

K
=0 i — bl (1)

k=1i€Gy

where K is the pre-defined number of clusters and by, is the
representative prototype (centroid) of cluster G.

The k-Means process is composed of two phases: prototype
estimation and sample assignment. The two phases are iterated
until the solution is trapped at a local minimum. Because
of the greedy nature of the updating algorithm, the k-Means
procedure often suffers from the initialization problem that the
process converges to a different local optimum for a different
initialization.

When some observations are missing, we need a modified
clustering criterion dy; that can be reconstructed using only the
remaining observations. PDS is a simple but useful approach
in which squared distances are calculated considering the
observed coordinates only.

dyi = Z zij(xij — bij)?, 2
=1

where z;; is a bivariate variable as follows:

1
Zij = 0

B. PCA-guided k-Means

Ding and He [2] revealed a close relation between PCA and
k-Means clustering. The k-Means objective function of Eq.(1)
can be re-defined by a centroid-less formulation as follows:

n K
Lin =@l =32 3 aley @
i=1

k=1 i,j€G

; if @45 is observed.
; if x;; is missing.

A3)

where ny is the number of samples belonging to cluster Gy.
Because the first term is a constant, the optimal k-Means par-
tition is derived by minimizing the second term, which is the

sum of within-cluster (inner product) similarities. In this con-
tex, the (hard) k-Means cluster partition is represented by K
non-negative bivariate indicator vectors Hx = (hy,...,hk),

, —L> ; if sample i belongs to cluster Gy.
ki =19 "k .
! 0 ; otherwise.

In order to relax the k-Means problem, Ding and He introduced
a rotated solution QQx by considering K x K orthogonal
transformation T' = {¢;,},

Qrx =(qy,-..,q9x) = HgT, ©)

where, avoiding redundancies, the last column of 7" is set as:

t, = (/ni/n,..../ng/n)", 6)

which brings q; = (1/1/n,...,1/1/n)". Considering the
mutual orthogonality of hj, we have the following conditions:

Qr_1Qrx-1=1Ix_1, @)
Yai=0, k=1... K1, )
i=1

where Qx_1 = (qq,...,q5_1) and @, = (qr1,- .- Qrn) -

Then, the k-Means objective function can be written as

n

1
Lim =Y |lzl* - EeTXTXe ~Tr(Qr 1 X ' XQx-1),
=1
©))

where X = (x1,...,x,), and e is the n-dimensional vector
whose elements are all 1.

Here, we can see that the k-Means problem is free from the
influences of parallel transformation and that the original data
x; can be replaced with the centered data y, without loss of
generality. Then, the objective function can be written as:

Lim = Yyl = Te(@Q% Y TYQk—1),  (10)

i=1

where Y = (y,...,y,,) and Ye = 0.

The optimal solutions for the transformed discrete mem-
bership indicator vectors Qi1 are derived by maximizing
Tr(Qj_ Y TYQr_1), and continuous (relaxed) solutions are
the eigenvectors corresponding to the K —1 largest eigenvalues
of Y TY. Therefore, the optimal Qx_; can be identified with
the principal component scores in PCA, and a continuous
solution for k-Means clustering is derived in a PCA-guided
manner.

If we want to know the cluster structure from the (con-
tinuous) solution for Qx_1, we need to compute the optimal
transformation 7', although this is not easy in many case. In
[2], cluster connectivity analysis is performed by calculating
the following connectivity matrix C:

1 K-1
C=—ee' M 11
~ee +kZ:1qqu, (11
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and a probability for the connectivity between samples ¢ and
J 1s given as:

_ G (12)
V/CiiCjj

Cluster structure is shown in the diagonal block structure using
the spectral ordering [3].

DPij =

III. PRINCIPAL COMPONENTS ESTIMATION FROM
INCOMPLETE DATA AND ITS APPLICATION TO k-MEANS
CLUSTER INDICATOR ESTIMATION

A. PCA-like Method for Incomplete Data

Assume that a data set is represented by the m x n data
matrix X = (@1,...,x,) and the goal is to extract a p (p <
m)-dimensional principal component score for each sample.
The PCA process is achieved by estimating the lower rank
approximation of X as follows:

X ~ AF +ve', (13)

where A is the m X p principal component matrix A =
(a1,...,ap), and F is the p x n principal component score
matrix F = (f,,..., f,). v is the centering vector.

In order to estimate principal components from incomplete
data, Shibayama [10] considered minimization of the following
least square criterion:

L=Tr(Z0 (X —AF +ve)) (Z® (X — AF +ve"))

n o m P 2
= ZZ’ZU <$ij - Z fikakj - Uj) , (14)
i=1 j=1 k=1

where Z = {z;;} is given by Eq.(3) and ® denotes the
Hadamard product.

This model is based on a concept similar to PDS in k-Means
clustering, namely that the partial errors calculated only by the
observed elements are minimized.

If the data matrix X does not include any missing elements,
the PCA model is equivalent to the standard formulation in
which the centering vector v is given by the mean vector and
the principal component vectors ag, k = 1,...,p are derived
as the eigenvectors corresponding to the principal eigenvalues
of the scatter matrix. However, if the data matrix includes
missing elements, the PCA process cannot be reduced to an
eigen problem.

In the Shibayama’s PCA-like method [10], principal com-
ponents are estimated on the basis of an iterative optimization
scheme. Under the constraints Fe = 0 and FF' = I, the
updating rule for each step is derived as follows:

a; = (FZ;F")"'FZ;(z; — vje), (15)

’Uj = (eTZje)fleTZj(ij — Fde), (16)
fi=(ATZA)TAT Zi(2i — v), (17)

where A = (dl,...{zm)T, X = (Z1,...,%,)" and Z; =

diag(zi1, ..., 2zim), Z; = diag(z1j,. .., 2nj).

Beside random initialization, initial values for A, F' and v
can be estimated by WDS in which the standard PCA model is
applied after removing all samples including missing elements.
The iterative procedure of updating A, F, and v is continued
until convergence while normalizing F' in each iteration.

B. k-Means Cluster Indicator for Incomplete Data

Although the iterative optimization process of the PCA-
like method with bad initialization may become trapped at
local minima, we can expect that a plausible estimator of
principal component scores can be obtained using the multi-
starting strategy even when data matrices include missing
elements. Therefore, the derived principal component scores
F are promising candidates for the relaxed cluster indicator in
the PCA-guided k-Means procedure.

The procedure for deriving the relaxed cluster indicator
matrix ()i in the K cluster case can be summarized as follows:

Step.1 Set the dimension of principal components as p =
K — 1 and initialize A, F, and v.

Step.2 Repeat the PCA-like process until convergence.

Step.3 Substitute F' into Qg 1.

Step.4 Set qy as g = (\/1/n,...,4/1/n)".

Once the relaxed cluster indicator Qx is estimated, cluster
structures can be captured by a technique such as cluster
connectivity analysis.

IV. NUMERICAL EXPERIMENTS

In this section, several experimental results are shown in
order to demonstrate the characteristic features of the proposed
approach.

A. Iris Data Set

The first experiment was performed with the Iris data set
that is available from the UCI Machine Learning Reposi-
tory [14]. In this experiment, 150 instances (n = 150) with
four-dimensional observation (m = 4) drawn from three
classes were partitioned into three clusters without using the
class label. The data set does not include any missing elements.
It is well known that the k-Means model can capture the three
dense masses of the three labeled classes in many trials using
the multi-starting strategy, although whereas one class is well
separated from others, the remaining two classes somewhat
overlap.

In this experiment, the frequencies of good results in
the proposed approach using the multi-starting strategy are
compared with that in the k-Means using PDS. Here, a “good”
result does not necessarily mean that all instances are correctly
classified into the three classes without using class labels, but
rather it means that the three cluster centers were located near
the center of each class.

Table I compares the clustering performances of the pro-
posed approach and the k-Means procedure using PDS with
incomplete data. Various incomplete data sets were generated
by withholding one observation (attribute) from randomly
selected instances. The table shows the average frequencies
of good results in 100 different data sets with 100 trials
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TABLE 1
AVERAGE FREQUENCIES (%) OF “GOOD” RESULTS IN 10000 TRIALS WITH
INCOMPLETE DATA SET (IRIS DATA SET)

# missing elements || PCA-guided | k-Means (PDS)
0 100.00 79.01
50 100.00 85.01
60 95.84 82.46
70 92.23 79.04
80 90.37 78.58
90 84.19 75.49
100 82.46 73.20
110 82.34 69.57
120 79.34 67.47
130 74.84 65.15
140 71.91 63.42
150 70.14 60.21

with random initialization. The result of the no missing value
situation for the PCA-guided approach is the same as that
given by the conventional PCA-guided k-Means procedure and
is free from random initialization based on the deterministic
procedure. Note that the k-Means procedure may become
trapped at a local minimum even when the data set includes
no missing values.

The table demonstrates that the proposed PCA-guided ap-
proach is still robust to initialization when the number of
missing values is not too large, e.g., 50 missing elements,
although the PCA process is based on an iterative optimization
scheme. As the number of missing elements increase, the
frequency of good results decrease. However, the proposed
PCA-guided approach is always more robust than the k-Means
procedure using PDS. This result implies that the PCA-guided
approach is more reliable than the conventional k-Means
procedure even when data sets includes missing elements.

B. Document Clustering

Next, the characteristic feature of the proposed approach is
demonstrated in a document clustering task using the Japanese
novel Kokoro by Soseki Natsume, which can be downloaded
from Aozora Bunko (http://www.aozora.gr.jp). The novel is
composed of three chapters (“Sensei and I”, “My Parents
and I”, “Sensei and His Testament”) and the chapters include
36, 18, and 56 sections, respectively. In this experiment, the
sections are regarded as individual text documents (number
of samples is n = 110) and the documents are partitioned
into three clusters (K = 3) without using the chapter infor-
mation. This data set forms roughly three clusters in the 83-
dimensional data space [16], as shown in Fig. 1-(a). Thus,
the goal of the experiment is to reconstruct the intrinsic
chapter information from a word analysis. The text documents
were preprocessed using a morphological analysis system
software “Chasen” (http://chasen.naist.jp/hiki/ChaSen/), which
segments Japanese text strings into morphemes and tags these
morphemes with their parts of speech and pronunciations. The
83 most frequently used substantives and verbs (they were used
more than 50 times in the novel) were used as attributes to be
analyzed with their tf-idf weights [15].

Part 1[]

25F Sensei | X x  Part]
’ " ¢ e Part2 ° ‘;ﬂng
- H - art 3 4
2 x oxme e a Part 3 2 e word
1.5F ‘% . . word H
1 aet IB e x 1 1k x&}x i
o E?A X e RS e Sensei
0.5F a2 EE X F08 Byouki o K mﬁ*ﬁ
of BT A T By & A‘“%t s b
ape . . x
0.5F A'A3 PR SRR o Y s Mibau A" x
B o 2 AA . . . a a Bﬂu o
e AA.%,;A “ B ol ByoukP, ™ T
5E 0 Muka,g o et ° o o\ ] » 5
E " i. 3 9 Tegami Tega"‘:; Chichi
2r R 1 2r * b
o 18 o Haha
25 K i uBu
3 1 1 1 1 1 1 1 1 1 1 1 3 1 1 = 1 1 1
3-25-2-15-1-050 051 152 253 -3 -2 -1 0 1 2 3
(a) 83 words (b) 8 words

Fig. 1. 2-D biplots of Japanese novel Kokoro [16]: (a) 83 words, (b) 8 words

TABLE II
AVERAGE FREQUENCIES (%) OF “GOOD” RESULTS USING AN INCOMPLETE
DATA SET (JAPANESE NOVEL Kokoro WITH 83 WORDS (ATTRIBUTES))

# missing elements || PCA-guided | k-Means (PDS)
0 100.00 100.00
10 100.00 88.12
20 99.30 76.24
30 99.40 72.28
40 98.73 59.45
50 98.68 48.56
60 98.69 43.61
70 98.50 38.64
80 95.51 26.81
90 96.20 18.87
100 9491 7.98
110 93.39 1.10

A comparison of the frequencies of good results is shown
in Table II. Various incomplete data sets were generated in a
similar manner as in the previous experiment. The proposed
PCA-guided approach is much more robust than the k-Means
procedure using PDS when data sets include many incomplete
instances. This is because very ambiguous cluster boundaries
easily trap the k-Means procedure using PDS at local minima
whereas the PCA-guided approach is seldom influenced by a
slight loss of information (in only 1 of 83 attributes).

Second, the same experiment was repeated, but using fewer
words (attributes). In [16], it was shown that the three-cluster
structure is clarified by using eight significant words. There-
fore, only wight words (eight attributes) were used for this
experiment. Table IIT shows a comparison of the results. The
performance of the proposed PCA-guided approach is inferior
to that shown in Table II because information loss became
relatively large (in 1 of 83 attributes). On the other hand, the
performance of the k-Means procedure using PDS is almost
equivalent to that shown in Table II, although in this case as
well, it is inferior to the PCA-guided approach.

These experimental results imply that the PCA-guided pro-
cedure for k-Means is also useful for incomplete data sets.
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TABLE III

AVERAGE FREQUENCIES (%) OF “GOOD” RESULTS USING AN INCOMPLETE

DATA SET (JAPANESE NOVEL Kokoro WITH 8 WORDS (ATTRIBUTES))

# missing elements || PCA-guided | k-Means (PDS)
0 100.00 100.00
10 98.62 88.12
20 96.81 76.25
30 93.32 72.29
40 91.86 59.47
50 90.05 48.57
60 88.92 43.61
70 77.59 38.61
80 67.05 26.80
90 65.84 18.93
100 54.35 8.00
110 54.64 1.07

V. CONCLUSION

In this paper, a PCA-guided procedure for k-Means cluster-
ing of incomplete data sets is proposed. Although the PCA-like

(1]

(2]

B3]
(4]

(5]
(6]

(7
(8]

9]

method is not a deterministic procedure but rather is based on

an iterative optimization scheme, the PCA-guided approach is
still more robust to initialization problems than the k-Means

procedure using PDS.

[10]

[11]

Comparison with other techniques for handling missing
values, such as OCS, remains for future work. Other potential

future work involves component-wise robust PCA [17], [18],
in which component-wise noise is ignored by means of an

M-estimation scheme [19].

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]
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