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Abstract—Kernel clustering methods have been very important
in application of non-supervised machine learning to real prob-
lems. Kernel methods possess many advantages other than non-
linearity such as modularity, ability to work with heterogeneous
descriptions of data, incorporation of prior knowledge etc. In this
paper, we present a clustering method based on kernel functions
for partitioning a set of interval-valued data. In addition, this
method is compared to a fuzzy partitioning approach for interval
data introduced previously. Experiments with real and syntectic
symbolic interval-valued data sets are presented. The evaluation
of the clustering results furnished by the methods is performed
regarding the computation of an external cluster validity index
and the global error rate of classification.

Index Terms—Kernel, clustering, interval-valued data, fuzzy.

I. INTRODUCTION

With the growing interest in automatically to understand,

process and summarize data, several application domains like

pattern recognition, machine learning, data mining, computer

vision, computational biology and classification of statistical

findings in social studies have used clustering algorithms [1]

[2]. The objective of the cluster analysis is to group a set

of elements into clusters such that elements within a cluster

have a high degree of similarity, while elements belonging to

different clusters have a high degree of dissimilarity. Clus-

tering techniques may be divided into hierarchical clustering

and partitioning clustering: hierarchical clustering groups data

objects with a sequence of partitions dividing one group

with all individuals in singleton clusters or vice versa, while

partitioning clustering directly divides data objects into some

fixed number of clusters with no hierarchical structure [3] and

makes this division based on the optimization of a suitable

objective function.

The partitioning methods may be classified in hard parti-

tioning and fuzzy partitioning. The hard partitioning associates

each element of the data to a single class, while in the fuzzy

partitioning each element of the data is associated with all

classes of the partition, the elements not belong a single cluster

only and so that the memberships are calculated. When the

memberships have values between 0 and 1, the sum of the all

possibilities of an element belong to some classes is equal to

1 and the method is the type probabilistic [4]. But when the

memberships have values 0 or 1, the method is the type crisp

and the fuzzy method becomes equivalent to a hard method

[5].

Kernel clustering methods have been very important in the

application of non-supervised machine learning to real prob-

lems. These methods are able to produce nonlinear separating

hyper surfaces among clusters [6]. The use of kernels allows

to map implicitly data into a high dimensional space, called

feature space; computing a linear partitioning in this feature

space results in a nonlinear separation between clusters in the

input space. Several clustering methods has been modified

including the use of the kernel functions such as SOM [7],

k-means [8], fuzzy c-means (FCM)[9] and so on. The kernel

k-means was proposed [10] as an extension of the standard

hard partitioning method k-means and the kernel fuzzy c-

means was proposed [11] aiming to replace a kernel-induced

distance metric for the original Euclidean distance of the fuzzy

partitioning method.

In classical cluster analysis, data are often represented as

arrays of quantitative or qualitative values, where each column

represents a variable. In particular, each individual takes a

single value for each variable. However, research study has

shown that this presentation is not as rich in information to

represent the complexity of data such as intervals or distri-

butions found in real problems [12]. The main goal of Sym-
bolic Data Analysis (SDA) concerns to model more complex

information through a set-valued (interval or multi-valued) or

modal (weight or probability distribution) variables also termed

symbolic and extend classical data analysis techniques, such

as, clustering, factorial techniques, decision trees and other to

symbolic data. These data allow to take account variability

and/or uncertainty, making the symbolic data analysis more

comprehensive than the classical data analysis.

In this paper, we present a new clustering method based

in kernel functions for partitioning a set of interval-valued

data. This method is an extension of the fuzzy c-means cluster

algorithm based on kernelization of metric [11] to interval-

valued data. In addition, this method is compared with a

fuzzy c-means method for interval data introduced in [13]. The

paper is organized as follows. In Section 2, we describe the

fuzzy c-means clustering method for symbolic interval data. In

Section 3, we introduce the new kernel-based fuzzy clustering

method for symbolic interval data. In order to validate this new

method, Section 4 presents experiments with real and syntectic

symbolic interval data sets. The evaluation of the clustering

results furnished by the methods is based on the computation

of an external cluster validity index and the global error rate of

classification. In Section 5, the concluding remarks are given.
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II. INTRODUCTION TO A FUZZY C-MEANS METHOD FOR

INTERVAL DATA

This section initially shows an brief description of the

fuzzy c-means method for symbolic interval data [13] (here

called FCM-IV). This method is a suitable extension of the

standard fuzzy c-means clustering algorithm that furnishes a

fuzzy partition and a prototype for each cluster by optimizing

an adequacy criterion based on a suitable squared Euclidean

distance between vectors of intervals.

Consider Ω a set of n objects indexed by i and formed

by p symbolic interval-valued variables indexed by j. Each

object i is represented by a vector of intervals xi =
([a1i , b

1
i ], . . . , [a

p
i , b

p
i ])

T . Similar to the object, the prototype of

a cluster Ck (k = 1, . . . ,K) is also represented as a vector

of intervals yk = ([α1
i , β

1
i ], . . . , [α

p
i , β

p
i ])

T . Thus the partition

P = (C1, . . . , CK) from Ω in K clusters where each cluster

has a prototype Lk described by the vector yk.

The problem of clustering concerns to find a partition of

Ω into K disjoint clusters C1, . . . , CK such that minimizes

locally a clustering criterion defined as

J(P,L) =
K∑

k=1

∑
i∈Ck

(uik)
md2(xi, yk). (1)

where the squared Euclidian distance d2 measuring the dis-

similarity between a pair of vectors of intervals is given as

d2(xi, yk) =

p∑
j=1

[(
aji − αj

k

)2

+
(
bji − βj

k

)2
]
. (2)

The term uik is the membership degree of pattern i in

cluster Ck and m ∈]1,+∞[ is a parameter that controls the

fuzziness of membership for each pattern i. The membership

degree uik(i = 1, . . . , n) of each pattern i in each cluster

Ck, minimizing the clustering criterion J under uik ≥ 0
and

∑K
k=1 uik = 1, is updated according to the following

expression:

uik =

⎡
⎢⎢⎢⎣

K∑
h=1

⎛
⎜⎜⎝

∑p
j=1

[(
aji − αj

k

)2

+
(
bji − βj

k

)2
]

∑p
j=1

[(
aji − αj

h

)2

+
(
bji − βj

h

)2
]
⎞
⎟⎟⎠

1
m−1

⎤
⎥⎥⎥⎦

−1

.

(3)

The prototype yk = ([α1
i , β

1
i ], . . . , [α

p
i , β

p
i ])

T of Ck which

minimizes the clustering criterion J has the bounds of each

interval [αj
i , β

j
i ] (j = 1, . . . , p) updated according to the

following expressions:

αj
k =

∑n
i=1(uik)

majk∑n
i=1(uik)m

(4)

βj
k =

∑n
i=1(uik)

mbjk∑n
i=1(uik)m

(5)

The algorithm schema of the FCM-IV algorithm for interval

data is as follows:

SCHEMA OF THE FCM-IV ALGORITHM

1) Initialization step
The parameters c (2 ≤ c ≤ n), m (1 < m < ∞) and

ε > 0 are fixed.

1.1 Initialize uik (i = 1, . . . , n) and (k = 1, . . . ,K)
such that uik ≥ 0 and

∑K
k=1 uik = 1.

1.2 Compute J0 using Eq. 1 and do t = 1.

2) Representation step
Compute the prototype yk of the cluster Ck(k =
1, . . . ,K) using the Eqs. 4 and 5.

3) Fuzzy membership step
Update the fuzzy membership degree uik of the pattern

i belonging to cluster Ck(k = 1, . . . ,K) using the Eq.

3.

4) Stopping criterion
If |Jt − Jt−1| ≤ ε, STOP; else update t = t+ 1 and go

step 2.

III. A KERNEL FUZZY C-MEANS METHOD FOR INTERVAL

DATA

The kernel fuzzy c-means (KFCM) method is an extension

of the fuzzy c-means (FCM) cluster algorithm proposed in

[11]. KFCM adopts a new kernel-induced metric in the data

space to replace the original Euclidean norm metric in FCM,

thus KFCM can implicitly perform a nonlinear mapping to a

high dimensional feature space.

This section presents an extension of the kernel fuzzy c-

means method to interval-valued data. The main idea of this

method (here called KFCM-IV) consist in manipulating a

kernel function for interval data and to use the approach fuzzy

for generate a fuzzy partitions based on the idea of partial

membership expressed by the degree of membership of each

pattern in a given cluster.

Regarding interval data, each object i (i = 1, . . . , n)
of Ω is represented as a vector of intervals xi =
([a1i , b

1
i ], . . . , [a

p
i , b

p
i ])

T and a nonlinear function ξ : xi → ξ(xi)
performs the mapping from the input space to a high di-

mensional feature space H . Consider k centers gξ1, . . . , gξk as

prototypes of the clusters where gξk ⊂ H (k = 1, . . . ,K).

Using the classic kernel fuzzy c-means methodology, the

problem of clustering concerns to find a partition of Ω into K
disjoint clusters C1, . . . , CK such that minimizes a clustering

error defined as:

E =
K∑

k=1

∑
i∈Ck

um
ik‖ξ(xi)− ξ(vk)‖2 (6)

The squared Euclidian distance between ξ(xi) and ξ(vk) is

given by:

‖ξ(xi)− ξ(gk)‖2 = K(xi, xi)− 2K(xi, vk) +K(vk, vk) (7)

The Gaussian kernel function Kil = K(xi, xl) for interval

data is defined as:

K(xi, xl) = exp(−‖xi − xl‖2/2δ2) (8)
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TABLE IV
CLUSTERING RESULTS FOR TEMPERATURE OF CITIES DATA SET

Cluster 1 Cluster 2 Cluster 3 Cluster 4
3 4 5 6 1 2 8 10 19 33

A priori 7 9 12 13 11 14 15 17
Partition 16 18 20 23 21 22 25 26

24 30 32 27 28 29 31
34 35 36 37

3 5 9 12 1 8 10 11 2 14 17 25 4 6 7 13
20 23 24 32 15 21 22 26 27 28 29 33 14 18 19 30

FCM-IV 31 35 36 37 34

3 4 6 7 1 8 10 11 2 5 12 20 19 23 32
9 13 16 18 14 15 17 21 33

KFCM-IV 24 30 22 25 26 27
28 29 31 34

35 36 37

Agaricus are the bisporus, the “button mushroom” common in

supermarkets and the campestris, the “meadow mushroom”, a

popular edible mushroom which is common in pastures and

grasslands in many temperate areas of the world. This data

set consists of 24 mushrooms, each mushroom described by

5 interval variables: width of the pileus, width of the stipe,

thickness of the stipe, height and width of spores. Table V

shows part of this data set. It is composed of two classes:

edible (E) and inedible (I).

TABLE V
INFORMATION ABOUT AGARICUS SPECIES KNOWN TO OCCUR IN

CALIFORNIA

Species pileus’s stipe’s stipe’s spores’s spores’s
width width thickness height width

Albolutescens [6, 12] [2, 7] [1.5, 3] [6, 7.5] [4, 5]
Arvensis [6, 21] [4, 14] [1, 3.5] [6.5, 9] [4.5, 6]
Benesii [4, 8] [5, 11] [1, 2] [5, 6] [3, 4]

Bernardii [7, 16] [4, 7] [3, 4.5] [5.5, 7] [5.5, 6.5]
Bisporus [5, 12] [2, 5] [1.5, 2.5] [6, 8.5] [4.5, 6]

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

Subrutilescens [6, 14] [6, 12] [1, 2] [4, 6] [3.5, 4.5]
Subrufescens [6, 13] [6, 12] [1.5, 2.5] [5.5, 6.5] [4, 4.5]

Xanthodermus [5, 17] [4, 14] [1, 3.5] [5, 6] [4, 5.5]

Table VI shows the elements grouped by clusters given by

the a priori partition according to the categorical variable edible

or inedible, as well as the clusters obtained by the kernel fuzzy

c-means and fuzzy c-means methods concerning the agaricus

interval data set.

TABLE VI
CLUSTERING RESULTS FOR AGARICUS DATA SET

Cluster 1 Cluster 2
1 2 3 4 5 7 13 18 24

A priori 6 8 9 10 11
Partition 12 14 15 16 17

19 20 21 22 23

2 4 6 11 13 1 3 5 7 8
FCM-IV 14 16 17 18 20 9 10 12 15 19

21 22 23 24

1 2 3 4 5 13 14 18 24
KFCM-IV 6 7 8 9 10

11 12 15 16 17
19 20 21 22 23

The CR index calculated from the comparison between

the a priori partition and the partitions given by the FCM-IV

and KFCM-IV methods are, respectively, −0.037 and 0.613.

The OERC for the FCM-IV and KFCM-IV methods are,

respectively, 0.500 and 0.082. Again, the KFCM-IV is very

superior to the FCM-IV for the agaricus data set.

V. CONCLUSIONS

In this paper, we have presented a new clustering method

for symbolic interval data based on kernel. This method is an

extension of the kernel fuzzy c-means to symbolic interval

data. The evaluation of this method in comparison with a

fuzzy c-means clustering method for interval data was carried

out. The accuracy of the results provided by these clustering

methods regarding synthetic interval data sets were assessed

by the corrected Rand index and overall error rate in the

framework of a Monte Carlo experience. An application with

two real interval data sets was also performed. Concerning the

CR index and overall error rate, the proposed method in this

paper surpassed the fuzzy c-means method in all interval data

sets.
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