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Abstract—Markowitz’s mean-variance model is based on function with fuzzy random variables. From this point of view,

probability distribution functions which have known or were
assumed as some kinds of probability distribution functions.
When our data are vague, we can’t know the underlying
distribution functions. The objective of our research was to
develop a method of decision making to solve portfolio selection
model by statistic test. We used central point and radius to
determine the fuzzy portfolio selection model and statistic test.
Empirical studies were presented to illustrate the risk of fuzzy
portfolio selection model with interval values. We can conclude
that it is more explicit to know the risk of portfolio selection
model. According to statistic test, we can get a stable expected
return and low risk investment in different choose K.

Keywords-Portfolio selection, Optimization, fuzzy probability
distributions, fuzzy statistics and data analysis

L INTRODUCTION

Portfolio selection model has been well developed on the
basis of a mean-variance approach proposed by Markowitz
[10, 11, 13], who combines probability theory and
optimization theory to analyze the behavior of economic
agents. The key principle of the mean-variance model is to use
the expected return of a portfolio as the investment return and
the variance of the expected returns of the portfolio as the
investment risk. Most of existing portfolio selection models is
based on probability theory. Also some researches on the
mean-variance portfolio selection problem have been studied
by Sharpe [17], Merton [12], Perold [15], Pang [14], Voros
[20] and Best [1, 2]. In order to analyze uncertain phenomena
in real world, research works have applied multivariate data
analysis to investigate some portfolio selection problems such
as Wang et al.[29] propose a new real options analysis
approach by combing binomial lattice-based model with fuzzy
random variable. Zhang et al. [32] proposed a model to
transform the forecasted uncertain values evaluated by experts
into some normal fuzzy numbers. Tanaka and Guo [18, 19]
proposed two kinds of portfolio selection models based on
fuzzy probabilities and exponential possibility distributions,
respectively. Wang and Zhu [28], Lai et al. [6] constructed
interval programming models of portfolio selection. Zhang
and Wang [30] and Zhang et al. [31] discussed the portfolio
selection problem based on the (crisp) possibilistic mean and
variance when short sales are not allowed on all risky assets.
Watada [24], Ramaswamy [16] and Leon et al. [7] discussed
portfolio selection using fuzzy decision theory. Usually the
works did not consider any kind of probability distribution

the objective of this paper is to apply the concept of
distribution function and fuzzy random variables in the
portfolio selection model.

In order to find the probability distribution function in
continuous fuzzy data, we have to take the concept of fuzzy
statistic into consideration. Such fundamental statistics as
mean, median and mode are useful measurements in
illustrating some characteristics of a sample distribution. More
research works should place focus on the fuzzy statistical
analysis and applications in engineering, medical and social
science fields. Wu and Hwang [22] proposed fuzzy statistical
testing method to discuss the stationary of Taiwan short-term
money demand function; Wu and Cheng [25] identified a
model structure through qualitative simulation; Casalino, et al.
[3], Esogbue and Song [5], Wu [23], and Wu and Sun [26]
demonstrated the concepts of fuzzy statistic and applied them
to social survey; Wu and Tseng [27] use fuzzy regression
method of coefficient estimation to analyze Taiwan
monitoring index of economic. All above-mentioned studies
dealt with problems by means of central point values. Pei-
Chun Lin, et al. [8] defined a new weight function, by means
of fuzzy numbers defined with central point and radius.
Moreover, Pei-Chun Lin, et al. [9] also purposes a method to
recognize the underlying distribution function using central
point and radius. It gives us more information about original
fuzzy data.

The objective of this paper is to define a fuzzy portfolio
selection model and decision by statistic test. In the first step,
we need to find out the probability distribution function for
each parameter. When we know the distribution function of
each parameter, we can easily calculate the expected return
and variance. Those values can enable us to define a fuzzy
portfolio selection model. Moreover, we give a decision by
statistic test. It give us a explicit risk in investment.

The rest of the paper consists of the following. Section 2
gives the brief review of related studies. The main method is
described in section 3. Section 4 illustrates empirical studies
with interval values to show that fuzzy portfolio selection
model with statistic test. Finally, the concluding remarks and
the topics of further studies are addressed in Section 5.
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II.  NOTATIONS AND PRELIMINARY DEFINITIONS

A. Fuzzy Numbers

In a standard formulation of the portfolio selection,
literatures revealed that the authors pervert to use LR-type
fuzzy numbers [4] to deal with problems.

Definition 1 A fuzzy number A = [a,b,c,d] is called
trapezoidal with tolerance interval [b, c], left width L = b —a
and right width U = d — c if its membership function has the
following form:

b—t
1—T if b—L<t<bh,
1 if b<t<c,
me =4 1 Y ‘
1- 0 if c<t<cH+U,
0 otherwise

and we give the notation as A = (b, ¢, L, U).

Definition 2 Especially, if b = ¢, we have a triangular fuzzy
number B = [a, b, d], the left width L = b — a and right width
U=d—>b . Its membership function is written in the
following form:

b—t
1_T if b—L<t<),
1 if t=0b,
ww=1 Y
ll—T if b<t<b+U,
0 otherwise

and we give the notation as B = (b, L, U).

Definition 3 An interval value is denoted as A = [a, b] with
central point 0 = azﬂ and radius [ = bz;a. We give the notation
as A = (o,1).

Moreover, two operations on LR-type fuzzy numbers,
namely fuzzy addition and scalar multiplication, are given as
follows.

Definition 4 Let A; = (a,b,c,d) and A, = (@, b, ¢, d) be any
two fuzzy numbers and A be any real number. Then

(@A, +4,=(a+ab+b,c+cd+d).
(b) A4, = (Aa,Ab, Ac,Ad), ¥ 1 = 0.

When we have those fuzzy numbers, we need some statistic
methods to deal with those data. We introduce a statistic test in
the following subsection.

B. Statisitc Analysis

In statistics often functions of observations are important
[21]. An example is the sample mean x, of n observations
X1, X, ..., X, 0of a stochastic quantity.

For a sample X;,X,,..,X, of a normally distributed
stochastic quantity X~N(u,0?) a statistic for the hypothesis
Hy:p = g is

T = Xn—to (1)

Sn

vn

and the acceptance region A for T under probability § for an
error of the first type is

Xn—Ho
Sn

A={te]R: |t] =
n

< t} @)

where X, is the sample mean of data, S, is the sample
oy . 8 .
standard deviation of data and t _ s is the (1 —2)-fractile
! 2

of the #-distribution with n-1 degrees of freedom.

When we have those information above, we have prepare all
prior knowledge for dealing with portfolio selection problem.
Now, we give a briefly statement with Markwitz’s portfolio
selection model in the following subsection.

C. Markwitz’s Portfolio Selection Model

Markowitz’s mean-variance model is based on probability
distribution where uncertainty is equated with randomness [10,
11, 13]. That is, the rate of return on the ith asset, r;, will be
regarded as a random variable.

Consider a market with n risky assets. An investor’s
position in this market is described by a portfolio x =
(%1, X3, ., X)) , Where the ith component x; represents the
proportion invested in asset i. The return vector on portfolio x
is described by r = (1,15, ...,7,,)’, where r; represents the
return rate of asset i . In conventional mean-variance
methodology for portfolio selection, 7; is regarded as a random
variable, Vi =1,2,..,n . Assume I = (7,73, ...,171)' and
V = (0yj)nxn be the expected return vector and covariance
matrix, respectively. The return R on the portfolio X is given
by R=3Y",7rx;. Set F = (1,1,..,1)". The objective of the
investor is to choose a portfolio that maximizes the return on
the investment subject to some constraints on the risk of the
investment.

A mean-variance model for portfolio selection can be
formulated mathematically as:

max rx
s.t. VX'Vx<o 3)
Fx<1
x;=20VvVi=12..,n
where ¢ ( 0 =0 ) represents the risk level, xVx =

n 2. 2 n n — .
i=10ii Xi +Zj=12i=1,i #j 0ijXiXj , O = Cov(ai'aj) 18
covariance, a; and a; are random variables, V i,j = 1,2, ..., n.
Here, we rewrite formula (3) clearly as following formula.
n
max EQL nix;)
s.t. VX'Vx <o
n
i=1X <1
Vi=12..,n)

i.e. We need to solve the programming problem as follows.

max ¥, E(r)x; l

4)

xiZO

s.t. VxX'Vx <o
?:1 X <1
Vi=1.2,..,n

)

xiZO
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In the next section, we will give definitions of fuzzy
expected return and fuzzy portfolio variance. Moreover, we
will give the procedure about how to solve the fuzzy
portfolio selection model by statistic test.

III.  STATISTIC TEST ON FUzZY PORTFOLIO SELECTION
MODEL

A. Fuzzy Expeced Return and Fuzzy Portfolio Variance

Suppose that there are n distinct tradable assets in the
market. The terminal rate of return for asset i, denoted as r;,
Vi=12,..,n,is assumed as a fuzzy random variable. By the
widely accepted definition, the expectation of a fuzzy random
variable is a fuzzy variable. We give the following
combination to express the total fuzzy return R on a portfolio
X, where X = [Xq,Xy,...,X;] 1S @ n X m matrix and X; =
(X1 X1y X1,) 5 Xg = (Xp, Xoy r X2,) 5 oty Xy =
(Ximy» Xmys e X,y )| are m X 1 vectors.

Definition 5 Fuzzy Expected Return

Let A; = (0;,1;),Vi=1,2,..,n, are interval values on the
probability space (£2,F, P), where o; is random variables of
central point of A; and [; is random variables of radius of 4;,
Vi=1,2,..,n. Then the fuzzy expected returns of A; defined
as follows.

For the proportion invested in asset k;, i.e k = o0,l and
i=12,..,n We have x=[X,,X;] , where X, =
1 _ I

(X0, X0y i1 Xo,) and x; = (X, xy,, ..., Xy,,)". Hence,

E[R()] = diag (Z E(o)xo,, ) E(li)xli)

Note that i E (k;)x;, = 0, for k # j.
Definition 6 Fuzzy Portfolio Variance

Let A; = (0;,1;),Vi=1,2,..,n, are interval values on the
probability space (2, F, P). Then the fuzzy portfolio variance

of A;,Vi=1,2,..,n, are defined as follows.
n n
var[R(x)] = diag (var(z 0;Xo,), var(z ll-xli)>,
i=1 i=1
where

var(Z?zloixoi) ZL 10-0” xol +Z} 121 1L¢]O-o”xolxo] s
Toy; = cov(o;,0;) , and wvar(Xi-, lix;) = lelalii xli +
1 Mis1i % oy XXy, 0y = cov(l, 1), Vi=12,..,n

Now, let us give the models of fuzzy portfolio selection
model in the following subsection.

B. Fuzzy Portfolio Selection Model
Model 1 Fuzzy Portfolio Selection Model with Interval Values

Let A; =(o0;,l;),vVi=12,..,n, is interval values. The
portfolio selection model with interval values is as follows.

s.t. XOVX <k1

max i1 E(0))x,, l

i= 1%0; = ©
Xo; >0 vi=12,..,n
min i, E(l)x,
s.t. X, Vix; < ky° l e
Yitax, <1
xliZO Vi=1,2,...,nJ

where X, V,X, = Xi- 100y xol +Z 1 Xi- 1,0 #j Uouxolxo] )
oy = cov(o;, 0j) , and X, Vix, =", oy, xli +

n n — H—
D=1 2i=1i % Oy X1, X1 Oy = cov(l,l)),vi=12,..,n

We can solve the optimal solution for each model in (6) and
(7) by choosing different values for k; (k; = 0),Vi=1,2,
which is presented the tolerated risk level. We get the optimal
solution vector X* = [X,",X;*]", where X,* is the optimal
solution for model in (6) and x;* is the optimal solution for
model in (7).

Moreover, when we have the solution x* = [x,",X;*]’, we
can get the total expected return

E(R(x")) = diag (Z E(0.)x," Z E(li)xl*>.

Now, we have defined the fuzzy portfolio selection model
with interval values. There are many solutions in the model. It
is depended on choosing the k;, Vi=12. We give a
description about how to choose the k;, Vi = 1,2, in the
following subsection.

C. Statistic Test on Fuzzy Portfolio Selection Model
First, we give a definition of T-test with interval data.
Definition 7 T-test with interval value

For interval value A = [a, b] = (0,1), sample 04,0, ..., 0,
can be approximated as a normally distributed stochastic
quantity X,~N(u,0%) and sample I,l,,..,1, can be
approximated as a normally distributed stochastic quantity
X;~N(u,c?).

Statistics for each hypothesis is as follows.

. Xop~

HE: o = Uo,, for statistic T, = O’S‘T:OO, (®)
n

Hg: uy = py,, for statistic T, = ”;l Ho, 9
T

The acceptance region 4;, Vi =
é for an error of the first type are

o0, 1, for T under probability

X
A, = {ta eR|lt,] = [~ < tn—l;l—é}’ (10)
Tn 2
X1, — 1
Al = {tl € IR |tl| = —T‘lgln 0 S tn—l;l—é}. (11)
ﬁ 2
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Where t 1,8 is the (1 — g) -fractile of the #-distribution with
T2
n-1 degrees of freedom.

Now, we give the decision making for the fuzzy portfolio
selection model by statistic test.

Definition 8 Statistic test on Fuzzy Portfolio Selection Model
with interval values

According to Definition 7 and Model 1, we set up

n
K, = I ky|k; = 0 such that p, = z E(0))x," € A,,we don’t reject H(‘,’],
i=1
n
k, = 0 such that gy, = Z E(l)x,” € A, we don’t reject Hé].

i=1

-

Moreover, we choose K = K, N K;, for K, N K; #+ 0.
Hence, we get the solution of Model 1.

Now, we give the procedure of solving fuzzy portfolio
selection model by statistic test in the following.

Procedure of Solving Fuzzy Portfolio Selection Model with
Interval Values

Step 1. Collect the fuzzy data.
Step 2. Compute 0; and l;, Vi =1,2,...,n.

Step 3. Identify the underlying distribution by simulating o;
and l;.

Step 4. Calculate the parameters for the expected value,
variance and covariance in model (6) and (7).

Step 5. Solve the optimization model (6) and (7) with different
values for k;, Vi = 1,2, respectively.

Step 6. Calculate K = K, N K; by Definition 8.
Step 7. Get the optimal solution X* with different K.

Step 8. Compute the possibility distribution of total return
R(x*) with different K.

In order to illustrate our proposed effective meanings and
approaches of the efficient portfolios, we exemplify a real
portfolio selection problem in the following section.

IV. EMPIRICAL STUDIES

Example 1 We select five exchange currencies (USD, EUR,
AUD, GBP and CHF) from Bank of Tokyo-Mitsubishi.
Original data come from every day’s closed prices from
January 2010 to November 2010. There are 224 interval
values in this period (a, b), where a is the minimum price and
b is the maximum price in one day. We give some interval
values in TABLEIL

. . b .
First, we calculate the central point o = % and radius

l= b%. We give the data in TABELII.

TABLEIL.  CENTRAL POINT 0 AND RADIUS / OF EACH INTERVAL VALUES (a, b)

(0,

USD | (83.85,045) (84.1,0.3) (83.275,0.265)

EUR | (109.235,0.775) | (100.99, 1.01) (112.805,0.845)

AUD | (80.325,0.495) | (81.085,0.565) (81.77, 0.74)

GBP | (130.005,0.465) | (131.24,0.5) (133.085,0.395)

CHF | (83.82,0.5 | (84.135,0.305) (84.695, 0.425)

We simulate the values of o and / respectively. We get the
probability distributions o and / respectively in exchange
currency. We give the result in TABLEIII.

TABLEIII. PARAMETERS OF PROBABILITY DISTRIBUTION FUNCTIONS FOR

INTERVAL VALUES

4 l
USD W(29.91,89.73) W(3.07,0.51)
EUR 1'(270.87,0.43) '(7.38,0.09)
AUD (563.13,0.14) '(4.99,0.11)
GBP r(601.20,0.23) '(7.37,0.10)
CHF N(83.95,2.632) '(8.97,0.05)

When we know the distribution function, we use moment
method estimator (MME) to estimate our parameter in each
distribution function. We can find out the expected values and
variances by using those parameters. TABLEIV shows the
results.

TABLEIV. EXPECTED VALUES AND VARIANCES FOR INTERVAL VALUES

0 0, 03 04 Os
Expected 88.09 116.47 78.84 138.28 83.95
value
Variance 13.62 50.08 11.04 31.80 6.92
b L, I3 Ly ls
Expected 0.46 0.66 0.55 0.74 0.45
value
Variance 0.03 0.06 0.06 0.07 0.02

TABLEIL INTERVAL VALUES OF EACH EXCHANGE CURRENCY
(a, b
USD (83.4, 84.3) (83.8, 84.4) (83.01, 83.54)
EUR | (108.46,110.01) | (109.98,112.00) (111.96,113.65)
AUD (79.83, 80.82) (80.52, 81.65) (81.03, 82.51)
GBP | (129.54,130.47) | (130.74,131.74) (132.69,133.48)
CHF (83.32, 84.32) (83.83, 84.44) (84.27, 85.12)

Moreover, we give the values of IV, = [cov(oi, oj)]5x5 and
Vv, = [cov(li,l]-)]sxs, Vi, j=1,2,..,5 are in the following.

13.62
0.92 50.08
V, =] 0.04 -1.15 11.04 and
0.77 1.83 0.05 31.80
0.32 0.33 —-0.64 -0.48 6.92
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0.0257
—0.0004  0.0602
Vy =1 —0.0008 0.0019 0.0625
0.0011 0.0029 0.0006  0.0661
0.0001 -0.0012 -0.0004 —-0.0020 0.0236

Now, we have all the data we need in our fuzzy portfolio
selection model. We rewrite our model with estimated
parameters as follows.

max 88.09x, + 116.47x,, + 78.84x,, + 138.28x,, + 83.95x,,
min  13.62x, % + 50.08x,,% + 11.04x,,% + 31.80)(042 +6.92x,.*
+2(0.92x,,x,, + 0.04x,, x,, + 0.77x,,%,, + 0.32x,, X,
—1.15%,,%,, + 1.83x,,%,, + 0.33x,,%,,
+0.05%,,%,, — 0.64x,,%,, — 0.48x,, %,
St xg + Xo, + X, + X, + X, =1
X, 20  Vi=12,..5

(12)
min 0.46x;, + 0.66x;, + 0.55x;, + 0.74x;, + 0.45x;,
min  0.03x;,% + 0.06x,,% + 0.06x;,2 + 0.07x,,” + 0.02x,,2
+2(—0.0004x;, x;, — 0.0008x;, x,, + 0.0011x;, x;, + 0.0001x, x,
and +0.0019x, x;, + 0.0029x;,x;, — 0.0012x;, x;,
+0.0006x,,x;, — 0.0004x;,x;. — 0.002x;,x;,)
s.tox, +x, tx,+x, +x, =1
x,=20 Vi=12..5

(13)

In fact that it is not easy to solve the model (12) and (13). In
order to reduce the calculation load, we simplify the minimum
goal in (12) and (13) as follows:

We set G; = min  13.62x,,% + 50.08x,,? + 11.04x,, +
31.80x,,% + 6.92x,.2 + 2(0.92x,,X,, + 0.04x,, x,, +
0.77x4,%,, + 0.32x5, x,, — 1.15x,,%,, + 1.83%,,%,, +
0.33x,,%,, + 0.05x,,x,, — 0.64x,,x,, — 0.48%,,%,,).

Hence, we have
G, < (V13.62x,, +V50.08x,, + V11.04x,, + V31.80x,,
+6.92x,.)? < k%,
where k; (k; = 0) represents the tolerated risk level.
It implies that 3.69x,, + 7.08x,, + 3.22x,, + 5.64x,, +

2.63x,, < k.

Let G, =min  0.03x;, > 4+ 0.06x;,% + 0.06x;,% +
0.07xl42 + 0.02x152 + 2(—0.0004x;, x;, — 0.0008x;, x;, +
0.0011x;, x;, + 0.0001x;, x;, + 0.0019x;, x5 +
0.0029x;,x;, — 0.0012x;,x;, + 0.0006x;,x, —
0.0004x;,x,, — 0.002x;,x;_).

Hence, we have
G, < (v0.03x;, +v0.06x;, +v0.06x;, +V0.07x,,
+0.02x,))% < k%,

where k, (k, = 0) represents the tolerated risk level.

It implies that 0.17x; + 0.24x;, + 0.24x;, + 0.26x,, +
0.14x, < k.

Therefore, we rewrite model (12) and (13) in the following.

max 88.09x,, + 116.47x,, + 78.84x,, + 138.28x,, + 83.95x05]
s.t. 3.69x,, +7.08x,, + 3.22x,, + 5.64x,, + 2.63x,, < k;

Xo, + X0, + Xo, + %o, + 2, <1 }

X, 20 Vi=12,..5 J

(14)

min 0.46x;, + 0.66x;, + 0.55x;, + 0.74x;, + 0.45x;,
s.t. 0.17x;, + 0.24x;, + 0.24x;, + 0.26x;, + 0.14x;,, < k,
Xy, Hx, Fxtx, xS 1 }
vi=12,..5

an

xli =0 J
(15)

We solve the model (14) and (15) by using GP-IGP (Linear
and Integer Goal Programming). The result depends on the
selection of k;,i = 1,2. TABLEV shows the result of model
(14) and TABLEVI shows the result of model (15).

TABLEV.  STATISTIC TEST FOR XO* WITH DIFFERENT CONDITIONS kl AND THE RESULT OF PARAMETERS
ky 0.5 1 1.5 2 25 3 35
5
Z Xo, 0.19 0.38 0.57 0.76 0.95 1 1
i=1
X," (0,0,0,0,.19)' (0,0,0,0,.38)’ (0,0,0,0,.57)' (0,0,0,0,.76)’ (0,0,0,0,.95) | (0,0,0,.12,.88)" | (0,0,0,.29,.71)'
n
Z E(0)x," 15.96 31.92 47.88 63.84 79.80 90.63 99.65
i=1
Uo* 15.95 31.90 47.85 63.80 79.75 90.18 99.00
Som 0.49 0.99 1.49 1.99 2.49 2.81 3.19
Cl, (15.88,16.01) (31.77, 32.03) (47.65, 48.05) (63.54, 64.06) (79.42, 80.08) (89.81, 90.55) (98.58,99.42)
Decision(0) A A A A A R R
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k, 4 45 5 5.5 6 6.5 7
5
Z Xo, 1 1 1 1 1 1 1
i=1
X" (0,0,0,.46,.54)' | (0,0,0,.62,.38)" | (0,0,0,.79,.21)' | (0,0,0,.95,.05)' |  (0,0,0,1,0) (0,0,0,1,0)’ (0,0,0,1,0)’
Z E(0)x," 108.68 117.70 126.73 135.75 138.28 138.28 138.28
i=1
U 107.83 116.13 124.95 133.26 135.85 135.85 135.85
So:l 3.67 4.18 4.77 5.35 5.54 5.54 5.54
1 (107.34, (115.58, (12433, (132.55, (135.13, (135.13, (135.13,
° 108.31) 116.68) 125.58) 133.96) 136.58) 136.58) 136.58)
Decision(0) R R R R R R R
TABLEVI. STATISTIC TEST FOR XL* WITH DIFFERENT CONDITIONS kz AND THE RESULT OF PARAMETERS
k, 0.5 1 1.5 2 2.5 3 3.5
5
Z x, 0.19 0.38 0.57 0.76 0.95 1 1
i=1
X" (0,0,0,0,.19)'| (0,0,0,0,.38)'| (0,0,0,0,.57)| (0,0,0,0,.76)| (0,0,0,0,.95)'| (0,0,0,0,1)" | (0,0,0,0,1)
Z E(l)x, 0.09 0.17 0.26 0.34 0.43 0.45 0.45
i=1
w* 0.08 0.17 0.26 0.35 0.44 0.47 0.47
S, 0.03 0.06 0.09 0.12 0.15 0.15 0.15
Cl, (0.08,0.09) | (0.17,0.18) | (0.25,0.28) | (0.34,0.37) | (0.42,0.46) | (0.45,0.49) | (0.45,0.49)
Decision(/) A A A A A A A
Explain of decision with T-test. The same method for k;=3 , we have
Xo" = (0,0,0,0.12,0.88)' The return
n

In TABLEV, for example, when k; = 2.5, we have

X," = (0,0,0,0,0.95)' We  calculate  the  return
n

R = Z To;Xo; = Vo, Xo, F 1o, X0, + Vo, X0, + 1o,X0, + o X0,
i=1
= 0.95 * x,,.
Therefore, we have 224 new data.

We calculate the expected value ,* and standard deviation
So,, by Minitabl5. The results are p,” =79.75 and S, =
2.49. The hypothesis is Hg: p, = 79.80, for statistic T, =

79.75-79.80
V224
80.08).

Since 79.80 € (79.42,80.08), we accept the hypothesis.

=0.26 . The 95% critical region is (79.42,

R = Z Yo, Xo; = Yo, Xoy T Vo, X0, + 1o, X0, +15,X0, + Tp X0,
i=1
=012 *x,, +0.29 * x,_.

Therefore, we have 224 new data.

We calculate the expected value p,* and standard deviation
Soy, by Minitabl5. The results are p,” = 90.18 and S, =

2.81. The hypothesis is Hg: p, = 90.63, for statistic T, =

90.18-90.63
Z8L
V224
90.55).

Since 90.63 ¢ (89.81,90.55), we reject the hypothesis.
It is the same way to calculate decision in TABLEVI.

=238 . The 95% critical region is (89.81,

We conclude the result as follows.

In TABLEV, we can see that when k; > 3, we reject the
hypothesis. Moreover, we also see that we accept the
hypothesis for all k, in TABLEVI.
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That

and

is

we  accept

the  hypothesis

k, = 0.5,1,1.5,2,2.5.

when

k,=05,1,15,2,25,3,3.5,4,4.55,55,6,6.5,7.

Hence,

the

result

K= kl n k2 = 0.5, 1, 1.5, 2, 2.5.

We give the total expected return in TABLEVII. We get
good total expected return when K is small.

TABLEVII. THE EXPECTED RETURN WITH DIFFERENT CONDITIONS K

K 0.5 1 1.5 2 25
n
Z E(0)x," 15.96 31.92 47.88 63.84 79.80
i=1
n
Z E()x,* 0.09 0.17 0.26 034 0.43

I
[

Expected Return

(15.97, 16.05)

(31.75, 32.09)

(47.62,48.11)

(63.50, 64.18)

(79.37, 80.23)

for

Suppose that we choose K = k; = k, = 2.5, the optimal
solution of model (14) is x,* = (0,0,0,0,0.95)" and the
optimal solution of model (15) is x;* = (0,0, 0,0,0.95)".

Hence, we have our return of fuzzy vector

* * *77 OI OI 01 O! 0'95
X =107 =000 0005 (16)
Moreover, we get the total expected return
n n
BRG] = diag ) E09x,", ) EQ)x!
i=1 i=1
= diag (79.80, 0.43). a7

The interval value of the total expected return resulted in
(79.37, 80.23).

V. CONCLUSIONS

In this paper, we proposed a method to estimate the
probability distribution function with fuzzy data. When we
know the probability distribution function with fuzzy data, we
can calculate the expected value, variance and covariance by
using the estimated parameters of underlying distribution
function. Therefore, we can solve the fuzzy portfolio selection
model by statistic test. We give an empirical study by using
fuzzy portfolio selection model based on statistic test in
example 1. We can see that it is more explicit and meaningful
to use fuzzy portfolio selection model by statistic test to
estimate the maximum return because of considering more
information based on vagueness, which comes from original
fuzzy data. We have many choices K to decide which expected
return is better and have less risk level in our model. Through
this method, we also can provide not only one choice of
portfolio selection but also two or more for decision makers.

We have further points to improve in the future as follows:

1. In this paper, we just use the most useful probability
distribution function in industry to estimate the
parameters. We can do more estimation with other
probability distribution functions and compare which one
gives better results in our fuzzy portfolio selection

(1

(2]

[3]

(4]

[3]

(6]

(7]

(8]

(91

[10]

(1]

[12]

[13]
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problem.

Moreover, if we can get the triangular fuzzy numbers or
trapezoid fuzzy numbers, it will be good for us to examine
fuzzy portfolio selection model with statistic test which
we proposed is more explicit and easily for decision
makers.
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