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Abstract—Semi-supervised clustering with constraints has
widely been studied, but there are few studies on constrained
agglomerative hierarchical algorithms. We have shown modified
kernel algorithms of agglomerative hierarchical clustering, but
there is a drawback that the modified kernels are not positive-
definite in general. In this paper we consider another idea of
agglomerative hierarchical algorithms with pairwise constraints.
That is, merging of clusters is with penalties. The centroid
method and the Ward method with and without a kernel are
considered. Typical numerical examples show effectiveness of the
proposed algorithms in generating clusters with nonlinear cluster
boundaries. We also compare the results with those by COP K-
means, showing that the proposed algorithms outperform the
COP K-means.

Keywords-semi-supervised clustering; pairwise constraints;
agglomerative hierarchical clustering.

I. INTRODUCTION

As cluster analysis is becoming a standard tool for data
mining, various techniques have been developed and at the
same time fundamental problems to be solved are addressed;
three of them are as follows:

1) how traditional methods of agglomerative hierarchical
clustering [6], [9], [10] should be used;
how clusters with nonlinear boundaries [11] should be
generated;
how to semi-supervised clustering should be handled.

2)

3)
These three problems have sound reasons why they are impor-
tant. First, agglomerative hierarchical clustering is frequently
used for application to many contemporary problems including
bioinformatics. Second, the theory of positive-definite ker-
nels [1], [13] has been found to be useful to have nonlinearity
in classification and clustering. Third, there are many studies
in semi-supervised clustering using different ideas [4]. As to
the last problem, various researches have been revealed that
clustering with pairwise constraint is useful as a technique to
handle semi-supervised classification [15], [2], [3], [8].

This paper concerns all these three problems and intends to
give partial solutions to them. First, it proposes a constrained
centroid method and a constrained Ward method of agglomera-
tive hierarchical clustering. In contrast to our former paper [12]
which uses a modified kernel function, the method herein
does not use any kernel function and yet generates clusters
with nonlinear boundaries, using a simple method of penalties
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in merging clusters. This paper also shows that the standard
method of COP K -means [15] with pairwise constraint cannot
generate clusters with nonlinear boundaries without a kernel
function, while the present method can do this.

There are well-known typical examples with nonlinear
boundaries that we can handle by the present method. We
show the effectiveness of the proposed method and moreover
compare performances of the proposed method and the COP
K -means which shows the usefulness of the proposed method.

II. AGGLOMERATIVE CLUSTERING WITH PENALTIES

Let the set of objects for clustering be X = {zy,...,zn}.
We assume that object z, (kK = 1,...,N) is a point of a
Euclidean space RP with the Euclidean norm || - ||.

Generally a hard cluster denoted by G; is a subset of X.
The family of clusters is denoted by G = {G1,Gs,...,Gk},
where the clusters form a crisp partition of X:

K
UGi=X, GinG;=0 (i#j).
i=1

Agglomerative hierarchical clustering uses a dissimilarity
measure, frequently called a distance, between two clusters
d(G,G") (G,G" € G) which also is called an inter-cluster
dissimilarity. In the following we sometimes write d.,(G,G")
which means that the centroid method is used. Moreover,
dywm(G,G") means that the Ward method is used. The two
methods use the following definitions of the inter-cluster
dissimilarity:
Centroid method:
Let the centroid of a cluster G be

1
M(@G) == > a, (D)
|G| L, €G
and let
den(G,G') = [M(G) - M(G*. (@)
Ward method:
Assume M (@) is the centroid as above, and let
EG) =) o - M@ 3)

z; €G



Define
duwm(G,G") = E(GUG") — E(G) — E(G"). (4)

Although there are other three methods of the single link-
age, complete linkage, and average linkage are often used, they
are not studied in this paper.

Let us first describe a general procedure of agglomerative
hierarchical clustering [9], [10] with a variation that a term
P(G,G") is attached in the merging step, which is called
AHCP (Agglomerative Hierarchical Clustering with Penalties)
here. The definition of this term is described after the proce-
dure.

AHCP Algorithm:
AHCP1: Assume that initial clusters are given by
g = {G17G27 e ':GNO}'
Set K = Njy.
(K is the number of clusters and Ny is the initial
number of clusters)
Gi=Gi(Gi=1,....K).
Calculate d(G,G") for all pairs G,G' € G.
AHCP2: Search the pair of minimum dissimilarity:

(Gy,Gy) = arg GfI(l;i’rég{d(G’ G")+P(G,G"H}. (5)

Merge: G, = G, U G,.
Add G, to G and delete G,,, G, from G.
K=K-1.
if K =1 then stop and output the dendrogram.
AHCP3: Update dissimilarity d(G,,G") for all G € G.
Go to AHCP2.
End AHCP.
Assume that K is given and it is necessary to have K
clusters, then we stop AHCP algorithm when K clusters are
obtained in AHCP2.

A. Pairwise constraints and penalties

A set ML = {(z;,z;)} C X x X consists of must-link
pairs so that x; and x; should be in a same cluster, while
another set CL = {(z,z;)} C X x X consists of cannot-
link pairs so that z; and z; should be in different clusters.
ML and CL are assumed to be symmetric in the sense that
if (z;,z;) € ML then (z;,2;) € ML, and if (z),2;) € CL
then (z;, z1) € CL.

Note that M L is regarded as an undirected graph in which
nodes are objects appeared in ML, and an undirected edge
is (x;,2;) € M L. Accordingly, V(ML) is the set of objects
in graph M L. The connected components of graph ML is
denoted by MLy,...,ML,. Moreover the constraints are
assumed to be consistent in the sense that if (zy,z;) € CL,
xy and z; are in different components of graph M L.

The must-link constraints are realized in AHCP algorithm
by putting the initial clusters G = {G‘l,é’g, . .,GNO} to be
the connected components MLy, ..., ML;,.

In contrast, the following penalty term realizes the cannot-
link constraints in AHCP:

>

PG.G) = Wes (6)
z€G,2'€G’,(x,2')eCL
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where W, is a positive constant. If W, is sufficiently large,
the cannot-link constraints will never be broken.

Note: We handle M L to be hard constraints, while C'L is
treated to be soft constraints in (6). It is, however, straightfor-
ward to treat M L as soft constraints as well. For this purpose

we modify (6) as follows:
Wur Y

PG.G)=Wer 3
z€G,2'€G' (x,x')ECL z€G,2'€G’ (x,x')EML
(N

Note also that the C'L constraints become hard when W,
is sufficiently large, which we assume later for the examples
herein.

B. Positive-definite kernels in agglomerative clustering

It has been known that a high-dimensional mapping with a
kernel function which is used in support vector machines [14],
[13], [1] is also useful in agglomerative hierarchical clus-
tering [5]. That is, regardless whether a high-dimensional
mapping is used or not, the updating formulas for merging
clusters remain the same in the centroid method and the Ward
method [5]:

|G
(Gra G“) = 7dcm
|Gyl + G|

G4l "
————dem(Gy,G")
|Gyl + Gyl !

1G,/[G]
7dcm G 7G )
(G, + 1G, T2 %o (G Ga)

dem (Gp,G")

+

- ®)
B 1

TG F G+ 1G]
(1G] + 1G" dum (G, G")

+ (IGy| + 1G] dum (G, G")

G| dum (G G

dwm (G, G")

[

9
except that the initial dissimilarities are different:

dem(z,y) = llz — ylI* = K(z,2) + K(y,y) - 2K (2, y),

K (2, 2) + K(y,y) 2K (2,9)}.

1
dwm(z,y) = 5”1' - y”2

for two objects z,y € X from which d,(G, G') and
duwm (G, G") are easily calculated.

We compare the results from the centroid method and the
Ward method with and without the Gaussian kernel:

K(z,y) = exp(—const.|lz — y||*).

III. NUMERICAL EXAMPLES

Three illustrative examples are shown, in which cluster
boundaries are nonlinear. First set of data is shown in Fig. 1
which has two obvious clusters of “double circles”; the outer
circle has 100 objects while the inner has 50. Second data set
in Fig. 2 has a ball inside a shape like a crescent, which is
called “ a moon and a ball.” Third set of data in Fig. 3 is called
“two moons” which also cannot be separated by a line. Each
“moon” has 150 objects.
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Fig. 1. First data set: double circles
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Fig. 2. Second data set: A moon and a ball

We generated M L and CL randomly, with the obvious
restriction that M L are in the same (correct) cluster and C'L
connects two objects in different clusters. The penalty Wep,
was sufficiently large so that C'L pair did not be in a same
cluster. Thus C'L was handled as a hard constraint.

The numbers of constraints in M L and C'L were changed
in the numerical experiment and the ratios of correct results
were evaluated as follows.

The Rand index which is one of the standard evaluation
criteria was used:

a+b
N(N -1)/2’

where a is the number of pairs that has to be in the same

Rand(a,b) = (10)
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Fig. 3. Third data set: two moons

cluster and actually in the same cluster in the result, and b
is the number of pairs that has to be in different clusters and
actually in different clusters in the results. In short, Rand(a, b)
is the ratio of correct pairs in the whole number of pairs. Hence
if the result is perfect, Rand(a,b) = 1.

The proposed method was compared with the COP K-
means [15] with K = 2 in both examples.

We fixed the number of constraints and then generated the
constraints randomly 1000 times, then generated clusters by the
proposed method and the COP K-means. Then the averages
of the rand index were calculated.

The number of constraints were then changed from 0 to 50
shown on the horizontal axis in Figs. 4-9.

In the following six kinds of results are compared; we did
not mix ML and CL but included M L or C'L alone:

1) results of the centroid method with ML (and no C'L),
shown by red line with + in Figs. 4-9;

results of the centroid method with C'L (and no ML)
shown by green line with x;

results of the Ward method with M L (and no C' L) shown
by blue line with x;

results of the Ward method with C'L (and no M L) shown
by pink line with [J;

results of the COP K-means with ML (and no CL)
shown by light blue line with Hl;

results of the COP K-means with CL (and no ML)
shown by black line with e,

2)
3)
4)
5)
6)

Figures 4 and 5 respectively show the results without a
kernel and those with the Gaussian kernel applied to the data
set of the double circles. The all results from the COP K-
means was without a kernel. Note that it has been known
that K -means with the Gaussian kernel can separate the two
clusters of the two circles.

It is observed that the centroid and the Ward methods with
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Fig. 5. The ratios of Rand(a, b) by the proposed method with the Gaussian
kernel (const. = 0.01) and the COP K-means applied to the double circle
data set

CL better separated the two clusters as the number of the
cannot-link constraints increase, while the other methods could
not separate these two.

Figures 6 and 7 respectively show the results without a
kernel and those with the Gaussian kernel applied to the data
set of the “moon and ball.” The same tendency as the first
example is observed: the centroid and the Ward methods with
CL better separated the two clusters as the number of the
cannot-link constraints increase, whereas the other methods
could not separate the moon and the ball.

Figures 8 and 9 respectively show the results without a

425

1 T (PETECIEuay gy iy 7
Ea s
L2 gs)
?
la]
09} a? .
B/
08 F 1
B
g
x 07f ,
i
= !
2
G ]
T 06} 1
A
05HEE000EINIINIENRtettertee st tet ettt ynsi ittty
centroid ML ——
04 b centroid ,CL -~ i
: Ward ML ---%--
Ward CL &
CKM ML
CKM CL - o
03 Il Il Il Il
0 10 20 30 40 50
Number of Constraints
Fig. 6. The ratios of Rand(a,b) by the proposed method without a kernel

and the COP K -means applied to the moon and ball data set

1 — pTETTrerae 7 2
DBD
il
09 ;'j ,
B
08 [ S B
u
g
x 07F ,
i)
£
E ]
] ¥
T 06}/ 7
f
05 000000 0080000000000800essntety et tebi s it eiteiiy
centroid ML —+—
04 b centroid ,CL -~ i
: Ward ML ---%--
Ward CL &
CKM ML
CKM,CL - -
03 Il Il Il Il
0 10 20 30 40 50
Number of Constraints

Fig. 7. The ratios of Rand(a, b) by the proposed method with the Gaussian
kernel (const. = 0.01) and the COP K -means applied to the moon and ball
data set

kernel and those with the Gaussian kernel applied to the data
set of the two moons. The COP K-means was used again
without a kernel function. Note that in this case it is generally
difficult to separate the two clusters using K -means, even with
the Gaussian kernel.

It is observed again that the centroid and Ward methods with
CL separated the two moons as the number of the cannot-
link constraints increase, while the other methods could not
separate the two clusters. It is moreover seen that the Gaussian
kernel improved the performance in the second example when
compared with the centroid and the Ward methods without a
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kernel.

A. Discussion

The three illustrative examples show that the proposed
method with C'L outperforms other methods. It is also ob-
served that the two clusters in the first and the second examples
were separated without the use of a kernel function. This
contrasts the general understanding that K-means type meth-
ods including fuzzy c-means without a kernel cannot separate
clusters with nonlinear boundaries. Even if we use the COP
K -means, the cluster boundaries remained the same with the
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exception of the pairwise constraints, and hence no perfect
separation of the two clusters was observed for the COP K-
means.

In contrast, the third data set of two moons could perfectly
be separated with the use of the Gaussian kernel, which shows
the effectiveness of a kernel function, as it generally is more
difficult to separate the two moons than the two circles.

The three examples moreover show the generalization abil-
ity of the C'L constraints especially in the first two examples,
since the two clusters were almost perfectly classified when the
number of C'L constraints is 10, where the complete cannot
links should have 50 constraints.

In contrast, we observed M L was not so effective as C'L.
Why ML was not so effective in agglomerative algorithms
should be further investigated. We also observed that the in-
crease in the number in M L did not result in the improvement
of the rand index. The reason is unknown but similar tendency
has also been observed in other studies (e.g. [7]).

IV. CONCLUSION

We have proposed the centroid method and the Ward
method of agglomerative hierarchical clustering with penalties
of the pairwise constraints. The three illustrative examples
showed their effectiveness in extracting clusters with nonlinear
boundaries. The idea herein is simple and can be implemented
without difficulty. Note that agglomerative hierarchical clus-
tering is frequently used in a variety of applications. We thus
showed that the proposed method enhances the usefulness of
the agglomerative algorithms.

When compared with our former proposal which uses
modification of a kernel function [12], the present method is
better in the sense that a kernel function is unnecessary and it
does not have a drawback of indeterminate kernel which the
former method of us has.

Future studies include testing its effectiveness in real ex-
amples and dendrogram output showing pairwise penalties.
Comparison with fuzzy c-means with semi-supervision [16]
which is not yet an established technique should also be
considered.
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