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Abstract—This paper presents an online learning-based neuro-
fuzzy system called evolving Fuzzy Ensemble (eFE). The hierar-
chical computational structure of eFE is progressively adapted
to autonomously support fuzzy data associations in accordance
with neurophysiological studies. Activity-dependent synapse with
global decay learning rule is incorporated to simulate the re-
tention and active forgetting mechanisms that are involved in
memory persistence. Such features incorporated in eFE model
make it suitable to address the nonstationary characteristics of
real-world problems. This work demonstrates the use of simple
mechanisms to accomplish complex form of associative learning,
an idea that has been suggested by psychologists for many years
but has only recently been verified at the cellular level. The
proposed eFE model is evaluated and compared with other mod-
elling techniques in two benchmark time series experiments. The
experimental results demonstrate the capabilities, and illustrate
the viability of the proposed modelling technique.

Index Terms—Fuzzy system, neuro-fuzzy system, ensemble,
associative learning, online learning.

I. INTRODUCTION

Soft computing has been a significant and influential com-

puting paradigm in drawing complementary methodologies to

exploit the tolerance for uncertainty, so as to achieve cost-

effective intelligent solutions [1]. A typical approach is the

integration of neural network and fuzzy system to create a

hybrid structure called neuro-fuzzy system (NFS) [2]. The

application of NFS has been demonstrated in a number of

fields, including time-varying signal detection [3], adaptive

nonlinear control [4], forecasting [5], knowledge extraction [6],

decision support [7], fault detection [8], and robotics [9]. This

neural-fuzzy synthesis provides flexible information processing

capability, in a human comprehensible neural construct, for

handling real life complex and uncertain situations [2].

A. Incremental Adaptation

Existing NFSs (see, e.g., [10], [5], [11], [12], for in-

stance) generally employ all the training data samples multiple

times either during network structure identification or network

parameter adaptation. These systems generally require the

representative data samples of the problem domain to be

collected in advance. Hence, such batch learning models are

not suitable for modelling of complex time-varying processes

in dynamically changing environments. In addition, the ever

increasing flow of data makes batch learning models unfeasible

because these models generally make use of time consuming

complex optimization with the objective of deriving a globally

optimized solution that is representative of the training data.

In order to use these models in online applications, it is only

possible for the price of re-training the whole model structure

and parameters with iterative and time-consuming procedures

[13], [14].

In fact, a situation is likely to be encountered where it is

not easy to collect a complete set of training samples to build

a classification or forecasting system. For instance, it is almost

impossible to construct a human face database without taking

into consideration all the various factors that can affect an

image quality. Thus, it is usually the case that an imperfect

system is constructed to work well with some limited condi-

tions, and only to revise it when more information is acquired.

Therefore, in many practical situations, the presentation of

training samples becomes sequential and adaptation to the

system and forecasting by the system have to be alternatively

carried out. In other practical applications (e.g. stock price

forecasting), a static forecasting system is rendered ineffective

by the changing property of the data source. Thus, a system

is required to be incrementally adaptable to new information.

Progressive adaptation refers to the incremental modifica-
tion of the network structure and parameters. The objective

of progressive adaptation is to bring the network to produce

a model close to a desired process through a gradual and

progressive change of the network computational capability. In

this paper, the progressive adaptation of a NFS is concerned

with online learning of a data stream. The training exemplars

from the data stream are assumed to arrive one at a time,

and that the online learning algorithm adapts the structure

and network parameters of the model based on the current

training exemplar in an incremental manner. Online learning

algorithms encompass the following four distinguishing fea-

tures from sequential learning algorithms [15]: 1) All the
training observations are sequentially (one-by-one) presented

to the learning system; 2) At any time, only one training
observation is seen and learned; 3) A training observation is

discarded as soon as the learning procedure for that particular

observation is completed; 4) The learning system has no prior

knowledge as to how many total training observations will

be presented. In addition, the following additional features are

specifically considered for online learning algorithms: 1) There
is no knowledge of the lower and upper bound of the training
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observations; 2) The system should account for time-varying

data characteristics (i.e. knowledge about data should change).

B. Focus and Structure of Paper

This paper focuses on the structure and learning aspects of a

NFS [2] called evolving Fuzzy Ensemble (eFE). The proposed
eFE network is organised into a modular and hierarchical

network of neurons. Starting with zero neuron, eFE adopts a

single-pass progressive learning approach that is inspired from

the neurobiological learning theories of synaptic plasticity.

This paper is organised as follows. Section II presents the

architecture of the eFE network. Section III provides an

overview of the proposed progressive biologically inspired

learning algorithm for eFE network. In Sect. IV, two experi-

ments are conducted to demonstrate the modelling and tracking

capabilities of the proposed eFE model. Section V summarises

and concludes this paper.

II. NETWORK ARCHITECTURE

The proposed eFE is a feed-forward network comprising of

five layers of neurons. Other than layer I and V, the neurons in

the other layers of eFE network are organised into a modular

and hierarchical structure with H levels. Figure 1 shows the

hierarchical structure of eFE network with two input variable

nodes, one output variable node, and H hierarchical levels of

nodes in layer II, III, and IV. The symbols used in this paper

denotes the following:
I number of input features;

M number of output features;

Kh number of rule nodes at hth hierarchical level;
IVi input linguistic node for input feature xi (1 ≤ i ≤

I);
OVm output linguistic node for output feature ym (1

≤ m ≤M );
Jh,i number of linguistic term node/membership func-

tions (MFs) for input feature xi at hth hierarchical
level;

Lh,m number of MFs for output feature ym at hth
hierarchical level;

ILh,i,j jth MF for input feature xi at hth hierarchical
level (1 ≤ j ≤ Jh,i);

OLh,m,� �th MF for output feature ym at hth hierarchical
level (1 ≤ � ≤ Lh,m);

Rh,k kth rule node at hth hierarchical level (1 ≤ k ≤
Kh);

Ch,m,�,k fuzzy rule connection between Rh,k and OLh,m,�.
The hierarchical organisation of eFE network corresponds

to the structure of the neocortex [16]. A hierarchical level

of eFE corresponds to a cortical layer. The differences in

the sensory function among the cortical layers are simulated

using different hierarchical levels of linguistic term/label nodes

with different receptive fields (supports of fuzzy MFs). A

layer of nodes in eFE network corresponds to a vertical

cortical column. Every layer of neurons in the proposed eFE

network is a functional module of a fuzzy inference system
(FIS). Each layer of the eFE network performs specific fuzzy

operations to realize an extended-Mamdani fuzzy reasoning

model that handles mutual inclusivity [17]. A fuzzy rule at the
hth hierarchical level of eFE network is encoded as follows:

IF x1 is ILh,1,j . . . ∧ . . . xi is ILh,i,j . . . ∧ . . . xI
is ILh,I,j THEN y1 is OLh,1, . . ., ym is OLh,m,
. . ., yM is OLh,M

where OLh,m represents a fuzzy partition that is shaped by the

output MFs (OLh,m,1, . . . , OLh,m,Lh,m ) of different degrees

[18].
The input and output signals at any time t are respectively

represented as crisp vectors x(t) = [x1, . . . , xI ]
T and y(t) =

[y1, . . . , yM ]T . Every node in the first layer of the network
takes in a single element from the input vector x(t). Every
output node computes a single output element of the output

vector y(t) with respect to the input stimulus vector x(t). The
forward reasoning with signal propagation through each layer

of the network as shown in Fig. 1 is described as follows.

A. Layer I: Input Linguistic Nodes
A node IVi simply receives signal from the input stimulus

xi, and propagates it to the next layer nodes for processing.
The output oIi of IVi is defined in (1).

oIi = xi . (1)

B. Layer II: Input Linguistic Term Nodes
A neuron ILh,i,j denotes the jth fuzzy MF of the ith

input feature at the hth hierarchical level and constitutes an
antecedent of a fuzzy rule. Every node ILh,i,j defines a
triangular fuzzy MF and its output oIIh,i,j is computed using
singleton fuzzification operation in (2).

oIIh,i,j = μIIh,i,j(o
I
i ; a

II
h,i,j , b

II
h,i,j , c

II
h,i,j)

= max

(
min

(
oIi − aIIh,i,j
bIIh,i,j − aIIh,i,j

,
cIIh,i,j − oIi
cIIh,i,j − bIIh,i,j

)
, 0

)
, (2)

where parameters aIIh,i,j and cIIh,i,j are the minimum and

maximum support, and bIIh,i,j is the kernel of the MF for ILh,i,j
respectively. In addition, the following conditions are satisfied

for the input fuzzy MFs.

oIIh,i,1 =

{
1, oIi ≤ bIIh,i,1;
μIIh,i,1 defined in (2), otherwise.

(3)

oIIh,i,Jh,i =

{
1, oIi ≥ bIIh,i,Jh,i ;
μIIh,i,Jh,i defined in (2), otherwise.

(4)

Jh,i∑
j=1

μIIh,i,j = 1 ; bIIh,i,j < b
II
h,i,j+1 . (5)

Equation (3) and (4) respectively defines the first and the

last MF in xi ⊂ R, and (5) specifies the overlap level of 0.5

between any two successive MFs. The eFE network consists of

H sets (each set belonging to a level of eFE) of input linguistic

labels, with each of them characterized by a scale parameter

σIIh,i defined in (6),

σIIh,i = bIIh,i,j − aIIh,i,j = cIIh,i,j − bIIh,i,j , (6)
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Fig. 1. Structure of eFE network.

and σIIh,i > σ
II
h+1,i. Each higher hierarchical level composes of

MFs with smaller uniform entropies than the ones at the lower

hierarchical level [19].

C. Layer III: Rule Nodes

A neuron Rh,k represents the kth fuzzy rule node at the
hth hierarchical level with output oIIIh,k computed using a

conjunctive fuzzy set operation (minimum t-norm operation)

[20] defined in (7).

oIIIh,k = min
(h,i,j)∈AIIh,k

oIIh,i,j , (7)

where AIIh,k is the set of input linguistic term nodes in layer

II (antecedent) that are connected to Rh,k.

D. Layer IV: Output Linguistic Term Nodes

A neuron OLh,m,� represents the �th output linguistic term
node of the mth output linguistic node at the hth hierarchical
level. Each node implements the Compositional Rule of In-
ference (CRI) [21] scheme. The output oIVh,m,� of OLh,m,� is

defined in (8).

oIVh,m,� = max
k∈RIIIh,m,�

(min(oIIIh,k , C
f
h,m,�,k)) , (8)

where RIIIh,m,� is the set of rule nodes in layer III that are

connected to OLh,m,�, and C
f
h,m,�,k (refer to (13)) is the cer-

tainty factor (normalized weight) of the rule node connection

Ch,m,�,k between Rh,k and OLh,m,�.

The eFE network consists of H sets of output linguistic

labels. These labels also satisfy the same conditions ((3), (4),

(5)) that are specified for the input linguistic labels. Each

output linguistic label is characterized by a scale parameter

σIVh,m defined in (9),

σIVh,m = bIVh,m,� − aIVh,m,� = cIVh,m,� − bIVh,m,� , (9)

and σIVh,m > σIVh+1,m. At each hierarchical level, the overlap

of 0.5 between any two successive output MFs implies no

reconstruction error in the linguistic-numerical transformation

[19].

E. Layer V: Output Linguistic Nodes

The neuron or defuzzification node OVm defuzzifies the

fuzzy composite output generated in layer IV into a crisp

value. The output oVm of OVm is computed using the height
defuzzification method [20] defined in (10).

oVm = ym =

∑H
h=1

∑Lh,m
�=1 o

IV
h,m,�b

IV
h,m,�∑H

h=1

∑Lh,m
�=1 o

IV
h,m,�

, (10)

where bIVh,m,� represents the kernel of the MF that is employed

to describe OLh,m,�.

III. PROGRESSIVE LEARNING ALGORITHM

Figure 2 depicts the overview of the progressive learning

procedure. The learning algorithm consists of three modules;

namely: network expansion, associative learning, and network
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simplification. The learning procedure for each of the module
is outlined as follows.

A. Network Expansion Module

The biological network structure plasticity is partially due

to neurogenesis [22], [23], [24]. The function of neurogenesis
was hypothesized to avoid prediction error due to catastrophic
interference [24] by extending the encoding of new pattern

with new neuron. In addition, microscopic examination of a

coronal section through the neocortex shows that the neuronal

cell bodies are arranged in different layers [25]. Birth dating

studies showed that cortical neurons generated earlier reside in

deeper layers while later-born neurons migrates past existing

layers to form superficial layers [25].

First, to account and model the neurogenesis process and

development in neocortex, new higher level rule node and

its associated linguistic label nodes (IL and OL nodes) are

added to the proposed eFE network whenever the network has

a forecast error e(t) exceeding a maximum acceptable error

threshold ε defined in (11).

e(t) = ‖oV (t)− yd(t)‖/M > ε , (11)

where oV (t) is the output vector produced by eFE, and yd(t)
represents the desirable response the network should produce

at time t.
The incremental insertion of new level neurons corresponds

to the sequence of neurogenesis process in neocortex, in

which neurons that are generated earlier reside in the deeper

cortical layers (lower levels of eFE network). In addition, new

neurons are added to avoid catastrophic interference and reduce

prediction error according to the function of neurogenesis [24].

Second, new input and output linguistic label nodes are

added with smaller fuzzy membership “width” (smaller sup-

port) at each higher level. Every new higher level linguistic

label node is created with receptive field half the size of

the immediate lower level linguistic label node. This creates

linguistic label nodes in a hierarchical organisation with dif-

ferent receptive fields to simulate the laminar differences in

the sensory function among the different cortical layers [16].

As a result, linguistic label nodes with smaller scales (re-

ceptive fields) will be present in those regions where the most

subtle details are located. Nodes are adaptively allocated with

adequate scale in the different regions of the input and output

data space to form a sparse approximation of the data. The

differences in the sensory function encoded by the different

level of linguistic label nodes also allow the proposed network

to describe the input and output feature across different scales.

The lower level neurons could encode knowledge on more

general information, and the higher level neurons to describe

knowledge in finer detail.

Third, neurons created earlier (having wider receptive fields

in lower levels) will be activated more frequently than higher

level neurons. Consistent with physiological findings, in which

older neurons are relatively more stable than newer neurons

[26], this mechanism allows the lower and older neurons less

likelihood from being removed (cf. Sect. III-C). In addition,

this mechanism is also consistent with memory retention

behaviour in human. Human normally remember more general

than specific fact/knowledge.

Fourth, individually adding node as required limit the net-

work complexity by preventing network to memorize training

patterns and generalize poorly (large variance case). The

network is also adapted according to changing pattern statistics

to prevent the network being too simple that it can not even be

able to represent training patterns well (large bias case) [27].

B. Associative Learning Module

Numerous evidences have suggested that rehearsal is re-

quired to support the consolidation of memories [28], [29],

[30]. At the molecular level, the formation and consolidation

of long-term memory are thought to be ultimately expressed
in the form of structural changes at the synapses [31]. At the

same time, other studies suggested that the decay of memory

traces is the result of an active forgetting mechanism which

opposes the strengthening mechanism involved in memory

persistence [32], [33]. The progressive learning algorithm (cf.

the associative learning process depicted in Fig. 1) captures

these two key features; namely: retention and forgetting of

memory traces, as follows.

• Retention Mechanism: First, to model the involvement of
retention mechanism in long-term memory formation, the

dynamics of the Hebbian learning rule [34] is incorpo-

rated to mediate the synapses between rule nodes and

output linguistic term nodes. Synapse is strengthened by

the retention term in (12) during correlated activation

(firing) between rule node (pre-synaptic neuron) and

output linguistic term node (post-synaptic neuron).
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• Forgetting Mechanism: Second, the forgetting mechanism
is interpreted as having a destabilizing effect on the

existing stored memories. To account for such a process,

a global synaptic decay term is included in (12) to weaken

the synaptic strength.

The overall changes in the synaptic strength (Step 4 of the

associative learning process depicted in Fig. 1) is simulated in

(12),

ΔCwh,m,�,k(t) = Cwh,m,�,k(t)− Cwh,m,�,k(t− 1) (12)

= min(oIIIh,k (t), μ
IV
h,m,�(y

d
m(t)))︸ ︷︷ ︸−β · Cwh,m,�,k(t− 1)︸ ︷︷ ︸,

retention term forgetting term

where Cwh,m,�,k denotes the synapse strength of rule node

connection Ch,m,�,k, μ
IV
h,m,�(y

d
m(t)) represents the membership

grade of OLh,m,� for output variable node OVm (Step 2b of

associative learning process in Fig. 1), ydm(t) denotes the mth
element of the desired output vector yd(t) at time instance t,
and β represents the forgetting rate.
To prevent saturation and loss of input selectivity, the

weights of the connections between rule nodes and output

linguistic term nodes are normalized according to (13).

Cfh,m,�,k(t) =
Cwh,m,�,k(t)∑Lh,m

�=1 C
w
h,m,�,k(t)

, (13)

where Cfh,m,�,k is the normalized weight of rule node connec-

tion Ch,m,�,k. C
f
h,m,�,k is the degree (certainty factor) of the

output MF OLh,m,� associated with Rh,k. Different certainty
factors to the output MFs are used to shape an alternative

output fuzzy answer space [18].

The computational model demonstrates the effect of ac-

tive forgetting and retention memory processes. Only in the

presence of sufficient and repeated synaptic reinforcements,

either triggered by multiple repetitive training events or reacti-

vation/recollection of such events, can memories be maintained

and strengthened. This is consistent with evidence, in which

the more frequently an event is recalled, the better and longer

it will be remembered [28].

C. Network Simplification Module

Even though higher level rules and associated linguistic

label nodes are adaptively added, the consolidated rules will

be updated according to changing pattern statistics. Some rule

nodes that represent the different localized regions of the data

space may at a later stage of adaptation make to produce

similar forecast as those rules activated at a lower level.

At each presentation of a data sample, the highest level

activated rule RfHf ,k
is removed if the following condition (14)

is satisfied.

‖oRHf ,k
− oRHf−1,a‖/M < δ ; ∃a ∈ RfHf−1, Hf 	= 1 , (14)

where δ represents the output forecast similarity threshold,
Hf represents the highest level of the rules that are activated,

RfHf−1 represents the set of lower immediate level rules that
are activated, and oRHf ,k

represents the inferred crisp output

vector of RfHf ,k
using CRI scheme defined in (15) with

h = Hf .

oRh,k = [oRh,k,1, . . . , o
R
h,k,m, . . . , o

R
h,k,M ]T ;

oRh,k,m =

∑Lh,m
�=1 min(oIIIh,k , C

f
h,m,�,k) · bIVh,m,�∑Lh,m

�=1 min(oIIIh,k , C
f
h,m,�,k)

. (15)

Such higher level rule with smaller receptive field can safely

be removed as it describes the localized fuzzy region that is

also enclosed by a lower immediate level rule.

In addition, if a rule node Rh,k has all its rule node

connection weights Cwh,m,�,k (1 ≤ � ≤ Lh,m; 1 ≤ m ≤ M )
reduced to zero then Rh,k is removed from the rule base. This
is because the rule node is not frequently activated to make it

relevant for the present data events. Thus, the network structure

is simplified in this process. This step corresponds to structure

plasticity related to the removal of neurons and synapses that

contributes to the loss of memory (see, e.g., [35], for instance).

IV. EXPERIMENTS: SIMULATIONS

In this section, two experiments are conducted to demon-

strate the quality features of the proposed eFE model.

A. Online System Identification of a Nonlinear System

The objective of this experiment is to evaluate the proposed

eFE network in one-pass identification of a nonlinear system

defined by (16).

yd(t+ 1) =
yd(t)

1 + y2d(t)
+ u3(t) , (16)

where u(t) ∈ [-1.0, 1.0] is given by sin(2πt/100), and
yd(t) ∈ [-1.5, 1.5] and yd(0) = 0. The proposed eFE model
is benchmarked with existing works; namely, MRAN [36],

RANEKF [37], SONFIN [38], SAFIS [14], Simpl eTS [39],

eTS [13], DENFIS [40], FALCON-ART [41], and EFuNN [42]

under the same experimental set-up in [14].

Table I lists the consolidated generalization result achieved

by the various modelling techniques. The result shows that

neural network and TSK modelling techniques deliver better

generalization accuracies than the proposed eFE model. The

following are the reasons to explain this result.

• TSK-based fuzzy models [43], [44] are used for precise
fuzzy modelling (PFM) in place of linguistic fuzzy mod-
elling (LFM) [45]. The proposed eFE model is based on
Mamdani fuzzy model used for LFM.

• The benchmark modelling techniques (MRAN, RANEKF,
SONFIN, SAFIS, Simpl eTS, eTS, DENFIS, FALCON-

ART, and EFuNN1) utilize a clustering-based prototyping

to partition the data space. In contrast, eFE makes use

of the more restrictive grid based type of data space

partitioning [46]. Clustering-based prototyping poses less

1The second layer nodes in EFuNN are fully connected to a rule node in the
third layer via a set of connection weights. These connection weights represent
the coordinates of the center of the hypersphere in the fuzzy input space for
a rule node.
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constraint as this methodology provides direct mod-

elling of data distribution in the data space. Hence,

clustering-based partitioning of data space usually re-

quires lesser number of prototypes (rule nodes). However,

systems based on clustering-based prototyping usually

have opaque computing structure. For example, the input

fuzzy sets derived by SAFIS have large overlaps that ob-

struct the understandings of the underlying data structure

(refer to [14]).

• The other benchmark systems employ complex operations
and perform fine tuning of network parameters. The pro-

posed eFE model does not require such time consuming

complex operations. For example, RANEKF and MRAN

networks are evolving radial basis neural networks based

on the principle of the Resource Allocation Network

(RAN) [47]. RANEKF extends the RAN by employing

the Extended Kalman Filter (EKF) algorithm in place

of the Least Mean Squares (LMS) algorithm. MRAN

extends RAN (and RANEKF) by combining the growth

criterion of the RAN with a pruning strategy based on the

relative contribution of each hidden unit to the overall net-

work output. SAFIS computes the statistical contribution

of every rule to the system output and the parameters

are tuned with EKF algorithm. eTS has to recursively

update its TSK model structure based on the potential of

the input data. This is defined based on its distances to

all other data points that have been received. As for the

DENFIS online model, a weighted recursive Least-Square

Estimator (LSE) is used. In SONFIN, the consequent

parameters of its TSK rules are tuned either by LMS

or Recursive Least Squares (RLS) algorithms and the

precondition parameters are tuned by back-propagation

algorithm. FALCON-ART tunes the parameters of the

MFs using the back-propagation algorithm. Unconstraint

accuracy-oriented parameter optimization is also one of

the other reasons that will produce significant overlapping

of the fuzzy MFs. This obstructs the understandings of the

underlying data structure.

• The training and testing data are generated from the same
difference equation (16). An accuracy-oriented modelling

technique with enough training cycles to tune its network

structure and parameters would definitely perform better

in this case. On the other hand, the eFE learning algorithm

does not try to reduce the error to zero. Under soft

computing paradigm, the proposed eFE aims to contain

the error between the computed output and desirable

values within an acceptable threshold. Hence, the learning

error is not asymptotically reduced to zero. It is seldom

the case in reality that the unseen events replicate exactly

the same as past events. Hence, optimization done at

the present time instance has no guarantee in providing

an optimal solution that will also generalize well for

future unseen events. For one obvious reason, current

optimization may produce a solution that over fits to the

current set of training data. Section IV-B illustrates this

point by evaluating EFuNN, DENFIS and eFE to track a

TABLE I
FORECAST RESULTS ON ONLINE NONLINEAR SYSTEM IDENTIFICATION

Reasoning Model Type # Rules Testing

RMSE

MRANa NN 10* 0.0129

RANEKFa NN 11* 0.0184

SONFINa TSK 10 0.0130

SAFISa TSK 8 0.0116

Simpl eTSa (r=0.075, Ω=106) TSK 18 0.0122

eTSa (r=1.0, Ω=106) TSK 19 0.0082

DENFIS TSK 8 0.0482

FALCON-ART M 289 0.1379

EFuNN M 18 0.0578

eFE E-M 21 0.0751

a = Result adapted from [14]; NN = Neural Network; TSK = Takagi-Sugeno-Kang-
based fuzzy model; M = Mamdani-based fuzzy model; E-M = Extended Mamdani-
based fuzzy model that handles mutual inclusivity [17]; * = Number of hidden nodes;
RMSE = Root Mean Squared Error.
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Fig. 3. Forecast of time-varying nonlinear system.

time-varying nonlinear system.

B. Online System Identification of a Time-Varying Nonlinear
System

The previous nonlinear dynamic system (16) is modified as

shown in (17).

yd(t+ 1) =
yd(t)

1 + y2d(t)
+ u3(t) + f(t) , (17)

where f(t) simulates the disturbance to be introduced, and is
defined in (18),

f(t) =

{
0, 0 ≤ t ≤ 1000 and t ≥ 2001;

1, 1001 ≤ t ≤ 2000.
(18)

Similar to [48], the eFE model is employed to progressively

identify the characteristics of the modified nonlinear dynamic

system.

Figure 3 shows the tracking capability of eFE, EFuNN, and

DENFIS. The eFE model is able to track the underlying system

characteristics right from the initial stage. The proposed eFE

model is also able to track new system characteristics when the

disturbance f(t) is introduced at time t1 (t = 1001) and when
it is removed at time t2 (t = 2001). EFuNN has large tracking
error towards the end of the simulation. DENFIS exhibits large

tracking error at time t2.

Figure 4(a) illustrates the corresponding changes to the

structure of the three models. For eFE, rule nodes are progres-
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sively added and removed. After the disturbance is removed

at t2, the fuzzy rules that describe the disturbance are subse-

quently removed. This is because these rules are not activated

frequently enough to make it relevant for the present data

events. For EFuNN, rule nodes are progressively added even

when disturbance has been removed at t2. The structure of

DENFIS is fixed after the introduction of disturbance at time

t1.

Figure 4(b) illustrates the accumulated squared error com-

puted over 100 adjacent time steps. Spikes in the eFE learning

error are observed at three instances; namely, during the initial

stage at time t = 0, when the disturbance is introduced at time
t1, and when the disturbance is removed at t2. The increase

in learning error at these three instances corresponds to the

time when there are changes in the underlying properties of

the nonlinear system model. When the disturbance f(t) is
removed at t2 only a smaller increase in eFE learning error

has been observed. In contrast, EFuNN performs unacceptably.

The online learning error of EFuNN generally becomes larger

at each time instance. On the other hand, DENFIS has overly

learnt and fitted the data. This is because the online learning

error accumulated by DENFIS just after the disturbance was

removed, is higher than the amount of error accumulated when

the disturbance was introduced. The information learnt by

DENFIS before the disturbance was introduced is lost even

though the number of rules has not reduced. This experiment

illustrates that DENFIS accuracy-oriented optimization on the

given information causes the network to quickly skew towards

current information and forget the information learnt in the

past.

Figure 5 plots the distribution of the last 1000 input data

samples, and the centroids of the rules identified by eFE.

The figure shows more rules are identified near the lower

left and upper right region of the input data space. These

regions correspond to the input data samples that are more

closely located. The lower level eFE rules coarsely describe

these regions and higher level rules are added to describe these

regions in finer detail.

V. CONCLUSION

This paper presents an online learning-based hierarchical

NFS called, eFE (evolving Fuzzy Ensemble). A progressive

learning algorithm is proposed to incrementally modify the

hierarchical structure of eFE in accordance with neurophysio-

logical studies. With continuous exposure to external stimuli,

the eFE network adapts its structure by allocating nodes and

creating links to autonomously support fuzzy data associations.

Activity-dependent synapse with global decay learning rule

is incorporated such that fuzzy rules that are relevant to the

observed training data are reinforced while rules that are

inconsistent are weakened. This technique simulates the two

opposite mechanisms that are involved in memory persistence

[32], [33], [28]. At the same time, the eFE network structure is

simplified by removing similar and irrelevant fuzzy knowledge.

This is accomplished by removing rules that have similar fore-

cast output, and irrelevant rules that are no longer reinforced

by the external stimuli. This technique corresponds to structure

plasticity related to the removal of neurons and synapses that

contributes to the loss of memory (see, e.g., [35], for instance).

The learning algorithm employed by eFE possesses the dis-

tinguishing features of online learning algorithms as outlined

in Sect. I. The experimental results are concluded as follows.

• The experimental result showed that the proposed eFE
model is able to adequately model the underlying data

characteristics of a nonlinear system compared to other

benchmarked modelling techniques.

• The tracking capability of eFE model was demonstrated
by learning the underlying data characteristics of a time-

varying system. Without prior knowledge of the data

distribution, the eFE multi-resolution hierarchy structure

allows both good generalization and fine detail to be

captured. Unlike other benchmark modelling techniques,

the experiment also showed the capability of the proposed

eFE in removing irrelevant fuzzy knowledge. The exper-

iment also demonstrated that optimization can cause a

model to quickly skew towards current information and

forget the information learnt in the past.

In conclusion, most batch learning methodologies are com-

putationally intensive with the objective of deriving a global
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solution by optimizing certain criterion (e.g. parameter adap-

tation to minimize prediction error under supervised learning).

The extension of offline learning paradigms to online learning

mode questions the need for such intensive computation given

that only limited information is available at a given time.

After all, such form of limited-knowledge optimization in

time-varying environment would likely not produce a globally

optimized solution which directly contradicts the initial idea

for optimization in a global sense. Instead, this paper presents

a simple fuzzy associative learning algorithm that does not rely

on computationally intensive accuracy-oriented optimization to

incrementally adapt an ensemble of fuzzy models.
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