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Abstract—In this paper, a novel data clustering algorithm based 
on the subtractive clustering (SC) algorithm and a new validity 
index are proposed. The SC algorithm is a simple method for 
data clustering; however, it has two problems which must be 
overcome. The first problem is such that the cluster centers found 
by SC are taken from data with the highest potential values, but 
that this data may not be the real cluster centers. The second 
problem is such that the cluster number generated by the SC 
algorithm is influenced by a predefined parameter. The proposed 
algorithm is based on distance relations between data and centers 
and is designed to ascertain the real centers generated by the SC 
algorithm. In addition, a novel robust cluster index is proposed to 
identify the real cluster number generated by SC algorithm.  

Keywords- validity index, subtractive clustering (SC) 
algorithm, clustering algorithm 

1.  INTRODUCTION  
In classical set theory, the membership of datum to a set is 

assigned using a value of 0 or 1. Let  denote the 
membership value of x belonging to cluster A (or set A). If one 
datum x belongs to cluster A, the membership value  is 
1, otherwise, its value is 0; this clustering method is called 
hard partition. However, in practical applications, there are 
ambiguities found in the data set such that some data may or 
may not be partitioned into one cluster. In this situation, the 
membership value  of x is assigned to a range of [0,1]; 
this method is called soft partition. The fuzzy clustering 
algorithm based on fuzzy set theory is the most well known 
soft partition method. In the context of a fuzzy set, a value 
close to 1 for  denotes a high degree of membership, 
while a value close to 0 denotes a low degree of membership. 
Numerous successful applications of fuzzy clustering have 
been proposed, such as handwritten digit recognition [1], 
function approximation [2][3][4], and image processing [5].  

There have been numerous fuzzy clustering methods 
proposed in the literature [6]-[11]. The fuzzy c-means 
algorithm (FCM) [7][8] has become the most popular fuzzy 
clustering approach for both theoretical and practical 
applications in recent decades. However, the FCM algorithm 
has two disadvantages: (1) the number of clusters has to be 
known in advance but, in many applications, this knowledge is 
often not available; (2) when the data training contains outliers, 
the resultant centers are always influenced by outliers. To 
overcome the first disadvantage, the results of the analyses 
pertaining to different numbers of clusters have to be 
compared to each other using a validity function in order to 

ascertain an optimal cluster number. As regards the second 
disadvantage, when the training data contains noise/outliers, 
the results obtained by FCM are always affected by 
noise/outliers. 

2.  A New Clustering Algorithm 
The mountain method (MM) proposed by Yager and Filev 

in 1994 [12] is an effective and simple method for identifying 
the cluster center of the sampling data. The mountain method 
divides data space into several intervals to construct grids and 
then evaluates its energies by substituting the distance from 
the grid to the data points into the objective exponential 
function in order to determine the approximated cluster centers 
at the grid with the maximum energy. 

 Let X={x1,x2,…,xn} be a set of n vectors in a 
d-dimensional feature space, that is, xi

dℜ∈ is a vector, and xkj 
denotes the j-th coordinate of the k-th data point, where k = 
1,2,. . . , n and j = 1,2,. . . , d. 

The MM for data clustering is divided into three steps:  
Step1: first, the mountain function involves constructing a grid 

on the data space where the intersections of the grid 
lines are considered to be candidates for the cluster 
centers.  

Step2: the second step entails constructing a mountain 
function representing a data energy measurement. The 
value of the mountain function at grid node Ni is 
calculated by: 

),),(exp()(
1

⋅−=
=

n

k
iki NxdNM α  (1) 

where α  is an application-specific positive constant 
and d(xk,Ni) is the distance between the data point xk 
and the grid node Ni. The value of the mountain 
function can be seen to represent the potential ability of 
any of the grid nodes to be a cluster center. The higher 
mountain function value of the data is selected as the 
cluster center. 

Step 3: the third step involves an iterative selection of the next 
cluster centers and a sequential deconstruction of the 
mountain function value. In each iterative process, the 
grid node that has the largest energy is selected as the 
cluster center and the energies of the remaining grid 
nodes must be eliminated in order to identify the next 
one. Let  , k=1,2,…,cmax, denote the grid node that 
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has the maximal value of the mountain function at the 
k-th iteration. The maximal value of the mountain 
function  is denoted as: 

 
  (2) 

 
The new modified value of the mountain function is 
defined as follows: 
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Where β  is a predefined positive constant. The MM 

continually produces new cluster centers and reduces the value 
of the mountain function until the level of the current 
maximum  compared with the original maximum  
becomes too low. 

Although the mountain method is a simple method for data 
clustering and has robust properties against outliers and noise, 
it has a notable problem that must be overcome. That is, 
because the mountain function calculates its energies on the 
grid nodes, the grid nodes and computational loads increase 
exponentially as the dimensions increase. In 1994, Chiu [13] 
modified the mountain method to construct a potential 
function for calculating the clustering center of the sampling 
data. The proposed method is also called the subtractive 
clustering (SC) algorithm. In the SC algorithm, the data points 
are likened to energy sources. The potential generated by each 
feature point has a peak value at the location of the data point 
which decreases rapidly at any point away from the data point 
[14]. The potential of each data point xi is defined as: 

)),(exp()(
1

⋅−=
=

n

k
kii xxdxP α , (4) 

where 
ar
4=α , and ra is a positive constant that is effectively 

the radius defining a neighborhood. In Equation (4), the total 
potential of any data point xi is defined as the sum of the 
potentials contributed by each data point at xk. It is reasonable 
to assume that the peaks of the total potential function 
correspond to cluster prototypes and that the valleys 
correspond to the decision boundaries between the clusters 
[14]. 

After the potential of each data point is obtained, the data 
point with the highest potential is selected as the first cluster 
center. Assume *

1x is the first cluster center and its potential 

value is *
1p . Then, the potential of each data point can be 

revised by:  

)*
1,(*

1)()( xixd
ii epxPxP β−−=  ,  (5) 

where 
br
4=β ,and rb is a positive constant which is 

effectively the radius defining a neighborhood that will have 
measurable reductions in potential. In [13], a good choice for 
rb is 1.5 ra. To find the next cluster center, *

2x , the new revised 

potential is maximized and the effects of this cluster center are 
again removed. The process is repeated until a given threshold 
for the potential is obtained so that: 

δ<*
1

*

p

jp
.  (6)   

In the above equation, δ  is a given threshold. The choice 
of δ is an important factor affecting the clustering results; if 
δ is too large, then too few data points will be accepted as 
cluster centers and if δ is too small, then too many cluster 
centers will be generated [13].  

There are two problems that must be overcome: (1) the SC 
algorithm assumes that the clustering center is *

ix  obtained 

by the ith iteration. However, the *
ix may be a rough cluster 

center which does not represent the actual cluster center; (2) 
there is no index to indicate what the optimal number of 
clusters for a data set is. For overcoming the first problem, this 
paper proposes a new algorithm based on distance 
measurements to identify the actual cluster centers. For 
overcoming second problem, this paper proposes a new 
validity index for the SC algorithm to indicate the goodness of 
the partitions in various cluster numbers. The proposed 
validity index combines the compactness in each cluster, the 
separation between clusters, and the correct ratio of data being 
properly partitioned into clusters to whole data set.  

Let *
ix , i = 1,2,…,cmax are the cluster centers obtained by 

the SC algorithm, the distance relation between the centers *
ix  

and data xj is defined by the following equation: 

,,,2,1,,,2,1,)||||exp( max
2* njcixxD ijij ==−−= α

  (7) 
where ||xj - *

ix || represents the Euclidean distance between xj 

and *
ix  and where α  is a constant defined in Equation (4). 

The value of Dij indicates the distance relationship between xj 
and *

ix . In other words, for a cluster center *
ix , any data xj 

that has high value of Dij indicates that this data xj is close to 
the cluster i. Set  denotes the number of data which has Dij 

, where  is a constant. In this paper,  is set to 0.5. 
The new center of cluster i is defined by the following 
equation: 

ε

ε

N

x
v

N

k

i
k

i = =1 , (8) 

where i
kx are the data which have Dik . In Equation (8), 

iv is the mean of data close to cluster i. In each iterative epoch 

of the SC algorithm, when a new rough cluster center *
ix is 

found, Equation (8) is adopted to evaluate the real cluster 
center; the potential of the data point can be revised by:  

),(*)()( i
i
k vxd

i
i
k

i
k epxPxP β−−=  .    (9) 
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The differences between the proposed method and the 
original SC algorithm are such that: (1) the cluster centers 
obtained by the proposed method provide a more accurate real 
cluster center than the cluster centers obtained by the SC 
algorithm; and (2), in each iterative epoch of the proposed 
method, the revised potential of Equation (9) uses relative data, 

i
kx , that is close to the cluster center i, while the revised 

potential of the SC algorithm in Equation (5) uses all sampling 
data. That is to say that the proposed method requires less 
computation of data than SC algorithm. 

3.  A ROBUST VALIDITY INDEX  
A validity index is a function which assigns to the output of 

the clustering algorithm a value to measure the qualities of the 
partitions provided by the output. The cluster number of SC 
algorithm is determined in Equation (6) but it is not used for 
evaluating the fitness of partitions obtained through fuzzy 
clustering. The validity index for finding an optimal c, denoted 
c*, which can completely describe the data structure, has 
become the most studied topic in cluster validity. Several 
popular validity indexes are reviewed in [15][16]. 

The partition coefficient (PC) index proposed by Bezdek 
[17] in 1974 was the first index for the FCM algorithm. et 
X={x1,x2,…xn} dℜ⊂  be a data set in a d-dimensional feature 
space and ikμ be the membership value of data xi belonging 
to cluster k. The PC index is defined as: 

PC(c) = 
= =

c

k

n

i
ikn 1 1

2)(1 μ , (10) 

and =
=

c

k
ik

1
1,μ 1)(1 ≤≤ cPC

c
. 

As regards a clustering algorithm for the partitioning of a 
data set, the optimal cluster number occurs when the PC (c) is 
at maximal value. The core idea of the PC index is such that 
the optimal cluster number occurs when the data are most 
unambiguously partitioned into clusters. The disadvantage of 
the PC index is that it only considers the fuzzy membership 
degree ikμ  for each cluster without considering the structure 
of the clusters.  

The other index proposed by Bezdek is the partition 
entropy (PE) index [17][18]. The PE index is defined as: 

−=
= =

c

k

n

i
ikaikn

cPE
1 1

)(log1)( μμ , (11) 

where a is the base of the logarithm and the range of the PE(c) 
is )](log,0[ ca . For finding an optimal c*, we solve min

min2 cc≤≤ PE(c) to produce the best clustering performance for 
a data set. The disadvantage of the PE index is analogous to 
the PC index, i.e., the PE index will take the minimum value 
on every hard partition. These two indexes only evaluate the 
fuzziness and do not consider the data structure of the clusters. 

The Xie and Beni (XB) index [19], combined compactness 
and separation properties, is defined as follows:   

||)(||

||||
)( 1 1

22

jiji

c

k

n

i
ki
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vx
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ik

−×

−
=

≠

= =
μ

. (12) 

Where vi and vj represent the centers of cluster i and j, 
respectively, while ||vi -vj || represents the Euclidean distance 
between vi and vj. In Equation (12), the numerator indicates 
the compactness of the fuzzy partition while the denominator 
indicates the strength of the separation between clusters [20]. 
A small value in the numerator of the XB index represents a 
high level of compactness, while a high value in the 
denominator denotes good separation between clusters. Hence, 
the lowest XB(c), max2 cc ≤≤  indicates the optimal cluster 
number for a data set X. However, the separation measurement 
of the XB index adopts the minimal distance between cluster 
centers; when cluster number c is close to the candidate of the 
data set, the XB index decreases to the lowest value. 

The Fukuyama and Sugeno (FS) index [21] is another 
index which combines the properties of compactness and 
separation measurements. The FS index is defined as follows: 

FS(c) = −
= =

n

i

c

k
ki

m
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where ∞<< m1 , and =
=

c

i
iv

c
v

1

1  represents the mean of 

the cluster centroids. In Equation (13), the first term represents 
the geometrical compactness of the clusters and the second 
term indicates the separation between the clusters. When m is 
2, the first term of the FS index equals the numerator of the 
XB index. The second term of the FS index is used for the 
separation measurements. The optimal cluster number is 
obtained by solving 12min −≤≤ nc  FC(c). 

The I-index was proposed by Maulik and Bandyopadhyay 
[22] in 2002. The I-index is defined as: 

I(c) = 
2

11 ×× c
c

D
E
E

c
. (14) 

Where 

−=
= =

n

i
ji

c

j
ijc vxE

1 1
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and 

||||max
1,

ji
c

ji
c vvD −=

=
.  (16) 

 
To find the optimal c*, the authors tried to solve the max

max2 cc≤≤ I(c) in order to obtain the best clustering 
performance for the data set. 

In real applications, data domains are often affected by 
noises and outliers. The resultant partitions obtained by 
clustering algorithms are consistently affected by those 
variables and, surprisingly, there has been little discussion in 
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the literature about the influence of noises and outliers on 
validity indexes. In this paper, a novel robust validity index is 
proposed to indicate the adequacy of partitions in a data set 
with regard to noise and outliers. 

Let X={x1,x2,…,xn} dℜ⊂  be a data set in a 
d-dimensional feature space and { }10| ≤≤= ikik wwW , 

ckni ≤≤≤≤ 1,1  be a matrix, where ikw is the membership 
degree of xi belonging to cluster k, and v={ v1 ,v2 ,…,vc } is a 
set of the cluster centers, where vk dℜ∈ . The ikw is defined 
by:  

)||||(exp 2

2

ρ
ki

ik
vxw −−= , (17) 

where ||xi-vk || represents the Euclidean distance between xi and 
vk , and ρ is the width of the Gaussian function. In the 

proposed method, αρ = , where α  is defined by 
Equation (4). Let F represent a fuzzy set of data xi belonging 
to cluster k. Hence, F can be characterized by Equation (17). 
An - cut of a fuzzy set F is a crisp set  that contains all 
the elements in X which have membership values in F greater 
than or equal to , that is:  

  (18) 
This paper assumes that .5 and that  represents the 

number of data satisfying α≥ikw , that is: 

| |, (19) 
where | | is the number of elements in a set. When a data  
closes to cluster k, then ikw  is greater than or equal to  
and xi can be partitioned into cluster k. Hence, this paper 
defines a parameter  named partitioned index to indicate the 
ratio of data that has been properly partitioned to all data. Thus, 

is defined as: 

 . (20) 
For indicating the fitness of the number of partitions in a 

data set with noises and outliers, this paper combines 
compactness, separation, and propose a new 
validity index, CS , as follows: 

 

CS (c) = com
D

×
×

)
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and, =
=

c

k
ik

1
1μ . (24) 

To find the optimal number of clusters, this paper solves 

the  The CS  is subject to three factors:
τ
1 , 

min

1
D

, and com. 

4. Experimental Results 
In this section, two data sets are used to show that the 

validity index proposed in this paper outperforms other 
indexes proposed in the literature. For all experiments 
undertaken in this paper, it is reasonable to regard the square 
root of n as the upper limit of the optimal number of clusters 
[23], that is cmax , where n is the candidate of data set.  

Example 1: this example is used to test the performance of 
various indexes for a data set without noise. Fig. 1(a) shows a 
data set made up of four clusters and the stars denote the 
cluster centers obtained by the proposed method. Each cluster 
has fifty data points, hence, the cmax =  Figs. 
1(b)-(f) show the results obtained by PE, XB, FS, I-index and 
CS , respectively. The results show that the XB, FS, I-index 
and CS  indexes can correctly indicate the cluster number of 
this data set, but the PE index indicate that the optimal 
numbers of clusters is two. This result shows that the XB, FS, 
I-index and CS  indexes performe equally as well, but that 
PE did not have good performance. 

 
(a)  

 
(b) 
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(c) 

 

 
(d) 

 

 
(e) 

 
(f) 

Fig.1: A data set contains four clusters.  
 

Example 2: In this experiment, 100 noises are added to the 
data set used in Example 1 to test the proposed clustering and 
validity index. Fig. 2(a) shows the data set containing three 
clusters and noises and stars denote the cluster centers 
obtained by the proposed clustering algorithm. The 

performances of various indexes for this data set are shown in 
Figs. 2(b)-(f). The results show that only the proposed index 
can correctly indicate the optimal number of clusters. The PE, 
XB, FS, and I-index obtain the optimal number of clusters at 
two clusters. 

5. Conclusions 
In this paper, a novel data clustering algorithm based on 

the SC algorithm and a new validity index are proposed. The 
proposed clustering algorithm adopts the distance relations 
between data points and cluster centers obtained by using the 
SC algorithm to evaluate real cluster centers. In addition, a 
new validity index composed of compactness, separation, and 
a partitioned index is proposed to measure the fitness of 
various cluster numbers. Two examples show that the 
proposed clustering algorithm can obtain correctly the cluster 
centers, and the proposed index can indicate correctly the 
cluster numbers of data set with noises.   

(a) 

 

 
(b) 

 
(c) 
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(d) 

 

(e) 

 

(f) 

Fig. 2: A data set containing 4 clusters with 100 noises 
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