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Abstract— In this paper, Differential Evolution (DE) that 
incorporates fuzzy control and k-nearest neighbors algorithm is 
proposed to tackle the economic load dispatch problem.  To 
provide the self-terminating ability, a technique called Iteration 
Windows (IW) is introduced to govern the number of iteration in 
each searching stage during the optimization. The size of IW is 
controlled by a fuzzy controller, which uses the information 
provided by the k-nearest neighbors system to analyze the 
population during the searching process.  The controller keeps 
controlling the IW till the end of the searching process.  A 
wavelet based mutation process is embedded in the DE searching 
process to enhance the searching performance. The weight F of 
DE is also controlled by the fuzzy controller to further speed up 
the searching process. The proposed method is employed to solve 
the Economic Load Dispatch with Valve-Point Loading (ELD-
VPL) Problem.  It is shown empirically that the proposed method 
can terminate the searching process with a reasonable number of 
iteration and performs significantly better than the conventional 
methods in terms of convergence speed and solution quality. 

Keywords-Fuzzy Control, Economic Load Dispatch, 
Differential Evolution 

I.  INTRODUCTION  
Differential Evolution (DE) [1] is a population based 

stochastic optimization algorithm that searches the solution 
space for the best solution by using a group of particles.  It 
uses the weighted difference between two particles to 
determine the third particle.  Because of the population based 
searching strategy, DE is less possibly getting trapped in local 
optima [3].  DE guides the particles to move toward the best 
solution by using evolutionary operations.  Comparing with 
other optimization algorithms, DE is relatively easy to 
implement.  It requires fewer parameters for tuning, and has a 
relatively fast convergence speed.  It can also offer a high 
degree of exploration for the population, and has been 
successfully applied in many optimization problems such as 
data clustering [4], power plant control [5], optimization of 
non-linear functions [6], etc.   

On applying DE to real-world problems, the maximum 
number of iteration is usually needed to be provided as the 
stopping criterion of the algorithm.  Different problems might 
require different numbers of iteration and there is no strong 
proof for the best number of iteration for a given problem. The 
maximum number of iteration often is determined by trial and 
error and/or the user’s experience.  To tackle this problem, 
much research work have been done to test the convergence 
criteria for different search methods [7][8].  In this paper, a 
new technique called Iteration Windows is embedded into the 
searching process of DE.  On searching, the searching stage of 
DE can be analyzed based on the distribution of the population 
in the search domain. By monitoring the distribution of the 
population, we can get an idea of the state of the searching 
process.  One method for analyzing the population behavior is 
clustering.  In this paper, an improved DE that incorporates 
fuzzy control and k-nearest neighbors to determine the 
terminating condition is proposed to handle the problem of 
Economic Load Dispatch with Valve-Point Loading (ELD-
VPL). 

ELD is a method to schedule or control the power generator 
outputs with respect to the load demands, and to operate the 
power system economically [9].  The goal is to minimize the 
operation cost of the power generating system.  Because of the 
valve-point loadings and rate limits, the input-output 
characteristics of modern generators are nonlinear by nature. 
As a result, the characteristics of ELD-VPL problems are 
multimodal, discontinuous, and highly nonlinear.  Owing to its 
complexity, we cannot determine the maximum number of 
iteration easily. 

This paper is organized as follows: Section II presents the 
operation of the DE with self-terminating ability.  The problem 
formulation of ELD-VPL is given in Section III.  Experimental 
study and analysis are given in Section IV.  A conclusion will 
be drawn in Section V. 
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II. DE WITH SELF-TERMINATING ABILITY 
First, a population of solution vectors will be randomly 

generated over the solution space.  They move on the solution 
space by addition, subtraction and component swapping; until 
the population converges to the best solution after a number of 
iteration.  The pseudo code for the standard DE (SDE) process 
is shown in Fig.1.  In this paper, DE with self-terminating 
ability using k-nearest neighbors and fuzzy control is 
proposed.  The pseudo code is shown in Fig. 2.   

 
Figure 1. Pseudo code for SDE. 

 
Figure 2. Pseudo code for the proposed system. 

A. Standard Differential Evolution (SDE) 

DE attempts to control a set of population of Np vectors for 
each generation of evolution, with each vector contains D 
elements of parameters.  Let Px,g be the population of the 
current generation g, and gi ,x be the i-th vector in this 
population: 
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where gmax is the maximum number of generation.  The 
population should be initialized as uniformly and randomly 

distributed over the solution space, which should have a 
specified boundary.  DE generates a mutated vector vi,g for 
each target vector xi,g by using the mutation operation: 

 
( )grgrgigi F ,2,1,, xxxv −⋅+=  (2) 

where F is the scaling factor, which is a user-defined value;  r1 
and r2 are two different integers randomly generated from {0, 
1, ..., Np−1}.  After the mutation operation, uniform crossover 
is employed to enhance the differential mutation search 
strategy and increase the diversity of the perturbed parameter 
vectors.   Each vector element pair xj,i,g and vj,i,g generates a 
new trial vector element uj,i,g: 
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where ]1,0[∈Cr  is the crossover rate, which is a user-defined 
value that controls the number of parameters that are copied 
from the mutant.  randj(0,1) generates a random value between 
0 and 1 for the j-th parameter.  The algorithm also ensures uj,i,g 
gets at least one parameter value as xj,i,g [1].  Then the 
population is updated by comparing each trial vector to the 
corresponding target vector xi,g. For finding the global 
minimum, if the fitness value of the trial vector is lower than 
that the target vector, DE will replace the target vector in the 
next generation; otherwise the target vector retains its original 
place in the population for at least one generation.  The 
selection operation is therefore given by: 
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where f(⋅) is the fitness function.  When the condition to stop 
further evolution is satisfied, for example, the preset maximum 
number of iteration has been reached, the algorithm ends with 
the best solution as the final solution. 

B. Wavelet mutation in crossover operation 

To enhance the searching performance, we can embed a 
wavelet mutation in the DE crossover operation [19], which 
exhibits a fine-tuning ability.  Let the i-th vector after 
crossover for the wavelet mutation be 

( )giDgigigi uuu ,,1,,,,1,,,0, −=u .  Its element value is inside the 

vector element’s boundary [ jj parapara max,min ].  The mutated 

crossover vector is given by ( )giDgigigi uuu ,,1,,,,1,,,0, −=u  , and 

 

( )
( ) ≤−×+

>−×+
=

0 if  

0 if  

min,,,,

,,max,,
,,

σσ

σσ
j

gijgij

gij
j

gij
gij

parauu

uparau
u , (5) 

begin 
Initialize the population; 

While (control not equal to 0) do 
     { 
             While (Iteration window not equal to 0) 

 {     
           Mutation operation by equation (2); 
           Crossover operation by equation (3); 
           Modifying the trial population vectors by 
           equation (5); 
           Evaluation of the fitness function; 
           Select the best vector by equation (4); 
           Iteration window =Iteration window − 1; 
 } 

              Analyze the population by k-NN by equation (10); 
               Count the number of local clusters; 

 Determine the new k , the new F and iteration 
      window size by the fuzzy controller; 
If iteration window size> 6 then control = 1; 
If iteration window size< = 6 then control = 0;         

 } 
end 

begin 
    Initialize the population; 

While (not the maximum number of iteration)  
    { 
              Mutation operation by equation (2); 
              Crossover operation by equation (3); 
              Evaluation of the fitness function; 

Selection of the best vector by equation (4); 
     }         
end 
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T is the total number of iteration and t  is the current iteration 
number; wmζ  is the shape parameter of the monotonic 
increasing function, λ  is the upper limit of the parameter a. 
At the early stage, a larger value of σ  gives a larger 

searching space; at the later stage, σ  is smaller and the 
algorithm gives a smaller searching space for fine-tuning.  
After the operation of the wavelet mutation, the population is 
updated by comparing each trial vector gi,u to the 
corresponding target vector xi,g using the method of standard 
DE as given by (4).  A new population is generated and the 
same DE evolution process is repeated. 

C. K-Nearest Neighbors (K-NN) 

The k-nearest neighbor algorithm (k -NN) algorithm is used 
to identify the number of groups of vectors (clusters) in the 
searching domain.  It is a method for classifying and grouping 
data based on closest training data samples in a 
multidimensional feature space, and a class label is assigned 
with each training data sample [10][11][12].  By counting the 
majority class of its neighbors, a data element can be classified 
with a class label.  The value of k is used to control the 
number of training data samples being considered in one 
group.  

In the proposed system, a user-defined threshold T is 
introduced for controlling the size of the cluster.  Firstly, the 
entire population is evaluated by the k-NN algorithm, where k 
is a value controlled by a fuzzy controller.  Then, the k nearest 
vectors would be determined by k-NN.  The total distance 
between those nearest vectors and the current test vector is: 
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where di(⋅) is the Euclidean distance between two points; p is 
the current testing point and qi is one of the k nearest elements 
in the searching domain.  The Euclidean distance is given by: 
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The average distance daverage of a group (cluster) is: 

 k
Dd total

average =  (10) 

If daverage < T, a local cluster is obtained.  If daverage ≥ T, a 
cluster is not present.  The system will count the number of 
clusters obtained, which is passed to the fuzzy controller to 
determine the size of the next iteration window.   

D. Iteration Windows 

In the proposed system, the DE algorithm will first run for a 
small number of iteration (i.e. the first stage), and then the 
evolution will be paused (Fig. 3).  After going through this 
iteration window, the population will be saved.  The 
population distribution information (i.e. the number of local 
clusters) obtained from k-NN will be passed to the fuzzy 
controller to determine the size of the next-stage iteration 
window.  One advantage of using the iteration window is that 
it can reduce the computation power for reaching the final 
solution, since the fuzzy controller is not operating during the 
evolution within a stage. It operates between stages only. 
Moreover, the total number of iteration is governed by the 
fuzzy controller instead of fixed by the user. 

 
Figure 3. Operation of Iteration Windows. 

The relation of the next iteration window’s size (the next 
number of iteration) to the population distribution could be 
described by some heuristic rules.  As a result, the fuzzy 
controller is modeling this relation.  Hence, the total number of 
iteration could be controlled with respect to the nature of the 
problem.  It does not require the user to determine the total 
number of iteration, but the system has its own ability to stop 
the system when it has reliably converged to the real optimum 
point.   

E. Fuzzy Controller 

A fuzzy controller realizes fuzzy inference [13].  Its 
applications include climate control [14], medicine [15], 
relational database [16], scheduling [17], etc.  The process of 
fuzzy inference involves membership functions, logical 
operations and fuzzy if-then rules.  Implementing fuzzy 
inference systems can be in Mamdani-type and Sugeno-type 
[18].  The Mamdani-type fuzzy inference method is used in 
this paper to construct the fuzzy controller.  It uses linguistic 
control rules obtained from experienced human experts to 
perform decision making.  The output variables must be fuzzy 
sets.  To map the fuzzy set to some crisp output value, the 
system needs to do defuzzification.  In this paper, the method 
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of center of gravity (COG) is used to perform defuzzification.  
Fig. 4 shows how the fuzzy inference system works. 

The evolution of population-based searching algorithms, 
including DE, will not be the same for different experiments of 
a given problem because the algorithms themselves contain a 
lot of uncertainties.  On analyzing the population distribution in 
the searching process, the derivation of the next iteration 
window’s size from the population distribution should best be 
described as some heuristic rules.  The aforementioned fuzzy 
controller can then be employed to determine the window’s 
size together with the value of k for the k-NN in the next stage.  
The fuzzy controller takes the current k value and the 
population distribution information (i.e. the number of local 
clusters obtained) provided by k-NN as inputs, and maps this 
information into the fuzzy membership functions. The fuzzy 
controller also controls the value of F in the DE operation to 
enhance the searching process.  An overview of the proposed 
system is shown in Fig. 5.  

 
Figure 4. Operation of fuzzy inference system. 

 
Figure 5. Overview of the proposed system. 

III. ELD-VPL PROBLEM 
The Economic Load Dispatch with Valve-Point Loading 

(ELD-VPL) is a method to control or schedule a group of 
power generator outputs with respect to the load demands, and 
operate a power system economically so as to minimize the 
operation cost of the power generating system.  The problem 
can be formulated into the following objective function: 

 =

n

i
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1

)(min  (11) 

where Ci(PLi
 ) is the operation fuel cost of generator i, and n 

denotes the number of generators.  The problem is subject to 
balance constraints and generating capacity constraints: 
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where DL is the load demand, PLi
  is the output power of the i-

th generator, PLoss is the transmission loss, and 
  i,LP

max
 and 

 min i,LP  are the maximum and minimum output power of the i-th 
generator, respectively.  The operation fuel cost function with 
valve-point loadings of the generators is given by 
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where ai, bi, and ci are the coefficients of the cost curve of the 
i-th generator, and ei and fi are the coefficients of the valve 
point loadings.  The generating units with multivalve steam 
turbines exhibit a greater variation in the fuel cost functions. 
The valve-point effects introduce ripples in the heat-rate 
curves.  To solve the ELD-VPL problem by using the 
proposed system, the solution representation of elements in the 
population is defined as follows: 

 ][
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where n is the number of generators.  From (11), we have 
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In this paper, the power loss is not considered, so 
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To ensure that 
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It should be noted that (18) and (19) are used to control 
each individual power generator.  If the value of 

1LP  is outside 
the constraint boundary (i.e. the safety range), the exceeding 
portion of the power required will be shared by other 
generators to ensure that the output power of all individual 
generators are working within the safety range.   
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IV. EXPERIMENT AND RESULT 
Different kinds of DE methods are applied to a 40-generator 

system, which is adopted as an example in [19].  The load 
demand (D) of the problem is 10500 MW.  Standard DE [20], 
DE/local-to-best/1 [20], DE/rand/1 with per-vector-dither [22] 
and the proposed system are used to solve the ELD-VPL 
problem.  The following simulation conditions are used: 

• The shape parameter of the wavelet mutation ( wmζ ): It is 
chosen by trial and error.  wmζ = 1 is used in this paper; 

• The parameter  in (7): 10000; 
• The number of population vectors: Np = 30; 
• Initial population: It is generated uniformly at random. 
• Crossover rate:  Cr= 0.5; 
• The mutation weight factor (For standard DE, DE/local-

to-best/1, DE/rand/1 with per-vector-dither): F=0.6; 
• The number of iteration: 2000; 
• Threshold T for k-NN: 5; 
• Membership functions: As shown in Fig. 6 and Fig. 7; 
• Fuzzy rule:  Listed in Table 1. (Input 1 is the current 

number of local clusters; Input 2 is the k value of the 
current iteration window; Output 1 is the next F value for 
DE; Output 2 is k for the next stage; Output 3 is the next 
iteration window size.) 

 
TABLE 1. THE FUZZY RULE TABLE 

1 If (Input1 is Too Low) then (Output1 is Large). 
2 If (Input1 is Low) then (Output1 is Average). 
3 If (Input1 is Average) then (Output1 is Low). 
4 If (Input1 is Large) then (Output1 is Too Low). 
5 If (Input1 is Too Large) then (Output is Too Low). 

6 If (Input1 is Too Low) or (Input2 is Too Low) then (Output1 is 
Large). 

7 If (Input1 is Low) or (Input2 is Low) then (Output1 is Large). 

8 If (Input1 is Average) or (Input2 is Average) then (Output1 is 
Average). 

9 If (Input1 is Large) or (Input2 is Large) then (Output1 is Too Low). 

10 If (Input1 is Too Large) or (Input2 is Too Large) then (Output1 is Too 
Low). 

11 If (Input1 is Too Low) then (Output2 is Too Low). 
12 If (Input1 is Low) then (Output2 is Low). 
13 If (Input1 is Average) then (Output2 is Average). 
14 If (Input1 is Large) then (Output2 is Large). 
15 If (Input1 is Too Large) then (Output2 is Too Large). 
16 If (Input1 is Too Low) then (Output3 is Too Large). 
17 If (Input1 is Low) then (Output3 is Large). 
18 If (Input1 is Average) then (Output3 is Average). 
19 If (Input1 is Large) then (Output3 is Large). 
20 If (Input1 is Too Large) then (Output3 is Too Large). 

21 If (Input1 is Too Low) or (Input2 is Too Low) then (Output3 is too 
Large). 

22 If (Input1 is Low) or (Input2 is Low) then (Output3 is Large). 

23 If (Input1 is Average) or (Input2 is Average) then (Output3 is 
Average). 

24 If (Input1 is Large) or (Input2 is Large) then (Output3 is Low). 

25 If (Input1 is Too Large) or (Input2 is Too Large) then (Output3 is Too 
Low). 

 

 
Figure 6. Output Membership Functions. 

 
Figure 7. Input Membership Functions. 

 
Figure 8. Fitness curve of ELD Problem 

The dimension of ELD-VPL problem is 39.  The result in 
terms of the cost value is shown in Table 2.  All results shown 
are averaged data out of 50 trials.  The convergence curves of 
different tested methods are shown in Fig. 8.  We can see that 
the proposed system performs much better than the other 
methods in terms of convergence rate and cost value.  The 
proposed system can offer the best (minimum) cost among the 
methods, which is $124559.87.  The proposed system is able 
to terminate itself at the 1376-th iteration. 

The comparison between the Delta method with standard 
DE, Delta method with DE/local-to-best/1, Delta method with 
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DE/rand/1 with per-vector-dither and the proposed system 
with Iteration Window is shown in Fig. 9. The Delta method is 
a common method for terminating the searching process in 
evolution algorithms.  In the experiments, if the fitness value 
of the current iteration is less the 10-6 of the previous 10-th 
iteration, the searching process will be terminated.  It shows 
that when using the Delta method, most of the algorithms will 
terminate very early with a very poor result, while the 
proposed system can terminate the searching process with 
much better solution quality. 

 
Figure 9. Comparison between the Delta method and the proposed system. 

TABLE II. THE RESULT 

 Proposed 
System 

standard DE DE/local-to-best/1 DE/rand/1 with per-
vector-dither 

Costs 124559.87 128982.54 137924.53 126753.64 

V. CONCLUSION 
In this paper, DE that incorporates fuzzy control and k-

nearest neighbor algorithm has been proposed to handle the 
ELD-VPL Problem.  To provide the self-terminating ability, 
the technique called Iteration Windows has been introduced to 
govern the number of iteration in each searching stage during 
the optimization.  The size of the iteration windows is 
controlled by a fuzzy controller, which uses the information 
provided by the k-NN algorithm to analyze the population 
during the searching process.  The controller keeps controlling 
the iteration windows until the end of the searching process.  
The wavelet based mutation process is embedded in the DE 
searching process to enhance the searching performance.  The 
F weight of DE is also controlled by the fuzzy controller to 
further speed up the searching process.  For the ELD-VPL 
problem, it is shown empirically that the proposed method out-
performs significantly the conventional methods in terms of 
convergence speed and solution quality.  The proposed system 
can terminate itself with a reasonable number of iteration.  
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