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Abstract—In this paper, the problem of estimating the asymptotic 
stability region (ASR) of uncertain nonlinear systems is 
considered. Our approach is based on Takagi-Sugeno (T-S) fuzzy 
model and variable structure control (VSC) technique. To 
simplify the problem, we use a state transformation to reduce the 
system order of the T-S fuzzy systems. Then we design the sliding 
surface for the transformed system. By the Lyaponov stability 
theorem, the ASR can be estimated. A simulation example is  
presented to verify the effectiveness of the proposed scheme.  
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I.  INTRODUCTION 
As we know that, design a sliding mode control system[1-

5], only need to use a rough mathematical model to describe 
the physical system. Design of the controller and analysis of 
the complex nonlinear systems is very difficult task. Thus, the 
fuzzy technique has been widely adopted to model complex 
nonlinear plants [6]. Among the many types of fuzzy modules, 
the Takagi-Sugeno (T-S) fuzzy model [7] is a popular and 
convenient tool for nonlinear system. T-S type fuzzy models 
which are the local dynamics in different state-space regions 
are represented by linear models and the nonlinear system is 
approximated by the overall fuzzy linear models. In recent 
years, the problem of fuzzy control systems based on T-S 
model for complex nonlinear system has become more and 
more popular [8-17]. 

Although the complex nonlinear system can be represented 
by T-S model, there are many uncertainties in actual situations 
for the nonlinear system. The uncertainty may include 
parameter variations, modeling errors, extraneous disturbances, 
and fuzzy approximation errors, etc. To solve this problem, 
some authors [5, 18-21], use the variable structure control 
(VSC) theory to deal with the problem of an uncertainty, it can 
more effectively achieve the control objective. 

The VSC technique has been used to control complex 
nonlinear systems with their T-S fuzzy models [19-23]. The 
robust variable structure controller is designed to ensure the 
existence of a sliding mode and to overcome the effect of the 
uncertainty. If the VSC theory and T-S fuzzy model are 

combined to apply to the nonlinear systems, the dynamic 
performance of nonlinear systems can be improved by taking 
advantage of their respective merit [24-27]. 

In VSS, due to physical constraints, the control input 
magnitude must be bounded. The problem of estimating the 
asymptotic stability region (ASR) for uncertain systems with 
bounded sliding mode controllers is proposed in [28]. In [28], 
the conception of combining different Lyapunov function along 
with a state transformation is used to estimate ASR. By using 
an example and under the same conditions, the method of 
estimating the ASR in [29] is better than in [28]. These 
methods [28 , 29] of using state transformation matrices are 
indirect and complex. So, they do not seem to be useful in 
designing a sliding surface. Thus, the method of using linear 
matrix inequalities (LMIs) to deal with the problem is 
presented [30], and its method of estimating the ASR is better 
than the methods presented in [28 , 29]. But, these cases are 
limited to the explicit linear system [28 30], their examples 
are only the numerical example, it does not seem to be useful in 
estimating the ASR of the real model. In this paper, the method 
of estimating the ASR via T–S fuzzy modeling method and 
VSC technique is presented. Our approach is to use the T-S 
fuzzy model to approximately a class of the complex nonlinear 
systems, and design the sliding mode controllers for the T-S 
fuzzy model. 

II. SYSTEM DESCRIPTION 
The fuzzy model is described by fuzzy If-Then rules and 

will be employed here to deal with the control design problem 
for nonlinear systems. In this section, we consider the 
following uncertain T-S fuzzy control systems with r plant 
rules that can be represented as: 
Plant Rule i: 

If 1φ  is iF1  and  and nφ  is i
nF  

Then  
),()())(()())(()( xguBBxAAx tttttt iiiii +Δ++Δ+=  

(1) 

where  )](,),([)(  
1

nT
n txtxt ℜ∈=x is the state vector, 

 )( mt ℜ∈u is the input vector, ),,2,1( njj =φ  are the state 

variables,  ,,1
i

n
i FF are the fuzzy sets ),,2,1( ri = , This work was supported in part by the National Science Council of 
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×ℜ∈A and mn
i

×ℜ∈B  are system matrices, )(tiAΔ and 
)(tiBΔ  stand for the uncertainties in iA  and iB , respectively, 
),( xg ti  is the external disturbances.  

Given the a pair ),( ux , using the singleton fuzzifier, 
product inference, and center average defuzzifier [7], the final 
state of the uncertain T-S fuzzy control systems is obtained as 
follows: 

)],(

)())(()())()[(()(
1

xg

uBBxAAx

t

ttttht

i

r

i
iiiiji

+

Δ++Δ+=
=

φ
 (2) 

where )( jih φ  is the fuzzy basis functions given as 

 rih r
i

n
j jji

n
j jji

ji ,,2,1,
)(

)(
)(

1 1

1 ==
∏

∏
= =

=

φμ

φμ
φ  (3) 

in which ))(( tx jjiμ  is the grade of membership function of 

)(tx j  in i
jF , )( jih φ  can be regarded as the normalized weight 

of each If-Then rule and satisfies 
 rih ji ,,1   ,0)( =≥φ  (4) 
and 

 
=

=
r

i
jih

1
1)(φ  (5) 

To simplify the formula (2), we make the following 
assumption  

Assumption 1 [21 There exist nm
A t ×ℜ∈)( , nm

B t ×ℜ∈)(  
and 1),( ×ℜ∈ mt xf  such that )()( tt Aii BA =Δ , 

)()( tt Bii BB =Δ  and ),()( xfBg tt ii = .
Assumption 2 [21 There exist known continuous positive 
scalar-valued functions ),( xtAρ , ),( xtfρ  and known constant 

10 <≤ ϕ  such that ),()()( xx ttt AA ρ≤ , 
)(),( tt fρ≤xf , and ϕ≤)(tB .

Assumption 3 [21 The mn ×  matrix B  has full rank m 
defined by  

 
=

=
r

i
ir 1

1 BB  (6) 

According to assumption 1, assumption 2 and assumption 
3, the uncertain T-S fuzzy control systems (2) can be rewritten 
as follows: 

 )],,()([)()()(
1

xuhuBxAx tttht i

r

i
ji ++=

=
φ  (7) 

where KFRBB += , [ ] rmn
r

×ℜ∈−−= )(,),(
2
1

1 BBBBK , 

[ ] rmn
rhhDiag ×ℜ∈−−= IIF )21(,,)21( 1 , [ ]TIIR ,,=  

mrm×ℜ∈ ,and ),,( xuh t  is the lumped uncertainty given as 
),()()()()(),,( xfuxxuh tttttt BA ++= . 

III. ESTIMATION OF ASYMPTOTIC STABILITY REGION OF 
SYSTEM STATE 

A variable structure system (VSS) is a control system 
implementing different control laws in different regions of the 
state space. The regions of the VSS are divided by a set of 
boundary manifolds which represent the checking conditions of 
the VSS. Thus, we consider the uncertain T-S fuzzy control 
systems (7) and define the following linear switching surface 
[2]. 
 }0)()(:{ ===Ω tSxxx  (8) 

where nm×ℜS  with full rank m. We assume that the 
switching surface parameter matrix S satisfies the following 
properties [21, 30]. 
Property 1 0>BS  for any )( jih φ  satisfying 0)( ≥jih φ  

and 
=

=
r

i
jih

1
1)(φ .  

Property 2 By using an appropriately chosen stabilizing 
feedback control law, the system trajectory is already stably 
restricted to the linear switching surface 0)( =tSx , the reduced 
(n-m)th order sliding mode dynamics is asymptotically stable. 

Our problem can be formulated as follows: 1) Design a 
sliding mode control for the complex nonlinear systems with 
matched uncertainties so that the systems are asymptotically 
stable. 2) Estimate the ASR of (7) for a given S satisfying 
Property 1 and Property 2. 

Referring to [30], we define nonsingular transformation 
matrix M  as follows: 

 =
− TT

T

BBB
M

1)(
 and [ ]BM =−1 . (9) 

And we have the associated state )(tv  by (9) as follows: 

 ===
− )()(

)(
)(

)(
)(

)(
1

2

1

t
tt

t
t

t TT

T

xBBB
x

Mx
v
v

v  (10) 

where 1)(
1 )( ×−ℜ∈ mntv  and 1

2 )( ×ℜ∈ mtv . From (8), (9) and 
(10), we obtain 
 0vBSvSvSMSx =+== − )()()()( 21

1 tttt . (11) 
Under a sliding condition, the trajectory asymptotically 

goes to the zero of the phase plant. The dynamics can be 
formulated as (11). Thus, from the equivalent control method 
[1], we can design the equivalent controllers as follows: 

 ),,()()()()( 1

1
xuhxSABSu ttht i

r

i
jieq −−= −

=
φ . (12) 

Proposition 1 If there exists positive scalar ℜ∈ε  and 
positive-define matrix P satisfy the following conditions 
 riT

ii
T ,,2,1,0)(,0 =<+> PAPAP  (13) 

 TBSP εε => ,0  (14) 
then the switching surface parameter matrix S satisfying 
Property 1 and Property 2 for the uncertain T-S fuzzy control 
systems (2.5) where )( mnn −×ℜ∈  is any full rank matrix such 
that 0B =T  and I=T . 
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Proof:  
Our aim is to choose an appropriate P  such that the 

systems motion on the sliding surface is asymptotically stable. 
In order to obtain the dynamics on the sliding surface, we must 
do a transformation for the state )(tx .  

From the above transformation and the time derivative of 
(10), the dynamics as follows: 
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 )).,,()(( xuhu
I
0

tt ++ . (15) 

Substituting (12) into (15) and consider (11), we obtain the 
dynamics )(1 tv  and )(2 tv  as follows: 
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(16) 
From (16), we have the reduced )( mn −  order sliding mode 
dynamics restricted to the switching surface 0)()( == tSxx , 
i.e., the reduced )( mn −  order equivalent system dynamics is 
given by 

 )]([)()( 1
1

1 tht i
T

r

i
ji vAv

=
= φ . (17) 

where SBSBI 1)( −−= . 
Now, we consider the Lyapunov function candidate 

)()( 1
1

01 ttV T vPv −= , then, the equivalent system dynamics (17) 
is asymptotically stable if there exists a positive definite matrix 

)()(1
0

mnmn −×−− ℜ∈P  such that 

 0)()()( 1
1
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1

01 <+= −− TTTT tttV vPvvPv . (18) 

Substituting (17) into (18), we have 
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(19) 
where  
 TTTT ))(( 1

00 SBSBIPPP −−== . (20) 
From (19) and (20), we get the dynamics (17) is asymptotically 
stable if 0)( <+ PAPA T

i
T

i
T  and 0>P  where the matrix 

P  satisfy the condition (14). The dynamics (17) is 
asymptotically stable imply that the 0)(2 =tv  by (11).  

Lemma: TT ))(( 1
0 SBSBIPP −−=  is a positive definite 

matrix in (20). 
Proof:  

Form TT ))(( 1
0 SBSBIPP −−=  we obtain 

TT ))(())(())(( 1
0

11 SBSBIPSBSBIPSBSBI −−− −−=−  
(21)

By (21) and must be satisfy (14), we have 
TTT BBSBSBSBIPSBSBIP 11

0
1 )())(())(( −−− +−−= ε  

(22)
where if there exists 0P , ε  in proposition 1 and S  satisfying 
property 1, we have 0>P . 

Suppose that the proposition 1 has a solution for P  and ε , 
then there exists a linear switching surface parameter matrix S  
satisfying property 1 and property 2, it can be parameterized as 
follows [2]: 
 )()()( 1 tt T xPBSxx −==  (23) 

By the Projection lemma and Finsler’s lemma [32], (13) is 
equivalent to the following linear matrix inequalities (LMIs) 
[31]: 
 .,,2,1,0,0 riTTT

ii =<−−+> EBBEPAPAP  (24) 

 0>
IE
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T  (25) 

 0>
II

IP
α

 (26) 

where 0>α . Therefore we have the following theorem. 
Theorem 1: If there exists symmetric matrix 

)()(
0

mnmn −×−ℜ∈P , matrix mn×ℜ∈E  and positive scalars ℜ∈ε , 
ℜ∈α  satisfy the following LMIs 
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then the switching surface parameter matrix S  satisfies 
Property 1 and Property 2. 
Proof: 

By Projection lemma and Finsler’s lemma we can show 
that any S  satisfying Property 1 and Property 2 if exists a 
solution 0P , E  and ε , α  satisfy (27)-(30) in which P  can be 
obtained by (22). From Lemma, we know that P  is a positive 
definite matrix and satisfy the condition (14) if there exists 
symmetric matrix 0P  and positive scalar ℜ∈ε , and from (13) 
we see that the sliding mode dynamics (17) is asymptotically 
stable. 

Referring to [2] and [30], we consider the following 
switching feedback control law. 
Control Rule i  : 

If 1φ  is iF1  and  and nφ  is i
nF  

Then 
)(
)()(

x
xu it η−=  

(31) 

where ),,2,1( njj =φ  are the state variables and 
ℜ∈= ),,2,1( riiη  are the controller parameters for each 

subsystems and },,,max{ 21max rηηηη =  is assumed. 
The overall controller inferred as the weighted average of 

the each local controller as follows: 

 
=

−=
r

i
ijiht

1 )(
)()()(

x
xu ηφ  (32) 

To support the following theorem, we make the 
assumptions as follows: 
Assumption 4: There exist a known nonnegative constant 

ϕ
ρρρ

−
+

=
1

BA  such that ρ≤),,( xuh t  for all t.  

Assumption 5: The difference ζρη =−max  is positive. 
Theorem 2: Suppose that assumption 4 and assumption 5 

hold and a switching surface 0)( =x  guaranteeing Property 1 
and Property 2 are satisfied. Consider the uncertain T-S fuzzy 
system of (7) with the controller (32). The following region is 
an estimate of the ASR: 

 ≤=
α

ζ)(:)( ttBS xx  (33) 

proof: 
We define the Lyapunov function as 

 )()( 1 ttV xPx −=  (34) 
The time of derivative of the Lyapunov function V  is as 
follows: 
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Substituting (32) into (35), we have 
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(36) 
where i

TTT
ii QPEBBEPAPAP −=−−+ −− 11 ][  and 

.,,2,1,0 rii =∀>Q  
From assumption 4 and assumption 5, (36) implies that 
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Therefore, in the region  
 })()(:)({ 211

0 ζ≤=Ω −− ttt TT xPEEPxx  (38) 
the following inequality holds: 

 0)()()( 2
min

1
≤−≤

=
thV i

r

i
ji xQλφ  (39) 

and implies that the })()(:)({ 21
1 ζ≤=Ω − ttt T xPxx . 

The constraint 01 Ω⊂Ω  is satisfied if 111 −−− > PEEPP T  
which can be rewritten as the LMI (25) by using the Schur 
complement formula [31]. From (26), we can find the 
inequality 1−> PIα  satisfying the constraint 1Ω⊂Ω ASR  
where the region ASRΩ  is an estimate of the ASR as follows:  

 })()(:)({ 2ζα ≤=Ω ttt T
ASR xIxx  (40) 

From (40), we can obtain (33). 
Remark: If the uncertain systems (1) satisfy assumption 1-
assumption 5, then there exist a positive definite matrix P  
satisfy (24)-(26). The switching surface can be designed and 
some LMI problems of the (27)-(30) can be solved. The ASR 
can be estimated. 

IV. SIMULATION EXAMPLE 
We consider the inverted pendulum via gear train [27], 

described by the following sates equation: 
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where )(1 tx  is the angle of the pendulum, )(2 tx  is the angle 
velocity, )(3 tx  is the current of the motor. mK  is the motor 
torque constant, bV  is the back emf constant, aR  is the 
resistance, aL  is the inductance of armature circuit, N  is the 
gear ratio. 

In this simulation, 2/8.9 smg = , ml 1= , kgm 1= , 10=N , 
ANmKm /1.0= , radVsKb /1.0= , Ω= 1aR , and 

mHLa 100= . Using the values of the system parameter in 
(41), we have 
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+=  (42) 

The following dynamic fuzzy model is used to represent the 
nonlinear system (42): 
Plant Rule 1 : 
If 1x  is 1G  

Then )(
10
0
0

)(
10100
108.9
010

)( tutt +
−−

= xx  
(43) 

Plant Rule 2: 
If 1x  is 2G  

Then )(
10
0
0

)(
10100
100
010

)( tutt +
−−

= xx  
(44) 

and we consider 25.0=Aρ , 1.0=ϕ , 0=fρ , and 7max =η . 
The membership functions as follows [27]: 

))1(5exp(1
))]1(5exp(1/[11

1

1
1 −−+

−−+−=
x

xG  and 12 1 GG −=  (45) 

Now, we checking the 0B =T  and I=T , the 

−
=

001
010T  can be obtained from MATLAB code [33]. 

By solving the LMI problem we can obtain the following 
arguments: 

−
−−

−
=

8051.6322679.973451.16
2679.976026.328122.8

3451.168122.86795.2
P , 

−

−
=

6274.2
1290.2
6149.0

E  

=
6795.28122.8
8122.86026.32

0P , 1430.120=α , and 8074.1=ε . 

And we can be obtained the estimate of ASR as follows: 
 { }61.0)(:)( ≤= ttASR xx  (46) 

Fig. 1 gives the simulation results of )(1 tx . Fig. 2 gives the 
simulation results of )(2 tx . Fig. 3 gives the simulation results 
of )(3 tx . From Fig. 4, it can be clearly seen here that the 
system enters into a sliding mode and is confined to the 

vicinity of the switching surface. 
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Fig. 1. The locus of )(1 tx  for initial conditions T]0012/[)0( π=x . 
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Fig. 2. The locus of )(2 tx  for initial conditions T]0012/[)0( π=x . 
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Fig. 3. The locus of )(3 tx  for initial conditions T]0012/[)0( π=x . 
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Fig. 4. The switching surface for initial conditions T]0012/[)0( π=x . 
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V. CONCLUSIONS 
The T-S fuzzy model is presented to approximate the 

uncertain nonlinear systems. By the Lyapunov stability 
theorem, the variable structure controllers can be designed with 
the linear matrix inequalities (LMIs). And the asymptotic 
stability region (ASR) can be obtained. The simulation 
example showed the effectiveness of the proposed scheme. 
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