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Abstract—We propose a new relational clustering approach,
called Fuzzy clustering with Learnable Cluster dependent Kernels
(FLeCK), that learns multiple kernels while seeking compact
clusters. A Gaussian Kkernel is learned with respect to each
cluster. It reflects the relative density, size, and position of
the cluster with respect to the other clusters. These kernels
are learned by optimizing both the intra-cluster and the inter-
cluster similarities. Moreover, FLeCK is formulated to work on
relational data. This makes it applicable to data where objects
cannot be represented by vectors or when clusters of similar
objects cannot be represented efficiently by a single prototype.
The experiments show that FLeCK outperforms several other
algorithms. In particular, we show that when data include clusters
with various inter and intra cluster distances, learning cluster
dependent kernel is crucial in obtaining a good partition.

Index Terms—Fuzzy clustering, kernel learning, Gaussian ker-
nel.

I. INTRODUCTION

Clustering consists of partitioning a data set into subsets,
so that data in each subset share some common aspects.
In other words, according to a defined distance measure,
objects in the same cluster should be as similar as possible
and objects in different clusters should be as dissimilar as
possible. Clustering has been used in many applications related
to understanding and exploring the structure of the data. In
particular, fuzzy clustering techniques have been shown to be
suitable to describe real situations with overlapping boundaries
[1].

Typically, the set of objects to be clustered could be de-
scribed in two ways: object based representation, and relational
based representation. While for object data representation, each
object is represented by a feature vector, for the relational
representation only information of how two objects are related
is available. Relational data representation is more general
in the sense that it can be applied when only the degree of
(dis)similarity between objects is available or when groups of
similar objects cannot be represented efficiently by a single
prototype.

Despite the large number of existing clustering methods,
clustering remains a challenging task when the structure of
the data does not correspond to easily separable categories,
and when clusters vary in size, density and shape. Kernel
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based approaches [2], [3], [4] allow to adapt a specific similarity
measure in order to make the problem easier. Gaussian kernel
is the most common similarity function. Although good results
were obtained using this kernel, it relies on the selection of a
scale parameter. This selection is commonly done manually.
Moreover, as it is a global parameter over the entire data, it
may not be appropriate when the distributions of the different
clusters in the feature space exhibit large variations. Thus,
in the absence of apriori knowledge, the choice of a scaling
parameter that can adapt to different clusters and discriminate
between them is difficult. In such situations, the geometry of
the data should be explored to learn local similarity measures
by finding intrinsic properties, such as local dimensionality,
and local parametrization.

In this work, we introduce a new fuzzy relational clustering
technique. The proposed algorithm, called Fuzzy clustering
with Learnable Cluster dependent Kernels (FLeCK), learns
the underlying cluster dependent dissimilarity measure while
finding compact clusters. The learned measure is a local
dissimilarity based on the Gaussian kernel function defined
with respect to each cluster. In particular, we propose to learn
a scaling parameter o; with respect to each cluster ¢. This
scaling parameter is designed to distinguish and separate the
objects of cluster ¢ from the rest of the data. We achieve
this by considering one cluster at a time, and learning a
scaling parameter that maximizes the intra-cluster similarity
and minimizes the inter-cluster similarity.

The organization of the rest of this paper is as follows.
In section 2, we highlight related clustering algorithms. In
section 3, we present our algorithm. In section 4, we describe
the experiments conducted to validate the proposed algorithm.
Finally, section 5 contains the conclusions and potential future
work.

II. RELATED WORKS

In most applications categories are rarely well separated
and boundaries are overlapping. Describing these real world
situations by crisp sets does not allow the user to quantitatively
distinguish between objects which are strongly associated with
a particular category from those that have only a marginal
association with multiple ones, particularly, along the overlap-



ping boundaries. Fuzzy clustering methods are good at dealing
with these situations [5]. In fact, data elements can belong to
more than one cluster with fuzzy membership degrees. These
memberships indicate the strength of the association between
that data element and a particular cluster. One of the most
widely used fuzzy clustering algorithms is the Fuzzy C-Means
(FCM) Algorithm [6] and its relational dual, Relational Fuzzy
C-means algorithm (RFCM) [7].

Although FCM based approaches are quite efficient, they
are not suitable for all types of data, and cannot handle
clusters of different sizes and densities effectively [8]. Another
major drawback of FCM based approaches is that they cannot
separate clusters that are non-linearly separable in the input
space. Two recent approaches have emerged for tackling such
a problem. They allow mapping of the data into a new space in
such a way that computing a linear partitioning in this feature
space results in a nonlinear partitioning in the input space [2],
[31, [4], [9]. These are mainly approaches based on kernel and
spectral clustering.

Kernel methods allow the incorporation of a priori knowl-
edge. This knowledge is implicit and is integrated in the
learning process through the use of a kernel function. However,
despite the existence of a large number of kernel clustering
algorithm (e.g., kernel K-means [2], [10], kernel FCM [11],
[12], [13], kernel SOM [3], [14] and kernel Neural Gas [4]),
the choice of a good kernel function and the adaptation of its
parameters to the data remains a challenging task. For instance,
in the Kernelized Non-Euclidean Relational Fuzzy c-Means
Algorithm (KNERF) [15], a relational Gaussian kernel is used
with one global scaling parameter for all the data. The selection
of the scaling parameter is discussed but there has been no
attempt to devise methods to automatically select it. Moreover,
a global scaling parameter may not be appropriate when
clusters are of widely differing shapes, sizes, and densities.

Spectral clustering algorithm methods solve a similar prob-
lem as kernel methods, but use a different approach. Its
theory arises from the graph cut concept [9]. As for kNERF,
spectral clustering use the Gaussian similarity function in order
to model the local neighborhood relationships between data
points. Thus, it has the same challenging task of determining
and adapting the scaling parameter to the data set.

The Gaussian similarity function, used in kernel and spectral
clustering, is defined as

dist (Xj,Xk)> (1)

where dist measures the dissimilarity between patterns and o
controls the rate of decay of S. The scaling parameter o is
commonly set manually.

Ng et al. [16] suggested selecting o that provides the least
distorted clusters by running the algorithm for different values
of 0. However, the range of values to be tested still has to be
set manually. Moreover, a global o for mapping all the data
may not provide a good clustering when the input data includes
clusters with different local statistics.

In [17], the authors proposed to calculate a local scaling
parameter o; for each data point x; and defined the similarity
between a pair of points as

)
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The selection of the local scale o; is defined in [17] as the
distance between point x; and its P** neighbor. Nevertheless,
this approach is still dependent on the selection of the neigh-
borhood parameter P which is fixed empirically for each data
set. Moreover, if x; is a noise point, adapting ¢ to this point
will distort this fact.

To the best of our knowledge, no automatic way to select
the optimal scaling parameter and adapt it to each cluster has
been proposed even though the performance of Gaussian kernel
based approaches is highly dependent on this parameter. In
this paper, we propose a clustering algorithm, called Fuzzy
clustering with Learnable Cluster dependent Kernels (FLeCK),
that learns the underlying cluster dependent scaling parameters
while finding compact clusters.

III. FUZZY CLUSTERING WITH LEARNABLE CLUSTER
DEPENDENT KERNELS

Considering the Gaussian similarity function as defined in
(1), the optimal choice of the scaling parameter is the one
that allows to segregate and distinguish between the clusters.
Thus, this scaling parameter has to ensure a high intra-cluster
similarity and low inter-cluster similarity. A very large value
of ¢ would minimize the intra-cluster similarity. However,
this choice would also minimize the inter-cluster similarity
and merge all the objects into a single cluster. One possible
approach to avoid this trivial solution is to seek scaling param-
eters that minimize the intra-cluster similarities and maximize
the intra-cluster similarities simultaneously.

Let {x1,---,%x,} be aset of N data points and let R = [rji]
be a relational matrix where 73, represent the degrees to which
pairs of objects are similar. The FLeCK algorithm minimizes
the intra-cluster similarity
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In (3) and (4), C is the number of clusters. The constant
K provides a way of specifying the relative importance of
the regularization term compared to the sum of intra-cluster
and inter-cluster distances. When K is zero, minimizing (3)
with respect to o; gives the trivial solution of a very large o;
that merges all points into a single cluster. Instead of treating
K as a constant, we propose to determine the optimal K
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by simultaneously minimizing the intra-cluster similarity and
maximizing the inter-cluster similarity.

The term (37, in (3) is the likelihood that two points x; and
Xy, belong to the same cluster i and is defined as

By = uljuiy )

where u;; is the fuzzy membership of x; in cluster ¢ and
satisfies the constraints

0<uy; <1 and Zu”:l, forje{l,...N}. (6

=1

Similarly, the term oz§ & 1n (4) refers to the likelihood that two
points x; and x; do not belong to the same cluster 4. It can
also be defined using the fuzzy memberships of the two points
using

ol =ull (1 -

up) +ufy (1—uff}). (7)

In (5) and (7), m € (1,00) is a constant that determines the
level of cluster fuzziness. A larger m results in fuzzier clusters.
Typically, m is set to 2 [18].

The first term in (3) seeks clusters that have compact local
relational distances

le—lfemp< jk) ®)

o
with respect to each cluster ¢. The scaling parameter, o;,
controls the rate of decay of D; - We should note here that our
approach learns a cluster dependent o; in order to deal with
the large variations between the distributions and the geometric
characteristics of each cluster. The second term in (3) and (4)
is a regularization term to avoid the trivial solution where all
o; are infinitely large.

The proposed FLeCK algorithm attempts to optimize (3)
and (4) by learning the C clusters, the scaling parameter, o,
of each cluster, and the membership values, u, ., of each sample
x; in each cluster i.

In order to optimize (3) and (4) with respect to o;, we
assume that o;’s are independent from each others and reduce
the optimization problem to C' independent problems. That is,
we convert the set of objective functions in (3) and (4) to the
following C' simpler set of functions

=S (e () <Ko
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for i =1,...,C. To obtain an update equation for the scaling
parameters, we first set the derivative of J{™"® with respect to
o; to zero and solve for K. Then, we substitute the expression
of K back in (10). Assuming that the values of o; do not
change significantly from one iteration (¢ — 1) to the next one
(t) and setting the derivative of J{™*°" to zero, we obtain

ol = gl (11)
2
where
N N
i i rj
Q1 = ZZB]’IJ?}@emg)(_(:kl)) (12)
j=1 k=1 gy
and

N N
% = Xy peieap (- = —5)

N N
EP IR S B
1 k=1

The expression of the scaling parameter defined by equation
(11) depends on both the inter-cluster and the intra-cluster
distances.

Optimization of (3) and (4) with respect to (o is not trivial
and does not lead to a closed form expression. To keep the
computation simple, we optimize only (3) with respect to u,
We achieve this by using the relational dual of the fuzzy é
means algorithm formulated by Hathaway et al. [7]. As it has
been proved in [7], the Euclidean distance, d?, = ||x; — ¢; ||,
from feature x;, to the i‘" cluster, c;, can be written in terms
of the relational matrix D® as

t)¢
& = (D'vi), - V'% (14)
In (14), v; is the membership vector of all N samples in cluster
1 defined by

(ufi, ..., uiy)’

N
2o iy

15)

Vi =

Using Lagrange multiplier technique, it can be shown that
optimization of (3) with respect to u;;, subject to (6), yields
the following membership update equation
1
U5 = c 1 - (16)
Zt:l (dzzj/dfj) e

The resulting FLeCK algorithm is summarized below.

Algorithm 1 The FLeCK algorithm
Fix number of clusters C and m € [100);

Initialize the fuzzy partition matrix Uj;
Initialize the scaling parameter o; to 1;
REPEAT )

Compute the dissimilarity D* for all clusters using (8) ;
Compute the membership vectors v; using (15);
Compute the distances using (14);
Update the fuzzy membership using (16);
Update the scaling parameter o; using (11);

UNTIL (fuzzy membership do not change)
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Fig. 1. 2D datasets. Each cluster is shown by a different color.

IV. EXPERIMENTAL RESULTS

The performance of the proposed algorithm is illustrated
and compared to kNERF [15] and Self tuning spectral [17].
We also illustrate the advantage of learning cluster dependent
o;’s compared to one global o.

A. Synthetic data sets

To illustrate the ability of FLeCK to learn appropriate

local scaling parameters and cluster the data simultaneously,
we use it to categorize synthetic data sets. We use 2 data
sets that include categories of different sizes and densities.
We should mention here that for the purpose of visualizing
the results, we use feature based and 2-dimensional data.
Relational dissimilarity matrices are obtained by computing
the Euclidean distance between these feature vectors. Results
on real and high-dimensional data sets will be reported in the
next section. Figure 1 displays the 2 synthetic data sets where
each cluster is displayed with a different color.
For kNERF, and Self tuning spectral, we repeat the cluster-
ing with different parameters and report the best results. In
particular, for Self tuning spectral, we tune the neighborhood
parameter from 1 to 20 by an increment of 1. For kNERF, we
tune the scaling parameter between 0.001 and 10 with a step
of 0.01.

Figure 2 displays the clustering results of the three algo-
rithms on data set 1. As shown in figure 2 (b), self tuning
spectral was able to categorize it correctly after tuning the
scaling parameter. Although, similar to spectral clustering kN-
ERF is based on a non linear mapping of the input data, it was
not able to categorize this data correctly (Fig. 2 (a)). This is
due mainly to the fact that one global scaling parameter is not
sufficient when the input data includes clusters with different
local statistics. FLeCK and self tuning spectral provide local
exponential mapping of the data and were able to partition this
data correctly. The main difference between these approaches,
as explained in section III, is that FLeCK learns the local
scaling parameters and performs clustering simultaneously,
while the self tuning spectral tunes the neighborhood within a
user specified range to find local scaling parameters.

The scaling parameters learned by FLeCK reflect the relative
position of each cluster with respect to the other clusters. For
this data, cluster 1 and cluster 2 are close to each other, and
cluster 3 is quite distant from both of them. Consequently,
FLeCK learns a large scaling parameter (o5 = 106.64) for
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Fig. 2. Results of clustering the data in fig. 1 (a) using (a) kNERF, (b)
Spectral, and (c) FLeCK
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Fig. 3. Results of clustering the data in fig. 1 (b) using (a) kNERF, (b)

Spectral, and (c) FLeCK

cluster 3. This large o3 allows points that are spatially
dispersed to be grouped into one cluster without including
points from the other clusters. On the other hand, FLeCK
learns smaller o;’s for the two small and dense clusters
(o1 = 24.94 and o3 = 30.17). These small o1 and o5 prevent
points that are not spatially very close from being assigned to
these clusters.

The second data set, shown in figure 1 (b), contains two
clusters that have the same shape, density, and size, and a
third cluster that is larger. The clustering results of the three
algorithms on this data are shown in figure 3. As it can be seen,
only FLeCK was able to partition this data correctly. This was
possible due to the learned scaling parameters for each cluster.
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TABLE I
NUMBER OF SAMPLES FORM EACH CATEGORY

Category | 0O 1 2 3 4 5 6 7 8 9
No. of 128 131| 107| 122| 108| 119| 114| 117| 109| 111
samples

I KNERF
oal | |20 Spectral
Il FLeCK
0G| i
04l i
0zl i
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accuracy QRand Qjaccard QFNM QHubert

Fig. 4. Performance measures obtained on Handwritten Digits Data set using
kNEREF, Spectral and FLeCK clustering approaches.

For instance, cluster 2 has the smallest scaling parameter
(o2 = 0.0007). This reflects the fact that points within this
cluster are dispersed and some of them are closer to cluster 1
and cluster 3 than other points within this cluster. This small
05 ensures that cluster 2 does not include points from the other
clusters. FLeCK learns a relatively bigger scaling parameters
for cluster 1 and cluster 3 (op = 12.21 and 05 = 11.3). In
fact, these two scaling parameters can be relatively larger (to
maximize the intra-cluster similarity) without including points
from the other cluster.

Besides giving a better clustering results than kNERF and
self tuning spectral, FLeCK has two more main advantages
over these two algorithms. First, it does not require the specifi-
cation of the scaling parameter or the neighborhood parameter.
Instead, it learns a cluster dependent scaling parameter in a
completely unsupervised manner. Second, the learned scaling
parameters provide a better description of the data and can be
explored in subsequent learning steps.

B. Real data set

To illustrate the ability of FLeCK to learn local kernels and
to cluster relational data derived from real and high dimen-
sional data, we use it to categorize the Handwritten Digits
database. We use a subset of 1166 handwritten digits from
the Pen-Based Recognition of Handwritten Digits collection
[19] available at the UCI Machine Learning data set. The
handwritten samples were collected using a pressure sensitive
tablet that sends the x and y coordinates of the pen at fixed
time intervals. The raw data is processed so that each digit is
represented by 8 (x,y) coordinates resulting in a 16-D feature
vector. Table I displays the number of samples form each
category.

We compare our clustering results to those obtained using
the kKNERF [15], and self tuning spectral clustering [17]. To
quantify the performance of the different clustering algorithms
and compare them, we assume that the ground truth is known,

TABLE II
KNERF CLUSTERING RESULTS ON THE HANDWRITTEN DIGIT DATA
True class
0 e 2| 3| 4] s e’ | T 8 Y
1 0 0 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
3 0 0 0 103 0 3 0 0 0 2
)
Clusters | - 0 0 0 0 0 0 0 0 0 0
13
410 0 0 0 0 0 0 0 0 1
15 0 0 0 0 0 0 0 0 0 0
16 128 131] 107 18 | 10§ 114 114 117 109 108
TABLE III
SELF TUNING SPECTRAL CLUSTERING RESULTS ON THE HANDWRITTEN
DiGIT DATA
True class
0 U] 2| 3 4| s e | T 8] Y
1 0 7 0 4 0 0 0 7 0 3
2 0 1 0 0 0 0 0|44 0 0
3 0 0 0 0] 37] 0 0 0 0 7
4 0 0 0 0] 65] 0 0 0 0 0
5 141 0 0 0 0 0 0 0 0 0
6 0 19] 0 0 0 0 0 0 0 0
7 0 0 0 0 0 0 108 0 0 0
8 [ 50| O 0 0 0 0 0 0 0 0
Clusters | 9 1 1 0 1 6 |59 6 141 0 | 27
10| O 5 58] 0 0 0 0 0 0 0
11] 0 0 0 0 0 0 411 0 0
12] 0 151 0 0 0 0 0 0 0 0
131 63| 0 0 1 0570 0 109 70
141 0 | 51| 49] O 0 0 0 1 0 0
15[ 0 0 0 115 0 3 0 0 0 4
16| 0 | 32] 0 1 0 0 0 10| 0 0

and we evaluate the performance of the algorithms by us-
ing the accuracy, Rand statistics, QRand, Jaccard coefficient,
Qjaccard, Folkes-Mallows index, QFM, and Hubert index,
QHubert, [20]. All these measures provide larger values when
the two partitions are more similar.

For all algorithms, we use the Euclidean distance and we
fix the number of clusters to 16. For the fuzzy algorithms, we
fix the fuzzifier m to 1.1. For Self tuning spectral, we tune the

TABLE IV
FLECK CLUSTERING RESULTS ON THE HANDWRITTEN DIGIT DATA
True class
0 U] 2| 3| 4] s e | T 8 Y
1 0 0 0 0 0 0 0 0| 41] 0
2 0[55]359] 0 0 0 0 I I 0
3 145] 0 0 0 0 0 0 0 1 0
4 9 0 0 0 0 0 0 0 0 0
5145170 0 0 0 0 0 0 0 0
6 0 0 0 0 0 0 0 0591
7 0 0 0 0 0 0 105 T 0 0
8 0 0 0 1 0 2 0 0 0] 76
Clusters | 9 0 1 0 11 0 | 34] O 121 0 14
10 0 91 0 0 57126 8 0 I I
110 0 0 0 68]0 0 0 0 3
121 0 | 54| 0 5 0 0 0 18] 0 8
1370 0 0 0 05710 0 5 0
1470 2 8 0 0 0 0[8] 0 0
I51 291 0 0 0 0 0 I 0 I 0
16 0 0 0 03] 0 0 0 0 8
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TABLE V
THE SCALING PARAMETERS LEARNED BY FLECK, NO. OF SAMPLES PER
CLUSTER, AND THE INTRA AND INTER CLUSTER DISTANCES

Clusters No. of samples o;
1 41 16.4
2 156 49.2
3 46 20.3
4 9 3.4
5 45 23.6
6 60 18.5
7 106 29.3
8 79 274
9 177 50.7
10 60 17.3
11 71 17.4
12 85 27.8
13 62 31.7
14 95 25.6
15 31 11.2
16 43 10.11

neighborhood parameter from 1 to 20 by an increment of 1. For
kNERF, we tune the scaling parameter between 0.01 and 100
with a step of 0.1. Since we should not use the ground truth
to select the optimal parameter, for each algorithm, we select
the parameter that gives the minimum intra-cluster similarity.

Figure 4 compares the performance of the three considered
algorithms. As it can be seen, FLeCK outperforms the other
methods with respect to all five measures. Although, kKNERF
and self tuning spectral use a similar Gaussian kernel, they
were not able to cluster this data properly. This is due to their
sensitivity to the choice of the scaling parameter.

As it can be seen from table II, KNERF has succeeded to
segregate only the digit “3” (cluster 3). In fact, almost all the
other elements of the data set are gathered in a big cluster
(cluster 16) and the remaining clusters are empty. This is due
to the fact that one global o for mapping all the data can
not provide the correct partition when the input data includes
clusters with different local statistics.

The self tuning spectral did relatively better than KNERF
because it uses a local scaling parameter that is defined as the
distance between x; and its P** neighbor. However, as it can be
seen from table III, it still creates one big cluster that contains
300 elements from categories '0’, ’6’, °8” and ’9’. Moreover,
although category ’1° was split in five clusters (cluster 1, 6,
12, 14, and 16), it was not well segregated in clusters 1 and
14. This may be due to the fact that adapting o to each sample
can distort the structure of the data.

FLeCK on the other hand, was able to partition the data
better than KNERF and Self tuning spectral. Referring to the
FLeCK clustering results shown in table IV, some digits have
been categorized using more than one cluster (clusters 0, 4, 5
and 8). This is due to the different writing styles. For instance,
digit ’4’ has been categorized using two clusters (cluster 11 and
16). Figure 5 displays the top 10 representatives of these two
clusters (corresponding to the highest memberships). We can
notice that each cluster contains one style of writing the digit
’4’. On the other hand, FLeCK categorized other digits using
one cluster (clusters 1, 2, 3, 6, 7, and 9). These are categories

LN
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Fig. 5. The top 10 representatives of (a) cluster 11 and (b) cluster 16.
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with more consistent writing style. Figure 6 displays the top
10 representatives of one such cluster representing digit 3.

FLeCK learned a scaling parameter for each cluster. These
parameters are reported in table V. For instance, cluster 4 is
the smallest cluster and contains only 9 digits. These digits
form the densest region in the feature space (small sum of
intra cluster similarity) and are relatively close to other digits
categories (small sum of inter cluster distances). Consequently,
FLeCK learns a small scaling parameter (o4 = 3.4) for this
cluster. This Small o prevent digits that are spatially close
but not within the dense region, from being assigned to this
clusters.

On the other hand, FLeCK leaned a relatively larger scaling
parameter for cluster 9 (o9 = 50.65) representing the digit 3.
This is due to the fact that this cluster includes a large number
of samples with large intra-cluster distances (without being
split into small clusters).

V. CONCLUSIONS

We have proposed an approach that performs relational
fuzzy clustering and local kernel learning. The learned kernel is
based on a Gaussian function with a cluster dependent scaling
parameter. The proposed approach minimizes both the inter-
cluster dissimilarity and the intra-cluster dissimilarity to learn
a scaling parameter with respect to each cluster. This allows
FLeCK to adapt the distance to the characteristics of each
cluster. FLeCK is formulated to work on pairwise relational
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data. This makes it applicable when data is available only in
relational form and when similar objects cannot be represented
efficiently by a single prototype.

Using synthetic and real data sets, we have shown that
our approach outperforms kNERF and self tuning spectral.
In particular, we have shown that when data include clusters
with various inter and intra cluster distances, learning cluster
dependent scaling parameters is crucial in obtaining a good
partition.

Currently, FLeCK uses fuzzy memberships that are con-
strained to sum to one. This type of membership does not
discriminate between typical points that are close to multiple
clusters and noise points. Consequently, FLeCK is not robust
to noise and outliers. One way to overcome this limitation is to
replace the fuzzy memberships with possibilistic memberships
[21]. We are currently investigating this alternative.
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