
2011 IEEE International Conference on Fuzzy Systems
June 27-30, 2011, Taipei, Taiwan

978-1-4244-7316-8/11/$26.00 ©2011 IEEE

Fuzzy Clustering With Learnable Cluster Dependent
Kernels

Ouiem Bchir
CECS department

Multimedia Research Laboratory

University of Louisville

Louisville, KY, 14208

Email: ouiem.bchir@gmail.com

Hichem Frigui
CECS department

Multimedia Research Laboratory

University of Louisville

Louisville, KY, 14208

Email: h.frigui@louisville.edu

Abstract—We propose a new relational clustering approach,
called Fuzzy clustering with Learnable Cluster dependent Kernels
(FLeCK), that learns multiple kernels while seeking compact
clusters. A Gaussian kernel is learned with respect to each
cluster. It reflects the relative density, size, and position of
the cluster with respect to the other clusters. These kernels
are learned by optimizing both the intra-cluster and the inter-
cluster similarities. Moreover, FLeCK is formulated to work on
relational data. This makes it applicable to data where objects
cannot be represented by vectors or when clusters of similar
objects cannot be represented efficiently by a single prototype.
The experiments show that FLeCK outperforms several other
algorithms. In particular, we show that when data include clusters
with various inter and intra cluster distances, learning cluster
dependent kernel is crucial in obtaining a good partition.

Index Terms—Fuzzy clustering, kernel learning, Gaussian ker-
nel.

I. INTRODUCTION

Clustering consists of partitioning a data set into subsets,

so that data in each subset share some common aspects.

In other words, according to a defined distance measure,

objects in the same cluster should be as similar as possible

and objects in different clusters should be as dissimilar as

possible. Clustering has been used in many applications related

to understanding and exploring the structure of the data. In

particular, fuzzy clustering techniques have been shown to be

suitable to describe real situations with overlapping boundaries

[1].

Typically, the set of objects to be clustered could be de-

scribed in two ways: object based representation, and relational

based representation. While for object data representation, each

object is represented by a feature vector, for the relational

representation only information of how two objects are related

is available. Relational data representation is more general

in the sense that it can be applied when only the degree of

(dis)similarity between objects is available or when groups of

similar objects cannot be represented efficiently by a single

prototype.

Despite the large number of existing clustering methods,

clustering remains a challenging task when the structure of

the data does not correspond to easily separable categories,

and when clusters vary in size, density and shape. Kernel

based approaches [2], [3], [4] allow to adapt a specific similarity

measure in order to make the problem easier. Gaussian kernel

is the most common similarity function. Although good results

were obtained using this kernel, it relies on the selection of a

scale parameter. This selection is commonly done manually.

Moreover, as it is a global parameter over the entire data, it

may not be appropriate when the distributions of the different

clusters in the feature space exhibit large variations. Thus,

in the absence of apriori knowledge, the choice of a scaling

parameter that can adapt to different clusters and discriminate

between them is difficult. In such situations, the geometry of

the data should be explored to learn local similarity measures

by finding intrinsic properties, such as local dimensionality,

and local parametrization.

In this work, we introduce a new fuzzy relational clustering

technique. The proposed algorithm, called Fuzzy clustering

with Learnable Cluster dependent Kernels (FLeCK), learns

the underlying cluster dependent dissimilarity measure while

finding compact clusters. The learned measure is a local

dissimilarity based on the Gaussian kernel function defined

with respect to each cluster. In particular, we propose to learn

a scaling parameter σi with respect to each cluster i. This

scaling parameter is designed to distinguish and separate the

objects of cluster i from the rest of the data. We achieve

this by considering one cluster at a time, and learning a

scaling parameter that maximizes the intra-cluster similarity

and minimizes the inter-cluster similarity.

The organization of the rest of this paper is as follows.

In section 2, we highlight related clustering algorithms. In

section 3, we present our algorithm. In section 4, we describe

the experiments conducted to validate the proposed algorithm.

Finally, section 5 contains the conclusions and potential future

work.

II. RELATED WORKS

In most applications categories are rarely well separated

and boundaries are overlapping. Describing these real world

situations by crisp sets does not allow the user to quantitatively

distinguish between objects which are strongly associated with

a particular category from those that have only a marginal

association with multiple ones, particularly, along the overlap-
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ping boundaries. Fuzzy clustering methods are good at dealing

with these situations [5]. In fact, data elements can belong to

more than one cluster with fuzzy membership degrees. These

memberships indicate the strength of the association between

that data element and a particular cluster. One of the most

widely used fuzzy clustering algorithms is the Fuzzy C-Means

(FCM) Algorithm [6] and its relational dual, Relational Fuzzy

C-means algorithm (RFCM) [7].

Although FCM based approaches are quite efficient, they

are not suitable for all types of data, and cannot handle

clusters of different sizes and densities effectively [8]. Another

major drawback of FCM based approaches is that they cannot

separate clusters that are non-linearly separable in the input

space. Two recent approaches have emerged for tackling such

a problem. They allow mapping of the data into a new space in

such a way that computing a linear partitioning in this feature

space results in a nonlinear partitioning in the input space [2],

[3], [4], [9]. These are mainly approaches based on kernel and

spectral clustering.

Kernel methods allow the incorporation of a priori knowl-

edge. This knowledge is implicit and is integrated in the

learning process through the use of a kernel function. However,

despite the existence of a large number of kernel clustering

algorithm (e.g., kernel K-means [2], [10], kernel FCM [11],

[12], [13], kernel SOM [3], [14] and kernel Neural Gas [4]),

the choice of a good kernel function and the adaptation of its

parameters to the data remains a challenging task. For instance,

in the Kernelized Non-Euclidean Relational Fuzzy c-Means

Algorithm (kNERF) [15], a relational Gaussian kernel is used

with one global scaling parameter for all the data. The selection

of the scaling parameter is discussed but there has been no

attempt to devise methods to automatically select it. Moreover,

a global scaling parameter may not be appropriate when

clusters are of widely differing shapes, sizes, and densities.

Spectral clustering algorithm methods solve a similar prob-

lem as kernel methods, but use a different approach. Its

theory arises from the graph cut concept [9]. As for kNERF,

spectral clustering use the Gaussian similarity function in order

to model the local neighborhood relationships between data

points. Thus, it has the same challenging task of determining

and adapting the scaling parameter to the data set.

The Gaussian similarity function, used in kernel and spectral

clustering, is defined as

Sjk = exp

(
−dist (xj ,xk)

σ2

)
(1)

where dist measures the dissimilarity between patterns and σ
controls the rate of decay of S. The scaling parameter σ is

commonly set manually.

Ng et al. [16] suggested selecting σ that provides the least

distorted clusters by running the algorithm for different values

of σ. However, the range of values to be tested still has to be

set manually. Moreover, a global σ for mapping all the data

may not provide a good clustering when the input data includes

clusters with different local statistics.

In [17], the authors proposed to calculate a local scaling

parameter σj for each data point xj and defined the similarity

between a pair of points as

Sjk = exp

(
−dist (xj ,xk)

σjσk

)
(2)

The selection of the local scale σj is defined in [17] as the

distance between point xj and its P th neighbor. Nevertheless,

this approach is still dependent on the selection of the neigh-

borhood parameter P which is fixed empirically for each data

set. Moreover, if xj is a noise point, adapting σj to this point

will distort this fact.

To the best of our knowledge, no automatic way to select

the optimal scaling parameter and adapt it to each cluster has

been proposed even though the performance of Gaussian kernel

based approaches is highly dependent on this parameter. In

this paper, we propose a clustering algorithm, called Fuzzy

clustering with Learnable Cluster dependent Kernels (FLeCK),

that learns the underlying cluster dependent scaling parameters

while finding compact clusters.

III. FUZZY CLUSTERING WITH LEARNABLE CLUSTER

DEPENDENT KERNELS

Considering the Gaussian similarity function as defined in

(1), the optimal choice of the scaling parameter is the one

that allows to segregate and distinguish between the clusters.

Thus, this scaling parameter has to ensure a high intra-cluster

similarity and low inter-cluster similarity. A very large value

of σ would minimize the intra-cluster similarity. However,

this choice would also minimize the inter-cluster similarity

and merge all the objects into a single cluster. One possible

approach to avoid this trivial solution is to seek scaling param-

eters that minimize the intra-cluster similarities and maximize

the intra-cluster similarities simultaneously.

Let {x1, · · · ,xN} be a set of N data points and let R = [rjk]
be a relational matrix where rjk represent the degrees to which

pairs of objects are similar. The FLeCK algorithm minimizes

the intra-cluster similarity

J intra =

C∑
i=1

N∑
j=1

N∑
k=1

βi
jk

(
1− exp

(
−rjk

σi

))

−
C∑

i=1

K

σi
(3)

and maximizes the inter-cluster similarity

J inter =

C∑
i=1

N∑
j=1

N∑
k=1

αi
jkexp

(
−rjk

σi

)
−

C∑
i=1

K

σi
(4)

In (3) and (4), C is the number of clusters. The constant

K provides a way of specifying the relative importance of

the regularization term compared to the sum of intra-cluster

and inter-cluster distances. When K is zero, minimizing (3)

with respect to σi gives the trivial solution of a very large σi

that merges all points into a single cluster. Instead of treating

K as a constant, we propose to determine the optimal K
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by simultaneously minimizing the intra-cluster similarity and

maximizing the inter-cluster similarity.

The term βi
jk in (3) is the likelihood that two points xj and

xk belong to the same cluster i and is defined as

βi
jk = um

ij um
ik (5)

where uij is the fuzzy membership of xj in cluster i and

satisfies the constraints

0 ≤ uij ≤ 1 and

C∑
i=1

uij = 1, for j ∈ {1, . . . N} . (6)

Similarly, the term αi
jk in (4) refers to the likelihood that two

points xj and xk do not belong to the same cluster i. It can

also be defined using the fuzzy memberships of the two points

using

αi
jk = um

ij (1− um
ik) + um

ik

(
1− um

ij

)
. (7)

In (5) and (7), m ∈ (1,∞) is a constant that determines the

level of cluster fuzziness. A larger m results in fuzzier clusters.

Typically, m is set to 2 [18].

The first term in (3) seeks clusters that have compact local

relational distances

Di
jk = 1− exp

(
−rjk

σi

)
(8)

with respect to each cluster i. The scaling parameter, σi,

controls the rate of decay of Di
jk . We should note here that our

approach learns a cluster dependent σi in order to deal with

the large variations between the distributions and the geometric

characteristics of each cluster. The second term in (3) and (4)

is a regularization term to avoid the trivial solution where all

σi are infinitely large.

The proposed FLeCK algorithm attempts to optimize (3)

and (4) by learning the C clusters, the scaling parameter, σi,

of each cluster, and the membership values, uij , of each sample

xj in each cluster i.
In order to optimize (3) and (4) with respect to σi, we

assume that σi’s are independent from each others and reduce

the optimization problem to C independent problems. That is,

we convert the set of objective functions in (3) and (4) to the

following C simpler set of functions

J intra
i =

N∑
j=1

N∑
k=1

βi
jk

(
1− exp

(
−rjk

σi

))
− K

σi
, (9)

and

J inter
i =

N∑
j=1

N∑
k=1

αi
jkexp

(
−rjk

σi

)
− K

σi
(10)

for i = 1, . . . , C. To obtain an update equation for the scaling

parameters, we first set the derivative of J intra
i with respect to

σi to zero and solve for K. Then, we substitute the expression

of K back in (10). Assuming that the values of σi do not

change significantly from one iteration (t− 1) to the next one

(t) and setting the derivative of J inter
i to zero, we obtain

σ
(t)
i =

Qi
1

Qi
2

(11)

where

Qi
1 =

N∑
j=1

N∑
k=1

βi
jkr

2
jkexp

(
− rjk

σ
(t−1)
i

)
(12)

and

Qi
2 =

N∑
j=1

N∑
k=1

αi
jkrjkexp

(
− rjk

σ
(t−1)
i

)

+

N∑
j=1

N∑
k=1

βi
jkrjkexp

(
− rjk

σ
(t−1)
i

)
(13)

The expression of the scaling parameter defined by equation

(11) depends on both the inter-cluster and the intra-cluster

distances.
Optimization of (3) and (4) with respect to uij is not trivial

and does not lead to a closed form expression. To keep the
computation simple, we optimize only (3) with respect to uij .
We achieve this by using the relational dual of the fuzzy C-
means algorithm formulated by Hathaway et al. [7]. As it has
been proved in [7], the Euclidean distance, d2

ik = ‖xk − ci‖2,

from feature xk to the ith cluster, ci, can be written in terms
of the relational matrix Di as

d2
ik =

(
Divi

)
k
− vt

iD
ivi

2
. (14)

In (14), vi is the membership vector of all N samples in cluster

i defined by

vi =
(um

i1, . . . , um
iN )t∑N

j=1
um

ij

. (15)

Using Lagrange multiplier technique, it can be shown that

optimization of (3) with respect to uij , subject to (6), yields

the following membership update equation

uij =
1∑C

t=1

(
d2

ij/d2
tj

) 1
m−1

. (16)

The resulting FLeCK algorithm is summarized below.

Algorithm 1 The FLeCK algorithm

Fix number of clusters C and m ∈ [1∞);

Initialize the fuzzy partition matrix U;

Initialize the scaling parameter σi to 1;

REPEAT
Compute the dissimilarity Di for all clusters using (8) ;
Compute the membership vectors vi using (15);
Compute the distances using (14);
Update the fuzzy membership using (16);
Update the scaling parameter σi using (11);

UNTIL (fuzzy membership do not change)
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Fig. 1. 2D datasets. Each cluster is shown by a different color.

IV. EXPERIMENTAL RESULTS

The performance of the proposed algorithm is illustrated

and compared to kNERF [15] and Self tuning spectral [17].

We also illustrate the advantage of learning cluster dependent

σi’s compared to one global σ.

A. Synthetic data sets

To illustrate the ability of FLeCK to learn appropriate

local scaling parameters and cluster the data simultaneously,

we use it to categorize synthetic data sets. We use 2 data

sets that include categories of different sizes and densities.

We should mention here that for the purpose of visualizing

the results, we use feature based and 2-dimensional data.

Relational dissimilarity matrices are obtained by computing

the Euclidean distance between these feature vectors. Results

on real and high-dimensional data sets will be reported in the

next section. Figure 1 displays the 2 synthetic data sets where

each cluster is displayed with a different color.

For kNERF, and Self tuning spectral, we repeat the cluster-

ing with different parameters and report the best results. In

particular, for Self tuning spectral, we tune the neighborhood

parameter from 1 to 20 by an increment of 1. For kNERF, we

tune the scaling parameter between 0.001 and 10 with a step

of 0.01.

Figure 2 displays the clustering results of the three algo-

rithms on data set 1. As shown in figure 2 (b), self tuning

spectral was able to categorize it correctly after tuning the

scaling parameter. Although, similar to spectral clustering kN-

ERF is based on a non linear mapping of the input data, it was

not able to categorize this data correctly (Fig. 2 (a)). This is

due mainly to the fact that one global scaling parameter is not

sufficient when the input data includes clusters with different

local statistics. FLeCK and self tuning spectral provide local

exponential mapping of the data and were able to partition this

data correctly. The main difference between these approaches,

as explained in section III, is that FLeCK learns the local

scaling parameters and performs clustering simultaneously,

while the self tuning spectral tunes the neighborhood within a

user specified range to find local scaling parameters.

The scaling parameters learned by FLeCK reflect the relative

position of each cluster with respect to the other clusters. For

this data, cluster 1 and cluster 2 are close to each other, and

cluster 3 is quite distant from both of them. Consequently,

FLeCK learns a large scaling parameter (σ3 = 106.64) for

Fig. 2. Results of clustering the data in fig. 1 (a) using (a) kNERF, (b)
Spectral, and (c) FLeCK

Fig. 3. Results of clustering the data in fig. 1 (b) using (a) kNERF, (b)
Spectral, and (c) FLeCK

cluster 3. This large σ3 allows points that are spatially

dispersed to be grouped into one cluster without including

points from the other clusters. On the other hand, FLeCK

learns smaller σi’s for the two small and dense clusters

(σ1 = 24.94 and σ2 = 30.17). These small σ1 and σ2 prevent

points that are not spatially very close from being assigned to

these clusters.

The second data set, shown in figure 1 (b), contains two

clusters that have the same shape, density, and size, and a

third cluster that is larger. The clustering results of the three

algorithms on this data are shown in figure 3. As it can be seen,

only FLeCK was able to partition this data correctly. This was

possible due to the learned scaling parameters for each cluster.
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TABLE I
NUMBER OF SAMPLES FORM EACH CATEGORY

Category 0 1 2 3 4 5 6 7 8 9
No. of

samples
128 131 107 122 108 119 114 117 109 111

Fig. 4. Performance measures obtained on Handwritten Digits Data set using
kNERF, Spectral and FLeCK clustering approaches.

For instance, cluster 2 has the smallest scaling parameter

(σ2 = 0.0007). This reflects the fact that points within this

cluster are dispersed and some of them are closer to cluster 1

and cluster 3 than other points within this cluster. This small

σ2 ensures that cluster 2 does not include points from the other

clusters. FLeCK learns a relatively bigger scaling parameters

for cluster 1 and cluster 3 (σ1 = 12.21 and σ3 = 11.3). In

fact, these two scaling parameters can be relatively larger (to

maximize the intra-cluster similarity) without including points

from the other cluster.

Besides giving a better clustering results than kNERF and

self tuning spectral, FLeCK has two more main advantages

over these two algorithms. First, it does not require the specifi-

cation of the scaling parameter or the neighborhood parameter.

Instead, it learns a cluster dependent scaling parameter in a

completely unsupervised manner. Second, the learned scaling

parameters provide a better description of the data and can be

explored in subsequent learning steps.

B. Real data set

To illustrate the ability of FLeCK to learn local kernels and

to cluster relational data derived from real and high dimen-

sional data, we use it to categorize the Handwritten Digits

database. We use a subset of 1166 handwritten digits from

the Pen-Based Recognition of Handwritten Digits collection

[19] available at the UCI Machine Learning data set. The

handwritten samples were collected using a pressure sensitive

tablet that sends the x and y coordinates of the pen at fixed

time intervals. The raw data is processed so that each digit is

represented by 8 (x,y) coordinates resulting in a 16-D feature

vector. Table I displays the number of samples form each

category.

We compare our clustering results to those obtained using

the kNERF [15], and self tuning spectral clustering [17]. To

quantify the performance of the different clustering algorithms

and compare them, we assume that the ground truth is known,

TABLE II
KNERF CLUSTERING RESULTS ON THE HANDWRITTEN DIGIT DATA

True class
’0’ ’1’ ’2’ ’3’ ’4’ ’5’ ’6’ ’7’ ’8’ ’9’

1 0 0 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0
3 0 0 0 103 0 3 0 0 0 2

Clusters
4
-
13

0 0 0 0 0 0 0 0 0 0

14 0 0 0 0 0 0 0 0 0 1
15 0 0 0 0 0 0 0 0 0 0
16 128 131 107 18 108 116 114 117 109 108

TABLE III
SELF TUNING SPECTRAL CLUSTERING RESULTS ON THE HANDWRITTEN

DIGIT DATA

True class
’0’ ’1’ ’2’ ’3’ ’4’ ’5’ ’6’ ’7’ ’8’ ’9’

1 0 7 0 4 0 0 0 7 0 3
2 0 1 0 0 0 0 0 44 0 0
3 0 0 0 0 37 0 0 0 0 7
4 0 0 0 0 65 0 0 0 0 0
5 14 0 0 0 0 0 0 0 0 0
6 0 19 0 0 0 0 0 0 0 0
7 0 0 0 0 0 0 108 0 0 0
8 50 0 0 0 0 0 0 0 0 0

Clusters 9 1 1 0 1 6 59 6 14 0 27
10 0 5 58 0 0 0 0 0 0 0
11 0 0 0 0 0 0 41 0 0
12 0 15 0 0 0 0 0 0 0 0
13 63 0 0 1 0 57 0 0 109 70
14 0 51 49 0 0 0 0 1 0 0
15 0 0 0 115 0 3 0 0 0 4
16 0 32 0 1 0 0 0 10 0 0

and we evaluate the performance of the algorithms by us-

ing the accuracy, Rand statistics, QRand, Jaccard coefficient,

Qjaccard, Folkes-Mallows index, QFM, and Hubert index,

QHubert, [20]. All these measures provide larger values when

the two partitions are more similar.

For all algorithms, we use the Euclidean distance and we

fix the number of clusters to 16. For the fuzzy algorithms, we

fix the fuzzifier m to 1.1. For Self tuning spectral, we tune the

TABLE IV
FLECK CLUSTERING RESULTS ON THE HANDWRITTEN DIGIT DATA

True class
’0’ ’1’ ’2’ ’3’ ’4’ ’5’ ’6’ ’7’ ’8’ ’9’

1 0 0 0 0 0 0 0 0 41 0
2 0 55 59 0 0 0 0 1 1 0
3 45 0 0 0 0 0 0 0 1 0
4 9 0 0 0 0 0 0 0 0 0
5 45 0 0 0 0 0 0 0 0 0
6 0 0 0 0 0 0 0 0 59 1
7 0 0 0 0 0 0 105 1 0 0
8 0 0 0 1 0 2 0 0 0 76

Clusters 9 0 1 0 116 0 34 0 12 0 14
10 0 19 0 0 5 26 8 0 1 1
11 0 0 0 0 68 0 0 0 0 3
12 0 54 0 5 0 0 0 18 0 8
13 0 0 0 0 0 57 0 0 5 0
14 0 2 8 0 0 0 0 85 0 0
15 29 0 0 0 0 0 1 0 1 0
16 0 0 0 0 35 0 0 0 0 8
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TABLE V
THE SCALING PARAMETERS LEARNED BY FLECK, NO. OF SAMPLES PER

CLUSTER, AND THE INTRA AND INTER CLUSTER DISTANCES

Clusters No. of samples σi

1 41 16.4
2 156 49.2
3 46 20.3
4 9 3.4
5 45 23.6
6 60 18.5
7 106 29.3
8 79 27.4
9 177 50.7
10 60 17.3
11 71 17.4
12 85 27.8
13 62 31.7
14 95 25.6
15 31 11.2
16 43 10.11

neighborhood parameter from 1 to 20 by an increment of 1. For

kNERF, we tune the scaling parameter between 0.01 and 100

with a step of 0.1. Since we should not use the ground truth

to select the optimal parameter, for each algorithm, we select

the parameter that gives the minimum intra-cluster similarity.

Figure 4 compares the performance of the three considered

algorithms. As it can be seen, FLeCK outperforms the other

methods with respect to all five measures. Although, kNERF

and self tuning spectral use a similar Gaussian kernel, they

were not able to cluster this data properly. This is due to their

sensitivity to the choice of the scaling parameter.

As it can be seen from table II, kNERF has succeeded to

segregate only the digit “3” (cluster 3). In fact, almost all the

other elements of the data set are gathered in a big cluster

(cluster 16) and the remaining clusters are empty. This is due

to the fact that one global σ for mapping all the data can

not provide the correct partition when the input data includes

clusters with different local statistics.

The self tuning spectral did relatively better than kNERF

because it uses a local scaling parameter that is defined as the

distance between xj and its P th neighbor. However, as it can be

seen from table III, it still creates one big cluster that contains

300 elements from categories ’0’, ’6’, ’8’ and ’9’. Moreover,

although category ’1’ was split in five clusters (cluster 1, 6,

12, 14, and 16), it was not well segregated in clusters 1 and

14. This may be due to the fact that adapting σ to each sample

can distort the structure of the data.

FLeCK on the other hand, was able to partition the data

better than kNERF and Self tuning spectral. Referring to the

FLeCK clustering results shown in table IV, some digits have

been categorized using more than one cluster (clusters 0, 4, 5

and 8). This is due to the different writing styles. For instance,

digit ’4’ has been categorized using two clusters (cluster 11 and

16). Figure 5 displays the top 10 representatives of these two

clusters (corresponding to the highest memberships). We can

notice that each cluster contains one style of writing the digit

’4’. On the other hand, FLeCK categorized other digits using

one cluster (clusters 1, 2, 3, 6, 7, and 9). These are categories

Fig. 5. The top 10 representatives of (a) cluster 11 and (b) cluster 16.

Fig. 6. The top 10 representatives of cluster 9.

with more consistent writing style. Figure 6 displays the top

10 representatives of one such cluster representing digit 3.

FLeCK learned a scaling parameter for each cluster. These

parameters are reported in table V. For instance, cluster 4 is

the smallest cluster and contains only 9 digits. These digits

form the densest region in the feature space (small sum of

intra cluster similarity) and are relatively close to other digits

categories (small sum of inter cluster distances). Consequently,

FLeCK learns a small scaling parameter (σ4 = 3.4) for this

cluster. This Small σ prevent digits that are spatially close

but not within the dense region, from being assigned to this

clusters.

On the other hand, FLeCK leaned a relatively larger scaling

parameter for cluster 9 (σ9 = 50.65) representing the digit 3.

This is due to the fact that this cluster includes a large number

of samples with large intra-cluster distances (without being

split into small clusters).

V. CONCLUSIONS

We have proposed an approach that performs relational

fuzzy clustering and local kernel learning. The learned kernel is

based on a Gaussian function with a cluster dependent scaling

parameter. The proposed approach minimizes both the inter-

cluster dissimilarity and the intra-cluster dissimilarity to learn

a scaling parameter with respect to each cluster. This allows

FLeCK to adapt the distance to the characteristics of each

cluster. FLeCK is formulated to work on pairwise relational
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data. This makes it applicable when data is available only in

relational form and when similar objects cannot be represented

efficiently by a single prototype.

Using synthetic and real data sets, we have shown that

our approach outperforms kNERF and self tuning spectral.

In particular, we have shown that when data include clusters

with various inter and intra cluster distances, learning cluster

dependent scaling parameters is crucial in obtaining a good

partition.

Currently, FLeCK uses fuzzy memberships that are con-

strained to sum to one. This type of membership does not

discriminate between typical points that are close to multiple

clusters and noise points. Consequently, FLeCK is not robust

to noise and outliers. One way to overcome this limitation is to

replace the fuzzy memberships with possibilistic memberships

[21]. We are currently investigating this alternative.

ACKNOWLEDGMENTS

This work was supported in part by U.S. Army Research

Office Grants Number W911NF-08-0255 and by a grant from

the Kentucky Science and Engineering Foundation as per Grant

Agreement No. KSEF-2079-RDE-013 with the Kentucky Sci-

ence and Technology Corporation.

REFERENCES

[1] F. Klawonn, “Fuzzy Clustering: Insights and a New Approach”, Math-
ware & Soft Computing 11, Vol 11, No 3, 2004.

[2] M. Girolami, “Mercer kernel based clustering in feature space”, IEEE
Transactions on Neural Networks, Vol. 13, No. 3, 2002.

[3] R. Inokuchi and S. Miyamoto, “LVQ clustering and SOM using a kernel
function”, IEEE Conf. on Fuzzy Systems, 2004.

[4] A. K. Qinand and P. N. Suganthan, “Kernel neural gas algorithms with
application to cluster analysis”, ICPR, 2004.

[5] Raju G., Binu Thomas, Sonam Tobgay, Th. Shanta Kumar, “Fuzzy
Clustering Methods in Data Mining: A Comparative Case Analysis,”
icacte, pp.489-493, 2008

[6] J.C Bezdek, “Pattern Recognition with fuzzy objective function algo-
rithm”, Plenum Press, New york, 1981.

[7] R. J Hathaway, J.W. davenport, and J,C Bezdek, “Relational duals of the
c-means algorithms”, Pattern Recognition, vol. 22, p.205 , 1989.

[8] Pang-Ning Tan, Michael Steinbach, Vipin Kumar,” Introduction to data
mining”, Addison Wesley, 2006.

[9] Luxburg, “U. A tutorial on spectral clustering”, Statistics and Computing
, 2007.

[10] B. Scholkopf, A.J. Smola, and K. R. Muller, “Nonlinear component
analysis as a kernel eigenvalue problem”, Neural Computation, vol 10,
p. 1299-1319,1998.

[11] T. Graepel and K. Obermayer, “Fuzzy topographic kernel clustering”,
5th GI Workshop Fuzzy Neuro Systems, 1998.

[12] Z. D. Wu, W. X. Xie, and J. P. Yu, “Fuzzy c-means clustering algorithm
based on kernel method”, CIMA, 2003.

[13] D.-Q. Zhang and S.-C. Chen, “Fuzzy clustering using kernel method”,
ICCA, 2002.

[14] D. Macdonald and C. Fyfe, “The kernel self-organising map”, KBIESAT,
2000.

[15] R.J.Hathaway, J.M. Huband, and J.C.Bezdek, ”A Kernelized Non-
Euclidean Relational Fuzzy c- Means Algorithm”, FUZZ-IEEE, 2005.

[16] P. Perona and W. T. Freeman, “A Factorization Approach to Grouping”,
5th European Conference on Computer Vision, 1998.

[17] L. Zelnik-Manor, P. Perona, “Self-Tuning spectral clustering”, NIPS,
2004.

[18] Enrique Frias-Martinez, Sherry Y. Chen, and Xiaohui Liu. “Survey of
Data Mining Approaches to User Modeling for Adaptive Hypermedia”,
IEEE Transactions on systems, man and cybernetics, Vol. 36, No. 6,
2006.

[19] F. Alimoglu, E. Alpaydin, "Methods of Combining Multiple Classifiers
Based on Different Representations for Pen-based Handwriting Recog-
nition," TAINN, 1996, Istanbul.

[20] C. Borgelt and R. kruse, “Finding the number of fuzzy clusters by
resampling”, IEEE Conf. on Fuzzy Systems, 2006.

[21] Krishnapuram, R. and Keller, J., "A Possibilistic Approach to Cluster-
ing", IEEE Transactions on Fuzzy Systems, Vol. 1, No. 3, pp. 222-233,
1993.

2527



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /WorkingCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 400
        /LineArtTextResolution 1200
        /PresetName <FEFF005B9AD889E367905EA6005D>
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed true
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


