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Abstract—Atanassov [1][9][10] defined Intuitionistic Fuzzy
Graphs(IFGs) using five types of Cartesian products. In this paper
IFGs so defined are named. Homomorphism, weak isomorphism
and co-weak isomorphism of minmax IFGs are defined with
suitable illustrations. Some of the properties of isomorphism on
IFG and isomorphism on strong IFG are also analyzed.
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maxmin IFG, homomorphism, weak isomorphism and co-weak
isomorphism.

I. INTRODUCTION

The motivation for introducing IFGs is due to [1][9][10].

The first definition and concept of Intuitionistic Fuzzy

Graph(IFG) was introduced by Krassimir T. Atanassov

1994[1]. R.Parvathi and M.G.Karunambigai analyzed the

properties of minmax IFGs in [3][8]. Shannon and

Atanassov[1][9][10] defined intuitionistic fuzzy graphs using

five types of Cartesian products. In this paper IFGs so defined

are named. Some isomorphic properties on IFGs are discussed.

Nagoor Gani, et al., discussed the properties of isomorphism

on fuzzy graphs and properties of isomorphism on strong fuzzy

graphs in [4][5][6] which motivated us to develop the same on

IFGs and on strong IFGs.

The main aim of this study is to build basic definitions of

an IFG which will be useful for the researchers for their future

study in IFGs. Since Atanassov[1][9][10] is the pioneer of our

study, the title of the paper is given so. For graph theoretical

definitions see[2] and throughout this paper all the properties

are analyzed for simple minmax IFG.

II. ATANASSOV’S IFG

Definition 2.1: [1] Let E1 and E2 be two universes and let

A = {〈x, μA(x), νA(x)〉/x ∈ E1}
B = {〈x, μB(x), νB(x)〉/x ∈ E2}
be two IFSs; A −over E1 and B −over E2. Then define

A ⊗1 B = {〈〈x, y〉, μA(x) • μB(y), νA(x) • νB(y)〉|〈x, y〉 ∈
E1 × E2},
A⊗2 B = {〈〈x, y〉, μA(x) + μB(y)− μA(x) • μB(y), νA(x) •
νB(y)〉|〈x, y〉 ∈ E1 × E2},
A⊗3 B = {〈〈x, y〉, μA(x) • μB(y), νA(x) + νB(y)− νA(x) •
νB(y)〉|〈x, y〉 ∈ E1 × E2},
A⊗4B = {〈〈x, y〉,min(μA(x), μB(y)),max(νA(x), νB(y))〉|
〈x, y〉 ∈ E1 × E2},
A⊗5B = {〈〈x, y〉,max(μA(x), μB(y)),min(νA(x), νB(y))〉|
〈x, y〉 ∈ E1 × E2}.

We must note that A ×i B is an IFS, but it is an IFS

over the universe E1 × E2, where ⊗i is one of the five

Cartesian products above, × is the classical Cartesian product

on ordinary sets and • is a crisp product. An Intuitionistic

Fuzzy Graph (IFG) is of the form G = (V,E) where

(i) V = {v1, v2, ..., vn} such that μ1 : V → [0, 1] and ν1 :
V → [0, 1], denotes the degree of membership and non-

membership of the element vi ∈ V respectively and 0 ≤
μ1(vi) + ν1(vi) ≤ 1, for every vi ∈ V, (i = 1, 2, ..., n),

(ii) E ⊆ V × V where μ2 : V × V → [0, 1] and

ν2 : V × V → [0, 1], are such that

μ2(vi, vj) ≤ (μ1(vi) ◦ μ1(vj))
ν2(vi, vj) ≤ (ν1(vi) ◦ ν1(vj)),
denotes the degree of membership and non-membership

of an edge (vi, vj) ∈ E respectively, where, ◦ ∈
{⊗1,⊗2,⊗3,⊗4,⊗5} and 0 ≤ μ2(vi, vj) + ν2(vi, vj) ≤
1, for every (vi, vj) ∈ E.

Notations 2.1: The triple (vi, μ1i, ν1i) denotes the degree

of membership and non-membership of the vertex vi. The

triple (eij , μ2ij , ν2ij) denotes the degree of membership and

non- membership of the edge relation eij = (vi, vj) on V.

Note 2.1: (1) When μ2ij = 0, ν2ij = 0 for some i and j,

then there is no edge between vi and vj .

(2) When either one of the following is true, then there is an

edge between vi and vj

 μ2ij = 0 or ν2ij > 0

 μ2ij > 0 or ν2ij = 0

The IFGs defined by Atanassov[1] by using five Cartesian

products and those IFGs are defined and named here as

follows:

A. Product IFG

An Intuitionistic Fuzzy Graph (IFG) G = (V,E) is said to

be a product IFG if

(i) V = {v1, v2, ..., vn} such that μ1 : V → [0, 1] and ν1 :
V → [0, 1], denotes the degree of membership and non-

membership of the element vi ∈ V respectively and 0 ≤
μ1(vi) + ν1(vi) ≤ 1, for every vi ∈ V, (i = 1, 2, ..., n),

(ii) E ⊆ V × V where μ2 : V × V → [0, 1] and

ν2 : V × V → [0, 1], are such that

μ2(vi, vj) ≤ (μ1(vi) • μ1(vj))
ν2(vi, vj) ≤ (ν1(vi) • ν1(vj)),
denotes the degree of membership and non-membership
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of an edge (vi, vj) ∈ E respectively, where, 0 ≤
μ2(vi, vj) + ν2(vi, vj) ≤ 1, for every (vi, vj) ∈ E.

B. μ−Product IFG

An Intuitionistic Fuzzy Graph (IFG) G = (V,E) is said to

be a μ− product IFG if

(i) V = {v1, v2, ..., vn} such that μ1 : V → [0, 1] and ν1 :
V → [0, 1], denotes the degree of membership and non-

membership of the element vi ∈ V respectively and 0 ≤
μ1(vi) + ν1(vi) ≤ 1, for every vi ∈ V , (i = 1, 2, ..., n),

(ii) E ⊆ V × V where μ2 : V × V → [0, 1] and

ν2 : V × V → [0, 1], are such that

μ2(vi, vj) ≤ (μ1(vi) • μ1(vj))
ν2(vi, vj) ≤ (ν1(vi) + ν1(vj)− ν1(vi) • ν1(vj)),
denotes the degree of membership and non-membership

of an edge (vi, vj) ∈ E respectively, where, 0 ≤
μ2(vi, vj) + ν2(vi, vj) ≤ 1, for every (vi, vj) ∈ E.

C. ν−Product IFG

An Intuitionistic Fuzzy Graph (IFG) G = (V,E) is said to

be a ν− product IFG if

(i) V = {v1, v2, ..., vn} such that μ1 : V → [0, 1] and ν1 :
V → [0, 1], denotes the degree of membership and non-

membership of the element vi ∈ V respectively and 0 ≤
μ1(vi) + ν1(vi) ≤ 1, for every vi ∈ V, (i = 1, 2, ..., n),

(ii) E ⊆ V × V where μ2 : V × V → [0, 1] and

ν2 : V × V → [0, 1], are such that

μ2(vi, vj) ≤ (μ1(vi) + μ1(vj)− μ1(vi) • μ1(vj))
ν2(vi, vj) ≤ (ν1(vi) • ν1(vj)),
denotes the degree of membership and non-membership

of an edge (vi, vj) ∈ E respectively, where, 0 ≤
μ2(vi, vj) + ν2(vi, vj) ≤ 1, for every (vi, vj) ∈ E.

D. Minmax IFG

An Intuitionistic Fuzzy Graph (IFG) G = (V,E) is said to

be a minmax IFG if

(i) V = {v1, v2, ..., vn} such that μ1 : V → [0, 1] and ν1 :
V → [0, 1], denotes the degree of membership and non-

membership of the element vi ∈ V respectively and 0 ≤
μ1(vi) + ν1(vi) ≤ 1, for every vi ∈ V , (i = 1, 2, ..., n),

(ii) E ⊆ V × V where μ2 : V × V → [0, 1] and

ν2 : V × V → [0, 1], are such that

μ2(vi, vj) ≤ min(μ1(vi), μ1(vj))
ν2(vi, vj) ≤ max(ν1(vi), ν1(vj)),
denotes the degree of membership and non-membership

of an edge (vi, vj) ∈ E respectively, where, 0 ≤
μ2(vi, vj) + ν2(vi, vj) ≤ 1, for every (vi, vj) ∈ E.

E. Maxmin IFG

An Intuitionistic Fuzzy Graph (IFG) G = (V,E) is said to

be a maxmin IFG if

(i) V = {v1, v2, ..., vn} such that μ1 : V → [0, 1] and ν1 :
V → [0, 1], denotes the degree of membership and non-

membership of the element vi ∈ V respectively and 0 ≤
μ1(vi) + ν1(vi) ≤ 1, for every vi ∈ V, (i = 1, 2, ..., n),

(ii) E ⊆ V × V where μ2 : V × V → [0, 1] and

ν2 : V × V → [0, 1], are such that

μ2(vi, vj) ≤ max(μ1(vi), μ1(vj))
ν2(vi, vj) ≤ min(ν1(vi), ν1(vj)),
denotes the degree of membership and non-membership

of an edge (vi, vj) ∈ E respectively, where, 0 ≤
μ2(vi, vj) + ν2(vi, vj) ≤ 1, for every (vi, vj) ∈ E.

F. Type n IFG

An Intuitionistic Fuzzy Graph (IFG) G = (V,E) is said to

be a type n IFG if

(i) V = {v1, v2, ..., vn} such that μ1 : V → [0, 1] and ν1 :
V → [0, 1], denotes the degree of membership and non-

membership of the element vi ∈ V respectively and 0 ≤
μ1(vi) + ν1(vi) ≤ 1, for every vi ∈ V, (i = 1, 2, ..., n),

(ii) E ⊆ V × V where μ2 : V × V → [0, 1] and

ν2 : V × V → [0, 1], are such that

μ2(vi, vj) ≤ (μn
1 (vi) • μn

1 (vj))
ν2(vi, vj) ≤ (νn1 (vi) • νn1 (vj)),
denotes the degree of membership and non-membership

of an edge (vi, vj) ∈ E respectively, where, 0 ≤
μ2(vi, vj) + ν2(vi, vj) ≤ 1, for every (vi, vj) ∈ E.

Note 2.2: If n = 1, then the IFG is a type 1 IFG which is

the product IFG, if n = 2, then the IFG is called a type 2 IFG,

if n = 3, then the IFG is called a type 3 IFG and so on .

III. PRELIMINARIES

Definition 3.1: [3] An IFG G : (V,E) is said to be

a strong IFG if μ2(vi, vj) = min(μ1(vi), μ1(vj)) and

ν2(vi, vj) = max(ν1(vi), ν1(vj)), ∀(vi, vj) ∈ E.

Definition 3.2: [3] An IFG G : (V,E) is said to be a

complete IFG if μ2(vi, vj) = min(μ1(vi), μ1(vj)) and
ν2(vi, vj)=max(ν1(vi), ν1(vj)), ∀vi, vj ∈ V .

Definition 3.3: [3] A path P in an IFG is a sequence

of distinct vertices v1, v2, ..., vn such that either one of the

following condition is satisfied.

(i) μ2ij > 0 and ν2ij = 0 for some i and j.

(ii) μ2ij = 0 and ν2ij > 0 for some i and j.

Definition 3.4: [3] The μ−strength of a path

P = v1, v2, ..., vn is defined as min(μ2(vi, vj)) for all i
and j and is denoted by Sμ.

The ν−strength of a path P = v1, v2, ..., vn is defined as

max(ν2(vi, vj)) for all i and j and is denoted by Sν .

Note 3.1: If same edge possesses the value of both

μ−strength and ν−strength, then it is the strength of the path

P . In other words, the strength of a path is defined to be the

weight of the weakest edge of the path. That is the strength

of a path is denoted by (Sμ, Sν).

Definition 3.5: Let G : (V,E) be an IFG. The μ−strength
of the paths connecting any two vertices vi, vj is defined as

max(Sμ) and is denoted by μ∞2ij . The ν−strength of the paths
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connecting any two vertices vi, vj is defined as min(Sν) and

is denoted by ν∞2ij .

Note 3.2: If same edge possesses both the μ−strength and

ν−strength values, then it is the strength of the strongest path

P and it is denoted by SP = (μ∞2ij , ν
∞
2ij) for all i, j = 1, 2, ..., n.

Definition 3.6: An edge (vi, vj) is said to be a strong edge
in an IFG, G = (V,E), if μ2ij≥ μ∞2ij , ν2ij≤ ν∞2ij .

Definition 3.7: A path is said to be a strong path in

G : (V,E) if it consists of only strong edges.

Definition 3.8: [7] The order of an IFG G = (V,E) is

defined to be O(G) = (Oμ(G), Oν(G)) where

Oμ(G) =
∑
vi∈V

μ1(vi)

Oν(G) =
∑
vi∈V

ν1(vi)

Definition 3.9: [7] The size of an IFG is defined to be

S(G) = (Sμ(G), Sν(G))

Sμ(G) =
∑

vi,vj∈V
μ2(vi, vj)

Sν(G) =
∑

vi,vj∈V
ν2(vi, vj)

Definition 3.10: [7] The degree of a vertex vi is defined by

d(vi) = (dμ(vi), dν(vi)) where

dμ(vi) =
∑
vi �=vj

μ2(vi, vj)

dν(vi) =
∑
vi �=vj

ν2(vi, vj)

Definition 3.11: [3] The complement of an IFG G = (V,E)
is an IFG Ḡ = (V̄ , Ē), where

(i) V̄ = V
(ii) μ̄1i = μ1i and ν̄1i = ν1i, for all i = 1, 2, ..., n.
(iii) μ̄2ij = min(μ1i, μ1j) − μ2ij and ν̄2ij =

max(ν1i, ν1j)− ν2ij , for all i, j = 1, 2, ..., n.

Definition 3.12: [3] Consider the two IFGs G1 = (V1, E1)
and G2 = (V2, E2). An isomorphism between two IFGs G1

and G2, denoted by G1
∼= G2,is a bijective map I : V1 → V2

which satisfies

I(vi) = v′i, vi ∈ V

μ1(vi) = μ′1(I(vi)), ν1(vi) = ν′1(I(vi)), ∀vi ∈ V

μ2(vi, vj) = μ′2(I(vi), I(vj)) and
ν2(vi, vj) = ν′2(I(vi), I(vj)), ∀vi, vj ∈ V.

Definition 3.13: A homomorphism between two IFGs

G1 = (V1, E1) and G2 = (V2, E2) is defined as H : V1 → V2

is a map which satisfies

H(vi) = v′i, vi ∈ V

μ1(vi) ≤ μ′1(H(vi)), ν1(vi) ≥ ν′1(H(vi)), ∀vi ∈ V1

μ2(vi, vj) ≤ μ′2(H(vi), H(vj)) and

ν2(vi, vj) ≥ ν′2(H(vi), H(vj)), ∀vi, vj ∈ V.

Definition 3.14: A weak isomorphism between two IFGs

G1 = (V1, E1) and G2 = (V2, E2) is defined as I : V1 → V2

is a bijective homomorphism that satisfies

μ1(vi) = μ′1(I(vi)), ν1(vi) = ν′1(I(vi)), ∀vi ∈ V.

Fig. 1. G1 is isomorphic to G2

Definition 3.15: A co-weak isomorphism between two

IFGs G1 = (V1, E1) and G2 = (V2, E2) is defined as

I : V1 → V2 is a bijective homomorphism that satisfies

μ2(vi, vj) = μ′2(I(vi), I(vj)) and
ν2(vi, vj) = ν′2(I(vi), I(vj)), ∀vi, vj ∈ V1

Definition 3.16: An automorphism of an intuitionistic

fuzzy graph G : (V,E) is an isomorphism of G : (V,E) to

itself.

IV. PROPERTIES OF ISOMORPHISM ON INTUITIONISTIC

FUZZY GRAPHS

Theorem 4.1: For any two isomorphic IFG their order and

size are same.

Proof: If h : G→ G′ is an isomorphism between the IFG

G and G′ with the underlying sets V and V ′ respectively then

μ1(vi) = μ′1(h(vi)) and ν1(vi) = ν′1(h(vi)), ∀vi ∈ V .

μ2(vi, vj) = μ′2(h(vi), h(vj)) and

ν2(vi, vj) = ν′2(h(vi), h(vj)), ∀vi, vj ∈ V .

we know that

order(Gμ) =
∑
vi∈V

μ1(vi) =
∑
vi∈V

μ′1(h(vi)) = order(G′μ)

order(Gν) =
∑
vi∈V

ν1(vi) =
∑
vi∈V

ν′1(h(vi)) = order(G′ν)
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size(Gμ) =
∑

vi,vj∈V
μ2(vi, vj)

=
∑

vi,vj∈V
μ′2(h(vi), h(vj))

= size(G′μ)

size(Gν) =
∑

vi,vj∈V
ν2(vi, vj)

=
∑

vi,vj∈V
ν′2(h(vi), h(vj))

= size(G′ν)

Corollary 4.1: Converse of the above theorem need not be

true.

Example 4.1: Here, Oμ(G) = 1.2, Oν(G) = 1.8, Sμ(G) =

.4, Sν(G) = 1.5, Oμ(G
′) = 1.2, Oν(G

′) = 1.8, Sμ(G
′) = .4,

Sν(G
′) = 1.5.

Fig. 2. Graphs of same order and size but not isomorphic

Remark 4.1: If the IFGs are weak isomorphic then their

order are same. But the IFGs are of same order need not be

weak isomorphic.

Example 4.2:

Fig. 3. Graphs of same order but not weak isomorphic

Remark 4.2: If the IFGs are co-weak isomorphic then their

size are same. But the IFGs are of same size need not be

co-weak isomorphic.

Example 4.3:

Fig. 4. Graphs of same size but not co-weak isomorphic

Theorem 4.2: If G and G′ are isomorphic IFGs then the

degrees of their vertices are preserved.

Proof: Let h : V → V ′ be an isomorphism of G and G′.
By the definition of an isomorphism,

μ2(vi, vj) = μ′2(h(vi), h(vj)), ∀vi, vj ∈ V .

ν2(vi, vj) = ν′2(h(vi), h(vj)), ∀vi, vj ∈ V .

dμ(vi) =
∑
vi �=vj

μ2(vi, vj)

=
∑
vi �=vj

μ′2(h(vi), h(vj))

= dμ[h(vi)]

dν(vi) =
∑
vi �=vj

ν2(vi, vj)

=
∑
vi �=vj

ν′2(h(vi), h(vj))

= dν(h(vi))

Corollary 4.2: Converse of the above theorem need not be

true.

Example 4.4: Consider the two graphs G : (V,E) and G′ :
(V ′, E′) which preserving the degree of vertices but G and G′

are not isomorphic.

Fig. 5. Graphs preserving the degree of the vertices but not isomorphic

Theorem 4.3: Isomorphism between IFG is an equivalence

relation.

Proof: Let G : (V,E), G′ : (V ′, E′), G′′ : (V ′′, E′′) be

IFGs.

(i) Reflexive:
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Consider the identity map h : V → V , such that

h(vi) = vi, ∀vi ∈ V (1)

This h is bijective map satisfying

μ1(vi) = μ1(h(vi)) (2)

ν1(vi) = ν1(h(vi)), ∀vi ∈ V (3)

μ2(vi, vj) = μ2(h(vi), h(vj)) (4)

ν2(vi, vj) = ν2(h(vi), h(vj)), ∀vi, vj ∈ V (5)

Hence h is an isomorphism of an IFG onto itself.

(ii) Symmetric:

Let h : V → V ′,
h(vi) = v′i, vi ∈ V (6)

be an isomorphism of G onto G′ satisfying,

μ1(vi) = μ′1(h(vi)), ν1(vi) = ν′1(h(vi)), ∀vi ∈ V (7)

μ2(vi, vj) = μ′2(h(vi), h(vj)) and (8)

ν2(vi, vj) = ν′2(h(vi), h(vj)), ∀vi, vj ∈ V (9)

from equation (6) we have h−1(v′i) = vi, ∀v′i ∈ V,
Therefore,

μ1(h
−1(v′i)) = μ′1(v

′
i), ν1(h

−1(v′i)) = ν′1(v
′
i), ∀v′i ∈ V ′ (10)

μ2(h
−1(v′i), h

−1(v′j)) = μ′2(v
′
i, v

′
j) and (11)

ν2(h
−1(v′i), h

−1(v′j)) = ν′2(v
′
i, v

′
j), ∀v′i, v′j ∈ V ′ (12)

which implies h−1 : V ′ → V is a bijective map and G′ ∼= G.
(iii) Transitive:

Let h : V → V ′ and g : V ′ → V ′′ be two isomorphisms of

the IFGs G onto G′ and G′ onto G′′ respectively.

Then we have to prove that g ◦ h is a one − one onto map

from V to V ′′,
where (g ◦ h)(vi) = g(h(vi)), ∀vi ∈ V .

As h is an isomorphism, we have, h(vi) = v′i, ∀vi ∈ V .

μ1(vi) = μ′1(h(vi)), ν1(vi) = ν′1(h(vi)), ∀vi ∈ V (13)

μ2(vi, vj) = μ′2(h(vi), h(vj)) and (14)

ν2(vi, vj) = ν′2(h(vi), h(vj)), ∀vi, vj ∈ V (15)

using equation (6)

μ1(vi) = μ′1(v
′
i), ν1(vi) = ν′1(v

′
i) (16)

μ2(vi, vj) = μ′2(v
′
i, v

′
j) and (17)

ν2(vi, vj) = ν′2(v
′
i, v

′
j) (18)

As g is an isomorphism from V ′ to V ′′, we have,

g(v′i) = v′′i , v
′
i ∈ V ′ and

μ′1(v
′
i) = μ′′1(g(v

′
i)), ν

′
1(v

′
i) = ν′′1 (g(v

′
i)), ∀v′i ∈ V ′ (19)

μ′2(v
′
i, v

′
j) = μ′′2(g(v

′
i), g(v

′
j)) and (20)

ν′2(v
′
i, v

′
j) = ν′′2 (g(v

′
i), g(v

′
j)), ∀v′i, v′j ∈ V ′ (21)

from equations (16) and (19) and using h(vi) = v′i, vi ∈ V ,

we get
μ1(vi) = μ′1(v

′
i) = μ′′1(g(v

′
i)),

μ1(vi) = μ′′1(g(h(vi))), ∀vi ∈ V

ν1(vi) = ν′1(v
′
i) = ν′′1 (g(v

′
i)),

ν1(vi) = ν′′1 (g(h(vi))), ∀vi ∈ V

from equations (17), (18), (20) and (21), we get

μ2(vi, vj) = μ′2((v
′
i), (v

′
j))

= μ′′2(g(v
′
i), g(v

′
j)) , ∀v′i, v′j ∈ V ′

= μ′′2(g(h(vi)), g(h(vj))), ∀vi, vj ∈ V

ν2(vi, vj) = ν′2((v
′
i), (v

′
j))

= ν′′2 (g(v
′
i), g(v

′
j)) , ∀v′i, v′j ∈ V ′

= ν′′2 (g(h(vi)), g(h(vj))), ∀vi, vj ∈ V

Therefore g ◦ h is an isomorphism between G and G′′.
Hence isomorphism between IFGs is an equivalence relation.

V. PROPERTIES OF ISOMORPHISM ON STRONG

INTUITIONISTIC FUZZY GRAPHS

Theorem 5.1: If G ∼= G′ then G is a strong IFG if and only

if G′ is also a strong IFG .

Proof: Let G = (V,E) and G′ = (V ′, E′) be an IFG. If

G ∼= G′ then there exists an isomorphism I : V → V ′, which

is bijective that satisfies

μ1(vi) = μ′1(I(vi)), ν1(vi) = ν′1(I(vi)), ∀vi ∈ V (22)

μ2(vi, vj) = μ′2(I(vi), I(vj)) and (23)

ν2(vi, vj) = ν′2(I(vi), I(vj)), ∀vi, vj ∈ V (24)

G is a strong IFG if and only if

μ2(vi, vj) = min(μ1(vi), μ1(vj)),

ν2(vi, vj) = max(ν1(vi), ν1(vj)), ∀(vi, vj) ∈ E

if and only if

μ′2(I(vi), I(vj)) = min(μ′1(I(vi)), μ′1(I(vj)))
ν′2(I(vi), I(vj)) = max(ν′1(I(vi)), ν′1(I(vj))), ∀(vi, vj) ∈ E

if and only if

μ′2(v′i, v
′
j) = min(μ′1(v′i), μ

′
1(v

′
j))

ν′2(v′i, v
′
j) = max(ν′1(v′i), ν

′
1(v

′
j)), ∀(v′i, v′j) ∈ E′

if and only if G′ is also a strong IFG.

Theorem 5.2: If G is co-weak isomorphic with a strong

IFG G′, then G is also a strong IFG.

Proof: If G is co-weak isomorphic with G′, then there

exists a co-weak isomorphism I : V → V ′ which is bijective

that satisfies

μ1(vi) ≤ μ′1(I(vi)), ν1(vi) ≥ ν′1(I(vi)), ∀vi ∈ V (25)

μ2(vi, vj) = μ′2(I(vi), I(vj)) and (26)

ν2(vi, vj) = ν′2(I(vi), I(vj)), ∀vi, vj ∈ V (27)
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Since G2 is a strong IFG, we’ve

μ′2(I(vi), I(vj)) = min(μ′1(I(vi)), μ
′
1(I(vj)))

ν′2(I(vi), I(vj)) = max(ν′1(I(vi)), ν
′
1(I(vj))), ∀vi, vj ∈ V

Now we consider,

min(μ′1(I(vi)), μ
′
1(I(vj))) = μ′2(I(vi), I(vj))

= μ2(vi, vj)

≤ min(μ1i, μ1j)

≤ min(μ′1(I(vi)), μ
′
1(I(vj))), ∀(vi, vj) ∈ E

⇒ μ2(vi, vj) = min(μ1i, μ1j), ∀(vi, vj) ∈ E

Now,we consider,

max(ν′1(I(vi)), ν
′
1(I(vj))) = ν′2(I(vi), I(vj))

= ν2(vi, vj)

≤ max(ν1i, ν1j)

≤ max(ν′1(I(vi)), ν
′
1(I(vj))), ∀(vi, vj) ∈ E

⇒ ν2(vi, vj) = max(ν1i, ν1j), ∀(vi, vj) ∈ E

Hence G is a strong IFG.

Theorem 5.3: G = (V,E) is a strong IFG if and only if Ḡ
=(V̄ , Ē) is also a strong IFG

Proof: G is a strong IFG if and only if

μ2(vi, vj) = min(μ1(vi), μ1(vj)),

ν2(vi, vj) = max(ν1(vi), ν1(vj)), ∀(vi, vj) ∈ E

if and only if

μ̄2(vi, vj) =

{
0, ∀(vi, vj) ∈ E

min(μ1i, μ1j), ∀(vi, vj) /∈ E

ν̄2(vi, vj) =

{
0, ∀(vi, vj) ∈ E

max(ν1i, ν1j), ∀(vi, vj) /∈ E

Hence,

μ̄2(vi, vj) = min(μ1(vi), μ1(vj)),

ν̄2(vi, vj) = max(ν1(vi), ν1(vj)), ∀(vi, vj) ∈ Ē

if and only if Ḡ = (V̄ , Ē) is a strong IFG.

Theorem 5.4: If G = (V,E) is an IFG then

Sμ(G) + Sμ(Ḡ) ≤ 2
∑
vi �=vj

μ2(vi, vj)

Sν(G) + Sν(Ḡ) ≤ 2
∑
vi �=vj

ν2(vi, vj).

Proof: By definition, order of G = order of Ḡ.

That is

Oμ(G) = Oμ(Ḡ), Oν(G) = Oν(Ḡ)

μ2(vi, vj) ≤ min(μ1(vi), μ1(vj)), (28)

ν2(vi, vj) ≤ max(ν1(vi), ν1(vj)), ∀(vi, vj) ∈ E (29)

μ̄2(vi, vj) = min(μ1i, μ1j)− μ2ij , ∀vi, vj ∈ V (30)

μ2(vi, vj) + μ̄2(vi, vj) = min(μ1i, μ1j) (31)

Also,

μ̄2(vi, vj) ≤ min(μ1i, μ1j) (32)

From equation(28),(31) and (32), we get

min(μ1i, μ1j) = μ2(vi, vj) + μ̄2(vi, vj)

≤ 2 min(μ1i, μ1j), ∀vi, vj ∈ V

μ2(vi, vj) + μ̄2(vi, vj) ≤ 2 min(μ1i, μ1j), ∀vi, vj ∈ V

Taking summation on both sides, weget∑
vi,vj∈V

μ2(vi, vj) +
∑

vi,vj∈V
μ̄2(vi, vj)

≤ 2
∑

vi,vj∈V
min(μ1i, μ1j)

By the definition of size, we get

Sμ(G) + Sμ(Ḡ) ≤ 2
∑

vi,vj∈V
min(μ1i, μ1j)

= 2
∑

vi,vj∈V
μ2(vi, vj)

Now,

ν̄2(vi, vj) = max(ν1i, ν1j)− ν2ij , ∀vi, vj ∈ V (33)

ν2(vi, vj) + ν̄2(vi, vj) = max(μ1i, μ1j) (34)

Also,

ν̄2(vi, vj) ≤ max(ν1i, ν1j) (35)

From equation(29),(34) and (35), we get

max(ν1i, ν1j) = ν2(vi, vj) + ν̄2(vi, vj)

≤ 2 max(ν1i, ν1j), ∀vi, vj ∈ V

ν2(vi, vj) + ν̄2(vi, vj) ≤ 2 max(ν1i, ν1j), ∀vi, vj ∈ V

Taking summation on both sides, we get∑
vi,vj∈V

ν2(vi, vj) +
∑

vi,vj∈V
ν̄2(vi, vj)

≤ 2
∑

vi,vj∈V
max(μ1i, μ1j)

By the definition of size, we get

Sν(G) + Sν(Ḡ) ≤ 2
∑

vi,vj∈V
max(μ1i, μ1j)

= 2
∑

vi,vj∈V
ν2(vi, vj).

VI. CONCLUSION

This paper presents the basic definitions and some prop-

erties of isomorphism on strong IFG. We have shown that if

G : (V,E) is a strong IFG then its complement is also strong

IFG and vice-versa. We’ve also given the boundary conditions

for μ− size and ν− size of an IFG. The main motivation of

this paper is to encourage IFG researchers to pursue similar

ideas in the field in order to advance the use of IFGs in all

other fields.
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