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Abstract—In this research, focusing on two-level linear pro-
gramming problems involving fuzzy random variables, we pro-
pose a new decision making model through possibility measures.
Taking into account vagueness of judgments of decision makers
for each objective function, fuzzy goals are introduced. Noting
that the degree of the possibility fluctuates stochastically, we
propose a probability maximization model in stochastic pro-
gramming. Through probability maximization, the transformed
stochastic two-level programming problem can be reduced to
a deterministic one. Interactive fuzzy programming to derive a
satisfactory solution for the decision maker at the upper level in
consideration of the cooperative relation between decision makers
is presented.

Index Terms—two-level programming; possibility; probability
maximization; interactive fuzzy decision making

I. INTRODUCTION

In the real world, the coefficients of objectives or constraints
in problems are rather uncertain than constant. In order to
deal with such uncertainty, stochastic programming [3] and
fuzzy programming [21] were considered. They are useful
tools for the decision making under a stochastic environment
or a fuzzy environment, respectively. Most studies in respect
to mathematical programming take account of either fuzziness
or randomness. However, in practice, decision makers are
faced with the situations where both fuzziness and randomness
exist. In the case where some expert estimates coefficients
of objective functions or constraints with uncertainty, they
do not always represent the coefficients as random variables
or fuzzy sets but as the values including both fuzziness and
randomness. In such a case, it is important to realize that
simultaneous considerations of both fuzziness and randomness
would be required. A fuzzy random variable [7] is one of the
mathematical concepts dealing with fuzziness and randomness
simultaneously. Let us consider the situation that a profit
per unit crop acreage is dependent on weathers, i. e., fine,
cloudy, rain, etc., which are considered as scenarios that
occur randomly. When a realized profit under each scenario
is estimated as a fuzzy set or fuzzy number, it turns out
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that the profit is expressed by a fuzzy random variable.
Studies on linear programming problems with fuzzy random
variable coefficients, called fuzzy random linear programming
problems, were initiated by Wang and Qiao [19], Qiao, Zhang
and Wang [11] as seeking the probability distribution of the
optimal solution and optimal value. A brief survey of major
fuzzy stochastic programming models was found in the paper
by Luhandjula [9].

Meanwhile, we often encounter situations where there are
two or more decision makers in an organization with a hierar-
chical structure, and they make decisions in turn or at the same
time so as to optimize their objective functions. In particular,
consider a case where there are two decision makers; one of
the decision makers first makes a decision, and then the other
who knows the decision of the opponent makes a decision.
Such a situation is formulated as a two-level programming
problem [13]. In the context of two-level programming, the
decision maker at the upper level first specifies a strategy, and
then the decision maker at the lower level specifies a strategy
so as to optimize the objective with full knowledge of the
action of the decision maker at the upper level. In conventional
multi-level mathematical programming models employing the
solution concept of Stackelberg equilibrium, it is assumed
that there is no communication among decision makers, or
they do not make any binding agreement even if there exists
such communication [1], [16], [17]. Compared with this, for
decision making problems in such as decentralized large firms
with divisional independence, it is quite natural to suppose that
there exists communication and some cooperative relationship
among the decision makers [13].

Assuming that the decision makers essentially cooperate
with each other, Sakawa et al. [14], [15] have proposed
interactive fuzzy programming for two-level or multi-level
linear programming problems to obtain satisfactory solution
for decision makers by eliminating the fuzzy goals for the
decision variables.

Under these circumstances, in this research, assuming coop-
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erative behavior of the decision makers, we consider solution
methods for decision making problems in hierarchical orga-
nizations under fuzzy random environments. To deal with the
formulated two-level linear programming problems involving
fuzzy random variables, possibility measures are introduced
and a stochastic two-level linear programming problem is
defined for guaranteeing the degree of realization of the prob-
lem. Taking into account vagueness of judgments of decision
makers, fuzzy goals are introduced and the stochastic two-
level linear programming problem is transformed into the
problem to maximize the satisfaction degree for each fuzzy
goal. Following probability maximization, the transformed
stochastic two-level programming problem can be reduced to
a deterministic one. Interactive fuzzy programming to obtain a
satisfactory solution for the decision maker at the upper level
in consideration of the cooperative relation between decision
makers is presented. It is shown that all of the problems to be
solved in the proposed interactive fuzzy programming can be
easily solved by the simplex method or the combined use of
the bisection method and the simplex method.

II. FuzzZY RANDOM TWO-LEVEL LINEAR PROGRAMMING
PROBLEM

Fuzzy random variables, first introduced by Kwakernaak
[7], have been defined in various ways [7], [10], [6], [8]. For
example, as a special case of fuzzy random variables given
by Kwakernaak, Kruse and Meyer [6] defined a fuzzy random
variable as follows.

Definition 1 (Fuzzy random variable): Let (S0, B, P) be a

probability space, F'(R) the set of fuzzy numbers with com-
pact supports and X a measurable mapping 2 — F(R). Then
X is a fuzzy random variable if and only if given w € €,
X (w) is a random interval for any « € (0, 1], where X, (w)
is an a-level set of the fuzzy set X (w).
Although there exist some minor differences in several defini-
tions of fuzzy random variables, fuzzy random variables are
considered to be random variables whose observed values are
fuzzy sets.

In this paper, we deal with two-level linear programming
problems involving fuzzy random variable coefficients in ob-
jective functions formulated as:

minimize 2z (21, x2) = C1121 + C12x2
for DM1

minimize 2o(x1,x2) = Corx; + Corxy (D
for DM2

subject to Ayxy + Asxo < b
1 >0, £ >0

where x is an n; dimensional decision variable column vector
for the DM at the upper level (DM1), x5 is an no dimensional
decision variable column vector for the DM at the lower level
(DM2), z(x1,x2) is the objective function for DM1 and
zo(@1, x2) is the objective function for DM2.

It should be emphasized here that randomness and fuzziness
of the coefficients are denoted by the “dash above” and “wave
above” i.e., “~” and “~ 7, respectively. In this formulation,
x is an ny dimensional decision variable column vector for
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Fig. 1. An example of the membership function BE, . (+) of a fuzzy random
ik

variable C k-

the DM at the upper level (DM1), x5 is an ny dimensional
decision variable column vector for the DM at the lower
level (DM2), z1(x1,x2) is the objective function for DM1
and zy(x1,x2) is the objective function for DM2. In (1),
Clj, l = 1,2, j = 1,2 are vectors whose elements Cljk,
k=1,2,...,n; are fuzzy random variables characterized by
the following membership function:

L<dlﬁk_7-) ’ ifTSJljk
Bijk
pe (1) =

ik

—d
R <Tl]k) ,  otherwise
Vijk

where L : [0,00) — [0,1] is a monotone decreasing function
defined as L(t) = max{0,A(t)} and R : [0,00) — [0,1]
is also a monotone decreasing function defined as R(t) =
max{0, p(t)}. Here, A(t) and p(t) are monotone decreasing
functions which satisfy A(0) = 1 and p(0) = 1, respectively.
Furthermore, parameters dy;x, ;1 and vk Tepresent a mean
value, the left spread and the right spread of C; ik Tespectively.
In this paper, parameters czljk are random variables defined as
dijr = dj;j, +t1d7;,,, using random variables #; with mean M,,
[ = 1,2. This definition of random variables is one of the
simplest randomization modeling of coefficients using dilation
and translation of random variables, as discussed by Stancu-
Minasian [18] and Katagiri et al. [5].

Fig. 1 illustrates an example of the membership function of
a fuzzy random variable Cj.

Fuzzy random two-level linear programming problems for-
mulated as (1) are often seen in actual decision making
situations. For example, consider a supply chain planning
[12] where the distribution center (DM1) and the production
part (DM2) hope to minimize the distribution cost and the
production cost respectively. Since coefficients of these objec-
tive functions are often affected by the economic conditions
varying at random, they can be regarded as random variables.
In addition, since observed values of them are often ambiguous
and estimated by fuzzy numbers, they are expressed by fuzzy
random variables. Then, the supply chain planning problem
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Fig. 2. An example of the membership function p & m(~) of the objective
function of DMI. !

can be formulated as a two-level linear programming problem
involving fuzzy random variable coefficients like (1).

Since each coefficient C‘ljk is a fuzzy random variable
defined as a random variable whose observed values are L-R
fuzzy numbers, each objective function C;x = Cj1x1+C 2o
is also a fuzzy random variable whose observed values are
fuzzy numbers characterized by the following membership

function.
dix — _
L(lw“> Cifu < d
Bz
’uCla: El
R (W> , otherwise
YT
An example of the membership function of the objective
function of DM is shown in Fig. 2.

III. PROBABILITY MAXIMIZATION MODEL THROUGH
POSSIBILITY MEASURES

Problem (1) is not a well-defined problem due to both
fuzziness and randomness of the coefficients, and it cannot
be minimized in the sense of deterministic mathematical pro-
gramming. Therefore, it is necessary to interpret the problem
from some point of view and to transform the problem into the
deterministic equivalent one. Katagiri and Ishii [4] proposed a
fuzzy random programming model using a possibility measure
[20] for a linear programming problem where the right-hand
side of a constraint is a fuzzy random variable. In this research,
assuming that the decision makers are interested in the prob-
ability that each objective function attains a goal value rather
than the expectation or variance of each membership function,
we consider the case where the decision maker prefers to
maximize the degree of possibility that the objective function
value satisfies the fuzzy goal.

A. Fuzzy goal

A fuzzy goal for the objective is characterized by the
following linear membership function:

1 (y<g)
pe, W) =9 9l (9 <y<g))
0 (>g)

where ¢;(y) is a monotone decreasing function.

B. Possibility and stochastic programming approach

Using the concept of a possibility measure, we define
a degree of possibility that the objective function value Y
satisfies a fuzzy goal G by

H?z (éz) = sl;p min{ui (v), Hé, (v)}

where 11 denotes a possibility measure. Then, if the decision
maker prefers to maximize the degree of possibility, problem
(1) is reformulated as

maximize II-, (G

for DM1 c 1m( 2
maximize II: (Ga)

for DM2 Cox? . (2
subject to Ajxy + Asxs < b

1 >0, z2>0

The degree of possibility is expressed as the crossing point of
two membership functions.

Since 11 élw(él)’l = 1,2 varies randomly due to the random-
ness of ¢;, problem (2) can be regarded as a stochastic linear
programming problem. In stochastic programming, there are
some major models [3]: an expectation optimization model, a
variance minimization model and a probability maximization
model.

In this research, we focus on the probability maximization
model, which is to maximize the probability that the profit
is greater than or equal to a certain permissible level and
formulate the following problem:

maximize Pr[Ill=, (G1) > hy]
for DM1 Cixz'
o N S
maximize Pr[HCQ:L'(GQ) > ha] 3)

Arxy + Asza < b
1 >0, x>0

subject to

where Pr[-] denotes probability and h; is a goal value, called
a permissible level, for the membership function g (-).

Since 1 (+),I = 1,2 are monotone decreasing, (3) can be
rewritten as:

.. - ~ < *
maximize Pl o (Gn) < u, ()]

imi = < u*
maximize Pr{llg, (G2) < g, (h2)] @)
subject to Ajxy + Asxs < b

1 >0, 23>0

where %, (+) is a pseudo-inverse function of ps, () defined
by s, (h1) = sup{rlug, (r) > hi} for hy € (0,1].

Let L*(-) be a pseudo-inverse function of L(-) defined by
L*(h;) = sup{r|L(r) > h;,r > 0} Then the left side of the
first and second constraint in (4) can be expressed as:

Prlllg, | (Gr) <y (b)) = Prl{di—L* ()i} < wi, (o).

FroIn the assumption, d; is a random variable vector defined
as d; = dj +1; - d? using a random variable 7; with mean M.
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Provided that dix > 0, = 1,2, Let !, and zfmin be optimal solutions to (6) and
minimal objective function values to (6), respectively.

[Hél (Gl) = Il Observing that (6) are linear programming problems,
=Pr[{d; — L*())B,}x < Mé ()] they can be easily solved by some linear program-

ming technique like the simplex method.

_ 2 *
= Prl{(dy +fid}) — L* () (B; + 0B}z < “G (ha)] Step 2:Ask DMs to specify the membership functions p(+),
{L* h)B; — dj }x + He, (h) I = 1,2 by considering the obtained values of z” .,
1=1,2.
{di = L*(h)B} }a

Step 3:Ask DM1 to determine the permissible range
[Amin, Amax] and the initial value of permissible

levels h;, [ =1, 2.
Step 4:For the specified values of h;, [ = 1, 2, the following

“(ho)Bl —di Y+ p ()
{d2 L*(h)B} Y

Z Z L*(hl>{/8l1jk - dlljk}xjk + M*@l (h1)

- . L™ (h){B; — di}x + pg ()
o j=1 k=1 . . 1 &
-1, mpipige min {1 (BT
&? *(hy) T subject to  Ajxy + Asxa < b
;kzl{ e l ﬁ“k} o x>0, z2>0
@)
where Tl() is a probability distribution of t'l for DML. ' In view of (5), this problem is rewritten as:
In this way, (4) can be transformed int the following
problem: maximize v
maximize pi(xi,T2) = subject to
1(®1, T2 * "
forbmL (—di + L*(h1)B, )@ + 1g, (ha) > 1t (v)
J 1 2 T 2 - M1
Z Z L*(hl){ﬂ%jk — d{jk}xjk + u’(‘—;l(hl) ) (d1* L (h1)ﬂ1):1;*
7, | == (=dy + L*(h2)Bs)z + pg, (he) > w3(v)
S L ) 2 (d, - L' (hz)P3)a o
1ik VPLRIEIk Az + Ao < b
j=1k=1
1 >0, 22>0
maximize po(xi,T2) = . ®)
for DM2 equivalently,
2 N
SN L () (B — by + s, (he) maximize v
T, | =Lr=t subject to
’ 2 o (~dj + LBz i
* 1 :u‘l( 1) > T (%
Z Z 2jk L*( h2)521k}x1k (d2 L*(h )51) > T7 (pi(v))
=hk=l (=d; Jrg (hZ)ﬁz)m + p5(ha) > Ty (15 (v))
: (dy — L7 (h2)B3) -
subject to Ajxy + Asxs < b Avzy + Az < b 2
120, 22 >0 x>0, x>0

5
IV. INTERACTIVE FUZZY PROGRAMMING

Observing the transformed problem (5) is a deterministic
two-level programming problem, we can now construct the
interactive algorithm to derive a satisfactory solution for the
decision maker at the upper level in consideration of the
cooperative relationships between DM1 and DM2.

Interactive fuzzy programming

Step 1:In order to calculate the individual minimum of
E{z/(x1,x2)}, solve the following problems:

minimize E{z;(x1,x2)} = (dll + my dl2) x
subject to Ajx; + Asxo < b ,
) > 0, o > 0
1=1,2.
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(6

maximin problem is solved:

€))
where T}*(-) is a pseudo-inverse function of Tj(-).
Obtaining the optimal value of v to this problem is
equivalent to finding the maximum of v so that the
set of feasible solutions to (9) is not empty. Although
this problem is a nonlinear programming problem, we
can easily find the maximum of v by the following
algorithm based on the bisection method and the
simplex method since the constraints of (9) are linear
if v is fixed.
The combined use of the bisection method and
the simplex method
4-1  Setl:=0and v := 0. Test whether the set of
feasible solutions to (9) for v = 0 is empty
or not using the phase one of the simplex
method. If it is empty, DMs must reassess




membership functions, a or h;. Otherwise,
let Vgeasible := v and go to 4-2

4-2  Set v := 1. Test whether the set of feasible
solutions to (9) for v = 1 is empty or not
using the phase one of the simplex method.
If it is not empty, v = 1 is the optimal value
v* to (9) and the algorithm is terminated.

Otherwise, the maximum of v so that the

set of feasible solutions to (9) is not empty

exists between 0 and 1. Let Uinfeasible := v
and go to 4-3.

4-3  Set v := ('Ufeasible + Uinfeasible)/2, l=1+1
and go to 4-4.

4-4  Test whether the set of feasible solutions
to (9) for v determined in 4-3 is empty
or not using the phase one of the simplex
method. Observe that the sensitivity analysis
technique can be applied for this test. If it is
not empty and (1/2)! < ¢, the current value
of v is regarded as the optimal value v* to
(9) and the algorithm is terminated. If it is
not empty and (1/2)! > ¢, let Uteasiple := v
and return to 4-3. On the other hand, if it is
empty, let Vinfeasible := v and return to 4-3.

Then, for the obtained optimal value v*, we can
determine the corresponding optimal value x* by
solving the following linear fractional programming
problem:

maximize
subject to

p1(T1,T2)

pa(x1,x2) > pj(v*) (10)
A1z + Ao < b

X1 Z 0, o Z 0

It should be noted here that linear fractional pro-
gramming problems can be reduced to equivalent
linear programming problems through the variable
transformation method by Charnes and Cooper [2].
Therefore, we can obtain an optimal solution to (10)
by some linear programming technique.

Step 5:;The DM1 is supplied with the current values of

w1 (p1(xy, x3)) and po(pe(xy, x3)) for the optimal
solution * calculated in step 4. If DM1 is satisfied
with the current membership function values, the
interaction process is terminated. If DM1 is not
satisfied and desires to update h;, | = 1,2, ask
DM1 to update h; and return to step 4. Other-
wise, ask DM1 to specify the minimal satisfactory
level & for yu1(p1 (21, ®2)) and the permissible range
[Amin, Amax] of the ratio of membership functions
A = pip(pa(1, 22))/ pa (1 (1, 2)).

Observe that the larger the minimal satisfactory level
is assessed, the smaller the DM2’s satisfactory degree
becomes. Consequently, in order to take account of
the overall satisfactory balance between both decision
makers, DM1 needs to compromise with DM2 on
DM1’s own minimal satisfactory level. To do so,

the permissible range of the ratio of the satisfactory
degree of DM2 to that of DM1 is helpful.

Step 6:For the specified value of 5, solve the follow-
ing problem to maximize the membership function
ta(p2(x1,x2)) of DM2 considering the constraint
that the membership function puq(pi(x1,x2)) of

DM1 must be greater than or equal to §.

maximize po(p2(x1,®2))

subject to pu1 (p1 (1, 22)) >0
Ajxy + Asxs < b
1 >0, >0

1)

This problem can be rewritten as:

maximize po(x1,T2)

subject to p1 (@1, x2) > 115 (9)
Arxy + Asxze < b
120, z2>0

12)

Observing that problem (12) is a linear fractional
programming problem, it can be easily solved by
some linear programming technique through the vari-
able transformation method by Charnes and Cooper
[2] like (10). For the optimal solution x* to (11),
calculate py (x%, %), p2(xf, x3) and A.

Step 7DM1 is supplied with the current values of
p1(xy, x3), p2(x;, x3) and A calculated in step 6.
If A € [Anin, Amax] and DML1 is satisfied with the
current membership function values for the optimal
solution «*, the interaction process is terminated.
Otherwise, ask DM1 to update the permissible level
h;, I = 1,2 or the minimal satisfactory level 5, and
return to step 6.

In the proposed algorithm, Ay;, and Ay, are usually set
to be less than 1 since pi(x},x5) should be greater than
po(xf, x5) because of the priority of DM1. In Step 6, if
A < Apin, 1€, pl(wi‘,wg) is much greater than po(x7, x3),
DM1 will decrease d to improve po(x},x3) and increase
A. Conversely, if Apax < A, ie., pi(x],xs) is slightly
greater or less than py(x},x3), DM1 will increase 5 to
improve p;(x},x3) and decrease A. On the other hand, if
DM1 decreases (increases) h;, [ = 1,2, both p; (a7, x3) and
pa(xi, x3) would increase (decrease). With this observation, it
can be expected that desirable values of py (x7, x3), p1(x], x3)
and A will be obtained through a series of update procedures
of &, hy, I = 1,2 with DML.

V. CONCLUSION

In this research, assuming cooperative behavior of the
decision makers, interactive decision making methods in hier-
archical organizations under fuzzy random environments were
considered. For the formulated fuzzy random two-level linear
programming problems, possibility measures were introduced
and a stochastic two-level linear programming problem was
defined for guaranteeing the degree of realization of the
problem. Considering the vague natures of decision makers’
judgments, fuzzy goals were introduced and the stochastic
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two-level linear programming problem was transformed into
the problem to maximize the satisfaction degree for each
fuzzy goal. Through the possibility maximization model, the
transformed stochastic two-level programming problem was
reduced to a deterministic one. Interactive fuzzy programming
to obtain a satisfactory solution for the decision maker at the
upper level in consideration of the cooperative relation between
decision makers was presented. In near future, we will report
the result of the application of the proposed method to a
numerical example to derive a satisfactory solution.
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