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Abstract—This paper considers multiobjective linear program-
ming problems where each coefficient of the objective functions
is expressed by a random fuzzy variable. A new decision making
model is proposed in order to maximize both of possibility and
probability with respect to the objective function values. An
interactive algorithm is constructed to obtain a satisficing solution
for a decision maker from among a set of Pareto optimal solutions.
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I. INTRODUCTION

In the real-world, we are often faced with decision mak-
ing problems under uncertainty. Recently, many researchers
focus on mathematical programming problems including not
only randomness but fuzziness. One of mathematical concepts
dealing with both fuzziness and randomness is a fuzzy random
variable [1], [2], and its applications are discussed [3], [4],
[5], [6], [7], [8].

On the other hand, very recently, a random fuzzy variable
[11] draws attention as a new tool for decision making under
uncertainty. For example, parameters such as mean and vari-
ance of random variables may not be estimated as constants.
In this case, random variables with fuzzy mean are expressed
as random fuzzy variables.

Some studies focus on applications of random fuzzy vari-
able [9], [10], [11], [12], [13]. These previous studies discussed
a single objective case. However, when considering the real-
world decision making situation that there are several con-
flicting objective functions, it needs to tackle a multiobjective
case under random fuzzy environments. Therefore, this article
develops a new multiobjective random fuzzy programming
model which obtains a satisficing solution from among a Pareto
optimal solution for a decision maker.

II. RANDOM FUZZY VARIABLE

In the framework of stochastic programming [14], [15],
[16], it is implicitly assumed that the uncertain parameter
which well represents the stochastic factor of real systems can
be definitely expressed as a single random variable. However,
from the expert’s experimental point of view, the experts may
think of a collection of random variables to be appropriate
to express stochastic factors rather than only a single random
variables. In this case, reflecting the expert’s conviction degree
that each of random variables properly represents the stochastic
factor, it would be quite reasonable to assign the different
degrees of possibility to each of random variables. For handling
such an uncertain parameter, a random fuzzy variable was
defined by [11] as a function from a possibility space to a
collection of random variables, which is considered to be an
extended concept of fuzzy variable [17]. Considering that the
fuzzy variables can be viewed as another way of dealing with
the imprecision which was originally represented by fuzzy sets,
the random fuzzy variable can be defined as an extension of
fuzzy sets using the concept of membership function, instead
of fuzzy variables. In this paper, we define the random fuzzy
variables along the fusion line of membership functions and
random variables.

Definition 1 (Random fuzzy variable) Let Γ be a collection
of random variables. Then, a random fuzzy variable ¯̃𝐶 is
defined by its membership function

𝜇 ¯̃𝐶
: Γ→ [0, 1]. (1)

In Definition 1, the membership function 𝜇 ¯̃𝐶
assigns each

random variable 𝛾 ∈ Γ to a real number 𝜇 ¯̃𝐶
(𝛾). It should

be noted here that if Γ is defined as ℝ, then (1) becomes
equivalent to the membership function of an ordinary fuzzy
set. In this sense, a random fuzzy variable can be regarded as
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an extended concept of fuzzy sets. On the other hand, if Γ
is defined as a singleton Γ = {𝛾} and 𝜇 ¯̃𝐶

(𝛾) = 1, then the

corresponding random fuzzy variable ¯̃𝐶 can be viewed as an
ordinary random variable.

When taking account of the imprecise nature of the realized
values of random variables, it would be appropriate to employ
the concept of fuzzy random variables. However, it should
be emphasized here that if mean and/or variance of random
variables are specified by the expert as a set of real values or
fuzzy sets, such uncertain parameters can be represented by
not fuzzy random variables but random fuzzy variables.

As a simple example of random fuzzy variables, we con-
sider a Gaussian random variable whose mean value is not defi-
nitely specified as a constant. For example, when some random
parameter 𝛾 is represented by the Gaussian random variable
𝑁(𝑠𝑖, 10

2) where the expert identifies a set {𝑠1, 𝑠2, 𝑠3} of
possible mean values as (𝑠1, 𝑠2, 𝑠3) = (90, 100, 110), if the
membership function 𝜇 ¯̃𝐶

is defined by

𝜇 ¯̃𝐶
(𝛾) =

⎧⎨
⎩
0.5 if 𝛾 ∼ 𝑁(90, 102)

0.7 if 𝛾 ∼ 𝑁(100, 102)

0.3 if 𝛾 ∼ 𝑁(110, 102)

0 otherwise,

then ¯̃𝐶 is a random fuzzy variable. More generally, when the
mean values are expressed as fuzzy sets or fuzzy numbers,
the corresponding random variable with the fuzzy mean is
represented by a random fuzzy variable, as will be discussed
in the following sections.

III. PROBLEM FORMULATION

Most of the real-world decision making problems usually
involve multiple, noncommensurable, and conflicting objec-
tives which should be considered simultaneously. In this pa-
per, we consider the following multiobjective programming
problem in which random fuzzy variables are involved in the
objective functions:

minimize ¯̃𝑪1𝒙
⋅ ⋅ ⋅

minimize ¯̃𝑪𝑘𝒙
subject to 𝐴𝒙 ≤ 𝒃, 𝒙 ≥ 0 ,

⎫⎬
⎭ (2)

where 𝒙 is an 𝑛-dimensional decision variable column vector,
𝐴 is an 𝑚× 𝑛 matrix, 𝒃 is an 𝑚× 1 constant column vector,
and ¯̃𝑪𝑙 = ( ¯̃𝐶𝑙1, . . . ,

¯̃𝐶𝑙𝑛) is a random fuzzy variable coefficient
vector. Here, assume that ¯̃𝐶𝑙𝑗 is a Gaussian random variable
whose mean value is a fuzzy number 𝑀̃𝑙𝑗 characterized by the
membership function

𝜇𝑀̃𝑙𝑗
(𝜏) =

⎧⎨
⎩

𝐿

(
𝑚𝑙𝑗 − 𝜏

𝛼𝑙𝑗

)
if 𝑚𝑙𝑗 ≥ 𝜏

𝑅

(
𝜏 −𝑚𝑙𝑗

𝛽𝑙𝑗

)
if 𝑚𝑙𝑗 < 𝜏,

(3)

where 𝐿 and 𝑅 are nonincreasing continuous functions from
[0,∞) to [0, 1].

Fig. 1. Membership function 𝜇𝑀̃𝑙𝑗
.

Let Γ be a collection of all possible Gaussian random
variables 𝑁(𝑠, 𝜎2) where 𝑠 ∈ (−∞,∞) and 𝜎2 ∈ (0,∞).
Then, the membership function of ¯̃𝐶𝑙𝑗 is expressed as

𝜇 ¯̃𝐶𝑙𝑗
(𝛾𝑙𝑗) = {𝜇𝑀̃𝑙𝑗

(𝑠𝑙𝑗)∣𝛾𝑙𝑗 ∼ 𝑁(𝑠𝑙𝑗 , 𝜎
2
𝑙𝑗)}, ∀𝛾𝑙𝑗 ∈ Γ. (4)

Using the Zadeh’s extension principle, each objective func-
tion ¯̃𝑪𝑙𝒙 is expressed as a single random fuzzy variable
characterized by the membership function

𝜇 ¯̃𝑪𝑙𝒙
(𝑢̄𝑙)≜ sup

𝜸𝑙

⎧⎨
⎩ min

1≤𝑗≤𝑛
𝜇 ¯̃𝐶𝑙𝑗

(𝛾𝑙𝑗)

∣∣∣∣∣∣ 𝑢̄𝑙 =
𝑛∑

𝑗=1

𝛾𝑙𝑗𝑥𝑗

⎫⎬
⎭ , ∀𝑢̄𝑙 ∈ Γ,

(5)
where 𝜸̄𝑙 = (𝛾1, . . . , 𝛾𝑛).

By substituting (4) into (5), the membership function of a
random fuzzy variable corresponding to the objective function
¯̃𝑪𝑙𝒙 in (2) is rewritten as

𝜇 ¯̃𝑪𝑙𝒙
(𝑢̄𝑙)

= sup
𝒔𝑙

{
min

1≤𝑗≤𝑛
𝜇𝑀̃𝑙𝑗

(𝑠𝑙𝑗)

∣∣∣∣∣ 𝑢̄𝑙 ∼ 𝑁
( 𝑛∑

𝑗=1

𝑠𝑙𝑗𝑥𝑗 ,

𝑛∑
𝑗=1

𝜎2
𝑙𝑗𝑥

2
𝑗

)}
,

(6)
where 𝒔𝑙 = (𝑠𝑙1, . . . , 𝑠𝑙𝑛).

IV. POSSIBILITY-BASED PROBABILITY MODEL

Assuming that the DM concerns about the probability that
each of the objective function values ¯̃𝑪𝑙𝒙 is smaller than or
equal to a certain target values 𝑓𝑙, 𝑙 = 1, . . . , 𝑘, we introduce
the probability 𝑃

(
𝜔

∣∣∣ 𝑪̃𝑙(𝜔)𝒙 ≤ 𝑓𝑙

)
which is expressed as

a fuzzy set 𝑃𝑙 with the membership function

𝜇𝑃𝑙
(𝑝𝑙) = sup

𝑢̄𝑙

{
𝜇 ¯̃𝑪𝑙𝒙

(𝑢̄𝑙)
∣∣∣ 𝑝𝑙 = 𝑃 (𝜔 ∣ 𝑢𝑙(𝜔) ≤ 𝑓𝑙 )

}
, (7)

where 𝑓𝑙, 𝑙 = 1, . . . , 𝑘 are specified by the DM as constants. In
order to consider the imprecise nature of the DM’s judgments
for the probability with respect to the 𝑙th objective function, we
introduce the fuzzy goal 𝐺̃𝑙 with the nondecreasing continuous
membership function 𝜇𝐺̃𝑙

.
Recalling that the membership function 𝜇𝑃𝑙

(𝑝𝑙) can be
viewed as a possibility distribution on the basis of the concept
of possibility measure [18], [19], the degree of possibility that
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the fuzzy goal 𝐺̃𝑙 for the probability 𝑃𝑙 is satisfied is expressed
by

Π𝑃𝑙
(𝐺̃𝑙) ≜ sup

𝑝𝑙

min{𝜇𝑃𝑙
(𝑝𝑙), 𝜇𝐺̃𝑙

(𝑝𝑙)}. (8)

Then, we consider the possibility-based probability model
for multiobjective random fuzzy programming problems for-
mulated as

maximize Π𝑃1
(𝐺̃1)

⋅ ⋅ ⋅ ⋅ ⋅ ⋅
maximize Π𝑃𝑘

(𝐺̃𝑘)
subject to 𝐴𝒙 ≤ 𝒃, 𝒙 ≥ 0

⎫⎬
⎭ (9)

or equivalently

maximize ℎ1
...

maximize ℎ𝑘

subject to Π𝑃𝑙
(𝐺̃𝑙) ≥ ℎ𝑙, 0 ≤ ℎ𝑙 ≤ 1, 𝑙 = 1, . . . , 𝑘

𝐴𝒙 ≤ 𝒃, 𝒙 ≥ 0.

⎫⎬
⎭
(10)

It should be noted here that (10) is regarded as a multiob-
jective decision making problem, and that there rarely exists
a complete optimal solution that simultaneously optimizes all
the objective functions. In this case, it is reasonable to find a
Pareto optimal solution or a non-dominated solution.

V. INTERACTIVE SATISFICING METHOD

By introducing an aggregation function 𝑓𝐷(𝒙,𝒉) for the
𝑘 objective functions in (10), where 𝒉 = (ℎ1, . . . , ℎ𝑘), the
multiobjective programming problem (10) can be generally
rewritten as

maximize 𝑓𝐷(𝒙,𝒉)
subject to (𝒙,𝒉) ∈ 𝑋,

}
(11)

where 𝑋 is a feasible solution of (10).
The most crucial problem in (11) is probably the iden-

tification of an appropriate aggregation function which well
represents the DM’s preference. If 𝑓𝐷(𝒙,𝒉) can be explicitly
identified, then (11) can be reduced to a standard mathematical
programming problem, and the corresponding optimal solution
is regarded as a Pareto optimal solution which is most desirable
for the decision maker. However, the success in identifying
such an aggregation function rarely happens, and then as an
alternative way, it is recommended for the DM to examine mul-
tiple possible solutions in the set of Pareto optimal solutions
through an interactive solution procedure to find a satisficing
solution to (11).

In such an interactive satisficing method, to generate a can-
didate for a satisficing solution which is also Pareto optimal,
the DM is asked to specify the aspiration levels of achievement
for all the objective function values, called the reference levels.

For the DM’s reference levels ℎ̂𝑙, 𝑙 = 1, . . . , 𝑘, the corre-
sponding Pareto optimal solution, which is the nearest to the
vector of the given reference levels in the minimax sense or

better than it if the reference levels are attainable, is obtained
by solving the minimax problem

minimize max
𝑙=1,...,𝑘

{
ℎ̂𝑙 − ℎ𝑙

}
subject to Π𝑃𝑙

(𝐺̃𝑙) ≥ ℎ𝑙, 𝑙 = 1, . . . , 𝑘
𝐴𝒙 ≤ 𝒃, 𝒙 ≥ 0.

⎫⎬
⎭ (12)

Here, it should be stressed that if an optimal solution
(𝒙∗,𝒉∗) to (12) is not unique, then Pareto optimality of 𝒙∗ is
not guaranteed, and just weak Pareto optimality is assured. To
obtain a Pareto optimal solution in a strict sense, we consider
the augmented minimax problem

minimize max
𝑙=1,...,𝑘

{
ℎ̂𝑙 − ℎ𝑙 + 𝜌

𝑘∑
𝑙=1

(ℎ̂𝑙 − ℎ𝑙)

}

subject to Π𝑃𝑙
(𝐺̃𝑙) ≥ ℎ𝑙, 𝑙 = 1, . . . , 𝑘

𝐴𝒙 ≤ 𝒃, 𝒙 ≥ 0,

⎫⎬
⎭

(13)

where 𝜌 is a sufficiently small positive number.
From (8), the constraint Π𝑃𝑙

(𝐺̃𝑙) ≥ ℎ𝑙 in (13) is equiva-
lently replaced by the condition that there exists a 𝑝𝑙 such that
𝜇𝑃𝑙

(𝑝𝑙) ≥ ℎ𝑙 and 𝜇𝐺̃𝑙
(𝑝𝑙) ≥ ℎ𝑙, namely,

sup
𝒔𝑙

min
1≤𝑗≤𝑛

{
𝜇𝑀̃𝑙𝑗

(𝑠𝑙𝑗)
∣∣∣ 𝑝𝑙 = 𝑃 (𝜔 ∣ 𝑢𝑙(𝜔) ≤ 𝑓𝑙) ,

𝑢̄𝑙 ∼ 𝑁
( 𝑛∑

𝑗=1

𝑠𝑙𝑗𝑥𝑗 ,
𝑛∑

𝑗=1

𝜎2
𝑙𝑗𝑥

2
𝑗

)}
≥ ℎ𝑙

(14)
and 𝑝𝑙 ≥ 𝜇★

𝐺̃𝑙
(ℎ𝑙), where 𝜇★

𝐺̃𝑙
(ℎ𝑙) is a pseudo inverse function

defined as 𝜇★
𝐺̃𝑙
(ℎ𝑙) = sup{𝑝𝑙 ∣ 𝜇𝐺̃𝑙

(𝑝𝑙) ≥ ℎ𝑙}. This implies
that there exists a vector (𝑝𝑙, 𝒔𝑙, 𝑢̄𝑙) such that

min
1≤𝑗≤𝑛

𝜇𝑀̃𝑙𝑗
(𝑠𝑙𝑗) ≥ ℎ𝑙, 𝑢̄𝑙 ∼ 𝑁

⎛
⎝ 𝑛∑

𝑗=1

𝑠𝑙𝑗𝑥𝑗 ,
𝑛∑

𝑗=1

𝜎2
𝑙𝑗𝑥

2
𝑗

⎞
⎠ ,

𝑝𝑙 = 𝑃 (𝜔 ∣ 𝑢𝑙(𝜔) ≤ 𝑓) , 𝑝𝑙 ≥ 𝜇★
𝐺̃𝑙
(ℎ𝑙),

which can be equivalently transformed into the condition that
there exists a vector (𝒔𝑙, 𝑢̄𝑙) such that

𝜇𝑀̃𝑙𝑗
(𝑠𝑙𝑗) ≥ ℎ𝑙, 𝑗 = 1, . . . , 𝑛,

𝑢̄𝑙 ∼ 𝑁

⎛
⎝ 𝑛∑

𝑗=1

𝑠𝑙𝑗𝑥𝑗 ,

𝑛∑
𝑗=1

𝜎2
𝑙𝑗𝑥

2
𝑗

⎞
⎠ ,

𝑃 (𝜔 ∣ 𝑢𝑙(𝜔) ≤ 𝑓𝑙) ≥ 𝜇★
𝐺̃𝑙
(ℎ𝑙).

⎫⎬
⎭

(15)

In view of (3), it follows that

𝜇𝑀̃𝑙𝑗
(𝑠𝑙𝑗) ≥ ℎ𝑙 ⇔ 𝑠𝑙𝑗 ∈ [𝑚𝑙𝑗 −𝐿★(ℎ𝑙)𝛼𝑙𝑗 , 𝑚𝑙𝑗 +𝑅★(ℎ𝑙)𝛽𝑙𝑗 ],

where 𝐿★(ℎ𝑙) and 𝑅★(ℎ𝑙) are pseudo inverse functions defined
as 𝐿★(ℎ𝑙) = sup{𝑡 ∣ 𝐿(𝑡) ≥ ℎ𝑙} and 𝑅★(ℎ𝑙) = sup{𝑡 ∣ 𝑅(𝑡) ≥
ℎ𝑙}. Hence, (15) is rewritten as the equivalent condition that
there exists a 𝑢̄ such that

𝑃 (𝜔 ∣ 𝑢𝑙(𝜔) ≤ 𝑓𝑙) ≥ 𝜇★
𝐺̃
(ℎ𝑙),

𝑢̄𝑙 ∼ 𝑁

⎛
⎝ 𝑛∑

𝑗=1

{𝑚𝑙𝑗 − 𝐿★(ℎ𝑙)𝛼𝑙𝑗}𝑥𝑗 ,

𝑛∑
𝑗=1

𝜎2
𝑙𝑗𝑥

2
𝑗

⎞
⎠ .
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Since 𝑃 (𝜔 ∣ 𝑢𝑙(𝜔) ≤ 𝑓𝑙) is transformed into

𝑃

⎛
⎜⎜⎜⎜⎜⎜⎝

𝜔

∣∣∣∣∣∣∣∣∣∣∣∣

𝑢𝑙(𝜔)−
𝑛∑

𝑗=1

{𝑚𝑙𝑗 − 𝐿★(ℎ𝑙)𝛼𝑙𝑗}𝑥𝑗

√√√⎷ 𝑛∑
𝑗=1

𝜎2
𝑙𝑗𝑥

2
𝑗

≤
𝑓𝑙 −

𝑛∑
𝑗=1

{𝑚𝑙𝑗 − 𝐿★(ℎ𝑙)𝛼𝑙𝑗}𝑥𝑗

√√√⎷ 𝑛∑
𝑗=1

𝜎2
𝑙𝑗𝑥

2
𝑗

⎞
⎟⎟⎟⎟⎟⎟⎠

,

in consideration of

𝑢̄𝑙 −
𝑛∑

𝑗=1

{𝑚𝑙𝑗 − 𝐿★(ℎ𝑙)𝛼𝑙𝑗}𝑥𝑗

√√√⎷ 𝑛∑
𝑗=1

𝜎2
𝑙𝑗𝑥

2
𝑗

∼ 𝑁(0, 1),

(16) is equivalently transformed as

Φ

⎛
⎜⎜⎜⎜⎜⎜⎝

𝑓𝑙 −
𝑛∑

𝑗=1

{𝑚𝑙𝑗 − 𝐿★(ℎ𝑙)𝛼𝑙𝑗}𝑥𝑗

√√√⎷ 𝑛∑
𝑗=1

𝜎2
𝑙𝑗𝑥

2
𝑗

⎞
⎟⎟⎟⎟⎟⎟⎠
≥ 𝜇★

𝐺̃𝑙
(ℎ𝑙), (16)

where Φ is a probability distribution function of the standard
Gaussian random variable 𝑁(0, 1).

From the monotone increasingness of Φ, (16) is rewritten
as

𝑛∑
𝑗=1

{𝑚𝑗 − 𝐿★(ℎ𝑙)𝛼𝑙𝑗}𝑥𝑗 +Φ−1(𝜇★
𝐺̃𝑙
(ℎ𝑙))

√√√⎷ 𝑛∑
𝑗=1

𝜎2
𝑙𝑗𝑥

2
𝑗 ≤ 𝑓,

(17)
where Φ−1 is the inverse function of Φ.

From (14)−(17), it holds that

Π𝑃𝑙
(𝐺̃𝑙) ≥ ℎ⇔

𝑛∑
𝑗=1

{𝑚𝑙𝑗 − 𝐿★(ℎ𝑙)𝛼𝑙𝑗}𝑥𝑗

+Φ−1(𝜇★
𝐺̃𝑙
(ℎ𝑙))

√√√⎷ 𝑛∑
𝑗=1

𝜎2
𝑙𝑗𝑥

2
𝑗 ≤ 𝑓.

(18)

Consequently, (13) is rewritten as

minimize max
𝑙=1,...,𝑘

{
ℎ̂𝑙 − ℎ𝑙 + 𝜌

𝑘∑
𝑙=1

(ℎ̂𝑙 − ℎ𝑙)

}

subject to
𝑛∑

𝑗=1

{𝑚𝑙𝑗 − 𝐿★(ℎ𝑙)𝛼𝑙𝑗}𝑥𝑗

+Φ−1(𝜇★
𝐺̃𝑙
(ℎ𝑙))

√√√⎷ 𝑛∑
𝑗=1

𝜎2
𝑙𝑗𝑥

2
𝑗 ≤ 𝑓𝑙, 𝑙 = 1, . . . , 𝑘

𝐴𝒙 ≤ 𝒃, 𝒙 ≥ 0.

⎫⎬
⎭

(19)
Observing that (19) is a nonconvex nonlinear programming

problem, we can employ genetic algorithms such as GENO-
COPIII [20] or the revised GENOCOPIII [21] in order to
obtain an approximate solution.

Now we are ready to construct an interactive algorithm for
deriving the satisficing solution for the DM from among the
Pareto optimal solution set.

Interactive satisficing method for the possibility-based
probability model

Step 1: Ask the DM to specify the membership functions
𝜇𝐺̃𝑙

and the target values 𝑓𝑙, 𝑙 = 1, . . . , 𝑘.
Step 2: Set the initial reference possibility levels at 1s, which

can be viewed as the ideal values, i.e., ℎ̂𝑙 = 1, 𝑙 =
1, . . . , 𝑘.

Step 3: For the current reference possibility levels ℎ̂𝑙, 𝑙 =
1, . . . , 𝑘, solve the augmented minimax problem (19).

Step 4: The DM is supplied with the corresponding Pareto
optimal solution 𝒙∗. If the DM is satisfied with the
current objective function values ℎ∗𝑙 , 𝑙 = 1, . . . , 𝑘,
then stop. Otherwise, ask the DM to update the
reference possibility levels ℎ̂𝑙, 𝑙 = 1, . . . , 𝑘 by
considering the current values of objective functions
ℎ𝑙, 𝑙 = 1, . . . , 𝑘, and return to step 3.

It should be noted for the DM that any improvement of one
objective function value can be achieved only at the expense
of at least one of the other objective function values for the
fixed target values 𝑓𝑙, 𝑙 = 1, . . . , 𝑘.

VI. CONCLUSIONS

In this paper, we have considered multiobjective program-
ming problems in which the coefficients of the objective func-
tions are random fuzzy variables. Incorporating the concept of
possibility measure into the stochastic programming models,
we have proposed a possibility-based probability model for
random fuzzy programming problems. It has been shown
that the formulated problem based on the proposed model
can be transformed into deterministic nonlinear programming
problem. In order to obtain a satisficing solution for a decision
maker from among a Pareto optimal solution set, we have
constructed an interactive satisficing algorithm.

In the future, we will consider more general problems in
which random fuzzy variables are involved not only in the
objective function but also in the constraints. Furthermore,
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extensions of the proposed models to integer problems will
be discussed elsewhere.
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