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Abstract—In this paper we discuss some tools for graph pertur-
bation with applications to data privacy. We present and analyse
two different approaches. One is based on matrix decomposition
and the other on graph partitioning. We discuss these methods
and show that they belong to two traditions in data protection:
noise addition/microaggregation and k-anonymity.

Index Terms—Data privacy, clustering, k-anonymity, microag-
gregation, graph

I. INTRODUCTION

Graphs are useful mathematical structures for representing
a large variety of data. In particular, they can be used to rep-
resent social networks and other kind of data where elements
establish relationships with other elements.

In this paper we discuss methods for protection of data
represented in terms of a graph. More specifically, we focus on
problems in which the graph can be represented in an explicit
way in terms of an adjacency matrix of manageable size.

The interest of this work is twofold. First, it is useful for
protection of social networks with a limited number of nodes,
as e.g. the data from a company or a university department.
Naturally, this approach can be adapted to subsets of larger
networks. Second, as these methods can be applied to a
network that can be expressed in its entirety in a compact
way, they permit us to analyse with some detail their effect
as well as the effect of their parameterizations. In particular,
we can study their effectiveness with respect to disclosure risk
and information loss.

A. Our scenario in data privacy

We discuss in this section the scenario of data privacy we
are considering in this paper. The scenario is basically the same
as in previous research in the area of data privacy (see e.g. [1],
[2]), although those papers focus on standard databases and not
on relational data representable as graphs.

Scenario 1.1: A company or a national office wants to
release data to a third party for doing some kind of analysis.
Nevertheless, confidentiality should be ensured and so, no
confidential information should be inferred by this third party
from the data received.

In the framework of this scenario, existing tools for data
privacy can be roughly classified in two broad classes:

o Cryptographic or computation oriented methods. They are
methods based on cryptographic tools which try to avoid
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any disclosure at all. These methods are developed ad
hoc for a particular analysis. That is, given a particular
computation — a function of the data, a particular protocol
is built which computes the function without giving to
the data suppliers more information than the result of
the function. As such, these methods are computation
oriented, as they need to know and are based on the
function to be computed.

Perturbative or data oriented methods. These methods
try to avoid disclosure manipulating the original data
set and introducing some noise into the set. Then the
perturbated data is released to the third party who can
apply any analysis to the data. In this way, there is
no need of knowing the function to be computed. That
is why these methods are data oriented. Disclosure is
(partially) avoided because of the perturbation inflicted
to the data. Nevertheless, some disclosure risk is inherent
in the data and, therefore, needs to be quantified. At the
same time, the perturbation modifies the data and some
information loss occurs. So, information loss also needs
to be quantified.

Following [1], [3], we focus on the data oriented approach.
That is, we focus on perturbative methods that add some
kind of noise to the data. As stated above, the evaluation of
these methods requires the quantification of information loss
and disclosure risk. Then, we consider that a method has a
good performance (i.e., it is a good data protection method)
if for a particular type of data it achieves a good compromise
between disclosure risk (i.e., the risk of disclosing sensitive
information) and information loss (i.e., the amount of data
utility that is lost when data is perturbated).

Among all possible data types, this paper focus on data
protection tools for data representable in terms of graphs. The
literature already presents some tools for data protection of
graph structures. See e.g. the survey in [4]. There are tools [5]
for graph perturbation based on random addition and deletion
of nodes, and others [6] based on k-anonymity.

In this paper we focus on tools for small graphs. More
specifically, in tools for graphs that can be representable in
their entirety by a adjacency matrix or an equivalent structure
and small enough to be stored and operated in memory. That
is, we focus on tools for graph perturbation to be applied to



graphs of limited size. Then, we develop methods based on
the decomposition of the matrix and on similarities between
the nodes of the graph. This diverges from previous works.

The goal of this paper is to present a set of tools for data
privacy that will be further studied in detail for analysing its
effectiveness. We discuss the appropriateness of our approach
and illustrate it with some examples. Then, in a further
research, we can develop approximate solutions for larger
datasets, or apply them to subsets of larger sets.

The structure of the paper is as follows. In Section II we
review some basic concepts that are needed in the rest of the
paper. Then, in Section III we present some approaches for
graph perturbation. The paper finishes with some conclusions.

II. PRELIMINARIES

In this section we review some concepts that are needed
later on in this paper. We focus on some tools we use later
for operating with graphs. In particular, in methods of matrix
decomposition.

A. Matrix decomposition

We will denote by U*! the conjugate transpose of U. That
is, U™ is the transpose of the conjugate matrix. Recall that
the conjugate of the complex number a + bi is a — bi. When
U only contains real numbers, U is the standard transpose
of U.

A matrix M is said to be unitary when M M T — 1,. Here
I,, stands for the diagonal matrix of dimension 7.

The singular value decomposition of a matrix M consists of
a factorization of M in three matrices U, D and V as follows:

M=UDVH

where U and V are unitary matrices and where D is a
nonnegative diagonal matrix.

Here, if M is an m x n matrix, then U is an m X m matrix,
D is an m x n matrix, and V' is an n X n matrix.

The eigendecomposition or spectral decomposition of a
square matrix M of dimension n consists of the factorization
of M in terms of two matrices V' and D as follows:

M=vDy~!

where V' is an n X n matrix with the eigenvalues of M, and
D is an n x n diagonal matrix with the eigenvalues of M on
the diagonal.

Both decompositions are related for some particular ma-
trices. In particular, if M is symmetric and positive definite,
then the spectral decomposition corresponds to a singular value
decomposition.

ITI. GRAPH PERTURBATION

In this section we discuss two different approaches for
graph perturbation. One is based on matrix decomposition,
and the other on graph partitioning. Both follow the tradition
of perturbation methods. Nevertheless, they can be seen as
belonging to two different traditions. We will discuss this later
in Section III-C.
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A. Methods based on matrix decomposition

In statistics a dimension reduction is a reduction of the num-
ber of random variables under consideration. The dimension
reduction can be performed using the spectral decomposition
or the singular value decomposition (SVD) of the matrix
representing the data. If we apply the same methods to the
adjacency matrix of a graph, then we accomplish a perturbation
of the matrix. Appropriate selection of the eigenvalues in
the spectral method and of the singular values in the SVD
method will reduce the complexity of the matrix so that the
most significant features of the structure is kept. In this way
it is possible to perturbate the graph while keeping its most
significative edges.

The rationale of the approach is to perform a transformation
similar to random addition and deletion of edges (as in e.g. [5])
but in a more learned way. We define the approach below. We
start with the method based on the spectral decomposition.

Definition 3.1: Let G = (V, E) be a graph and let M be its
adjacency matrix, let p be a parameter such that 0 < p < |V].
Then, the SD-graph protection method consists in (i) comput-
ing the spectral decomposition of M: let M = UDU ~! be the
spectral decomposition of M; (ii) returning M’ = UD'U !
where D’ includes only the first p eigenvalues of D.

Here, as usual in spectral decomposition, we assume that
the eigenvalues of D are arranged in descending order with
respect to the size of their absolute value.

We now define the method based on singular value decom-
position.

Definition 3.2: Let G = (V,FE) be a graph and let M
be its adjacency matrix, let p be a parameter such that
0 < p < |V|. Then, the SVD-graph protection method consists
in (i) computing the singular value decomposition of M: let
M = USW be the singular value decomposition of M;
(ii) returning M’ = UX'WH where X/ includes only the first
p values of the diagonal of 3, where these are arranged in
descending order.

As we saw in the introduction, the SVD and the spectral
decomposition are related. For undirected graphs we get the
following proposition.

Proposition 3.3: For undirected graphs the methods defined
in Definition 3.1 and Definition 3.2 are equivalent.

Proof: The adjacency matrix of an undirected graph is
symmetric and real, but in general not positive definite. The
singular values of the matrix are the absolute values of its
eigenvalues. This implies that for undirected graphs the two
methods are equivalent. [ ]

For both methods, the smaller the number p, the larger
the distortion inflicted to the graph. Naturally, when p equals
the dimension of the matrix (i.e., p = |V), data protection
methods cause no distortion to the graph; in contrast, when
p = 0, the distortion is maximal as the graph is completely
distorted. Note that for p = 0, all edges are lost.

Therefore, the parameter p controls the degree of noise.
This is in line of most perturbative data protection methods
for databases. Note that e.g. the parameter k£ in microaggre-
gation [7] permits the user a rank of results from maximal



distortion (all records are replaced by the same value) to
no distortion at all (all records are published as they are).
Similar situation occurs with the different variants of rank
swapping [8].

Although both methods are a natural way to implement a
perturbation that introduces noise to the original data, they
have two drawbacks.

The first one is that while the original matrix M contains
only binary values to represent presence or absence of an edge,
the matrix obtained as output from the method has coefficients
with values in the real numbers. They are not restricted to
[0,1] and can even be negative. This requires to develop a
post processing in which the resulting matrix is transformed
into a proper graph. For example, this binarization process
could consist in transforming M’ into a set of probabilities,
and then using these probabilities for building a new matrix
M’. Another approach for binarization consists in assigning
zero or one according to a threshold. This latter approach has
been applied in Example 3.4.

The second one is that, once the binarization process is
applied, the graph represented by M’ is quite similar to M
for several of the parameterizations of the methods. That is,
although M’ is no longer a binary matrix, zero values in M
result into values near zero in M’, and unitary values in M
result into values near one in M’. For example, for the matrix
in Example 3.4, using a binarization with a threshold of 0.5,
we have that we have to perform a dimension reduction of at
least 6 (p = 4) in order to obtain a graph which is different
from the original one. With p = 4 we remove two edges, with
p = 3 we remove 8 edges and with p = 2 we remove 16 edges.
With p = 1, 23 edges are changed (7 added and 16 removed)
and, of course, all 28 edges are removed taking p = 0.

Example 3.4: This is a graph on 10 vertices with 14 edges:

4

/N

This is the adjacency matrix of the graph:

N

0000100100
000 0O0OT1TO0TO0TO0T1
0001 0O0O0T1T1]1
001 0O0OO0OT1T1O00
100 0 0 0 O0O0O01
0100 0O0O0O0OT1TO@O0
0001 0O0O0T1O0°1
101 100 1O0O0O0
001 0010000
0110101000
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The singular values of this matrix are approximately
{3.16,2.52,1.83,1.63,1.56,1.28,0.83,0.77,0.41,0.31}.

We applied first dimension reduction using SVD on the ad-
jacency matrix of the graph. All values of p between 0 and
10 were considered. Below we list the correlations between
the original matrix and the result as a function of p, using the
function implemented in R [9].

dimensionality | correlation
reduction(1l — p)
0 1
1 0.4283313
2 0.475191
3 0.3822435
4 0.4283313
5 0.3360108
6 0.3822435
7 0.28843
8 0.2375955

Then we applied a binarization process to the result with a
threshold of 0.5. Below we list the correlations between the
original matrix and the binarized matrix as a function of p. For
p = 10 no correlation can be computed because the perturbated
graph has no edge.

dimensionality | correlation
reduction(1l — p)
0 1
1 1
2 1
3 1
4 1
5 1
6 0.948448
7 0.7953949
8 0.4516129
9 0.5663766
10 ——

The selection of the threshold was done heuristically, defined
as the mid point between 0 and 1 with respect to the per-
turbation of the matrix. This selection results into a rather
conservative selection. For p = 2, except a threshold of 0.4
that leads to 13 changes in the matrix, all other thresholds
lead to the same or more changes (with maximums of 49 and
20 changes for thresholds of 0.1 and 0.9).

When constructing a method for data perturbation with the
ambition to obtain data privacy it is important to verify that
the perturbation is hard to reverse, since otherwise the method
implies no privacy, or at most limited privacy. The following
arguments are made under the assumption that the graphs are
undirected and simple (i.e. without multiedges and loops).
Research on spectral graph theory has shown that ’almost
all’ graphs are uniquely determined by their spectra [10], so
that in many cases given a sequence of eigenvalues, there is
only one graph which has an adjacency matrix with these



eigenvalues. This is so due to the difficulties to find a set
of eigenvectors which brings the diagonal matrix to a space
where the matrix is symmetric, with entries either 0 or 1 and
with the diagonal all 0. Suppose that we apply to a graph one
of the methods for graph perturbation defined above. Before
applying the binarization process, the result is a matrix M with
p of the eigenvalues equal to the largest p eigenvalues of the
original adjacency matrix A, ordered by their absolute value.
The rest of the eigenvalues of M are all 0. The eigenvectors
of M are the same as the eigenvectors of A. Counting the
number of the eigenvectors of M which are 0, we can bound
the number of removed eigenvectors. The absolute value of a
removed eigenvalue (i.e. any eigenvalues of A which is not an
eigenvalue of M) is smaller than the smallest absolute value
of all the eigenvalues of M. Given M this significantly restrict
the possible choices of A. If we also remember that since the
diagonal of an adjacency matrix of a simple undirected graph
is always 0, so is its trace, then it is clear that in some cases
it is very easy to given M deduce A. For example when only
one eigenvalue is removed, the missing eigenvalue is minus
the sum of the other eigenvalues.

This observation highlights the importance of binarization
process. Indeed, through the binarization process perturbations
are introduced into the eigenvectors of the graph. This destroys
the possibility to easily reverse the perturbation process. Impor-
tant aspects of the privacy therefore relies on the binarization
process, implying that the choice of binarization process could
be most significant for the degree of privacy supplied by the
method. Since the information loss of course also depends on
the binarization process, the choice of the binarization process
should be further investigated in the future.

B. Methods based on graph partitioning

The literature for database protection includes a large num-
ber of methods for achieving k-anonymity [2], [11], [12]. A
file is said to be compliant with k-anonymity if for each record
there are other £ — 1 indistinguishable records.

k-anonymity is used for data protection based on the
following rationale:

No disclosure takes place when any individual is
indistinguishable of k£ — 1 other different individuals.

Then, methods transform the original data file so that only
sets of k-indistinguishable records are found in the data.
Naturally, all such methods use k£ as one of the parameters.
These methods act by means of clustering, generalizations and
suppressions.

In the framework of k-anonymity, disclosure risk is usually
not analysed but taken for granted once k is settled. This is
so because the parameter k is assumed to be a threshold of
the satisfactory disclosure risk. So, only information loss is
evaluated here.

Methods for graph partitioning can be used for achieving
protection following the idea of k-anonymity. In its simplest
form, graph partitioning divides the vertices in two sets of
equal size such that the number of edges between these two
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parts is minimized. In a more general formulation, the vertices
are divided in p disjoint subsets of equal size.

Therefore, we can conceive a kind of k-anonymity from the
results of graph partitioning. Let G = (V, E) represent a graph,
and let ITy, = {V4,...,V,} represent a partition of the edges
of this graph into p clusters. Then, we consider the vertices of
each cluster V; as indistinguishable. So, given p, this results
in k = |V|/p-anonymity. At this point, two alternatives can be
foreseen.

1) Direct partitioning: In this case, we apply a partitioning
algorithm to the original graph (i.e., to the original matrix).
This causes clusters to be built on the basis of good connec-
tivity. That is, the method detects sets of vertices that are well
connected among themselves but with a low connectivity with
the other ones.

This approach has an inconvenience. The partitioning al-
gorithm does not distinguish between the different roles that
vertices might have in well connected regions. To illustrate this
point, let us consider the following example.

Let G = (V, E) be a graph representing the relationships
among members of a university. Let the vertices V' represent
the staff of the university and edges F represent mails and
other types of communication among staff members. In this
case, for an appropriate value of p, a graph partitioning
algorithm will form p clusters. Such clusters shall roughly
correspond to departments. Note that communication links
between department members is likely to be more intense than
communication links between members belonging to different
departments.

So, in general, this approach is unable to detect and distin-
guish that within the department, some of the members might
be administrative staff, other senior research staff, and other
students. The approach proposed in the next section focuses
on the detection of such roles.

2) Indirect partitioning: In this case, the partitioning al-
gorithm is applied to a similarity matrix computed from the
graph. Therefore, this is a two step process.

o First, we define a matrix S : V x V' — [0, 1] representing

the edge similarity between the pairs of vertices in the
graph with |V| = n.

S(v4,v;) = similarity(v;, v;)

where the similarity function should be selected in order
to give a satisfactory clusterization.

Second, we apply a graph partitioning algorithm to the
matrix S.

While in the direct approach the algorithm clusters together
well connected vertices, in the indirect approach we cluster
vertices with a similar role in the graph. In some sense, this is
similar to the approach in [6] which discusses the isomorphism
between edges in the graph.

We have considered two distinct definitions of similarity
between vertices: one based on the [; or Manhattan distance
and the other based on which neighbors the vertices have in
common. We define these two similarities below and discuss
their properties. We represent the edges of a vertex v; by the



row vector A(i) of the adjacency matrix A (or equivalently,
the column vector A(j)) corresponding to the vector.

Definition 3.5: Using the Manhattan or the /; distance, the
similarity between two vertices v; and v; with edges A(i) and
A(j) in a graph on n vertices is defined as

similarity;, (vi,v;) =n—>,_; |A(i, k)

= 2= (L= A0, k) —

Definition 3.6: The 2-path similarity between two vertices

v; and v; with edges A(7) and A(j) in a graph on n vertices
is defined as

— A@G, F)|

AQGR)I) -

n
similarityy . (vi, v;) E A(i
k=1

Observe that since an adjacency matrix of an undirected graph
is symmetric, the sth row is the ¢th column transposed.

The 2-path similarity is augmented with one for every
neighbor the two vertices have in common. The similarity
based on the Manhattan distance is also augmented with one
for every neighbor the two vertices have in common, but it
is augmented with one for every non-neighbor they have in
common as well.

The 2-path similarity highlights the fact that similarity
between vertices is based on the existing edges, and not on the
missing edges. The following example illustrates this point.

Example 3.7: This is a graph with 7 vertices and 10 edges:

This is the adjacency matrix of the graph:

0111000
101 1111
1 1.0 0 0 1 0
1100 0 01
01 00 0O0O
01 10000
0101000
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The distance from vertex 1 to the other vertices is listed below.

vertex | similarity; | similarity, ..
2 2 2
3 3 1
4 3 1
5 5 1
6 6 2
7 6 2

The example illustrates the differences between the two simi-
larities. It can be seen that while the similarity between vertex
1 and vertex 5 is much larger for the Manhattan distance than
the similarity between vertex 1 and 2, in the 2-step similarity
we have the reversal.

This is due to the fact that vertices 1 and 5 share four
non-neighbours, while 1 and 2 do not share any of them. In
contrast, vertices 1 and 2 share two neighbors and vertices 1
and 5 share only one. The 2-step similarity focuses on the
common neighbors.

In relation to the interest of the approach of indirect
partitioning with respect to the one of direct partitioning, let
us consider the following scenario.

Example 3.8: Let us consider a social network where ver-
tices can either represent individuals or mass media. While in
the direct approach, individuals and media might be clustered
together according to communities of news producers and
consumers, in the indirect approach, producers and consumers
can be kept disaggregated. That is, consumers with similar
interests (reading newspaper nj, no and listening radios 71,
ro) will be aggregated together in the same cluster. At the
same time, media with a similar audience will also be clustered
together (n1, ng, r1 and ro will form a cluster).

We include below an example that illustrates this situation
with a graph, and showing the results of the approach for
indirect partitioning.

Example 3.9: This is a graph on 25 vertices with 33 edges:

| 2 \Q\/V/ 20

1
1/12

WA
7

In this example vertices 1, 2, 11, and 12 represent the mass
media and the rest of the vertices represent individuals. Edges
from individuals to mass media represent that the individuals
access/use the mass media while edges between pairs of mass
media represent interactions among them. Graph partitioning

10



using the similarity based on the Manhattan distance results in
the following partition:

{1,2,3,4,5,6,11,12}
{8,9,10,13, 14,15, 16,17, 18}

{7,19,20,21,22, 23,24, 25}

and graph partitioning using the 2-path similarity results in the
following partition:

{1,2,19,20,21,22,23,24,25}
{11,12,13,14,15,16,17,18}

{3,4,5,6,7,8,9,10}

It can be seen that this partition includes in the partition
elements the consumers of a (group) of media while the media
themselves are disaggregated from the individuals. In contrast,
graph partitioning using Manhattan distance does not show this
behaviour as the media are clustered with their individuals. For
example, the partition of the Manhattan distance contains 1, 2,
3,4,5,6, 11, 12 but the 2-path distance contains 3, 4, 5, 6, 7,
8, 9, 10. Note that this latter cluster contains all vertices related
to 2, but not the vertice 2. In contrast, the former contains a
mix of nodes connected to 2, with node 2.

Example 3.10: In the graph below there are two leafs, the
vertices 8 and 9. We want the vertices of the graph to be
clusterized so that vertices with a similar role in the graph end
up in the same cluster. What we mean with this depends on
what we mean when we say that two vertices play a similar
role. In this case, if the role is to be a leaf, then we probably
want 8 and 9 to go together. However, if the role is to be
connected to more or less the same vertices, then vertices 8
and 9 should be in different clusters.

P

YN

AT T

3

N

-

/

\
9 8
11 10

Clustering the graph with respect to the Manhattan distance
using the partition algorithm in METIS we obtain the partition

{1,5,7} {2,8,9,10,11} {3,4,6}

and if the clusterization is performed with respect to the 2-path
distance, then the same partition algorithm gives us

{8,10,11} {2,3,4,9} {1,5,6,7}

If we use the partition algorithm from Mathematica instead, in
the last case we obtain

{1,7,5,6,3,8} {2,4,9} {10} {11}.

This illustrates that if the partition algorithm is calibrated
in an adequate way (in this case it means that the number
of partitions should be adequate), then the 2-path similarity
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creates clusters which collect vertices which more or less are
connected to the same vertices, while the similarity based on
the Manhattan distance rather tends to cluster vertexes together
which are similar also in their non-existing edges, like for
example two leafs or two isolated vertices like vertices 10 and
11. Indeed it is clear that the similarity based on the Manhattan
distance considers similarity with respect to non-existing edges
equally important as similarity with respect to existing edges.

Graph partitioning does not fully define a method compliant
with k-anonymity. The correct application of this approach
to a graph requires that the resulting partition satisfies two
requirements: (i) that the number of vertices in a cluster is large
enough; (ii) that the edges between vertices are reconstructed.

For solving the first issue, we propose the use of graph
partitioning algorithms that lead to solutions with a similar
number of vertices in all partitions. Then, if we require at
least k vertices in each partition element, we should select a
number of clusters less than |V|/k. The algorithm for graph
partitioning implemented in METIS [13], [14] proceeds in this
way.

As forcing solutions of this form might result into unnatural
clusters for large graphs, an alternative approach is to proceed
in a two step process. First, partitioning the vertices without
any constraint (or a loose constraint) on the number of ver-
tices in each cluster (the clustering algorithm in Mathematica
proceeds in this way), and, then, refine the largest clusters
applying a more constrained clustering algorithm.

The second element to be considered is about edge recon-
struction. Once clusters are defined, the original edges have
to be updated. First, vertices within the cluster are connected
among themselves according to a pre-specified algorithm.
Then, vertices should be connected to the other clusters, and
all vertices from one cluster should be connected in the same
way to vertices in another cluster. The decision of a connection
can be done according to the majority of presence or absence
of edges between the corresponding vertices.

The following proposition is crucial for how to choose the
connections for the reconstruction between vertices in the same
cluster.

Proposition 3.11: We call a cycle of length 3 a triangle. If
the original graph is triangle-free, then the 2-path distance will
cluster the graph so that the vertices in the same cluster are
not connected.

Proof: We may suppose that two vertices a and b in the
same cluster have at least one neighbor ¢ in common, making
a and b similar. Suppose that there is an edge between a and
b. Then, since we have the path bca, there is the cycle abca of
length 3, that is, a triangle. This implies that in triangle-free
graphs there are no edges between the vertices in the same
cluster if the cluster was made using 2-path similarity. [ |
The proposition implies that whenever the graph is triangle-
free, assuming that it is desirable to preserve this property, the
reconstruction of the graph from the clusters should be such
that vertices in the same cluster are not connected.

Observe that if we cluster with respect to the similarity
based on the Manhattan distance, Proposition 3.11 does not



apply, since two vertices in the same cluster not necessarily
have any neighbors in common. Indeed, the similarity based
on the Manhattan distance groups all isolated vertices together.

C. Discussion on graph perturbation

We have introduced two different families of methods for
graph perturbation. One family consists on methods based on
matrix decomposition, and the second one consists on methods
based on graph partitioning.

While both methods perturbate the original graph resulting
into a new graph with changes on the edges, they can be
seen as belonging to two different traditions of perturbative
approaches.

Methods based on matrix decomposition, with the param-
eter p, result into methods which try to find a good trade-off
between information loss and disclosure risk. That is, on the
tradition of noise addition and microaggregation. In contrast,
methods based on graph partitioning follow the tradition of
k-anonymity.

IV. CONCLUDING REMARKS

In this paper we have presented some perturbation methods
for graphs of limited size. We have discussed briefly some of
the properties of the approaches, and we have given some ex-
amples of their behaviour. Further research should concentrate
on analysing the properties of these methods further, and it
is necessary to perform additional experiments for graphs of
larger sizes. Future research should also include a comparative
study of the results obtained by applying the different methods.
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