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Abstract—A hybrid learning algorithm is proposed to train fuzzy
neural networks (FNNs) for identifying a time-delay chaotic
system with outliers. In the proposed algorithm, integrating
support vector regression (SVR) and annealing robust time-
varying learning algorithm (ARTVLA) to optimize FNNs. In the
evolutionary procedure, first, SVR is adopted to determine the
number of hidden layer nodes and the initial structure of the
FNNs. After initialization, ARTVLA with nonlinear time-varying
learning rate is then applied to train FNNs. In ARTVLA, the
determination of the learning rate would be an important work
for the trade-off between stability and speed of convergence. A
computationally efficient optimization method, particle swarm
optimization (PSO) method, is adopted to simultaneously find
optimal learning rates. Due to the advantages of SVR and
ARTVLA (SVR-ARTVLA), the proposed FNNs (SVR-ARTVLA-
FNNs) have good performance for identifying a time-delay
chaotic system: Mackey Glass system with outliers. Simulation
results are illustrated the effectiveness and feasibility of the
proposed SVR-ARTVLA-FNNs.

Keywords-fuzzy neural networks; support vector regression;
time-delay chaotic system; annealing robust time-varying learning
algorithm; particle swarm optimization

L INTRODUCTION

A chaotic system is a nonlinear deterministic system that
has some special features of sensitive dependence on initial
conditions and unstable bounded trajectories in the phase
space. Control and synchronization of chaotic systems have
been investigated in various fields during recent years [1-3].
Due to their characteristics sensitivity to initial conditions,
chaotic systems are not easy to identify. Recently, some
researchers have endeavored to improve the identification of
chaotic time series [4-6].

Guan-Yu Liu
Department of Electronic Engineering
Nan Kai University of Technology
Nantou, Taiwan, R.O.C.
guanyu(@nkut.edu.tw

Cheng-Ming Lee
Department of Computer and Communication Engineering
Nan Kai University of Technology
Nantou, Taiwan, R.O.C.
t104@nkut.edu.tw

In the field of artificial intelligence, a fuzzy system using
the human-like reasoning and expert knowledge can model
complex nonlinear process characterized with ill-defined and
uncertain factors. However, a fuzzy system lacks the learning
capacity, it is difficult to fine tune fuzzy rules and membership
functions from the training data. Neural networks have
learning, adaption, and nonlinear mapping capacities, but the
mapping rules in the networks is hard to understand.
Therefore, FNNs combine the benefits of fuzzy logic and
neural network, which is a popular research topic in system
identification and control [7-9]. However, the number of fuzzy
rule in the simplified fuzzy inference system and the initial
parameters of FNNs are difficult to determine.

Recently, SVR [10] incorporated with FNNs has become a
popular research topic. In this article, in order to overcome the
above problems of training FNNs, first, an SVR method with
Gaussian kernel function is adopted to determine the initial
structure of the FNNs for identifying nonlinear systems [11,
12]. After initialization, an annealing robust concept in [12,
13] with ARTVLA is then applied to train the FNNs
(ARTVLA-FNNs), in which PSO method is adopted to find
optimal learning rates during learning procedure. A time-delay
chaotic system will be given to illustrate the feasibility and
efficiency of the proposed SVR-based ARTVLA-FNNs (SVR-
ARTVLA-FNNs) for system identification of the Mackey
Glass system.

11. ARCHITECTURE OF FuzzY NEURAL NETWORKS

A.  Identification of Chaotic Time series
Let {x} be a chaotic system with time delay generated by

an m-dimensional nonlinear dynamical system. According to
Takens’s delay embedding theorem [14], an embedding of
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chaotic attractors can be obtained by constructing delay
vectors

x(t+7)=f(x(2),x(t—7),x(t = 27),- -, x(t — (m = 1)7)), (1)

where [x(t-7),x(t—27),--,x(t—(m—1)7)] is a proper
vector, 7 is the time-delay parameter, and m is the embedding
parameter. If m is large enough, there exists a smooth function

SO5].

In this paper, the FNN will be applied to identify nonlinear
systems due to the advantages of the self-learning ability of
neural networks and the adaptive ability of fuzzy logic. The
current output can be expressed as

- -b)
fck(t+1)=2w[k exp(—gj for k=1,2,...,p, (2)
i=1 2a

where x =[x(¢),x(¢—1),---,x(¢ —n)] is the input vector to
FNNs, w, is the synaptic weight of the ith fuzzy rule for the

kth FNN output, a, and b, are the widths and the centers of
the ith membership function for all input data x, respectively.

B.  Fuzzy Neural Networks Model

The proposed architecture of FNNs is depicted in Fig. 1. It
is a four-layered network structure that consists of input,
membership function, inference rule, and output layers. In the
FWNNs, a wavelet function is adopted as the membership
function. Generally, the fuzzy rule of FNNs is expressed as

R:IF x is A and..and x is 4

n ’

THEN p =w B and..and y, =w B, (3)

ik
where R is the ith fuzzy rule, 1<i<r, x is the jth input,
1< j<n, y, is the kth output contributed by the ith fuzzy

rule, 1<k<p, 4, is the membership function for the ith
fuzzy rule of the jth input characterized by a wavelet function,

w, is the synaptic weight of the ith inference rule for kth

system output, and B, is the constant consequent of the ith

fuzzy rule. The semantic meaning and operation function of
the nodes in each layer are described as follows:

Layer 1 (input layer): In this layer, the number of nodes is
equal to the number of input variables. These nodes are used
to transmit the input linguistic values to the next layer directly.

Layer 2 (membership function layer): In this layer, each node
corresponds to one input linguistic term in Layer 1. In other
words, the membership value specifying the degree to which
an input value belongs to a fuzzy set is calculated in this layer.
To describe the linguistic terms, Gaussian function
representing fuzzy membership functions is adopted as

(x =b)
#,(x,) = GXP(—’z—/j ’ )

a..
i

where a, and b[j for i=1,2,....,r, j=1,2,...,n are the
dilation and the translation of the ith wavelet membership
function for the jth input variable x , respectively.

Layer 3 (inference rule layer): Each node represents one fuzzy
rule in this layer. The AND (min) operation is applied to
calculate the output of each node. That is, product inference
method is used to determine the firing strength of each node.
Each inference rule can be expressed as

B =[]ux) fori=12..r, (5)
j=1

Layer 1
Figure 1. The architecture of fuzzy neural networks (FNNs).

Layer 2 Layer 3 Layer 4

Layer 4 (output layer): In this layer, each node represents an
individual output of the FNN by using a simple weighted sum.
The mathematic function of the kth output is shown as

X - - n (x/_ _b,-,-)z
Ve = Wka[ = ZWMHGXP(_ > (6)
a

i=1 i=1 j=1
where p, for k=1, 2,..., p is the kth FNN output.

It is very difficult, if not impossible, to solve the above
problem directly. In usual cases, the initial values of », w,,

b,, and g, are chosen first. Then a training algorithm is

applied to FNNs to search for the optimal combination of
these values in an iterative manner. However, as mentioned
above, there is no way to choose these initial values
systematically. Therefore, in the following section, an SVR
approach will be proposed to serve for this purpose.

III.  SVR-ARTVLA-FNNS BASED ON PSO

A. SVR-Based Initial Structure of FNNs

When approximating an unknown function, SVR method
can be adopted to build the initial structure of FNNs [10].
Meanwhile, assume that a set of basis functions,

g (x), 1=1,2,---, L, is given. Then the problem of function

2828



approximation is transformed into finding the parameters of
the following basis linear expansion

f(x,8) =) 0g,(x)+bias , (7
=1
where 8=(6,0,,---,0)

identified and bias is a constant to be determined.
From SVR method, one can find that the solution is to find
f(x,0) in (7) that minimizes

is a parameter vector to be

1 & ) )
R(0) = ;Zuyf“ - f(x", 9)), (8)

Jj=1

subject to the constraint
2
lef <c, 9)
where L () is the € -insensitive loss function defined as

0 for |e| <eg
L (e)= . (10)
|e| — & otherwise

for some nonnegative number &.
Vapnik [10] has applied the kernel function K(x ,x ) to

replace the inner product of basis functions g,(x, ) and the

Lagrange multiplier method has been adopted to minimize (8).
Then the dual optimization problem can be expressed as
follows:

Min Q(er, ') = gi(af +a) —iy,(ay -a)

r=1 r=l1

(11)
1y . .
+=Y (& —a) e —a)K(x,, X)),
2 r,s=1 l A l
subject to the constraint
N N
Yo =da,0<a,a<C (12)
r= =1

and the solution is in the form of the following linear
expansion of kernel functions

L
f(x 0,0’ ) =) (o —a)K(x, x,) + bias . (13)
I=1
Note that some of (0{: —a,) ’s are not zeros and the

corresponding vectors x,’s are called support vectors (SVs).
The Gaussian function is used as the kernel function, then
(13) can be rewritten as

f(x,A)= 2/1 exp(— ” 5 ” ————) + bias , (14)

=1 O',

where #SV is the number of SVs, 4, = (¢, —a,) %0, and
x; denotes SVs. Comparing (14) with (2), #SV, I, /11, X,, and

0, in (14) can be regarded as the r, i, w,, b;, and a; in (2),
respectively.

B.  ARTVLA-Based FNNs

With an initial structure, a learning algorithm must be
established to train FNNs. In the training procedure of the
proposed FNNs, the annealing concept in the cost function of
robust back-propagation learning algorithm was adopted to
overcome the existing problems in robust back-propagation
learning algorithm, such as slow convergence rate and getting
into local minimum. A cost function for the ARTVLA is
defined here as

Jk(h)=%ip[e:”(h);ﬂ(h)] for k=1,2,---, p, (15)
where
e(/)(h) (/) f(x(/'))
=ym—ZL:W. exp _||X(f)_b[|| , (16)

2a

i

h is the epoch number, e:”(h) is the error between the kth

desired output and the kth output of FNNs at epoch # for the
kth input-output training data in a nonlinear system, S(4) is a
deterministic annealing schedule acting like the cut-off point,
and p(-) is a logistic loss function defined as

(J)\2
p[e;”;ﬂ]{m[n%} for k=12, p. (1)

Based on the gradient-descent kind of learning algorithms,
the synaptic weights wy, the centers b;, and the widths a; of
Gaussian functions are updated as

(f)

Aw, =-1, =——Z (e”; B & ) (18)
Cow

ik Wik

(f)

Ab =7, S ZZ (e B ;, (19)

j=kj=1

J (f)

IV N ATy e
da, N o4 da,
} a (e(/) ) eif)
o"; =2 ()ﬁ — . @
de!’ 1+ | Bh)
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where 77, 7,, and 77, are the learning rates for the synaptic

weight w,, k=1,2,---, p, the center b, and the width a,,
respectively; ¢(-) is usually called the influence function. In
the ARTVLA, PB(h) has the
properties:

(A) ... B(h) for the first epoch, has large values;

(B) B(h) > 0" for h — o ;

(©) B(h) = K‘/ h for any h epoch, where x is a constant.

the annealing schedule

When the learning rates are constant in (18) to (10), the
work for selecting an appropriate learning rate is tedious;
moreover, there exists a tendency to get stuck in a near-
optimal solution or to converge slowly. To overcome the
stagnation in searching a globally optimal solution, an
ARTVLA is proposed to approach the optimal solution closely
in this paper. In the learning procedure, considering the search
space, a large learning rate is selected at the beginning. Once
the algorithm is found to converge more and more towards the
optimum, the evolution process is gradually converted to a
finer and finer tuning by a smaller learning rate in later
epochs. Then, in the ARTVLA, a nonlinear time-varying
evolution concept is adopted over iterations, in which the
learning rates #,, #,, and 7, with a high value #,, and
nonlinearly decreases to 7, at the maximal number of
epochs, respectively. This means that the mathematical
expressions are given as shown as

h "
nw = ﬂmm + 1 - (nmax - ﬂmin ) > (22)
epoch__
oY
n, =M, +(1——j (M =7 )» (23)
epoch__
no\"
n,=0, | 1-———| (7., -7.). (24)
epoch__

where epochy,, is the maximal number of epochs and / is the
current number of epochs. In the updated procedure,
appropriate functions for the learning rate #,, #, and #, can
promote the performance of FNNs. However, simultaneously
determining the optimal combination of pw, pb, and pa is a
time-consuming work. An efficient evolutionary algorithm,
PSO, will be adopted to determine the optimal solution (pw,

pb, pa).
C. Particle Swarm Optimization

PSO is a population-based stochastic searching technique
developed by Kennedy and Eberhart [16]. It is similar to the
continuous genetic algorithms, in which it begins with a
random population matrix and searches for the optimum by
updating generations. However, the PSO has no evolution
operations such as crossover and mutation. The potential of
this technique makes it be a powerful optimization tool which

has been successfully applied to many fields. Nowadays PSO
has been developed to be real competitors with other well-
established techniques for population-based evolutionary
computation [17-19].

In this paper, the PSO method is adopted to find the
optimal combination (pw, pb, pa) of learning rates in (22) to
(24) for system identification. When applying the PSO
method, possible solutions must be encoded into particle
positions and a fitness function must be chosen. In the system
identification, the goal is to minimize the error between the
desired outputs and the trained outputs. Therefore, the root
mean squares error (RMSE) should be used to define a fitness
function. This means that the fitness function will be defined
as

RMSE = \/%271 <y(./> _ j}(_/‘) )2 ’ (25)

where "’ is the desired output, ' is the trained output for
N sampling data.

IV.  SIMULATION RESULTS

In the identification scheme of a chaotic system, training
input-output data are obtained by feeding a time series
[x(2),x(t—7),x(t —27),-- -, x(t — (m —1)7)] to the system and
to predict its corresponding output x(¢#+7) Then subject to

the same input data, the objective of identification is to
construct an SVR-ARTVLA-FNNs model based on PSO
method, which produces an output X(¢#+7) to approximate

x(¢t+17) as closely as possible.

In this section, a time-delay chaotic system with outliers is
used to verify the feasibility of the proposed SVR-ARTVLA-
FNNs. When applying the proposed algorithm, the population
size, the maximal iteration number, and the maximal epoch
number are chosen to be 30, 200, and 500, respectively. As for
the parameters in PSO, the best ranges were presented [19].
The variables pw pb and pa in learning rate functions (22)
through (24) are all chosen as real numbers in the range
[0.1, 5]. In PSO, the particles are updated by linearly time-
varying evolutionary algorithm in [19]. Meanwhile, the values
of 7max and #n, are set as 1.0 and 0.01, respectively. To
evaluate the performance of the proposed FNNs, RMSE of the
training data is adopted as

RMSE = \/%Z (x,()-%,0) . (26)

where x (7) is the desired output of the chaotic time series,

fcj (?) is the trained output of the proposed FNNs.

Example: A typical chaotic system, Mackey Glass time-delay
series, is considered as an example described as follows [6]:

x=——"-—"——gx(2), 27)
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where p=0.2, ¢ =0.1, » =10, 7 is the time-delay parameter.

If 7217, the time series show the chaotic phenomenon. To
compare with [6, 20], the time series are chosen as

x(t+6)= f(x(t),x(t—6),x(t—12),x(t —187)), (28)
where x(?), x(¢—6), x(¢t —12), and x(¢—18) are the inputs of
the proposed FNNs; x(7 + 6) is the output of the FNNs.

In the simulation, 1000 time-delay series are generated
from (27) with initial value x(0) =1.2. The former 500 data
are selected as the training data for identifying the Mackey
Glass system shown in Fig. 2. Assume that the membership
function is Gaussian function and initial structures are

obtained by an £-SVR approach, in which the parameters are
setas C =10, £=10.3775 in (9) and (10).

Problem 1I:

The training data with no outliers are fed into the FNNs.
The initial values of wy, b;, and a; in (2) can be determined by
£-SVR approach. Meanwhile, the number of fuzzy rules is
obtained as 23.

Based on the above initial structure of FNNs, ARTVLA
with nonlinear learning rates to train the SVR-FNNs, in which
the optimal learning rates are determined by PSO method.
Then, the optimal sets (pw, pb, pa) in (22) to (24) are
obtained as (4.241218,2.050131, 3.700988). Meanwhile, the
final value of RMSE with ARTVLA-FNNs is found to be
0.005886. With the optimal learning rates, the errors of
training data after 500 epochs are illustrated in Fig. 3.

Problem 2:

The training data with 10 artificial outliers shown in Fig. 4
are fed into the FNNs. The initial values of wy, b;, and g; in (2)
can be determined by £-SVR method. Meanwhile, the number
of fuzzy rules is obtained as 25.

Based on the above initial structure of FNNs, ARTVLA
with nonlinear learning rates to train the SVR-FNNs, in which
the optimal learning rates are determined by PSO method.
Then, the optimal sets (pw, pb, pa) in (22) to (24) are
obtained as (2.306907, 0.979595, 2.961404). Meanwhile, the

final value of RMSE with ARTVLA-FNNs is found to be
0.007477. With the optimal learning rates, the errors of
training data after 500 epochs are illustrated in Fig. 5.

From the above results, the feasibility of the ARTVLA-
FNNs has been confirmed. The final RMSEs of the proposed
FNNs and other FNNs of [6] are shown in Tables 1. From the
results, show that the proposed ARTVLA-FNNs can overcome
the outliers and get a good performance for training data.
Moreover, the comparison of RMSE with other NNs for
Mackey-Glass time series without outliers after 500 training
epochs is shown in Table II, in which the superiority of the
proposed ARTVLA-FNNSs can be verified.
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Figure 2. Training data without outliers for identifying
time-delayMackey Glass system.
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Figure 3. The plots of error = x(¢) — x(¢) for 500 training data
without outliers after 500 training epoch.
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Figure 4. Training data with 10 artificial outliers for identifying
time-delay Mackey Glass system.
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Figure 5. The plots of error = x(t) — x(¢) for 500 training data
with 10 artificial outliers after 500 training epoch.

TABLE I. COMPARISON OF RMSE USING VARIOUS METHODS FOR MACKEY-
GLASS TIME-SERIES WITH ARTIFICIAL OUTLIERS.
ARTVLA-FNNs ARFNNs [6] ANFIS
0.0075 0.0091 0.0201

RBFNs
0.0204

TABLE II. COMPARISON OF RMSE USING VARIOUS METHODS FOR MACKEY-
GLASS TIME-SERIES WITHOUT OUTLIERS.

Method Training data RMSE
ANFIS 500 0.0837
Gu and Wang [20] 500 0.1095
ARFNNs [6] 500 0.0073
ARTVLA-FNNs 500 0.0059

V. CONCLUSIONS

This paper presents the integrating SVR and ARTVLA to
train FNNs for identification of a time-delay chaotic system.
With the initial structure of the FNNs using SVR method, the
nonlinear time-varying learning rates are simultaneously
determined by PSO method to perform the ARTVLA. Then
the optimal FNNs are obtained to identify the Mackey-Glass
chaotic system. From the simulation results, one can conclude
that the proposed SVR-ARTVLA-FNNs using PSO method
have good performance for identification of the time-delay
series system. Meanwhile, the superiority of the proposed
ARTVLA-FNNs with nonlinear learning rates over the other
NNs for identification has been verified. The proposed SVR-
ARTVLA-FNNs can be further extended to identify more
complex chaotic systems.
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