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Abstract—The Choquet integral have been used in many deci-
sion making problems as the optimization function that needs to
be maximized or minimized. The complexity of these optimization
problems is often increased by numerous constraints that are
imposed to the solution. Several methods have been developed
for optimization under constraints, one of them being penalty
functions method. This method transforms a constrained opti-
mization problem in an equivalent unconstrained optimization
problem by adding penalties to the solutions that do not satisfy
one of more constraints. Penalty functions method is an iterative
process, which adjusts penalty functions in each iteration, often
yielding a large number of iterations until a satisfying solution is
found. To speed the process of the Choquet integral optimization
under constraints, we propose to use constant penalty functions.
This approach requires only one iteration, and is therefore much
faster than the generic penalty function method. In this paper,
we derive the constant penalty function that guarantees that the
optimal solution found in the first iteration satisfies all constraints.

Keywords-the Choquet integral; optimization; constant
penalty function; decision making

I. INTRODUCTION

The Choquet integral has often been used as an optimization
function in decision making such as finance [1], geographic
information systems [2], evaluation of mental workload [3],
and environmental structure evaluation [4]. Many real-life and
scientific problems can be formulated in terms of decision
making. Some decisions are relatively straightforward. How-
ever, other problems may require more strategizing such as in
the case of decision under uncertainty and multi-criteria deci-
sion making. Multi-criteria decision making seeks an optimal
solution among a set of alternatives that are characterized by
several attributes, i.e., criteria. For example, if an individual
wants to buy a car, this individual would most probably
consider the price, miles per gallon, safety rating, color, and
other characteristics of cars. The first difficulty faced with
different criteria used to make decisions is the domain of values
that each criterion could take. Some criteria take qualitative
values while others take quantitative values that might be
discrete or continuous. The color could be expressed using
qualitative values (.e.g., {red, blue, black}); the safety rating
could be expressed using discrete integers representing the
number of stars rating a car’s safety (e.g., {1,2,3,4,5}); and
the price could be expressed in terms of a continuous variable
taking values within an interval (e.g., [11000,50000]).

Furthermore, a decision maker usually has preferences
within each criterion in terms of the values he/she would rather
choose compared to other possible values of the criterion. For
example, a car buyer would like to buy the car that is the
cheapest, has the highest safety rating, travels the most miles
per gallon of gas, and is of the decision buyer’s favorite color.
However, only in miracle situations, an available alternative
(e.g., a car) is characterized by the best value for each criterion.
In general, the alternative that reaches the maximum value of
one attribute does not reach the maximum value of another
attribute (e.g., the cheapest car usually does not have five stars
safety rating). Thus, a decision maker has to accept some
tradeoff between criteria, and maximize the total payoff of
choosing a particular alternative. The total payoff could be
calculated in various ways. Maximax, maximin, weighted sum,
and the Choquet integral are most commonly used methods
to combine values of each criterion into a global value.
While maximax, maximin, and weighted sum are attractive
approaches in decision making situation where criteria are
mutually independent, the Choquet integral is well suited for
situations where there are dependences between criteria used in
decision making. Different approaches have been employed to
optimize the Choquet integral including genetic algorithm [5],
branch and bound method [6], and particle swarm optimization
technique [7].

In many situations, certain constraints are imposed to the
possible solution, which results in a more complex optimiza-
tion problem. Numerous methods have been developed to deal
with constraints while optimizing a function including simplex
method ([8],[9]), Lagrange multiplier approach ([10],[11]),
branch and prune method [12], and penalty functions technique
[13]. The method of penalty functions relies on adding the
penalty (i.e., decreasing the value of a maximizing function, or
increasing the value of a minimizing function) at the points or
intervals that do not satisfy constraints. Typically, the penalty
function is defined as a polynomial (often the first degree
polynomial) function of the inputs representing the values of
the criteria considered in the decision making. The coefficients
of the penalty function are adjusted in each iteration of
the optimization process. However, in some situations, this
functions could be replaced by a constant function, which
simplifies optimization process while guaranteeing that the
points not satisfying the constraint will not be selected as an

2948



optimal solution.

In this paper, we first present the basics of the Choquet
integral and its use in multi-criteria decision making (section
2). In the section 3, we present a few common constraints
to an optimizing function such as the Choquet integral. The
common method of penalty functions to deal with constraints
is presented in the section 4. Finally, in the section 5, we
describe how a constant function could be used as a penalty
function in optimizing the Choquet integral. We conclude the
paper with future work in extending the proposed method to
other optimizing functions.

II. THE CHOQUET INTEGRAL AS THE OPTIMIZATION
FUNCTION IN MULTI-CRITERIA DECISION MAKING

A multi-criteria decision making (MCDM) problem seeks
the optimal choice among a (usually finite) set of alternatives.
It can formally be defined as a triple (X, I, (>;);ecr) where

e X C Xy x---x X, is the set of alternatives with each
set X; representing a set of values of the criterion 1.

e [ is the (finite) set of criteria (or attributes).

e Vi € I, »; is a preference relation (a weak order) over
X;.

The next task is to “combine” the partial preference rela-
tions >; of an alternative into a global value for the alternative
such that the final order of the alternatives is in the agreement
with the decision maker’s partial preferences. The natural way
to construct a global preference is by using a utility function
for each criterion to reflect partial preferences of a decision-
maker, and then combine these monodimensional utilities into
a global utility function using an aggregation operator. The
utility functions

such that
Vi, v € Xi,ui(x;) > wi(y;) if and only if @; =; y;  (2)

map the values of all attributes onto a common scale (often
the interval [0,1]). The existence of monodimensional utility
functions is guaranteed under relatively loose hypotheses by
the work presented in [14].

Numerous aggregation operators could be used to combine
monodimensional utilities into a single number that represents
the value of an alternative. Two simple approaches that cor-
respond to optimistic and pessimistic behavior of the deci-
sion maker are maximax and maximin strategies, respectively,
assuming that the goal of a decision-maker is to maximize
the utility. The maximax method compares the utilities of all
criteria of an alternative and chooses the highest utility value,
max u;(x;), to represent the global utility of the alternative

?

x = (x1, ..., @, ). This approach reflects an optimistic behavior
of the decision-maker since he/she is concerned only with the
attribute that has the highest utility for the given alternative.
The maximax method tries to maximize the best criterion:

U; (xz)) 3

max( max
XeX 4e{l,...,n}

On the contrary, the maximin method reflects a pessimistic
behavior of the decision-maker as the decision-maker is con-
cerned only with the criterion that could result in the worst
value. This method compares the utilities of all attributes of
an alternative and chooses the lowest utility value, min u;(x;),
to represent the global utility of the alternative x. The decision-
maker tries to maximize the value of the worst case scenario:

Uz(%)) “4)

max( min
XeX ie{l,...,n}
To allow for a position between these extremes when
making a decision, a simple combination of maximax and
maximin approaches is achieved by a weighted aggregation
operator, named Hurwicz criterion [15],

}r(nea§(a max ui(x;) + (1 — «) miin wi(x;)), 5)

where « € [0, 1] is the weight given by the decision maker.
This approach simplifies to the optimistic case if o = 1 and
to the pessimistic case if o = 0.

These simple approaches are very tempting to use for quick
decisions. However, they focus only on one or two criteria and
ignore the impact of other characteristics of alternatives. This
approach often does not suit a given situation in which a deci-
sion has to be made. Thus, we usually need to consider more
complex aggregation operators that take into consideration all
attributes. The simplest and most natural of them is a weighted
sum approach, in which the decision-maker is asked to provide
weights, w;, that reflect the importance of each criterion. Thus,
the global utility of the alternative x = (z1,...,x,) € X is
given by

u(x) = Z wiug (x;). (6)
i=1

The best alternative is the one that maximizes this value. Even
though this approach is attractive due to its low complexity,
it can be shown that using an additive aggregation operator,
such as weighted sum, is equivalent to assuming that all the
attributes are independent [16]. In practice, this is usually
not realistic and therefore, we need to turn to non-additive
approaches, that is to aggregation operators that are not linear
combinations of partial preferences.

Before approaching non-additive methods, we give the
definition of a non-additive measure, a tool for building
non-additive aggregation operators such as the Choquet
integral. For practical purposes, we restrict ourselves to
measures defined on a finite set /.

Definition 1. [Non-additive (fuzzy) measure]: Let I be the
set of attributes and P(I) the power set of 1. A set function
w:P(I) — [0,1] is called a non-additive measure (or a fuzzy
measure) if it satisfies the following three axioms:
() w®) =
(2) p(I) =1 : the maximal set contains all the information.
3) w(B) < uC) if B, C C PU) and B C C: a new
criterion added cannot make the importance of a coalition
(a set of criteria) diminish.

= 0 : the empty set contains no information.
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A non-additive integral, such as the Choquet integral [17],
is a type of a general averaging operator that can model the
behavior of a decision maker. The decision-maker provides a
set of values of importance, this set being the values of the
non-additive measure on which the non-additive integral is
computed from. Formally, the Choquet integral in finite case
is defined as follows:

Definition 2. [Choquet integral]: Ler i1 be a fuzzy measure
on (I,P(I)) and an application f : I — R*. The Choquet
integral of f w.r.t. v is defined by:

(©) [ fdn =34 0) = Floti = Duld). D

where o is a permutation of the indices in order to have
fle()) < -+ < flo(n)), Agy is Auy = {o(i),...,0(n)},
and f(o(0)) = 0, by convention.

It can be shown that many aggregation operators can be
represented by Choquet integrals with respect to some fuzzy
measure. Although the Choquet integral is well suited for
quantitative measurements, it has a major drawback. The
decision maker needs to input a value of importance of
each subset of attributes, that is total of 2™ values, which is
intractable due to its exponential complexity. However, we
can overcome intractability by using 2-additive measure to
limit the complexity to a O(n?) (as shown in [18]) and still
get accurate results.

Before giving the definition of a 2-additive measure, we
need to define notion of interaction indices of orders 1 and
2. The importance of a criterion (or the interaction index of
degree 1) is best described as the value this attribute brings to
each coalition it does not belong to. It is given by the Shapley
value [19]:

Definition 3. [Shapley value]: Let i1 be a non-additive mea-
sure over I. The Shapley value of index i is defined by:

v@)= Y uB)uBU{i}) — u(B)] (®)
BCI\{i}

with
(] = B[ =1)!-|B]!
|1]!

71(B) = ®

and |B| denoting the cardinal of B.

While the Shapley value gives the importance of a single
attribute to the entire set of attributes, the interaction index
of degree 2 represents the interaction between two attributes,
and is defined by ([20],[21]):

Definition 4. [Interaction index of degree 2]: Ler y be a
non-additive measure over I. The interaction index between 1

and j is defined by:

I(,j)= Y.
BCI\{i,j}
~u(BU{i}) — w(BU{j}) + u(B))

(&(B) - (m(BU{i, j})

with
(11-|B|-2)!|B|!

“B =

(10)

The interaction indices belong to the interval [—1,+1] and

e I(i,7) > 0 if the attributes ¢ and j are complementary;
e [(i,j) < 0 if the attributes ¢ and j are redundant;
e I(i,j) = 0 if the attributes ¢ and j are independent.

Even though we can define interaction indices of any
order, defining the importance of attributes and the interaction
indices between two attributes is generally enough in multi-
criteria decision making problems. Thus, 2-additive measures
constitute a feasible and accurate tool in this setting. The
formal definition of a 2-additive measure follows [20]:

Definition 5. [2-additive measure]: A non-additive measure
w is called 2-additive if all its interaction indices of order
equal to or larger than 3 are null and at least one interaction
index of degree two is not null.

It has been shown [22] that the Shapley values and the
interaction indices of order two offer us an elegant way to
represent a Choquet integral. Therefore, in a decision-making
problem, we can ask the decision maker to give the Shapley
values, I;, and the interaction indices, I;;, and then use the
Choquet integral with respect to a 2-additive measure, u, to
obtain the aggregation operator:

(©) / Fdu= 3" (£0) A ()T

1;;>0

+ > (@) v FO)I
1;;<0

B SO )]
i=1 G#i

This form of the Choquet integral is a practical approach to
many multi-criteria decision making situations ([1],[2],[3],[4]).

III. EXAMPLES OF CONSTRAINTS

Numerous constraints could be imposed on the input vari-
ables (i.e., variables representing the values of criteria in
multi-criteria decision making). A typical constraint in many
optimization problems is that (some) variables could not take
negative values, x; > 0. As we have seen in the previous
section, the values of variables in a multi-criteria decision
making are often mapped to the interval [0,1]; thus the non-
negativity constraint is imposed to all variables. Moreover, in
this particular situation, the maximum value of each variable is
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1, thus another constraint should be imposed to each variable,

However, not every constraint should be imposed to all
variables. For example, when buying a car, we might want
to buy a car only if it is relatively safe, so we might decide to
consider only cars with a safety rating of at least three stars.
Using utility functions, the rating of 3 stars would map to the
value of 0.5. Thus, the constraint that we need to consider is

Tsafety > 0.5.

All of the above examples of constraints are hard con-
straints, so they must always be satisfied. On the other hand,
there might be soft constraints, which we would like to be
satisfied, but it is not necessary that they are satisfied. For
example, we might not want to buy a car that costs more
than $20,000, thus yielding the constraint Tprice < 20,000.
However, if there is a great deal available for a car that is a bit
more expensive, we might be willing to somewhat sacrifice this
soft constraint and buy a car that doesn’t satisfy this constraint.

Finally, a constraint does not have to be imposed to only
a single variable. It could be imposed to a combination of
variables, such as a sum of two or more variables. Let us
consider the problem of selecting an optimal financial invest-
ment portfolio where the variables represent the portion of
money invested in each financial investment assets. A multi-
criteria decision making problem is designed to determine the
best distribution of money among 7 assets so that the largest
amount of money will be earned in a year [2]. Certain amount
of money needs to be invested in each of n assets in order to
reduce risk of losing all money ([23],[24]) (we assume here
that the n assets were previously selected from thousands of
investment assets that exist in the world, so that n is a realistic
number for the size of an investment portfolio). Thus, all the
variables should be positive (rather than just non-negative),
x; > 0, and strictly smaller than 1, x; < 1, since not all money
could be invested in the same asset. Moreover, not more than
all money could be invested in the portfolio (we are making
simplifying assumptions that an investor can not borrow money
from one institution to invest it in another asset), thus the sum
o7f) all money should be no more than 1 (i.e., 100% of money),

>~ ax; < 1. This is a typical example of a hard constraint

=1
when the value of one variable depends on the values of other
variables.

Soft constraints could also be imposed to the variables
that depend on each other. For example, we might require
that at least 50% of all money is invested in the financial

n
assets, > x; > 0.5. However, in some situations (e.g., in

i=1
economic recessions, gain of investing money could be very

low compared to the risk of investing money), we might accept
to invest smaller amount of money if no good investment
option is available.

Even though the presented examples are all represented
by linear inequalities, a more complex constrains could be
imposed to the solution of an optimization problem.
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IV. PENALTY FUNCTIONS

Several methods have been developed to deal with con-
straints imposed to the solution of an optimization problem.
The method of penalty functions ([11],[13]) transforms a
constrained optimization problem into an unconstrained opti-
mization problem, which is accomplished by adding penalties
in a minimization problem (or subtracting penalties in a
maximization problem) to the solutions that do not satisfy
one or more constraints. A penalty function is assigned to
each constraint and is adjusted through iterative process of the
algorithm. Each penalty function is designed so that its value
is equal to O if the constraint is satisfied, and greater than 0 if
the constraint is not satisfied. Let c;(x) be the i*" constraint.
Then the penalty function is defined as:

pi(x) = 0 if ¢;(x) is satisfied.
pi(x) > 0 if ¢;(x) is not satisfied. (11)

Let us consider a constrained optimization problem:
maximize f(x)
subject to the following constraints:
9i(x) >0,i=1,...,m;
hj(x)=0,7=1,...,s.

This problem is transformed into maximizing the function

£ = 1) = £ 0 - X g5(x).

where 7; and ¢; are penalty functions. The goal of penalty
functions is to decrease the values of the objective function
at the elements of the search space that do not satisfy all the
constraints. However, finding the maximum of the function
f (x) does not guarantee that the solution is found since
the maximum of this function still might not satisfy all the
constraints. In order to find a solution that maximizes the
objective function and satisfies all the constraints, the penalty
functions are changed and the objective function is evaluated
again. The process is iterated until an optimal solution that
satisfies all the constraints is reached.

The method could be simply described by the following
algorithm:

PenaltyFunctions

{

for each constraint

{
}

while

{

initialize penalty function
(solution not found)

evaluate objective function
for each constraint

{

add penalties to objective function

}

increase penalty functions



Note that each minimization problem, min f(x), could
be transformed in the maximization problem maz (—f(x)).
Thus, in this paper, without loss of generality, we assume that
we have a maximization problem.

V. A CONSTANT PENALTY FUNCTION TO OPTIMIZE THE
CHOQUET INTEGRAL WITH RESPECT TO A 2-ADDITIVE
MEASURE

Even though the penalty functions method could be very
effective in solving constrained optimization problems, it suf-
fers a few drawbacks, one of them being the complexity of
selecting a good starting penalty function. It is not clear how
to initialize a penalty function. The most common approach
used to define a penalty function is to square the subrange
of the objective function that does not satisfy the constraint.
The next question is how to adjust the penalty functions after
each iteration of the optimization process. Usually, the adjusted
penalty function is simply a multiply of the original penalty
function. However, this method might lead towards numerous
iterations until the optimal solution is found, which yields
another drawback, namely how to define the end of the iterative
optimization process.

While the general form of the penalty function method
is designed so that it could be applied in any constrained
optimization problem regardless of the type of the optimization
function, it sometimes takes a large amount of time to obtain
the optimal solution. Instead, the penalty function could be
defined by a much simpler form such as a constant function.
This form is well suited for optimization functions that are
bounded on the entire interval that input variables could
take. Note that it is enough that the optimization function be
bounded from above in an maximization problem, and from
below in a minimization problem. One such an optimization
function is the Choquet integral with respect to a 2-additive
measure constructed by the utility method, which maps the
values of all criteria to the interval [0,1] (as described in the
section 2).

In this situation, the penalty applied should be a value
that is greater or equal to any value that the Choquet integral
with respect to a 2-additive measure could possibly take. The
reason for this penalty is that if the constraint is not satisfied
at a particular point in the search space, we do not want to
consider this point as a possible solution to the problem since
the problem becomes impractical if a (hard) constraint is not
satisfied. Thus applying the penalty whose value is larger than
the maximum value the Choquet integral could theoretically
take will ensure that the value of the objective function is a
negative value and therefore will certainly not be selected as
a maximum value.

To determine the value of the penalty, let us consider the
formula of the Choquet integral with respect to a 2-additive

measure:

1;;>0

+ 3 (FG) Vv F())I]
1;;<0

+>FE)T - %Z\Iz‘j\)-
i=1 J#i

If we consider the first two sums, we conclude that each
interaction index of order 2 is covered by at most one of
the sums (the interaction indices of 0 are not covered at all).
Each element of each summation is a minimum or a maximum
of two utility values multiplied by the absolute value of the
corresponding interaction index of order 2. Each utility value
and the absolute value of each interaction index belong to the
interval [0,1]. Using interval computation arithmetics (see e.g.,
[25]), we conclude that each element of any of the first two
summation is at most equal to one. The maximum number
of elements in two summations is the number of interaction

indices of order 2, which is “Z=Y  where n is the number

of criteria considered. Further, 2the third summation is the
multiplication of a Shapley value and a utility value decreased
by a certain amount. Thus, to find its maximum value, we can
disregard the subtracted part, and only find the maximum value
of the utility value multiplied by a Shapley value. As both of
these values fall into the interval [0,1], the maximum value of
each element of the third summation is one, and thus, the value
of the summation can not exceed n. The maximum value that
the Choquet integral can theoretically take is therefore the sum
of the maximum value the first two sums could take, "'(7;_1),
and the maximum value the third sum could take, n:
n-(n—1) n?+n  n?>+n? 9
5 n= 5 < 5 =n”. (12)

Thus, the penalty that should be applied for a violation of each
hard constraint should be equal to at least n? to ensure that
even if just one constraint is not satisfied at a particular point,
the penalty will decrease the value of the optimization function
at this point below zero, and therefore this point will surely
not yield the maximum value of the optimization function.

However, when considering soft constraints, we would like
that they are satisfied, but would accept a solution that yield an
optimal value even if the soft constraint is not satisfied. In this
situation, we could consider a lower penalty function for soft
constraints than for hard constraints. Moreover, since we would
allow an optimal solution to not satisfy soft constraints, we do
not want to decrease the value of the optimization function
below zero if only one soft constraint is not satisfied. In some
situations, we might allow for multiple soft constraints to be
unsatisfied. If we allow 7 soft constraints to be unsatisfied, the
constant penalty function should be defined as

77,2

i—1
The proposed penalty function will assure that if 7 soft con-
straints are unsatisfied, the optimization function still might

13)
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yield a positive value; however, if the (i + 1) soft constraint
is not satisfied, the optimization function will yield a non-
positive value.

Furthermore, if not all soft constraints have the same
importance, we might define penalty functions differently for
each soft constraints. For example, if not satisfying a soft
constraint C'1 is less important than not satisfying a soft
constraint C2, then the penalty function for the constraint C'1
should be smaller than the penalty function for the constraint
C2.

Finally, in some situations, we might prefer a solution that
barely missed to satisfy a soft constraint over a solution that
is far from satisfying a soft constraint. In these situations, we
apply a penalty function to the objective function. However,
the constant penalty function is increased by the distance from
satisfying the constraint. The distance is usually calculated as
the Euclidean distance between the proposed solution and the
constraints.

VI. CONCLUSION

Numerous situation is life require decision making of some
sort. Some situations are so simple that we do not even realize
that we are making a decision. However, many situations re-
quire more strategies to be employed when making a decision.
Different approaches have been taken to select an optimal
alternative among available options, one of them being the
Choquet integral with respect to a 2-additive measure, which
is especially well suited for situations where criteria considered
in making decision are mutually dependent.

Optimization of the Choquet integral is not a trivial process
itself. The complexity of this process is increased even more
by imposing constraints to possible solutions. The constraints
could range from simple linear equalities or inequalities ap-
plied to one variable at a time to non-linear equalities or
inequalities that combine multiple variables. Moreover, con-
straints could be hard (i.e., constraints that must be satisfied)
or soft (i.e., constraints that we would like to be satisfied, but
would accept that some of them not be satisfied if that yields
a much better optimal solution than if these constraints were
satisfied).

Numerous approaches have been used to deal with con-
straints, one of them being the penalty functions method,
which adds penalty to the value of the optimization func-
tion if a constraint is not satisfied by subtracting (adding
in minimization problem) the value of the penalty function
from the maximizing function. The penalty functions method
could result in a large number of iterations due to difficulty in
adjusting the penalty from one iteration to another. To simplify
this method, a constant penalty function could be applied when
maximizing the Choquet integral since the Choquet integral
is bounded from above. In the case of hard constraints, the
penalty function should take the value n2, where n is the
number of criteria used in the decision making problem to
ensure that each point that does not satisfy even one hard
constraint will yield a non-positive value, and therefore will not
be selected as an optimal value. In the case of soft constraints,

the constant penalty function should be defined in proportion
to the number of soft constraints allowed, and could also be
increased based on the distance from satisfying the constraint
to give a better chance of being selected as the optimum to
points that are closer to satisfying the constrains than the points
that are further away from satisfying the constraints.

In this paper, we presented how constant penalty functions
could be used in the optimization of the Choquet integral with
respect to a 2-additive measure. However, a similar approach
could be applied to any other function that is bounded from
above in the maximization problem, or bounded below in a
minimization problem.
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